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KOJI YOKOGA\,\'A

INTRODUCTI.oN

Let X be a cOlnpact Riell1ann surface of genus 9 2:: 2. The theorem of Narasimhan
anel Seshadri gave us thc beautiful correspondence between stable vector bunellcs
of degree 0 on X and irreducible unitary representations of the fundanlenta.l group
71'"1 (X). Several extensions of this theoreln have been considerecl anel yieleled two
algebraic objects: paraholic buncllcs anel Higgs bunelles. The notion of parabolic
bundles was introeluceel by Seshadri [19]. Let D = {PI, ... ,Pn} be a finite set of
points on X. A parabolic bundle is a tripie (E, F:, a:) consisting of a vector bunelle
E on X, filtrations EPi = Pf :> ... :> F/:+ 1 = 0 at points of D anel systenls of
weights 0 ::; O'{ < ... < O'L < 1. He gave a corresponelence betwecn stahle parabolic
bundles of paraholic elegree 0 anel irreducible unitary representations of 71'"1 ()( - D)
(cL [15),[19]). The notion of Higgs bunelles was introduced by Hitchin [7]. A Riggs
bunelle is a pair (E, If!) consisting of a vector bundle E on X and a honlo1110rphis111
If! : 1~ -7 E 0x n~. In this case, he gave a correspondcnce bctween stable Riggs
bunelle of elegree Ü anel irreelucible represelltations of 71'"1 (X) (cf. [7]). In both cases,
the corresponelences incltlce homeornorphisnls bctwccn thc 11loeluli spaces.

To generalizc the corresponcIences to non-colllpact and non-unitary cases, SiIllpson
[22J introeluced the notion of filtered regular Riggs bunclles and gave a correspondence
betweell stahle filtered regular Riggs bundles of degree zero anel stable filtered local
systenls of clegree zero. He regardeel a parabolic bunelle (E,F**, 0':) as a filtered shea.f
by setting

Ei = Ker(E ---# E .fF! )
Q PI J+l

for real nlunbel's Q'~ < Q'::; a~+I' Ci = 1, ... ,n,] = ü, ... lj,a& = 1- aL,aL+1 = 1)
anel E~+1 = E~ 0x Ox (-Pi)' In this paper, we shall consicler only one filtration by
setting E Q = ni~IE~ because we can recovcr the original filtrations frorn this anel
those categories are equivalent. Now, a filtered regular Higgs bunelle is a pair CE"" If!)
consisting of a filterecl sheaf E* with E Q +1 = E Q 0x Ox( -1)) anel a hOlllolllorphisIl1
ep : E. -7 E. 0x n~(logD) which preserves the filtrations. In this paper, we sha,ll
call this object a parabolic I-liggs bundle.

Supported in part by a Grant lInder The Monbllsho International Scientific Research Program :
04044081.
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Let X be a non-singular projective variety over the cOlnplex ntllnhers. These results
also have been generalized to higher din1ensional cases for usual case by Donaidson,
Uhlenbeck anel Yau anel for the case of Riggs bundles by DOllaidsoll, Corlette a.nel
Silnpsoll. SiI11pSOn [20] constrllcted three 1110dllli spaces: 1110elllli of senli-silnple repre
sentations Of?Tl (X), 1110duli or coherent Vx-modules anel Inoduli of senli-stable Riggs
bundles on X with vanishing Chern classes anel proved that these 1110duli spaces are
hOIl1eomorphic.

Though the corresponelence is nOL yet generalized for parabolic cases Oll lügher
dirnensional varieties, the not ion of parabolic bllndles and parabolic Higgs bundles is
nattlrally generalized (cf. [14],[25]). LetD bc an effcctive Cartier divisor on X anel let
n be a locally free V X-ITIodule. A parabolic sheaf is a filtered sheaf E.. which satisfies
S0i11e finiteness conditions (cf. [14]) and the conditionEu +1 = Eu ®x CJ x (-D) for all
real numbers 0:. A parabolic n-pair is a pair (E.. ,~) consisting of a parabolic shcafE",
and a h0I1101110rphisI11 ~ :8.. ~ E.. 0x fJ with ~I\~ = 0 anel ~(EcJ ~ Eu 0x fJ. \Vhen
n = n\(log ,D), we shit.ll call an D-pair a parabolic Higgs sheaf. In previous papers
[14] and [25], we have constructed 1110duli schen1es of sen1i-stable parabolic n-pairs
as weIl aB I110duli of seIni-sta.ble parabolic sheaves (see Theoren1 2.3). The purpose
of this article is LO analyze the inn.nitesiIl1al properties of these 1110cIuli schenles. As
in thc case of usual stahle shcavcs, it is cxpected that the Zariski tangent space of
them at a point corresponding to a parabolically stable f!-pair (E*, c.p) is naturally
isoI110rphic to son1e "Ext-group" Ext.\- (( E"" 'P), (E*, 'P)) a.nd thc obstruction classes
for smoothness at (E.. , 'P) are in Ext~((E"" ~), (E"" ~)). UnforLunately, the categories
of parabolic shcavcs 01' parabolic f!-pail's a.re not ahelian categories. 1'0 avoid this
di fficulty, we sha11 change the defin i tion or parabolic sheaves, Le. we l'edefine a fi Itered
sheaf E.. as a falnily of h0I110I110rphisI11S

with i~''Y0 i~,ß = i~''Y. Using this new filtered sheaves, the notion of parabolic sheaves
(01', parabolic O-pairs) is redefined. Then parabolic O-pairs fonns an abelian cate
gori with enough injective objects (Proposition 1.1). Thus, we get Ext-groups for
parabolic fJ-pairs. These Ext-groups are, in fact, what we need.

To calculate these Ext-groups for parabolic fJ-pairs, we shall introducc tensor prod
ucts, H0I11-sheaves and an operator'" for our new parabolic sheaves. Then the SelTe
duality theoreIl1 for parabolic sheaves is given by the following isoll1orphisI11 (Propo
sition 3.7):

Bi: Ext:\,(E., F.. 0x wx(D)) ~ Extx-i (F"" E",)v.

Here E", is no longer a parabolic sheaf in the I11eaning of the original definition even
if E.. iso Moreovcr, we shall give a spectral sequence
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Using these tools, we can calculatc Ext-grollps for parabolic O-pairs in the case of
curves. In particlllar, we show that the 1l10dllii scheme of seIni-stable parabolic Higgs
bundles is irredueible nonnal quasi-projective val'iety of dimension

2(1 - r 2(1- g) + 2:: diIn f"i) + 2::(n{- n{+1)2_1
i i,j

where 9 is the genus of curve, l' is the rank of E, Fi is a. Rag variety of type (nJ, ... ,n~i)
which corresponds to a flag stl'Uctllre at Epi (Theorelll 5.2).

In §l, we shall give new definitions of IR.-filtereel sheaves aud parabolie sheaves
and prove that the category of parabolic sheaves is an abelian category with enollgh
injective objects. The Ext-grollps for parabolic sheaves 01' pairs shall be elefineel.
In §2, we shall prove that the Zariski tangent space of ou!' moduli scheIlle at a
parabolieally stable D-pai r (E., 1fJ) is naturally isol110rphie to Exti ((E., Cf), (E., e.p))
anel the obstruction classes of silloothness at thc point are in Exti ((E .. , 'P), (E.. , 'P)).
In §3, we shall introeluce tensor proelucts, HOIn-sheaves for paraholic sheaves and
generalize the Serre elllality theorenl for parabolic sheaves. §4 is devoteel to give above
spectral sequence which joins the Ext-groups for pal'abolic sheaves with those for
parabolic O-pairs. In the last section, we shall stuely the Inoduli schemes of parabolic
Higgs sheaves 011 non-singular curves. 'vVe shall show that the 1110duli seheIlles are
nonnal, quasi-projective, irredueible varieties anel calclliate its dinlensions.

The author wOllld Iike to express his thanks to Professors ivI. l\1aruya.n1a, A. Fujiki,
K. Zuo, K. Oguiso anel D. Huybrechts for their helpful suggestions anel encourage
tnent. The work was done during the author's stay at the l\1ax-Planck Institut für
Mathenlatik in BOTIn. He expresses his hearty thallks to those who enabled his study
at the institute.

NOTATION AND CONVENTION

Let f : X --4' S be a smooth, projectivc, geometrica.11y integral 1110rphislll of 10eally
noetherian schenles, let D be an effcctive relative Cal'tier divisor and let Ox(l) bc
an f-alllpie invertible sheaf. The category of locally noetherian schenles over S' lS
denoted by (Schi S). For an S-scherlle T and an Ox-tllodule E, )(T = X Xs T and
ET is the pullback of E over XT . We denote by Si(E) thc i-th syn1I11etrie proc1uct,
by S"(E) the synl111etric Ox-algebra. E V means a dual sheaf of E. Tensor product of
OX-Illodules E anel Fis written by E®x F. Honlx(E, F) is HOIllOx(E, F). Si Illilarly,
we use notations ft01IlX (E, F), Ext~ (E, F) and Ext~ (E, F).

