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TRIANGULINE GALOIS REPRESENTATIONS
AND SCHUR FUNCTORS

ANDREA CONTI

ABSTRACT. Given a B-pair W and a Schur functor S, we show under some general
assumptions that W is trianguline if and only if S(W) is. This is an extension of
earlier work of Di Matteo. We derive some consequences on the behavior of local Galois
representations under morphisms of Langlands dual groups. We attach to a Schur
functor a map between the trianguline deformation spaces defined by Hellmann, and
we study congruence loci on the Hecke-Taylor-Wiles varieties constructed by Breuil,
Hellmann and Schraen for unitary groups.
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1. INTRODUCTION

The original motivation for this paper comes from the intention of generalizing a result
of that we recall here very approximately. Fix a prime p larger than 3. Consider
an abstract Hecke algebra H for GSp,, spherical outside Np for a fixed integer N and of
Iwahoric level at p. Let & be the GSp,-eigenvariety constructed by Andreatta, lovita and
Pilloni in [ATP15]. There exists a homomorphism 6 from H to the ring of rigid analytic
functions O(&) over & interpolating the systems of Hecke eigenvalues of classical Siegel
modular forms of tame level N and Iwahoric level at p. We denote by Gk the absolute
Galois group of a local or global field K. In Section 10.3], two loci on & are
defined:

x the Galois symmetric cube locus, as the locus of points x of & such that the associated
Galois representation p,: Gg — GSp4(@p) takes values in the image of the symmetric
cube representation Sym®: GL,(Q,) — GSp,(Q,);

x the automorphic symmetric cube locus, as the locus of points = of & such that the

associated system of Hecke eigenvalues 6, derives from that of a p-adic overconvergent
1



modular form for GLs via a suitable morphism of Hecke algebras attached to the
symmetric cube representation.

Theorem 1.1. [Cont16b, Theorem 10.10] The Galois and automorphic symmetric cube
loci on & coincide.

Thanks to the wide range of reductive algebraic groups for which eigenvarieties are
available, one may wish to generalize Theorem to other representations than the
symmetric cube. We summarize the proof by a chain of implications below, where the
property “trianguline” is intended in the sense of (¢, I')-modules or B-pairs (see Definition

. Consider the following statements:

(1) x is a point of the Galois symmetric cube locus on &;

(2) the restriction of p, to a decomposition group at p is trianguline;

(3) there exists a continuous representation p,: Go — GL2(Q,) that satisfies p, =
Sym®py;

(4) the restriction of the representation p, at point (3) to a decomposition group at p is
trianguline;

(5) the representation p, at point (3) is attached to a p-adic overconvergent automorphic
form for GLo;

(6) the point x belongs to the automorphic symmetric cube locus on &.

Under some technical hypotheses, there are implications

(1) = (2)
(1.1) \ \
(3) (4)

(5) == (6)

The implication (1) = (2) is an application of [KPX14| Corollary 6.3.13], a very
general result that can be applied whenever the eigenvariety under consideration admits
a Zariski-dense set of “refined crystalline” points in the sense of [KPX14, Definition 6.4.1]
(see for instance the application in [BHS17, Section 2.2]). The arrow (5) = (6) follows
immediately from the definition of the symmetric cube morphism of Hecke algebras. On
the other hand, the implication (4) = (5) relies on the work of Emerton and Kisin
on the overconvergent Fontaine-Mazur conjecture, that is very specific to the case of
representations G, — GL2(@p). We will need to assume an analogue of this conjecture
in the more general cases we are interested in.

The goal of this paper is to fill the diagram by generalizing the results (1) =
(3) |Contl6a, Lemma 3.11.5] and (2) + (3) == (4) |Contl6a, Proposition 3.10.25]
to an algebraic representation S: GL,, — GL,,, for arbitrary integers n and m, defined
by a Schur functor. This generalization is the content of Proposition [6.3, that relies
essentially on the main results of the paper, Theorems and 5.2l We summarize
them in the following statement. Let S be as above, let K be a p-adic field and let

p: Gk — GL,(Q,) be a continuous representation.
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Theorem 1.2.
x [f Sop: Gg — GLm(@p) is potentially trianguline (see Deﬁnition then p is poten-
tially trianguline (Theorem .

x If Sop: Gg — GLy,(Q,) is trianguline and it admits a triangulation whose parameters
are derived from those of p (see Remark @), then p is trianguline (Theorem .

Our results are actually more general than Theorem [I.1] in the sense that we work in
the category of B-pairs that contains as a strict subcategory that of p-adic representations
of Gg. Accordingly, trianguline Galois representations are replaced by triangulable B-
pairs. We also remark that when the property “trianguline” is replaced by “de Rham”,
the analogues of the previous results are proved by Di Matteo in |[DiM13a, Theorem
2.4.2].

In the last section we describe an application of diagram to the Hecke-Taylor-
Wiles varieties for unitary groups that are studied by Breuil, Hellmann and Schraen in
[BHS17]. We summarize our results here.

Let n be an integer such that p > 2n + 1. Let F* be a totally real number field
and let F' be a totally imaginary quadratic extension of F'*. Let G be a unitary group
over F'* such that G is split over F, compact at infinity and isomorphic to GL,, at all
places in ¥,. Let k be a finite field of characteristic p and let p: Gp — GL, (k) be a
residual representation appearing in a space of automorphic forms for G. For a p-adic
place v of F' and a decomposition subgroup Gr, of G, the couples (p|g,, ,d) consisting
of a trianguline characteristic 0 lift p of p, = p|g,, and an n-tuple of parameters of a
triangulation of p|q, live naturally on a “trianguline deformation space” Xtmrw [Hel12,
Theorem 1.1]. Breuil, Hellmann and Schraen |[BHS17| attached to G and to p a “Hecke-
Taylor-Wiles variety” X,(p) that is strictly related both to the eigenvariety for G and
P (see for instance [Chell|, Definition 2.2]) and to the trianguline deformations spaces
Xl In particular there is a natural morphism X,(p) — [1,, Xiiz, -

As before, consider an algebraic representation S: GL,, — GL,,. We study the mor-
phisms induced by S between the trianguline deformation spaces and the Hecke-Taylor-
Wiles varieties attached to two groups G,, and G,, on F* that are isomorphic to GL,,
and GL,,, respectively, at p-adic places. We show the following.

