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Abstract

We study intersections of Borel subalgebras of different types in quantum
affine algebra and develop a technique of projections of Drinfeld currents to these
intersections. We determine in this way the universal weight function, which is
used for the construction of off-shell Bethe vectors. As application, we derive
integral expressions for the weight function and for the factors of the universal
R-matrix of Ug(sla).

1 Introduction

Quantum affine algebra admits two different descriptions: as a quintized Kac-Moody
algebra and the so called current realization due to Drinfeld. In particular, it has quite
different comultiplication structures and Borel subalgebras, related to these descrip-
tions.

It turns out, that in representation theory and its applications it is convenient to use
the current description of the algebra, while coalgebraic structure is usually canonical
and comes from Kac-Moody description. The relation between two comultiplication
structure was realized by many authors, see, e.g. [5]. In [6] this connection was used
for the investigation of properties of the universal R-matrix of quantum affine algebra.
In particular, in U,(sls) case a differential equation for its factors was derived.

In these investigation the two pairs of Borel subalgebras of quantum affine algebra
played the crutial role. One pair consists of opposite Borel subalgebras, generated
by positive and negative root vectors in a Kac-Moody description. Another pair is
related to current realization. The latter Borel subalgebras could be viewed as a ¢-
deformations of currents into Borel subalgebras of underlying finite-dimensional Lie
algebra. In the paper [3] projections of current Borel subalgeras to their intersections
with canonical Borel subalgebras were constructed. It was shown how they determine
a twist between two comultiplications. Next, it was proved in [7], that the weight
function, which is used for the construction of off-shell Bethe vectors and for description
of solutions of Knizhnik-Zamolodchikov equation [12], can be defined as an application
of the above projector of a product of Drinfeld currents to a highest weight vector of
finite-dimensional representation of quantum affine algebra.

In this survey note we determine projection operators to intersections of Borel sub-
algebras, and study their properties, including these projectors into a general scheme of
orthogonal decompositions of Hopf algebras. Such a scheme gives a simple proof of the
relation between two comultiplication, based on a study of orthogonal decompositions,



related to Lusztig automorphisms. We present such a proof here. Next, we formulate
and prove the relation between weight function and projections of products of Drinfeld
currents. As an application, we present integral expressions for the weight function
and for the factors of the universal R-matrix of U,(sly). The expression for the weight
function is taken from [8], the formula for the universal R-matrix, presented here, was
not written before.

2  Quantum affine algebra U, (g)

2.1 U,(g) in Chevalley generators

Let g be a simple Lie algebra of rank r with Cartan matrix b; ;, 7,7 = 1, ...,7. Denote

by a;;, 1,7 = 0,...,r the Cartan matrix of the affine algebra g and by («;, ;) the sym-

metrized matrix a; j, such that («;, o) = d;a;; = d;a;;, and by § the minimal positive
r n njq! —

root 6 = Y7o mici, ni € Lo, no = 1. Let [}] = griity, [0l = [Ugl2l- - [0l

—-n (a,c)

n], = qq _qq e =0q * , ¢ = (o, = q%. We use the notation Il = {ay, ..., a,.} for the
set of simple positive roots of g and Il = {ag, a, ..., .. } for the set of simple positive
roots of affine Lie algebra g.

Quantum affine Lie algebra U, (@) is generated by central elements 4*', Chevalley
generators ei,,, kX!, where i = O, 1,...,r and grading elements D*!, such that 72 =

(e 7

ks = [],_, k™, subject to the relations

=0 "oy
De:l:ozq;D_1 = qiéi’oeiam kaieiajk;il = ql?taijezl:aju (21)
ko, — k1
[eai76_a]-] = 57,] ;Z_ q_alz ) (22)
i .
nZ] ‘
n, .
Z(_]')T [ ;:]:| eiai T 6:|:ai6:|:a]'6:|:ai e eiai - 0 ) (23)
r=0 i

where n;; = 1-— Q5.
One of the possible Hopf structures (which we will call a standard Hopf structure)
is given by the formulas:

A(D):D@)D A(’Y) =7Q7, A(kai) = ko, ® ka, »
Aleg, o, @1+ ky, Qeq,, Ale_o)=1Re 4 +€ 4o ® k;il ,

) =
e(D) = e(esa,) =0, e(k3) =1, e(v)=0, a(y)=9""
) = _k ; Coy s a’(e_ai) = _e_aikai ) a(k:;til) = ki1> a(D> =D

(2.4)

afeaq

where A, ¢ and a are comultiplication, counit and antipode maps respectively.
In the following we use sometimes the shortened notations U = U, (g) for quantum
affine algebra U, (g).

