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Abstract. The following theorem is proved: For each finite codimensional subalge­

bra A of a Stein algebra B there exists a natural number n such that B is

algebraically ismorphic to A Ei (n .

§ 1. Introduction.

This paper continues aseries of papers on the finiteness of complex analytic spaces.

It is well-known that for complex Stein spaces a number of problems of complex analysis

have solutions: the first Cousin problem, the problem of continuation of holomorphic

functions on analytic sets, and so on. In [4] we give a vector space structure to the dass

of additive Cousin date {Ui'tt'i} on a complex space X, and we consider the dass of

complex spaces for which the set of additive Cousin date having a solution (Le. the set of

additive Cousin data {Ui'ft'i} i E. I for which there exists a meromorphic function tt'
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on X such that tp - tp. ia holomorphic on U. for each i E. I) is "sufficiently large", it
1 1

ia a finite codimensional subspace. In [5] we study complex spaces with the following

property: for each analytic set V in X the space t1(X) of holomorphic functions on

X considered as a subspace of the space O(V) of holomorphie functions on V is a

finite codimensional subspace. In the present paper we consider certain properties of

finite codimenaional subalgebras of Stein algebras and obtain some corollaries for the

continuation of holomorphic funetions on Stein 8ubspaces of eomplex spaces.

First of all we recall some notation and formulate the results of this paper.

A (-algebra is ealled a Stein algebra if it is algebraically isomorphie to the (-algebra

t'(X) of holomorphie funetions on aStein space X. For every algebra B we denote by

S(B) its spectrum and by S#(B) the non~ontinuousspectrum. It is known that for a

Stein algebra B we have

B ~ O(S(B)) and S#(B) = S(B) .

Main Theorem. For eaeh finite codimensional subalgebra A of a Stein algebra B there

exists a natural number n such thai B is algebraically isomorphie to A 4B (u .

There are some corollaries that can be dedueed from the Main Theorem but we need

same more notation to explain them.

A eomplete m~onvex algebra B is said to be a semiglobally weakly holomorphic

algebra if it ie isomorphie to the algebra t7(K) of holomorphic functione on a weakly

holomorphic compact sei K (we recall that a compact set K is said to be weakly
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holomorphic if it has a decreasing neighborhood basis consisting of open sets having an

envelope of holomorphy).

Corollary 1. Let A be a finite codimensional subalgebra of a semiglobally weakly

holomorphie algebra B. Then B is algebraieally isomorphie to A fB (n for some

natural number n.

Corollary 2. Let V be aStein subspace of a eomplex space X 1 and let

R: O(X) ---+ 0 (V) be the restrietion map. If dim O(V)/RO(X) < m 1 then there

exists a finite subset T CV such that:

i) V\T is an analytie subset of X;

ii) the restrietion map R: O(X) --t O(V\T) is surjective.

§ 2. Proof of Main Theorem.

2.1. Lemma. Every finite codimensional subalgebra of a Stein algebra is a closed

subalgebra.

Remark. It is well known that a finite codiinensional suhspace of a Banach spaee must

be closed and complemented.

Proof of Lemma 2.1. Let B be a finite codimensional subalgebra of a Stein algebra B.

Assume that A f A . Take fE. A\A , and consider the subalgebra A Cf] of A. Since

dim A Cf] IA ~ dim BIA < m 1 there exists the minimal polynomial for f:
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where cl J ... ,cn- 1 E. (J 00 E. A, P(f) = 0 . We first prove that the discriminant D

of the polynomial P is non-zero. Suppose on the contrary that D = 0 J then for every

ßE. S#(B) we have

A n-1 A n-2
nf(ß) + (n - l)cn_1f(ß) + ... + Cl = 0 J

A

where f denotes the Gelfand transform of f. It follows then

c,.n-1 n-1 ,.n-2 1
1 +-c 11 + ... +-=0.n n- n

This however contradicts the fact that the polynomial P(x) is minimal. This shows

D f 0 . Now take w E.- S#(A) so that D(w) 'f 0 . One finds two complex numbers Al

and A2 satisfying

We define then two multiplicative linear functionals w1 and w2 on A Ci] by the

following formulas:
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It is easy to see that the functionals w1 and w2 are correct1y defined, since if for some

polynomial Q we have Q(f) = 0 then Q(x) = P(x)R(x) and w1(Q(f)) =

= w2(Q(f)) = 0 .

