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AMPLE DIVISORS ON NORMAL GOREN STEIN SURFACES 

by 

Andrew John Sommese 

In [501] and [VdV] the classical adjunction process was im­

proved to give a powerful structure theory for very ample divisors 

on projective surfaces. This theory has been used in many inves­

tigations in more and more general forms, e.g. [10], [Li] I 

[ S02] , [ S03] , [ S04] I [ S05 ] • 

In [La+Pa] by using Mori theory (and also in [504] as a 

b:j.product of a more general adjunction process) the "stable" 

part of the theory was extended to arbitrary ample divisors on 

smooth surfaces. The definitive version of these results should 

cover arbitrary ample divisors on normal Gorenstein surfaces 5, 

i.e. normal surfaces for which the duali~ing sheaf Ws is 

invertible. This is the natural generality because: 

a) it includes the canonical models of general type surfaces 

and 

b) in greater generality the dualizing sheaf is not inver­

tible and new phenomena occur-in particular iteration of 

the process leads to non Cartier divisors and generally does 
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not beh~ve well. 

In this paper heavily influenced by the work of F. Sakai 

( [Sa 1] , [Sa2] , [Sa3]) I carry out this generalization to 
. 

normal Gorenstein surfaces. Though the methods are more in-

tricate than earlier methods the final results are very simple; 

ample divisors on Gorenstein surfaces have the same structure 

as on smooth surfaces. 

I need some terminology. A pair (S,L) consisting of an 

ample line bundle L on a normal Gorenstein surface S is 

called a Quadric , if S is biholomorphic to a possibly 

singular quadric Q :p3 and L is isomorphic to the 

restriction of 0p3 (1) to Q. A pair (S,L) is called 

a geometrically ruled surface, if S is a holomorphic p1 

bundle, p: S ~ R , over a non-singular curve R and the 

restriction Lf of L to a fibre f of pi's 0 f (1) • 

Theorem. Let L be an ample line bundle on a normal 

Gorenstein surface S. The following are equivalen,t: 

a) WSBL is numerically effective, i.e. degree 

(~s.L)c ! 0 for all irreducible curves C on S, 

b) there is a k > 0 such that is spanned by 

global sections, 

c) 

a quadric nor a qeometrically ruled surface 
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The next theorem analyzes the structure of the map associated 

to r«WSHL)k) • The following terminology is convenient. A 

pair (S,L) consisting of a normal Gorenstein surface and an 

ample line bundle -1 L F:::I W 
S 

is called a Gorenstein del Pezzo 

surface (see [Br] for the classification of these surfaces). 

A pair (S,L) is called a conic bundle if there is a holomor-

phic surjection p: S ~ R , with connected fibre onto a smooth 

curve R with the property that for some k > 0 and some very 

ample line bundle L on R 

If L is spanned by global sections then it isshown (1.4) that 

there is another equivalence, i.e. for smooth 

C € ILl • 

Further it is shown (3.1) that WsHL for ample L always 

has enough global sections to seperate non-rational singularities. 

If L is very ample and h 1 (O) = 0 s it is showr. (3 .3) that 

wsaL numerically effective implies that Ws m L is spanned by 

global sections. 

The "stable" structure of the map (i.e. the structure for 

N » 0 ) associated to r«w • L)N) is also as nice as in .' s 

the smooth easel 
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Theorem. Let L be an ample line bundle on a normal 

irreducible Gorenstein surface 5. Assume that Ws m L is 

numerically effective. There is an 

is spanned and the map +: 5 ... lP a: 

N > 0 such that (ws • L)N 

associated to r«ws • L)N) 

has connected fibres and a normal image. 

a) if dim +(5) • 0 then, w S FIll L -1 , thes e Gorenste in 

Del Pezzo surfaces are classified in [Br] , 

b) then += 5 ... +(5) has general fibre 

c) if dim +(5) • 2 then the set of positive dimensional 

fibres of • are mapped onto a set F of smooth points of 

+(5) 1 in particular ,(8) is Gorenstein. Further L5_.-1(F) 

extends over the smooth punctures F to give an ample line bundle 

L" on +(5) such that w. (8) • L" is ample and satisfies 

Ws • L = +*(11),(5) • L"') . Further given x e: F , f=.-1(x) is a 

smooth JP1 with L . f = 1 IllS • f = -1 , 

The proofs are given in stages. In § 0 background material is 

collected. 

In § 1 is studied first culminating in theorem (1. 2) 

which says precisely when it is ample. This leads to theorem (1.3) 

which shows a number of the equivalences to IllS B L being numeri­

cally effective. The section ends with Theorem (1.4) which shows 

that for spanned ample L, h1 (Os) • h1 (Oc) for smooth C e: ILl 

is equivalent to numericaL effectivity. 

§ 2 is devoted to showing theorem (2.1) which relates numeri­

cal effectivity of ws. L to the spannedness of ~s. L)N for 
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N > 0 • The structure of the map ~: S ~p associated to e 
N r«ws • L» is a biproduct of the proof. 

In § 3 the spannedness properties of Ws B L itself are 

studied. 

In a sequel we will carry out the generalization (by 

inductions in the manner of [S03]) to n dimensional irreducible 

normal Gorenstein varieties. 

I have been greatly influenced by the work of F. Sakai as 

communicated by both conversations . and prepr1nts and I would 

like to express my thanks to him. 

I would like to thank the National Science Foundation 

(Grant MCS 8200629), the University of Notre Dame, and the 

Max-Planck-Institut fur Mathematik for their support. 
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§ 0 BACKGROUND MATERIAL 

In this section I collect background material that will be 

needed. Most of it is well known but scattered about. I follow 

tha notation of [S01) and [S02] • I have found F. Sakai's 

papers [Sa1],[Sa2],[Sa3] very helpful. 