2.2 The current realization of U, (g)

The quantum affine algebra, U, (g) admits current realization [2]. In this description

U,(g) is generated by central element v, grading element D, and by the elements e, [n],
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faln], where o € 11, n € Z; kX', ho[n], where n € Z\{0}, a € II. They are gathered
into generating functions

eal2) = D eanlz™, falz) = ) falnle ™, (2.5)

nez nez
£(2) = Zzﬁoﬂn]z;” = k= exp ( —q! Zh [£n] z:F”) : (2.6)
n>0 n>0
such that Da(z)D~! = a(gz) for any of these generating functions, and
(2 = ¢ Pw)ea(2)es(w) = eg(w)ea(2)(q Pz — w) ,

)
(2= ¢ *Pw) fo(2) fo(w) = fo(w) fa(2) (a2 —w)

V) fow) (vE(2) " = e = gy 1) (2.7)
Ui ()05 (0) = Y5 (w)y3 (2)

(¢@Pz — y2w) . (g2 — w) N
(Z_q(aﬁww)lﬁ ()wﬁ( >_(,YQZ q(aﬁ )%( )wa(z),

eal) fo(w)] = —2L (8(2/%w) ¥ (r12) — 6+ )b (v w)) |

3 i

where a, 6 €11, 6(2) = 3,5 ¥, and
Z(_]‘)T |: /r]:| Symzl ..... Z"ij eiaz (Zl) e e:l:OlZ (ZT)eiOéj (w)e:l:az (ZT-"-I) e e:I:OlZ (Zn”) = O

r=0 @
(2.8)
where o, o € I, o; # 5.

Let 0 = —ag = >_,_, nya, denotes the longest root of Lie algebra g. Suppose
that the positive root vector ey € g is presented as a multiple commutator ey =
>\[€ai1, [e%, - [eay, » €a,] -+ -]] for some A € C.

Then the assignment [2, 4]

ko, = Koy €a; F €4, (0], ea; — fa:[0], i=1,..r,
koo = 7 7ky ' =7 H kol D~ D, (2.9)
Cayg Szl SZQ ‘n(fozj[ R €—qg )‘SIS; Si-; (eaj [—1])

establishes the isomorphism of two realizations. Here Si* : U — U are the following
operators of adjoint action:

S:_([E) = €q, [O]x - kaixka_ileai[OL SZ_([E) = xfoli [O] - fai [O]kaixk;il )

and the constant p is chosen in such a way, that the relation (2.2) for i = j = 0 will
remain valid in the image.



Another Hopf structure A in Uq(ﬁ) is naturally related to the current realiza-
tion. In terms of currents it looks as follows (here 7; and 75 means v ® 1 and 1 ® ~
respectively):

PI(D) AP (y) =7 ®7,
A(D 6a(Z) ( ) ® 1419, (12) ® ea(172)
fa(z) =1® fa( )+ fa(vm ® g (122)
U (2) = Yo (v 2) @ g (v 2),
a”) (ea(2)) = — (o (v Z)) ea(v 22), P (ful2) = —fa(v72) (vF (v7'2)) 7,
P (YE(2)) = (WE(2) ", elealz) =e(fal2) =0, e(vi(z) =

The comultiplications A of Section 2.1 and A®) are related by the twist, which can
be described explicitely. See Proposition 3.5.

2.3 Borel subalgebras of U, (g)

Denote by U,(by) the subalgebra of U,(g), generated by the elements e,, and k],
i € Iy in Chevalley description of U,(g). Denote also by U,(b_) the subalgebra of
U,(@), generated by the elements e_o, and k7', i € Il,.

The algebras U, (b+) are Hopf subalgebras of U, (g) with respect to standard comul-
tiplication A and serve as g-deformations of the enveloping algebras of opposite Borel
subalgebras of Lie algebra sl3. We call them standard Borel subalgebras. They contain
subalgebras U, (ny), which are generated by the elements ey,,, i € Ilj.

The subalgebra U,(n;) is a left coideal of U, (b ) with respect to standard comul-
tiplication and the subalgebra U,(n_) is a right coideal of U,(b_) with respect to the
same comultiplication, that is

A(Ug(ny) C Ug(by) @ Ug(ny) A(Ug(n-)) C Uy(n_)) @ Ug(b-).

The algebras U,(ny) serve as g-deformed enveloping algebras of standard nilpotent
subalgebras of Lie algebra g.

Borel subalgebras of another type are related to current realization of U, (g).

