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and fundamental groups of complements of plane curves
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§0. Introduction

In this paper, we formulate and prove a weighted homogeneous version of Zariski’s
hyperplane section theorem on the fundamental groups of the complements of hypersur-
faces in a complex projective space, and apply it to the study of =, (P* \ C), where C C P?
is a projective plane curve. The main application is to prove a comparison theorem as
follows. Let ¢ : P> — P* be the composition of the Veronese embedding P? < PV and
the restriction of a general projection PV .. 5 P2 Our comparison theorem enables us
to caleulate m; (P? \ ¢~!(C)) from m (P* \ C). In [14] and [16], Zariski studied some pro-
Jective plane curves with interesting properties. An example is sextic curves with 6 cusps.
Zariski showed that the fundamental group of the complement depends on the placement
of the 6 cusps. Another example is the 3-cuspidal quartic curve, whose complement has
a non-abelian and finite fundamental group. This curve is the only known example with
this property. Using the comparison theorem, we derive infinite series of curves with these
interesting properties from the classical examples of Zariski. As another application, we
shall discuss a relation between 71 (P* \ C) and 7;(P? \ (C U L)), where Lo, is a line
intersecting C transversely.

Let ¢y, ..., zp be variables with weights
degzy =dy, ... ,degz, =d,,
and let F(zy,...,z,) be a non-zero weighted homogeneous polynomial of total degree

d > 0. Suppose that n > 2 and d; > 0 for ¢ = 1,...,n. In the affine space A" with affine
coordinates (z1,...,2,), the equation F' = 0 defines a hypersurface & C A™. We let the
multiplicative group G,,, of non-zero complex numbers act on A" by

A (21,0 02m) = (M@, A2,)  for A€ G (0.1)

This action leaves the complement A" \ ¥ invariant, because F is weighted homogeneous.
Thus we have a natural homomorphism

m(Gm) — m(A"\Z). (0.2)

Note that the image of (0.2) is contained in the center of m; (A" \ ¥), so that we have
the cokernel of this homomorphism. We fix a projective plane P* with homogeneous
coordinates (& : & : £2). Let f; be homogeneous polynomials of degree d; in (o, &1, &2) for
t=1,...,n. We denote by f the n-tuple (f1,..., fn). The polynomial

Fy(€o,61,€2) = F(f1(€0,61,62),. .., falbo,&1,62))
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in the variables ({o,£1,£2) is then homogeneous of degree d, and Fy(&p,1,€2) = 0 defines
a subscheme of P?, which we shall denote by C s. Unless Fy is constantly zero on P?, C I
1s a projective plane curve of degree d.

Theorem 1. Suppose that ¥ is reduced. If fy,..., f, are general, then m (]P’2 \ Cy) is
isomorphic to the cokernel of the natural homomorphism (0.2).

Consider the case when di = - = d, = 1 and n > 2. Then F = 0 defines a
hypersurface ¥ in the projective space P*~! with homogeneous coordinates (z; : ... : ).
In this case, the action (0.1) of G,,, on A" \ T is fixed-point free, and the quotient space
(A™\ ©)/G,, is isomorphic to P* ™' \ T. Hence the cokernel of the homomorphism (0.2) is
isomorphic to 71 (P*" "'\ T). On the other hand, if fy,..., f, are general linear forms, then
Cy is the pull-back of T by the linear embedding ¢; : P* < P"~! defined by v zi = fi
Hence Theorem 1 is nothing but the classical hyperplane section theorem of Zariski [15] in
this case. This justifies us in calling Theorem 1 a weighted Zariski’s hyperplane section
theorem.

Let fo, f1, f2 be general homogencous polynomials of degree k in (£s,&1,&2). We
consider the branched covering ¢ : P* — P? of degree k? defined by

(bo:&1:&2) — ( folbo,&1,62) : fi(€o,&r,€2) : fa(bo,&n,&2) ).

Suppose that we are given a reduced projective plane curve C C P? of degree d. Using The-
orem 1, we shall show that, when fy, f, f2 are general with respect to C, the fundamental
group 71 (P?\ ¢~1(C)) can be computed from 7;(P? \ C) in a simple way.

We define the linking number map

¢ mP*\C) — Z/(d)

as follows. It is well known that H;(P?\ C,Z) is naturally isomorphic to the cokernel of
the direct sum of the restriction maps

H(P*,Z) "™ HYC,Z)® - @ HY(C,,Z), (0.3)

where C1, . .., C, are the irreducible components of C (cf. [4, §8] ). Let e; € H*(C;,Z) = Z
be the positive generator, which is the Poincaré dual of a point on C;, and let [L] €
H?*(P*,Z) = Z be the positive generator, which is the Poincaré dual of a line. Since C
is reduced, we have r;([L]) = (deg C;) - e;. Because d = degCy + --- + deg C,, the maps
e; — 1 mod d induces a well-defined homomorphism from the cokernel of (0.3) to Z/(d);
e, Hi(P*\ C,Z) —» Z/(d). The map ¢ is then defined to be the composition of this
homomorphism with the Hurwicz map = (P* \ C) — H,(P?\ C, Z).

