
Holomorphic extension of representations

We report on the paper [1] whose introduction we attach below. We
make a special emphasis for the group G = Sl(2, R) and refer to the
overview article [2].

Let us consider a unitary irreducible representation (π,H) of a sim-
ple, non-compact and connected Lie group G. Let us denote by K a
maximal compact subgroup of G. According to Harish-Chandra, the
Lie algebra submodule HK of K-finite vectors of π consists of analytic
vectors of the representation. We determine, and in full generality,
their natural domain of definition as holomorphic functions:

Theorem 0.1. Let (π,H) be a unitary irreducible representation of G.
Let v ∈ H be a non-zero K-finite vector and

fv : G → H, g �→ π(g)v

the corresponding orbit map. Then there exists a maximal G × KC-
invariant domain Dπ ⊆ GC, independent of v, to which fv extends
holomorphically. Explicitely:

(i) Dπ = GC if π is the trivial representation.
(ii) Dπ = Ξ+KC if G is Hermitian and π is a non-trivial highest

weight representation.
(iii) Dπ = Ξ−KC if G is Hermitian and π is a non-trivial lowest

weight representation.
(iv) Dπ = ΞKC in all other cases.

Let us explain the objects Ξ, Ξ+ and Ξ− in the statement. We form
X = G/K, the associated Riemann symmetric space, and view X as
a totally real submanifold of its affine complexification XC = GC/KC.
The natural G-invariant complexification of X, the crown domain, is
denoted by Ξ (⊆ XC). For a domain D ⊆ XC we denote by DKC its
preimage in GC.

In [3] we observed that a G × KC-invariant domain of definition of
fv, say Dv ⊆ GC, must be such that G acts properly on Dv/KC ⊆ XC.
By our work with Robert J. Stanton we know that we can choose Dv

such that Dv ⊇ ΞKC (see [4], [5]). Therefore it is useful to classify all
G-domains Ξ ⊆ D ⊆ XC with proper action. As it turns out, they
allow a simple description. We extract from theorems below:

Theorem 0.2. Let Ξ ⊆ D ⊆ XC be a G-invariant domain on which G
acts properly. Then:

(i) If G is not of Hermitian type, then D = Ξ.
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(ii) If G is of Hermitian type, then either D ⊆ Ξ+ or D ⊆ Ξ−

with Ξ+ and Ξ− two explicite maximal domains for proper
G-action.

Finally, let us emphasize that proofs in this paper are modelled after
G = Sl(2, R) which was dealt with earlier in [3].
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