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ABSTRACT. In the integral cohomology ring of the classifying space of the
projective linear group PGL,, (over C), we find a collection of p-torsion classes
Yp, i Of degree 2(pFtt 4-1) for any odd prime divisor p of n, and k > 0.

If, in addition, p? fn, there are p-torsion classes p,  of degree pFtl 41 in
the Chow ring of the classifying stack of PG Ly, such that the cycle class map
takes pp k. t0 Yp k-

We present an application of the above classes regarding Chern subrings.
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1. INTRODUCTION

Let G be an algebraic (resp. topological) group and BG be the classifying stack
(resp. space) of G. We follow Vistoli’s notations [45] and let A, (resp. H) denote
the Chow ring (resp. singular cohomology ring with coefficient ring Z.) of BG.

The Chow ring of BG is first introduced by Totaro [41], as an algebraic analog
of the integral cohomology of the classifying space of a topological group. Based
on this work, Edidin and Graham [11] developed equivariant intersection theory, of
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which the main object of interest is the equivariant Chow ring, an algebraic analog
of Borel’s equivariant cohomology theory.

When the algebraic group G is over the base field of complex numbers C, it has
an underlying topological group which we also denote by G, and there is a cycle
class map

cl: Ay — HE
from A% to HZ, which plays a crucial role in this paper. The cycle class map
factors though the even degree subgroup of MU*(BG) ®y+ Z

(1.1) o AL S MU*(BG) @y Z — H

where cl is called the refined cycle class map.

The Chow rings Af, have been computed by Totaro [41] for G = GL,,, SL,, Spp.
(Hereafter, the base field is always C except for O,,, SO,, and Spin,,.) For G = SOa,,
by Field [12], for G = O,, and G = SOa,,+1 by Totaro [41] and Pandharipande [33],
for G = Spin, by Guillot [22], for G = Sping by Rojas [34], for the semisimple
simply connected group of type Ga by Yagita [48]. The case that G is finite has
been considered by Guillot [20] and [21]. In [32], Rojas and Vistoli provided a unified
approach to the known computations of Af, for the classical groups G = GLy, SLy,
SPn, On, SOp,.

Let PGL, be the quotient group of GL, over C, modulo scalars. The case
G = PGL,, appears considerably more difficult than the cases mentioned above.
The mod p cohomology for some special choices of n is considered by Toda [40],
Kono and Mimura [27], Vavpeti¢ and Viruel [43]. In [18], the author computed
the integral cohomology of PGL, for all n > 1 in degree less then or equal to
10 and found a family of distinguished elements y, ¢ of dimension 2(p + 1) for
any prime divisor p of n and any & > 0. (In the papers above, what are actually
considered are the projective unitary groups PU,,, of which the classifying spaces are
homotopy equivalent to those of PGL,.) In [44], Vezzosi almost fully determined
the ring structure of Apgy . In [45], Vistoli determined the graded abelian group
structures of A} L, and Hp L, for p an odd prime, and partially determined their
ring structures. In Kameko and Yagita [25], the additive structure of Apg, s
obtained independently, as a corollary of the main results.

Classes in the rings ALqy (resp. Hpgp ) are important invariants for sheaves
of Azumaya algebras of degree n (resp. principal PGL,-bundles.) For instance, the
ring Hpgp plays a key role in the topological period-index problem, considered
by Antieau and Williams [4], [5], Crowley and Grant [9], and the author in [19],
[17]. This suggests that the A%, ~could be of use in the study of the (algebraic)
period-index problem due to J.-L. Colliot-Théléne [7]. The cohomology ring Hj, L,
also appears in the study of anomalies in particle physics such as [8], [10] and [15].
Antieau [3] and Kameko [24] considered the cohomology of BG for some finite cover
G of PGL,: to construct counterexamples for the integral Tate conjecture.

In this paper we study the torsion elements in Apg; and Hpgp . One may
easily find Hpg, =0 fori=1,2 and Hpy; = Z/n. Therefore we have a map

(1.2) x: BPGL, — K(Z,3)

representing the “canonical” (in the sense to be explained in Section 3) generator
xq of H?DGLH, where K(Z,3) denotes the Eilenberg-Mac Lane space with the 3rd
homotopy group Z.
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In principle, the cohomology of K (Z, 3) and more generally of K (7, n) with n > 0
and 7 a finitely generated abelian group are determined by Cartan and Serre [13].
Based on their work, the author gave an explicit description of the cohomology of
K(Z,3) in [18], which is outlined as follows. Let p be a prime number. The p-local
cohomology ring of K(Z,3) is generated by the fundamental class x; and p-torsion
classes of the form y, ;, where I = (iy,,---,41) is an ordered sequence of integers
0 < iy < -+ < ;. Here m is called the length of I and denoted by I(I). For
I = (k), we simply write yp, 5 for y, 1. The degree of y, 1 is

(1.3) deg(yp1) =1+ 2(210”"'1 +1).

Jj=1

In [18] the author showed that the images of y, o in Hi(ggi) via y are nontrivial

p-torsion classes, for all prime divisors p of n. In this paper we generalize this to
Yp,k for k > 0 and under some restrictions, to Chow rings. For simplicity we omit
the notation x* and let y, ; denote x*(yp,r) whenever there is no risk of ambiguity.

k

Theorem 1.1. (1) In Hgg;ﬂlﬂ), we have p-torsion classes yp 7# 0 for all

odd prime divisors p of n and k > 0.

(2) If, in addition, we have p*> { n, then there are p-torsion classes p,r €
k

A%g;:l mapping to y, 1 via the cycle class map.
Remark 1.1.1. The sets of elements {p, k}x>0 and {ypr}r>0 are not algebraically
independent in general. Indeed, in the case n = p considered by Vistoli [45], they
each generate subalgebras isomorphic to a subalgebra of the polynomial algebra
(over Z/p) of 2 generators. (See Corollary 9.6).

One the other hand, the classes y,; for {(I) > 1 seem hard to capture, and
so are their counterparts in Chow rings (if any). Nonetheless, we are able to find
an interesting property of these classes. By definition, we have y,; € Imx*, a
subring of Hpg; . In a non-negatively graded ring R* with RY = 7, an element x
is decomposable if x =), y;2; where y;, z; are of degree greater then 0.

Theorem 1.2. Let p be a (not necessarily odd) prime divisor of n and p* { n. If
I(I) > 1, then the class yp 1 is decomposable in Im x*.

Remark 1.2.1. In Corollary 6.13 we show that for some I with I(I) > 1, the class
Yp,1 € Im x* is nonzero. This suggests that the homomorphism x* sends a nontrivial
class of the form

Yp,1 + (decomposable classes) € H*(K(Z,3); Zy))
to 0.

We proceed to discuss an application of Theorem 1.1, for which some background
is in order. Let G be a compact topological (resp. algebraic) group. Let h*(—) be
a generalized cohomology such that

h*(BGL,) = h*(pt)[cr, - ,cr)

where ¢; € h?(BGL,) is the ith universal Chern class. (resp. Let h*(—) be A*(—),
or A*(—) ® Z), i.e., Chow ring localized at an odd prime p.) The Chern subring
of hf, := h*(BG) is the subring generated by Chern classes of all representations
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of G — GL, for some 7. If the Chern subring is equal to h¢;, then we say that Af,
is generated by Chern classes.

Whether A7 is generated by Chern classes is related to a conjecture by Totaro
[41] on the image of the refined cycle class map, to be discussed in Section 10.
Vezzosi [44] showed that A}, is not generated by Chern classes. In the appendix
of [45] by Targa [39], the same thing was shown for A} 1, for all odd primes p.
More results of this nature can be found in Kameko and Yagita [26]. We have the
following consequence and generalization of the above results:

Theorem 1.3. Let n > 1 be an integer, and p one of its odd prime divisor, such
that p*> { n. Then the ring Abgr, ® L) is not generated by Chern classes. More
precisely, the class p;’o is not in the Chern subring for p — 11 1.

This paper is organized as follows. In Section 2 we recall the cohomology of
the Eilenberg-Mac Lane space K(Z,3) in terms of the Steenrod reduced power
operations. In Section 3 we recall a homotopy fiber sequence and the associated
Serre spectral sequence converging to Hpg, , which is the main object of interest
in [18]. We prove Theorem 1.2 in this section. Section 4 is a recollection of elements
in equivariant intersection theory related to the topic of this paper. Section 5 is
a short note on the Steenrod reduced power operations for motivic cohomology,
which play a role in the proof of Theorem 1.1. Here we concern ourselves with
some specific facts rather than the general theory. In Section 6 we review and
slightly extend works of Vezzosi [45] and Vistoli [44] on the cohomology and Chow
ring of BPGL, where p is an odd prime. We prove part (1) of Theorem 1.1 in
this section. In Section 7, we consider the subgroups of certain diagonal block
matrices of GL,, pass to quotients to yield subgroups of PGL,, that act as a bridge
between PGL, and PGL,. In Section 8 and 9, we construct the torsion classes
Pp.k, completing the proof of Theorem 1.1. Finally, in Section 10 we discuss the
conjecture by Totaro on the refined cycle class map and its relation to the Chern
subrings, followed by the proof of Theorem 1.3.

Acknowledgement. The author thanks Professor Christian Haesemeyer for
financial support as well as many fruitful conversations. Without his wisdom and
encouragement the author would have gone through much trouble completing this
manuscript. The author also thanks the anonymous referees for numerous sugges-
tions and corrections.

2. THE COHOMOLOGY OF THE EILENBERG-MAC LANE SPACE K (Z,3)

The cohomology of the Eilenberg-Mac Lane space K (m,n) for 7 a finitely gener-
ated abelian group can be deduced from the lecture notes [13] by Cartan and Serre.
The mod p cohomology of K (m,n) is described particularly nicely by Tamanoi [38]
in terms of the Milnor basis of the mod p Steenrod algebra. As a special case of the
above, the cohomology of K(Z,3) is described by the author in [18] in full details.
The author claims no originality of the content of the above or this section. For
the sake of simplicity, we present the p-local case for odd primes p. Let Z,) be the
ring of integers localized at p.