Let s be a geOllletric point of S. For a coherent Ox,-1110dllle F, the clegree of F
with respect to Ox(1) is that of the first ehern dass of ,F with respect to Ox,(1) =
Ox(1)x~ and it is denoted by degox(l) F or sinlply deg F. The rank of Fis denoted by
rk(F), Jl(F) = deg FI rk(F), X(F) = Li(_l)i din1k(") fl i (}(", F') anel F(1n) = F ®x
OX(1n). For a parabolic sheaf E.. on X"' par-deg(E.) = Jol degEoda + rk(E)· elegD
anel par- J.l(E.) = par-deg(E*)/ rk(E).
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1. CATEGORIES OF PARABOLIC SIIEAVES

In this section, we shall develop the sheaf cohol11010gy theory for para.bolic sheaves.
Unfortunately, the category of pal'abolic shcaves defincd in [14] is not abelian. So,
we shall generalize the nation of parabolic sheaves.

Let D bc an cffective Cartier divisor on a schenle X. In this paper, we shall regard
IR as 0. category with

Ob(lR.) = IR (thc set of al1l'eal nUlllbers),

{
{'ia,ß} if 0' 2: ß

Mor( 0', ß) = (10
V) otherwisc.

An IR.-filtered (]x-module is a coval'iant functor from IR to the category A-1 x of all
OX-ITIodules. For an IR-filtered OX-Inodule E : IR. -+ M XJ we denote the OX-ll1odule
E(a) by Ea anel the Ox-h0I1101110rphis111 E(ia,ß) by i~' for each 0' 2: ß. V·ie use
a symbol E. insteael of J!) anel sOll1etimes EIneans the sheaf Eo. The category of
IR-filtered 0 x-ll1odules and their natural tranSfOl'lllations is denoted by Cx . For an
ox-nloelule F, the tensor proeluct E.0x Fis defined by setting (E.0x F)a = Ea0x F
anel iE'~0F = iE,ß 0 iclF. \-Ve .can shift an IR-filterecl 0 x-nloclule by real nun1 bers. A
natural transfornlation J : E --+ F is orten denoted by f. and f( Q') : Ea --+ 1~ is
elenoted by fa.

Definition 1.1. For an lR-filtered Ox-nloelule E. anel areal llllInber 0', E[a]. is an

lR.-filtered 0 X-Illodule with E(a]ß = Eo:+ß anel i~'~J = 1:~+O:,'Y+O:. For each pair 0' 2: ß,
we have a natural transfol'll1ation

i~,ßl : E[a]. ~ EIß]*

defined by i~+'Y,ß+,. Each f : E. --+ F. induccs fra] : E[a].~ F[a] •.

In this paper, we shall change thc definition of parabolic sheavcs in [14} 01' [25) as
folIows.

Definition 1.2. A parabolic OX-Illodule (with respect to D) is an IR-filtered Ox
I110dule E. together with an iSOlllorphisnl of IR-filtcred CJx-nl0dulcs

jE: ,E. 0x Ox(-D) --=-. E[lJ.

such that

(1.1 ) .[1,0]. 'cl ' E fr) (D) L'"1·E oJE='l. E.01'D: .0xvx - --+1:.1.

where i D : Ox(-D) --+ Ox is a natural Illap defined by D.
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For parabolic OX-Inodules E", anel F., a natural transfonnation f : E. -+ F* 1S
called a parabolic hOlllolllOrphisl11 if the following dia,gralll is C0I1111111tative.

E* 0x Ox(-D)
10id

F", 0x Ox( -D)----t

(1.2) ~ ljE +F
E[l)", 1[IJ F[l]",----t

The lnodllie of all parabolic hOIllOlllOrphisI11S is denoted by HOlllx(,E"" F*). By
'H01nx(E"" .F*), wc dcnotes a shcaf with Homx(E., j~)({J) = HOllV(E*lu, F*lu) for
cach open subset U. Let HS denote by PX / D the catcgory of parabolic Ox-nlodulcs
and thcir parabolic hOlllOlllorphislllS. Every 0 x-rllodule E can be regarded nat urally
as a parabolic Ox-nl0dule by setting

Ea = E fS)x Ox( -rnD) for rn - 1 < 0' ::; 111.

This structure is called thc special structure. Note that the category A-1x can bc
regarded as a fuH sub-category of PX / D through the ielentification E anel E. with thc
special structure.

Proposition 1.1. The catcgo1'Y px/D is an abcliarL categoTY with enough injeclive
objects.

P'l'oof. It is easy to sec that PX / D is an abelian category. In PX / D , a sequcnce

O E' J. E g. E" 0
-----jo * -----jo .. --t * --t ,

is exact if and only if for cach 0' E IR, thc following scquence is cxact.

O E' 10. E 90. Eil 0--t 'a --t er --t ; a -----jo •

To prove that PX / D has enough injcctivc objects, by virtue of Theorel11c 1.10.1 in
[4], it is enough to prove that PX / D satisfies Grothendieck's axiorn AB 5) 1 and has
a generator. Verification of the condition AB 5) is easy. Recall that 9 is agencrator
if for cach object a anel each proper sllb-object b, then there is a 1110rphislll of 9 -+ (l

which eloes not factol' through b.
Let j~ bc a proper sub-object of E... Thcn thcl'c are a rcal nlllllbcl' n and an open

subset U of X such that ,Fa(U) ~ Ea(U). An elell1ent of Ea(U)\Fo(U) defilles a
hOlnolllorphisln f : (iu )tOU -+ Ea which eloes not factor through Fa whcl'e i u : U C-.....+

X is thc natural inclusion aud (iu )!OU is the shca[ obtained by extending Ou by zero
outside U. Let I(U,O')* be a. parabolic OX-Illodule with

1( {J, n)ß = (iu )!OU 0x 0 x( -1nD)

1 All abelian categüry A satisfies AB 5) if and ünly if A has infinite direct sums allel für each
object aleach sub-object band each family of su b-objects {ai ~ al i E I} such that each pair ai
anel aj is cont,ained in some ak, (LiEf fl.i) nb = LiE/(ai n b) (see [4]).
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for 0'+111.-1 < ß ::; ü+rn. Then J : (i u )10U -tEa dcfines a parabolic h0l11011101'ph iSll1
<P : J( U, 0'). -t E. with <Po = /. Hence, a di1'ect sun1

EB I(U, 0:).
U;opcll,aER

is a generator of PX/D. D

Now, we can define variolls derived functors as in the case of llsual OX-1110dules.
Für a 1110rphisll1 J : X -t }/, wc have the dil'ect ilnage functür f. : PX / D -t Cy .

Clea1'ly, it is a left exact functo1'. Hence, wc get a right derived functor R· f. of J•.
For each Ox-n1odule E, let faCE) = fa(E). be a pal'abolic Ox-n10dule which is

constructed frOITI J!) as J(U, a). is constructed frolTI (iu )!CJu in the above proof. Then
Ja is a functol' frOll1 j\lt x to PX / D . 'vVe cau easily know thc following.

Lenlma 1.2. The fu'nct01' 10: is a leJt adjoin/. juncloT of a fo'rgdful junctor J~

PX / D -t A1x with Fo:(E.) = EOJ i.e. we have a nal1.l1'ull:som.orphis'mj

Corollary 1.3. For euch hljeclive objecl J. in the category PX / DJ alt Ja are injeclive
ox -ntod7.tles.

Proof. Note that JCt is an cxact functor. Hence, for each injecti ve hOln0l110rphisIn
E -t E', we übtain the desi red surjection.

D

HOlllX (1Ct (E'), J.)

11

H0l11x (E', Ja)

-t Homx(Io(E), .1.)
11

HOIllX(E, JQ )

-t 0

By this corollary, für each pa1'abolic sheaf E., Ri J.E. is an IR-fiItered OY-Inodule
}'.. with Fa = Ri/.(EQ ) anel i';.,ß = RiJ.(i~,ß).

For each parabolic OX-ll1odule E., Ext\. (J!)., -) (01', [;d:y (E. , -)) is the 'i-th
fight derived functor of H0I11x(E*, -) (01', 'H01nx(E., -), respectively). By virtue
of Lemn1a 1.2 and Corolla1'Y 1.:3, for each 0 x-module E' aod each ü, we have
HOll1X (lo:(E'), E.) = HOI11X (E', EQ ) and hence, for all?:,

(1.3)

An extension of E~ by E: is a sho1't exact seqllence of parabolic hOl110lnOl'phisl11S;

o ------t J!)' ------t E. ~ Eil ------t o.• •
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Two extensions ~ anel 11 of E~ byE: are isomorphie if there is a eOlnmutative diagram
of parabolie hOlll0morphislllS;

~:O ~ ji11 -+ E. ~ Eil -+ 0~. ~.

