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O. I NTRODUCT I ON.

Throughout this paper, WB assume that X is a nonsingular

n-dimensional torie Fano variaty (dafinad ovar [), i.8., X 1s

an n-dimensional eonnected projective al~ebraic manifold satisfying

tha Following conditiens:

(a) X admits an effe~tiv8 almest hemogeneaus algebraic group

action of (ffim)n (~(~*)n as a complex Lie group) •

. (b.) The setf< of all Kähler forms on X in the Oe Rham cohomology

61ass 2~ c1(X)~ is hon-empty.

Far aach w E)<, ~y ur! ting i t as w ~ /-1 :E 9 (W)~1 dz"AdzJ in t'erms

of holamorphie loeal coordinates (z 1, z2, ._ •• , ~n) of X, WB

have the corresponding Ricei form Ric(w) ·cohomologous to w :

Ric (w) := R ~q log det (g (w )c(,) •

Than an element CA) of K is callad an Einstein-Kähler form if

Ri c (w) ::I W • W8 no w, pos 8 t ~ ~, folIo Win 9 :

(0.1) PROB LEM ~): Classi fy all X ""Mich admi t, at least,. .Q.!J2!

Einstein-Kählar form.

Obviously, the Fubini-5tudy form on ~n([) is a typical Einstein

Kähler form. This settles Problem (0.1) for n = 1" because

. *) This is also posed by T. Oda and Y. T. Siu.



the only possible X with n = 1 i3 ~1([). However, the real

difficulty comes up aven at n = 2: Let S. be the projective
1 .

al 9 e b ra i c 5 u r Face 0 b t ai n ed fra In IP 2 ( [) b Y bIo win 9 u P i p 0 i n t 5 ,

in general position (whare 1 ~ i ~ 3). Than, in spite of lots

cf efforts cf differential geometers, it i3 still unkncwn whether

er not the nonsingular toric Fano variety S3 admits an Einstein

Kähler farm.

The purpose of this paper is to give abrief survey of recent

progress on Problem (0.1) tagether with our ralated new results.

Especially, in Sections 1~6 (though they are somewhat of expository

nature), several key ideas are introduced often yithout proofs,

while technical details are given in the subsequent four appendices.

In particular, in Appendix C (see (9.2.3) far the most general.

statement), ~e ahall show that the futaki invariants cf an anti

canonically (relatively) polarized' torie bundle Y ovar W can be

r egar'd ad es th e b ary e an tr e of m(Y) in t err1)s 0 f 11 Dui s'termaat-H eckman f s
~

mea 5 ure", wh er e m : Y -+ ~n ( n = d im a: Y - dim It W) den 0 t ,e 5 t haas 5 0 ci-

atad "relativeIl moment map dafined, in Appendix 8, without any ambi-

guity of translations (cf. (8.2». Finally, in Appendix D, a very

explicit descriptian cf Einstein-Kähler metries for Sakans-Kaisors

examples will be given (cf., (10.3.2),- Step 4 af (10.3)).

Parts of this paper are givsn as a lecture at Ruhr-Universität,

Bochum in April, 1986.. Tha author wishes to thank Professors

G. '[wald and P. Kleinschmidt who invited me to giva a talk on

this subject. Ha 1s also grateful to Professors T. Oda,

H. Ozeki and I. Satake far helpful suggestions and encouragements

during the preparation cf this paper. Finally, he wishes to thank

the Max-Planck~Institut für Mathematik far constant assistance

all through his stay in Bonn.
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1. NOT AT ION, C0 NVENT ION SAN IJ PRELI IV] I NARI E5 •

Let 2+ (resp. 1
0

) be the set of positive (resp. non-negative)

integers and ~+ (resp. Ra) be the set of positive (rasp~ non

negativa) raal numbers. Wa now put:

G : = (a; m) n = -[ (t l' t 2" •••. , t n) I t i f a::f:},

M : ={ a ;::I (a l' , a2 ' ••• , an) 1a i E 2} (~ Zn),

N :={b =0:) bjE zJ (~Zn).

Fa r a. E Man d lb E N as abo ve, wad e f in a (~,b) € 1, X B1 E Ho mal 9 9 P ( G, t m)

and AlbE Hom alg gp(tm,G) by

·3

, ~ n
( a,b) : = L· 1 a. b. ,

~= ~ ~

~a( (t
1

, t
2

, •••' , t
n

) ::::1

). .,b 1 b Z/, tb ( t ) : = (t , t , ••• ,

..'. ,.

whare t, t 1 , •••.~, t n E IIi m. (=t 11:*).. Than the corr:ßspondenc8 a ~ X a ,

(resp. b ~Alb>" canonically induces an isom~rphism between the

additive group ~I (resp. N) and the multiplicative group

Horn 1 (G,ß;) (resp. Horn 1 9 (lIi ,G)). Nota thata 9 gp mag p m

far all t E lli m (= [:4:).

(1.1) DEFINITION: A non-empty subset 0- of N is called a cone if. '

the fol10wing 'eonditions are satisfi'ed:

(a) If lb f N satisfies plb f (j far soma fE 2+, then b E CI.

(b) I f 0 f lb E 0-, th an -Ib ~ (J.

(e) 0 E <J.

(d) In terms af the natural additive structure of N, ~ is a

semigroup generated by its finite subset.



Far a cona er, thera axists a unique irredundant finite subset

{ i5-.,1, tl-
2 , Ibm} f l"'f"J h th t -' ~ m IbK lb 1

LJ l,J • •• , 0 v S U c a u = L... k = 1 20 • Th es e ,

b 2 m" • ~. , bare called the fundamental generators cf the cone (j'.

( 1 • 2) 0 EFI NI TION :: . A non - em pt Y 5 U bset 1.: 0 f a coneer i 5 ca11 ed

a face cf er- , denoted by 7: ~ r, if there exists an element st of

M s ueh t hat ( s, b) ~ O. f 0 r all Ib in er an d t hat 1: ={ fb E er I (q, b )

== O}. A finite polyhedral decomp'osition of N is a finite set 6.

of cones in N such that

(a) if ~ ~ li ELi, then L~A;

'. (b) if a-, 1: ELl, then <rn C ~ rr and a-n"t' -a 1:" ;

(c) N:zU CI.
G"EA

far every finite polyhedral decompositicn Ä of N, we put

4

6(i) :={ (JE!:::, Idim er- =< i}, o·~ i ~ n,

where dirn ~ danotas the dimension of the real vector space spanned

(1 • 3) OE FI NI TION : A f i ni t apo 1 y h ed r al dac 0 mpos i t ion 6. 0 f N i s

said to be nonsingular if for aach ~E~(n), the set cf fundamental

generators cf er ccnsists. cf n elements and forms a 2-basis for N.

For every nonsingular ~, the set of fundamental generators oF

each element of ~(i) consists cf exactly i elements and is com-

pletad to a J-basi~ for N.

WB shall naw quote the fcllowing Fundamental rasults due to

Oemazure [6]., Miyake and Oda [18J, and Mumford et ale [19] :



(1.4) THEOREM: Ta every nonsingular finite polyhedral decom:

position ~ of N, ~~ uniguely associate ~ n-dimensianal

irreducible nansingular G-eguivariant compactification GA 2L G

possessing th8 fo11owing two properties:

5

(disjaint union).

Furthermore, the closure O(~) 2f U~ in GA is ~ irreducible

non s in 9u 1ar ( n - i ) - d i me n s i·o nal G- s tab 18 sub v ar i e t y 0 f GA

written in the form---- ----
0(0-) :::: U ()~

t'~CT

(disjoint union).

(b ) F0 r e ach 0'" fA(n), U(f":::: U~O"!l~ f 0 r ms ~ a f f i neo penG - s tab 18

neighbourhaad af W~ in GA. satisfving the conditians

and

G6, = U UO'"'.

lJELl( n )

Let {lb(~)1, 1b(~)2, ••• , lb(cr)n} be the set of fundamental- -- - - ------
generators 2.f. er (which forms ~ I-basis far N), ~ .!.!!i

{ a(~)1, a(~)2, ... ,.a(~)n} be ~ dual basis far M defined

.E.l. the relation (a(cr)i,b(O'")j) :::: bij • Than the corrasponding

characters

1 ~ i ~ n,

extend to rational functions ~ GA ' which ~ all regular



~ U~ , forming ~ system of coordinate functions on Uw EY the

isomorphism

UD" ~ A\n ( [ )

u ~ ( .xo-; 1 (u), ;t er; 2 (u ), ••• ,.xer; n ( u ) ) •

In terms of these coordinates, the G-action on U~ is described

6

( Xu-; 1 (g. u), AQ"; 2 (g • u), ••• , Xc-; n ( g. u ) )

= (Xa-;1(g)·XO-;1(u), .x();2(g)·~(j;2(U)' •••

where both 9E G and u E U<r ~ arbi trary.

( 1 • 5) THE 0 RElVI: Ever y n- d im 8 n 5 ion a 1 irr educ i bl e non 5 in 9u1are 0 mp18 t 8

variety endowed with ~ effective regular G-action is G-eguivariantly

isomorphic ~ GA for sorne nonsingular finite polyhedral decompositian

A of N.

Finally, ws remark the following:

(1.6) In terms cf the holomarphic coordinates (t 1 , t 2 , ••• , t n )

far G = {(t
1

, ••• , t n ) I t i E [:+:} , the G-invariant vectar fields

t.~/~t., i = 1,2, ••• ,n,
~ ~

on G farm.8.-[-basis far Lie(G). Furthermore, these naturally

ex t en d to.. ho~ oma rph i c v ee tor f i 81 d s an GL.\ •
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2. DEMAZURE'S RE5ULTS UN rUHle VAHIETI[~.

, Throughout this section, ws fix a nonsingular finite polyhedral

d ecompos i ti on D. 0 f N., Pu t 1~IR : ~ f'llglZR. Fu rth ermo re, fo r e ach

p E-~(1), let lb
f

denote the unique fundamental generator of p.
We now consider the divisor

K := - L D(p)
PE,6,( 1 )

on GA. Recall the following fact due to Demazure [6J:

( 2 • 1) THE0 REM: K i s .! canon i ca 1 d i vi 5 0 r .2.f. GA. IVlo r e 0 ver, t h e

following ~ eguivalent: .

(a)

(b)

(e)

(d)

.GA i s ~ tor i c. Fan 0 va r i e t y •

-K ~ ample.

-K ~ very ampie.

is an

n-dimensional campact convex polyhadron t.lhose· verticas·.~

exactly {aL: I T:€- 6(n)}, where: aach a'l:' denotes tha unigue

element of l"1 such that (al:,b) = 1 for all fundamental

generators b of 1:'.

(2.2) REMARK:
211-It is eas.ily seen t,hat P (1&),. P .(a:)xp (t),. S·.-, (1~i~3)

~

pre the, o~ly pos~ible 2-dimensional nonsingular toric fano'

ver i ati es.. Rec ent 1 y J f'or~ .dimen~ion th I' ea als 0 J all nonsi ngu 1a r to r i c

Fano. varieti,es ·are camplately classified (cf. Batyrev [4J J

K. Watanabe and M. Watanabe (23J).

(2.3) DEFINITION (Demazure [6; p.S?1]): An element a of M i5

called a root if there exists p E6(1) such that (a,b)') = 1 and

t hat (a, bt1") ~ 0 f 0 r all er' E- 6..(1) wi t h ~ ~ p. Let R(.6.) b e t h e 5 e t

of all roots in M.
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Neu, as an immediate consequsncs ef a rssult ef Demazure [6;
p. 581J, ans abtains:

(2.4) THEOREM: Lst Aut(GA) bs the graup ~ all haiamorphie auto

morphisms af GA. Thsn Aut(GÄ) i5 ~ reductive algebraie graup

i f cind 0 n1y .!!.. - R(A) : = {- a la€- R(.Il) } co i ne i des wi t h R(A) •

(2.5) REMARK: In visw cf this theorem and (2.2), it is ..now -

possibis to determine all 3-dimensional nonsingular torie Fano

var i eti es GA wi th reducti ve Aut (GA) • suc~ ,8 GA ··is., aetually,

isomorphie to ene of the following (ws owe the cemputatien to

Or. T. Ashikaga):

IP 3 (a:), p2 ([)xp 1 (a:), P 1 (a:)xp 1 (lt)xfJ 1 (lI:),

p 1 (;:) x5 3' [p (. (9 ·IP 1 xP1 fi (9[P 1x~ 1 ( 1 , - 1 ) ), .r ~ ,
wh er ewe u5 ed t he nota t i an °f K. Wa tanab e an d ~I.· Watanabe [2 3] •

Obviously, the fi~st thrae variBties· admit an Eim~tein-Kähler

·.farm. ·Note that.,. far the la~t three varieties, .Aut(Gä) cannat

. aet transitivelyon GA. Hawever, fP( (91P 1xp 1 @(9p1 xp 1(1,-1))

sti'll admi ts an Einstein-Kähler' form by virtue cf a result of

Sakane [22], partly because in this ease, every maximal compact

subgroup cf Aut(GA) aets on GA with principal orbits cf

real codimension ane (ef. Appendix 0).