Denote by Up the subalgebra of U, (g), generated by the elements k', fa[ |, where
a €ll, n € Z; hyn], « € II, n > 0 and by Ug the subalgebra of Uq(g), generated by
the elements k‘aﬂ, eqln|, where a € I, n € Z; ho[n], a € I, n < 0. They are Hopf
subalgebras of U, () with respect to comultiplication A”). We call them current Borel
subalgebras. Current Borel subalgebra Uy contains the subalgebra Uy, generated by
the elements f,[n], where o € II, n € Z. Current Borel subalgebra Ug contains the
subalgebra U., generated by the elements e,[n], where a € I, n € Z.

The algebra U; is a right coideal of Uy with respect to AP) the algebra U, is a
left coideal of U with respect to AX)

APNU) cUp@Up,  AP(U) CcUsaU, .

They serve as g-deformed enveloping algebras of algebra of currents into nilpotent
subalgebras n..



In the following we are interested in intersections of Borel subalgebras of different
type. Denote by U, U Iy US and Uy the following intersections of current Borel
algebras:

Uy =UpNUy(b-) =UrNU,n_), U =UprnU,(by), (2.10)
Ul =UgnU,(by) =UpnU,(ny), Up =UsNU,b_). (2.11)

The notataions are given in such a way, that an upper sign says which Borel subal-
gebra U,(by) contains the given algebra, the lower letter says to which current Borel
subalgebra Ur or Ug, it is included. These letter are capital, if the subalgebra con-
tains imaginary root generators h;[n| and is small otherwise. These intersections have
coideal properties with respect to both comultiplications:

APNUE) c U e U;, AP(UL) Cc U @U,
APNUZ) c U, @, AP(UF) cU UL,
AUSH cUUL, AU;) cU; ®U,
AUgz)CcUz U, AUN CcUU

3 Orthogonal decompositions and twists

3.1 Orthogonal decompositions of Hopf algebras

In these section we review the theory of orthogonal decompositions of Hopf algebras,
following [3, 6].

Let A be a bialgebra with unit 1 and counit e. We say that its subalgebras A; and
A, determine an orthogonal decomposition of A, if

(i) Algebra A admits a decomposition A4 = A;.A,, that is the multiplication map
e Ay ® Ay — A establishes an isomorphism of linear spaces;

(ii) A; is left coideal, Aj is right coideal:

AlA) CA® A, A(A) C AR A. (3.1)
In this case operators
Py : Pi(a1a2) = aqe(as) , Py Py(ajas) =e(ar)ay, a3 € Ay, ag € Ay

are well defined projection operators from A to A;, such that for any a € A with
Al) = 3,0 @ a
> Pi(d)Py(a)) =a . (3.2)

For the proof of (3.2) denote by ¢ : A — A the linear map ¢(a) = >, Pi(a;)Pa(a})
We claim that ¢ is the map of left A;-modules and of right As-modules, that is,
d(ara) = a16(a), ¢laas) = ¢(a)ay for any a € A, a1 € Ay, ag € As. Indeed, in

Sweedler notations we can write
d(ara) = Py(aya’) Py(aia").

bt



From (3.1) we know that a] € A , so Py(afa”) = e(a})Py(a") and
d(ara) = Py(ae(a))a’)Py(a”) = Pi(a1ad’)Py(a") = a1 Py (') Pe(a”) = ar9(a) .

Analogously, ¢(aas) = ¢(a)as for as € As. Since ¢(1) = 1, we have ¢(a) = a for any
a € A, which proves the relation (3.2).

Let now B be a bialgebra dual to A with opposite comultiplication, that is there
exists nondegenerate Hopf pairing (,) : A ® B — C, satisfying the conditions

<CL, b1b2> = (A(a), b1 X b2> y <CL16L2, b> = <CL2 & az, A(b)) .

Let R = ) a“ ® b, be the tensor of the pairing. Set R; = (P; ® id)R. The addition
identity (3.2) yields the factorization

R=R; Ry . (3.3)
Indeed, the tensor R is uniquely characterized by one of the properties
(R, b® 1) =b, for anyb € B, (R,(1®a) =a foranya€c A.
Let us calculate (R Ry, 1 ® a). We have
(Ri,1®a)=((P®idR,1®a) = P(R,1®a) = P(a) .

Then
<R1R2, 1 X CL> = <R1, 1 X CL’><R2, 1 & CL”) = Pl(a’)Pg(a") =a

due to (3.2). It proves (3.3).