11 1 11

11 : 0 ~ E' ~ F. ~ Eil -+ O.• •
By the salne proof as in the easc of usual "Ext"-groups (cf. [11J), wc have

Lenlnla 1.4. There is a one-lo-one CO'lTcspondence bctwcen 1:S0l1l01'lJhis1U c!fl8SC8 01
extensions oJ E: by J~: and e/e1nents of lhe group Exti (E:, ,E:) and the $UTn of t:wo
extensions 1:S gl:vcn by thc Bac.,. S1t1n.

Definition 1.3. A parabolie sheaf E. is said to be eoberent if the following eonelitions
are satisfied.

(1.4) All Ea are eoherent OX-lllodules.

(1.5) Thcre is a sequcncc of real nUlnbers 0 ::; al < a2 < ... < a/ < 1 such that
iC;;i,a : Eai ---+ Ea are isomorphisll1S for Üi-l < a :::; aj (ao = 0, Ül+! = 1).

Clearly, all eoherent paraholie sheaves fonn an abelian sub-eategory of PXjD. ~101'e

over, when X is an integral sehell1e, a coherent parabolie sheaf E. is said to be torsion
free if aU .Ea are torsion free OX-IllOdulcs. We call the a,bove set {al, 0'2, ... , O'd a
systenl of weights of E. if every i~i+l,ai : EOi+ l

---+ Eai is not an isolllOrphis111 for
i = 1,2, .. . ,1.

Re'ma'rk 1.1. (i) By the condition (1.1), if E. is torsion free, then alll:E.ß are injeetive.
Hence, we get a parabolie shcaf in thc Illcaning of thc original definition (cf. [14])

.E =Eo ;2 Ecq ;2 ... ;2 Eaj 2 EI ~ Ea 0x Ox(-D)

By this eorrcspondence, the original notion of parabolie sheavcs anel parabolie hOl110
nlorphislns is sanle as thc not ion of torsion free, parabolie sheaves and their parabolic
homoIllol'ph iSIllS.

(ii) If E. is a torsion free, then thc strllctllre of parabolic shea.f o[ E* is uIliqucly
detennined by its underlying struetllre of lR-filtcred sheaf. In fact, the isolllorphisIll
JE : E. 0x Ox(-D) ---+ E[l}. is uniqucly detenl1ined by the condition (1.1) anel

injectivity of i~,ol. Moreover, a 1110rphisl11 in the eategol'Y Cx betwecn two torsion
free, parabolie sheaves autoll1atically satisfies the conelitioll (1.2). Hcncc, thc eatcgory
of aU torsion free, parabolie sheaves and their parabolic h01110mOrphislllS eonsists a
full (not abelian) sub-category of Cx .

(iii) In a short exaet sequence of parabolie CJx-Illodulcs

if E~ anel E:' are eohcrent (01', torsion frce), then so is E•.
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2. INFINITESIMAL PROPERTY OF MODULJ OF STABLE PARABOLIC n-PAJRS

In this section, let f : X -+ S bc a. quasi-projectivc Il10rphisIll of noetherian
scheInes, let Ox(l) be an J-very anlple invertible sheaf anel IctD be a relative
effective Cal'tiel' divisor on X / S.

Definition 2.1. A cohel'ent parabolic sheaf E. is said to be flat over S or S-flat if
all Ea are Bat over S. The support of E. is proper over S if the support of each Ea

IS. For each object T of (Schi S), set

{

E. is a T-flat, cohercnt }/
ParX / D/s('T) = E. pal'abolic 0 xT-Illodule !"'J

with support proper over T

where '" is an equivalence relation such that E. !"'J E~ if and only if there is an
invertible sheaf L on T anel an isoIllorphisIll E. ~ E~ Q9T L. Then ParX/D/S defines
a fUBetor [roln (Sch/S) to (Sets) in a natural way.

Now let us eonsieler a defornlation situation A' --* A = A' /1 -* Ao = A'/lvI with
E. E Parx/D/s(A) whel'e 1\1 anel I are nilpotent ideals of the noetherian Os-algebra
A' anel Ai] = 0 (cL [1]). E. denote the ill1age of E. in Parx/D/s(Ao). \Ne use this
notation for other elell1ents of Parx/D/s(A) 01' Parx/D/s(A' ).

Let us show that thc defornlation thcol'Y for Parx/D/s is given by the 1110elules

-., ""1 1 - -
D(Aol 1,1!J",) = bxt XAo (E., J 0Ao E.).

anel D(Ao,1, E*) operates frcely Oll Parx/D/s(A')S•. Here, Parx/D/s(A'lE. elenotcs
the subset of elelTICnts of Pal'x/D/s(A' ) whose inlage in Parx/D/s(Ao) lS E•.

Proposition 2.1. <I> : Pal'x/D/s(A')E. -+ Parx/D/s(A)E. is a prin6pal hon~ogeneo'lls

space for the group D( Aa, I, 1'?).

Proof. Let E. be an elelnent of Parx/D/s(A)E. such that <p-1(.E.) "# 0. Then, eaeh
eielnent E~ of <]>-1 (E.) detennincs the extension

eE~ : 0 -+ J 0Ao E. -+ E: -+ E. -+ 0

in Ext~AI(E.,10AoE.). Since eE~ detel'mines thc isolllorphislll dass of E~, <t>-I(E.)
can be regarded as a subset of Ext~\"AI(E*,10...1o1!;.). ExtlA,(E.,J 0...10 E.) contains

a subll10clule ExtlA (E*, 1 0Ao E... ). Here, since E. is A-flat, for ea.ch extensioll ( in
Extl

A
(E., 1 0...10 E.), we havc the following C0111ll1uta.tive eliagrall1 with exact rows.

(: 0 ~

(0A Aa : 0 ~

I 0A E.
:=:1

10Ao E.
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1 - - 1 -
This shows that the lnap p. : ExtXAo (E., J 0Ao E.) ~ Ext XA (E., 1 0Ao E.) IS an

isonlorphislll. Henee, thc group Ext~AO(E., 1 @Ao E.) aets frecly on Ext.\-A/(E.,l @Ao

E.) by translation. Then, elelnentary verifieations using Baer sUlns (cf. LetTIlna 1.4)
show that Ext~ (E.,1 @Ao E.) aets on <I>-l (E.) freely and cfTectivcly. 0

Ao

We shall prove the rollowing along the proo[ of Proposition 6.7 in [13], hut we don't
use "Iocally free" resolutions of E•.

Proposition 2.2. Thel'e exisls an element ~ 01 Ext~ (E., I QSlAo E.) such t.hal. ~ = 0Ao
if and only il E. 18 liflable /.0 an elemen/. of Parx/D/s(A').

Proof. Clearly, 'wc may replaec E. by E. 0 x (]X (rH) so that all E n for 0 :S Q' ~ 1
are generated by its global seetions . Then, .E. is a quotient o[ a coherent parabolic
shea.f F. = EB)ai(OX A ) E Parx/D/s(A) where Jai is the fUllctor defined in §1.

(2.1 )

Clea.rly, F. is liftable to F~ = EBi1Cli(OXA,) in Parx/D/s(A'). By virtue of (1.3), we
rnay assume that

,I - - l '(2.2) ExtXAo (F., J 0Ao E.) = ExtXA,(F., J 0A E.) = O.

As in thc ease of Quot-sehclllcs (cL LenlIna 6.7 in [1]), the obstruetion dass 17 to
lifting the parabolie quotient F. ----H- E. to F: ----H- E: is in Ext~A' (]{., 1 0 A E.). \!VC

clai111 that this dass is, in fact, in thc S11 bnloclule Ext~A (]{., J 0A E.). As in the
proof of Len1111a 6.7 in [1], 1] is detennincd by thc following eOll1Illtltativc diagnl..ll1
with exact rows.

e;O IF:
i p' ~ F. 0-t -t -t•

lq 1 1I

e' : 0 -t I C9A E. -t G. -t F. -t 0

11 I li
11 : 0 -t ] 0A E. -t G' -t J(. -t 01'.

where e is the eanonieal extension, G. = Coker(IF: (~) F~ EB (1 0 A E.)) anel c;~ =
0. X F. ]'i..'•. Then easy eaJculations show thal IG~ = O. This proves our dailn.