I follow the convention of not distinguishing between a 

vector bundle and its locally free sheaf of germs of holomorphic 

sections. 

Throughout this section S will denote a complex analytic 

normal projective surface with at most Gorenstein singularities. 

Recall that the. Gorenstein condition is equivalent for a surface 

to the dualizing sheaf, IllS' being invertible. 

Let w: 5 ~ S denote the projective desingularization of 

5 , minimal in the sense that the fibres of w contain no 

smooth rational curves E satisfying E· E = -1 • A funda-

mental fact is that: 

(0.1) W*III F:II 111- + fJ. s s 

where fJ. is an effective divisor ~f. Sa1] • I will often do 

computations on S. If C is an irreducible curve on S, then 
.' 

C will denote the proper transform of C • Clearly 

(0.2) w~ • s c . 



-2-

If L is a line bundle on S then r will often denote 

11* L (except when L = IllS since this would lead to' 'a confusion 

of bars). This is very convenient when calculating but the 

reader should be careful since given a C € ILl, it is not 

necessarily true that C € III . Note that for any such L 

on S there is by. (0.1) a natural inclusion: 

(0.3) 

Since 5 is Cohen-Macaulay and IllS is invertible, Serre 

duality for a locally free sheaf E on S takes the usual form: 

(0.4) 1 2- i h (S, E) = h (S, III S II E * ) for i = 0, 1 , 2 • 

The Kodaira-Ramanujam vanishing theorem holds in its usual 

forms (see [Sh+50], [5a3] for more details). 

(0.5) Theorem. Let L be a line bundle on 5 such that 

L • L > 0 • Assume that L is numerically effective, i.e. 

L • C > 0 for each irreducible curve C on 5. Then': 

Proof. There is the exact sequence: 

where S is 'a skyscraper sheaf supported on the singular points 

of S. 

Tensoring the sequence with L and using the long exact 

cohomology sequence, the theorem reduces to showing that 
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hi«n*wsJ e L) = 0 for i ~ 1. Notes that n*{~.a *L)FI:l n*(w"S) ® Land 

that by the Grauert-Riemenschneider vanishing theorem [Gra + Ri) , 

n (i) (wa • n*L) = 0 for i ~ 1. Using this and the Leray spectral 

sequence for nand ws. n*L the theorem reduces to showing 

that hi (w- • n* L) = 0 for i ~ 1. This is the usual Kodaira­s 

pamonujam vanishing theorem applied to n*L. 
o 

(0.6) Let viS) = h O (n(1)(0"S)}' This number is a measure of the 

singularities on S. If it is 0 then all the singularities of 

S are rational; if it is 1 then all but one singularity are 

rational and that one is single elliptic [see[Sa~ for a short 

discussion and references]. By the Leray spectral sequence it is 

quickly checked that for any line bundle L on S: 

(0.6.1) 

From this comparison and the Leray spectral sequence it is easy 

to check that the Riemann-Roch formula takes its usual form. 

(0.6.2) Theorem. Let L be a line bundle on S. Then 

The following lemma is useful. 

(0.6.3) Lemma. If v(S) = 0, then S is a local complete 

intersection. In particular if D is an effective ample divisor 

on S then 
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H1 (0 ,lI) .... H1 (S, Z) .... o. 

Proof. If v(S) = 0 then all singularities are rational Goren­

stein. These are well known to be hyper surface singularities, 

e.g. [Ar]. On local complete intersections the usual first 

Lefschetz theorem holds, e. g. [F + L, theorem (9.8)]. 
D 

In general the following holds. 

(0.6.4) Lemma, Let 0 be an effective ample divisor on S. 

Then 0 is connected and the rEstriction maE rlOs ) .... r(OD) is 

injective. 

Proof. Use the Kodaira vanishing theorem and the exact sequence: 

-1 o .... [0] .... 0 .... 0 .... o. s D 
D 

(0.7) By a Gorenstein Del Pezzo surface I mean a· normal irreducible 

Gorenstein projective surface S such that w;1 is ample. These 

are studied in [Br]. A good example to keep in miijd is the cone in 

lP 3 on a smooth cubic curve in lP 2 • 

If s is a Gorenstein Del Pezzo surface then h1(O ) = 0 s or 

1. In the former case S has only rational singularities and S 

is birational to p2. In the latter case S has exactly one 

elliptic singularity with' the possibly empty remaining set of 

singularities rational and S is birational to a P 1 bundle over 
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an ellitpic curve. Further details are given in [BrJ. 

The following result can be deduced from (Br1 or proved 

exactly as in the smooth caSe [Ko+Oc] using (0.4), (0.5) and 

(0.6.2). 

(0.7.1) Lemma. Let L be an ample line bundle on an ir+edu­

c.ible normal Gorenstein projective surface S. If Ws F::I L -3 then 

2 (S,L) ~ (P ,.Op2 (1». If then s is biholomorphic to an 

irreducible quadric Q in·:p3 and L is isomorphic to the restric-

tion of Qr 3 (1\ to Q. 

(0.8) Conic bundles (S,L), ,.yere defined in .the introduction. The 

reader should note that given a conic bundle, the general fibre 

f of the map p:S -+ R in the definition of conic bundle is a 

smooth rational curve f with L·f = 2. A good example to keep 

in mind is the following. 

(0.8.1) Example. Let X == R)( JP 1 and let p':X -+ R be the pro-

duct projection on the first factor where R is Some smooth 

Riemann surface. Let H1 , H2 be two disjoint sections of p' 

that get projected to points by the projection q of X onto 

the second factor. Pick a pOint xElP 1 and let E 
-1 

:: pi (x) . 