Proposition 2.1 ([18], Proposition 2.16, 2016). The graded ring H*(K(Z,3); Z))
is generated by
(1) x1 € H*(K(Z,3); Z(y)), a non-torsion element, and
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(2) the elements y, 1 where I = (i, - ,i1) is an ordered sequence of positive
integers iy, < --- <11, and the degree of yp 1 s

lypr| =1+ > (205 +1).
j=1

In particular, when taking I = (i), we have y, ; := yp 1 of degree 2p"+1 + 2.

Here x; is the fundamental class, i.e, the class represented by the identity map
of K(Z,3). Notice that there are nontrivial relations among the elements y, ;. See
[18] for details. For future references we consider the decomposable elements of
degree |I|.

Lemma 2.2. Let I = (iyy, -+ ,i1) and J = (Jn, -, j1) satisfying 0 < iy, < -+ < iy
and 0 < jp, < -+ < j1. Then we have I = J if and only if |I| = |J|.

Proof. Only one direction requires a proof. For m = 1, |I| = 2p"*+1 42 is the p-adic
expansion of |I], for both p odd and 2. The lemma then follows from the uniqueness
of p-adic expansions. The general case then follows by induction on m. ([

Corollary 2.3. Let I = (i, - ,11) satisfying 0 < 4, < -+ < 41, and Y €
H'(K(Z,3); Z(py) be a monomial in elements y, j for various J. Then'Y is either
equal to yp.1 or decomposable.

Proposition 2.1 implies, in particular, that any torsion element in H*(K(Z, 3);Z)
is of order p for some prime number p. This means that the torsion elements of
H*(K(Z,3);Z), namely all elements above degree 3, are in the image of some
Bockstein homomorphism

B:H*(—2Z/p) = H* (7).

So we present the classes ¥, ; in such a way.

For a fixed odd prime p, let 2% be the kth Steenrod reduced power operation
and let 8 be the Bockstein homomorphism H*(—;Z/p) — H*(—;Z/p) associated
to the short exact sequence

0—Z/p— Z/p* = Z/p — 0.

For an axiomatic description of the Steenrod reduced power operations, see Steen-
rod and Epstein [36].

To compute the cohomology ring H*(K(Z,3);Z/p), it suffices to consider the
mod p cohomological Serre spectral sequence associated to the homotpy fiber se-
quence

K(Z,2) = PK(Z,3) — K(Z,3)

where PK(Z,3) is the contractible space of paths in K(Z,3).

Now let overhead bars denote the mod p reductions of integral cohomology class-
es. An inductive argument on the transgressive elements (Section 6.2 of McCleary
[30]) yields the following

Proposition 2.4. For any odd prime p, we have

H*(K(Zv 3)3 Z/p) = AZ/p[i'l] & AZ/p[xp,Oaxp,lv o ] & Z/p[gp,ngp,la t '},
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where Az;,[%1] is the exterior algebra generated by Ty, the mod p reduction of the
fundamental class 1, Az),[Tp0,2p1,- -] is the exterior algebra over Z/p over ele-

ments
1

Tpk = vt "L PN (z,), where k =0,1,2,---,
and Z/p[Yp,0, Up,15- -+ | is the polynomial algebra generated by
Yp,i = ﬁxp,i~
In H*(K(Z,3);Z), we have
Yp,1 = B(@p,ipy * TpinTpiis )
for I = (i, -+ ,i2,11).
An immediate consequence of Proposition 2.4 is the following

Proposition 2.5. For k > 0, we have

1

Y = BPY 27 (1),

Remark 2.6. The alert reader may argue that Proposition 2.4 merely indicates
Ypi = ABPV PP P (i)

for some X\ € (Z/p)*. However, notice that Proposition 2.1 determines y, j only up
to a scalar multiplication. Hence we may as well choose ¥, 5, such that Proposition
2.5 holds.

k—1

Proposition 2.5 has the following variation.
Proposition 2.7. For k > 1, we have
— k —
Yp,k = PP (yp,k71)~

Proof. Recall that for positive integers a,b such that a < pb, we have the Adem
relation (Adem, [2])

(@aﬁggb _ Z(_l)a+i ((p - 1)(b - i))ﬁ(@a—i—b—i(@i

- a—pi
(2.1) l |
+ Z(_l)a+i+1 ((p _al_)(lb)i__l)l - 1) gga—&—b—iﬁggi.

For k > 0, let a = p* and b = pF¥~!. Then the only choice of i to offer something
nontrivial on the right hand side of (2.1) is i = p*~!, and (2.1) becomes
k—1

(2.2) P g’ = " "
Then it follows by induction that we have
PP B Pt = Bt .. P P

Since all classes yp 1 are of order p, as stated in Proposition 2.5, we conclude. [

k—1

Remark 2.8. Alternatively, we may describe g, in terms of the Milnor’s basis
{Qk} x>0 introduced in Section 6 of [31], defined inductively by

k k
Qo =205, Qrt1 =" Qr — QP .
Then by Proposition 2.5 we may follow an inductive argument and show

Upk = Qrr1(71.)
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3. A SERRE SPECTRAL SEQUENCE, THE PROOF OF THEOREM 1.2
In the introduction we mentioned the map
x : BPGL,, — K(Z,3)

representing the “canonical” class in H3 L, - 1t is easy to show, for example, in the
introduction of Gu [18], that the homotopy fiber is BGL,, and there is a homotopy
fiber sequence

(3.1) BGL, - BPGL, % K(Z,3)

where the first arrow is induced by the obvious projection GL,, — PGL,. This
may be obtained from the more obvious homotopy fiber sequence

(3.2) BC* — BGL, — BPGL,

by de-looping the first term BC* ~ K(Z,2). The author used this de-looping as
the definition of y, and the class x; is “canonical” in this sense.

For positive integers r > 1 and s we have A : BPGL, — BPGL,, the obvious
diagonal map. The fiber sequences (3.1) and (3.2) then show the following

Lemma 3.1. The following diagram commutes up to homotopy.

BPGL, 2 BPGL,

Remark 3.2. As mentioned in the introduction, we omit the notation x* and let
Yp,1 denotes their pull-backs in Hpg . If we temporarily denote y, 1 by vy, 1(r)
and y,, 1(rs), respectively in the cases n = r and n = rs, then Lemma 3.1 indicates
A*(yp,1(r8)) = yp,1(r). In view of this, we do not make the effort of distinguishing
yp,1(r) and y, 1(rs), and denote both by y, .

Consider the homotopy commutative diagram

BC* —— K(%,2) —— PK(2,3) —— K(Z,3)

o |

(3.3) BT(GL,) — BT(PGL,) —— K(Z,3)

v le lBlp’ H
BGL, —— BPGL, —— K(Z,3)

where PK(Z,3) is the pointed path space of K(Z,3), which is contractible, and ¢
is the diagonal map. Moreover, all rows are homotopy fiber sequences and we let
® and ¥ in the diagram denote morphisms of homotopy fiber sequence.

Remark 3.3. As mentioned in the introduction, the diagram (3.3) is indeed a vari-
ation of the one considered in [18], where the groups U,, PU, and the unit circle
take the places of GL,, PGL, and C*, respectively.

We take note of the following notations:

(3.4) HE. = 7Z[v]
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where v is of degree 2, and

(3.5) T(GL) = L1, vz, v

where each v; is of degree 2, and for all ¢ we have
By*(v;) = v.

The quotient map T(GLy) — T(PGLy) identifies Hp,, - as the subring of H, oy, ),
which, as an abelian group, is generated by 1 and the kernel of the ring homomor-
phism given by

H;(GLH) =Z[v1,ve,- - ,vn] = Z, v;+— 1,
i.e., polynomials in vy, vs, -+ , v, of which the coefficient of all term sum up to 0.
Moreover, we have
(3.6) Hep =Zlcr,ca,e o e

where ¢;, the ith universal Chern class, is of degree 27, and By™ takes ¢; to the ith
elementary symmetric polynomial in v;’s.

As in [18], we let (KE.", Kd.™), (TES*,Td)") and (VE,",Vd.™) denote coho-
mological Serre spectral sequences with integer coeflicients associated to the three
homotopy fiber sequences in (3.3). In particular, we have

UE.;,t o~ HS(K(Z73)7 HtGLn)

converging to Hpgy . This spectral sequence is the main object of interest in [18].
In principle, using the homological algebra of differential graded algebras, we are
able to determine all the differentials of %X F,". The diagram (3.3) then converts
the differentials Xd.” to Td.”. Then we obtain some of the differentials Vd.™ via
the following

Lemma 3.4. The morphism of spectral sequence UE:’* — TE. %, is induced by

VEY = HY(K(Z,3):2) @ Zler, -+ en) = HY(K(Z,3);Z) @ Lt - 1] 2 Ty
hci — hO’i(th e ,tn)v

where h € H*(K(Z,3);Z) and o;(t1,--- ,ty,) is the ith elementary symmetric poly-
nomial in ty, - ,t,.

Remark 3.5. For the sake of simplicity we drop the symbol ® whenever there is no
ambiguity.

We recall the splitting principle, which asserts that the map
By : BT(GL,) — BGL,
associated to the inclusion of a maximal torus, induces the homomorphism
(3.7 By*: Hgp, = Hygr,), = oilty, - ta),

where o;(t1,- - ,t,) is the ith elementary symmetric polynomial in variables vy, - - - , vy,.
The following proposition then follows.
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Proposition 3.6 (Proposition 3.8, [18]). The diagram (3.3) induces a commutative
diagram as follows:

U 4s,t
s,t d, s+rt—r+1
UVESt S, UES
Tds,t

s,t - s+rit—r+1
TEyt S, TR

|# |o"

K ;s,t
s,t d, K pstrt—r+l
Er

where the arrow ¥* is given by (3.7), in the sense that the source (resp. target) of
U* is a subquotient of the source (resp. target) of the homomorphism
UEy" = HY(BGL,; H(K(Z,3);Z)) » H* (BT(GLy:  H' (K (2,3):2)) = "B,

induced by (3.7). In particular, the differentials Tdy™ determine all of the differen-
tials of the form Ud> """ of UE™" such that for any v’ <r, Tds, """ oy,

T T/

since in this case the arrow ¥* on the right is injective.