We can define £ in the following different way. Let [a] € m(P? \ C) be an element
represented by a loop a : §' — P?\ C. Since m;(P?) = {1}, there exists a continuous
map B : D — P2 from D := { z€C ; |z| <1} to P? such that 8 = a. By a small
deformation of 8 homotopically relative to the boundary, we may assume that the image
of # intersects the curve C transversely. Let Im - C be the intersection number. Since
the intersection number of any element in Ho(P?,Z) with [C] € Ho(P?,Z) is divisible by
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d, the number Im 3 - C modulo d is independent of the choice of 8. We define £([a]) to
be Im 8- C mod d € Z/(d). From this definition, we can call £([«]) the linking number
of the loop o around C. It is easy to see that this definition coincides with the previous
definition.

We define the extended linking number map by

~

¢ Zxm(P’\C) — Z/(d)
(v, [a]) —  {([a]) — v mod d.

Theorem 2. Let C C P? be a reduced curve of degree d. Suppose that fo, fi and f;

are general homogeneous polynomials of degree k in (§o,&1,€2). Then m (P \ o~ 1(C)) is
isomorphic to Ker ¢/((kd) x {1}).

Corollary 1. Suppose the same assumptions as in Theorem 2.

(1) The fundamental group w1 (P? \ =1 (C)) is a central extension of m (P* \ C) by
Z/(k). In particular, if m(P? \ C) is finite, then m;(P? \ ¢~1(C)) is also finite of order k
times the order of m; (P*\ C).

(2) The fundamental group m (P? \ ¢~'(C)) is abelian if and only if so is  (P*\ C).

Remark that, when fo, fi and f, are general, the morphism ¢ : P? & P? is étale
over a Zariski open neighborhood of the singular points of C. Hence, for example, if the
singular locus Sing C' consists of § nodes and & cusps, then the singular locus of ¢~1(C)
consists of k2§ nodes and k%« cusps.

Examples.

(1) Zariski pairs. A couple of reduced projective plane curves C; and C; is said to
make a Zariski pair if they satisfy the following conditions [1]; (i) deg C1 = degCs, (ii)
there exist tubular neighborhoods T'(C;) C P? of C; for 1 = 1,2 such that (T(C1),Ch)
and (T(C;), C,) are diffeomorphic, and (iii) the pairs (P?, C}) and (P?,C,) are not home-
omorphic. That is, the singularities of C; and C, are topologically equivalent, but the
embeddings C| — P? and C; — P? are not topologically equivalent.

The first example of Zariski pair was discovered and studied by Zariski. In [14] and
[16], he showed that there exist projective plane curves Cy and C; of degree 6 such that
Sing C; consists of 6 cusps lying on a conic, while Sing C; consists of 6 cusps not on any
conic, and that m; (P?\ C)) is isomorphic to the free product Z/(2) * Z/(3) of cyclic groups
of order 2 and 3, while m, (]l”2 \ C7) is cyclic of order 6. Thus Cy and C; make a Zariski
pair. (See also [8].) After this example, only few Zariski pairs have been constructed (cf.
1], [12)).

Let Cy(k) and C,(k) be the pull-backs of the sextic curves Cy and Cy above by the
covering ¢ : P* — P* in Theorem 2. Both of them are of degree 6k, and each of their
singular loci consists of 6k% cusps. Combining Corollary 1 (2) with Zariski’s result, we see
that 7, (P? \ Ci(k)) is non-abelian, while m; (P* \ C2(k)) is abelian. Thus we obtain an
infinite series of Zariski pairs C'(k) and Cy(k).
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(2) Pull-backs of the three cuspidal quartic. Let Co C P? be a curve of degree 4 with
3 cusps and no other singularities; for example, the curve defined by

y? +y* 2 + 2% — 2zyz(z +y +2) = 0.

In fact, it is known that any three cuspidal quartic curve Cy is projectively isomorphic to
the curve defined by this equation [2]. This curve was discovered and studied by Zariski
in [14]. (See also [3, Chapter 4, §4].) The remarkable property of Cy is that m; (P \ Cyp) is
isomorphic to the binary dihedral group of order 12. Other than this three cuspidal quartic,
there have been no examples of projective plane curves C C P? such that m(P*\ C) is
non-abelian and finite. '

Let Co(k) be the pull-back of Co by ¢ : P> — P? in Theorem 2. Then Cy(k) is of degree
4k and Sing Co(k) consists of 3k? cusps. By Corollary 1, m (P? \ Co(k)) is non-abelian and
finite of order 12k.

In the forthcoming paper [11], we will construct other examples of such curves.