Blow up the two points E n H1 ::: a and En H2 = b to get a new 

surface X'. The proper tranSform E' of E has self inter-

section -2. Blow E' down to get a normal compact complex sur-

face S with an isolated Gore~stein rational singularity. The 

map pi drops to a map p:S ... ~. Let iii 
1 

and HI denote the 
2 

image in S of the proper transforms in X, of H, and H2 o 

Let y be a general point of ::R an~ let f = P -1 (y). Then 
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L = [H' l. [H' ) • [f] 2 
1 2 is easily checked to be ample by the 

Nakai criterion. (S,L) is a conic bundle with L"L = 6, and 

(w + L)"L = 4g where g is the genus of R. Note also that s 
W fill p*w -» [H' ]-1 • [H' ]-1 and that 2 • [y]2). s R 1 2 Ws • 

L RS-P* (wR 
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§ 1 Numerical Effectivity of Ws ® L 

(1.0) In this section S always denotes a normal irreducible 

Gorenstein projective surface and L always denotes an ample 

line bundle on S. The notation of § ° associated with the 

minimal desingularization n:S + S is kept and used without 

comment. 

The plan of the section is as follows. First I show that 

Ws • L2 and wi e L-2 are numerically effective with only 

one exception. Using this a key criterion (1.2) to recognize 

geometrically ruled surfaces (S,L) and quadrics is given. 

Using this the precise ampleness properties of ws. L are 

worked out in (1.2.1). This result allows us to characterize 

the numerical effectivity of ws. L in (1.3). 

(1.1) Lemma. Let L be an ample line bundle on a normal Goren-
2 stein surface S. Assume that (S,L) is not (p ,Op 2 (1». Then 

'··s • L2 and '·~s - -L2 i 11 ff t· F th ~ -= v are numer ca y e ec 1ve. ur er 

hO(ws • L2 )*O. 

Proof. Let C 

then t·C = 0 

be an irreducible curve on S. If (w-+iL)·C<O s 
or r;·c > o. If L·C = ° then by the Hodge index theo-

rem C·C < 0 and by the last sentence ws·c < O. Thus C is a 

smooth rational curve contained in a fibre of n:S + Sand 

satisfying C·C. -1. This is not possible by our minimality 

assumption on S. 

If L.C > 0 then from (w- + 2L).C<O we conclude that s 
cus·C ~ ~3. Therefore by the adjunction formula it follows 

that C·C > 0. From this it follows that dim InCI > ° for 

some n> ° and therefore hO «ws • i:2)N) = ° for all N> O. 

Since Lk has sections for the k» ° it follows that 

hO (we e L) = O. From this and the Kodaira vanishing theorem we 
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conclude that X (WS GD L) - X (wa e ,£2) = hO (ws QJ L) - hO (ws aD 1:2 ) = 0. 

Therefore by the Riemann-Roch theorem 

not 

(w- + 3L).I: = 0. s 

Since for n > ° ° -n -n h (ws QJ L ) = X(WS QJ L ) = p(n) is a 

identically 0 degree 2 polynomial in n and since we 

have shown that p (1 ) = p (2) 0, it follows that 
- 0 -3 = h (w;- aD L )*0. 

By (0.3) hOt .. L3 ) ~ hO (w- e 1:3 ) * o. Since (w- + 3t) ·t = (w + 3L) . L Ws s s s 

that there is a section of that is nowhere 0. Thus 

-3 
W ~ L s and we can use lemma (0.7.1) to finish the proof that 

either -3 2 we II L is numerically effective or (5 ,Ll ~ (P ,Op 2 (1» • 

If Ws " L2 is not numerically effective then ~here is 

irreducible curve C on S such that (Ill +2L)·C<0. 
s· 

From 

we conclude that (w-+ 2L)·C < 0 s and we can apply the first 

half of the proof. 

Finally let me show that hO (w s " L2) 4= O. 

It is was, then by the Rodaira vanishing theorem (0.5) 

and the Riemann-Roch theorem (0.6.2): 

o = h ° (w s GD L 2 ) = X (w s aD L 2 ) = 2 L • L + Ws • L + X (0 s) • 

Since we conclude that 

an 

(0.2) 
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which is absurd since L is ample and w + 2L s is numerically 

effective. 
D 

(1.2) Theorem. Let L be an ample line bundle on an irreducible 

normal Gorenstein surface S. Assume that there is an irreducible 

curve C on S such that (w s +2L)'C = 0. Then either {S,Ll is 

a quadric or geometrically ruled. In the latter case C is a 

smooth fibre of the map p:S -+ R giving the ruling and 
2 . 

Ws e L = p*L for some ample, line bundle L on R. 

Proof. 'If * (w + 2L) • C = ° and therefore by s 

By (1.1) it follows that: 

(w- + 2L)' C = 0. s 

(0.2), (w-+iE).c~o. 
s 

Therefore since Loe = L'C ~ 1 it follows that either 

W-°C S-2. Therefore either: s 

a) coe>o 

or 

b) C·C = 0, ~ · C = -2, and L·e = 1. s 

In case a) first note by (1.1) that hO(ws ~ L2) > O. Since 

CoC > 0 and n* (w + 2L):q: = 0, it follows by the Hodge index theo­
S 

rem and the numerical effectivity of 'If*(w • L2) that the s 

zeroes of the pullback under 'If of any not identically zero section 
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of must lie on the fiber of n. From this it 

follows that and by (0.7.1), (S,L) is a quadric. 