Theorem 1.3.

x For every p-adic place v of F, the representation S induces morphisms of trianguline
deformation spaces

g
— Xtri,S 0p,"

Stri,v: XtEr‘j,ﬁv
x Assume part of the standard modularity conjectures for G, and G,,, as reformulated
in Conjecture . Then [[,ey Sti induces a morphism Srw fitting in the following

commutative diagram:

Xp(p) —— Xinig,

lSTW lnmp Stri,v

Xp(Sep) — X

tri,S o p,

We define an S-congruence locus on X, (S o p) as the locus of points whose associated

local Galois representation are obtained via S from GL,-valued representations. By
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combining Theorems [1.2] and [1.3] we give a characterization of the S-congruence locus
that can be seen as a vast generalization of [Cont16b, Theorem 10.10].

Theorem 1.4.

x Fvery point x of the S-congruence locus is the “twin” of a point x' in the image of the
morphism Sty , that is x and &' carry the same set of local Galois representation but
possibly different triangulations. (Theorem .

x The image of Stw consists of the irreducible components of maximal dimension of the

S-congruence locus (Corollary .
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Notation. In the following p is a fixed prime number. We denote by @p an algebraic
closure of the field Q,. We extend the p-adic valuation on @p to a valuation on @p and
we let C, be the completion of @p with respect to this choice. By a “p-adic field” we will
always mean a finite extension of QQ,. Given a local or global field ' we denote by G its
absolute Galois group, equipped with the profinite topology. Throughout the whole text
the letters K and E will denote two p-adic fields.

For every n > 1 we write 1,, for the n X n unit matrix.

Let K be a finite extension of Q, and let X be a rigid analytic space over K. We
denote by O(X) the K-algebra of rigid analytic functions on X, and by O(X)° the Ok-
subalgebra of functions of norm bounded by 1. We say that X is wide open if there
exists an admissible covering { X };en of X by affinoid domains X; such that, for every i,
X; C X;41 and the map O(X;;1) — O(X;) induced by the previous inclusion is compact.

Given a formal scheme Spf (A) over Spf (O ), we denote by Spf (A)"® the rigid analytic
space over K attached to Spf (A) by Berthelot’s construction, described for instance in
[deJ95, Section 7).

2. GENERALITIES ON B-PAIRS

We refer to [Ber08] and [DiM13b] for the basic definitions concerning B-pairs. Let
B be a topological ring equipped with a continuous action of Gx. We call semilinear
B-representation of Gk a free B-module of finite rank M equipped with a semilinear
action of Gk, meaning that g(bm) = g(b)g(m) for every b € B, m € M and g € Gx. We
denote by Semg, (B) the category whose objects are the semilinear B-representations
of G and whose morphisms are the GG g-equivariant morphisms of B-modules. We call
rank of an object of Semg, (B) its rank as a B-module.

We denote by Beis, B, B:{R and Bggr the rings of periods defined by Fontaine in
[Fon94]. Each of these objects is a topological Q,-algebra carrying a continuous action

of Gx. We add an index E denote the extension of scalars from Q, to . We denote
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by t Fontaine’s chosen generator of the maximal ideal of the complete discrete valuation
ring B(J{R. We denote by ¢ the Frobenius endomorphism of B. We set B, = Bfrizsl. Let

B.r = B.®q, E. We let Gk act on B, g via its action on the first factor, that is we set

gb®e)=g(b)®e for every b € Bg, e € E and g € G.

Definition 2.1. A BE-pair is a pair (We, W) where:

x W, is an object of Semg, (Be g);

* Wik is a Gg-stable Bl -lattice of Bar,p ®B, , We.

We define the rank of (W, W) as the common rank of W, and Wi. Given two BE-

pairs (We, Wik) and (W!,W35), a morphism of BE-pairs (W, W) — (W, W) is a

pair (fe, fix) where:

% fo: We — W' is a morphism in Seme, (B, k),

* fix is a morphism in Semg, (BIR),

x with the obvious notations, the Bag g-linear morphisms f[1/t], far[1/t]: War — Wig
coincide.

The objects and morphisms described above define the category of BE-pairs.

For a Bg-pair (W., W) we also set War = Bar,p ®B, , We, that is the same as
Bar,z ®B, » We; it is an object of Semg, (Bar). Given two Bp-pairs X = (X, Xj3)
and W = (W,, W) such that X, C W, and W C Wi, we say that X is a saturated
sub-BE-pair of W if the lattice Wi is saturated in Wj;. The quotient W/X admits a
natural structure of BE-pair if and only if X is a saturated sub-BZ-pair of .

Given a BE pair W and finite extensions L/K and F/E, we can define a Bf-pair as
(F ®g W)|a,, with the obvious notations. Given a property ?, we say that W has ?
potentially if there is a finite extension L/K such that W|q, has ?.

Definition 2.2. Let ? € {cris,st,dR}. We say that a BE-pair (W,, W) is (poten-
tially) Be g-admissible if B: p ®p, , We is (potentially) trivial in Semg, (B?, E). We call
(We, WiR) (potentially) crystalline, semi-stable, de Rham if it is (potentially) admissible
for the corresponding ring.

Recall that the properties of being de Rham and potentially semi-stable are equivalent
for a BE-pair by a result of Berger [Ber08, Théoreme 2.3.5].