In other words, for each bi-degree (s, t), the first nontrivial differential whose tar-
get is VES" is determined by restricting Td}™* to U EX*. In particular, Proposition
3.6 determines the differential Yd}™ completely: Let

V: H*(BU,) — H**BU,)
be a linear operator defined by
(3.8) Vieg) =(n+k—1Dxicp_1
and the Leibniz formula
(3.9) V(ab) = V(a)b+ aV (b).

We end this section by several corollaries. Let V, & be the same as earlier, and let
9 =10(c1, - ,cn) € H*(BUy,;Z). Then we have

Corollary 3.7 (Corollary 3.4 and Corollary 3.10, [18]). The differential Yds is
determined by

Yds(€9) = Vd3(£9) = €21V (9)
for any & € H*(K(Z,3);Z). In particular, we have

Udg(gcl) = Udg(Cl)g = nl’lf.
2(p+1) .

It is known (Theorem 1.2, [18]) that for a prime p, the class y, 0 € Hpgp ' is a
nontrivial p-torsion class if p|n and is 0 otherwise. Since y, ¢ is the p-torsion class
in H*(K(Z,3);Z) of the lowest degree 2(p+ 1), and generates the unique p-primary
subgroup of degree 2(p + 1). We have the following

Proposition 3.8. If p|n, then the class ypo is the nontrivial p-torsion class in

Hpgp, of lowest degree, and generates the unique p-primary subgroup of H;%Zi).

If ptn the class yp o is trivial in Hpgp,
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Proof. The class yp o being (non)trivial is just Theorem 1.2 of [18]. The uniqueness
assertion follows by looking at

UVEy' = H*(K(Z,3); Hsp, ).
[l

Let Z(,) denote the ring Z localized at the prime number p, and for any topo-

logical group G let
Hglp) := H*(BG; Zpy) =2 H (BG; Z) ® L.

Recall that the “canonical” maximal torus , T(PGL,), is the subgroup of PGL,,
of diagonal matrices passing to the quotient. The Weyl group of T(PGL,,) is the
symmetric group .5, acting by permuting the diagonal entries. It is a standard fact
that the restriction Hpp [p] = H7pgr, ) [p] factors through (Hz pey )[p])S", the
subring of Hy. pey )[ p] of invariants with respect to the S,-action. Of course this
is also true without localization.

Corollary 3.9. The inclusion of the maximal torus T(PGL,) — PGL,, and the
map x : BPGL,, — K(Z,3) induce a split short exact sequence

0 Hz(erl)(K(Z,?));Z(p)) s HIQJ(SE)[P] 4)( 2(1;‘1'52 )[P])

which yields an isomorphism

(3.10) Hper Vol = (Hylvg), )5 @ H*PHD(K(Z,3); Zy)).

Proof. Let UE*’*[ ] denote the spectral sequence UE*’* localized at p. Then the

nontrivial entries of its second page of total degree 2(p 4 1) are UE0 2(p+1)[ ] and,

when p|n, UEz(pH) [p]. Then we have a short exact sequence

2(p+1),0 2(p+1 02( +1)
0= VE" ) — HpbtVlp) — T =0

oo

which is split since Y B 2(p+1)[ ] is a torsion-free Z,)-module.

The identification of the first term of the short exact sequence follows imme-
diately from Proposition 3.8. A direct computation identifies (H;( pa Ln))s" with

KerV & UEg’*. However, for obvious degree reasons there is no nontrivial differ-
ential out of Y0, x[p], and we have the identification of the last term of the short
exact sequence. (Il

We proceed to consider the classes y,; for I of length greater than 1, and
prove Theorem 1.2. It follows from Corollary 2.18 of [18] that for each I =
(4mytm—1, " ,41) and an integer k such that 0 <4, < --- < i; we have

Kdgpz‘erl_‘_l(yp’]/Upierl), m>1,
(311) Ypl =\ Kk pi1tt
d2pi1+1,1(1‘1'U )
with I’ = (im_l, s ,’il).
Lemma 3.10. For I = (iy,, -+ ,i1) as above with m > 1. Then forr < 2pim+l141,
any element in the image of
(3.12) Kgll-rr=1 K gll=rr=t _, x glfho

is congruent to a decomposable element, in the sense that KE‘,«I"0 18 a quotient group
of H'(K(Z,3); 7).
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Proof. The differentials %d%! landing on the line X E*© are determined by (3.11)
along with the product formula
Kd,(ab) = Kd,(a)b+ (—1)1*la ¥, (b)

where a and b are classes in X E** and |a| is the degree of a. Therefore, any
differential as in (3.12) with r < 2pim*1 4+ 1 is of the form

K I—2pF Tt —1,2pF Tt T —2phtt 1 2pk Tt

K 11,0
2ph+141 : 2ph+141 — Egpk+1+1
. . . K |=2p*t —12p*Ft .
with k£ < 4,,. The image of d2pk+1 1 is therefore generated by monomials
of the form yy, 1, - - - yp 1, where at least one of the I3, -- , I is of the form (k,---).

It then follows from Lemma 2.2 that the monomial yy, 1, - - - yp,1, is Dot y, 1. By
Corollary 2.3, the monomial y,, 1, - - - yp,1, is decomposable and we conclude.

[
Now we have all the necessary ingredient for the following
Proof of Theorem 1.2. Let I = (iy, -+ ,i1) such that 0 < iy < Gppey < -+ < 43.
Let Wy, Wr and Wi be the subgroups of H/!I(K(Z,3);Z) characterised by
U By = HE, Wy, TEyo = HG, /Wr,
KEYLS = H'™ (K(Z,3), Z)/Wi.

Then we have Wy C Wpr C Wg. Summarizing the above arguments, we have the
following commutative diagram:

v gl112pim
2ptm |I|,0

2pim

|J],2p"™
UEQpi,'rn

T |I],2ptm

im d i
o = TEyL = HY(K (2,3):2)/ Wy

2pim 2pim

b I
K lI],2ptm

im oy i
K plJ12ptm Tapim gl 11,0 HW(K(Z,3);7)/Wk

2p77m, 2ptm

UE

IR

H'"(K(2,3);Z)/Wy

TE

1%

where U* and ®* are induced from ¥ and ® in the diagram (3.3). The vertical
arrows to the right are quotient maps. Now it follows from (3.11) that we have

im

Yp,J)

ol lnr ()0

sk U . p
(O] d2pzm+1(cp

N
=[(p) vpr] € HI(K(Z.3):2) /Wi

where [a] denotes the equivalence class of a« € H*(K(Z,3);Z) in H*(K(Z,3);7Z)/ Wk,
and we have

imA1
im n
Udzp'im+1(05 Yp,1) = (p) Yp, 1 (mod Wi).
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2p77m 0
o0

Since p? { n, we have ( ) # 0 (mod p), the above indicates that in VE we

P
have v
[Yp.1] =0 (mod UEig o ﬂ Wk).

On the other hand, it follows from Lemma 3.10 the classes in W are decomposable,
and we conclude. O

4. EQUIVARIANT INTERSECTION THEORY

We refer to Edidin and Graham [11] and Totaro [41] for definitions and basic facts
on equivariant intersection theory. We also reformulate many results in Section 4
of Vistoli’s paper [45], since they play key roles in this paper.

The main object of interest is the equivariant Chow ring Ag (X) for an algebraic
space X over a base field K with an action of an algebraic group G. The Chow ring
of G is identified with the equivariant Chow ring A% (spec K). In this sense the ring
A%, is regarded as the “coefficient ring” of the equivariant Chow rings A% (X). One
may regard equivariant Chow rings as an analog of Borel’s equivariant cohomology
theory for topological spaces with continuous group actions. From now on we work
with a fixed base field K and the reader is free to assume K = C.

For any k£ > 0, Edidin and Graham define the Chow ring A% (X) for a scheme X
by defining Aék (X) as ASF((X x U)/G) where A*(—) denotes the ordinary Chow
ring and U is an open set of a G-representation of large enough dimension and G
acts freely on U. It follows that we have

Proposition 4.1. (Homotopy Invariance) Let X be a G-equivariant algebraic space
and 'V be a finite dimensional G-representation. Then the pullback of the projection

AL(X) = AL(X x V)
is an isomorphism. In particular, we have AL, =2 AL(V).

In general the quotient X/G is defined as an algebraic space, which is not nec-
essarily a scheme. However, by Lemma 9 of [11], for any ¢ > 0, there is a G-
representation V' and an open subscheme U of V' such that V —U is of codimension
greater than i, and the quotient U — U/G exists as a principal bundle in the cat-
egory of schemes. Therefore, for any i > 0, the Chow groups A% are defined as
Chow groups of some schemes.

Many properties of the ordinary Chow rings hold for equivariant Chow rings too.
For instance, let f : Y — X be a proper morphism of G-schemes, then we have the
pullback

[T AG(X) = Ag(Y)
and the push-forward
fe it AgT(Y) = Ag(X),
where r is the codimension of Y in X, and the following proposition generalizes the

localization sequences in the non-equivariant intersection theory. (See, for example,
Fulton [14].)

Proposition 4.2. (Localization Sequences) Let f : Y — X be G-equivariant closed
immersion. Then we have an exact sequence as follows:

AST(Y) L Anx) DS A5 (x\Y) — 0.
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In the particular case where X = V is a G-representation of dimension n, and
Y = {0} C V, we have
Proposition 4.3. The sequence

Cn

A 0 A - A5(V\(0)) = 0

is exact, where the first arrow is the multiplication by the Chern class ¢, (V). In
particular, it follows from Proposition 4.1 that we have

A (V\{0}) = Ag/en(V).