Denote by B° the bialgebra B with opposite comultiplication. Suppose that sub-
algebras By C B and By C B determine an orthogonal decomposition of the bialgebra
B°P_ that is, the subalgebra By is a right coideal of B, A(By) C By ® B, the subalgebra
B, is a left coideal of B, A(By) C B ® By and the multiplication rule in B establishes
an isomorphism of vector spaces B and B @ Bs.

_Let P, : B — By and P, : B — By be the corresponding projection operators,
Pl(b1b2> = blg(b2>, PQ(b1b2> = blg(b2>, and

R=R,-R,. (3.4)
where R; = (id ® P;)R be the related decomposition of the tensor of the pairing.
Proposition 3.1 Decompositions (3.3) and (3.4) coincide,

R = (P ®id)R=(id® P)R,  i=1,2 (3.5)
if and only if subalgebras A; and B, are mutually orthogonal, that is

<CI,Z', b]> = €(Gi)€(bj), for any a; € ./47;, bj S Bj, 1 7&] . (36)



We call further the decompositions A = A1 A, B = BB, satisfying the conditions
of proposition 3.1, as biorthogonal decompositions of A and B = (A*)eP.
Proof. Compute (R;,b® a) and (Ry,b® a) for any a € A, b € B. We have

<R17 b1by ® CL1CL2> = <a15(a2), b1b2> = 6(@2)<ai,b1)<a’1’,b2> =

— c(a)e(bo)(d,e(a),b) = c(a)elb)(an by, 0

since af € A;. Analogously,

<R1,blbg ® araz) = {(ajaz, bie(be)) = e(be){ay, by){as, b)) =

— c(an)e(bo)an Be(®) = cla)elb)(ar by, )

since b € By. We see that Ry = Rl. The same story takes place for other pair.
In other direction. Suppose that decompositions (3.3) and (3.4) coincide. The
substitution b; = as = 1 into the first line of (3.7) gives

<R1a by ® al> - <CL/1, 1><CL/1,, b2> = g(ai)(a’l" b2> = <a1’ b2> . (39>

On the other hand, the first line of equality (3.8) shows that the dependence of (3.9)
on by is precisely the factor e(by). Presenting by = (by)1 + by, where £(by) = 0 we
deduce that (aq,by) = e(ay)e(bs). O
Suppose now that A = A; Ay, B = BB, are biorthogonal decompositions of Hopf
algebras A and B = (A*). Let R = Ry R, be the corresponding factorization of the
tensor of the pairing, equal to the universal R-matrix of the double D(A).
Denote by D1 (A) the double D(A) with twisted comultiplication

Aft(x) = (BY') " A()RY = By A (@) (RY)
Proposition 3.2
(i) The tensors (R2')™1 and Ry are two-cocycles in the double D(A):

R (A®1)Ry=R®-(1®A)R, , (3.10)
(A’ 1)R;-R*= (10 A?)R, - RP . (3.11)

so that DT (A) is a Hopf algebra;

(ii) Let A be the subalgebra of D (A), generated by Ay and By, B be the subalgebra
of D1 (A), generated by A, and By. They are Hopf subalgebras of DT (A);

(iii) The restriction of the Hopf pairing (A,B) — C to subalgebras A;,B; extends
to a nondegenerate Hopf (with respect to AleNpaim'ng <./T,Nl§> — C;

(iv) We have biorthogonal decompositions A = A8y, B = By A;.

We call biorthogonal decompositions A = AsBy, B = ByA, the mutation of
biorthogonal decompositions A = A1 Ay, B = B15,.

Remark 3.3 Formal algebraical manipulations show that Df1(A) is a quasitriangular
Hopf algebra with universal R-matrix R = Ry R and is isomorphic as a Hopf algebra
to the double D(.Z) Nevertheless, if we do not take special care of topology and
convergence, products R¥' B33 and R$?R}? can be not well defined as well as the Yang—
Baxter equation for R.



We present the proof of (i). The rest is left to the reader. One can see that both
sides of (3.10) belong to Ay ® D(A) ® By. On the other hand, we have

(A?@1)R-R* Ry - (A®1)Ry=(1®@AP)R; - R - R’ - (1@ A) Ry
due to the properties of universal R-matrix, so the coassociator
®=RP (A®1)Ry- (R¥- (1@ A)Ry) ™"
can be presented also as
o= ((A”®1)R,-R?) ™ - (10 A”)R, - R®

and thus belongs to the intersection of A; ® D(A) ® By and A; ® D(A) ® By, which
means that it has a form 1 ® d® 1 for some d € D(A). Then the pentagon identity on
® says that there is no nontrivial coassociator of such a form. U

3.2 Orthogonal decompositions related to Lusztig automor-
phisms
G.Lusztig [10] defined automorphisms T; € End(U), ¢ = 0,1,...,7 which are called

Lusztig automorphisms. They satisfy braid group relations and are given as (we essen-
tually replace v in [10] by ¢~1)

Tz’(eai) = —€_q k;ila Tz’(eaj) = Z (‘D%feg)@aj 6((183 if i#j,
pts=—a;

Ti(e-a;) = —ka,€a;; Ti(e-a,) = Z (_1)qu‘_s€(—sg¢ia e—aje(—pgéi if i#7
pt+s=—ai;

where egfii = efo,/[pla:!.