Let Rep g, (E) be the category of continuous, E-linear, finite-dimensional represen-
tation V of Gg. For an object V of Repg,(E) we denote by W(V) the BE-pair
(Ber ®r V,Blz ®r V). The rank of W(V) is equal to the E-rank of V. Given
two objects V, V' of Repg,(E) and a morphism f: V — V' we define a morphism
W(f): W(V) — W(V’") by B, g-linearly extending f to the first element of W (V') and
B, linearly to the second. The functor W (-) defined this way is fully faithful and identi-
fies Rep ¢ (F) with a full tensor subcategory of the category of BE-pairs. This is |[Ber08,
Théoreme 3.2.3] when E = Q, and an immediate consequence of it for general E.

For ? € {cris, st,dR}, an object V' of Rep ¢, (E) is (potentially) Bs-admissible in the
sense of Fontaine if and only if the BE-pair W (V) is (potentially) Bs-admissible in the
sense of Definition This means that V' is (potentially) crystalline, semi-stable, de
Rham if and only if W(V) is.

Let R be a ring equipped with an action of Gx. A character n: Gx — R* is G-

equivariant (for the action of Gk on itself by conjugation) if and only if it takes values
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in (R*)“%, where we use the standard notation for the elements fixed by a group action.
For a character : G — (R*)9%, we denote by R(n) the a free R-module of rank 1 with
a distinguished generator e,, equipped with the semilinear action g,(-) of G defined by
gn(z-ey) =n(g)g(z) - e, for every x € R, g € G and the action g(-) of Gk on R. For an
object M of Semg, (R), we define a new object of this category as M(n) = M &g R(n).
For every n as before, we define a BE-pair B(n) of rank one as (B, g(n), Biz(n)). For a
BE-pair W, we define a new BZ-pair as W (n) = W @ B(n).

Definition 2.3. Let F be a field.

x An object M of Semg, (F) is split triangulable if there exists a filtration 0 = My C My C
... C M, = M such that, for 1 <i <n, M; is a rank i subobject of M in Semg, (F).
If moreover M;/M;_1 = F(n;) for 1 < i < n and characters n;: Gx — (F*)9% then
we say that M 1s split triangulable by characters ny,ng, ..., Ny.

x An object M of Semg, (F) is triangulable if there is a finite extension F' of F such that
F' @ M is triangulable as an object of Seme,. (F’).

Let M be an object of some rank n in Semg, (F) and let (ej,e,...,e,) be a F-
basis of M. To every g € G we attach the only matrix (aj;);; € GL,(B) satisfying
glei) = >_;al;e; for every i € {1,2,...,n} (we leave implicit the dependence of (a;);
on the choice of a basis). Then:

x the object M is trivial if and only if it admits a basis with respect to which the matrix

(aj;)ij is the identity for every g € G;

x the object M is triangulable if and only if it admits a basis with respect to which the

matrix (aj;);; is upper triangular for every g € G;

Definition 2.4.

x A BE-pair W is split triangulable if there exists a filtration 0 = Wy C Wy C ... C
W, = W such that, for 1 < i < n, W; is a rank i sub-BE-pair of W. If moreover
Wi /Wiy = BE(n;) for 1 <i <n and characters n;: Gg — (F*)9%, then we say that
W s split triangulable with ordered parameters ny,ng, ..., Ny.

* A BE-pair W is triangulable if there is a finite extension F of E such that the B pair
F ®g W is split triangulable.

x An object V' of Rep g, (E) is (potentially, split) trianguline if W (V') is (potentially,
split) triangulable.

The ring B, g is a principal ideal domain by [DiM13b, Proposition 1.2.2]. Let Fg be
its fraction field, equipped with the action of Gk induced by that on Bg.. For every
finite extension L of K, we have BJf , = FG* = L.

The following lemma gives equivalent conditions for a BE-pair to be triangulable.

Lemma 2.5. [DiM13b, Corollary 2.2.2] Let W = (W,, W) be a BE-pair. The following
conditions are equivalent:

(1) the BE-pair W is split triangulable;

(2) the semilinear B, g-representation W, of G is split triangulable;

(3) the semilinear ¥ g-representation F g @B, We of Gk is split triangulable.

In particular the same equivalence holds if we replace “split triangulable” by “triangula-

ble”.
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Thanks to the lemma we will be able to study the triangulinity of a BE-pair W by
studying the triangulability of a F g-representation of G.

3. GENERALITIES ON SCHUR FUNCTORS

Let ¢ be a positive integer. Consider a decreasing integer partition u of ¢, that is
a tuple u = (uy,us,...,u,), for some r > 1, satisfying u; > uy > ... > u, > 1 and
uy +us+...+u, = q. In the following we will refer to u simply as a partition, leaving the
other properties implicit. If ¢ and r are not specified, we will write r(u) for the length
of v and ¢(u) for the sum uy 4+ ug + ... + uy). Note that in [DiM13a, Section 1.4] the
quantity r(u) is defined in a slightly different way.

We recall that to a partition u = (uq, us, . .., u,) we can attach a Young diagram whose
columns have lengths uy, us, ..., u,. A Young tableau of shape u is a filling of the Young
diagram attached to u with positive integers. We call a Young tableau semistandard
if its entries are strictly increasing from top to bottom along each column, and weakly
increasing along each row from left to right.

Let R be a commutative ring with unity. To a partition u we can attach in the standard
way a Schur functor S* from the category of R-modules to itself; we leave the dependence
on R implicit. We refer to [FH91, Lecture 6] for the definition of S%. We recall that
St = (0) if r(u) > n. If M is a free R-module of rank n, then the R-module S%(M) is
also free and we denote by r,(n) its rank.