Now we let the group G vary. Suppose H is a closed subgroup of G. Then we
have the restriction map

resf : A%L(X) — AR (X)
which is a ring homomorphism. If, furthermore, H has finite index in G, then we
have the transfer map
trd . Ay — AL

This is no longer a ring homomorphism, but a homomorphism of Af-modules, in
the sense that we have the following projection formula:

(4.1) tr (ares$ (b)) = tr (a)b.
For the unit 1 € A% we have
tré (1) =[G« H],
where the righthand side is the index of H in G. Therefore, we have
(4.2) tré (res (b)) = [G = H]b.

Similar to the Cartan-Eilenberg double coset formula (Adem and Milgram [1]),
we have Mackey’s formula concerning the transfer and the restriction described
above. Once again we adopt the setup in Vistoli [45]:

Let G be an algebraic group and H, K be algebraic subgroups of G such that
H has finite index over G. We will also assume that the quotient G/H is reduced,
and a disjoint union of copies of specK (this is automatically verified when K is
algebraically closed of characteristic 0). Furthermore, we assume that every element
of (K\G/H)(K) is the image of some element of G(K).

Let € be a set of representatives of classes of the double quotient K\G/H (K).
For each s € &, let

K, ::KﬂsH571 C G.

Therefore, K is a subgroup of K of finite index, and there is an embedding Ky — H
defined by k +— sks™!.

Proposition 4.4 (Vistoli, Proposition 4.4, [45], 2007). (Mackey’s formula)

-1
res -trd = E trlse -resﬁgs st Ay — Ak,
SEE

where 7y, is the restriction associated to the conjugation sHs™' — H.
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There is another way to relate equivariant Chow rings over different algebraic
groups. Suppose we have a monomorphism of algebraic groups H — G. Let H
act on a scheme X. Then we have the G equivaiant algebraic space G x X,
which is the quotient G x X/ ~ where the equivalence relation “~” is defined by
(9, hz) ~ (gh,z) for all h € H.

Proposition 4.5 (Vistoli, [45], 2007). The composite of the restriction A% (G x!
X) — A% (G xH X) and the pullback A% (G x™ X) — A%(X) is an isomorphism.

Let N¢ be the normalizer of the maximal torus T'(G). It is well known (Gottlieb
[16]) that the restriction homomorphism H¢ — Hy,_ is injective. The analog
conclusion for Chow rings, according to Vezzosi [44], is shown in an unpublished
work by Totaro. A sketch of the proof is presented in [44].

Theorem 4.6 (Gottlieb, Totaro, Theorem 2.1, [44]). Let G be an algebraic group
over C, T a maximal torus of G and N¢g its normalizer in G. The restriction maps

* *
A — AN,
and
* *
Hg — Hy,
are injective.

In general, Chow rings are much more complicated then singular cohomology.
However, in many cases the Chow rings Af behave in very similar ways to HE,
their topological counterparts. We end this section with such examples, which will
be of use later on.

Proposition 4.7 (Totaro, [41], 1999). For G = GL,,, SL, or a torus, the cycle
class map cl : AL, — HE is an isomorphism of rings.

Furthermore, for T'(G) a fixed maximal torus of G, the cycle class map cl pre-
serves the actions of the Weyl group. In particular, we have

Corollary 4.8. Let G be an algebraic group, T(G) a mazimal torus, and W its
Weyl group. Then

cl: (A;“(G))W - (H;(G))W
is a well-defined ring isomorphism.

On the other hand, we have the following

Theorem 4.9 (Totaro, Theorem 2.14, [42]). For any affine algebraic group G over
C, the natural map

AL®Q— HL®Q
is an isomorphism.

The following is an immediate consequence of Corollary 4.8 and Theorem 4.9.

Proposition 4.10. Let G be an affine algebraic group G over C. The restriction
homomorphism induced from T(G) — G gives an isomorphism

A0 Q= (A7) ® Q.
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Proof. Consider the following commutative diagram

A5®Q — (A" ©Q

Jo Jo

HE ©Q — (Hi)" @ Q.

It follows from Corollary 4.8 and Theorem 4.9 that the vertical arrows are isomor-
phisms. The bottom horizontal arrow being an isomorphism is a well-known fact,
for which one may refer to, for example, Chapter 3 of [23]. It follows that the top
horizontal arrow is an isomorphism as well. (I

In particular, we have

Corollary 4.11. The inclusion of a mazimal torus A : T(PGL,) — PGL,, induces
the following isomorphism:

N Apgr, ®Q — (A*T(PGL"))S" ® Q.

5. THE STEENROD REDUCED POWER OPERATIONS FOR MOTIVIC COHOMOLOGY

One of the key roles in the proof of Theorem 1.1, (2) is played by the Steenrod
reduced power operations for motivic cohomology theory [29].

Motivic cohomology is a functor from the category of smooth schemes over a
base field (which we fix as C) to that of bigraded abelian groups. For a smooth
variety X and an abelian group R, let H**(X; R) denote the motivic cohomology
of X.

For an algebraic group G and an integer N > 0, the group A’é for k < N is by
definition A*(U/G) where U is an open subscheme of a representation such that
G acts freely on U. According to the discussion following Proposition 4.1, we may
choose U such that the quotient U/G exists as a scheme. The motivic cohomology
of BG is defined in a similar way as A¥,. We write H7;" for H**(BG; Z), H™[p)] for
H**(BG; Zy)), and HZ™(p) for H**(BG;Z/p). All the assertions in this section
hold for X = BG.

Motivic cohomology theory is a generalization of the theory of Chow groups in
the sense of the following natural isomorphism:

(5.1) H?*'(X;R) =~ A'(X)® R.

Over the field C, the cycle class map also generalize to a natural map, usually called
the realization map (3.11, [46]). For consistency we denote it by cl:

cl: H%'(X;R) — H*(X(C); R).

Motivic cohomology shares many nice properties with singular cohomology. For
instance, a homomorphism of abelian groups R; — Rs induces a natural transfor-
mation H**(—; Ry) — H**(—; Ry). Moreover, for a fixed ¢, the functor H**(X; —)
is a 0-functor. More precisely, let 0 — Ry — Ry — Rs — 0 be a long exact sequence
of abelian groups, then we have a long exact sequence

(5.2) -+ — H*'(X;Ry) = H*'(X; Ry) — H*'(X; Ry) B, H "X Ry) — -,

where B is called the connecting (or the Bockstein) homomorphism, as in the case
of singular cohomology.
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In [47], Voevodsky defines cohomology operations for motivic cohomology theo-
ries with coeflicients in Z/p, for p a prime number, similar to the Steenrod reduced
power operations. When p is odd, we have the operations

S HY XL p) — H 2Dt D(x7/p) >0
where .7V is the identity, and
B:HS(X;Z/p) = H (X Z)p).
which is the Bockstein homomorphism associated to the short exact sequence
0— Z/p NaLiN Z)p* — Z/p — 0, or equivalently, the Bockstein homomorphism

associated to the short exact sequence 0 — Z RatiNy/N Z/p — 0, composed with
the mod p reduction.

The operations .#* and 3 satisfy the Adem relations which are formally the same
as in the case of singular cohomology. In particular, we have the following analog
of (2.2):

1

(5.3) 7P Bt = gt gt

The motivic Steenrod operations and the Bockstein homomorphisms are com-
patible with their topological counterparts, in the sense of the following

1

Proposition 5.1 (Voevodsky, [46]). Let K = C and X be an algebraic variety over
C, we have the following commutative diagrams:

HoH(X;Zfp) —Z— Ho+2-Dit+i-1 (X, 7,/p)

lcl lcl
H*(X(C); Z/p) —Z— H*+2-)(X(C); Z/p)

and
H"'(X;Z/p) —— H*(X;Z)

Jo Jo

H*(X(C); Z/p) —"— H*'(X(C); ).

The operations .%¢ restrict to Chow rings in the sense of (5.1):
S AYX) @ Zfp — ATTPTV(X) @ Z/p, i > 0.

Brosnan in [6] independently constructed cohomology operations for Chow rings,
satisfying the axiomatic properties of the Steenrod power operations, including the
Adem relations. It is unclear to the author whether they agree with Voevodsky’s
definition.

6. THE CHOW RING AND COHOMOLOGY OF BPGL,

This section is a recollection of works of Vezzosi and Vistoli ([44], [45]) on the
Chow ring and integral cohomology of BPGL,, for p an odd prime, together with
a few further observations.

Recall that the Weyl group of T(PGL,), the maximal torus of PGL,, is the
permutation group S, which acts on T(PGL,) by permuting the diagonal entries.
Elements in AL L, therefore restrict to (A}( PG L,,))Spa the subgroup of classes fixed
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by Sp. In Vistoli’s paper [45], the Chow ring Apqy is given an (A% pg; ))%-
algebra structure via a splitting injection

S

(A;(PGLP)) P A};GLP'

Vistoli determined A}y in terms of the above (A7 pg LP))SP—algebra structure.
We partially state his result as follows:

Theorem 6.1 (Vistoli, [45], 2007). The (A*T(PGLP))Sp-algebm Apgy, is generated
by an element p, € A’;;ng of additive order p.
Remark 6.2. See Section 3 of [45] for the complete version of the theorem.
The following result is Proposition 9.4 of [45].
Proposition 6.3 (Vistoli, [45],2007). The homomorphisms
Apar, = Arpar,) X A, xu,
and
Hpgr, = Hrpar,) X Heyxp,

obtained from the embeddings T(PGL,) — PGL, and C, x u, — PGL, are
injective.

To prove Theorem 6.1 and Proposition 6.3, Vistoli considered two elements of
PGL,, represented respectively by the matrices

0 0 1 “oﬂ
1 0
,and )
. p—1
10 v

where w is a pth root of unity. They generate two subgroups of PGL,, both
cyclic of order p, which we denote by C, and p,, respectively. Furthermore, the
two matrices commute up to a scalar w, which means they commute in PGL,,.
Therefore we obtain an inclusion of algebraic groups Cp x u, — PGL,, which
factors as

(6.1) Cp X pp = Cp x T(PGLp) — S, x T(PGL,) — PGLy,

where the two terms in the middle are the obvious semi-direct products.