Case b) remains. Thus it can be assumed without loss of 

generality that ~·c = -2, C·C = 0, toc = 1 s and thus 

L·C = roC it follows that L·C = 1 and w ·C = -2. s 

since 

From C.C' = 0 it follows that C is a smooth lP'. By 

a standard argument it follows that there is a holomorphic map 

p:S +R with connected fibres that maps 5 onto a smooth ourve 

R and such that C is a fibre '""Jf p in the neighborhood of 

which p is of maximal rank. Choose the fraction k such that: 

*) (n· (w + 2L) - kC)· L = o. s 

Since L·C 0 either n*(w + 2L)·r = 0 s or k> O. If 

n* (w + 2L) • L = 0 s 

it follows that 

then since h O (ws ta L2) * 0 by lemma (1.1) 

-2 Ws RlL • Therefore by (0.7.1), (S IL) is a 

quadric. Therefore it can be assumed that k > O. In this case 

it follows from *) by the Hodge index theorem on S that 

**) (n* (w + 2L) - kC)· (n* (w + 2L) - kC) :$ 0 s s 

with equality only if· n* (w + 2L) - kC is algebraically equiva-s 

let to O. Using the numerical effectivity of Ws + 2L we see 

that the left hand expression in **) is O. Since 5 is bi­

rationally ruled by p it follows that there exist an ~1 > 0 

such that M(n*(ws + 2L) - KC) = p*E 
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for a line bundle E on R with c, (E) = 0 in 2 
H (R,71). 

In particular there is some N > 0 such that 

p*L where L is ample on R.Thus choosing an N' so that 

N' 
L is very ample it follows that the map ~:s ~ F~ , asso-

ciated to f('II'*(w ~ L2)NN')~r(LN') factors ~ = rop 
s 

where r, the map associated to r(LN') is an embedding. Thus 

p descends to a map p:S ~ Rand (w s ~ L2)N = p*L. From 

the fact that p was of maximal rank near C and that p 

descends to p it is easy to check that p must give a 

biholomorphism near C. Thus p is a P 1 bundle near C 

with C a smooth fibre. Sin~e L·C = 1 it follows that 

L'f= 1 for any other fibre f of p. Thus f is irreducible 

since L is ample and since N(Ws + 2L).f = p*L·f = 0 the 

whole argument can be repeated to show that p is of maximal 

rank in a neighborhood of f. Knowing that p is a fibre bundle 

it follows that N can be chosen = 1. There the case when 

C'C = 0 is done. 

(1.2.1) Corollary. Let L be an ample line bundle on an 

irreducible normal Gorenstein surface S. Then either: 

a) 

b) 

c) 

L2 
(&)s • 

or 

(S ,L) is 

or 

is ample, 

or a quadric, 

(S,L) is geometrically ruled and Ws ~ L2 = p*L for 

o 

some ample line bundle L on R where p : S ~ R give s the 

ruling. 
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Proof. If it is assumed that (S,Ll is not 

from (1.1) then it follows that Ws & L2 is numerically 

effective. If Ws e L2 is not ample, then it follows by the 

Nakai criterion that there is an irreducible curve C c S 

with (ws + 2L)·C = o. Use theorem (1.2). 
c 

(1.2.2) Remark. In light of the above result it would be 

natural to call only those (S,L) that occur in c) above 

geometrically ruled. This would exclude only th~ .. quadric which 

is reasonable since forthe smooth quadric (S,L), there is no 

unique ruling determined by L. 

(1.3) Theorem. Let L be an ample line bundle on a normal 

irreducible Gorenstein surface S. The following are eguiya-

lent; 

a) (S,L) is neither geometrically ruled nor a quadric nor 

2 egual to (P ,Op 2 (e) ) for e =, or 2, 

b) Ws ~ L is numerically effective, 

c) hO«w e L)N) ... 0 for some N> O. s 

Proof. First note that a) .. b). This will follow from the 

following claim. 

Claim. a) implies that w;-1 & Lt is ample for 

t€{2 j Ij = ',2,3 ... }. 
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Proof of Claim. I use induction on j. For j =1 the fact that 

2j -1 2 j 
Ws • L is ample follows from (1.2.1). Assume now that there is a 

K> 1 such that w2j - 1 (I L2 j is ample for j < K. Thus with 

j=K-1: 

is ample. 

By (1. 2.1 ) 

• L2 2K_1 2K 
Ws = Ws (I L is ample unless (S , L) 

2 is geometrically ruled or a quadric or (P ,Op 2(1». If (S,L) 

is geometrically ruled then choosing a generic fibre f of the 

ruling it follows that 

that: 

W ·f = -2 s and L·f = 1. This implies 

which is absurd for K> 1. If (S, L) is a quadric then 

-2 
W l1li L· s or -2 Ws l1li L which is ruled out by a) and (0.7.'). 

If (S, L) is (p2,~2 (1» then L = 0p 2 (m) and 
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or 

(m - 3) 2K- 1 = -2 • 

The only solution .for K > 1 is m = 2, K = 2 which is 

ruled out by a). By the claim a) implies that for any irredu-

cible curve C on S 

Dividing by 2 j and letting j ... 00 gives 

(w + L).C 0 proving b). s 

Next note that b) ... c). To see this assume that 

h o «ws - L) n) _- 0 for all 0 B b) L i . 11 ... n >. Y Ws c s . numer ~ca y 

effective and therefore n-1 n 
Ws c L is ample. By the Kodaira 

vanishing theorem (0.9) 

x «ws • L) n) = 0 for all n> O. 

By the Riemann-Roch theorem (0.6;2) 

*) 

Hence L· (ws + L) = o. By the Hodge index theorem {pass to S if 
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you wish) and the numerical effectivity of Ws ~ L I conclude 

that w + L s is numerically equivalent to zero. Therefore 

-1 
Ws is ample and by the Koaaira vanishing theorem (0.5) 

contradicting *) and proving c). 