The importance of (2.4) comes frolll the following theorem

in differential geometry due to lilatsushima (17):.

(2.6) THEOREM: Let V be ~ compaet cornplex connected manifold

with dim t Auto(V) > 0 (where Auto(V) denotes the identity component

~ ~ graup Aut(V) ~ holamorphie automorphisms ~ V). If V

admits ~ Einstein-Kähler ~, ~ Aut(V) is ~ reductive a1ge-



breie group end furthermore, the graup .2...f. holomorphic i6ametrie5~.

in Auto(y) is ~·maximal compact subgroup of Auto(V).

9
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3. EINSTEIN EUUATIUN5.

Far X as in Introduction, there exists a nonsingular finite

palyhedral decomposition ~ of N such that X = GA and that A
satisfies the condition (d) of (2.1) (see (1.5) and (2.1».

In visw of the inclusion

ws may regard sach t i as a rational funetion on G~. Consider

ths real-valued C(IQ functions x1 ' x2 ' ••• , xn on G defined by

1 ~ i ~ n.

Since ~t. = dt. , we hav8 ox. = - dt./t. and äx. = - dt./'E .•
l l l l l l l ~

Thersfore, for sach C
OO function u:= ·u(x.1 , ••• '. ,Xn ) 'd.efined· on '

... , X n ) I xi E ~}, the follawing identi ty halds:

(3. 1 ) -() 0 u = 1: .. (o2u/ox.ox.)(dt./t.)I\(dt./t.).
l,J l J 1 l J J _

Let Ge be the maximal compact subgroup

af G. Since the anti-canonical bundle KX- 1
of X is ample,

f"'\ -1thers exists a Ge-invariant fibre metric ~~ far KX such that

the carresponding first Chern form is a positive definite (1,1)-form.

Namely, there exists a real-valued C~ function u = u(x 1, ••• , x n )

on !Rn such that:

(3.2) TI n' /- - 2exp(-u) . 1 ( -1 "dt.l\dt·/lt·1 )
l= 1 1 1.

form on the whole X = GLi ;

extends to a volums

(3.3) o oäu extends to a Kähler form on GA •

Note that the volums form in (3.2) is naturally identified

with S1 above (and is denoted by the same J2). In view of (3.1),



(3.4)

the statement (3.3) in particular implies:

At sach point of ~n, the·matrix (o2u/ox.ox.) is'
1. J

positive definite.

Suppose now that X admits an Einstein-Kähler form 'W E k .

1 1

Then by Theorem (2.6), we may assume that W is G -invariant.c

Applying the above argument to n = W n , WB obtain a real-

valued COO function u = u(x 1 , ••• , x ) 0 n IR n 5 a t i 5 f Yi n g t h 8n

conditions (3.2), (3.4) and furthermors, by Ric(w) = W ,

(3.5) d8t(02u/~x.ox.) = exp(-u)
~ J

D non n •

Conversely, suppose that a real-va!ued C~ funption u on Hn

satisfies "(3.2), (3.4) @nd (3.5), w~sr8- ws retu~o.to our.briginal

situation that X (= GA) is just a nonsingular n-dimensional

toric Fano variety without any assumption of the existsnce af

Ein5tein-Kähler farms. Then W:= R aä u i5 still shown to be an

Ein5tein-Kähler form on X. We now define: 1"

(3.6) DEFINITION: The equation (3.5) above (tagether with the

"baundaryll condition "(3.L) and the convexity (3.4) for u) is called

the Einstein equation for the torie Fane variety X = G~ •
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4. MOMENT MAPS ON TORlC VARIETIES.

Fix a nonsingular Finite polyhedral decomposition .6. of N.

In this ssction, ws study the moment map (cF. Atiyah [1],

Gui11emin and Steinberg [11]) of the torie variety GL\. in terms ,.

ßf .a··suitable Kähler metric, if any, on Gb.

(4.1) Ws first assum~ that G~ is a (torie) Fano variety. Then in

view of Seetion 3, there exists a real-va1ued C~ funetion u on Rn

satisfying (3.2) end (3.3). Now, by the relation (*) of that

ssction, ws write saeh x. as x. (t) with t = (t
1

, ••• , t ) E G.
~ l n

Hanee, every COO funetion f = f(x
1

, ••• , x n ) on IR n is regardsd as

a C~ Funetion on G by setting F(t) := F(x 1 (l), ••• ,. xn(t» .for

t E G. Re e a 11 t hat IVJ
IR

i 5 n a tu r a 11 y i den t i f i e d wi t h i1 n (e f. 5 e e t ion 1).

WB now define the rnapping OI u : G --7 ~IR(=~n) by

t € G.

Then the work of Atiyah [1J i5 reformulated in the following

slightly stronger form:

(4.2) THEOREM*): Assume that GL) ~ a nonsfngular torfe FanD variety.

Let Q be the elosure ~ the ill1age ln u (G) in !VJI1 • Then U = L-K (E.f..

(2.1». Furthermore, mu : G -7 I~li{ eontinuously extends to a COO

~ mu : G~-7 MR • This mu satisfies

(a)
- _.1-

th e inverse image 'nu (0-) ~ sach~ face o-.Q.i L-K isa

single G-orbit;

(b) mu induees ~ diffeomorphisrn (including boundaries) betwesn

manifolds GA/Ge and L-K with corners.

*-) A more general statement will be proven in (8.2).
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(4.3) REMARK: (i) It is easily checked that aii'u above coincides

wi th th e mamen t map: G~~ Li e (G c )* ~ MIR (cf. Atiyah [1 -] I Guiliemin

and Steinberg B1)) associated wi th the Kähler form ;:T aä u· i:k.
(See Appendix B for tha proof.)

(ii) Consider the subgroup GR :::: {(t 1 , ••• , tn)E G ItiE'R+}(~(R+)n)

cf G. Then by. the.' natural inclusions G
I1

C Ge G,A I we may regard

G
IR

as a subset of G,6. Then the closure -G
I1

of G~ in GA is a

manifold with corners in the sense cf Borel-Sarre (cf. Oda [20] )

end has a natural differentiable structure as described in

Step 3 oF (8.2). Note that GA/G above is endowed with such a, c

structure via the natural idantification of GA/Ge w~th G~ •

(i1i),. A difference· of (4.:L), F.rom Atiyah's result ['I; Theorem 2J

is that the mapping between GA /G and q i5, in ou'r, case, a .. ~ c

diffeamarphism (instead cf a hameomorphism) even .al~ng their

baundarie'S. This diFfeomorphism is essentially abtained fram

-1
the ampleness of KG by the fact that a combination cf (3.2)

~

and (3.3) keeps the Jacobian of iii u jG
R

: GR ~ i~~ nonvanishing

also along the boudary GR - GR .'

(4.4') We naw assume that GA is a projac-'~i.ve variety (whera GA

15 not neeessarily a Fano varisty). Nota that tha corresponding

h y perp1 an e bund 1 e L : = (9GA ( 1 ) . i 5 Writt e n a s C9GA CE<r eA(1) y.. 0 (0-) )

for same .va- E Z· • Theno

is an n-dimensional compact convex polyhedron (cf. Oda (21) ).

Sinca L is ample, th~ra exists aG-invariant Fibre metric h far Lc

su ch that th e co rresponding Fi rs t Ch ern Fa rm is. posi ti ve def ini t 8.
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Thar,eforG3, WB obtain areal valued COO function u on IHn ,satlsfying

the condition (3.3) and also

where J denotes the unique holomorphic section to Lover Y:

identified, ovar G, with tha trivial section of constant value

1 in (9G via ths natural isomorphism C9G.6(L.,.E6(1 )va- D(er)) IG '::!' (9G •

Then by exactly the same farmula as in (4.1), WB have a mapping

-
, ,mu,l ', r: -K . ~ r ,?sp 8.cti v ely by m L:'u,

tn u, l : G -? jYIR ( wB pu t Las a 5 U b 5 C r i p t t a emph a 5 i Z 8 t h 8 1 i n e

bundl e L). Naw" in TheliJrem (4.2 )., r-ep1ac8 th..8 assumption .af

-1
am pIe n es 5 0 f KG6 b Y t hat 0 f L. Th e n (4. 2) i 5 5 ti 11 v a 1 i d wh e n

we further replace

LL (cf. (8.2)).
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5. FUTAKI INVARIANTS FOR TUHle VAHIlTIES.

In Ba]., Futaki introduced an ·obsti'uction to the existenc8 of

Einstein-Kähler forms as follows: Let Y be a compact connected

complex manifold and GO ba a Kähler form on Y, if- any, in _ths .

cohomology class 2 Tt c 1 (V)R •. Note that the space JE. (V) cf all

holamorphie vector fields on Y forms a Lie algebra. Then .a'·

fundamen tal tm,so r sm -of F-u t aki [1 oJ, 5 t at es. th e fall owi n9;

(5.1) THEOREM:: - Let .fw ~ the real-valued C
OO function on Y defined

uniguely, .!:!..E. 19.. constant, E1. Ric(w) - W = R ~J f(JJ. Put c :=

«2Ttc 1{y))n[y])-1, where n = dim[ Y. We further define a linear.

rnap F = ry : ;( V) ~ IR .Q..Y.

V E ]t(V).

Then this.~ F dass not depend on th e choice of W. r~oreover,--
(a) F is tr·ivial ~ .[~(Y),. ;(y)J.

(b) If y admits an Einstein-Kähler form, then F is trivial.

In -order ..tc: compute this·r for to~ic varieties, WB introduce

the following quantities:

(5.2) DEFINITION: Let A be a nonsingular finite polyhedral

decomposition of N. If GÄ is a Fano variety (resp. a projective

.vari.ety with. it.~ -.hyperplane bundla L), then WB define an element

a (resp. a L) of MR as'the barycentre of the polyhedron L_K (resp.
'A - :4,

2"L) • Nsm el y, th e i - th co mp on en t 0 f t he v e C 1;.0. r ~Ä' CI' es p. 81..0.:; L) in'

the vect?r ~pac.~ f~R, (:: ~.n) _.is

IIdx n / -& dx 1"dx 2 !\ ••• IIdx n ),.

L



where (><1' x 2 ' ••• , x n ) is the system of standard coordinates

e f MR (= IR~). 0b v i 0 U s 1 y, ~ (r es p. CIl.A, L) i 5 i n 1'1 U : = M0 2~ •

. For toric Fano varieties, we cen deduce from (4.2) the fellowing

simple formula:

(5.3) THEOREM: Let G~_be ~ nonsingular toric ~ variety. In terms

cf the notation of (1.6) and (5.1), WB nut a. := F(t.8/ot.)
- -- -- __.z:..=...=. 1 1. 1.

for each i = 1,2, .•.•• '~.• Then

(5.4) REMARK: Ci) In Appendix C, WB shall prOV8 a more general

version cf (5.'3) above (cf. (9.2.3)).

( i i) lJ 8 i den t i f y eathel 8 ni e n t' a = (a l' a 2 ' ••• , an) -0 f I~IR Wi t h

'" n· ( :t-L.. 1 a.dt./t. E Lie G). Then Theorem (5.3) shows that, for any_
l.= 1 .1 .1

nonsingular toric Fane variety G~, the restriction F\Lie(G) cf

F : ;.E(GLl ) -:)0 R to Lie(C) coincides with ~ •

In view cf (5.3) and (5.4), we call the element ~ of M
R

the

Fu t a k i i n var i an t 0 f t h eta r i c Fan 0 var i 8 t y G.6,. N'0 w, ( a ) 0 f

(5.1) tagether with (5.3) implies

(5.5) COROLLARY: Let G ~ ~ nonsingular toric Fano variety

~ that Aut(GA ) is reductive. ~ r :.*(G~) ~ lR is trivial

iF and~ if aA = O.

16



Finally, note the following:

(5.6) REMARK: Suppose that GA is a nonsingular projective variety

with the corresponding very amp1e 1ine bundle L (where Gß is not

necessarily a Fano variety). Even in this case, we have a theorem

5 i mi 1art 0 ( 5 • 3) • Ac tu a11 y ,. a
A

, L co i nc i des lJ i t h

.. ( (2 TL c 1 (L) ) n [Gn] ) -1 (rL)~ ILi e ( G)

in terms cf the notation in Appendix A (se8 also (9.2.4)).

,17



6. CONCLUDING REMARKS.

A finite polyhedral decomposition ~ cf N is called eanonieally

symmetrie if the following conditions are satisfied:

18

(i)

(ii)

(iii)

(iv)

6 is nonsingular;

6. ha s -t h 8 . P~ 0 P8 r t y .. ( d )" 0 f ( 2 • 1 ) ;

- R(Li) = R(~) ;

~ := o. "

Now, cambining (1.5), (2.1), (2.4), (2.6), (b) of (5.1), (5.5), WB

obtain:

(6.1) THEOREM: Let X ~ ~ in Introduction. If X admits an

Einstein-Kähler form, then" there exists ~ canonically symmetrie

finite polyhedral deeompasitian ~ of N such that X is

.G-eguivariantly isomorphie ~ GA .