Let u be a partition. We write ¢ = ¢(u) in this paragraph. Let Std,(R) denote a
free R-module of rank n equipped with an ordered basis (e;)1<i<, and with the standard
representation of GL,(R) with respect to this basis. The elementary tensors e;, ® €;, ®
... ® e, form an R-basis of the tensor power Std,(R)®?. We make this basis into an
ordered basis via the lexico-graphic order; we denote it by (®%;). We let ¢ € GL,(R)
act on an elementary tensor e;, ® e;, ® ... ®e;, € Std,(R)®? by g(e;, ®e;, ®...®¢€;,) =
g(ei,) ® glei,) ® ... ® g(e;,), and we extend this action R-linearly to Std, (R)®?. The R-
module S*Std,,(R) is a free R-module of rank r,(n) and a GL,,(R)-stable direct summand
of the R-module Std,,(R)®?. More precisely, it is a direct summand of @_, A*Std,(R).
We use the ordered basis (e;)1<;<n to define an ordered basis of S¥Std,,(R) in the following
way. Let T be the set of semistandard Young tableaux of shape u taking all their entries
in the set {1,2,...,n}. Let T" € T. Denote by iib the integer at the intersection of
the a-th column from the top and the b-th row from the left. Let er be the element of
., A*Std,(R) given by

(6i{1 A &r, VARRIIAN 6i1T,u1) & (62-2T,1 A &, VARRIINAN eigw) &...Q (eiz“,l A &, VARRIINAN 6izur).

Let [er] be the projection of er to the quotient S*Std,,(R) of Q);_, A*Std,(R). We give
the set T the following total ordering: given 7,7’ € T we say that T' < T" if, proceeding
in the lexico-graphic order, the first value of (a,b) such that %, # il satisfies il, < il,.
When T varies over the ordered set T, the string (er)rer forms an ordered R-basis of
SuStd,, (R) [FH91|, Problem 6.15]. In the following, when we speak of the basis (er)rer we
always leave implicit the fact that it depends on the choice of an ordered basis (el-)l-e{l,,,,7n

of V.
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We denote by S%(R) the representation GL,(R) — GL,, ) defining the action of
GL,(R) on S%Std, (R) with respect to the ordered R-basis (er)rer-
Our choice of ordering on T is explained by the following remark.

Remark 3.1. For every positive integer d, let By denote the Borel subgroup of GL4(R)
consisting of upper triangular matrices and let Ty denote the torus of diagonal matrices
in GLq(R). An easy check shows that:

* the images of T,, and B, via the representation Sj; are contained in T,y and B, ),
respectively; - -

* the preimages of T, ) and B, (n) via the representation S% are contained in T, and
B,,, respectively.

The properties on Borel subgroups depend on our chosen ordering of the R-basis of

S“Std,, (R). Note that such a choice may be unimportant when working with the linear

representation S, but it becomes significant when we move to semilinear representations.

Remark 3.2. Let u = (uy,us, ..., uq) be any partition. For a positive integer k, let u+k
denote the partition (uy + k,uy + k, ..., uqg + k). Then StHF = St @ det”.

When the characteristic of R is zero, the representation S4(R) is irreducible. When
R = C the morphism S* defines the C-representation of GL,,(C) of highest weight u, that
is unique up to isomorphism. For arbitrary R, if r(u) =n and w3 =uy = ... = u, = u
for a positive integer u then the representation S(R) is det".

Now suppose that R carries an action of Gg and that M is an object of rank n in
Semg, (R). We choose an ordered R-basis (e;)1<i<n. We let g € Gk act on M®1 by
setting g(e;, ®e;, ® ... ®e;,) = gle;, ® glei,) ® ... ® g(e;,)) for every elementary tensor
i, ®ei, ®. .. ®e;,, and extending semilinearly. This action leaves the R-submodule S*(M)
stable, making it into an object of Semg, (R) that we still denote by S%(M). Note that
the action of G on M®? hence on S%(M), depends on our choice of basis for M and for
M,

Remark 3.3. With notations as before, we identify M with Std,(R) via the chosen
ordered basis (e;)1<i<n and we give SL(M) the ordered basis (er)rer constructed in this
section. For g € G, let A9 be the matriz in GL,(R) describing the action of g on the
basis (€;)1<i<n of M. Then g acts on the basis (er)rer of SL(M) via the matriz SE(A9).

We recall a standard result.

Lemma 3.4. [Hun86, Theorem 1] Let n be a positive integer. Let u be a partition that
satisfies (). Then the morphism GL,, — GL,/ker S¥ is an isogeny. The kernel of S% is
the algebraic group i, of g-th roots of unity, embedded in GL,, via p+— pl,.

When choosing a partition v we will often make the following assumption:
(%) neither (a) 7(u) > n nor (b) uy = us = ... = Up(w).

When (a) holds the representation S% is trivial, and when (b) holds it is a power of
the determinant. We bear no interest in these two cases: for these representations the
conclusions of Theorems and are trivally false, if n > 1, or trivially true, if n = 1.
Note that coincides with the assumption on the partition in [DiM13aj Sections 2.4,

3.3], even if the hypothesis there is phrased differently.
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Let u be a partition and let W = (W,, W) be a Bf-pair. As in [DiM13b| Section
1.4], we define a BE-pair SY(W) as (S4(W.), S%(Wig)). If V is an object of Rep ¢, (F),
then SL(IW (V)) = W(S%(V)) in the category of BE-pairs.

4. SCHUR FUNCTORS AND POTENTIALLY TRIANGULINE B-PAIRS

We recall a result of Di Matteo.

Theorem 4.1. Let u be a partition satisfying . Let W be a BE-pair.

(1) If W is de Rham then S“(W) is de Rham.

(2) If SXW) is de Rham, then there exists a finite extension F/E and a character
p: G — F* such that W(u) is de Rham.

(3) Statements (1) and (2) hold if we replace “de Rham” with “crystalline”.

Part (1) follows by a straightforward semilinear algebra computation. Parts (2) and
(3) are Theorems 2.4.2 and 3.3.2 of [DiM13a], respectively.

The goal of this section is to prove an analogue of Theorem (1,2), with “de Rham”
replaced by “potentially triangulable”. Our result is the following.

Theorem 4.2. Let u be a partition satisfying . Let W be a BE-pair. Then:

(1) if W is split triangulable of parameter & then SY(W) is split triangulable of parameter
524,
(2) if SL(W) is split triangulable, then W is potentially split triangulable.