Finally an easy direct check shows that c) _~. 

c 

(1.3.1) Corollary. Let L be an ample line bundle on a normal 

irreducible Gorenstein projective surface S. If h O ((ws ~ L) n) * 0 

for some n > 0 then 

n 2 - n(w +L)w +X(O). s s s 

and 

(w + L)· (w + L) , O. s s 

Proof. Obvious. 

c 

The follow1nq" is a useful alternate characterization of the 

numerical effectivity of Ws ~ L. 

(1.4) Theorem, Assume that L is ample line bundle spanned by 

global sections on an irreducible normal Gorenstein projective 

surface S. Then ws. L is numerically effective if and only 

if q (L) > h' (Os) where q (L) denotes the genus of a smooth CE I L I. 
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Proof. If ws. L is not numerically effective then using 

(1.3) it is an immediate check that h 1(Os) = g(L). 

Therefore it can be assumed that h'(Os) = g(L). By (1.3) 
2 2 I must only deduce that (S,L) is (P ,Op 2 (1», (P ,Op2 (2») 

on a geometrically ruled surface,Qn a quadric. Choose a smooth 

C € ILl. If g (L) = 0 the result is folklore [e.g. [S02], lemma 

(0.6.1) ]. Therefore it can be assumed that g (L) > O. Let 

n:S + S be the minimal desingularization of S. Since e is 

smooth.it doesn~t meet the singular set of S and therefore 

n-1 (e) is biholomorphic to C, Consider the diagram: 

o + n*L-1 + 0-s + 0'll'-1c + 0 

111* II 
o + L-1 + Os + °c + 0 

o + H1(0.....) s 

II 

o + H 1(0) + H' (0 ) 
S e • 

Since h1(0) = b 1(O) by hypothesis it follows that the 
s e 

restriction: 

*) {
H 1 (0-) + H 1 (On-1 (e») 

is a: isomorphism. 
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Consider the adjunction sequence: 

By (0.5) h1(ws. L) = 0. Therefore it follows from our hypo­

theses and Serre duality that the connecting homomorphism from 

HO(Wc ) to H1(ws ) is an isomorphism and thus that the map 

HO(Ws • L) to HO(Wc ) is the zero map. This implies that 

hO(Ws ) = 0. If hO(ws ) was not zero, then choosing a smooth 

C € ILl not contained in the zero set of a not identically zero 

section of ws ' it would follow that the map HO (ws • L) ..... HO (we) 

was not the zero map. Therefore I include by Serre duality 

**) 

Using *), **), and the Leray spectral sequence for nand 

Os it follows that: 

* * * ) h 2 (Os) ::: ° and n (1) (Os) ::: O. 

Since and h 2 (O-) = 0 s 
it follows that 

the Albanese map gives a holomorphic mapping r: S + R of S 

into a genus g(L) curve R. Since R is a curve and since 

-r arises from the Albanese mapping it follows that -r has 

connected fiber and R is smooth. Since by ***) n, (Os) = 0 

the fibres of n over singularities are composed of rational 

curves. Therefore r descends to a holornorphic surjection: 



- 18 -

r:S -+ R. 

The map 

r ·C -+ R c· 

is a biholomorphism. This is obvious from HU1~itz's formula 

if g(L) > 1 since rc is onto C being ample must meet all 

fiber of r) and both curves have the same genus of g(L) = 1 

I must rule out the case that is a non-trivial unramified 

cover. To see this it sufficies to show that: 

r c * :H, (C,Z) -+ H, (R,B) 

is onto. Since r has connected fibres it follows that 

r*:H, (S,~) .... H1 (R,Z) has connected fibres. Therefore I must only 

show that 

H1 (C,:&) .... H, (5,:&) -+ O. 

By ***) 'If (1) (Oi) = 0 and therefore this follows from (0.6.3). 

Since rc:c .... R is a biholomorphism it follows that 

Lof = , 
r is 

for a general fiber of r 

p' 0 From this it follows that 

and that a general fibre of 

w ~ L2 is trivial on s 

a general fibre of r a~? cannot be ample in S. The theorem 

follows immediately from Corollary (1.2.1). 

c 
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(1.4.1) Remark. The higher dimensional analogue of this follows 

from (1.4) by induction and the results of this paper exactly 

as for the smooth case in [S03]. I will go over this in the 

sequel of this paper on general Gorenstein varieties. 
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§ 2 Arnpleness Properties of ws. L for ample L 

(2.0) Throughout this section S is a normal irreducible 

projective Gorenstein surface and L is an ample line bundle 

on S. Let In(S,L) denote the logarithmic Kodaira dimension 

of the pair. This concept due to I1taka (for L =[0] with 0 2 

reduced effective divisor, is defined as follow~. Let A denote 

the set of positive integer n such that hO«ws • L)n» ° 
and for each such n let ~n:S~ P ~ denote the meromorphic map 

associated to r«ws • L)n). If A is empty set In(S,L) = -~. 
Otherwise 

In(S,L) = max dim ~n(S), 
nEA 

The class of (S,L) with In(S,L) = -m was classified 

in theorem (1.3). 

(2.1) Main Theorem. Let L be an ample line bundle on a normal 

irreducible Gorenstein projective surface. Assume that In(S,L) * -~. 
Then there is an N> 0 such that ('!ls. L) N is spanned by 

global sections and such that the map ~:S + p~ associated to 

r«ws • L)N) has connected fibrea and a normal image. 

(2.1.0) If dim ~(S) = 0 then (S,L) is a GorensteinOel Pezzo 

surface. 