I n vi ew 0 f t his t he 0 rein, ( 0 • 1) -in In t rod u c t ion i 5 d i v.i d 8 d

inta the follo~ing two problems:

(6.2) PROBLEM: Classify all cananically symmetric finite

polyhedral decompositions of N (~~.isomorphisrn).

(6.3) PROBLEM: Let L1 ~ a eanonieally symmetrie finite

polyhedral deeompasition of N. Then daes G~ admit an Einstein

Kähler metric.?

Far (6.2), if n"~ 4, no definitive results are knawn so far.

In the .c.ase n ~' 3, WEa ban classif·y all can~nically: -symmet.ri"c

finite polyhedral decompositions ~ oF N. Namsly, the eorre

spanding GA is ans of the Follawing:



(a) Far n = 1 :

(b) Far n = 2 :

(c) Far n = 3:

[P'([).

p2([), lP'([)XiJ'([}, 53.

1P 3 ([), P~(.U:)xVl1([), P'(l[)xP'(ll:)-xp 1.([), gJ1([)XS
3

'

P(C9DJ' xp 1 $ C9p 1 xGJ 1(1,-1)).

If n = 3, far instance, this classificatian easily Follows fram

(2.5),. since ws can elirninate the possibility ef r; as fellows:

L e~ .b.', .b ", b (k ) (0 ~ k~. 6) be v ec tor s in N (= IR 3) d e f in edas

b' = (~), b" = C~), b(O) ~ b(6) = 0), bel) = (~),

b(2) = ln, b(3) = (-~), b(4) = (J), b(5) = CD.
In terms af these vectors, lJ. far r~ is characterized by

.6.(3) = {lob'+Z
o
b(k-1)+Z

o
lb(k), 2

0
b ll +l

o
b(k-1)+2

0
b(k) 1~k~6},

end hance the associated compact convex polyhedron 2:_K has exactly

12 vertices:

( 1 , 1 , ., ), (1, 0 , 1 ), ( 1 , - 1 , 0 ), (1,:" 1 , - ·1 ), (', 0, - 1 ), . ( 1 , 1 , 0 ) ,

(-2,1,1), (~2,O,1), (-1,-1,0), (0,-1,-1), (0,0,-1), (-1,1,0).

It then fallows that ~ ~ o.

Far (6.3), ws have same results an 53 and ~1 ([)XS 3 (cf. [7J)

by the method of Section 3, though we da not 90 into details.

'9
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7. APPENDIX A.

We hare fix, onee for all, a holomorphie line bundla L ovar a

d-dimansional eompaet cornplex conneeted Illanifold Y. Assurne that a

eomplax Lie subgroup 5 of Aut(Y) Bets hololOorphically on L as bundle

isomorphisrns covering the S-action on Y. -1(If L = Ky , then our 5-

action on L is 'always assurned to be the standard ons on Ky -1.) Let

H be the set of all COO Hermitian fibra metrics of the lina bundle L

over Y. Far sach hE H, we denote by c, (L;h) the first ehern farm

(·0/27t) äa 1 Cl 9 ( h ) 0 f t h e met r ich. Fu r t h 8 r m0 r e , na t 8 t hat 5 ac t s

on H (from the right) by

H x 5 3 (h, s)~ s* h EH,

where s~h is defined by (s..t.h)(Q1,i2 ) := h(s(e
1

),s(.Q2» far all

11 , 12 E L in the same fibres of Lover Y. Now, to each pair

(h I ,h Tl
) E HxH, we associate the real nurnber R

L
(h I ,h ll ) EH by

in H such that h
a

being an arbitrary piecewise srnooth path .
;*)

:::: h land h
b

;;: h". Then by a result of Oonaldson

a ppli e d tot h 8 1 in e bund 1 e L, t h 8 nu In be r RL(h I , h ") ab ave i 5 in d e

pendent of the chaice af the path {h t I a ~ t ~ b} and therefore

well-defined. Moreaver, RL is 5-invariant, i.s.,

RL(S*hl,s*h ll
) :::: RL(hl,h ll

) far alls E 5 and all h I, h" E H,

and satisfies the 1-cocycle condition, i.e.,

(i) RL(hl,h ll
) + RL(h",h l ) = 0 and

(ii) RL(h,h l ) + RL.(hl,h") + HL(hll,h) = U,

far all h, h', h ll E H. In particular, the number RL(h,~h)

*) 5 e e Pro pas i ti 0 n 6 0 f S. I<. Don al d S 0 n 1 s paper 11 An ti - seI f - du al
Yang-Mills connections over complex algebraic surfaces and stable
ve c tor bund 1e 5 ", Pr oc. L0 ndon fil ath. So c. 50 (1 985), 1- 26 •
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depends anly on 5 and is independent af the chaice af hE H.

Naw, by setting

o"e easily.obtains (see, far instance, [14 j §5J):

(7.1) PROPOSITION: r L : S ~IR+ is ~ Lie group hamamorphism

from S to the multiplicative group R+ of positive real numbers.

Let (rL4: Lie(S) ~ IR be the Lie algebra homomorphism associated

with r
L

' whera WB always regard Lie(S) as a Lie subalgebra

of )E (V) (cf. §S). Far each holornorphic v8ctor fisid V ~ jf(y), ws

denote by V
rR

tha corraspanding real v8ctor fiald V + V on Y. Than,

, .
(7.2) PROPOSITION: (i) Let 0 ( ~ Y ) ~ ~ S-stable closad analytic

subset of Y. Suppose thete exists ~ S-invariant holomorphic

section b ovar Y - 0 ta the dual bundla L*' of L. Far aach- -- --- ----
h E H, let u h ~ the real-valued C

OO
functian on Y - 0 such that

h :::: exp(-u
h

) b®5 .9.!!.. Y - D. Than

1 J - - )d(7 • 2 • 1 ) ( r L)~ (V) := -"2 Y_0 VIR (u h) (/- 1 d '0 U h

for all hE H end all V E Lie(S).

(ii) Under the same assumption as in (i) above, ~ consider tha

ease -1uhere L ;;: Ky • Suppose further that L is arople. Than the

r~strictian FYILie(S) ~ Fy (cf. (5.1)) ~ Lie(S) satisfies

(7.2.2) FyILie(s) = «2~C1(L)d[y] )-'(rL)", •

PRO 0 F : Si n e e ( 7 • 2 • 1) iss t ra i 9 h t fo r war d fr 0 m t h ,8 d e f i n i ti 0 n

~f R
L

' it suffices to show (7.2.2). From the assumption of

-1
ampleness of L, thera exists a metric h f: H far L = Ky such that

W : = l-:f '0 ä U h 8 X t end s t 0 a Kä h 1 e r f 0 r In 0 n Y i n t h e e 0 h 011I01 0 9 y

elass 2n c
1

(y)lR. Put JL:= (H)d(_1)d(d-1)/2 exp(-u h ) bf\b.
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Then JL is a VO).UIII8 form on Y satisfying

Ric (w) - W = N?J:S f,

whera f := log(J"L/uJ d
). In view of W d = axp(-f)ß, WB obtain

o = -~ (Li e der i v. 0 fex p ( - f )Jl W • r • t. VR )

= ~ Vn{f) W
d

- Iv exp(-f) (Lie deriv. of .n., w.r.t. V
R

)

= Iv Vr~{f)Wd + Iv Vn(Uh)W
d

= 2 Jy V(F)w
d

+~ Vfl(Uh)W
d

•

This togethef with (7.2.1) implies (7.2.2).

(7.3) REMARK: In a forthcolning paJJBr (cf. Bando. aJ:1d jYlabuchi .[3J ),

we shall give a little rnore systernatic treatment of (7.2) above.

(7.4) REMARK: In view of tha deFinition cf ·R L ' it· i5 easy to ex

tend the fcrmula (7.2.1) to the Following slightly general ease:

FACT: ~ 0, b, h, uh be the same as in (i) E! (7.2). WB further

ass u met hat t her e. ex ist 5 anS - i nvar i an t mo r phi s m '~: Y~ lJ

cF Y into ~ eomplex.manifold W. Fix an arbitrary line bundle L'

.Q!! lJ ~ let h l be a C"" Hermitian matrie far L'~. M LU :::::z

;,* L I ~ L. • Then far all hE H and all VE Lie(S), ~ have:

(7 • 5) REM ARK: Weh ara d.8,~ 0 t e (r L)j: b y (r L, Y)~ t 0 emph a s i z e

tha base space Y. FurthermOfe, assurne that there exists a:
",....,

surjeetive S-equivariant morphism "A: Y~ Y from a compact
,...,

camplex connected maniFold Y endowed with a holamorphie S-action.

Put L := ,,\* L. Note that the S-action on L naturally induces

""-"the ane on L. Then obviously,

(7.5.1)
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8. APPENDIX B.

The purpose of this appendix is to prove a relative version of

( 4 .. 2) an d (4. 4 ) • Let G (r e 5 p. Ge) b e a s inSe e t ion ,1. (r 8 s p. 3),

and P be a holomorphie prineipal bundle ovar a eornplex eonneeted

manifo1d W with structure group G. (Heeall that, by standard

d e f i n i ti 0 n, G a e t s 0 n P f rOllI t her i 9h t • )

G aets on P from the 1eft by

G x P ;, (g, p) 1--7 g. p : = p. 9 E P.

In our ease, however,

(Since G is abelian, there is no essential difference betw88n 1eft

and right G-action~.) Note that P 1s locally trivial, i.s., W is

written as a union of its open neighbourhoods Wo<. , o(EA, such

that for sach Q(, WB hav8 a G-equivariant isomorphism

~Q( : P IWc( ~ \.Jt.( x G.

Let pr 2 : ~x G -7G be the natural projection to the second

factor and write G as {(t
1

, ••• , t n ) It i E [;;:'} (cf. Seetion 1).

(8.1) Let Y be a complex manifold with an effective holomorphic

G-action containing P as a G-stable Zariski-open dense subset.

Ws further assurne that thera exists a t.;-invariant morphism ~: Y

-7 lJ satisfying the following conditions:

(8.1.1) The restrietion ~Ip : p~ lJ coincides with the original

principal bundle.~ Ovar lJ;

(8.1.2) is Zariski-open end dense in Y :;~-1 (w)
w

for each w E- W;



(8.1.3)

(8.1.4)

8-2

~ is a projective morphism with the corre8ponding 1; -very

ample line bundle L :== C9 y (1)E Pic(Y);

L i8 expressible as 0 y {D) for same effective divisor 0

on Y wi th Su pp (0) c y - p •

Ws first observe that the G-action on Y naturally lifts to a linear

G-action on the line bundle L such that the following holds:

(8.1.5) Let ~ be the holollJorphic s8ction~) to L ovar Y which is

identifiad , over P, with the trivial section cf constant

value 1 in ~p via the natural isomorphism 0y (D)!p ~CJp •

Then G acts identically on ~.

Nota also that the cohomology class 2rr c 1 (L)R is represented by a

G -invariant CÖl) (1,1 )-form W on Y such that the pullback of W
c

to Y I denoted by CA) I 1s a Kähler form on Y for sach w E lJ.w w w .

Then there exists aG-invariant Hermitian Cl."O rnetric h far L
c

satisfying

(8.1.6)

(8.1.7)

hip :::: ex p ( - u) )~@ j:t: I an d

Wl p = F1 0 äu

for same G -invariant COO function u on P. Ws shall now defina
c

m: P--}M
D

, ~==~ , L=L (wElJ) as fellows: For aach ~E A, put
1\ W W

t (ti...) •• -_ ( '1)* (t )
~ pr2°v~ i I

'1 ,=' . <~ = n,

and consider the real-valued C
OO

functions (e:t) xlQ/) x(ol) 0 nx
1

, • • • ,2' n

p IlJc{ defined by

t(~)tl~) ::: It{/2 ;:;: exp (-x(~) I 1 ~ i ~ n.
.1. ~ 1

*) This 5ection ~ vanishes along ~upp(U) so that zero (~) == u.
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1
(

~)
Now, on P ~' u aboV8 is regarded as a function u w, x 1 '.••• ,

in w, x (f), , x~). Ei Y t h e 5 am e arg u l1l e n t a 5 inS e c ti 0 n '3,

(8.1.8)

where U w := ul pw • Let Ilfdl : PIWt(~J"lr~(:::::I<n) be the llIapping defined by

p E- P.