By specializing the theorem to the case where W = W (V') for an E-linear representa-
tion V' of Gk, we obtain the following corollary.

Corollary 4.3. Let u be a partition satisfying and let V' be an object of Rep ¢, (E).

Then:

(1) if V is split trianguline of parameter 0, then SY(V') is split trianguline of parameter
Sted;

(2) if SYV') is split trianguline, then V is potentially trianguline.

Proof. (of Theorem Let u and W be as in the statement of the theorem. Note
that Fg ®B5,E SQWQ = S@(FE ®Be,E We> in SemGK (FE) By the implication (1) -
(3) in Lemma , the object SY(Fg ®s, , We) is triangulable in Semg, (Fg). On the
other hand, the implication (3) = (1) gives that if Fg ®p, , W, is triangulable then
the BE-pair I is triangulable. We reduce Theorem to a statement about semilinear
representations of G . More precisely, the theorem follows by specializing the next lemma
to the representation V' = Fgp ®p,_ , We.
Let V' be an object of rank n in Semg, (Fg).

Lemma 4.4.

(1) If the action of Gx on V' is triangulable, then the action of Gk on S(V) is triangu-
lable.
(2) If the action of Gk on SYV') is triangulable, then the action of G on SY(V) is

potentially triangulable.
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,,,,,

in the basis (er)rer is Sko,. Since the matrix o, is upper triangular, the matrix Sto,, is
also upper triangular by Remark [3.1] as desired.
We prove part (2). We will need to apply a few results that we restate here.

Lemma 4.5. [DiM13b, Lemma 3.1.1] Let 0 — X' — X — X" — 0 be an ezxact sequence
in Semg, (Fg). Then X is triangulable if and only if X' and X" are.

Lemma 4.6. [DiM13b, Theorem 3.2.2] If X and Y are two objects in Semg, (Fg) such
that X ® Y s triangulable, then X and Y are potentially triangulable.

Lemma 4.7. [Del82, Proposition 3.1] Let F be a field of characteristic zero, G a reductive
algebraic group over ¥ and let S: G — GL(V') be a finite-dimensional faithful represen-
tation of G over F. Then every irreducible, finite-dimensional ¥-linear representation of
G appears as a direct factor of SE* for some positive integer k.

Let u be a partition of an integer ¢ such that u satisfies (%)) and assume that S%(V') is
triangulable. Let v be another partition of the same integer, also satisfying . We show
that S(V) is also triangulable. To this purpose we apply Lemma to the reductive
algebraic group G over Fg defined as GL,,/ ker S%. We make this precise. The F g-module
S%(V'), equipped with the action of G given by S%: G — GL(S%(V')), is a faithful repre-
sentation of G. By Lemma the kernels of S% and S¥ coincide the group p, embedded
diagonally in GL,,. In particular G = GL,,/ ker S%, so that S%(V'), equipped with the ac-
tion of G given by S%: G — GL(S%(V')), is a faithful representation of G. By Lemma
the irreducible representation SY(V) of G appears as a subquotient of (S%(V))®* for some
positive integer k. Since S%(V) is triangulable by assumption, its tensor power (S%(V/))®*
is also triangulable. In particular its direct factor S%(V') is trangulable by Lemma .

Now consider the object Sym? 'V ® V in Semg, (Fg). By the Littlewood-Richardson
rule (see for instance [FH91, Appendix 8]) the Fy-linear representation Sym? 'V @ V
of GL,, can be decomposed in a direct sum of irreducible representations of the form
S¥(V'), where v is a partition of ¢. By the result of the previous paragraph, every direct
factor S¥(V) is triangulable as an object of Semg, (Fz). We deduce that Sym? 'V @ V
is triangulable by Lemma [4.5 Now Lemma [4.6] gives that V' is potentially triangulable,
as desired. This concludes the proof of Lemma [4.4[2), hence of Theorem [4.2] O

Remark 4.8.

(1) Suppose that W is triangulable with respect to ordered parametersn;: Gx — E*, 1 <
i <n. Let n: Gx — GL,(FE) be the representation sending g € Gk to the diagonal
matriz (1,(9), ..., 1ma(9)). By Remark the representation S% maps the diagonal
torus of GL,,(E) to the diagonal torus of GL,, ) (E). In particular the representation
Skton: Gg — GLTM(H)(E) maps an element g € G to a diagonal matriz that we write
as (nr(g))rer for the usual index set T of an E-basis of S Std,(E) and characters
nr: Gx — E*. Then it is immediate to see that the BE-pair S4(W) is triangulable
with respect to the ordered parameters (nr)rer.

(2) Each diagonal entry of Sj;on is expressed by a monomial of degree q in the variables

m,---sMn-
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5. SCHUR FUNCTORS AND TRIANGULINE B-PAIRS

We adapt the notion of strict triangulinity from [KPX14] Definition 6.3.1] to the context
of B-pairs.

Definition 5.1. Let W be a BE-pair of rank n admitting a triangulation {W;}o<i<n with
ordered parameters n;: Gxg — K>, 1 <1 < n. We say that W 1is strictly triangulable
with respect to the given ordered parameters if, for 1 < i < n, W; is the only saturated,
rank i sub-BE-pair of W that contains W;_y and satisfies W;/W;_y = B(n). We call an
E-linear representation V- of Gy strictly trianguline if W (V') is strictly triangulable.

We refer to Remark for a condition on the parameter (7;);<;<, that guarantees that
a BE pair admitting a triangulation of this parameter is strictly trianguline.

Note that the property of being strictly trianguline with respect to some parameters
depends on the choice of an ordering of the parameters. If L is a finite extension of K and
W is a BE-pair that is strictly trianguline with respect to ordered parameters (1;)1<i<n,
then W/g, is strictly trianguline with respect to the ordered parameters (7;|¢; )1<i<n-

Under a strict triangulinity assumption, we can improve Theorem in the following
way. Let u be a partition satisfying (). Let W = (W,, W) be a BE-pair such that
S%(W) is triangulable. Let L be a finite extension of K such that W|g, is triangulable. It
exists by Theorem . Let (1;)1<i<n be the ordered set of parameters of the triangulation.
Let (nr)rer be the ordered set of parameters defined in Remark H

Theorem 5.2. If SY(W) is strictly triangulable with respect to the ordered parameters
(nrla, )rer then W is split triangulable.