The automorphisms 7; are compatible with comultiplication A in the following
sense. For any automorphism 7' of the algebra U denote by AT : U — U ® U the
comultiplication AT (z) =T @ T (A(T~*(z))). Then

1

AT (z) = REA() (B2 (3.12)

whete Ry, = expy, (47 = d,)ea, ® e—a,), expy(x) = 5,100 2y and (n), = L,

In other words, the semidirect product of U and the braid group, given by the
relations TjzT; ' = Tjy(x) for any x € U, can be equiped with a structure of a Hopf
algebra, if we put A(T;) = RZ'T, @ T;.

Any element w of the Weyl group W of Lie algebra g uniquely determines an
automorphism 7, : U — U by the rule: T,, =T, T;,---T;, if w = Seiy Seiy " Sy, is a
reduced decomposition of w into a product of simple reflections. Put

¥ = Uy(6,) N TulUy(n)), Y= U6 N T 0y, (3.13)
By’ = Uy(b-) NToy(Uy(ny)), By = Uy(b-) NT,(Uy(b-)). (3.14)



w

Proposition 3.4 For any w € W the algebras AY, AY, BY, BY form biorthogonal
decompositions Uy(by) = AV AY and U,(b_) = BYBY of dual Hopf algebras U,(by.)

Proof. Coideal properties and orthogonality conditions follow inductively from
(3.12). The decomposition condition (i) of section 3.1 is the consequence of the theory
of Cartan-Weyl basis, see [1, 9]. O

Recall that the total ordering < of the system of positive roots A, of Lie algebra g
is called mormal if for any positive roots a, 3, a < [ such that one of them is real and
a4+ [ is a root we have a < a4+ 3 < . Let § be a minimal positive imaginary root of
A, g a positive affine root, aq, ..., a,. be simple positive roots of g. Choose a normal
ordering, satisfying the following conditions:

(i) ay < S forall k=1,...,7, and § < ay,

(i) all positive real roots, which are less then § are enumerated successively by
integer numbers: v, < v < ... < 4.

Such a normal ordering (more precisely, its part, preceeding ¢), determines a se-
quence o, , 0y, ...t , ... of positive simple roots and a sequence wy, Wy, Wa, ...., Wy, ... of
the elements of W by the inductive rule:

Wy = 17 A = M, and Wp41 = Wy * Sain+17 Qg = wytl(’Yn—i-l) .
For the sequence wy, ws, ... we have inclusions:
AN CAPP C..CAT"C ..., A" DA D ...DA D ...,
B*rCcB?cC..cB™C.., B'DOB*D>..0oBM™"D....

Moreover, the algebra A}" is generated by Cartan-Weyl generators e,, = kafl(eaik)
with £ < n and the algebra By is generated by Cartan-Weyl generators e_, =
kafl(e_aik) with k& < n.

We have the equalities
Ul = U AT, Up =AY, Uy = U™, Up =Ny

and biorthogonal decompositions

Ufb,) =USUF  and  Uy(b ) =U Uy . (3.15)
Denote by R € U,(by) ® U,(b~) the universal R matrix of the algebra U and by
R = RiRs (3.16)

its factorization with respect to biorthogonal decompositions (3.15). We have

Proposition 3.5 Drinfeld comultiplication AP is the twist of canonical comultipli-
cation A by means of the cocycle R3': for any x € U we have

AP (z) = AR(z) = (RP) T A(x)RY . (3.17)

Note that here, unlike to proposition 3.4, we are precisely in the setting of remark 3.3.
Thus we treate further the product R = R,R?! just as a tensor of the pairing and not
as a universal R-matrix.