Then it is easily seen that m(d.) , ct€A, are glued together defining

a gl 0 baI ma pp in 9 m: f-l ~ rtl[R ( = (~n) s u c h t hat t her 8 s tri c ti 0 n 0 f 111

to each P IWd. coincides "wi th ml~). New, let w b 8 an arbi trary

p 0 i n t 0 f W an d ehe ase a n 0{ E 1\ s u eh t hat w E lJc{. lJ e c an t h 8 n

regard Y as a nonsingular toric variety byw

G 3 (t(1<:1..1( P), ••• , t (0{) ( p ) ) " =:- ) pEP C y •
n w w

Hance, there exists a unique nonsingular finite polyhedral decom-

posi tion 6 =!J 0 f N such tha tw

(1) 6 can depend only on wand is independent of the choice of ~.

(2) Yw =G
Ä

as a toric varisty.

Furthermore, Lw := LI Y is written in the farill
w

Lw; (\~,( 2:pf~(1) YpU(p)) for 50me )Jp '5 in 10 '

via the identification of Yw with GA. Letting bp be as in

Ssction 2, ws now defins an n-dimensional cO/llpact convex

p t? 1 yh ed ro n L = 2: w i n ~lR b Y

"(8.1.9)

5 i n c e Lw isampIe, t h e ver t i ces 0 f 1:. a r 8 8 X ac t 1 y {ao-- Ier E Cl(n )} ,

where sach ao- dsnotes the unique element of ~"l suc~ that (~,bp)

= vp fo r a 11 f E -6C1 ) wi t h P~ c.r- ( cf. 0 da [2 1J). Th e n W8 ha v 8 :
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( 8 • 2) THEU HElVI: Let:q ~ t h B Clos u r B .2.f. t h e i 111 ag e hl ( p) i n I~JA •

Then Q = 2:w for aIr" w E: w. (~particular, I =~w and 6..=.6 w are

both independent Qi w.)

o f W. Th an. I" s at i s fies

extends ~ ~ C~ ~
-
In :

FurtherllloI'e, 111: P -) [{ln naturally

y --+ I'I
R

• Let w ~ ~ arb i trary poirit

(a) i[1-1 (er) ny w is ~ single G-orbi t for each open face cJ of L;

(b) rn induces ~ diffeomorphism (including boundaries) between

manifolds Y IG and L (= L. ) with corners;
w c-- w ------

(e) m\v
w

: Vw~l\lR coincides with the mapping mu,L in (4.4)
w w

via the identification oF Vw with G~ and is

jus t t h 8 mo me n t ~: Yw~ Li e ( G
c

)* (=- M
R

). ass 0 ci at e d wi t h

the Kähler form W (= t::"1 oi; u ) on Y-- w V- I W - W

( 8 • 2 • 1) REIV! ARK : Co n Si der t h 8 C ase wh e r 8 W c 0 n s ist s 0 f a s i n 91 e

point. Then (8.2) above irllplies (4.4). If ws further assume
-1

L = Ky , then (8.2) shows nothing but (4.2) and (4.3).

PROOF OF (8.2): step 1. Fix an«EA such that WEWot. Far

simplicity, put z.
1.

• _ ttot.) d (0()• - . an x. : = x.,
1. 1. 1.

i=1,2, ••• ,n. Let 0 ~ f). <27t
1.

be such that z. = exp«-x./2)+;:Te.). Thsn (Z1' ••• , Zn) (resp.
1. 1. 1.

.(x 1 , ••• " xn ' 81 , ••• , en )) farms a system of hololllorphic local

coordinates (resp. real loeal coordinates) of Y
w Note that

(8.2.2) z . ölo z. + Z. % Z. = - 2 0/0 x. ,
1. 1. 1. 1 1.

1 ~ i ~ n.

. ,

Ws now write the Kähler form W as ;:TL.. J' U."':" dz.l\dz. on P ,
W 1, 1J. 1 J W

where u."':' : =
1J

Put

1 ~ i ~ n,

in terms of the coordinates t 1 , ••• , t n for C = {(t
1

, ••• , t
n

) I
t i f [*}. Then there exist real-valued C~ functions rw,i ' i=1,2,

••• ,n, on Y such that
w
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(8.2.3) = 'I ~ i ~ n,

~k
(u J ) being the inverse matrix of (u.~) (sae, for instance,

1.J

Kob a y 85 h i D2; p. 9 4J ) • 0 n th e 0 th e r h an d, b Y (Ci. 2.2), th e re a 1

vector field (Vi)H (cf. Appendix A) is written es

(8.2.4) 1 ~ i ~ n,

on Yw
Now, on P , (8.2.3) above implies

w

2 R oa (j; .
J w, 1.

Moreover, by (8.2.4),

Therefore, au laX. = - w + C . on P for same real constant
W 1. Jw,i W,1. W

Hance fnlp and - (<0 (f) )Jw , l ' ••• , Tw,n
w

coincide up to translation, which implies the latter. half.of (c) •

Since the Former half cf (e) is obvious, this proves (e).

Note that, for aach i,

on w, b8caUS8 both 'däf . (= Lie dari\(e of
W,1

"-""
W ., P (~i3 u lox.) depend smoothly
J W,1 W 1

W

natural extension cf m to a [00 mappingWe then have aon w.

""'-../

~ 2. Put (0 . ..- - r . + C .•
7W,1. W,l. W,1.

.........
Cf . depends smoothly
. W,l.

-2- 1w
w

w.r.t. (V
i

)f1) and

111 : Y-? Mfl b Y 5 e t tin 9 , f 0 r 8 ach f i b re Yw (w E lJ), a s f 0110 ws:

,....."

. iit(y) := ( 9?w,1 (y) I ••• , y E Y •w

L~t Qw be the image m(Y w) of Yw under this mapping m. Then by a

result oF Atiyah [1; Theorern 2J applied t9 tha compact Kähler

man i f 0 1d (Y , w ), 0 ur (J f 0 I'In 5 a co In pa c t co n v ex pol yhe d r 0 n inw w w

r~R 5 U eh t hat

(a) r

(b) r

-1m (~)n Y is a single G-orbit for aach open face ~ cf q ;
W w

in inducBs a h01ll8omorphisIß cf Y /li onte Q •w c w
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(Without using Atiyah's rssult, ws can prave this by 100diFying

the arguments. in steps 3 and 4.) Ws now observe that 2: isw

an n-dimensional compact convex polyhedron in I~IH on1y with integral

vertices E M. ThereFo re, i f Q ::;: La (w E W), then. th e [00 d ep endsnce
w w

oF ml v on w imp1ies that Lw doss not depsnd on w at all. Thus,
w

the proof cf (8.2) 1s reduced to showing the following: .

(a)11

(b ) 11

Q ::;: L ;w w

m induces a diffeomorphism (including boundaries) betw8en

manifolds Y /G end Q with ccrrnsrs.
w c w

~ 3. Ws may now assume without 1055 cf gene~ality that W

consists of a single point. Therefore, WB may Further assume

p ::;: G an d Y = GA. Let GBan d G61 b e t h e 5 a III e a 5 i n ( i i) o.f (4 • 3 ) •

Than GR is naturally identified with' Y/Gc. Note that

G(1 = U u~
<JE Li( n )

in terms oF the notation in (1.4), whBra u~ := u~nGH 1s a coordi-

nate open subset cf Gm (diFfeomorphically) identified with the

product (01 )n of n-copies of 11 byo 0

uH ::::: (A ) n
0"" - 0 ,

No W, fix an arbit rar y eIeme nt 0"" 0 f n( n ) • Re ca11 t hat

the real-valued [00 functions x. = x.(t), i=1,2, ••• ,n, on'G ,are
1. 1.

defined by !t i I2 .= exp(-x i ) for t = (tl' ••• , t
n

) E G. Similarly,

to the function X(Jji = XQ'"'ji (t), WB associate a neu function'

X:. = x. (t) on G b y
1. 1.

= exp ( -x. ),
1.

t E G.
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Then, in terms of the notation in (1.4), we have

(8.2.5) 1 ~ i ~ n,

where

x
n ."

Furthermore, put

1 < i < n.
= =

Since 8xp(-u)~*0 ~* (cf. (8.1.6» extends to a [00 Hermitian

metric far L = (9Gt:> (L
f E

6(1) Yf u(!'»' there 8xists a real-valued

CQQ function H : (01 )n -)0 ~1 such that
o "

L. i : 1
"'" + H(r 1 , r )

~
u = J,J. x. ... , on Uo- ,

1. ~ n

where r. .- \xcr;l (= exp(-X'.» and ;}. .- y We can now.- .- p. •
1 1 1 1

give a closer study cf the function u = u(x
1

, ••• , xn )"= u(x
1

,

,../••• , x ). Far' example, their first and secend- derivatives
n

with respect te x
1

' ••• , X'n are computed immediately:

(i)

(ii)

L .n 1 (a Li /'0 x . ) (0 x . / <3 )(.) =" u/'0 X. = -y. - ('lJ HI~ r : ) r. ,
1= 1 ~ J J J J J

2 ~ ........ (L ) ()o u/~x.ax. = a H/aT.a r . r.r. + h·· aH/or. T. •
1 J 1 J 1 J 1J J J

Recall that (a(~)i,b(~)j) =

(8.2.5), WB obtain

ö .. •
1J

Hence, combining (i) with

Ci) I 1 ~ j ~ n.

Thus,y. for all j.
J

be the point E u~ cOTTesponding to the origin of (R )no

= r 2 (Po-) = ••• = rn(pO"') = 0). Then by (i) I,

Let p
0'"'

{i.e., T 1 (PO")

(in(p~),tb«(j)j) =

(8.2.6)



W(y) =

RNow, fix an arbitrary point y of Uo- and put I := {iE{1,2, •• ,n}1

r. (y) = 0 }. Then ws may assullle without 1055 af gensrality
1.

that I = {1,2, •• ,q} far same q with 0 ~ q ~ n (where if q = 0, WB

always assums.':.I = 4'). In view of (8.1.7) and (8.1 •.8),

n r

W =.;:TL. (aLu/ox.ox.)(dX .1 X .)I\(dX ·IX .)
i,j=1 1. J U"";1. !T;1. eriJ o-iJ

on U<;r in terms af holomorphic loeal coordinates (X
cr o

1' ••• ,,
rv ) Rewrite this identity, using (ii) above. Then, when
/'V<ri n •

evaluated at y,

F1L'~I(3H/~r.)(Y)d~° .Äd,X .
1. ~ 1. (r, 1. /Ti 1.

+ (="12: (0
2

u/() X. ()x.)(y) (dX •. I~ ° • )A (d~ • . /;f ° .)," "> 1. J cr~1. (1"'",1. O'"',J o-,J
1.,J q

where the last summation is taken ovar all i, j E{1,2, •• ,n} such

that i> q and j) q. Since W is a Kähler form, it fallows that:

8-8

(8.2.7)

(8.2. 8 )

(oH/gri)(y) > 0 for all iE L, and

«a2U/~XiaXj)(Y))q<iJjfnis a positive definite mat"ix.

- - ROn t h e 0 t her h and, t h e J ac 0 b i an J (Ill ) Y 0 f t h e m8 p Pi n 9 m : Uo- ~ r~fR

.at the point y in terms of the coordinates (r 1 , ••• , r
n

) for U~ is

camputed 85 folIows:

J(m) y = d e t [0 (a u I 0 xi) ( y )J :::: ± d e t [CI (13 U /:3 x'i) (y)J
.or j 1~i,j~n a r j 1~i,j~n

o

., ..
- (a H/o r q) (Y )

;::: ± det

- (a H/() r 1 ) ( Y)

-(aH/~r2) (y)

o

o

*

,
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where the last identity follows from

a (a ufo x. )
ar. J. (y)

J

2
= -(v H/or.ar.)r. - h· .(dH/ar.),

J. J 1 1J J (cf. (ii».

Now, in view of (8.2.7) and (8.2.B), we obtain J(ffi) ~ O. This
y

together with (b) t (cf. step 2) yialds (b)ll. Hance, it suffices

to' show (a)tI, i.e.,

U~ such'.that ri(~j)

(m(y.),b(o-)j) = )).•
J J

Q =2:.. far sach j, let Yj be the point in

(1 () () 1 < . < Th b (;) "= ... 0.. r. y, = 1. = n. en y ~
1.J 1.

On the other hand, by (i), (i) land (8.2.8),

_ r. '0 (in, b (er) j) ( = a(In, b (a-) j) =

J 1Jr j c)Xj

Therefore, WB haVB

on IjlR
l.'a- •

(8.2.9) ;J. ,
J

1 ~ j ~ n.

~ 4. In this final step, we comple~e the proof of Q = i: ,

assuming that W 1s a single point. Let y be an arbitrary

point of G
41 • Than y E uI, for all a-~Ll(n) • Hance, by (8.2.9),a-

(In(y),b(a-)j) ~ Y. far all rr" and j, i . e. , iil(y) EL. ' Since q is
J

.the closure o f rn (G(i) (= In ( G) ) in r:j , WB now obtain Q ~ I: ·H

Re ca11 t hat Q isa compa c t co n v B x pol yhe d r 0 n in IVJn (c f. St 8 P 2).