Proof. As usual we can restrict ourselves to the split triangulable case. Let {W;}i1<i<y
be a triangulation of Wlg, and write W; = (Wi,e,WizR). Also write W;/W;_; =
(Wi/Wii1)e, (Wi/Wii1)gg)- For every i € {1,...,n} let €. and €4z be generators
of (Wi/Wi_1)e over B, g and of (W;/W; 1)y over Bgy g, respectively. Lift them to
elements e; . and e;’dR of W;. and VV;’FdR7 so that:

% (€;¢)1<i<n is an ordered B, g-basis of W, such that the set (e;.)1<j<; generates W; . for

I1<i<n,

% (ef4r)1<i<n is an ordered By p-basis of Wy, such that the set (] 4g)1<j<i generates

Wihg for 1 <i<n.

For g € Gk, let AY be the matrix in GL, (B, g) defining the action of g on the basis
(€i)1<i<n- If g € G, the matrix A? is upper triangular since {W; . }1<;<,, is a triangulation
of Welg, in Semg, (Beg). Now let (er.)rer be the ordered B, g-basis of S4(W.|q, )
constructed from (e;)1<;<, as in Section . For T € T, let Wy be the subobject of S%(W.)
generated over B, g by the set (ey)ver,v<r. The set {Wr}rer defines a triangulation
of S“(W,|¢,) by the characters (nr|q,)rer. By Remark the matrix describing the
action of g € Gk on the basis (er)rer is SE(AY).

By repeating the reasoning of the preceding paragraph starting with the basis (e;de)lgiSn
of W, we obtain an ordered basis (€7 45 )rer of S%(Wig) and we define a triangulation
{Wiartrer of S{Wikla,). We let A% be the element of GL,(BJ; ) defining the ac-
tion of g € G on the basis (e;)1<i<n, 50 that SE(A%) defines the action of g on the

basis (er)rer. The matrix Agg is upper triangular for ¢ € G. We deduce from the
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construction of our bases that the couple (Wr,, W; ar) defines a BE-pair Wy for every
T € T, and that the set {Wr}rer is a triangulation of S%(W) with respect to the ordered
parameters (nr|q, )reT-

Now let (X7)reT be a triangulation of S(W') with respect to the ordered parameters
(nr)rer. The restriction (Xr|q, )rer is a triangulation of S4(W|q, ) with respect to the
ordered parameters (nr|c,)rer. By assumption S%(W|q,) is strictly split triangulable
with respect to the aforementioned parameters, so the triangulations Xr|g, and Wy must
coincide. In particular the filtration {Wr}rer is stable under every g € Gk (not only
g € Gp) since X7 is a triangulation of S%(WW). This implies that the matrices S%(A9)
and S%(Ag’;{) are upper triangular. Then Remark implies that AY and A(gi’;{ are upper
triangular for every g € G, hence that {W;}1<;<, is a triangulation of . U

Definition 5.3. We say that an E-linear representation V' of Gk is strictly trianguline
with ordered parameters (3;)1<i<n if the B-pair W (V') is strictly triangulable with the same
ordered parameters.

If V' is refined trianguline in the sense of [KPX14, Definition 6.4.1], then V is strictly
trianguline by [KPX14, Lemma 6.4.2]. However the condition of refined triangulinity is

too strong for our purposes since it implies potential semi-stability.
By combining Theorems and [5.2] we obtain the following corollary.

Corollary 5.4. Let u be a partition satisfying . Let V' be an E-representation of
Gk. Then'V is strictly trianguline with ordered parameters (6;)1<i<n if and only if S¥V
is strictly trianguline with ordered parameters (Or)rer constructed from (6;)1<i<n as in

Remark[/.8.

6. LIFTING TRIANGULINE REPRESENTATIONS VIA ISOGENIES

Let G be a reductive group over Q. In light of Theorem [5.2] the following definition
makes sense.

Definition 6.1. We say that a continuous representation p: Gg, — G(Q,) is strictly
trianguline if there exists a homomorphism p: G,, — G over @p satisfying the following
property: for every algebraic representation S: G — GL,, defined over @p, the representa-

tion Sop: Go, — GL,(Q,) is strictly trianguline with respect to the n-tuple of parameters
Sou(@Q,): @; — GL,(Q,). In this case we also say that p is trianguline with parameter
[

In this section L is a number field, H and H’ be two algebraic groups and 7: H' — H is

an isogeny. Given a continuous representation p: Gy — H(Q,) with some prescribed local
properties, we can investigate whether there exists a representation p': G, — H’ (@p),
with the same local properties, satisfying o p’ = p. When the required local properties

are:

(1) unramifiedness outside of a finite set of places containing the places above p;
(2) a p-adic Hodge theoretic property at p, taken from the set {Hodge Tate, de Rham,

semi-stable, crystalline};
12



the lifting problem is studied and solved in [Win95]. The same question is studied in depth
in the Ph.D. thesis of Hoang Duc [Hoal5|, that includes a treatment of the problem of
minimizing the set of ramification primes of the lift. In this section we study the analogue
of the problem above when (2) is replaced by the property that p is strictly trianguline
at p, in the special case where the isogeny m is of the form H' — S“H’ for a partition u
satisfying .

The following result guarantees that a lift always exists in our situation. It is a corollary
of a theorem of Tate [Tat77, Theorem 4].

Proposition 6.2. Suppose that ker 7 is a torus. Let p: G, — H(@p) be a continuous

representation. There exists a representation p': G, — H'(Q,,) such that mo p' = p.