Sinee ]'i..'. is A-flat, as in the proof of Proposition 2.1, we ha,ve CL canonica.l i50
I110rphisln Ext1 (K., I 0Ao E.) ~ Ext1 (](., J C9A E.). Let ij bc the ilnage of 1] in

AO A

Ext~ (l?, J 0Ao 1?). Then, frOITI (2.1) and (2.2), we get an injection
AO

1 - ~ 1 ~~ - 02 ~ -=,o = Extx (.F., 10Ao lJ.) -t Ext x (1\*,1 0Ao E.) -t Extx (E.,l 0Ao lJ.).
AO Ao Ao

Hcnce, if ~ = 8(fj) = 0, then E. is liftable to an A'-flat quotient of F~. Conversely,
if E. is liftable to E~ E Parx/D/s(A'), then, by virtue of (2.2), 'Tr : F. ----H- E. can
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be extended to an A'-linear lnap 1r' : F~ -+ E:. Clearly, 1r' is surjeetive. Henec,
~ = O. 0

Rernal'k 2.1. vVhen A' eontains a field, we ean give thc obstruetioll dass Illore explie
itly. For eaeh elenlenL E. in ParxjDjs(A), let

~o; 0 --t (1\1/1) 0A E. ~ E. ~ E. --t 0

be the eanonieal extension. Vve have a long exaet sequenee

1 - P 1 - 7rExt x (E., J 0,;1 E.) --t Extx (E., N} 0A J~.) --t
AO Ao

Then, we ean show that 8(~o) is the obstruetion dass for lifting E. Lo ParxjDjs(A' ).
8(~o) is represented by the following exact sequcncc

Now, suppose tha.t f : X -+ S' is s0100t.h, projcctive and gCOlnctrically integral and
S' is ascheine of finite type over a universally .Japanese ring =:. Let 0 be a loca.!l)'
free CJX -Illodule of finite rank and let 1r ; Y = Spee(S·(OV)) -+ X be the natural
projection rnap.

Definition 2.2. A parabolie f2-pair is a pair (E., <p) consisting of a. paraholic 0 x
1110dule E. anel a parabolic horllolnorphisln 'P : E. -+ E. ®x f2 with 'P /\ 'P = O. \~le

say that (E.,ep) is eoherent (01', torsion free) if E,. iso

By Remark 1.1 (i), the original notion of parabolic !1-pairs in [25] is sanle as that
of torsion free, parabolic !1-pairs.

By thc condition ep /\ r..p = 0, E. has a. structure of parabolic OY-Inodule with re
spect to 1r. D. This correspolldence gives HS an equiva]ence betwecn thc category of
parabolic f!-pairs and PYj7r.v, By Proposition 1.1, PY j1f.D has enough injective ob
jects. For parabolic f!- pai rs (E., 'P) and (E:, <p'), we denote by Ext~ (( E., <p), (.E:, tp'))
the Ext-group Ext;.. (E,., E~). The defonnation theory for parabolic !1-pairs i8 given
by Ext1((E,.,'P), (E,.,tp)) and Ext~((E*,<p),(E,., <p)).

For convcnienee of readers, let HS reca.ll SOIl1e notion defined in [14] and [2.5].

Definition 2.3. A coherent parabolic !1,,-pair (J~* l <p) on a geolnetric fibre ~V:!l is said
to be paraholically stable (01', parahol ica.lly serni-stable) if it is torsion free a.nc! fol'
every coherent <p-inva.riant parabolic sub-sheaf F. of E. with °=I }.., :/= E,

10
1 X(Fa(rn))(Z'" < 10 1 X(Ea(n1.))d", ( )

<..{ <..' 01',::;, resp.
o rk F 0 rk E

für sufficiently large integers rn. Here, "r..p-invariant" l1leans <p(F*) ~ F* 0x !1.
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Let 0'* be a set of real nunlbers {O'], 0'2, ... ,ad with 0 ::; 0'1 < 0'2 < ... <
0'1 < 1 and let If. be a set of nurnerical polynolllials {H, lf1 , JI2 , ..• , lId. Let us

elenote by Par~i~~Dis (or, Par~i~~Dj"'S) a sub-functor of ParY/1f·D/S such that (E., r.p) E
ParY/1f.D/s(T) is a T-va.lucd point of it if and only if for all geometrie points t of T, the
systenl of weights of E* IX t is 0'*, (.E., r.p L\'t is parabolically stable (01', parabolically
senli-stable, resp.), x(.E(n~)x,) = H(nl,) anel X((.E/i~i+I,O(Eo;+I))(n1.)x,) = lJi (1n)

for i = 1,2, ... , I (0'1+1 = 1). By virtue of Theorenl 1.11 of [25], Pari!i~~Dis and

P H.,o:.,s& b f t f Par}'/1r.D/S a.re open su - une ors 0 al"Y/1r·D/S'
In the previous paper [14J anel [25J, we havc constructed llloduli scheines of Seshadri

equivalence classes of parabolically serni-stablc !1-pairs.

Theorenl 2.3 (Theorenl 4.6 of [251). Assu'HW that all O'i are rational nu'mbers.
Th tl . t S I 1I.-1 H.,0. d h' Y l:l 11.,0.,118 .,.-;,H.,ü.en ,te're eX1S an -se !C"HW H. niX/DIs an n morp zsm : ar}'/1f.DjS -t ll'lnjXjDjS
sueh that

(i) M{{i3;/D/S is loeally oJ finite type and separater! over SJ

(ii) M{{i~D/S conlains an open sub-schenw Algix/D/s which 18 a eoa'rse rnoduli

schenle for the Junetar Pa.[~!i~~Dis and
(iii) for eaeh geo'mef.rie point s 0/ S', 1(k(s)) induces a bijeclion

Par~i~~Di&s(h~(8))/ f"V ~ i4t:itiD/S(k(s)),

whe'1"e f"V rneans the Scshndr1: equivalenee relation (cf. Definihon 1./2 0/ [25]).
11 S' is a noelhe1'ian sehe'me over a field oJ ehanlderislic zero ur din1~)(/ S' ::; 2, thcn
A-IH • Q. ' • • t' c:,' l,fl/ n 0 M- H. ,0.' I I' I j

I nrk/D/s zs quasl-prOJec ,lve ovcr ,-. 'y,len H = J niX/DIS l,S a 'mocu 1, sc lC'lHC 0

Seshadri eqtdvalence classes 0/ pa'rabolically serni-slable sheaves M;ibis'

Re'lnark 2.2. [f (E.,r.p) E Pari!i~~Di&scr), then (E""r.p) is a flat fall1ily of parabolic

!1-pairs i.e. all i~,ß are injective and all E /i~i+l ,0 (.Eo: i+I ) are T-f1at. In fact, thc first

assertion follows from Relnark 1.10 of [25). Sincc all Ea are T-flat anel i~,ßIXt :
Eol Xt -t Eßlx

t
are injective, the local criterion of flatness irnplies that Eß/iC;;,ß(Eo )

are T-flat. Hence, the morphislll Y is defincd by thc condition (4.6.4) in Theorenl
4.6 of [25].

Theorenl 2.4. Lel s be a h~-valued gcornet1'ic point oJ 5' and let (E"" r.p) bc an !1
pair eOT'responding to a k-varlled geornel.rie point. x oJ UVlt!ix/D/ s)&. Then thc Zariski

t.angent. space of(ll1i{if'/D/s)s al.:c i8 nahlrallv isorn01'phic to Ext1~((E*,r.p),(E*,r.p)).

/J Ext~,((E""r.p),(E""r.p)) = Oj I.hen 1\1i{ix/DjS l:S srnoolh al. x ove1' S. flI/o'rco vc '1",

iJ S = Spec( k) JOT a field k and iJ Ext~~ ((E"" r.p), (E"" r.p)) = 0 Jor all pnrabolically

semi-st.able !1-pairs (E., <.p) on a geo'melr'ie /ibre X&J thcn M~JitiD/S 1:5 normal.
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Proof. The 1110duli M~~·x/D/s was constructed as an inductive lirnit of a faI11ily of

open iIlllllersions MI -t A12
-t ... paralnetrized by positive integers. Each il e is a.

good quotient of a scheIne Re by a PGL(Ve)-action where \~ is a free ~-lnodule. On
the scheIne Xe = ); X S Re, we constructed an Re-Aat para.bolic !1-pai r (E;, 'Pe) a.nd a
surjection 'l/Je : \~ 0.=: CJXe -*Ee(1ne) for SOlne integer nlc . T'his (E:, 'Pe) deternlines a

111ap qe : Re -t P~x~i~~D7s' The 111ap T0(/ is just the quotient Inap ~ : Re -t J\--:;/e. By
the definition of Re, it is easy to see that the sInoothness of Re over S at a point x
is equivalent to the fOflnal snloothness of the functor Par~i~~D7s over S at (((x). 1'0
prove nornlality of the 1110duli schenle, it is enough to show that 0.11 Re are Sll100th.
So, the last assertion follows from Proposition 2.2. f\.1oreover, by the completcly salne
proo[ as that of Proposition 6.4 o[ [13], thc quotient lllap ~ : ~-I (NIe) --t Nie is a

principa.l fibre bundle with group PGL(\~) wherc NIe = it e n Nlt:i.0Dls' Hencc,

vanishing of Ext~J(E.,'P), (E., 'P)) for a parabolically stable !1-pair (E*, <p) inlplics
the smoothness of the lnoduli scheIne over S at the corresponding point.