(2.1.1) If dim t(S) ~ 1 then (S,L) is a conic bundle and 

t:5 ~ ~ (5) 1s the projection in the definition ot the conic 

bundlA_ 
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(2.1."2) If dim +(S) = 2 then the image F of the positive 

dimensional fibres of <p under <p are smooth points of S'=4>(S). 

Each positive dimensional fibre is an irreducible curve C 

biholomorphic to p1 such that L.e = 1. LS-4>-1 (F) extends 

to an ample line bundle L' on 4>(S) such that 

~*(WSI ~ L') ~ Ws ~ Land ws ' ~ L' is ample on S'. 

Remarks. The proof will take the rest of this section. The 

N proof that. In(S,L):t: -CIO implies that (w s Qg L) is spanned 

by global sections for some N> 0 will not be completely shown 

until the end of the proof. N0te that once (w s ~ L)N is known 

to be spanned then a standard argument shows that for a possibly 

larger N I the map cp: S ..... lP a= associated to r «ws '" L) N) has 

connected fibres and a normal image. 

The conclusion of (2.1.2) implies that $(S) is Gorenstein 

but is not claiming that each fibre e of $ is Cartier! 

Proof. can be assumed to be numerically effective by 

(1.3). It can be assumed without loss of generality that: 

(2.2) (w + L) • L > O. s 

To see this note that if (W + L).L = 0 s then 1T*(W +L)·r: = 0 s 

and Since (w + L) • (w + L) ~ 0 it follows by the Hodge index s s 

theorem that ws. L is numerically equivalent to O. Since 

some power of Ws. L "has a section it follows that (ws • L)N=Os 

(using (1.3.1) it follows that N = 1 and (S,L) is a Gorenstein 
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Del Pezzo surface, i.e. (S ,L) is in (2.1.0) above. 

Similarly it can be assumed that if C is an irreducible 

curve such that (w + L)'C = 0 then: s 

(2.3) C·Cso. 

If not then since n* (w + L)'C = 0 , the Hodge index theorem s 

can be used again to 'deduce that ws ~ L is numerically equi-

valent to zero. The same argument as in the last paragraph 

leads to (2.1.0). 

Either (ws + L) • (ws + L) = 0 or > O. 

Assume first that 

II) (w + L) • (w + L) = O. s s 

By (2.2) and (1.3.1) it follows that for some N> 0: 

dim I Nn* (ws + L) 1(;1. 

Therefore there is an irreducible curve C on S such that C 

is part of the moving part of I Nn* (ws + L) I on S. Therefore 

C'C ~ O. Combinded with (2.3) it follows that: 

III) C·C = O. 
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Since C is part of a curve CE INn*(ws + L) I it follows that: 

111111) n* (til + L)'C = O. s 

Indeed n* (til + L) • C = 0 s by #). By numerical effectivity of 

tIls + L this implies that 

component of C. 

n*(w +L)'C' ,s for each irreducible 

Consider that 111111) implies (wi + L)'C ~ 0 by (0.2). Since 

C moves in 5,L'C;: 1. Therefore WS. C ~ -1. From liN) it follows 

that C is a smooth rational F1 and that there is a holomorphic 

surjection p: S + R onto a smooth curve R. Here p is of maxi-

mal rank in a neighborhood of C. Consider the fraction A such 

that: 

111111) (n*(w +L) - AC)·r; = 0 • s 

Since C moves on S,L'C~ 1, and therefore by (2.2) it follows 

that A > O. Using 1111) and ##11) it follows that: 

This and INIIN) imply by the Hodge index theorem that 

n* (w + L) - AC s is numerically equivalent to O. By the same 

argument as used in (1.2) it follows that p descends to a map 

p:S + R and ( L) n 
tIls • 

for some n> 0 is the pullback of the 
.' 

ample line bundle on R. From this it follows that (S,L) is a 

conic bundle. 



-24-

It only remains to consider the case: 

(2.4) (Cd + L)· (Cd + L) > O. s s 

Let U denote the set of all irreducible C ~ S ," such that 

(CdS + L)·C .. O. If U is empty then by the Nakai criterion 

CdS e L is ample and I am in case (2.1.2). Therefore it can be 

assumed without loss of generality that U is non-empty. The 

structure of U ~s not hard to work out and the relevant structure 

was discussed by F. Sakai [Sa3). I work out what I need below. 

First note that L·C ~ 1 and Cds "C ~ -1. Since (~+ L) ·C ~ 0 

for C e: U and since, L·C ~ 1 it. follows t.hat 1&)_·C:s -1. Since s 
11* (I&) + L) ·C .. 0 and n* (I&) + L) ·n* (Cd + L) > 0 it. follows that s s s 

C"C < 0 by the Hodge index theorem. From t.his it. follows that: 

(2.5) C·C = -1 = Cd- ·C = I&)·C and L"e = L·C = 1. s s 

In particular A·C = 0 and so 

(2.6) each C e: U meet atworst rational singularit.ies. 

(2.1) Lemma. The set U is finit.e. Given t.wo district curves 

C1 and C2 belonging to U then C1 ·C2 = O. 

Proof. Since 'IT* (Cd + L) • C for all s ' ce:u it follows from (2.4) 

and the Hodge index theorem that the intersection form of any 

finite subset of {C\ce: U} is negative definite. Thus 
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So ~'C2 = O. It is well known that disjoint curves with 

negative self intersections give rise to linearly independent 

elements of H2 (S,m). Since H2 (S,m) is finite dimensional 

over m it follows that {clcE U} and hence U is finite. 

o 

(2.8) Lemma·. Let R denote the set of rational singularities of 

S. Let V denote the set whose elements are the irreducible com­

ponents of the fibres n -1 (R ~ and all C where C € U. Then the 

set V is finite and has a negative definite intersection pairing. 

In particular any finite set of course of V can be contracted. 