Proposition 6.3. Keep the notations and hypoteses of Proposition[6.3 and suppose that:

(1) p is unramified outside of a finite set of places;
(2) p is strictly trianguline at the places of L above p;
(3) the trianguline parameter p: G,, — H of p admits a lift ' G, — H'(Q,).

Let p': Gg, — H'(Q,) be a representation lifting p. Then p' is unramified outside of a
finite set of places and strictly trianguline at p with parameter .

Assumption (3) in the corollary is an analogue of the condition on the lifting of the
Hodge-Tate parameter in [Win95, Théoreme 1.1.3]. Note that the existence of p is
guaranteed by Proposition [6.2

Proof. By a result of Conrad [Conrl1], Lemma 5.2 and Proposition 5.3] the representation
P’ is unramified outside of a finite set of places. Let v be a place of L above p and let
p» and pl be the restrictions of p and p', respectively, to a decomposition group at wv.
Let g be the order of ker m. Let u be a partition of ¢ satisfying . Let S': H — GL,
be a representation. We need to show that S’ o p/ is strictly trianguline of parameters
S’op'. By Lemma the kernel of the representation So S": H' — GL,, () contains
(8")"*(1141,), that in turn contains ker 7 since 7 is a central isogeny with kernel of order g.
In particular Sy o " factors as S o 7 for a representation S: H — GL,, ). By composing
with p/ we obtain

(6.1) StoS'opl = Somop, = Sop,,

where the last equivalence comes from the definition of p’. The representation S o p, is
trianguline of parameters S o y because p, is strictly trianguline of trianguline parameter
1 by assumption. From the equivalence we deduce that S¥o S0 pl is trianguline of
parameter S o p. Now pu = moy/ for the parameter p' provided by condition (3) in the
statement, so the trianguline parameter of S0 "o p! is Somo ', that is Sk o S oy by
definition of S. Thanks to Corollary , we conclude that the representation S’ o p/ is
strictly trianguline of parameters S’ o 1/ because the representation S%e S o p! is strictly
trianguline of parameters S% o S’ o /. Since this is true for every choice of S’, we obtain
the thesis. O

Let p: G — G(E) be a continuous representation. We denote by Im p the Zariski-
closure over E of the image of p. The following is a corollary of Propositions and

0.9
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Corollary 6.4. Let H be a reductive group over Q equipped with a central isogeny w: H —
Im p over E. Suppose that:

(1) p is unramified outside of a finite set of places;

(2) p is strictly trianguline at the places of L above p;

(3) the trianguline parameter p: G,, — Imp of p admits a lift i': G,, - H(E).

Then there ezists a continuous representation p': G — H'(E) that lifts p via m and is:

x unramified outside of a finite set of places;
x strictly trianguline at p with parameter '.

7. CONGRUENCE LOCI ON HECKE-TAYLOR-WILES VARIETIES

We apply the results of the previous section to the study of certain p-adic Langlands
lifts as maps between the “Hecke-Taylor-Wiles varieties” studied by Breuil, Hellmann
and Schraen [BHS17]. We begin by recalling some definitions from there.

In the following n is a positive integer and p a prime number larger than 2n + 1. Let
F* be a totally real number field and let I’ be a totally imaginary quadratic extension
of F*. We denote by ¥, the set of places of F'* above p. Let G be a unitary group
over F'" such that G is split over F', compact at infinity and isomorphic to GL,, at all
places in ¥,. Let L be a p-adic field with ring of integers Oy and residue field k. We
say that a representation p: Gp — GL,(Oy) is of automorphic origin if it is attached to
a maximal ideal of a Hecke algebra acting on the space of L-valued automorphic forms
for G of some fixed tame level U? C A%Y. We denote by X the support of UP, so that
p will be unramified outside X U ¥,. Fix a representation p of automorphic origin. Let
p: Gp — GL, (kL) be the reduction of p modulo the maximal ideal of O. Let ¢, be a
p-th root of unity; we assume that ﬁ]GF( &) is absolutely irreducible. For every place v of
F* above p, we denote by v a place of F' above v. Up to enlarging L, we can assume
that for every v the field F3 admits [F5: Qp] homomorphisms to L. For every v let G,
be a decomposition group for F' at v and let py be the restriction of p to Gp,.

Let Cg, be the category of local Artinian kp-algebras with residue field ky. Let W (kp)
be the ring of Witt vectors of ky and let Ly be its field of fractions. Let v € ¥. Let
D%: Cr, — Sets be the functor that associates with A € Cj, the set of continuous
representations p': Gp, — GL,(A) such that 74 o p’ = p5, where m4 denotes reduction of
the coefficients modulo the maximal ideal of A. By Schlessinger’s criterion the functor
Dﬁuqj is represented by a complete local Noetherian W (kp,)-algebra R(p;)” with residue
field k. We call framed deformation space for p; and denote by %%’5 the rigid analytic
space Spf (R(p5)")"8 x 1, L over L. We also set %gp = [[yen, X5, and %gp = Jlies, X3

Let R% the maximal reduced and p-torsion free quotient of R%ﬂ. Let R°° = @Ueng%.
Let g be a positive integer. We define formal series rings Ro, = R'°°[[z1,...,z,]] and

vEX)Y

Soo = OL[[y1,- - -, yg]], where ¢/ = g+ [FT: Q]@ + |3, |n*. We suppose from now on
that g satisfies the conditons in [BHS17, Théoreme 3.4] and we give R, an S..-algebra
structure via the morphism given by loc. cit..

Fix an isomorphism of algebraic groups G x g+ F' = GLy, p. We set G, = [[ o5, G(F)).

The choice of the place v of F' determines an isomorphism i;: G(F,) = GL,(F5). We
14



denote by B,, T,, and N, the inverse images via iy of the subgroups of upper triangular,
diagonal and upper unipotent matrices in GL,,(F}), respectively. We denote by K, the
inverse image of GL, (OF,) via iy; it is a compact open subgroup of G(F}). We define
B, = [],es, Bv and analogously Tp, N, and K. We also set B) = B,NK,, N) = N,NK,
and T)) = T,NI,. We denote by T, and T0 the rigid analytlc spaces over Q, parametrizing
the continuous characters of T}, and T}, and we set T L= T Xq, L, 70 oL = TO Xq, L.