Remark 6.4. As pointed out by Vistoli (Remark 11.4, [45]), the element p, depends
on the choice of the pth root of unity w. Indeed, one readily verifies that, for a
given choice of w and the corresponding p,, other choices of w, say w’, corresponds
to App for A running over (Z/p)*.

One readily verifies

Proposition 6.5. We have
AEPX;LP = Z[Ea W]/(Pfa@?)v

where & and 1, both of degree 1, are respectively the restrictions of the canonical
generators of Aa) and Azp via the projections.
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Let N¢,xu,PGL, be the normalizer of €, x p, in PGL,. The quotient group

Nc,xu, PGLy/Cyp X i, then acts on A*Cpxup, and the image of the restriction
Ape L, ~ Aa,x 1, 18 contained (and in fact equal to) the subgroup of invariance of

this action. Vistoli showed the following
Proposition 6.6 (Vistoli, Proposition 5.4, [45], 2007). The quotient group
NG, wp, PGLy/Cy X i

is isomorphic to SLy(Z/p). An element of SLy(Z/p) acts on Ag, ., by extending

> 7Z/pXxZ/p to a ring homomorphism. Furthermore, the ring
)SL2(2/P) s generated by

; : 1
its action on Ag, .,

of invariants (AZ, .,
q:= EpZip + np71(§p71 - T]pil)pil
and
= (et =P,

Vistoli constructed the class p, by lifting r successively via the restrictions as-
sociated to the chain of inclusions (6.1). In other words, we have

p+1 p+1
(6.2) Apgr, = AC xu,r P T

where the homomorphism is the obvious restriction. This is stated in Proposition
11.1 of Vistoli’s paper [45].
Here we present two steps in the lifting process:

Proposition 6.7 (Vistoli, Proposition 7.1 (d), [45], 2007). The ring homomor-
phisms
At xrPar,) = Arpar,) X A, xu,
and
He,wrpar,) = Hrpar,) X Hoyxp,
induced by the obvious restrictions are injective.
Proposition 6.8 (Vistoli, Proposition 8.1, [45], 2007). The localized restriction
homomorphism
( Z‘ple(PGLp))W ®Z[1/(p— DN = A¢ wr(par,) © Z[1/(p - 1)Y]
is an isomorphism. Here W is the Weyl group of Cp, x T(PGL,) in S, x T(PGL,).

The singular cohomology of C}, X p, also plays an important role.

Proposition 6.9. We have
HE o, = 21En, €1/ (06, 0, 06, CP)

where & and 1 are of degree 2, and are the images of elements in A*CpXMp denoted

by the same letters, via the cycle class map, whereas x1 is of degree 3.

Proof. Tt is standard homological algebra that we have

H*(BCy; Z/p) = Azyp(a) @ Z/pl¢]
and
H*(Bpy; Z/p) = Az (b) @ Z/pi]
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where a and b are of degree 1, and Az, means exterior algebra over Z/p, such that
the Bockstein homomorphism satisfies

B(a) = & and B(b) = 1.
Furthermore, we have
P (a) =0 and 2'(a) =0
following from the degree axiom of the Steenrod reduced power operations (Steenrod
and Epstein, [36]). Since £ and 7] are of degree 2, another axiom asserts
PHE) =& and 2 (1)) = 7.
The isomorphism
ngxup = Z[ga m, C]/(pfvpn7p<7 CZ)

follows from the Kiinneth formula. Indeed, we may define ¢ as the integral lift of
b — an. O

Let an integral cohomology class with an overhead bar denote the mod p reduc-
tion of this class. Using Cartan’s formula for the Steenrod reduced power opera-
tions, we define

r=BP'({) = B2 (&b — an) = B[Z" ()b — a2 ()]
=B(EPb — an®) = Py — &P,

which is the image of r € A’}‘gLn via the cycle class map. More generally for £ > 0

we have

k+1_q k+1_q

r = En(EP ) :B,@k@k_1~-~931(6),
where B is the connecting homomorphism H*(—;Z/p) — H**(—;Z) and ( is
the mod p reduction of (. By definition we have 1o = r. By Corollary 2.7 and
Proposition 6.9, we obtain the following

nP

Corollary 6.10. For k > 0, we have
e = PV (P,
in H*(B(C) % wp); Z/p), and similarly we have
o= PP (Pr1)
in AL «u, @ Z/p.
This leads to part (1) of Theorem 1.1, which we record as follows.

Proposition 6.11 ((1) of Theorem 1.1). For p an odd prime and p|n, we have
2(phtt

0#ypk € Hpgyp, U for all k> 0.
Proof. Consider the composition of inclusions of algebraic groups
(6.3) 0:Cyx pp C PGL, = PGL,,

which induces the restriction Hpq; — H, E‘px iy Here A is the diagonal inclusion.
It follows from Proposition 2.5 and Proposition 6.9 that the restriction takes y, x
to ri # 0, and we conclude. O

The following corollary plays an important role in the proof of Theorem 1.1. As
in Section 3, H [p] denotes Hf, localized at p.
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Corollary 6.12. For p an odd prime and p|n, the inclusion of the mazimal torus
A:T(PGL,) = PGL,, and the map 0 : Cp x p, = PGL,, give an isomorphism

2(p+1 ~ 2(p+1 n 2(p+1
H Do) 2 (Hy00) o) @ (HEPED) St @),

or equivalently
20p+1) 1 1 ~ ¢ 172(pF1 .
HEE D) = (H o) )™ @ (r).
The map \2?+D . H;(szn) — H;(gjglzn) 18 a split epimorphism with right inverse
¢ satisfying 2P+ = 0.

Proof. Tt is verified in the proof of Proposition 6.11 that we have 0*(y,0) = 7o,
giving an monomorphism

X0 (K(Z,3) L)) — Heb ).

The rest follows Corollary 3.9. O

The map ¢ detects the non-vanishing of p-torsion classes y, 1 € Hpgy, for some
T satisfying I(I) > 1. The following serves as a complement of Theorem 1.2.

Corollary 6.13. Let I = (0,1). Then for an odd prime number p and n satisfying
pln, the class y, 1 € Hpgyp, ts nontrivial.

Proof. By Proposition 2.4 we have
Yps = Bzpizy0) = B(PP P (21) - 21 (21)),
and by Proposition 6.9 we have
0 (yp.1) = 0" (B(P? P (71) - P (71)))

=B(2"2'(¢)- 2'(C))

=B(P? P (Eb — an) - 2" (€b — an))

==+ &) £ 0.

O

The essential ingredient of Vistoli [45] and Vezzosi [44] is the stratification
method. We adopt the following notation of a stratification from [45]: given an
algebraic group G and a (complex) G-representation V', a stratification of V is a
series of Zariski locally closed G-equivariant sub-varieties of V', say V4, Vs, -+, V4
such that each V<; := ., V; is Zariski open in V, each V; is closed in V<;, and
Vi = V\{0}. If we can obtain generators for some A% (V<;), then by induction on
1 and using the localization sequence

Ag(Viga) = Ag (Vi) = Ag(V<i) = 0

we obtain generators of Ag (V) = Af.

One of the advantages of working with stratifications is that it may enable us
to simplify the group G. For example, for any integer n > 1, consider the PGL,,-
representation sl,, of trace-zero n X n matrices on which PGL,, acts by conjugation.
Similarly, we have a representation D,, of the group I, := S,, x T(PGL,), defined
as the n x n diagonal trace-zero matrices, on which I',, acts by conjugation. Let
sl¥ (resp. D7) be the open subvariety of sl,, (resp. D,,) of matrices with n distinct
eigenvalues. Then we have the following
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Proposition 6.14 (Vezzosi, Proposition 3.1, [44], 2000). The composite of natural
maps
Apcr, (sl,) = Ar, (sl;) = Ar, (D7)
is a ring isomorphism.
Remark 6.15. Vezzosi stated this proposition only for n = 3, but his proof works

for any n > 1. Indeed, his proof is essentially an application of Proposition 4.5,
taking G = PGL,,, H =T,, and X = D}.

Based on Proposition 6.14, Vistoli proved the following more refined result when
n is an odd prime p.

Proposition 6.16 (Vistoli, Proposition 10.1, [45], 2007). The restriction A*PGLP —
Ay, sends the Chern class cp2_1(slp) into the ideal generated by the Chern class
cp—1(Dp) and the induced map

paL,/cp—1(sly) = Ar, [ep—1(Dp)
is a ring isomorphism after reverting (p — 1)!.
Indeed, via the localization sequences

cp2_q(slp)

PaL, par, = Apar, (sl,\{0}) — 0

and
Ay SO0 g s Ap (D0} = 0
we make the following identifications:
paL,/cp—1(sly) = Apgy, (slp\{0}),
Al*“p/cp—l (Dyp) = Al*“p (Dp\{0}).
Vistoli then showed the following

(6.4)

Lemma 6.17 (Vistoli, within the proof of Proposition 10.1, [45], 2007). All arrows
(obvious restriction maps) in the following diagram are ring isomorphisms:

Apar, (s5,\0}) —— Apgyr, (s1;)

| |

At (Dp\{0}) —— Ar (Dy).

The following lemma is also due to Vistoli, though not explicitly stated.

Lemma 6.18 (Vistoli, within the proof of Lemma 10.2, [45], 2007). Suppose that
W is a representation of Cp x T(PGL,), and U an open subset of W\{0}. Assume
that

(a) the restriction of W to Cp x p, splits as a direct sum of 1-dimensional
representations W = L1 ® Loy @ - - - @ Ly, in such a way that the characters
Cp X pip = C* of L;’s are all distinct, and each L;\{0} is contained in U,
and

(b) U contains a point that is fixred under T(PGL,).

Then the restriction homomorphism Ag, ., (W\{0}) = Ag, ., (U) is an isomor-
phism.
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Remark 6.19. Vistoli stated in Lemma 10.2, [45], that under these conditions,
the restriction homomorphism AEPMT(PGLP)(W\{O}) — A*C'I,MT(PGLP)(U) is an
isomorphism.