For tangent spaces, by Corollary 6.4.1 of [13], we Inay aSSUlne that S = Spec( k)
with algebraically closed field k. Let k[t] be a k-algebra with t 2 = O. Since e
e-l (Me) --t Jvi e is a principal fibre bundle, it is easy to see that the natural lnap

Par~i~~D7s(k[t] )(E.,'j) ------+ J\tJ~~·.It/D/ s( h~[t] )(E.,'j) .

is bijective. Since the action defined in Proposition 2.1 is cOlnpatible with any lnaps
of defofll1ation situa.tions, this bijection induces the desirecl iSOl110rphisl11 of k-vector
spaces. 0

Rentark 2.3. If we set !1 = 0 in Theorenl 2.4, we get the corrcsponding results [01'

the Ill0duli SChe111e A1.1~ibis'

3. TENSOR. PR.ODUCTS, HOM-SHEAVES AND SERIlE DUALITY THEOltEM FOR

PARABOLIC SHEAVES

Let us define parabolic tensor pl'oducts for parabolic sheaves E* and 11'.. Für each
real nUIl1ber a, let us set

(E* 0x F*)a = ( EB (Eat 0x F(2 ))/Ra
cq+a2=O

where Re< ls a sub-Ox-nlodule of EBe<t +e<2=ez ( Eezt 0x Fe<J generated 10ca11y by sectiolls
of types

. .at ,a' .e<1,0'2
(l)ZE t(x)0y-.-r0 z/ (y) (xEEal,yEFo~,al+a2=a'l+a;=0')

(ii) x - jß,i(X) (x E Eß 0x Pi' ß+ f = 0')

where jß,-Y is the iSOIllOrphisIll
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Für each pair of real nUll1bers 0' 2": ß, a hOl1101110rphisl11

iE'~0F. : (E. 0x F.)o ----t (E. ®x F.)ß

is defined by setting for loca,} sections x E Eo } and y E F02 (0'1 + 0'2 = 0'),

iE'~0F*(X 0 y mod Ra) = is},ß-a2 (x) ® y 1110dRß

= x @ ic;?,ß-a l (y) nlod ,Rß.

It is easy to see that this defin ition is wcll-defineel and these horllornorphislns {i~'~0F. }
makc (E", ®x F... )... an IR-filtcred OX-Inodule. n1lorcover, to define an iSOl110rphis111
jE.0F., let us consider iS0l110rphis111S

JQ = EB-y(l 0 jF(,)) : EB(Eo-"Y 0x F-y 0x t)x( -D)) ~ EB(Ea--y 0x F-y+d·
"Y r

Then it is easy to see that Jo:(RQ 0x Ox(-D)) = Ro:+ 1 anel that

jE.0x F• = J", 1110d R ... ®x Ox(-D)

i8 an isolnorphlsnl (E. 0x .I?,.). 0x Ox(-D) ~ (E... @x F.)[l]. which satisfies the
condition (1.1). Thus, we get a parabolic sheaf CE. 0xF.) •.

V./e ha,ve a falnily of canonicaJ lnaps

Ja,ß : Eer @x Fß~ (E... ®x F.)a+ß·

These 11laps defines a canonical parabolic bilinear nlap

I.,. : E", x F. -t (E... @x F.).

i.e. eaeh loeal seetion b E Fß (01', a E Eo ) induces a paraholic h0l1101110rphisl11
!.,ß( -, b) : E. ~ (E. 0x F.)[ß]. (01', lo,.(a, -) : F. ~ (E. ®x F.)[a]., resp.). It is
easy tü see that this parabolic bilinear map has a universal property as in the case

of usual tensor proelucts.

Exanlple 3.1. Let E. anel F. be parabolic sheaves. ASSUl11e that F" has the special
8tructure. Then (E", @x f-:')o ~ Eo 0x F anel i~'~0F. = iC;;,ß 0 idF . In particular, for
objects in A.tt x C PX/D, parabolic tensor products of the111 are sa11le as 118ual tensor
products for 0 X-Illodules.

Clearly, two operations "tensor" anel "shift" are COlllIl1utative.

Lelnnla 3.1. FOT each 0: E IR, (E'[ü]. ®xF.). ~ (E. 0x F[a].)* ~ (E", 0x F*)[O'] •.

P'1'oof. Clear. D

Definition 3.1. A eoherent pal'abolie sheaf E. is said Lo be locally free, if Eo are
locally free OX-l1l0dules [01' all 0' and Eo:/l:~,n(Eß) are loeally free OD-Inoelules for all
a :s; ß < 0' + 1. If ){ is integral, the ranks of Eo have a. constant value. It is callcd
the rank of E•.
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Loca.lly free parabolic sheaves of lall k one (caB thenl parabolic invcrtible shcavcs)
are obtaincd locally by shifting invcrtible sheaves with special structure. i\10re gener
ally, every locally frce parabolic shcafE. is locally a direct sun1 o[ parabolic invertible
sheaves.

Exan1ple 3.2. Let E. anel F. be paraholic sheaves. ASSllllle that E. is locally [ree.
Set U = X - D. Let 1: : U ----t X be an inclusion map. Since Ea @x Fß C Ea 0x
i.i"(F) = l:"l:·(E 0x F), all Ba 0x Fß are regarded as sub-nlOdules o[ i,,'i"(E @x j?).

In this case,

as a sub-nlodule of -i"i·(E 0x F) alld i~'~0F. is thc natural inclusion 11lap.

Tensoring a parabolic sheaJ induces a right exact funcLor.

Proposition 3.2. For any cxaet sequence 0/ parabolic sheaves

o-----t E' ~ E. ~ Eil -----t 0,
" "

the sequence

E' F f0id E L' 90id Eil Cl'. 0x "-----t!J,, 0x .1'. -----t .J>I1, @x ./'. -----t 0

is exacl.

Proof. We sha.ll prove in LCl1Ilna 3.5 that the functor @x F. has a right aeljoint functor
H01n(j~", - )•. For the futlctor H01n(F., - )., Icft cxactncss is deal'. Then our clailll
follows froll1 standard argU111ents. 0

]11 the above proposition, if f 0 id i8 injective for any short exact scquences, F. is
said to be parabolically flat.

Proposition 3.3. A cohcrenl, parabolic sheaJ E. is parabolically flat iJ and onty if it
is locally free.

Proof. If E>I1, is locally free, it is locally a dircct SUlll of parabolic invertible sheaves.
Hence, it is clea,rly parabolica.Ily flat.

Conversely, aSSUl11e that E. is parabolically flat. Thc question is Iocal, so we luay
asslllne that X· is an affinc scheIne. Since thc category of Ox-nl0dules A1x is a full
sub-category of PX/D, all Ba Dlust be locally free and o[ finite rank. Then all i~,ß
are injective. \Vithollt lass of generality, we Inay identify E n with a SUb-ll1odule of
Eß. If E>I1, is not locally free, we may aSSUlne that for sOlne 0 < ü < 1, E_ n / E is
not a locally ffee OD-lllodule. Then [01' SOlne ideal J of Ox containing Ox(-1)),
Torfx (E-ölE, Ox IJ) =j:. O. Let.1.. be a parabolic sheaf sllch that Jo = Ox, Jß = I
for 0 < ß ::; a anel Jß = Ox( -D) for a < ß ::; 1. Then we havc a natural injection
cP : J>I1, ----t CJx[-ü] •. It is easy to see that (E. 0x J .. )o is given by the exact scqucnce

o-----tE @x [~ B EB (E_ Q 0x I) ~ (E>I1, 0x J.)o -----t 0
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where f( e0a) = (ca, _i~-a (e )0a) a.nel 9 is the cOInposite lTIap of thc natural injection
E EB (E-o <8)x J) ~ (Eo 0x Jo) EB (J:;-o G9x JcJ -t ffiß(E_ß 0x Jß ) allel the quotient
I11ap EBß(E_ß 0x Jß) -t (E. 0x ).)0, On the other hand, (.E. 0x Ox[-n].)o ~ E- o .

Hence, we obtain the following exact COillI1nILativc diagranl.

0 0

1 1
0 E- o 01

9'
Kcr 1r------7 ------7

1 lc~) 1
o------7 ,E01 J JlJ ffi (E_ n 0 I) 9 CE. 0 J.)o ------7 0------7 ------7

li~-a01 1(i~-a 0 ) l~
o ----4 E_ a 01 ------7 E- o ----4 E- 0 0(OxI1) ----4 0

1 1 1
(E-ol E) &; J ----4 E-oIE ----4 (E-ol E) 0 (Ox / J) ----4 0

1 1 1
0 0 0

The connccting hOll10tnorphislTI Ker 1r -t (1!)-o/E) 0x 1 inc!tlces an iSOl110rphisI11

Ker 1r Ig'(,E-o 0x 1) ~ T'or~x (llJ-o/ E, 0 x/I).