The proof of proposition 3.5 follows from calculation of [9], where the limit in a
proper completion of the comultiplication A twisted by power of affine shift in the Weyl
group of U, (sly) was calculated. It is sufficient for the calculation of the comultiplication
ARt of any Drinfeld current. O



3.3 Decompositions of current Borel subalgebras

There are two pairs of biorthogonal decompositions of current Borel algebras, equiped
with comultiplication A, The first pair consists of decompositions Up = UpUu - and
Ur = Uz UZ; the second consists of decompositions U = U Uy and Up = U; Uy

Denote the projection operators in Borel subalgebra Up, correesponding to the first
decomposition, by P* | and projection operators in the same subalgebra with respect
to second decomposition by P*, so that for any f, € Ut and any f_ € U 7

PH(fyfo) = fre(f), P(fyfo) =e(fo)f-, (3.18)
Pr(f-f+) =e(f-) [+, P(f-f+) = f-e(f+) - (3.19)

The operator P_Jr will be also denoted as P with all indices suppressed.
Denote by R the tensor of the Hopf pairing Ur ® U — C with respect to comul-
tiplication A and let

R=RiRy, Ri=(P"@idR, R,=(P ®@idR (3.20)

be the factorization of R related to biorthogonal decompositions Up = UfU 7, and
Ug = Uz U . Since this decompositions are obtained by a mutation of biorthogonal
decompositions (3.15), we have the equality

Ri=R,, TRy=R} (3.21)

where R; are the factors of the decomposition (3.16) of the universal R matrix for U
with respect to comultiplication A.

The equality (3.21) enables us to compute the universal R-matrix for quantum
affine algebra U by means of applications of projections P* to the tensor R. In section
5.2 we apply these ideas to derive an integral formula for the universal R-matrix for

Uq(5l2).

4  Universal weight function

4.1 The definition

Let V' be a representation of U, (g) and v be a vector in V. We call v a highest, weight
vector with respect to current Borel subalgebra Ug, if

ea(z)v = 0, aell,

ViR = A(2)v,  a€ll, (4.1)

where \,(z) is a meromorphic function, decomposed in a series over z~! for ¢} (z) and
into a series over z for ¢, (z). Representation V is called a representation with highest
weight vector v € V' with respect to Ug, if it is generated by v over U, (g).

An ordered set I = iy, ...,4 together with a map ¢ : I — II, is called ordered
[I-multiset.

Suppose that for any ordered Il-multiset I, |I| = mn, it is chosen an element
Wi(ti,, ..., t;,), which is a formal power series over variables t;,/t;,, ti, /tiy, .oy ti, /i, 1,
1/t;, with coefficients in polynomials U, (g)[t:,,t;,", .., ti,. t; '] such that

11 ?
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(1) for any highest weight with respect to Ug representation V' with highest weight
v the function
wv(til, vy tzn) = W(til, cey tln)’U

converges in a region |t; | > --- > |t; | to a meromorphic V-valued function;
(2) if I =0 then W =1 and wy = v;

(3) let V=V ®V; be a tensor product of highest weight representations with highest

vectors v1, vy and highest weight series {A$(2)} and {A\%(2)}, a € II. Then for
any ordered II-multiset I we have

wy({talae 1) = 20 wvi({talac 1}) ® wy,({talae 1,})x
=1 1] I (12)
—(a)e(®)y ¢ .
(2) q a " Uy
I Ay (ta) 11 @b,

aclh a<b, acly, bels ta -

A collection W (¢;,,...,t;, ) is called a universal weight function. A collection w(t;,, ..., t;,)
is called a weight function.

The weight function is closely related to off-shell Bethe vectors and is systematically
used in investigations of solutions of ¢-difference Knizhnick-Zamolodchikov equations
7,11, 12].

4.2 Projections and the weight function

Let I = {i1,...,4,} be an ordered II-multiset. Put

W(tz-l, e tin) =P (fL(il)(ti1> ce fL(in)(tin)) . (4.3)

Theorem 1 [7] The collection W (t,,....t;,), defined in (4.3) is a universal weight
function

Theorem 1 follows from a bit more general statement, which is given and proved
below.
Denote by J the left ideal of U = U, (@) , generated by the elements eq[n], where
acll,neZ,
J=U"{eyn], a €ll,neZ).

Theorem 2 For any element f € Up
A(P(f)) = (P®P) (AP)N(f)) mod U®J (4.4)

The proof of theorem 2 includes two statements, which we formulate and prove sepa-
rately.