Lemma 6.18 has the following consequence that will be needed later. Recall the
I, -representation D,, and its open subvariety D. When p|n, consider D,, as a
Cp x pp-representation via the composition

Cp X pip = Cp x T(PGL,) — T, 25T,

where A is the diagonal homomorphism.

Corollary 6.20. For p|n, the restriction homomorphism
Cypxpy/ n=1(Dn) = Ag s (Dn\{0}) = Ag (D7)

is an isomorphism. Here cn,—1(Dy,) is the (n — 1)th Chern class of the Cp, X pip-
representation D,,.

Proof. Take W = D,,, U = D;,, and apply Lemma 6.18. O

7. THE SUBGROUPS OF PGL, OF DIAGONAL BLOCK MATRICES

Let W = (ny,---,n,) be a sequence of non-negative integers such that n =
> ;ni- Let GLw = [[,GLy,, viewed as a subgroup of GL, via the diagonal
inclusion, and let PGLy be the subgroup of PGL, of images of GLy via the
canonical projection.

In [44], Vezzosi proved the following

Proposition 7.1 (Vezzosi, Corollary 2.4, [44], 2000). All torsion classes in Apqy
are n-torsion.

In the rest of this section we prove a generalization of Proposition 7.1 as follows:

Proposition 7.2. Let W = (ny,---,n,) be an ordered partition of n, and let
ged(W) be the greatest common divisor of ny,--- ,n,.. Then all torsion classes in
Apgr,, are ged(W)-torsion.

Consider the C-algebra of n x n matrices M,,(C). For W as above, Let My (C)
be the sub-algebra of M, (C) of diagonal block matrices of the form

A 0 ... 0
0 A

. 0
0 ... 0 A,

such that A; is an n; X n; matrix.

The inclusion PGLy — PGL,, associates every PG Ly -torsor £ : E — X to a
rank n Azumaya algebra, i.e., an étale sheaf of algebras of n X n matrices, over the
base scheme X, which we denote by A(§) : A(E) — X. By construction A(§) has a
sub-algebra, at each fiber giving rise to the inclusion My, (C) < M,,(C). We denote
it by Aw(§) : Aw(E) — X. The inclusion of the ith diagonal block M, (C) —
My (C) gives rise to subalgebras of Ay (§) which we denote by A;(§) : A;(E) — X.
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An essential ingredient of Vezzosi’s proof of Proposition 7.1 is the modified push-
forward. Let f : Y — X be a smooth proper morphism of relative dimension r.
Then we have the modified push-forward

fy : AT(Y) = AY(X), a = [fu(en(Ty)a),

where f. is the usual push-forward, ¢,(Ty) the top Chern class of the relative
tangent bundle of f.

Lemma 7.3. Let f : Y — X be as above, and let F be the fiber of f over a
non-singular point. Then we have

fy 17 (a) = x(F)a
where x(F') is the Eular characteristic of F'.

Proof. By the projection formula of f, and f*, it suffices to f.(c,(T})) = x(F).
Since we have f.(c,.(F)) = x(F), it suffices to show that the diagram

A*(F) «——— A%(Y)

s I

A*(specC) +—— A*(X)

commutes, where the horizontal arrows are the pullbacks induced by the obvious
inclusions. But this is a standard argument which can be found in, for instance,
41.15, [35] . O

Proof of Proposition 7.2. Consider the restriction of the quotient map 7 : GLy —
PGLywy restricted to the canonical maximal tori, 7 : T(GLw) — T(PGLw). A
routine computation shows that the restriction n% is injective. On the other hand,
PG Ly is reductive since the adjoint representation of PG Ly is faithful and is
a direct sum of irreducible representations. By Proposition 4.10, the subgroup of
Apar, of torsion classes is the kernel of the restriction Apgy - — Agp,, - On the
other hand, given a class a € Apbg,, , the class 7°(), regarded as a universal
characteristic class, is defined by 7*(a)(n) = a(7), where 1 is a GLy-torsor and 7
is the projective bundle associated to 7.

Therefore, it suffices to show the following: If o € A}y, such that a(n) =0
for all GLyy-torsors 7, then we have n;«a(¢) = 0 for all ¢ and all PG Ly -torsors &.
We fix such an a.

Let £ : E — X be a PGL,-torsor over X which lifts to a PG Lyy-torsor via the
inclusion PGLyw — PGL,. Let g : P(E) — X be the associated Severi-Brauer
variety. Then the Azumaya algebra g*(A(&)) is isomorphic to End(n) for some n
dimensional vector bundle over P(E). In other words, the pullback PGL,-torsor
g*(&), regarded as a PG L,-torsor, lifts to a GL,-torsor via the quotient map. We
show that the PGL,-torsor ¢g*(&) lifts to a G Ly -torsor.

Without loss of generality, suppose that descent data for the lift of g*(£) to both
a PG Ly -torsor and a GL,-torsor are given by the same cover {U;};. We use the
notation U ,..;, for the intersection of U,,,--- ,U;,. Let {y;; : U;j; = GL,} and
{ij : Uij = GLw, tiji = Ujr — C*} be two choices of descent data for the
lift of g*(¢) to the GL,-torsor and the PGLyy-torsor, respectively. Here ¢;;; is
characterised by

(7.1) Yij(u)jn(u) = tijr(u)i(u), u € Uy



24 XING GU

Furthermore, let {X : U;; = GL,, Sjr : Ujtt — C*} be a morphism between the
two set of descent data above. More precisely, we have

(7.2) Pij(WAjr(u) = Ai(u), u € Uy,
and
(73) )\jk(u)z/)kl(u) = )\jl(u)sjkl(u), u e Ujkl~

It follows from (7.2) and (7.3) that s, is independent of j, and we will write sy,
instead. Therefore we have

(7.3) A (W) rr(w) = Nji(u)sgi(w), w € Ujpr.
By (7.1), (7.2) and (7.3’), we have
(74) skl(u)slm(u) = tklm(u)skm(u), u € Ukim-

Define ¢, : Up; — G Ly by ¢}, (u) = s;' (u)¢i(w). Then it follows from (7.1) and
(7.4) that the functions {¢},} give a choice of descent data of a GLyy-torsor that
reduces to the PG Ly -torsor g*(§) via the quotient map GLy — PGLy . By our
assumption for a we have

(7.5) a(g™¢) = 0.
On the other hand, the canonical projection PGLw — PGL,, gives rise to an
induced PGLy,,-torsor £ : E; — X, and the associated Severi-Brauer variety:

gi : P(E;) — X.
Furthermore, g; factors as follows:
P(E;) 2 P(E) & X
where h; is given by the inclusion
pri—t 5 prot [ag, - s an,—1] = [0, - ,ag, -+ ,an,_1, - ,0]

sending the coordinates to the n;—; + 1, -+, n;th entries. (By convention ng = 0.)
This fiber-wise inclusion passes to the total spaces since it is PG Ly -equivariant.
Applying (7.5) and Lemma 7.3, we have

nia(€) = x(P"Ha(€) = (g:)x9; (&) = (9:)#hig" (a(€)) =0,
and we conclude. O

8. THE PERMUTATION GROUPS AND THEIR DOUBLE QUOTIENTS

This section is a technical prerequisite for the construction of the class p, o €
A]?E}Ln, to be presented in Section 9. Throughout this section, n will be a positive
integer and p an odd prime divisor of n.

We take W = (nq,--- ,n,) such that n = )", n;, and let ng = 0 as in Section 7.
Then the canonical actions of Sy, on the sets {n;—1 + 1, -+ ,n;} identifies Sy =

Sna e my 1= Sp, X - x Sy as a subgroup of S,,.

)

Remark 8.1. In the context of this paper, particularly this and the next section, it
is sometimes helpful to regard the permutation group S,, as the subgroup of GL,,
of permutation matrices acting on column vectors e; that forms the canonical basis
of C:

e; = (0,---,0,1,0,---,0)7 (with ith entry 1)
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from the left. (Here “T” means transpose, of course.) More precisely, If s € S,
then as a permutation matrix, s satisfies

(8.1) s€j = ey(j)-

Yet in other words, the jth column of s is e,(;). We will freely let elements in S,
acts either on the vectors e;’s, or numbers 1 < ¢ < n, without further explanation.
For example, the subgroup S, ,,—, of S, consists of matrices of the form

A 0
0 B}’
where A and B are permutation matrices of dimensions p and n — p, respectively.

The following is a routine computation.

Lemma 8.2. Let W = (ny,---,n,) be as above and ng = 0 by convention. For
s € Sy, let F; be the set of vectors of the (n;—1 + 1)th to the n;th columns of s.
Then we have

(8.2) sSws b ={t e S,|t(F) =F;, forall1 <i<r}.
We proceed to study double quotients of the form Sw\S,/Spn—p-

Lemma 8.3. (1) The left quotient set Sy, /Spn—p is in 1-1 correspondence to
linear subspaces of dimension p in C™ spanned by vectors e;, or equivalently,
subsets of {e;}_, consisting of p elements.

(2) Let W = (ny,--- ,n,) be as above. The orbits of the canonical action of

Sw on the left quotient set S, /Spn—p are of the form Ok where K =

(k1,--- ,ky) is a sequence of non-negative integers summing up to p and

satisfies k; < n;. The elements of the orbit Ok are subsets of {e;}7_;

containing exactly k; elements of the form e; for n;_1 < j < n;. Therefore,
we have

SW\Sn/Sp,n—p = {DK|K = (kh T akT)70 <k < ni7zki zp}.

Proof. In view of Remark 8.1, the left quotient S,,/Spn—p is very similar to the
construction of Grassmannians in, for example, Chapter 4 of Switzer [37]. Indeed,
one readily verifies that two permutation matrices A, B € S,, represents the same
coset in S, /Sy n—p if and only if the first p columns of A and the first p columns
of B span the same set of vectors in C™, and it follows that the left quotient
set Sy /Spn—p is in 1-1 correspondence to sets of vectors of the form e; having p
elements.