Let 11 and 12 be the integral closures of ker w1 and ker w2 in' B , respectively.
N

Thenwehave 11 nA[f] =kerw1 and 12 nA[f] =kerw2 ; 11 , 12=FB.Welet 11

and 12 denote maximal ideals of B which contain 11 and 12 , respectively. Then
N N

BIll and B/1 2 are fieldB which are integral over A [f] 111 = ( and A [f] 112 = ( .
N N N N

This implies that BIll = B/1 2 = ( , and hence 11 = ker;l' 12 = ker;2 l where

;1 ' ;2 E. S#(B) = S(B) . By the continuity of ;1 and ;2 we have
N N

W1IA[f] =
W2 IA[f] .

This contradiction proves Lemma 2.1.

2.2. Proof in the special Case: S#(A) is normal

Let R: S#(B) ---t S#(A) be the restrietion map. Since B ia integral over A, R is

finite, proper and surjective. By Cartan's theorem, S#(A) has aStein space structure

such that
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A is dense in tJ(S#(A)) (and then, by Lemma 2.1, A = A = tJ(S#(A))) ;

if fE. O(S#(B)) is such that for all W E. S#(A) one has fl -1 = const. ,
R (w)

then f E. O(S#(A)) .

Let S#(A) = U Y. be the decomposition of S#(A) into irreducible branches. For
J

every j we denote X. = R-1y .. Then we have
J J

dim n O(X)/O(Yj ) = dim O(S#(B))/O(S#(A)) < CD •

j

Thia implies that for j sufficiently large we have O(Xj ) = O(Yj ) . Thus, wHhout lass

generality we may assume that S#(A) is irreducible.

We prove the Main Theorem by induction on n = codim A .

1) n = 1 . In this case we have B = (f + A and there exist o,ß E. (; g,h E. A such

that r =of + g, r3 =pr + h . This implies that

fJ = pr + h = o.r + gf = 0.2f + gf + o.g ,

f(02 - ß+ g) = h - o.g .

We consider separately two cases depending on whether or not 0
2 - ß+ g ia zero:

i) 02 - ß+ g :f 0 . In this case V(02 - ß+ g) (the analytic set defined by

0
2 - ß+ g) ia an analytically rare set and we have
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h-agl
f - S#(A)\V(a2-ß±g)

IS#(B)\R-
1
(V(a

2
- ß+ g)) - a

2
-{J+gI # \ -1 2

S (B) R (V( a -ß+g))

Thus fE. ti'(S#(A)\V(a2 - ß+ g)) . Since R is proper, f is locally bounded on
N

S#(A) . From the normality of S#(A) it follows that there exists f E. ti'(S#(A)) such

N 1 2
that f = f I # 2 . On the other hand, Binee R- (V(o - ß+ g)) is an

S (A)\V(a -(J+g)
analytically rare set, we have 1R = f . Hence, f E. O(S#(A)) , and we have

O(S#(B)) = O(S#(A)) = A = A , which contradicts the hypothesis that codim A = 1 .

Thus, we have only the following case.

ii) 0
2 - f3 + g = 0 . In this case g = ~ E. ( , and we have f2 - af + ~ = 0 . 1t follows

that f takes only two distinct values. We prove that in this case there exists a

compact set K (A such that the map

is injective. H we assume the contrary, then there exist sequences {~1}',
{zk 2} (S#(B) such that R = R = tk ---+ m and zk 1 +zk 2 for all

, zk 1 zk 2 "
, I

k . Take u E. O(S#(B)) such that u(zk 1) = k, u(zk 2) = - k . Assume that, ,
u = tf + l ,where 1 E. (, t E. A . Then we have
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This contradicts the fact that f takes only two distinct values. Thus there exists a

compact set K such that fl # -1 E O(S#(A)\K) . We denote by W the
S (B)\R (K)

set of irreducible branches of S#(B) intersecting with S#(B)\R-1(K). Then we have

S#(B) = WUT, where T is a finite subset of S#(B) . Let m be the number of

elements in T. We have

This completes the proof in the case n = 1 .

2) Codim A = n > 1 . In this case we have

We consider separately two cases: A[f1] :/: B and A [f1] = B .

i) A[f1] f B . Then we have dim A [f1] /A < dim B/A = n.

We consider the restriction map:

R1 is proper and surjective. U follows from the Grauert-Remmert theorem that

S#(A [f1]) has Stein space structure such that A[f1] ~ O(S#(A [f1])) . Hence,

A [f1] is a Stein algebra. From the inductive hypothesis it follows thai

fi1 ~ fi1+n2A [f1] ~ A $ 4: ,B ~ A [f1] $ ( . Thus, B ~ A $ (: .
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ii) A [fl] = B . Since codim A < m , there exists m such that

From this it follows that

Therefore, a proof similar to that in the case n = 1 gives UB:
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2.3. Proof in general case.