Proof. Using (2.7) it is clear that V is finite. By the Hodge 
I 

index theorem (2.4) and o = n*(w + L)'E for all E+ V s it 

follows that V has a negative definite intersection matrix. 

Therefore by Grauert's Contraction theorem [Gr] any finite set 

of curves of V can be contracted. 

(2.9) Lemma. 

Assume that 
r 

o 

~ C € U. C meets at most one rational singularity. 

-1 
C does meet a singularity x € S and let n (x) red= 

rEi" Then after possibly renumbering the 
i=1 

Ei it follows that: 

a) 

b) 

COE =1 
. 1 

E1 'Ej II: 1 

and C • Ej. = 0 for i > 1, 

for Ii - j 1= 1 and 0 otherwise 
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c, C can be blown down to give a smooth point in a new surface Sf. 

Proof. Assume first that C meets a rational singularity x of 
r -1 

S and let I Ei = w (x). Since x is rational Gorenstein 
1=1 

EioEi = -2. Since {C,E1 , •• o,Er } has a negative definite inter-

·section matrix by (208) it follows that· 

and therefore 

and 

COE = 0 
i or 

meet Co Then 

1. Assume that two distin ct curves 

1mplies that EioEj = 00 Let S* denote the smooth surface ob-

tained by blowing down Co Let E' 1 and E' j denote the image of 

Ei and Ejo Note tha~ by the above EioEj = 1 and 

E1. "Ei = -1 = Ej ·Ej ° Since CU Ei U Ej can be contracted it 

follows that E1 U Ej can be contracted on S* and thus 

o (E I + E' ) 0 (E I + E I) = -1 + 2E I • E' + 1 = 0 1 j i j 1 j 

which is absurd. Thus C·Ei • 1 for precisely one 21 and • 0 

for all the other 1. Sim1lar reasoning shows b) above. If it is 
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shown that C meets at most one singularity then c) will 

follow,by systematically 'blowing down C, then the image 

of El' then the image of E2 etc. 

Assume therefore that C met two singularities x and 

Xl of 
k , 

i~lEi 

r 
S. Let l 

i=1 
-1 

= 11' (x I) red 

-1 Ei = n (x)red as above and let 

satisfy the properties a) and b) also, 

Then CoE1 = 1 = C.E,. Hence by (2.8) 

0> (C + E, + Ei)' (C + E1 + Ei) = -1-2-2+2+2+2E1 'Ei, 

Thus E1 ·E1:a0 and an argument exactly as in the first half of the 

proof of this lines gives a contradiction. 

(2.10) Lemma. No two elements of U meet. 

Proof. By (2.7) it can be assumed that C,C' are distinct 

elements of U I meeting a singular point x, and c·CT = o. 

r 
Let r Ei 

-1 = 11' (x)red be as in the laEt lenuna ordered 
i=l 

for C. Blowing down C it follows that E"E I 
1 1 = -1 where 

E' i is the image of Ei in the surface So obtained from S 

o 

by blowing down C. AIguing with replaced by E' 1 
it follows 

that unless r = 1,Ei'C6=O where Co denotes the image of CT 

in SO. Proceding until C U 11'-1 (x) is contracted on S to 

give a smooth it will follow that el·CT = 0 r r where C' 
r ' 
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the image of cr on Sr is a smooth P 1 • Since C U n -1 (x) U CT 

can be contracted so can cr and hence C'. C" < 0 contradicting r r r 

the last sentence. 

After blowing down all the C e: U I get a new surface S' 

with n': S ..... S' mapping U ontb smooth points. Since L is 

algebraic LS- U extends over the smooth punctions -on S'-n' (U) 

to give a line bundle L' on S' that is ample by the Nakai 

criterion. Also n'*(w w L') = w _ L and therefore given any s· s 
irreducible C on S' (w + L')·C > 0 since otherwise the proper 

I s I 

transform of C under n' would e: U. Therefore ws ' - L I is 

ample by the Nakai criterion and for some N> 0 (ws I_ L') N 

is very ample and in particular (Ws _ L)Nb nl*(wsl _ L')N is 

spanned and gives the map ~ of (2.1.2). 
c 

c 
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§3 Spannedness of ws ~ L 

The first result is very general. It would be easy to 

give a direct and very short proof for surfaces using (0.1) 

but the following will be needed in the papers sequel. 

(3.1) Theorem. Let L be a numerically effective line bundle 

on an irreducible normal projective Gorenstein n dimensional 

variety x." Assume that the 'set of non rational singularities of 

X is a finite set F = tx1, ... ,xr ) I with distinct points. Assume 

that c 1 (L) n > o. Then 

sl, ••• ,sr such that 

~ L) contains global sections 

is non-zero if and only if i = j. 

Proof. Let n:X ~ X denote a projective desingularization of X" 

There is the sequence 

O~n*w-~w ~S~O. X X 

It ,.is a well known theorem of the Kemph [Ke] that S is supported 

precisely on the set of non rational singularities. Thus in 

our case S is a.skyscraper sheaf supported prec~sely on F, 

i.e. Sx 1s non trivial if and only if x € F. Tensoring with 

L the result will follow from H1 (TI*Wx ~ L) = O. Using the 

Leray spectral sequence for 11' and 

Riemenschneider vanishing theorem 

w- 0 n*L and the Grauert­
X 

[Gra+Ri], it follows that it 

will suffice to show t~at Hl (wi ~ n*L). This follows from the 

Kawamata-V1ehweg vanishing theorem [Ka,Vi]. 
c 
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(3.1.1) Remark, The exact structure S is not known to me even 

if S is a skyscraper sheaf, more information could be quite 
-1 usefule, The ideal sheaf 'IJ'*WX. Wx is called the "conductor 

ideal" sheaf in the literature. 