For the assertion on the double quotient, simply observe that the canonical left
action of Sy on S, /Sy n—p by permuting the jth rows for n;,_1 < j < n; and
1 <4 < r. More precisely, let L be an n X p matrix of p column vectors of the form
e;, and let [L] be the set of column vectors of L. Then we regard [L] as an element
of S,/Spn—p. Let 0 € Syy. Then o is represented by a n x n permutation matrix
of the form

o1
(8.3) o=
Or

where o} € S, permutes ey, ,+1, - , €y, by left multiplication, for 1 <+4¢ <r, and
ng = 0.
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Suppose in [L] there are exactly k; element of the form e; for n,_; +1 < j <mn;.
Then the same is true for [oL]. Conversely, for [L],[L] both having exactly k;
element of the form e; for n;—1 + 1 < j < n;, we may choose o; € Si, permuting
€ni_1+1," " s€n, in such a way that we have oL = L/, where o is as in (8.3). O

Let W = (nq,- -+ ,n,) be as above. In view of Lemma 8.3, we identify the double
quotient Sy \Sy/Spn—p with the orbits Ox. We need the following notation for
the next lemma. Suppose F' is a subset of {1,---,n} and W is as above. Let m;
be the cardinality of the set F'(\{n;—1 +1,---,n;}, and let

(8.4) W/F = (my,n1 —mq,Ma, N2 — Ma, -+, My, Ny — M)

Lemma 8.4. Let s € S, of which the first p columns form the set e(F) = {e;|i €
F}. Then we have

(8.5) 5Spn_ps ﬂSW ={t € Swlt(e(F)) =e(F)}.
In particular, we have a group tsomorphism
sSp’n,ps_l m Sw = SW/F~

Proof. Equation (8.5) follows immediately from Lemma 8.2. For the second state-
ment, it suffices to observe that sSp,n_ps_1 () Sw is the subgroup of S,, which acts

separately on the sets {en, ,+1, " ,en, t () e(F)and {en,_ 41, - ,€n, } —€(F), such
that on each of these subsets the action is transitive. After perhaps re-ordering F,
this yields Sy, p, and we conclude. O

9. THE TORSION CLASSES pp,x IN Apgy

We are finally prepared to construct the promised torsion classes ppr € Apgy, -
When n = p, the class p, o is simply the p, in Theorem 6.1.

Throughout this section, p will be an odd prime and n a positive integer such
that p|n.

As in [45], we first take T',, = S,, x T(PGL,) as an avatar of PGL,, and then
apply the localization sequence of Chow groups to obtain the desired result for
PGL,. Since we consider I';, as a subgroup of PGL,, in the obvious way, elements
in it are represented by n X n matrices such that in each row and column there is
exactly one nonzero entry.

Recall the subgroups Sy of S;, defined in Section 8. In particular we consider
S(py where we have

(p) = (p,p,"+~ . p)
the series with n/p copies of p.

In the obvious sense we take the subgroup I'y := Sw X T(PGL,,) of T',. Then
elements in I'¢,y and T, are represented respectively by block matrices of the
forms

Ay
9.1)

n/p
and

9.2) [‘g g]



SOME TORSION CLASSES IN A%g, AND Hpg 27

with A (A;), B square matrices of dimensions p and n — p, respectively. We have
the following group homomorphisms

A
(9.3) Iy = Tpnplor ), A
A
and
A 0
(9.4) Lpn—p =T, [O B} — A,
and
Ay
F(p) *)Fp, F—)Al,
An/p

where A, B are as in (9.2). One readily observes that the composite of the ho-
momorphisms above gives the identity of I',, which allows us to define p-torsion
classes pj, € Ap+1 and pp € Ap+17p as follows:
p+ p+1 p+1

(©.5) A% GL —>AFP — Ap A

Pp '—>Pp A pp?
where p, is given in Theorem 6.1, and the second arrow is induced by the homo-
morphism (9.4).

In particular, let p, € Ap 1 be the restriction of Pp € Af;&le, then there is a

p-torsion class, say py, in Aer1 _ that restricts to pj, € A’lijl. On the other hand,
recall that we have, besides the restriction res&, the transfer

trg Ay — A%

associated to a monomorphism H — G of algebraic groups of finite index.

Moreover, permuting the diagonal blocks of I'(,,) yields inner automorphisms of
). Let s € I',) be any permutation taking the kth diagonal block to the 1st,
by multiplication from the left.

Proposition 9.1. Let n and p be as above. Let u € A*p . be the tmage of some
p-torsion class via the restriction from Apqy, . Then we have

n/p
Ty p,n— p Tpn—p
resp trF E Vs TESp (u),

where s, 15 the homomorphism induced by the congugation action of s.

Proof. Throughout this proof we identify the double quotients
L) \Ln/Tpn—p = Sp)\Sn/Spn—p-

Let u € Ap | be the image of a p-torsion class via the restriction from Apq, .
We apply Mackey s formula (Proposition 4.4) to the class v with G = T, H =
[yn—p and K =T, to obtain

ry Lpn—p — anfp SKFP,nfp“;;{l
(9.6) resp - trp? (u) = E trpy respx 7 s ().
K=(k1, kn/p) '
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In this formula K runs over sequences of nonnegative integers (ki,--- , ky /) sum-

ming up to p (this uses Lemma 8.3, (2)), and Fffn_p

K _7 -1
Fp,n—p T SKFPJL—PSK ﬂF(P)’

where sk is a representative of the double coset indexed by K.
The choice of sk is not essential. Nonetheless we make a normalized choice as

denotes

follows. For the sequence K = (ki,--- ,ky/p), consider the set
n n n
Kl={l(i—1)= <j<(i—1)—+ky,i=1,2-,-}
K| = {jl( )p ( )p p}
We assert that for 1 <1 < p, the [th column of sx is the [th element of
{e;li e |K[}
with the ascending order in j. By Lemma 8.4, we have
(9.7) Don—p =L)/1x)s

where the notation (p)/|K| is defined in (8.4).
We proceed to consider the class

K —1
(9.8) by et ()

p,n—p

for each K. Suppose K is not of the form (0,---,p,---,0), then the sequence

(p)/| K| contains some positive entry less then p. It then follows from Proposition

7.2 that the ring Apq Ly CONEAINS 10 nontrivial p-torsion class. However, the

restriction from Apn,  to Af
p,n—p

L)/
the class in (9.8) vanishes. Therefore we have

r Tpn— L(p) /| K| sKkTpn psy
9.9 res.” -tr”" TP (u) = E tr -res K u).
(9.9) Py "Ta (u) Cip) LCpy/x Vsx (1)
K=(0,p,0)

factors through Apqp =, and by (9.7

When K = (0,---p,---0), one observes that (p)/|K| is (p) with some 0’s inserted
in it. Therefore we have I'(,) /x| = I'(p) and (9.9) further reduces to

-1
ry Tpn—p _ Sklpn—psSy
res -tr u) = E res u).
Py T (u) Lpy/1K] Voxc (1)
K=(0,-p,0)

For K = (0,---p,---0) of which the kth entry is p, we may take s = sk. Since
the inclusion commutes with conjugations, we conclude. O

Corollary 9.2. If p? t n, then there is a p-torsion class p;,o € A{i:l that restricts

to pj, € Azf:l via the diagonal inclusion.

Proof. Recall that in (9.5) we define classes p), € A?‘:l and pj € A{ljiip. By defi-
nition pj, is the restriction of some p-torsion class in A% 1, Taking the restriction
along (9.3) shows that pj is the restriction of some p-torsion class in Apcr, - 1t
follows from Proposition 9.1 that we have

r o r
(p) , L | pn—p( I\ _ (p) , . pn—p( I
resp " -respe -t (Pp) = E resp” g, - tesp (Py)-

P n P
k=1
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Since permutation of the diagonal blocks acts trivially on the image of the diagonal
inclusion from I', to I'(,), we may ignore the 7, ’s and the above reduces to

n/p
res?: -tr;p’"““ (py) = Zresgj"_”(u) = %res?” () = %p;.
k=1

n P

Since we have p? f n and the class p;,’ is p-torsion, we may take

n,_— Lpon—

Ppo = (=) THrpl " (o))

p

and it is as desired. O
In particular, Corollary 9.2 indicates that the composition of inclusions
Cp x pp =T 5T,

induces the restriction

(9.10) A = AL s P T =EnEPT =P,

We proceed to construct the promised classes p,; € AIJ;E}LH for £ > 0. Recall
that we have the diagonal map A : PGL, — PGL, and the cycle class map
cl: Ay, — HZ" for any algebraic group G over C.

Lemma 9.3. When p® { n, there is a p-torsion class p,o € A’;DZ}L" satisfying
A*(pp,o) = pp and cl(pp,0) = Yp,o0-

Proof. For n = p there is nothing to show. We therefore assume n > p for the rest
of the proof. We will necessarily consider both ypo € Hpgy, and ypo € Hpgy, -
To avoid ambiguity we denote them by y, 0(p) and yp 0(n), respectively.

Consider the following commutative diagram

* *
PGL, Cp X ip

(9.11) if* i

AF\’VL
o
@
Apar, (1) —— Ap (D) —— Ag, ., (D7)
in which all arrows are the obvious restrictions. The vertical arrows are surjective,
due to the localization sequences, and ¢ is an isomorphism, due to Proposition 6.14.
Therefore, we have a class pp o € Af;Ean satisfying

(9.12) o f* (Pp0) = 9" (Pp0)-

It follows from Corollary 6.20 that the vertical arrow of (9.11) on the right hand
side is an isomorphism in degree p + 1, and a diagram chasing therefore shows
that p, o restricts to r = &n(¢P~1 — nP~1). On the other hand, in the following
commutative diagram

* A* *
PGL, PGL,

>~

*
Cp X pp
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there is a unique torsion class p, € Apgy, sent to r, a consequence of Theorem 4.6,
Proposition 6.7 and Proposition 6.8. It then follows that we have

(9.13) A (o) = Py

In fact, we would have been able to define the class p, o to be py o, if pp o were
known to be a torsion class. Roughly speaking, the torsion class p, o is to be
constructed by “annihilating the non-torsion part of p,o”. In what follows we add
the subscripts “A” and “H” to the conventional notations to indicate whether they
are meant for Chow rings or singular cohomology.