On the other hand, we have the following exact conlrnutative diagranl

0 E- o 01
g'

(E. 0 ).)0
h

(E. 0 J.)o/g'(E- o 0 I) 0----4 ----4 ----4 ----4

1I 1(J0tP)o 1 (101J)o

0 E- o 01 E
h'

E- o 0 (OxI J) O.----4 ----4 -0 ------7 ----4

Note that h'o(1 (9 c/»o = (10 c/»ooh = 1r. Hence, by thc snake letnnla,

Ker(l 0 cI»o ~ Ker(l (9 cI»o = Ker 7rIg'(E_a 0x J) ~ Tor~x (.E-aIE, Ox I I).

Thus, (1 (9 <p)o : (E. 0 .1.)u -t (E. (9 Ox [-0'].)0 is not illjective. D

Definition 3.2. Let E. audF. be paraholic sheaves. For each 0' E IR, let us set

1{01nx(E., F.)o = 1{01nx(E., F[o·].)

For each n ~ ß, the h0I110I110rphis111 i~,ßJ induccs the natural hornonlorphism

i';;~mx(E.,F.) : 1{onl.x(E., F.)o ----4 1{om·x(E., F.)ß·

IVloreover, the canonical isolll0rphisI11

(TI 'H01HX(Eß , Fo+ß )) 0x 0 X (-D) ~ TI 1{01HX (Eß, Fo+ß+d
ß ß
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iHomx(E.,F.)(O') : 'h01nx(E., F.)a 0x Ox( -D) -t 'h01nx(E., F.)a+l.

It is easy to see that these isoIllorphisIllS Inake Hornx(E., F.). a parabolic shcaf. It
is called a parabolic Hom-sheaf.

Len1n1a 3.4. For each 0' E IR, there ([re natural iso'rnorphisrHs

'h01nx(E., ,F.)[a]. ~ 'h01nx(E[-O']., .F.). ~ 'h01HX (E., F[a].) •.

Proof. Clear. 0

Exanlple 3.3. If E. has the special stl'llctllre, then 'ho1T1.x(E., F.)o: ~ H01nx(E, 1~)
and i~~mx(E.,F.) ~ (i~,ß)•. In particular, H01nx((Ox).,F'.). ~ p. if (Ox). has thc

special structure. 1[, [urthennore, P.. has thc special structure, 'hornx (E., F'.. ).. also
has the special structllre.

Le1l1111a 3.5. There is a nat.ural iso·morphis'1Tl. 0/ parabotic sheaves

Proof. Gleat' by the universal property of the callonical parabolic bilillear Inap J.,. :
E. xF. -t (E. 0x F.).. 0

Let us introeluce two l110re operations for parabolic sheaves E.. Let J~a be an
incluctive lilnit iilnEß . For each 0' ;::: ß, we have a natural hOln0l110rphisnl i~,ß : Ea -t

ß>Ct

Eß induced by i~* anel have an isor11orphism jE;(a) : Eo 0x Ox( -D) -t Ea+1 . Thus,

we obtain a parabolic sheaf E.. If E. is a coherent parabolic sheaf corresponding
to a filtration E = F1(E) :> F2(E) :> ... :> F/+ 1(E) = E 0x Ox(-D) and weights

o :S 0'1 < 0'2 < ... < Q:[ < 1, then E. is a parabolic sheaf with Ea = J~(E) [01' aH

ai-I:::; a < ai (i = 1, ... ,1+ 1,ao = al-1,al+l = 1 +al)'
Seconclly, let us set V(E.)o = E~a (the dual sheaf of E_a), 1:~(~) = (i"Eß,-O) v for

Q' ~ ß and jV(E)(O') = (jE(-a - 1) 0 idox(D))v. Thcn V(E*)* is also a parabolic
sheaf.

Now let .F be a parabolic sheaf with special structllre. Then \\'8 ha,ve

'h01nx(E*,F)a ~ 1i01nx(E[-l]-a, F) ~ 'h01nx(E_ a 0x Ox(D), F).

In pal'ticular, we have a natural iSOlllorphislll o[ parabolic sheaves.

(3.1) E~ ~ V(E. 0x Ox(D)). ~ V(E.). 0x Ox( -D).

where E: = 1iO'1nx (E*, Ox )*. \,Ve have a canonical hOITI0I110rphisI11
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lf this is an iso1l10rphlS111, E;. 18 said to be reflexive. A coherent parabolic shea.f E.
is reflexive if and only if all Eo are reflexive, since (E:V)er = (Eer)vv. In particular,
loca.Ily [ree parabolic sheavcs are reflexive.

Len1n1a 3.6. [f E. is locally free, thert therc are canonical isornorphisnts

(3.2) (E~ ®x F.). ~ H01Hx(E., F.).,

(3.3) Ext~(E., F.) ~ Jfi(X, (E~ ®x F.)o) ::: JliC)(, Hornx(E.. , F.. )).

Proof. For (3.2), sinee we have a eanonieal 111ap, it is enough Lo prove it loeally. Then
(3.2) is clear since we Il1ay aSStlIne that E. is a direet sun1 of parabolie invertible
sheaves. For (3.:3), the result follows froln parabolieally flatness of E:, (3.2) anel
Coro11ary 1.3. 0

The Serre duality theoren1 ean be generalized for parabolie sheaves as [ol1ows.

Proposition 3.7. Let X be a non-singular projective van:ety of dinwnsl:on n ove]' an
algeb1'aica/ly closed field k. Let Wx be a dualizing sheaf ort X. TheTt Jor alt locally
free parabolic sheaves E. and F., there are natu'ral iso'mo'rphisms

(3.4)

IJ, lnoreovcr, D 1:5 non-singular, I,hen ihis forntula holds for all cohe'renl pa'rabo!ic
sheaves E. artd F•.

Proof. If P: -+E. and Q: -+ F. are resolutions of finite length by locally frce
paraholic sheaves of finite rank, then Ext~(E., ji'. 0x wx(D)) ls canonically lsornor
phic ta hypcrcoholllology IHP(X, ((p:)V 0x Q;); 0x wx(D)). By Corollary 1.:3, this
is isoll10rphic to JHrC~, ((p:)V 0x Q:)ö ®x wx(D)). Sincc for locally free parabolic
sheaves P. aneI Q.,

(P.v ®x Q.)o = ((Q~ ®x P.)~)V ®x Ox(-D) = ((Q~ ®x I:>.. )o)V <9x Ox( -D),

by the Serre duality theorenl for cOInplexes, we obtain (3.4-). 0

Remark 3.1. 1) If lJ is not stnooth, a coherent parabolic sheaf E. eIoes not always
have a locally free resolution of finite length.

2) The theorenl can be. gencralizeeI to isotnorphisll1S o[ lR-filtered A:-tnodules

e: :Ext:\,(E., F. ®x wx(}J)). r..J V(Ext~-i(ji'.,E.).).

r..J V(Ijn-i(x, Hornx(F., E.. ).) .. )•.
3) Even for loeally free parabolic sheaves E., in general,

H01nx (E., E.)V 'f!. Hornx (E., E.)

though we have H01nx(.B., E.)~ ::: H01nx (E., E.) •.
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4. EXT-GROUPS FOR PARABOLIC O-PAIRS

Let (E.. , tp) be a. parabolic O-pair. Let l' be the rank of 0 and let B = S·(OV).
Then we have the following Koszul exact sequence of B-Inoelules.

v dr d3 2 v d~ V dl rtJ
~ : 0 ---t ;\T(O ) 0x B ---t ... ---t 1\ (0 ) 0xB ---t 0 0x B ---t B ---t Ox ---t 0

Here di is given locally by

1

i (( 'Wl 1\ ... 1\ 'Wi) 0 b) = 'L(-1 )j+ I ('WI A ... A 'tl}j 1\ ... 1\ 'Wi) 0 'Wjb.
j=1

Since all l\i(OV) 0x B are Bat over X, ~ 0x E. is also an exact sequence. Let llS

denote Ei = E* l6)x l\i(OV) ®x B anel dk = idE• l6) di
•

Let us define 8i : E; ----?E;-1 by

i

8i(e l6) (101 1\ . .. 1\ 1Oi) l6) b) = 'L( -l)j+l 1Oje (9 (101 1\ ... 1\ Ü}j ;\ ... ;\ 'Wd (9 b.
j=1

Then it is easy to see that 8i 8i+1 = 0 anel 8i di+l + di8i+1 = O. Let us set E~,k

E* 0x l\i(OV) 0x Sk(OV). Then E~ = EBk>oE;,k. Note that di(E~,k) C E;-l,k+l and
8i (E;,k) c E;-l,k. Let us set ai = di - 8i f~' i 2:: 1. Then EJiE)i+l = 0.

Lenln1a 4.1. The sequence

_ r 8 r 83 2 82 1 81 0 8°
~ : 0 ---t .E.. ---t ... ---t E", ---t E* ---+ E* ---t E* ---t °

is exact, where aO(e 0 b) = be.