(3.2) Theorem. Let L be an ample line bundle on an irreducible 

normal projective Gorenstein sq,rface S. Assume that L'L ~ 3 

and that L is spanned by global sections. Let F = {x1'.,.,xr } 

denote the possibly empty set of distinct non-rational singulari­

ties and let xr+1 denote a rational singulartiy. Then there exist 

global sections s1,.,.,sr+1 of 

if and only if i = j. 
Ws • L such that 

Proof. Let 11 : S' + S be a blowing of S such that: 

a) 11 gives a biholomorphism between 

! 

and S - FU{Xr +1} , 

and, 

b) 11 gives a minimal desingularization of 

Note that by (0.1) 

*) 
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where 6 has n-'(F) as its exact support. Let -1 
Z = 'IT (xr +,) 

be the fundamental cycle of xr+1 ; this divisor was studied by 

[Ar]. Consider: 

where S f::j Oz ~ 0.6' If I show that 

then it is straightforward to check the assertion of the theorem. 

Noting by *) that: 

it sufficies by (0.5) to show that L = n*(L) e [Z]-1 is numeri-

cally effective and satisfies L'L> O. Since x 
r+l 

is rational 

Gorenstein it is a rational double paint, i.e. Z'Z = -2. Thus: 

**) L.~ = (n*(L) - Z)'(n*(L) - Z) = L'L - 2> O. 

Therefore I must only check that L is numerically effective. 

To see this assume otherwise and let C be an irreducible 

curve such that L·C < O. If n* (L)'C = 0 then since .6' Z ::: 0 

C is a component of Z. But by a basic result of Artin [Ar] 

on the fundamental cycle Z of a rational singulartiy -Z'C" o. 
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This implies that 11* (L) 'C > O. Since L is ample and spanned a 

divisor DElLI can be chosen so that xE 0 and 11 (C) is not 

a component of O. Therefore 1I-1 (D) - ze: ILl is effective and 

does't contain C. Thus L'C = (1T- 1 (0) - Z)·C" o. 
D 

(3.2.1) Remark. If L were the tensor product of two ample 

spanned line bundles L, and L2 and L· L ~ 5 then the above 

argument would show that r(ws • L) has enough sections to 

pairwise seperate singularities. Recall that g(L) is defined 

by 2g(L) - 2 = L'L + w ·L. s 

(3.3) Theorem. Let L be a very ample line bundle on an 

irreducible normal projective surface S. Assume that S is 

regular, i.e. h 1 (Os) = O. Then if In(S,L). -co or equivalently 

g(L).O: 

Ws • L 1s spanned by global sections. 

Proof. I must in view of theorem (3.2) only investigate the 

spanning at the smooth points of S. Let x £ S be smooth. 

Choose a general C £1 L I that contains x. By Bertin i 's theorem 

C is smooth. By theorem ('.4) the condition ~n(S,L). -m is 

equivalent to 9 (L) * 0 == h' (Os), The latter implies that Wc 

is smooth. Thus using h' (Os) == ,0 and Serre duality it follows 

from 

O+w +Co\l. L+w +0 s s c 
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that r (w s • L) .. r (we) .. O. Thus Ws ~ L is spanned at x. 

o 

(3.3.1) Remark. The fine structure of the adjunction map 

associated to r(ws ~ L) can be studied as in. [S01] in the 

case h 1(O) = O. This will be done in a sequel. The restriction s 

on h 1(Os) can be somewhat relaxed but there are severe techni-

cal problems in general. If S had no lines, i.e. no smooth C 

biholomorphic to p1 with L·C =, then the methods of [Sol] 

and [VdV] would show spanning of ws. Lin gene~al. The trouble 

is when a line meets the singular set. I can show that if In(S,L)*-= 

then ws. L is spanned off a finite set. Hopefully these 

problems can be resolved. 

The final result of this section will be needed to do an 

induction for n dimensional varieties in the sequel. 

(3.4) Theorem. Let L, and L2 be two ample line bundles on a 

irreducible normal projective Gorenstein surface S. Assume that 

L, and L2 are spanned by global sections. Unless S~P 2 and 

L1 f1t1L2 f1t1 0p 2(1) it follows that 

sections. 

Proof. Again it is only necessary to show spanning at smooth 

points x. Let n:S'" S denote S blown up at x and let 

L ~ L1 • L2 • Then considering 
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-1 -1 o -+n* (ws • L) • [n (x)] -+ n* (ws • L) -+ 0n- 1 (x) -+ 0 

it sufficies to show that: 

The latter group is isomorphic to 

It sufficies by (0.5) to show that n*(L). [n- 1 (x)]-2 is 

numerically effective and satisfies 

-1 -1 
(n* (L) - 2n (x» (n* (L) - 2n (x» > 0 0 

If the above inequality is not satisfied then 

L1 -L1 = L oL 1 2 = L2 -L2 = 1 _ It is easy to check that the map 

associated to r(Li ) for either i most map 5 finite to 

one generically one to me onto P 2 ° From this and Zariski's 

main theorem it would follow that 

Therefore only the inequality: 

(n* (L) - 2n -1 (x) -C ~ 0 

for an arbitrary irreducible curve on S' must be checked_ If 

n*(L)-C = 0 then C. n- 1 (x) and the inequality is obvious_ 

If n* (L) -C > 0 then· it is only necessary by the argument at. the 

end of theorem (2.2) to choose a O( ILl such that 0 is 
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singular at x and n(C) does not belong to O. Clearly 

DiE IL1I can be chosen so that 0 1 contains x and n(C) 

does not belong to D1 " Let D = D, + D2 • 
o 
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