Therefore, (8.2.6) illlfllediately irnplies [J ::::: 2:. •





9. APPENDIX C•.

In this appendix, by using a ~easure df of Ouistermaat-Heckman's

typs (cf. [7] ), ws shall generalize the integral formula of

Koiso and 'Sakans [13J on Futaki invariants. Our present rssult

inc1udss, at the same time, (5.3) and (5.6) in the ear1ier section

es special cases.

(9.1.1) DEFINITION: Let Y be a cOOlplex connected manifold endowed

with an affectiva holomorphic G-action, and ß be a nonsingular

fini ta po1yhedra1 decomposi tion of N. Furtherrnara, let ~: Y-::' LJ be

a pro p'arG - i n v a r i an t 111 0 r IJ his 1II 0 f Y 0 n t 0 a co n n 8 c ted co /Il P1 a x In a n i -

fald W. Then a pair (lj:Y-;)W, G,ö) is ca11ed a toric bundle if the

fo11owing conditions are satisfied:

( a ) ~ i 5 10 c a 11 y tri via 1 , i. e ., W isa uni 0 n U We( 0 fit 5 0 Pe n
cJ.EA

5 u b 5 e t s Wo( , cl E A, s U eh t hat f 0 r e ach cl, t h 8 r a 8 xis t s a

-1
G- e qu i v a r i an t iso rn 0 r phi 5 m ~cl: ~ ( LJ ex ) ~ Wo/. x G.ß •

(b.) If c;I.., ß E- A are such that LJd,f\LJp F t, then thera .exists a holo

m0 r phi c G- val u e d fun c t ion tot ~ = t rJ, ß(w) 0 n 'Wo/. ('\ LJ~ 5 U eh t hat·

1-0/.0 ~~ -1 (w, x) = (w, td,ß(w) ·x)

f 0 r a 11 W E LJd, f\ LJP an d a 11 x E GA •

( 9 .; 1 • 2) RE("l ARK : I n t h e abo ve,l 8 t p r 1 ,~: LJe( x GA4 GA b 8 t h e n at u r a 1

projection to the second factor. Put P := lJ (pr 1 ~ot~)-1(G).
«EA '

Then ~Ip : p~W is naturally regarded as a principal bundle with

structure group G.

(9.1.3) DEFINITIUN: Let (~:Y-7'LJ, GA) be a toric bundle and L a

line bundlf:! over Y. Then a triple (~:Y-;'WJ C.6.' L)' is ca1led a

polarized toric bundle if there axists an effective divisor 0 on

Y such that
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(a) L = C9y (o);

(b) Supp(O)CY- P, where P is as in (9.1.2);

(c) Dlv is an ample (01' equiva1ently, very amp1e), divisor on Yw
w

far sach wElJ.

( 9 • 1 • 4) RE!VI ARK : F0 rap 0 I ar i z e d tor i c b und 1 e ( -t; :Y~W, GA ' L),

one can 885i1y check that V, W, P, 'L, 0 abave always satisfy the

C 0 n d i t ion s ( 8 • 1 • 1 ) 'V (8 • "I • 4 ) i n Ap P8 n d i x 8. C0 n v 8 r 5 el y, 1 e t V, W,

P, L, 0 be as in Appendix B (satisfying the conditions (8.1.1)"V'

(8.1.4) ). Then by Theorem (8.2), the corresponding A = IJ. w 18

indep endent 0 F' w, and i t easily follows that the associate.d",

tri p 18 (~: Y~ W, GA' L) f 0 r HI s apo 1 ar i z e d tor i e b und 1e •

(9.2) We now fix a polarized torie bundle (lj:V-)-W, GA' L). Then

f 0 r e ach pE ~ ( 1 ), t he sub set s (p r 1 ,0( • Zo/) -1 (0 (p » I 0;( E A, 0 f Y

8re glued together deFining a global prima divisor, denoted by

""-
D(p), on Y. Henee, the divisor 0 (cf. (a) of (9.1.3» is written

as Er ELl( 1 ) }ip [J(p) f 0 r s om e Yf ' s in 1
0

• WB thuS have th B corrB

sponding n-dimensional compact convex polyhedron ~ in M
R

defined

by (8.1.9).

(9.2.1) REMARK: Let a k ' k=O,1, •• ,s, be the integral points

in L , i. e ., :G n i"'l = {ak I u ~ k ~ s}. Fu r t her mo r 8 , pu t
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o ~ k ~ s,

where on the right-hand side, we ussd the notation in 5ection 1.

Then the mapping

ex t ends to an 8mb edding: G~ 4 pS (0:) such tha t th e corresponding

hy perplane bundle on GA is (9 GA ( 2::pEL1( 1 ) ~ 0 (f» (c f. Oda [21)).



In par ti cu 1ar, t he pu 11 ba ck (= {:1 Ll5 10 9 ( .Lk:u IXk1
2 » 0 f t he

Fubini-Study form on IP s (e) to GD. is posi tive deFini te e'verywhere

on Gh. •

(9.2.2) DEFINITION: 5ince G = ([*)n, we can" componentwise express"

to<p = to(p ( w) in (b) 0 f (9. 1 • 1) in t he f 0 r m

(1) (2) (n)
t«~ (. w) = ( t o'..~ ( w), t 01.,(3 ( w), ••• , t 0<13 (w ) ), w E: lJr;( (\ Wß •

Hence for each i, the system of tran~ition functions {:~i)}M,~EA

dsFines a holomorphic lins bund1e L(~) ovar w. Let p(~)(:=

L(i) - (zero 58ction» be the e*-bundle over lJ corresponding to

L(i). Then, in terms cf the natural identification
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p =
(1) (2)

P X wP xW ••• P(n)
xlJ '

WB can write sach point p of P as

(1) (2)P = (p , p , ••• ,

with p(i)E p(i), i=1,2, •• ,n. Far each i, fix, an arbitrary COO

Hermitian metric h i on .L (i) and define a COO function x: =

on P by

,-.../
x. (p)
~

ex p (._~ (p) = h ( ( i ) ( i ) )
~ i P " p. ,

We sha11 now show the following Formula:

PEP.

Then in terms cf

(9.2.3) THEOREM: Put e := dime lJ end ''tn , B := (n+8) !/8! •

Let L 1 ~ ~ arbitrary 11n8 bundle~ lJ ~~ LII := ~-*L 10 L •

We ~ assum8 that lJ i5 compact. Furthermore, let x = (x 1J x
2

'

• •• , x n) ~ t h e s y s t e m I2.f. 5 t an dardca 0 r d i nat 8 s .2!!. ril~ (= Rn),

end T = T(x) ~ the polynomial in x
1

, ••• , xn defi~ed

.2..t T ( x) : = bn , e ( c 1 (L I ) + L j : 1 x j c 1 (L (j )»e [w] •

the notation in (1.6) and Appendix A, WB have:
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(a) (r L 11 )~ (t i ~/dt i ) = (2 n;) n+e J;.
xi djA' 1 ~ i ~ n I

(b) c
1

(L")n+s[y] = Iz djA ,

whers djA := T(X)dx 1Adx Z!\ ••• t\dx n •

(9.2.4) REMARK: In (9.2.3) abov8, assume that W is a single

point. Then by e = 0, T(x) 1s nothing but the constant function

1 on MR Hence, (5.6) is straightforward from (9.2.3) above.

We further obtain (5.3) by setting L.= Kv- 1 (s8e als~ (7.2.2).

( 9 • 2 • 5 ) REM ARK: Not e t hat dJA isa pol y no In i alm e a 5 ure 0 n Mai •

If L 15 ample on the whole space V, then this fact i5 already

observed by Duistermaat and Heckman [7 J (see especially their'

forrnula (1.11)).

PRO 0 F 0 F (9 • 2 • 3): ~ 1. Let u = U (x'1 (p), ••• , xn ( p» be t he

COO function. in x1 = ><1 (p), ••• , xn = xn (p) defined by

u : = log ( L k:0 e xp ( a k ' X(p » ),

(p E p) •

where

(X1 (Pl)
x(p) ot_ x2(P).- ..

x '(p)
n

Let 5 be the holomorphic section to Lover Y as in (8.1.5).

Then, in view of (9.2.1), the metric exp(-u)J*01* far Llp extends

to aG-invariant COO Hermitian metric, denoted by h, far the
c

whole line bundle L such that the pullback of c 1 (L,h) to aach

fibre V is positive'definite. Ws now have the corresponding
w

m : P --> M
R

a 5 in ( 8 • 1 ) • Not e t hat, f 0 r e ach w E ~ ~ t he im a ge fn ( Pw)

is just the interior of 1:. Furthermore, one cen e8sily check

that the mapping In is given by

pEP.



[-5

step 2. Fix an arbitrary point u' of W, and let U be its

sufficiently.small neighbourhaod in w. Over this .U, choose

a holGmorphic local base si far sach line bundle L(i) and w~ite

h ( i) a5 f. (w) 5:"~S .~ fo r 5 0 ms' pOS i ti ve' [00 fun c t ion- f. = f; ( W)
~ ~ ~ ~ .

on U. Note that, by a suitable chaice of s. '5, we may 8ssume
~

f.(w') = 1
~

and (dfi)(w'):::: 0 for all i.

We now ChOOS8 a sys~em (w1 , ••• , we ) cf holomorphic loeal

coordinates on U and write sach point W cf U es W c (w1'~ .•••. ,. ws)

in terms cf these coordinates. Than by the isomorphlsm

pI (= p(1)x xwp(n)\u) r-..I U x G
u' w ...

(t
1

s
1

(u), ... , t 5 (u)( ) (w, t=(t 1 , • • • ,tn )),n n

WB may regard (w
1

, ... , we' t 1 ' • • • , t ) as a system cf halo-n

morphie loeal coordinates on P\u. Since.

'0Xj = - ( d t j / t.j ) - 1)~(0 f j / f j) an d BXj = - ( d tj / t j ,> - ~:+: (i f j / f j ) ,

the following holds at aach point of the fibrs P ,:. w

oä u = ö{'\" .n1(ou/ax.) (- (dt ./t .) - ~~(äf ./f .»}
L-J= J J J J J

=,L' .«)2 u/'Ox.'Qx.) (dt./t. )I\(dt ./t .). + L· n
1 ('au/axj )~~~log(f.).~,J ~ J ~ ~ J J J= ? J

Now, define real-valued functions 0 "5. e. < 2lt on P I by. - - J W

and set Vi := t.o/at .•
~ ~

Furthermore, let h l be a C~ Hermitian

metrie for LI and put:

"C':= On. JC1 (L',h ,) + Lj~1 (öu/aX"j) c
1

(L (j),h (j))t ,

-e":= On,e[C 1 (L',h ' ) + .Lj~1.Xj C
1
(L(j),h(j»,}e .•

Then in view of (cf. (8.2.2»

t - I 12 . C1 "'-'d .Adt./ t. = v-1 dx.l\d8.
J J J J J

and - 2 () u/a'X· f
~
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WB have:,'

(c) (-1/2) fp (Vi)/R(u) (0 diJ U + 2 rc~fc1 (L I,h f) )n+8
lJI

= (21t)eJ.p (ou/ax. )det(02u/oxkax:) (TT·~1 (J=1dt .Adt ./It .1 2 ))/\-FJ#(7:')
w' ~ ~ J- J J J ?

= (2n:) n+8J_ Rn {Co ufo x'. )det (o2 u/ ox~ dXL )1:1 (w')} dx'1I\dX2!\ ••• I\dxn, XE' ~

= (21t)n+eJ:E,{Xi"'C"(WI)}dX,/ldX2A ••• Adx n '

whera the last idantity is obtained by setting x. = au/aX(. ,
J J

j=1,2, •• ,n. Similar computations also show that:

(d) lp ((J -1/27t) aä u +~:+: e 1 (L r , h r ) ) n+ 8 = r L: 11 (w I ) d x "d x A ••• 1\ dx •
w' J'2. 1 2 n

~ 3. In view of (7.4.1), an integration of (e) ovar W yields

(a). Sinc8 (M/21L) oä U + c
1

(L ',h ,) represents c
1

(LU), ws

obtain (b) by,in1;sgrating (d) ovar W.

(9.3) Ws here assume that n = 1, i.e., G = [*. Fix a holamorphie

lina bundle L1 ovar a compact complex connected manifold lJ and

consider the vector bundle E :c 19lJ$ L1 cf rank 2 over W (wher,e

vector bundles and locally free sheaves are used interchangeably

if there is no fear cf confusicn). We new put y := P{E*) and

let ~: Y -+ lJ be the natural prejection. Then Y = (E - (zero

section»/[* and L1 is regarded as a Zariski-open subset cf Y by

L1~ IP (EI-) (= Y), t~ (1ffi~) rnodu 10 [*.