Proposition 4.1 For any element x € U, we have

APy =10z + Zai ® bi, such that a; € Uy and g(a;) =0. (4.5)

11



The proof of Proposition 4.1 consists of two observations. First, note that the
statement (4.5) is multiplicative over z and sufficient to prove it for generators of the
algebra U,. Next, the algebra U} is generated by the elements f, [n], where a € II,
n < 0. For this elements the property (4.5) follow directly from the precise form of
comultiplication AP, O

Proposition 4.2 For any element x € Up we have
(P& P)(AP(f) = (Pe1)(AP(f)) (4.6)

For the proof of Proposition 4.2 we note, that any element f € U can be presented
as

f:f1+zxiyi7 hyi €U, a2 €Uy, e(z;) =0. (4.7)

Proposition 4.1 implies that for any x € U}, such that e(x) = 0, we have AP)(z) =
> a; @ b;, where a; € U, and g(a;) = 0. So by definition of the operator P and
Proposition4.1 we have

(P®1)(A(D)(inyi)) = 0, P(Z%%)) =0, (4.8)
such that in the notations of (4.7) we have
(Po)(AV(f) = (Po)(AV(f)),  P(f)=P(f). (4.9)
where f; € Ujt. The equality (4.9) also implies the equality
(P P)(AP(f) = (PoP)(AP(f)) . (4.10)

On the other hand, we know, that the algebra U} is the left coideal of Ur with respect
to comultiplication AP AP)(UL) C U @ U, which implies the equality

(P& P)(AP(f) = (Pe1)(AP(f)) . (4.11)

Combining (4.9), (4.10) and (4.11) we get the proof of Propostion 4.2. O

Proof of theorem 2. Note first that due to (4.9) and (4.10) both sides of (4.4) do
not change if we replace f by fi € U, according to the notations of (4.7). Taking in
mind proposition 4.2, we see that it is sufficient to prove an equality

A(f)=(Pa1)(AP(f) mod U®J. (4.12)

for any f € Uj.
Remind the relation between coproducts A and A®P). By Proposition 3.5 and the
equality (3.21) we have for any = € U

AP () = RyTA(2)R, (4.13)
By (4.13) and (3.20) we have Ry € Uy ® Ug, so
(Pe1) (AP(f) =(P®1) (Ry'A(f)R2) = (P@1) (A(f)) mod U®J. (4.14)
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Here we drop the factor Ry, since Ry = 1 mod U ® J and drop the factor R, *, since its
first tensor component belongs to U, and (e®1)(R;') = 1. Note also that due to (4.13)
A(f) € Up®U, so the expression (P®1) (A(f)) is well defined. Moreover, since U,(b)
is a Hopf subalgebra of U with respect to comultiplication A and U} = U,(b) N Up,
we have an inclusion

A(f)eUtaoU for any fe€ U},
which implies
(P®1)(A(f)) = A(f) for any fe U . (4.15)
The substitution of (4.15) into (4.14) gives (4.12) and the statement of Theorem 2. [J

5 Calculations for Uq(sA[Q)

In this section we present two applications of projections to intersection of Borel sub-
algebras. The calculation of the universal weight function for U,(sly) is taken from in
8], the integral presentation of the universal R-matrix for the same algebra is obtained
by the same calculations with projection operators P*.

For the sets of variables z = {z1, ..., 2.} and w = {wy, ..., wy } we define the following
formal power series:

@ = I Rl I x= ] Bl T

e . _ 1. .
e ZZ/Z] risien 40715
k _1 k
_ q _qw]/zz [ - wj;
Y(z; = Z(z-w) = Y(z: i
() lll_wz 7 |‘:| Tl ZEn-vEal]D

The notation “Z for a set Z = {21, ..., 2y} means the set Z with reversed order: “z =

{zn, -, 21}
5.1 The universal weight function

Theorem 3 [8] The universal weight function for Uq(g[g) can be written as a following
formal integral:

Wity,...t (fa(tl) faltn)) =
Uy Up, 1
{)j{ ) ful ul)il 'fa(un)d—n. (5.1)

We have analogous expressions for the projections P (foty) -+ - fa(tn)), related to the
factorization (3.20) of the tensor R:

Pt (fa(tl) fa n E)j{ t u fa ul)dul ...fa(un>%’
dul du. (5.2)
_(fa(t1>"'fa(n E)%YU t fa ul) " fa(un)u_nn
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Proof. Define a set of rational functions of the variable ¢, depending on parameters

tl,...,tbi
b

t—t t; — gt
i (it ) = H Hq i (5.3)

14
i=1, i;éj t qt

As functions of the variable ¢, they have simple poles at the points t = ¢*t;, i =1,...,b,

tend to zero when ¢ — oo and have properties: ¢ (ti;t1,...,t5) = 055. Set
b
Faltitas o ath) = Falt) = 3 Gt (0 ) fult) (5.4
m=1

Proposition 5.1 Projections P (fo(t1) -+ fa(tn)) can be presented in the factorized
form

P(fa(tl)"'fa(tn)):P(fa(tl))P(fa(t2§t1)>"'P(fa(tmtlw-wtn—l))‘ (5'5)