~

We denote by v: S# (A) ---+ S#(A) the normalization of S#(A). Consider the

commutative diagram:

~ A ~

Z = S#(B)( S# ( A) R
I S# (A)

S#(A)

J(B) R I J(:)
Let {Gk} be an increasing exhaustion sequence of holomorphically convex domaina in

S#(A) . Then {R-1Gk}, {R-1v-1G
k

} and {v-1Gk} are exhaustion sequences o~

~

holomorphically convex domains in S#(B) , Z and S# (A) , respectively. For each

k ~ 1 we consider the following exact sequence:

Since for every k ~ 0 the restriction map O(Gk+1) ---+ O(Gk) has a dense image, we

have

O(S#(B))/O(S#(A)) = !im O(R-1Gk)/O(Gk) .
f--.

Therefore there exists a kO such that for all k 2: kO we have
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From the relation Ii-Iy = {x E. S(B) ; Rx = vy} = R-1vy it follows that

is an integral extension of O(R-1Gk)/O(Gk) of degree ~ sup {# R;l} < aJ I

Y E. S#(A) . This irnplies that there exists ki ~ kO such that for k ~ ki we have

By the result of § 2.2. we have

for BOrne n independent of k ~ k1 .

Therefore we have:

~

A # A A

and R: Z\{Pl' ... ,Pn} ~ S (A)\{RPI'''' ,RPn} . From this it follows that there

exists an analytically rare set V (S#(A) such that

On the other hand, we have

(1)
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dim O(R-IV)/ O(V) ~ dim O(S(B))/O(S(A)) < (I) •

By induction we have O(R-IV) ~ O(V) m (p for BOme p > 0 . Hence there exist

-1
qI' ... ,qp E. R V such that

(2)

From (1) and (2) we obtain:

Hence we have

The theorem is proved.

§ 3. Proof of the corollaries.

3.1. Proof of Corollary 1. Let A be a finite codimensional subalgebra of a semiglobally

weak1y holomorphic algebra B: B ~ O(K) ,where K ia a weakly holomorphic compact

set. Take a decreasing neighborhood basis ?t of K consisting of open sets having

envelope of holomorphy such that dimxU> 0 for all U E. ?t and x E. U\K . Suppose

that B = (fI m... m(fp mA , and set AU = A n O(U) . We mayassume that
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A

fp ... ,fp E. 0(U1) . For each U E. U we denot~ by U its envelope of holomorphy and

by 6U ' 6m the ca.nonical maps: 6U : U --+ U, 5
m

: K --. SO(K) . Then we have
A

dimO(U)/AU=dimO(K)/A, dimxU> 0 for all UE. tU , UCU1 , and
A * A N _

X E. U\5UU, Since 5U : O(U) --+ O(U) for all U E. U , it is easy to see that

dimxSO(K) > 0 for all XE. SO(K)\6
m

K . Therefore, by the Main Theorem, there exists

a finite subset {zp ... ,zp} CK such that O(U) ~ AU fD O({zp ... ,zp}) for all

U E. U, U ~ U1 . This implies that

O(K) = 1 im O(U) ~ 1 im AU fB (p ~ A fB (p .
--+ --+
UE. U UE. U

The corollary is proved.

3.2. Proof of Corollary 2. Let V be aStein 8ubspace of a complex 8pace X, and let

R: O(X) --. O(V) be the restriction map and dim O(V)/RO(X) < m . We set

A = RO(X) . By the Main Theorem we have O(V) ~ A fD (n for some n. From this it

follows that there exists a finite set {zl' ... ,zn} (V such that

A ~ O(V\{zl' ... ,zn}) . Corollary 2 is proved.

3.3. Proo{ of Corollary 3. Let A be a finite codimensional subalgebra of a Stein algebra

B . From the Main Theorem we have B ~ A fB (n for some n and S#(A) = S(A) .

Hence, S#(B) ~ S#(A) U T ,where T ia a set of n elements.

We now &Saume that S#(B) = S#(A) U T ,where T is a set of n elements in

S#(B) . Then we have B ~ O(S#(A)) fD (n . Since S#(A) is A-convex and A
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separates points of S#(A) , it follow8 that A = A = O(S#(A)) . From this we obtain

B ~ Am (n.
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