Proof. Since a.ll h011101110rphisnls prescrve filtrations, we ll1ay ignorc parabolic struc
tures. Note that the question is loca!. Clearly, aoal = 0 and Coker(( 1) = E l6)B B =
E. Hence, ( is exact at E O anel ao is surjective. Now, let us take an elClllent x E Ei
with ai(x) = O. Set x = Lk=O Xk (Xk E Ei). Since

rn-I

ai(x) = -8i (xo) + 'L (i(a:k) - 8i (Xk+d) + i(xm) = 0,
k=o

we have 8i(xo) = 0, di(Xk) = 8i(Xk+l) (i = 0, ... ,rn -1) and di(x m) = O. Since ~ 0 E
is exact, there exists an elerllent x~_l E E;;;!l such that di-l (x~n-l) = x m . Then

Hence, we get an element x~_2 E E::!2 such that Xm-l = di+1(X~_2) - 8i +1(X~n-l ).
Continuing this procedure, we get elelnents X~ E .Et+1 such that Xk = di+! (Xk-l) -
ci+l( ')[ l~-O ,'tl' -0 1"'l1 ai+1(""m-l ')-' 0v X k or ft. - , ••• , 1n \\ 1 1 X -I - . . lcn L.k=O xk - X.
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Let (F.. , 'IjJ) be another parabolie O-pair. For eaeh i, \Vc havc the eanonieal isolllor
phisITI

cj>i : HOITIB(E:, F.. )~ HOlllX(E.. , F.. 0x AiO).

\,Ve ean easily verify the e0I11Illutativity of the following diagranl.

(4.1 )

HonlB(E:+1
, F.. )

l.pi+l

HOlnx(E.. ,J~.. 0x Ai+10)

E. 0x nE.

11

F. 0x AiO ~ I~ 0x 0 0x Air! ~ J?.. 0x Ai+10

(1rl (e 0 tu 0 v) = e0 (tu A v), 1rl (e 0 tu 0 v) = e0 (v A tu))

Proposition 4.2. For parabolic O-pairs (E.. , rp) and (F.. , 'IjJ), t.he're is a speetral se
quence

J'IoreoverJ i1 E.. is 0 x -locally free) /.11. en f}wre 1:8 a canon ical ison"L 0 rph isrn

(4.:3)

lOhere C·(rp, 'IjJ) is a contp/ex o/Ox-modules lOi/.h Ci(rp, 'IjJ) = HO'1nx(E.. , F.. 0x Air!)
and d~. (rp,tjJ) = "\~rp,tjJ). In parf.icularJ t.here is anolher sped'ral sequence

Praof. Let us take an injcetivc resolution 0 ---+ F. ---+ J: of F. as a paraholie B
module. Let 'ljJi : 1~ ---+ 1: 0x 0 be the r!-pair structure induccd by its 13-nl0dule
strueture. Then we obtain a double cOlnplex C·· = CO(rp, 'Ij;0). By Lenllna4.1 anel the
COIlllTIutativity of the dia,granl (4.1), for eaeh i, 0 -----? H01nB(E.. ,1;) ---+ CO(rp, 4i) is
exact. Henee, we get aresolution

o ---+ HmnB(E.. , J;) ---+ C··.

This inchlces a quasi-isOIllorphislll of cOIllplexcs H01nB(E., J;) ::: tot C", whcre
tot C" is the total eon1 plex of C··. The first spcctral sequcnee is given by the
speetral sequence of the double cODlplex C· 0.

If E .. is loeally free as a parabolie OX-ll1odule, then for eaeh j,

o ---+ H01nx(E.. , F.. 0x AjO) ---+ cj(rp, 'ljJ0)
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gives us an injective resolution or 'Horn X (E.. , F. 0x ;\in). Bence, we have quasi
iS0l11orphi sIns

'Hon~B(E., I;) ~ tot C·· ~ C·(r.p, 1jJ).

Hence, Extx((E.. , r.p), (F., 1jJ)) is isol110rphic to the hypercohol11010gy Jt[. (X, C· (r.p, lp)).
Fina.lly, (4.4) is usual spectral sequence of the hypercohol11010gy. 0

Re'mark 4.1. The I11ap A~<p,t!') : 'Hornx (E.. , F.. ) ~ 'Hon1,x (.E., ,p. 0x n) givcs us an n
pair structure on 'H01nx(E.,F.. ). If n = n\, the hypercoholnology JH[i(X,C·(r.p,'t/J))
coincides with Hbo/(){, H01nx (E"", F.. )) the Dolbeault cohorTIology with cocfficients in
'Hon~x(J~,., F.) that is elefined by SiI11pSOn [23]. For a I-liggs bunelle (E, r.p), by thc
iS0I110rphisI11 (4.3), we have

JJbo'(~X:'E) ~ Ext~((Ox,0), (E, ep)).

5. MODULI SPACES ON CUIlVES

Let X be a snlooth projective curve of genus 9 2: 2 over an algebl'aic~lly. closed
fidd k. Let D = PI +..... + Pn be a reduced divisor. Let NI = NJ( d, {aL n1}) (Ol",
11-;/Higgs = N/Higgs(cl, {0-1, n1} )) be the 1110duli scheIne or Seshadri equiva.lencc classes
of parabolically senli-sta,ble bundles E. (01', parabolically sClni-stable Higgs bundles
(E., ep), resp.) wi th eier E = d, rk( E) =1', Rag structure of type (n;, , n~i) at Pi
and weights {o-;, ... , o'/} at Pi (note that l' = n;). Let Pi = Flag(n; , ,n~i) be a
Hag variety of type (11.;, ... , n~i).

Theoren1 5.1 (Mehta and Seshadri[15]). The n~oduli schem,e A1 (cl, {o1, nI}) is
an iTreducible nOTmal projeetive van:e/.y 01 di'rnension 1 + 1'2 (g - 1) + Li=1 dinl Fi .

ft, is s1nooth al. pOl:nts cOl'responding 1,0 pll'1'abolically stable bundles.

Let us verify this theOl'enl by calculating Ext~(E.,E.) (for irreducibility, see thc
proof of Theorcnl 4.:1 or [1.5]). Though those are calculated by llsual cohorllology
theol'y using iSOlTIOrphisnl (3.3), we sha,ll show it by a ll1Cthod which call be applicablc
to non-Iocally free sheaves in highcr diJnCllSiollal cases. By our duality theorenl,
Ext~ (E., E.) = O. So, the moduli scheIne lf:! is nonnal a.nd it is non-singula.r at
points corresponding to parabolica.lly stahle bundles. E. has a pal'abolic sub-sheaJ E
(with special structure). Set G.. = E.. / E. The natural short exact sequence

o--1 E --1 E. --+ G. ---t 0,

yields a long exact sequence

o---t H0I11x(E., E.. )~ Horllx(E, E.)

~ Ext\(G'., E.. )~ ExtiCE., ,E.. )~ Ext\(E, E .. ) ---t O.

Let us aSStlllle that E. is paraholically stable, then it is pa,ra,bolically sinlple i.e.
H0l11x (E., E,.) = k . idE•. By Corollary 1.3~ Ext~ (.E, E.) ~ Ext~ (E, E). Since
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G.. 0x n~(D) ~ G.. , by thc duality theorenl, Ext1(Gl., E.) ~ HOlllx(E., Ö.. )v. Thc

parabolic sub-sheaf Eof E.. is annihilated by a11 parabolic hOlllomorphislllS 4> : E. ----?

G•. SO, if EPi = \~1 ~ ... ~ \~li :> ,~li+1 = 0 is thc fiag structure which cletennines
thc parabolic structure of ,E. at Pi, then

HOlllX(E., G'.) ~ Honlx(E.. j.E, G.. )
= EB ~~1{f E En clk (\~ I) I I ('~j) ~ ,~j+1(j = 1, ... , li) }

Thus, we conclude that thc dilnension of thc tangent space atE.. is

(5.1)
n

di1TIk Ext 1(E.. ,E .. ) = 1 + 1·
2 (g - 1) + L dinlFj •

• i:::;::}

For the 11l0duli schenle of parabolic Higgs bundles, wc have the following.

Theorenl 5.2. The moduli scheuw A111ig98 ( d, {a~, n~}) is an i1"rcdudble 'normal quasi
projective variety 01 di1nension

2(1 + 1·
2 (g - 1) +2:: dinl Fi ) + 2::(11.1 - n1+ 1

)2 - 1.
i i,i

AloreoverJ 1Ü1Ii99J ( cl, {a~, n~}) is S'lnoolh uf. points correspondirlg to pa1'abolically stahle
Higgs bund/es.