The Proposition 5.1 implies the Theorem 3 due to the following calculation:

P(falt;ty, ..., t) = %fa( ( “uft Z%mttl,..., )1—i/tm>

du 1 1—t/t; q—q 'u/t;
u Jalu) 1—u/t E 1—u/t; g—q't/t;

U
Proof of the Proposition 5.1. We claim first that the projection P (f,(t1) - fa(tn))
admits the following presentation:

n—1
GJ tla'-- n— 1)
tn — @ty

P(fa(tl) e 'fa(tn)) = P(fa(tl) fa( n— l + (5'6)

Jj=1

where G(t1, ..., t,—1) are some operator-valued functions.

Proof of the relations (5.6) is based on the inductive use of the following Lemma,
which shows, that during the move of the current P~ (f,(t,)) to the left calculating
the projection P the only the simple poles at the points ¢, = ¢°t;, j = 1,...,n — 1
will appear, such that the corresponding operator valued coefficient G; at (¢, — ¢*t;) "
does not depend on t,,.

Lemma 5.2 The following relation is valid:

Fult) P (fulta)) = L2012 e () £(t1)

qti —q 'ty
0t (5.7)
n %P (fald®t)) fa(tr) .
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Proof. The relation (5.7) follows from the application of the integral transform § < 1_t12 o
to the relation

¢ 't —qu

ot =g W at) + (07 = )00 /w) falg ) fa(tr).

fa(t1) fa(u) =

O

Let us come back to the proof of the Proposition 5.1. The commutation relations

(2.7) imply that the product f,(t1)--- fa(ts) has simple zeros at hyperplanes t,, = t;,

i=1,...,n—1. Substitution of these conditions to the equality (5.6) gives the systems

of n — 1 linear equations over the field of rational functions C(ti,...,t,_1) for the
operators Gj(ty, ..., t,_1):

n—1
Gilte, .. tas)
t—qzt

=G -P(f(ty), i=1,..,n—1, (5.8)

=1

.

where G = P (fo(t1) -+ fa(tn-1)). The matrix B;; = (t; — ¢°t;)~" of this system has
nonzero in C(ty, ..., t,_1) determinant,

e ) tj)?
Hi,j(ti — %)’
so the system has unique solution over C(ty, ..., t,_1). This implies that operators G;

are linear combinations over C(t, ..., t,_1) of operators G - P (f,(t;)), 7 =1,...,n—1,
so the projection of the product can be presented as

det(B) = (—¢°)

P (fa(tl) T fa(tn)) =G- (P (fa(tn)) - Z_: Sétj (tm lyy... >tn—l)P (fa(tj))> s

where @y, (tnit1, .. tae1) = Aj(tnste, .o ta1) /112 ( q°t,,) are rational functions
which nominators A;(t,;t,...,t,—1) are polynomlals over t of degree less then n — 1.
The system (5.8) is satisfied if rational functions @y, (tn;t1,. .., t,—1) enjoy the property

@tj(ti;tla---atn—l):57;,]'7 27]:177n_1

This interpolation problem has unique solution given by the formula (5.3). O

5.2 The universal R-matrix

According to (3.16), the universal R-matrix R for the algebra U, (sA[g) with comultipli-
cation A admits a factorization R = R1R,, where

R = (P ®id)R, R.=(PT®id)R, (5.9)

and R is the tensor of the Hopf pairing Ur ® Uy — C with respect to comultiplication
AP Tt can be presented as



where

R = fﬂ%fm Jal) ® eal) - ealz)

Z

and in the notations k, = ¢, v = ¢%/%, D = ¢*

K=q 507 exp ((q‘l —q)) nl, haln] ® ha[—n]> ¢ T (5.10)
Set
]4 H P QUi (2) Y (52) () - elen) © S ) -+ Flun) =
dl d’ (5.11)
-1 fwmw%; 2) elar) - ele) @ Flu) - Flu).
=] H Tillix(2) 2z Fm) -+ F(n) @ efz) - e(z) =
o (5.12)

= f{H %dUiX(wﬂ)Z(%; “u) flur) - fun) @e(z1) - e(zn) -

o ci Ui
The substitution of (5.2) into (5.9) gives the following equalities:
(' =" e @' -9)" e
Ri=) R, Re=K () R (5.13)
n>0 n>0
where K is given by the expression (5.10). We have finally

Theorem 4 The universal R-matrix for Uq(;[2> can be written as a product of series

of formal integrals, R = R1 R, with the factors Ry and Ra, defined by (5.13).
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