(3) The fundamental group m (P*\ C, 41). Let p and q be positive integers prime to
each other, and let f and ¢ be general homogeneous polynomials in (£, &1, €2) of degree pk
and gk, respectively, with & > 1. We define C; 4 & to be the projective plane curve of degree
pqk defined by f9 4 ¢g? = 0 (cf. [5]). The fundamental group of U := A%\ {z?+y? = 0} is
well-known (cf. {3, Chapter 4, §2]), and the homomorphism from 71(G,) to 71 (U) induced
by the action of G,, on U with weights (pk, gk) on variables (z,y) can be easily described.
Then, from Theorem 1, we see that 7 (P? \ Cp,q,k) is isomorphic to

{ aybyc | a?=bP=¢, cF=1).

Some parts of this fact have been already proved; by Zariski [14] when p =2, ¢ = 3 and
k =1, by Turpin [13] when p =2, ¢ =3 and k£ > 1, and by Oka [7] and Némethi [6] when
p,q are arbitrary and k& = 1.

As another corollary of the proof of Theorem 2, we will show the following:

Corollary 2. Let C be a reduced projective plane curve of degree d, and let Lo, be a
general line. Then the fundamental group m1(P* \ (C U Loo)) of the affine part of P* \ C
is isomorphic to Ker £. In particular, 7 (P* \ (C U Loy)) is abelian if and only if so is

T (IP2 \ C) '
Oka raised the following problem:

Question. Let Cy and Cy be projective plane curves such that = (P*\ Cy) and m (P?\ C»)
are isomorphic. Let L be a general line. Then are the fundamental groups m, (P?\ (C; U L))
and m (P? \ (C2 U L)) isomorphic?

Suppose that €y and C, are reduced and irreducible. If the isomorphism H; (P?\ C;,Z) &
H,(P?\ Cq,Z), induced from the given isomorphism 71 (P? \ C;) = = (P? \ C;) via the
Hurwicz homomorphism, maps the positive generator of Hy(P? \ Cy,Z) to the positive
generator of Hy(P?\ Cy,Z), then the answer is affirmative because of Corollary 2.
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The main tool of the proof of Theorem 1 is [10, Theorem 1]. A similar idea was used
to calculate m(P? \ C,4.1) in [10, §4]. Theorem 2 is proved by applying Theorem 1 to
the case when n = 3, dy = d; = d3 = k, and F 1s the homogeneous polynomial defining

C c P

Independently from us, Oka [9} also composed examples of projective plane curves as
our examples (1) and (2) above. As our method, his construction makes use of the covering
of the plane, but not of the projective plane as ours, but an affine part of it. The curves
he constructed have singularity of different types from our examples. The method of proof
is also quite different.

Acknowledgment. The results of this paper have been obtained in an effort to answer
various problems discussed at the workshop on “Fundamental groups and branched cover-
ing” held at Tokyo Institute of Technology on December 1994. The author thanks to the
Professor M. Oka for inviting me to this workshop, and for stimulating discussions.

§1. Proof of the weighted Zariski’s hyperplane section theorem

We consider P? as the space of 1-dimensional linear subspaces in a 3-dimensional linear
space V with linear coordinates (&, ¢;,€2). Let

A= HOP? O(dy)) x -+ x H°(P?,O(d,))
be the space of all n-tuples f = (f1,..., fn). Then we have a natural morphism
v : VxA — A"

( (éOaﬁlaﬁZ)a (fla'“afn) ) — (f](£0a£15'£2)1 cee fn(§07§]7£2) )

Let W C V x A be the pull-back of £ C A™ by ¥. Since F is weighted homogeneous, we
can make G,, act on the complement (V x A) \ W by

’\'((50:51:52),(f11""fn))= ( (/\507’\51:)\62)5 (fls---vf‘n) ) where )\eGm (]-]-)

The morphism

& : (VxA\W — A"\,

which is the restriction of ¥, is equivariant under the actions (0.1) and (1.1) of G,, on
each side. Let W C P? x A be the divisor defined by

F(f1(€0:&1,62)5 -5 fal0,61,62)) =0,

which is the universal family of the subschemes {C}sea of P? parameterized by A. The

action (1.1) of G, on (V x A)\ W is fixed-point free, and the quotient space is nothing
but the complement (P? x A) \ W. Hence we get a commutative diagram

1n1(Gm) — m((VxAH\W) —  m((P*x A)\W) — {1}  (exact)
] 1@,
1 (Gm) — m (A" \ ) — the cokernel of (0.2) — {1} (exact).
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On the other hand, the complement P?\ C; is the fiber over f € A of the second projection
(P? x A)\ W — A. Hence Theorem 1 follows from the following two claims.

Claim 1. The homomorphism ®, : m;((V x 4) \ ﬁ;) — m (A" \ L) Is an isomorphism.

Claim 2. The inclusion P? \ C; — (P* x A)\ W induces an isomorphism on the
fundamental groups when f € A is general enough.