Proof. For nornlality anel slTIoothness, it is cnough to show that fol' all paraholi
cally scmi-stable Riggs bundles (E., 'P), Ext~ ((E., 'P), (E., 'P)) = 0 . By the spectraJ
sequence (4.2), we get an exact sequence

o ---+ H0I11x((E.. , 'P), (E., 'P)) ~ Homx(E., E.) --4 HOlnx(E.. , E.. 0x ni(D))

~ Exti((E., 'P), (E.. , 'P)) ~ Exti( E.. , E.) ~ Ext~\,(E.,E.. 0x n~\,(D))

~ Ext} (( E., 'P), (E., 'P)) --4 O.

By the SeITe eluality theorenl [01' our case, wc have isolllorphislllS,

Ext:\,(E.. ,E.. ):::: Ext1-i(E.. ,J~. 0x n~(J)))V

Ext:\, (E.. , Ji).. 0x n~(D)) :::: Extii(E.. ,.E.. )V

anel 8v is given by f t---+ f'P - '-PI. Hence,

Ext~ (( E., 'P), (E.. ,'P)) :::: HOlllX (( E.. , 'P), (E., '-P)) v.

Let .f : (E.. , ep) ----? (E.,0) be a pa,rabolic honl011lorphislll. [ = (E.. , 'P) has a .Jol'dan
Hölder filtration [ = [0 ~ [1 ~ ... ~ [rn ~ [m+l = O. Set 9j = [i /[i+ l . If f
is not zero, it ineluces a non-zero lllap gi ----? Qi <.......t gi for SOlne i, j. Since gi anel
gj are stable anel have same slope, it 111l1St be an iSOlTIOrphislll. But Qi =I gi. This
contradiction shows that Ext~((E.,'P),(E.,'P))= o.
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If we achnit connectedness, the dilnension of Ext~((E.,0), (E., 0)) with stable E.
is the dinlension of A1Higgs ' In this case,

din1k Ext~((E., 0), (E., 0)) = din1k Ext~(E., E.. ) + din1k Ext~(E., E.).

Let us set G. = E./E•. Then we have

1 Ao -----? HOlnx(E., E.) -----? HOlllX (,E., G.) -----? Extx( E., ,E.)

---.::...,. Ext~(E., E.) -----? Ext~(E.,G.) -----? O.

Thc dual 111ap of Cl is

I-IoIllX(E., E. 0x 01(D)) -----+ H01TIx(E., E. 0x n~(D)).

Hence, Ext~(E.,G.) = O. Cleady, HOlnx(E., G.. ) = 1-10111 X (0 .. , G.) anel its dilnen
sion is Li,j(n1- 11.1+1)2. Thus, we obtain the elesired dilnension.

Connectedness is proved by the Inethod of Sinlpson (cL Corollary 11.10 of [20]).
Vve have a Gm-action on 1\1Higgs by (E.,tp) I-t (E.,ltp). By Corollary 5.12 of [25] for
each parabolicall1' selni-stable Higgs sheaf (E., tp), lim(E.,l<p) alwa1's exists in 1Ü-Higgs.

t-O

Let (E., <p) be a parabolicall1' stablc H iggs shcaf fixed by the Gm -action. Suppose
that <P =I- O. By thc prüof of Corollary 11.10 of [20], it is enough to prove that thcre is
a parabolic Biggs bundle (F., 1/J) not iSOI110rphic to (E., <p), such thaL li 111 (F., hp) =

t-oo
(E., <p). By the proof of Theorcl11 8 of [22], there is a deC0l11position sllch that
E. = EB~==oE~ anel <p(E~) ~ E~-l 0x Oj(logD). Since (E.. ,<p) is parabolically sta-

ble, par-'L(E~) < par- fL(E.) < par- fL(E:). Then, par-deg('HOlHx(E:, E~).) < 0
anel so, dcg('H01nx(E:,E~)) < O. By the Rielnann-Roch thcorenl, Ext~(E:,E~) ~

,HI(X, 'H01nx(E:,E~))#- O. Now by thc salne arglllnent as the prüof of LeIl111la 11.9
of [20), we cau find a desireel (F.,'I/J). D

Re'mark 5.1. In [10] I(on no constructeel a 1110duli space of sta.ble para.bolic 11 iggs
bunclles on a Rielnann sllrface as a hyperkähler quotient by a gauge group. His
definition of parabolic Higgs bundles is diffcrent fron1 ours. He clefined a parabolic
Higgs bundle a,s a palI' (E., <p) of parabolic bundlc E. and a parabolic h0l1101110rphisl11

<p : E. -+ E. 0x O~\, (D).
Let P be the IllOduli functol' for l'lHiggs' Let 1VP be a sub-functor of P such

that (E.,cp) E 1VP(T) if anc! onl1' if r.p E H0I11X T (E.,E. 0x n\-(D)). Clearly,lVP
is a cIosed sub-functor of P. \IVe constructed A1Higgs as a geOInetric quotient by
an algebraic group GI = PG L( \I) of S0l11C C,'-schcllle R. On X R, we have a univcrsal

family üf parabolically seIni-stable Higgs sheaves Ci!;. ,0) anel su rjections V 0JJ:Jx H --+t

E. Then there exists a unique closecl sub-schen1e lV R of R such that a 1110rphislll
J : T -+ R factors through 1VR if and only if f· (0) E H0I11XT(f· CE .. ), f·( E): 0x
O\- (D)) (cL [2.5] Corollary 2.:3). Clcarly, N R is CI-invariant. Bence, wc obtain the
geol11etric quotient 1V1W of NR by G. 1V1\1 is a closecl sub-scheIne of 1\1. By thc proof
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of Theorenl 2.3, NM is the lnoel,uli schc111e for the functor AT P (nlodulo Scshaelri
equivalence relations) anel it contains the coarse tlloduli scheIne lV 1\1 of stahle objects
as an open sub-scheIlle. Fix a line bundle L. Let 1\TA1L be the fibre of the canonical
rllap N Ai ~ Piex ovC1' L. Then AT AlL is thc rnoeluli schcrne which COlTcsponds
to the I110duli spacc constructcd by Konno. He provcd that his nl0duli space is a,
hyperkähler manifold of dinlension 2( (9 - 1) (1'2 - 1) + Li=l dinl Fi ).

]n the case of usua.l Higgs bundles, their IllOduli space contains the cotangent
bundle of the D10duli space of stable bunelles as an open subset (sec Hitchin [7]). In

our case, 1\1Higgs also contains a vector bundle on 1\1 anel lV AI contalns thc cotangcnt
bundle of 1\1 where 1\1 is the locus of stable parabolic bundles of il. Let 1\1Higgs be

the open sub-scheIne of A1Higgs consisting of points which conespond to (E., <p) with
stable E•. V\Te have a canonical 11lap 7f : A1Higgs ~ At{. There is an etale surjectivc
lnap p : Al' ---i- 1VJ anel a parabolic sheaf E. on )':MI Hat OVC1' kl' which dctcrrnincs
the Illap p. Let

F =(!lHI).('Ho1nxM,(E*,E* 0x Ol(D)))

9 =(!lH 1 ).('H01nxM,(E., E. 0x 01(0))).

Since dilllensions of HOIllXm (E* IxTTl , E*lxm 0x nl (0)) (01', H0l11X m (E* Ixm , E* IXTTl 0x
nl(D))) are constant, :F (01',9, resp.) is locally free. Let \I (01', Hl, resp.) be a
vector bundle over Al' whose sheaf of sections is :F (01', 9, resp.). The canonical
Hat falnily of parabolic Higgs bundles on Xv' induccs a rnap V ---i- N1tliggs' Clcarly
this Illap inchlces a bijective 111ap V ~ 1HHiggs X,M 1\;('. Since both of them are
sInooth, it is an isolllorphislll. Nlorcover, we havc a Illap Hl ---i- lV 1\1 n 1\IHiggs.
By Serre duality theorem, W is the pull-baek of the cotangcnt bundle T·A1 of J\1.
Since T'" NI is slnooth, by the Zariski's llHtin thcorc111, we obtain a lllap T* Ad ---i

lV1\1 n A1Higgs . It is easy to see that the Zariski tangent space of 1V1H at (E*, <p)

is Ker(Ext1((E.,<p),(E.,<p)) ~ Ext1((E.,<p),(G.,ep))) where G. = E... /E•. Since
Ext~(E.,G.) = 0 and the natural Inap HOIllX(E.. , G.. ) ---i- HOIllX(E*, G.. 0x n~(O))

is a zero Illap (ep = 0), HOIllX(E'., Gf. 0x n~(D)) ~ Ext~((E.,<p), (G... ,ep)). Coker cl ~
Ext:\,((E.,<p), (E*,'-P)) ~ HOlllx((E.,<p), (E*,<p))v. Hence,

n

diIl1k Kerd = 2((g -1)(1,2 -1) + :LdiI11Pi) = dirnT-J\I.
i=l

Since the lllap T* JH ---i- lV1\1 n 1V!Higgs is bijecti ve, we conclude that it is an iSOInor
phisIn.
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