Via this inclusion, the zero section of L1 defines an effective

prime divisor, denoted by 0 , on Y. Note that WB hav8 another
o

divisor D~:= Y - L1 E Div(V) on Y. Put P := L, - 0
0

Then

the natural (~-action on the line bundle L1 extends to a holo

rn 0 r phi c ac ti 0 n 0 f G. ::::: [* 0 n Y wi t h t h e fix 8 d po i n t 5 e t 0 0 u 000 •



Furthermora, P i5 regarded as a principal bundle ovar W with

structure group G. Let (n r ,nil). (;6 (0,0)) be a pair of' non-

negative integers which ~ill be specified later. Put 0 :=

n '0
0

+ n" Deo E 0 i v ( Y) • Th 8 n L : = 0y ( D) isa t; -ver y am pIs 1 i ne

bundls on Y. Ws thus have a polarized toric bundle (~:Y~W,

1P ([), L).

(9.3.1) REMARK: Fix an arbitrary C~ Hermitian metric h
1

for

the line bundle L1 • Now, recall the arguments in step 1 of

the proof of (9.2.3). Then, in view of (9.2.2), we .can define

raal-valued C~ functions ~ = ~(p) and u = u(p) on P by
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exp(-x(p)) := h
1

(p, p)
n l

u(p) := 109(L exp(kx(p)))
k=-n ll

We also have the corresponding mapping m

and moreover, it 15 given by

(p f p) ,

(pEP).

m(p) = (~u/aX) (p), p ~ P.

Note that, for aach w E W, the image m(P ) is the interior of thew

closed interval L: = [-nil, nlJ.

(9.3.2) DEFINITION: Let y(1) (re5~. y(2)) be a compact complex

connected manifold on which G acts holomorphically and affec

tively with the corresponding fixed point sst 0(1) (resp. 0(2)).

Furthermore, let {o12) 'i EI} be the set of all connected

co mp 0 n e nt S 0 f 0 ( 2). Th e "rl a 5 u r j e c ti v"s G- s qu i v ar i an t mo r phi 5 m A:

y(1) ~ y(2) 1s called a G-collapsing if the follow~ng conditions

are satisfied:
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( 1 ) /\ ma p s Y( 1 ) - 0 ( 1) ,i s 0 mo r phi c a 11 y 0 n t 0 Y(2) - 0 ( 2) •

(2) There exists a (possibly empty) subset J of'! such that

.A..: Y(1) --) Y(2) is the. monoidal transformation ef Y(2) with

csntrs U
jEJ

0~2). (If J 18 smpty, thsn A 18 nothing but

an isomorphism ef y(1) ente y(2).)

Ws now fix an arbi trary G-callapsing A: y ~y far Y abov8, and let

n l , n"

in Y.

ba raspectively the (complex) codimension of A(O ), A(O~)
. 0

lJrite G' as {t I t E [*}. Then, Theorem (9.2.3) alleLJs

us to obtain the following refinement cf the integral formula of

Koiso and Sakans [13J on Futaki invariants:

( 9 • 3 • 3 ) THE0REIV): Pu t e : = d i m[ W.

~ L, ~ have:

-1
~riting far brevity Kr

+1 Jnl
.(a) (rr,-y)*(twat) = (27t)s (s+1) _nllx(c1(W)+xc1(L1»S[W]dX.

Suppose nDW that Y is ~ FanD manifold, i.~., L 15 ample. L'et

FY\Lie(G) ~ the restriction cf Fy : ;ECV)--7R l2. Lie(G)· (cf.

(5.1)). Than

(b) F7!us(G) = 0 if and~ ifl:>(C1(W) +XC 1 (L 1 »B[W]dx = o.

PROOF: Not e that 0 y (..\>!'L:) = C9y(K y-1 )@c/9y «n '-1 ) 0
0

+ (n"-1) 000 )

= C9 y ( (J3* KlJ -1 ) ® L ). Henc' ~ b Y (9. 2 • 3) app 1 i 8 d t 0 L I = KW-1 I t he

right-hand side cf (a) is (r
A
*t,y),4: (to/-at). This: together with

(7.5.1) yields (a).· 'Nou, (b) is strightforward from (a) in view

cf (7.2.2) applied to 5 = G.



C-9

(9.4) Now, let Y be a q-dimensional compact complex connected

manifcld endowed ~ith a holamorphie effectivs action of G"= (~*)n •

Assume that there exists an ample 1ine bund1e L on Y endowed with a

linear holomorphic G-action which covers the action on Y. Then we

have a Kähler form W on Y representing 27t c 1 (L)A. Express ~ as

{71 L. gc.p dz"l\dzP in terms of holomorphic local coordinates (z 1, z 2,

•• , zq) on Y. Let Vi E ;t (Y) ba the image of t i 'J/()t i E Lie(G)

under the natural inclusion Lie(G)~~(Y). Now, far aach i,

there axists a raa1-valuad C~ function ~. (~hich i5 uniqua up
~

to an additive constant) such that

Vi = 2:g(.rP g,st(a,g.Y'i o/azd. (cf. step 1 of the proof of (8.2».

Far aach a = (a
1

, 8 2 , ••• , an) E~n(= I~R)' we define a mapping

ma": y -}o f~~ b Y

ma(y) = (-Y'1(y)+B 1, -~2(y)+a2' ••• , -Jon(y)+an ), yE V.

Then the image 2:a := ma(v) is an n-dimensional compact convex

polyhedren in M
R

(cf. Atiyah L1J). Hecell that the push-for~ard

by 'lQa of the symplectic me8sure (W/'2TC)q is a piec8wise po1ynomial

maasure, denoted b y dfA, on 11R of f ini ta total velume cl (L) q [V]

(cf. "Ouistermaat and Heckman [7], Atiyah and Bott [2]). '

( 9 • 4 • 1) 0 EF1N1TION: Let a b e t h 8 uni q U 8 81 eme nt 0 f f"I
R

S U eh t hat

(2rr) q1 x. djA = (rL)* (t i CJ/c t i ) , 1 ~ i ~ n ,
~a ~

where (x 1 J ••• J xn ) are the standard coordinates on ["IR (= Rn).

Ws then denote ma by m. Now, the mapping m : y~ MR "i5 called the

strict moment ~ associated wi th the Hodge matric W on V.

Note that, in viey of Theorem (9.2.3), this m is compatible with

the one defined in Appendix B.
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(9.4.2) REMARK: 5uppose that the Kähler form W represents

2 1t c 1 (Y) IR. I n t his 5 pe c i a1 c ase, 0 n e hast h 8 f 0 11 0 Wi n9 fa c t (~~ ich
............

is essentia11y pointed out to us by A. Futaki): Let W be the

Kähler form on Y such that Ric(w) = w """-'"
and that w is cohomo1ogous

to W. Then the strict moment map m : Y~ MH(= ~n) associated

with W is characterized by

rn(y) = (-~1(Y)' -9J;(y), y ~ Y,

........'
where ssch ~, is a rsa1-va1ued C~ function on Y such that ths

~

fo11owing conditions are satisfied:

..........
(a) ~i coincides with ~i up to an additive constant;
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10. APPENDIX D.

In [L2J, Sekane constructed examples of Einstein-Kähler

metries on nonhomogeneous Fano manifolds. Afterwards, these were

reformulated end generalized by Koiso end Sekans [13; Theorem 4.2),

where almost at the same time, the author found a very simple

proof for their results. (A little later, Bando also obtained

a similar proof independently.) Since this new proof has the

advantage cf deseribing Einstein-Kähler met ries verY.8xplieitly,

WB here explain the detail.

Assume now that n = 1, i.e., G = [~. Let Y be a compact eom-

plex connected maniFold endowed with a holomorphic effeetive

G-action such that the corresponding Fixed point set cansists of

just two eonnected components Da and 'D
Oo

.• Furthermors, assurne

that Y is of class e, i. e., Y is bimerolnorphic to a compact Kähler

manifold. Note that, via isotropy representation, Dur G-action

on Ynaturally induces aG-action on the normal bundle N(Do:Y)

(resp. N(~:Y)) of 00 (resp. D~) in V. WS finally assume that

each element cf G acts on both N(Do:Y) and N(D~:Y) as a seelar

multiplication of the vector bundles.

( 10 • 1) REM ARK: 810 W u p Y al 0 n9 D0 an d 000 ,. W8 t h 8 n ha ve a
. -1 ~

G-collapsing A: y~y (cf. (9.3.2)) such that 0
0

:= A (Da)'

and D~ := A-1(D~) are no~~ingular irreducible divisors- on Y

fixed by the G-action. Put P := Y - (DoUD(llJ. Thsn by the

generalized Bialynicki-Birula's deco/llposition of Fujiki [8J (see

also Fujiki [9; (6.10)J, Carrell and Sornmese [sJ), WB have

a natural G-equivariant identification of PUD o (resp. PUD~)
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wi t h N(0 : Y) ( res p. N(000 : Y» (cf. [ 15] ) • H8n C 8 , b Y r 8ver 5 i n 9 t h eo

G-action, on8 can view N(O :Y) - (zero section) as the ~ame' c*
o ..

bundle as N(O~:Y) - (zero section) over W := P/[~ ~ 0
0

~ O~. TheTe

now exists a line bundle L1 over W such that L1 = N(Oo:Y) and that

L1 -
1

= N(Doo:Y). Put E := C9lJ@L 1 • We can thus regard Y as P(E;,t:)

and furthermore, . exactly .. tt:1s. same sit.~.ation as in (9.3) happens.

(Therefore, until the end:of this appendix., ws frsely usa the

not at ion 0 f (.9. ~) .•J Let 8 .: ,=' d im 11: Y - 1. Th e n b y (b) 0 f (9. 3 • 3 ) ,

, n'
(1D.1.1) FY!Lis(G) = 0 if and~ if inIlX(C1(W)+XC1(L1»S[W]dX

= 0,

wh ere n ,I and' _.n ll er B r asp ecti v ely-. th 8 . (c ompl e~) codim ens ion cf

....... """ ......"o and 000 in Y.o

........
(10.2) DEFINITION: For sirnplicity, put P := A(P). Recall that every

el e me nt 0 f G ac t san bot h N(0
0

: Y) an d N(000 : Y") a s a s ca1 a r

multiplication. Hence, applying again the generalized Bialynicki

8irula's decomposition cf Fujiki [8J (see also Fujlki [9; (6.10)]),

WB have a natural G-equivariant identification cf PUD (resp.
o

""'" ....... "" -..I '" ...."P U 000 ) wi t h N( 0 : Y) ( res p. N( 000 : Y) ) • N0 W, le t h b e an arbit rar y
o

COO Herrni tian metric on,: L
1

,. Note that this h natura1ly induces

a Hermitian metric, denoted by h- 1
, on the dual bundle L

1
- 1 of L

1
•

In view cf the identifications

and

(L 1 -
1

- (zero s8ction» ::: P ~ P = (N(D::Y) - (zero section»,

t h eHe r mit i an n 0 r m 1I 11 h (r e S p •. I1 ~ h-1) 0 n L1: <.res p. .L1- 1) i.nd uces

a n 0 r mon N('0
0

: Y) .. .< r 85 p. N(DOQ :Y) ) • Th e n f 0 r a Kä h18 r f 0 r m uj- 0 n lJ ,

(h, w) is said to be a tight pair if the following conditions

are satisfied:
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( 1 ) The norms on N(O :v) and N(Ooo:V) induced from h arec

~ Hermitian norms ·cf respective vect'or bundles •.

(2) W is an Einstein-Kähler form satisfying Ric(W) = W •

(3) The eigenvalues cf c
1

(L 1 ;h) with ~esp8ct to Ware constant

on W.

( 4 ) A- 1>1'{ f 2 (n I - 1 ) (t;~w ) e t\Qf /I äp} (r 8 S p. >..- 1*{1:2 ( n 11 ':'1 ) (5*w ) 8 M III ä7;} )
on p' extend5 to a C~ (nonvanishing) (e+1,e+1)-form'on

N (0
0

: Y) (::; P V iJ0 ) ( res p. N (Deo :Y) (:::t PU 0
00

) ) ,

where "5 : y (= P (E*» --? W i5 the natural projection and p: L
1

( -1
~ R resp. 1:' : L 1 ~ IR) denotes the norm functien defined by

:= ~X~h (resp. ~(x) := l x l
h
-1) far x in L 1 (~esp. L 1- 1).

In particular". if n l ::: n" = ,1, then (h, w) i5 a tight pair if end

anly if (2) end (3) are satisfied.

Ws shall now give a slight medification of the result of

Koiso and Sekane [13; Theorem 4.2J:

(10.3) THEOREM: A5sume that Yis ~ Fane menifold, l.~., Ky-1 is

ampis. If there exists a tight pair (h, w), then .the following

are eguivalent:

Einstein-Kähler form.an

F?ILie(G) = 0;

y admits

(a)

(b)

PROOF: . In view ef (5.1), it suffic8s to show that (a) impIie5

(b) under the assumption that (h, W) as abov8 exists~ The proof

consists cf fcur steps.