Proof of Claim 1. Note that {oy} x A CV X A is contained in W, where oy is the
origin of V. Using the homotopy exact sequence, we can verify Claim 1 by proving that
the restriction of ¥ to (V \ {ov}) x A gives (V \ {ov}) x A a structure of the locally trivial
fiber space over A" with simply connected fibers. Note that the restriction of ¥ to {v} x A
is a surjective affine linear map from {v} X A = 4 to A" for any point v € V \ {oy}. For
arbitrary points v € A" and v € V \ {ov}, the intersection ¥~!(u) N ({v} x A) is then
isomorphic, via the second projection, to an affine subspace of A of codimension n. Thus
every fiber of Uiy (oy})xa : (V \{ov}) x A = A" is a fiber bundle over V' \ {ov} with
fibers isomorphic to an affine space of dimension dim A -n. ]

Proof of Claim 2. Let =,, C A be thelocus of all f € A such that Cy is not a reduced
curve; that is, f = (f1,..., fn) belongs to =, if and only if F¢(£o, &1, &2) is constantly zero
on P?, or Fy(&,&1,&) = 0 defines a non-reduced curve. By [10, Theorem 1], the proof of
Claim 2 is reduced to the verification of the following:

Claim 2’. The locus =,, C A is of codimension > 2.
Before proving this claim, we need two preparations.

Let ¥, ..., T be the irreducible components of ¥ C A", and let (SingX)4, ...,
(Sing ) a+ be the irreducible components of Sing & of dimension n — 2. We give them
the reduced structure as subschemes of A". For f € A, let ¢y : V \ {ov} — A" be the
restriction of ¥ : V x A — A" to the subvariety (V' \ {ov}) x {f} 2V \ {ov}.

Sub-claim. Let f € A be generally chosen. Then, fori=1,...,.M and 7 =1,..., M,
the following conditions (i) and (3') hold.

(i) There exists a point P; € V \ {ov} such that ¢ ¢(P;) is contained in £; \ (Sing £},
and the pull-back of & by ¢ is non-singular and of codimension 1 locally around P;.

(5') There exists a point P} € V'\ {oy} such that 1;(P]) is contained in (Sing X);,
and the pull-back of (Sing ¥); by ¢ is non-singular and of codimension 2 locally around
P

Proof. The conditions (7) and (j') are open for the choice of f € A. Therefore, it is enough
to show that, for each condition, there exists at least one f € A which satisfies it. This
can be verified from the following fact. Let R be the point (1,0,0) on V' \ {ov}. For an

arbitrary point @ = (¢1,...,¢n) € A" and arbitrary two tangent vectors

) 2 ) 0 2 .
ll:ul*a—l.—l--i-—l-ungneTQ(A ), and V—Ula‘;]—-l-"'-i-vnEETQ(A)

of A" at @, there exists an element f € A such that ¥((R) = @Q, and the image of
the tangential map s, : Tr(V \ {ov}) — To(A"™) contains both of u and v. Indeed,
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if the coefficients of .53-', g‘_lfl and f{,"“lgg in f; are ¢;, u; and v;, respectively, then
f=(f1,..., fn) satisfies the required condition. [

Next we consider the action of the general linear transformation group GL(V) of V
on the space A. Note that H°(P? O(1)) can be identified with the dual space V* :=
Hom (V,C). We let GL(V) act on V* from left by

(g())(v) = l(g_‘1 (v)) for g€ GL(V), l€V* and v € V.

This action can be extended in the natural way to the action on A = Sym“V* x .-+ x
Sym " V*. Thus GL(V) acts on (V \ {ov}) x 4, and P? x A. By definition, we have
U(g(P),9(f)) =¥(P,f) (1.2)

for every P € V \ {ov}, f € A and g € GL(V). In particular, the divisor W C P x 4 is
invariant under the action of GL(V), and Cy(sy = g(Cy) for every g € GL(V) and f € A.
It follows that =,, C A is also invariant under the action of GL(V).

Now we start the proof of Claim 2. For a line L C P?, we put
=(L):={ feA; LnNCy does not consist of distinct d points}.

The locus =, is contained in =(L) for every line L. We fix a line Ly C ]P’z, and let =(Lo)1,

.., Z(Lo)~ be the irreducible components of =(Lg). Note that Z(g(Lo)) = g(=(Lo)) for
every g € GL(V). Since the subgroup G(Lo) C GL(V) of all g € GL(V) which leave Lo
invariant is connected, the action of g € G(Lg) on =(Lo) does not interchange irreducible
components of Z(Lg); that is, each irreducible component is invariant under the action of
G(Lo). Thus, for an arbitrary line L, we have a natural numbering Z(L)y, ..., Z(L)n of
the irreducible components of Z(L) such that g(=(L);) = Z(Lg); for every g € GL(V) with
g(L) = Lo. We shall show the following:

Claim 2”. Foreach: =1,...,N, Z(Lo)i C A is of codimension > 1, and Z(Lg); \ ZEnr
15 non-empty.