Recall the notations A% [p] and H [p] for localization at p. Let A : T(PGL,,) —
PGL,, be the inclusion of the chosen maximal torus. Then we have the induced
restrictions

it Aper, [Pl — ( ;“(PGLH)[p])Sﬂ
and

Nt Hpgp, [Pl = (Hipar, [P)°"
It follows from Corollary 6.12 that the latter is surjective in degree 2(p + 1). As
for the former, we denote the image of A by Aj[p], a subring of (A% pgy. ) [p])n
Consider the diagram

da
T T
+1 +1 A +1
AL, e Al ) —2 s A7)

(9.14) %dl lclo }12

2(p+1 2(p+1 A% 2(p+1
HES) g Hpbn! Wl —"» (Hylpar, )
~_
oH

which is commutative apart from the bent arrows. where the vertical arrows are
the cycle class maps and the horizontal ones are the restrictions. The arrow A%
is surjective by construction, and A} is a split epimorphism with a right inverse
¢n satisfying 07,05 = 0, as shown in Corollary 6.12. The map cly is injective by
Corollary 4.8. The map cl; is an isomorphism, by Proposition 6.5 and Proposition
6.9.

Since AZI"Irl [p] is a free Z,)-module, we have a homomorphism ¢ 4 of Z,)-modules
as indicated by the dashed arrow in (9.14), which is a lift of ¢ cly along cly. In
other words, we have clyp ¢4 = ¢gcly. It follows that A% is a split epimorphism
with right inverse ¢ 4. To show this, notice that we have

clo Nypa = Ay clopa = Apyou cly = cly,
which yields A} ¢4 = id, since clp is injective.
Define pp0 := ppo — ¢aX(pp,o). Therefore
Aa(Pp,0) = Na(Pp,o = daXa(Ppo)) = Na(Pp0) — Na(Pp,o) = 0.
Since
Ayt Apgr, ®Q — (A*T(PGLn))S” ®Q
is a ring isomorphism (Corollary 4.11), it follows that p, ¢ is a torsion class. Fur-

thermore, by Proposition 7.1, the class p, ¢ is n-torsion. Since we have p? { n and
we are considering the p-local case, the class p o is p-torsion.
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Since we have 03¢y = 0 and cl; is an isomorphism, we obtain 6% ¢4 = 0. Now
it follows from (9.13) that we have
PGL X
TeSC iy A*(pp,0) = 04 (pp0)
* (o~ * * (o~ PGLy
=04(Pp.0 — ¢aXa(Ppo)) = Oa(ppo) =7 = TeScy, Xy (pp)-
Since A*(pp,0) is a torsion class, and by Proposition 6.3, p, is the only torsion class
in Apgy, restricting to r, we have A*(py0) = pp.
On the other hand, we have

0% clo(pp,0) = cli 04 (Pp.o0 — daNA(Pp,0)) = cl1 04 (pp,o) =T

Therefore we have cly(pp0) € (63) ! (r). However, by Corollary 6.12, we have the
isomorphism

2(p4+1) 1 1 ~o 7 172(p+1 o 201
Hpbr) )= (Hylpgy, )™ & (HEE L) ¥

= (Hylra) )5 & (),

which interprets the restriction 2(®+1) . H?_,(gﬁ) [p] — Hé(ppj ;p) as the projection
onto the second summand. Therefore there is only one torsion class in (8%)7(r),
which is yp, 0(n). Hence we have cl(pp.0) = clo(pp,0) = yp,0(n).

O

What remains to complete the proof of Theorem 1.1 is the construction of the
p-torsion classes pp . for k > 0, which is presented in the following

k41
Lemma 9.4. For p*> { n and k > 0, there are p-torsion classes Ppk € A’I’,Gle

satisfying cl(pp k) = Yp k-

Proof. Let us recall that for the short exact sequence 0 — Z,, RaiN Ly = L[p — 0,

there is an associated long exact sequence of motivic cohomology groups as given
in (5.2)

B )t xXp R it B +1,t xp
B H}SDGL,L [p] — HISDGL,,L [p] — HISDGL" (p) — HISDGL,,L [p] = ---.

Hence, a class a € Hf;&lLtl [p] is a p-torsion class if and only if a = B(b) for some

be H Is;,’g L. (p).
Therefore, we have b, o € H%?;;Lp+l(p) satisfying B(b,0) = pp,0- By Proposition
5.1, we have

(9.15) B -cl(byo) =cl-B(bpo) = cl(pp,0) = Yp,0-
Now we consider the group H 22, Ll ]. Theorem 1.2 of [18] asserts that the torsion

subgroups of HII‘;GLH [p] are 0 for 3 < k < 2p + 2. On the other hand, the rational
cohomology ring Hpgp  ® Q concentrates in even degrees. Therefore we have

(9.16) Hpgy, ] =0,
from which we deduce that the Bockstein homomorphism
(9.17) B HYS (0) > HEE VD)

is injective. The class cl(bp o) is determined, by (9.15) and (9.17), as the unique
class in B~!(yp,0). This class has been mentioned before. Recall that in Section 2
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we define classes x, € H2pk+1+1(K(Z, 3);Z/p) for k > 0, satisfying B(p k) = Yp.k-
As before, we denote by z, ; the image of itself via the map
% k+1 k+1
X HP UK (Z,3):2)p) — Hilp, T (),
omitting the notation x*. Therefore, we have
(918) Cl(bpp) =Xpo = yl(i‘l).
Inductively, we define
k k

bp,k = ypk (bp,k—l) S HJQDPGX:FLP s

and

- 2" P2t R
ppe = Bbpk) € Hpgp, = Apcr, -

We verify cl(bpx) = xp . For k = 0, this follows from (9.18). By induction on
k, we have

A(bps) = - (bps1) = PP by 1) = PP (Tph_1) = Tp .
Therefore we have
cl(ppx) =cl-B(bp ) = B - cl(bp k) = B(zpr) = Yp k-
]

Remark 9.5. The proof above together with the Adem relation (5.3) show that we
have

S (Bpk-1) = Dpi-
We proceed to give a corollary of Theorem 1.1.
Corollary 9.6. For singular cohomology, the composite of the restrictions
O3 Hpar, = Hpar, = He,x,,
pFti—1 _ np’““—l)

takes yp 1 to €n(§
¢

, and x1 (the canonical generator of H?;,GLP) to

For the Chow ring, similarly, when p* { n, the composite
* * A" * *
0% : Apar, — Apar, = Ac, xu,

takes pp i to §n(§pk+l’1 - anl’l).

Finally, when n = p, the homomorphism HI*DGLP — Ha,xu,, (resp. A};GLD —
Aépxu,]) restricts to a monomorphism on the subalgebra generated by {yp k}r>0
(resp- {pp.k}r=0)-

Proof. In the case n = p, it follows immediately from Vistoli’s work, as given in

. at the class p, o restricts to P e construction of p, ;. via

6.2) that the class p, ¢ restricts to En(€P~1 —nP~1). By th truction of p, x vi

the Steenrod power operations, the classes p,, j restrict to §n(§pk+1_1 — npkt:_l).
+1_q

Applying the cycle class map, one sees that the classes y,  restrict to £n(&? —

k41 A
n?" " ~1). Since we have

Ypo = BP (1), (e —nP7h) = BL(Q),

the class 1 restricts to (.
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The general case follows since the diagonal map A : PGL, — PGL, restricts
Ypk € Hpgp, to ypr € Hpgy and x1 € Hpgp, to 21 € Hpgy, , and when p?{n,
the analogous statement can be made for pp, j.

The last paragraph is immediately deduced from Proposition 6.3. (|

10. CLASSES NOT IN THE CHERN SUBRING OF Apqp

Let G be a complex algebraic group. Recall that in the introduction we men-
tioned the refined cycle class map

c: AL — MU*(BG) @pyu- Z.

In [41] (page 2), Totaro conjectured that for G such that the complex cobordism
ring of BG is concentrated in even degrees after tensoring with Z,), for a fixed odd
prime p, the map clis an isomorphism after tensoring with Z ).

On the other hand, in [28], Kono and Yagita showed that for p = 3, the Brown-
Peterson cohomology ring BP*(BPGLg) is not generated by Chern classes. This
implies that, if Totaro’s conjecture holds for G = PGL3 and p = 3, then the
localized Chow ring A%y . ®Z3) is not generated by Chern classes. This is verified
by Vezzosi in [44]. More precisely, he showed that the class ps is not in the Chern
subring. In [39], Targa showed that the same holds for any odd prime p. In
[26], Kameko and Yagita showed a stronger result for H*(BPU,;Z), which easily
generalizes to Apgy, and Hpgp, .

As a generalization of these results we have the following

Theorem 10.1 (Theorem 1.3). Letn > 1 be an integer, and p one of its odd prime
divisor, such that p*> t n. Then the ring Apgp © Zy) is not generated by Chern
classes. More precisely, the class p;,o is not in the Chern subring for p — 1 t14.

Proof. Recall that g, 0 € H*P*V(BPU,;Z/p) denotes the mod p reduction of g, o.
As mentioned above, in [26], Kameko and Yagita show that g;m for p— 1144, is not
in the Chern subring of H2(P+Y)(BPU,;Z/p). Since Yo € Hpgy, is a p-torsion
class itself, it is not in the Chern subring of Hp L, Applying the cycle class map,
we see that similarly p;) is not in the Chern subring of A% L,

On the other hand, it follows from Lemma 9.3 that we have A*(p!, ;) = pl,, where

A : BPGL, — BPGL,

is induced by the obvious diagonal map. It then follows that p;,o is not in the
Chern subring. O

Remark 10.2. In [26], Kameko and Yagita considered the class QoQ122 where o is
a generator of H*(BPU,;Z/p), and Qo, Q1 are among the Milnor basis constructed
in [31]. It follows from the argument in Remark 2.8 that we have g, 0 = QoQ122.
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