~ 1. Let )J1 ~ P2 ~ ... ~JA e b 8 t h e co n 5 t an t ei 9 8 nval u es 0 f

2 7t c 1 (L 1 ; h) wi t h res p 8 C t t 0 W. Pu t 0 : = n I 0
0

+ n I~ 000 an d L : = {9y (0 ) •
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Then "\~Ky-1 c L® j*K w- 1 (see the ·proof· of (9.~.3». Hance, via

the identification of 0 (resp. Oro) with W, we have:o

A* K"'"-1 I - L ® ~*K - 1 I = L @ n I~ K - 1 ,
Y 00 - W 00 ' \J

(r es p. )..* KY-1 I0"" = (L 1 -:-1 )0 n" '&I KW-1 ).

Therefore, via the identification of W with 0
0

(resp. O~), the

cohomology class n IC, (L,)R + c, (W)R (resp. -nllc, (L1)~ + c 1 (W)R) in

H2 (O :~) (resp. H2 (OOo:R» i8 repressnted by ;t*e (resp. i\*9oo ) faro 0

some positive definite (1,1)-farm e (resp. e~) on 0 (resp. D~).
00 .......

On t h e 0 t her h an d , 2 7t c 1 (W) R i 8 r. ep res 8 nted b y t h 8 Kä h 1er f 0 r m W.

We now have the fo11owing:

1) If _nu< x<n l , then (wB[w])lTk:1(1+Pkx)={(27t)(c1(W)+XC1(L1»}e[w]

> 0 and in particular 1 +~k x >0 far all k.

2) The smallast nonnegative integer m such that (c,(w)+n I C1 (L,»m+1
. « m+l( r 8 s p • c 1 lJ ) - n 11 c 1 (L 1 ) ) ) i 8 nu me r i c a11 y tri via 1 i s dirn [: 00

( res p. dirn [ DQQ ). He nc e t he 0 r der 0 f zer 085 0 f TIk:1 (1 +JAk x)

at x = n l (resp. x = -nil) is n 1-1 (resp. n"-.1).

stap 2. Define a polynamia1 A = A(x) in x by

A(x) := - JXII S TI k:1 (1+)\s) ds.
-n

Note that, by our condition (a), WB have A(n') = A(-n") = 0 (cf.

(10.1.1». In view cf 2) cf 5tep 1, the order of zeroas cf A(x)

at x = n l (rssp. x = _nU) is n l (rasp. n"). Furthermore, by 1) of

step 1, both O<A(x)~A(O) and A'(x)/x<O.hold far all nonzaro x
~

wi th _nil< x< n r. In particular, tha rational function AI (x)/(xA(x»
-

is frse fram poles and zeroes ovar the open interval (-nil, n'),

and has a pole of order 1 at both x = n l and x = -nil. Now,

SeX) := - JX A'(s)/(SA(S)) ds
o
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i5 monotone increasing over the interval (-n ll
, n l ) and moreover, B

maps (-n", n l ) diffeomorphically onto 11, because in a neighbourhood

of x c n ' (resp. x = _nU), Sex) is written as -log(nl-x) + areal

analytic function (resp. log(x+n") + areal analytic function).

Let 8- 1 : IR ~ (_nil, n l ) be tha inverse function cf 8 (_nil, n 1 ) -)

,......
R, and define a real-valued C~ function r = r(p) on P by

Note here that, since (h, w) is a tight pair, (1) of .(10.2) shows

that CA- 1 j.P)2 (resp. (A.- 1 *L:)2) extends to a CqQ function on PUD
o

(resp. PUOoo ). We nou define a c Oo function x = x(r) in r by

x(r) := 8- 1 (r) . (i.e., r = B(x(r»).

Then u(r) := -log(A(x(r») satisfies (cf. (10.3.1»

since ws hav8 the identities x'(r) = -x(r)A(x(r»/A'(x(r»,

u r ( r) = x ( r) an d A I ( X ( r » = -x ( r ) TI k:1 ( 1+~ k x ( r ) ) •

5tep 3. No w, 1 e t 'L be t he (e+ 1 , e+1 ) - f 0 r mon P d ef in ed b y

"1:= M4(e+1)exp(-u(r» A-1~«i)t.VJ)et\afl\äP/p2)

(= M 4 ( e+ 1 ) ex p ( - u ( r » A -1 :C ( (~1W ) -81\ at: " ä1::1"'t2 ) ).

,....I

In this step, ws shall show that ~ extends to a velume form on Y.

First, in view ef 5tep 2,

. -
r = -log(n'-x(r» + areal analytic functien in x(r),

(resp. r = log(n ll +x(r» + areal analytic function in x(r».

Hance, (A-1~p)2 (resp. (A- 1*L)2) is written as areal analytic

function in x(r) with a simple zero at x(r) = n ' (resp. -nil).
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On the ether hand, Step 2 shows also that exp(-u(r» 1s areal ana

lytic function in x (r) wi th zeroes of order exactly n
'

(resp •. n ll ) at

x (r) = n ' (resp. _nil). Thus, in a neighbourhood ef 00 (resp. 0
00

),

1 2 f -1:* -2n ll .
(A- '$.P)- n exp(-u(r» (resp. (A -r::) exp(-u(r») 1s written 85

a nonvanishing real analytic function in (A- 1
-.f:p )2 (resp. (.,\-1*1:)2).

Since (h, w) 1s a t1ght pair, (4) cf (10.2) now implies that 't
,...,."

extends tc a voluma form on Y.

step 4. Regarding,;z" es a velums form on Y (cf •. step 3), ws shall

finally show that w:== F1 äa log .,." -is an Einstain-Kähler form on Y.

fix an arbitrary point Wo of W. Then ovar a suffieiently small open

n ei ghbou rh ocd U 0 f w in W, th er e exi st a. h olomo rphi c loeal b as e er-
D

far L1 and a system (Z1' z2' ••• , ze) of holomorphic loeal coordi-

nates on U such that

1 ) ~ *== H(w)o-®a:- for same positive real-valusd COO funetion H =

H(w) on U satisfying both H(w ) = 1 and (dH)(w ) = 0;
o 0

2) CAJ(w o ) = I=T 2: k : 1 dZkAdz k j

3) ( ~ ~ H) (wo) = ;:1 Z k:1 ~kdzkAdZk

Via the identification

ux[* ~ p lu
(w,t)~ t·O""(w),t

• • • , z , t) es a system cf holamorphie loeal
e

..
coordinates on the open subsat Plu cf Y•. Ihan over Plu '

Note that Ric(w) == 0 äa log w
e

== w. Hance along the fibre P ,
Wo



)..:tW = 0" ä )t( u ( r » + f!J*W

= ;=1A*(uU(r»dtAdt/ltI 2 + FT)....'#-(ul(r»äalog H + ~;t:w,

(see, for similar computations, step 2 of the proo~ of (9.2.3») •
.........

Therefore, when restricted to A(P
w

), the (1,1 )-form W is
o

written in the form

which is positive definite in view of (*) of step 2. Consequently,
-8+1along i\(p ), we cen express W as

Wo

.;:1 (e+1 ) u" (r) (lTk : 1 (1 +fk u I (r) )) A-1 *{( L
k

: 1 A dZkAdZ
k

) 8AdtAdt/ It I2},

~e+1
and hence W = ?Z, (cf. (*) of step 2). Since w is

o

point af lJ, WB now have Ric(iO) = W everywhsre on V.
,...",.,

an Einstein-Kähler form on Y.

an arbitrary

"'-"Thus, Lu is

(10.3.1) REMARK: Let KEIi+ and ,MkER (k=.1,2, ••• ,e). Furthermore,

let a, b, c be real numbsrs such that 1 + fk c p 0 for all k.

Than, for a sufficiently 5mall E > 0, we cen he.re give a complete

solut~on of the ordinary differential equation

( 1 ) a-E:<x< a+E,

with the initial conditions

y(a) = band Y'(a) = c.

In order to salve this, we put 5 := yr(x) and A := exp(-y(x».

Since yll(X) does not change its 5ign over the interval (a-E,a+E),

the inverse functian theorem ellawB us to regard x as a C~ function

x(s) in s. Consequently, A is also regarded as a C~ function A(s)

in s. Than

A r ( S ) Y11 ( x) = (d AI ds) (d 5/ d x ) = d AI d x = - S A( 5 ) •
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In partieular, multiplying both sides of (1) by A'(s)/A(S), we have

Thus, x and'y(x) are written.in terms cf the parameter s as follows:

(2) y(x) = - log A(s),

15 swh 8 r 8 A( 5) isth 8 pol y n 0 mi al 8 X P ( - b) - K- c t TI"k:1 (1+1\ t ) dt in s.

As for x, w~.ha~8

(er. (1»,

and therefore,

(3) x = a + 5: (lTk:1(1+flkt»K-1A(t)-1dt.

Nou, (x, y(x» moves along the eurve parametrized by (2) and (3)

above.

(10.3.2) REMARK: We apply the above construetion cf Einstein-Kähler

metries to the ease where Y = Y= P(E~) with E := ~We0W(k,-k) and

1.J := pm(lt) xp m(lC) (m E Z+, 1 ~ k ~ m). Note that L1 :.= C9
W

(k,-k) danotes

the line bundle pr1*(9pm(k) ED pr2'*(9pm(-k) ovar W, where pr i
prn([)xprn([)-+prn([) is the natural projection to the i-th factor

(i=1 ,2) • Now, let cJ: Q ([m+1) -? [m+1 be the blowing-up 0 f [m+1
o

at t he 0 r i gin (I = ( 0 , ••• , 0) 0 f [m+ 1 , andIe t

m+1 {}p:[ -() ~

be the natural projeetion. Then tha rational map po~ : Q ([m+1)~
. 0 .

prn([) easily turns out to ba amorphism, and via this morphism, WB

m+1 ' m
can regard 00([ ) as the line bundle F := ~prn(-1) ovar P ([).

Henca, via tha identifieation cf [m+1 -lu} with F - (zero section),
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the fUl'Jction

is viewed as a Hermitian norm of the line bundle F. SinC8 L1_c

pr 1*(F0 - k ) ~pr2*(F0k), this Hermitian norm on F induc8s a natural

norm ·11 " h on L 1 associated with a Hermitian fnetric h for L
1

•

We can now define f: L1~G1 by f eQ.) := llQl1 h (QEL 1). Note moreover

that the Fubini-Study form Wo on pm([) 1s defined by

p*~0 = pi rJ ä log ( .z1:0 Iz11
2

) •

Than, W := (m+1) (pr,:f:wo + pr 2*'wo ) is an Einstein-Kähler form on W

such that (h, w) 15 a t1ght pair (cf. (10.2)), becaus8 the e1gen

val ues )J.1 ~ jA 2 < ••• ~ JA 2m 0 f 2 7t' c 1 (L 1 ; h) lJ i t h res pe C t to W. are

all constant. In fact, WB have

-.jA, = -jA2 = ••• = -fm =fm+1 =fm+2 = ••• =f2m = k/(m+').

Recall that G(:= [~) scts on the I1ne bundle L1 by .scaler multi

plication end that y(= Y) is naturally a G-equivariant compacti-

fication of L1 (cf. (9.3)). Now. by

f 1 v ( c 1 (lJ)+.VC 1 (L1 ) ) 21ll[lJJd v =, (c1 (IJ) ) 2 m[lJ]J~1 v ( 1 - k
2

v
2

/ (m~1 ) 2 ) md v = 0 J

we have FyILie(G) = o. Hence WB can find an Einstein-Kähler metric

on '( es constructed in the proof cf (10.3) (588 also Sekans [22] ).

Let A(s) be the polynomial in 5 defined by

f s ·2 2 2
A( s ) : = - v ( 1 - k v / ( m+1) ) md v •

-1
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Furthermore, define a C~ function x = x(f) in f by

2 {IX 2 2 2 }f = 8 X P - 0 (1 - k 5 / ( m+1) ) m/ A( 5) d s •

Then t:= R(Bm+4)A(x(p))(i;~lV)2ml\c>rhäf/p28xtends to a volume···form

on Y., where .t;: L1-)'W denotes the natural. projection (cf. step 3 of

the proof of (10.3)). Then in view cf step 4 of the proof of (10.3),

WB can now conclude that W:= F1 äu log "L is an Einstein-Kähler form

on Y such that ;;;2m+1 = 7"l •
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(4.3) REMARK: (i) It is e8sily checked that ~~ abovB coincides

wi t h t h e rn 0 m8 n t ma p: G,6~ Li e ( Gc Y* f; MA ( cf. At i yah [1 -] I Gui 11 emi n

and Steinberg [11J) assoeiated wi th the Kählel' form M CJäu' i:k.
(5s8 Appendix B far the proof.)

of G. Then by. the.·natural inclusions GHC G CG.6. , ws may regard

G~ as a subset of G,6 . Then the closure G
I1

of GR in GA is a

manifold with corners in the sense of 801'81-5e1'1'8 (c f • Oda [20J )

and has a natural differentiable structure as described in

5tep 3 of (8.2). Note that GÄ/G above is endowed with such a. c

structure via the natural identiFication oF GA/Ge with GA •

( i i i) , . A d i f f er enc 8· 0 f (4. L) , fra rn At i YahIS res u1t ["I; Th e 0 re In 2 J
is that the rnapping between GA/G and q is, in our·case, a .