Since =, is a Zariski closed subset of =(Lg), this will prove Claim 2’. Roughly speaking,
the idea of the proof of Claim 2” is to show that, if f° € A is general, then f° ¢ =,,,,
while there exist lines L; (+ = 1,...,N) such that f® € Z(L;);. Suppose that these are
proved. Let ¢g; € GL(V) be a linear transformation such that g;(L;) = Lo. Then, we have
gi(Z(L:)i \ Zar) = Z(Lo): \ Znr, and this contains an element ¢;(f°), so that =(Lg): \ Znr
1s non-empty.

To carry out this idea, we have to investigate the irreducible components of =Z(Lg)
more closely. Let P be a point on a line L. We put

the restriction of Fy(&o,&1,62) € HO(P?, O(d)) to L has }

a zero of order > 2 at P

S(L,P)={ feA;

As before, we have
9(2(L, P)) = E(g(L), 9(P)) (1.3)
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for every g € GL(V). We also have

Z(Lo) = |J ELe,P)= |J 9(E(Lo,Po)),

PeLg g(Lo)=Lo

where Py € Ly is a fixed point. From these two, by the same argument as above, it follows
that the set of irreducible components of Z(Lg, Py) corresponds bijectively and in a natural
way to that of =(Lg). Let =(Lg, Po)1, ..., =(Lo,Po)~ be the numbering of the irreducible
components of Z(Lo, Py) according to that of =(Lg); that is, we have =(Lo, Po)i C Z(Lo)i
for : = 1,...,N. Since dim Z(Lg) < dim =(Lg, Po) -+ 1, it is enough to show that, for
i =1,...,N, the locus =(Lg, Py)i C A is of codimension > 2 and =(Lg, Po); \ Epr s
non-empty.

Let Lo be defined by £, = 0, and Py the point (1 : 0:0) on Lo. Let t = £ /& be the
affine coordinate on Ly with the origin Py. We put

Gs(t) := Fy(1,1,0) = F(£1(1,¢,0),..., fa(1,¢,0)).
Then f is contained in =(Lg, Fp) if and only if

dGy
dt

G5(0) = SL(0) = 0 (L4)

holds. Let a; be the coefficient of Eg" in f;, and b; the coefficient of {g‘_lﬁ 1 in f;. Then
(@1,---,@n,b1,...,by) form a subset of a linear coordinate system of A. Let A™ x A"
be the affine space with affine coordinates (ay,...,an,b1,...,bn). There exists a natural
projection ¢ : A — A" x A". The condition (1.4) can be written as follows in terms of
(al,...,an,bl,... ,bn).

F(ay,...,an) =0, and
oF oF

0—m(ala---aan)'51+"'+amn

(al,...,an)-bn =0.

We consider A" x A" with the first projection A" x A" — A" as the tangent bundle TA"
of the first factor A" in which the zero section is given by P = (P, O) (not by the diagonal
P — (P, P)) where O is the origin (b1,...,bs) = (0,...,0) of the second factor. Under
this identification, the equations above define in A" x A" the space

TS { (P,Q) € A" x A" ; Q) is contained in the Zariski tangent }

space Tp(X) C Tp(A") of £ at P

Thus (Lo, Py) can be identified with ¢! (T'T), which is isomorphic to the product of T'T
with an affine space of dimension dim A -~ 2n. Since ¥ is reduced by the assumption, TE
is of dimension 2n — 2, and hence =(Lg, o) C A is of codimension 2. Thus =(Lo) C A is
of codimension > 1, and hence so is =,,, C A.
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Let p : TY — X be the projection induced by the natural projection TA"™ = A" x A™ —
A", The fiber of p over P € ¥ is a linear space of dimension n — 1 (resp. n) if T is non-
singular (resp. singular) at P. Thus the irreducible components of TS are listed as follows;
the closure of p™'(X; \ (Sing X)) for 7 = 1,..., M, and p~!((Sing £);) for j = 1,..., M".
Hence we get N = M + M’, and by changing the numbering, we have

=(Lo, Po)i = ¢ '( the closure of p~1(Z; \ (SingZ)) ) for i=1,...,M, and
‘E(LOrPO)M-H = q_l(p_l((SingZ)j)) for .7 = 15-‘-1M’

Let ﬁél) be the point (1,0,0) € V \ {ov}, which is located over P, € P*. Note that
f € 2(Lo, Po) implies Py € Cy, and hence ;b;(Pé”) € L. We identify two affine spaces A™

with coordinates (a1,...,a,) and A" with coordinates (z;,...,z,) by putting a; = z; for
¢ = 1,...,n. Then, recalling the definitions of the morphisms ¢ ¢, ¢ and p, we can easily
check that

br(PY = plg(f)) for every f € E(Lo, Po).

Note that ¢ : V\ {oy} = A" is equivariant under the actions of G, with weights (1,1,1)
on the left-hand side and with weights (d,...,d,) on the right-hand side. Moreover,
each of £; C A" and (Sing £); C A" are invariant under the action of G,,, because G,
is connected. Therefore, given an element f € Z(Lo, Pp), we can tell which irreducible
components of =(Lg, Py) this f belongs to by looking at the point 'g[)f(ﬁo) € ¥ where
Py € V\ {oy} is an arbitrary point positioned over Py = (1:0: 0) € P2,

Criterion. If 'l,l)f(ﬁo) € ¥ is a non-singular point of £;, then f belongs to =(Lg, Fp)i. If
t/;f(f”o) € ¥ is contained in (Sing ¥);, then f belongs to =(Lo, Po)ar+;-

Recall that we have already proved that =,,, C A is of codimension > 1. By Sub-
claim, there exists f° € A\ Z,, such that the image of ¥ ;0 intersects £; \ (Sing &) for
i=1,...,M, and (SingZ); for j = 1,...,M'. Let P; and P} be points on V' \ {ov} such
that 5o (F;) € Ei \ (SingZ) and 50 (P}) € (Sing L);. We denote by P; and P} the points
on P? corresponding to ﬁi and 13; , respectively. It is obvious that these points are on Cyo.

There exists a line L; C P? which intersects Co at P; with multiplicity > 2. This means
that f° € Z(L;, P;). Let g; € GL(V) be a linear transformation such that g;(P;) = Py and
gi(L;) = Lo. Then, by (1.3), we have g;(f°) € =(Lo, ). By (1.2), we also have

P50y (9i(PY)) = $yo(Pi) € £ \ (Sing T).

Since gi(ﬁ;) € V\{ov} is a point over ¢;(P;) = Py, we see that g;(f®) belongs to =(Lo, Po):
by the above criterion. From f° ¢ =,,,, we have ¢;(f°) € Z,,. Thus =(Lo, Po); \ Zp» is
non-empty for ¢ = 1,..., M. Similarly, there exists a line L, C P? which intersects C 0
at P; with multiplicity > 2, which means foe =(L}, P]). We choose g; € GL(V) such
that ¢%(P}) = Po and ¢}(L’) = Lo. Then (1.3) implies ¢5(f°) € Z(Lo, o). By (1.2), we
have gbgj_(ft))(g;-(]s;)) = gbfo(ﬁ;) € (Sing £);. This means ¢4(f°) € Z(Lo, Po)sm+; by the

criterion above. Thus =(Lg, Po)ar+4; \ =nr is non-empty for y = 1,..., M'. ]
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§2. Proof of the comparison theorem

We shall prove Theorem 2 and Corollaries in this section. In fact, most parts of
Corollaries can be proved directly without using Theorem 2.

Suppose that C' C P? is defined by the homogeneous equation F(£,&1,€;) = 0. Let
¥ C A® be the hypersurface defined by F = 0 in the affine space A% with affine coordinates
(€0,&1,€2). For a positive integer v, we denote by

pr + mm(Gn) — m(A*\I)
the homomorphism induced by the action of G,, on A® \ = with weights (v,v,v);

M- (o, 6r,E2) = (\Eo, V€1, A E;)  where A € G, (2.1)

The image of p, is contained in the center of m;(A® \ ). It is obvious that m (P?\ C) is
isomorphic to the cokernel of p;. Since C' is reduced by the assumption, ¥ is also reduced.
Now, applying Theorem 1 with n = 3 and d, = dz = d3 = k, we see that m; (P \ ¢~1(C))
is isomorphic to the cokernel of pg, because ¢ ~1(C) is defined by F(fo, f1, f2) = 0. Let

oo  T(Gm) — m(Gn)

be the homomorphism induced from the morphism G,,, — G, given by A — A¥. Then we
get a commutative diagram

mm(Gm) 25 m(A*\Z) — m(P*\p }(C)) — {1}  (exact)
[ n (2:2)
m(Gm) 25 m(A*\Z) —  m(PP\C) — {1}  (exact).
From this diagram, we can naturally derive an exact sequence
Coker o — m(PP\ e (C)) — m(PP\C) — {1} (exact). (2.3)
The cokernel of o} is isomorphic to Z/(k). Hence (2.3) proves the implications

m(P? \ C) is non-abelian =  m(P*\ ¢ '(C)) is non-abelian, and
m1(P? \ C) is finite = 7 (P*\ ¢~ 1(C)) is finite. (2.4)

Thus half of Corollary 1 is already proved.

Since the image of p; is contained in the center of 7 (A®\ E), the image of § in (2.3) is
also contained in the center of 71 (P?\ ¢ ™*(C)). We shall show that § is injective, and the
central extension (2.3) is the same as the one described in Theorem 2. For this purpose,
we investigate the bottom exact sequence of (2.2) more closely.