• L.), e

diffeolllorphism (instead of a hOllleomarphisrn) even .al~ng their

boundaries. This diffeomo.rphism i5 eS5entially abtained from

-1the amplene55 of KG by the Fact that a cOlilbination of (3.2)
~

and (3.3) keeps the Jacobian of iiiujG
B

: GR --'J- 1'11~ nonvanishing

also alang the boudary GR - GR •

(4.4) We now assuJlle that G~ is a prDj8c~i,v8 variety (where GA

is not necessarily a Fano variety). Note that the corresponding

hyperplane bundle L := C9
G6

(1)' is written as C9
GA

CL
crE

A(1) Y.. O(<r))

for same .va- E 1 • Then
o

is an n-dimensional compact convex polyhedron (cf. Oda (21) ).

5ince L is ample, there exists aG-invariant fibre metric h far Lc

such that the cor1'esponding first ehern form iso positivs definite.
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CONVEX GEOMETRY ON TORIC FAND VARIETIES

by

Tos hi k i f~J abu chi

o. INTRDOUCTION.

Throughout this paper, we assume that X is a nonsingular

n-dimensional toric Fano variety (defined over [), i.8., X is

an n-dimensional 'connected projective algebraic rnanifold satisfying

the following conditions:

(a) X admits an eff~ctiv8 almost homogeneous algebraic group

action of

(b) The set)< cf all Kähler Forms on X in the Oe Rham cohomology

class 2 TC c 1 (X)li is nan-smpty.

Far sach w E)<, by wri ting i t as w = P E 9(W)~l dzo{/\ dzß in t arms

cf holomarphic local coordinates (z 1, z2, ••• , ~n) of X, WB

have the carresponding' Ricci form Ric(w) 'cohomologous to W :

Ri c (w ) : = P ~a log d e t ( 9 (w )a:p) •

Than an element W af 1( is callad an Einstein-Kählar form if

Ric(w) = w. Ws now pose the following:

() *).0.1 PROBLEM.. Classify all X which admit, at least, ans

Einstsin-Kähler form.

Obviously, the Fubini-Study form on ~n([) is a typical Einstein

Kähler form. This settles Problem (0.1) for n = 1, because

. *) This is also posed by T. Oda and Y. T. Siu.



the only possible X with n = 1 is ~1([). However, the real

difficulty comes up even at n = 2; Let S. be the projective
~ ,

a I 9 eb r ai c 5 u r f ace 0 b t ai n ed fra HI IP 2 ( [) b Y bIo wi n9 up i P0 i n t 5

in general position (whsra 1 ~ i ~ 3). Then, in spite of lots

of efforts of differential geometers, it is still unknown whether

er not the nonsingular toric Fano variety S3 adrnits an Einstein

Kähler form.

The purposs of this paper is to give abrief survey of recent

progress on Problem (0.1) tagether with our related new results.

Especially, in Sections 1~6 (though they are somewhat cf expository

nature), several key ideas are introduced often without proofs,

while technical details are given in the subsequent faur appendices.

In particular, in Appendix C (see (9.2.3) for the most general.

statement), ws shall show that the Futaki invariants of an anti-

canonically (relatively) polarized toric bundle Y over W can be

regar'ded as the barycentre of m (Y) in terms cf 1IOuis'termaat-Heckman f 5

measure", whara m : Y~ Rn (n = dim[ Y - dim[ W) denotes the associ

atad "relativetl moment map dafined, in Appendix 8, without any ambi-

guity of translations (cf. (B.2). Finally, in Appendix 0, a very

explicit description of Einstein-Kähler metrics for Sakans-Koiso's

examples will be given (cf. (10.3.2), Step 4 of (10.3).

Parts cf this paper are gfven as a lecture at Ruhr-Universität,

Bochum in April, 1986. The author wishes to thank Professors

G. "Ewald and P. Kleinschmidt who invited me to giV8 a talk on

this subject. He i5 also grateful to Professors T. Oda,

H. Ozaki and I. Satake for helpful suggestions and encouragements

during the preparation of this paper. Finally, he wishes ta thank

the Max-Planck~Institut fUr Mathematik far constant assistance

all thraugh his stay in Bann.
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1. NOT AT ION, C0 NVENT ION 5 AN D P RELI 1'1 I NAH I [' S •

Let L+ (resp. lo) be the set of positive (resp. non-negative)

integers and ~+ (resp. Ro ) be the set of positive (resp. non

negative) real numbers. Ws now put:

G := (Q;m)n = -[ (t
1

, t 2 , ••• , t n ) I t i f [*},

M : = { a = (a 1·' a 2 ' ••• , an) 1 a i E d} (;: Zn),

N :={b =G:J b j E ZJ(~ zn).

r 0 r ca E- Man d lb E N a 5 abo v e, we d 8 f i n e (~,b) E "l, x cn E HGIn 1 ( G, (; )a 9 gp m

an d A'k E- H0 m 1 ( [i , G) b Y
u.J a 9 gp m
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( a, b ) : = 2:. n1 a. b. ,
~= ~ ~

~a«t1' t 2 , ••• , t n )) :=

b b2Alb (t ) : = (t 1, t , ••• ,

• • • ,

h t t t E (f' ( = n- :.1:.) •
wer e , 1'. • • ,.,' n 'Y m. u.. Then the eorr:!3spondenee a

a~x

(resp. b ~'\Ib)· eanonieally induc85 an isomorphism betw8en the

a d d i ti v e 9 r 0 U P 1"1 (r 85 p. N) an d t h B mU 1 t i pli c at i v 8 9 rau p

Hom 1 (G,ffi) (resp. Hom 1 (ffi ,e)). Note thata 9 gp mag gp m

for all t E a;m (= [~).

(1.1) DEFINITION: A non-empty subset (J of N is called a cane if
, .

the following conditions are satisfied:

(a) I f rtJ E N 5 atis fies plb E (j fa r 5 oma f E Z+, th e,n b E 0- •

(b) If 0 ~ lb E 0-, then -lb ~ er.

(e) 0 E 0-'.

(d) In terms cf the natural additive structure cf N, ~ i5 a

semigroup generated by its finite subset.



Far a cone er, there exists a unique irredundant finite subset

4

{ lb 1, lb 2
, ••• , lb rn} 0 f 0-' 5 U c h t hat er = L k: 1 lo !b

k 1These Ib ,

., .

b~, ••• , Ibm are called the fundamental generators of the cone ().

(1 • 2) 0 EF I NI T ION ::' A non - empt Y 5 U b58 t r; 0 f a co n 8 a- i 5 ca11 e d

a face of a- , denoted by L ~ (J, i f there exists an element 8l of

M s uch t hat ( 8, b) ~ O. f 0 r a 11 tb i n er- an d t hat 1: = { tb E er I (1;\, b )

= o}. A finite polyhedra1 decomposition cf N is a finite set 6

of cones in N such that

(a) if r:~tJELi, then '['EA;

\ (b) if 0-,7: ELl, then a-nc ~ (J and 0- n"t' ~ 7:: ;

(c) N = U er.
O"EA

Far every finite po1yhedral decomposition ~ of N, we put

o·~ i ~ n,

where dirn cr- denotes the dimension cf the real vector space spanned

(1.3) DEFINITION: A finite polyhedral decornposition !1 cf N is

said to be nonsingular if for each ~E~(n), the set cf fundamental

generators of a- consists cf n elements and forms a ;t-basis for N.

F0 r ev e' r y non 5 i n9 u1 a r ~ J t h e 5 e t 0 f fun da me nt a 1 gen e rat 0 r s 0 f

aach element of ~(i) consists cf exactly i elements and is com-

pleted to a J-basiß for N.

Ws shall now quote the following fundamental results due to

Demazure [6]., f~iyaks and Oda [18J, and IVJumford et al. [19] :



( 1 • 4) THE0 f, E /VI : T 0 e ver y non 5 i n9 u1 e r f i ni t 8 pol yh 8 d r a 1 d e C 0 In ~

position ~ of N, ~ cen uniguely associate ~ n-dimensional

irreducible nonsingular G-equivariant compactification GA Ef G

possessing the following two properties:
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(disjoint union).

Furthermore, the closure O(~) of U~ in G~ is ~ irreducible

nonsingular (n-i)-dimensional G-stable subvariety ~ G
Ä

written in the form- -- ---
0(0-) = U (J"C

r~(j

(disjoint union).

(b ) Fa r e ach 0- f 4 (n ), Uq-: = U~O""lD't fo r m5 ~ a f f in e 0 pe n G- 5 tab 1e

neighbourhood ~ ID~ in GA satisfying the conditions

and

G.6, = U U(J"'.

IJE~(n}

{ 1 2 n}Let b(~), ~(~) , ... , b(~) ~ the set ~ fundamental

generators .9...f.. er' (which forms ~ l-basis for N), and let

be the dual basis for M defined---{Sl(<t"")1, a(o-)2, ••• ,.a(cr)n}

~ the relation (a(~)i,b(~)j) = b. .•
l.J

Then the corresponding

characters

1 ~ i ~ n,

extend to rational functions on GA ' which are all regular
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2 • 0 E1'1 AZUR E t S RES ULTS UN T LJ HI eVA HlET I [~ •

. Thraughaut this section, we fix a nansingular finite polyhedral

decomposition ~ of N. Put 1~1!1 := r'j@ZR. Furthermore, for aach

p E,6(1), let fbp denote the unique fundamental generator ef f.
~e neu cansider the divisor

K := - >) D(p)

PEA( 1 )

on GA' Recall the following fact dUB to Oernazure [6J:

(2.1) THEOREI"l: I<. is a canonical divisor cf G~. 1~loreaver, the

fallowing ~ eguivalent:

(a) .GA is a toric Fana variety.

(b) -K is ample.

(e) -K is~ ample.

(d) L_
K

: = { a E MI1 I (a, bf ) ~ 1 fa r all pE 6( 1)} i s an

n-dimensional compact convex polyhedron lJho'se' vertices"'~

ex ac t 1 y {a-c I r: Go .6 (n)}, wh 8 r e 8 ach at' d 8 not es t heu ni 9 U 8

element of M such that (a~,b) = 1 for all fundamental

generators Ib af 1;.

(2.2) REMARK:

.ars the. only pos~ible 2-dimensional nonsingular toric Fane:'

varieties. Recently, for qimen$ian three also, all nonsingular torie

Fano.varieties ~re completely classified (cf. Batyrev ~J ,

K. Watanabe and M. Watanabe [23J).

(2.3) DEFINITION (Demazure [6 j p.5?1]): An element a of M is

called a raet if thera exists pE6(1) such that (a,bp ) = 1 end

that (a,ba-) ~ 0 for all er E- LJ.( 1) wi th er ~ p. Let R(.6.) be the sst

o F a 11 r 0 0 t 5 i n 1'1.
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Nau, aS an immediate consequence of a resu1t cf Demazure [6;
p. 581J, ane abtains:

(2.4) THEOREM: Let Aut(GA) ~ the graup Qf all holomorphic auto

morphisflls Ei. GA. Then Aut(G,ü) is ~ reductive a1gebraic group

i fan don 1y i f - R(Jl) : = { - a Ia E- R(.Ll) } c 0 i neid es wi t h R(.6.) •

(2.5) REMARK: In view of this theorem and (2.2), it is .. now

possible to determine all 3-dimensional nonsingular torie Fano

varieties GA with reductive Aut(G.6,). Such ,a GA·'is" actua11y,

isomorphie to one of the following (we awe the eomputation ta

Dr. T. Ashikaga):

wh er ewe U 5 ed t h e not at ion 0 f K. Wa t an ab e an d (VI. Wa t an ab 8 [2 3J·
Obviously, the fi.rst thre8 varieties admit an Eimstein-Käh,ler

·,form. ·I~ote that., for the las~t thre8 varieties, .Aut(G4 ) cannot

set transi tively on GA. However, lP ( (9(p 1 xIJ 1 Ei) C9p 1 xp 1 (1, -1»)

still adrnits an Einstein-KähleI' form by virtu8 of a result of

Sakane [22], part1y because in this ease, every maximal compaet

subgroup af Aut(GL ) aets on G~ with principal orbits of

real codimension ane (cf. Appendix U).

The importance of (2.4) comes from the following theorem

in di f ferenti al 9 80metry du e to I'latsushima [17J:

( 2 • 6) T HE0 REl"l : Let V ~ ~ c 0 mp ac t co mpIe x co n n e c ted n1 an i f 0 1d

with dim[ Auto(V) > 0 (uhera Auto(V) denote5 the identity eomponent

cf the graup Aut(V) 2f halomarphic automorphisms ~ V). l! V

admits ~ Einstein-Kähler form, thsn Aut(V) is ~ reductive a198-