From now on, we denote by U the complement P? \ C. For a positive integer m, let
L. — P? be the line bundle corresponding to the invertible sheaf O(—m) on P?, and let
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L}, C Lp denote the complement of the zero section. Let O be the origin of A®, and let
A*\ {O} = P? be the natural projection; that is, the quotient map by the G,,-action (2.1)
with v = 1. There exists an isomorphism between £} and A® \ {O} over P*. We fix such
an isomorphism. From this, we get an isomorphism

LY v o~ A\ T

N v
U
over U, where £]'|y is the restriction of £ = P? to U C P*, and A* \ & — U is the

quotient map by the G,,-action (2.1) with v = 1. Hence we have an isomorphism between
the homotopy exact sequences;

— m(Gn) B mA\D) — mU) — {1} (exact)

H H | (2.5)

t1

— m(CY) 5 m(Ly) — mU) — {1} (exact).

Here we denote the fiber of £ — P? over the base point of U by C*.

Since the line bundle L?d is isomorphic to L4, there exists a morphism
g LY — L] (2.6)

over P? which induces (; = (4 = (¢ on the fibers C* of £ and £ over the base point of U
with appropriate fiber coordinates ¢y and (4. From this morphism, we get a homomorphism
between the homotopy exact sequences of £{'|y = U and L} |y — U;

L1

— m(C*) B mLfy) B mU) — {1} (exact)

lu# 1,1. i (2.7)

— m(C*) m (LS |v) I o (U) — {1} (exact),

where pg is the multiplication by d on m(C*) 2 Z. Note again that the images of
¢1 and ¢4 are contained in the centers of m (L] |y) and w1 (L) |v), respectively. Since
L4 — P? is a line bundle corresponding to the invertible sheaf O(—d) & O(-C), there
exists a meromorphic section s : P%-.. — L4 which has no zeros on P? and is holomorphic
outside C. Restricting s to U, we get a holomorphic section s : U = L} |y. Hence the
homotopy exact sequence of L] |y — U splits. In particular, the homomorphism ¢4 in
(2.7) is injective, and we have an isomorphism

(tars84) = m(C)xm(U) = (L7 lv). (2.8)

Because pg is also injective, we see by diagram chasing that ¢y and p. are injective, too.
Since ¢; is injective, py in (2.5) is also injective and hence & in (2.3) is injective. Thus the
proof of Corollary 1 (1) is completed.
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We shall show that the image of the injective homomorphism g, in (2.7) is a normal
subgroup of m (L} |u). Let [a] and [4] be arbitrary elements of 7y (£ |y) and = (£} |u),
respectively, and we put [B] := [y]7" - pu([@]) - [7]- Let [¥'] € m1 (L] |y7) be an element such
that 71 (7)) = 7a([7)). We put (o] = (] - [a] - [y] and (8] == [1)" - ea([y']). Then we
have p.([]) = [6]7[B][4]. Since 74([6]) = 1 by the definition, [§] is contained in the image
of ¢4, which is in the center of (L] |y). Hence we have [8] = ., ([]).

Now we can derive the following commutative diagram from the diagram (2.7);

{1} {1}

| |
{1} — m(C) 2 mLly) 2 mU) — {1}  (exact)
I u
{1} — m(CY) -5 m(Lily) = mU) — {1}  (exact),
|
Z/(d) = Z/(d)
| | 29
{1} {1}
(exact) (exact).

We write the definition of ¥ in this diagram explicitly. For [y] € m(L]|v), let [¥] €
m (L |u) be an element such that 7 ([v']) = 7a([7]). There exists a unique element [¢] €
m1(C™) such that cq([e]) = [v] - p([7']) " We define

¥([v) = [ modimpuy € Z/(d).

The independence of ¥([y]) on the choice of [y] can be checked easily. It is in showing that
¥ is a group homomorphism that we have to use the fact that the image of ¢4 is contained in
the center. Let [y;] and [v2] be two elements in 7y (L] |y). Because [y2]-p+([v4]) ™" € im ¢4,
we have

aliee (D)™ Pl (o)) ™0 = [allye] - pa(lre]) T a ()™ = ()2 () -

This implies ¥([v1])¢¥([v2]) = ¥([][2]). Now the surjectivity of ¢ and Ker v = Im pu.
can be checked immediately.

The diagram (2.9) shows that m;(A® \ &), which is isomorphic to 7 (£|y) by (2.5),
is isomorphic to the kernel of

v o m(Lilu) & ZxmU) — Z/(d).
by (2.8)

12



Because the image of ¢4 0 pt is equal to (d) x {1} in 7 (L] |y) & Z x 7 (U), the image of
p1: m(Gm) = m (A®\ T), which corresponds to the image of ¢; : 7 (C*) = m (L |y) via
the isomorphism (2.5), is given by

(d)x {1} C Keryp = m(A*\I).
By the diagram (2.2), the image of pg : 1 (Gn) = 71 (A*\ £) is given by
(kd) x {1} C Keryp = m(A\X).
Thus we obtain isomorphisms
m(PP\C) = Ker ¢/((d)x{1}), and m(P*\p~'(C)) = Ker ¢/((kd)x{1}). (2.10)

Now we can complete the proof of Corollary 1. The only remaining part is the im-
plication that, if 7, (P? \ C) is abelian, then so is 7 (P* \ ¢~1(C)). If 7 (P* \ C) = m (V)
is abelian, then Ker ¢ C Z x 7;(U) is also abelian, and hence so is 7 (P? \ ¢~1(C)) =
Ker ¥/((kd) x {1}). Note that we have also proved that = (A% \ ¥) is abelian if and only
if so is 1, (P* \ C).

In order to prove Theorem 2, it is enough to show that ¢ coincides with —1 times
the extended linking number map ¢ defined in Introduction, and this is equivalent to show
that the homomorphism

Ypos, : m(U) — Z/(d)

coincides with —£. It is obvious that 3 o s, factors as follows;

m(U) -5 Hy(U,Z) = Coker (H*(P*,Z) -+ @ H*(Ci,2)) — Z/(d),
i=1
where 7 is the Hurwicz map, and C,, ..., C, are the irreducible components of C. By

the definition of ¢, it is enough to show that, if [a] € 71(U) is mapped to the i-th positive
generator

& :=(0,...,0,€;,0,...,0) mod H*(P>,Z) € Coker (H*(P*,Z) — (P H*(Ci,Z))
i=1

by the Hurwicz map, then ¥ 0 5.([e]) = —1 mod d. Here ¢; € H2(C;,Z) is the Poincaré
dual of a point on C;.

Before showing this, we remark a property of the Hurwicz map. The Hurwicz map
does not depend on the choice of the base point. Namely, if we connect two base points
by and bz in U by a path, we get an isomorphism 7, (U, 1) & =1 (U, b2), which depends on
the homotopy class of the connecting path. But the diagram

ﬂ-l(U)bl) W](Uvb‘Z)
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is always commutative, whichever homotopy class of paths we may have chosen.

Let L C P? be a general line, and let ¢ be an affine coordinate on L such that t = co
is not on the intersection L N C. Note that Ln|1\{co} is @ trivial bundle over L\ {oo}
for any m. Let ¢y and (a be the fiber coordinates of £1]z\ {0} and La|z\ (oo}, respectively,
such that the morphism p in (2.6) is given by ¢} ~ (4 = (f over L\ {c0}. Suppose that
t = ay,as,...,aq are the intersection points of L and C. Then the section s : U — L] |v,
restricted to L \ (C' U {o0}), is given by, for example,

o 00 = 11) vhere (1) = o

Let us consider the section
s1 ¢ L\{eo} — L1 {o0)
t —  (t,G)=(,B),

where B is a non-zero constant. {(Of course, this section s; cannot extend over the whole
L.) We fix a base point b of U. By the remark above, we may assume that b is on L and
is close enough to an intersection point ¢ = a, of L and an irreducible component C; of
C. Let t = t; be the coordinate of the base point. We choose the non-zero constant B in
such a way that f(¢,) = B, that is, the images of s and x 0 s5; on the base point b € L
coincide. Let « be the loop

o : (0,1] — L\C
0 — t = a, +ee?™,

where £ = t,—a,. It is easy to see that n([a]) is the i-th positive generator ¢; corresponding
to C;. We calculate 1 o s.([a]) = ¥([s 0 @]). It is obvious that [s; 0 @] € 71 (L] |u, s1(b))
satisfies 71 ([s; 0 @]) = [a]. Hence ¥([so ]) is represented by [soa] - (p([s1 0 ]))~!, which
is in the image of ¢4. Recall that £ — P? is trivial on L\ (C' U {oo}); that is, we have an
isomorphism

Lilieuiopy = (LN (CU{oo})) xC* (2.11)

given by the coordinates (¢,(4). Hence we have
m (L] | L\(cufeoyy, $(B)) = mi(L\(C U {o0}),b) x m(C*, BY).

In this direct product, we have

[soal=([],[8]) and  p.(ls: 0el) =([a],0),

where 3 is the loop on C* obtained from the loop so @ on L] |1\(cu{ee}) by the second
projection L] |L\(CU{eo}) = C* in (2.11), which can be written explicitly as follows;

8 +—  fla, +ee’™¥) e C*.
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Their difference [s 0 a] - («([31 0 @])) ™! is then given by [8] € 1 (C*). Since |e| = |ty — a,|
is small enough, 8 is homotopically equivalent in C* to the loop
§ +— Big2mif

which corresponds to —1 € Z 2 71 (C™). Thus ¥ 0 s.([a]) = —1 mod d, and Theorem 2 is
proved.

Now we shall prove Corollary 2. We have already shown that 71 (A®\ ) is isomorphic
to Ker ¢, and it is abelian if and only if so is = (P? \ C). Hence it is enough to show
that, when L is a general line, m (P? \ (C' U L)) is isomorphic to m (A \ &). We consider
A® as the complement of a hyperplane H in P°. Let P> C P® be a general plane. Then
P’n (U H) is isomorphic to CU L. By the classical Zariski’s hyperplane section theorem,
we have 7 (P2 \ (CUL)) 2 m(P°\(SUH)) 2m(A*\Z). O
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