Using the Taylor-Wiles-Kisin systems constructed in [Car—|—16] Breull Hellmann and
Schraen construct a Hecke-Taylor-Wiles variety X,(p) (see [BHS17, Section 3] and Définition
3.6 there). It is a reduced rigid analytic space over L, defined as a closed subspace of
Spf (Roo)™® X1, fp,L by means of Emerton’s Jacquet functor. We set W,, = Spf (Ss )" X
f[?,L and we call it the weight space. We define a weight morphism wx: X,(p) = We
as the composition of the inclusion X,(p) — Spf (Rs)"® X T;LL and the morphism
Spf (Ss0 )™ X fpﬁL — Spf (S )Hig % TOL given by the S,-algebra structure of R, and
the restriction of characters Tp7 L— Tp, .- If &(UP); denotes the p part of the eigenvariety
for G (as defined for instance in [Chelll Definition 2.2] when n = 3), equipped with a
weight morphism w: &(U?); — f(@p+ ®z, Ly), then there is a commutative diagram of
reduced rigid analytic spaces

(U7, ¢ » X,(7)

T\(OFJr ®z Ly) — T‘(O}H ®z Lp) X Xsg,,

where the lower horizontal arrow is defined by the inclusion of a closed point in Xg_.

Remark 7.1. We recall that:

(1) the weight morphism wx is flat and finite locally on the domain [BHS17, Proposition
3.10;

(2) both Wae and X,(p) are equidimensional of dimension g+ [F*: Q]2
is clear for Wy and it is given by [BHS17, Corollary 3.11] for X,(p ),

(3) the image of an irreducible component of X,(p) via wx is Zariski-open in Wia.

2: this

We refer to [BHS17, Définition 3.14] for the definition of a classical point of X, (7).

We denote by .7, and W, the rigid analytic spaces over QQ, parametrizing continuous
characters F,* — C, and (’) — C,, respectively. Restriction of characters induces a
morphism of rigid analytic spaces Ty = W, Let T, 1 = T, Xq, Land W, =W, xq, L
The space .7, 1, is a product of unit balls over L of d1mension n[ES: Qp +n,s0 W, 1 is a
product of unit balls of dimension n[F,": Q,]+n—1. We denote by .7, ;e; the complement
in .7, 1, of the set of L-points

. L
{r=a l}iezggm(FJL,L) U{z =2 +l’$‘FJ}ieZggm<FJ,m

and by 7., the Zariski-open subset of 7 consisting of the points (41, ..., d,) satisfying

v,reg

0; (5’1 € Tyreg forall i, j with ¢ # j. We denote by W{}reg the image of Z}”reg in W} xq, L
Let UZ(p5)78 be the set of couples (r,§) where:

tri
x r: Gp, — GL,(Op) is a framed trianguline lift of p;

* 0 € T\, is an ordered set of parameters of a triangulation of r.
15



Let Xtk (p5) be the smallest closed rigid analytic subspace of %D X %, containing the

Ui (P3)"8

Remark 7.2. By [HS16, Lemma 2.12], the points of UL (p)™ are strictly trianguline
in the sense of Definition |5. 1|

(pz) — X7 x J; with the second projection and
then with the morphism ", — W' given by the restriction of characters we obtain a
weight morphism w,: X(7y) = Wiy We set X5(7,) = [Tes, X(75), that is a closed

By composing the inclusion X2

tri

rigid analytic subvariety of %%'p X fp’ 1. This space is equipped with a weight morphism
wp: Xi(Pp) = [Loes, Wo,r defined by [],c5 wo.

We denote by U the open rigid analytic disc of radius 1 over L, that is the rigid analytic
space Spf (OL[[T]])"¢. For every v € X, let «F,\ be the automorphism of T'(F,") defined
by

tpt (015, 0,) = 0B, - (01, ., 0~ (e° recg )t ... 0, - (eoreck)™ ),
where dp, is the modulus character of B,(F,"), that is dp, = |- ] el | Pl \1 ", Let ¢
be the automorphism

Idxgp X (LFJ)UEEP: %%p X j—\‘p,L — %Ep X fva
By [BHS17, Théoreme 3.20], there is an embedding
(7.1) X, () = X x X5 x U9 x T,y

that identifies X,(p) with a union of irreducible components of (X

tri

(7,)) % X5 x U,
For every v € %, we denote by res, the morphism X,(p) — X{}(p5) defined as the
(7,)) x X5, x U with the projection to
(P5)) and the automorphism ¢~'. We also set res), = [] 5, Tes,: X,(p) — X7,

composition of the inclusion Xp(ﬁ) — o(XE,
U X

If v € ¥ —3,, we denote by res, the morphism X,(p) — :{Q obtalne by composing the
inclusion X,,(p) — «(Xi(7,)) x X5 x U9 with the prOJectlon to X7 .

As in |[BHS17, Définition 3.21], we call an irreducible component X of X3, automorphic
if there exists an irreducible component X? of %Ep such that ¢(X)xXP xUY is an irreducible
component of X,(p).

Let wy be a uniformizer of Fy. For ¢ € {1,...,n} we denote by §;: G, = GL,, g
the cocharacter embedding G,, into the i-th entry of Tr. We set 8; = ngi pi and
v5: = Bi(wy). Recall that we denote by dp,: B,(F,) — Q* the modulus character of
B,. Fori € {1,...,n}, the map (z,8) — 805 (Bi(75,)) defines an analytic function on

X’El(pn ’U)

Definition 7.3. Given i € {1,...,n} and a point (x,0) of Xi(p, ), we set sli(x,d) =
U+ (005, Y(v5.4)) and we call it the i-th slope of (z,9).

Since the functions 06 (vs,) are analytic on X(p, ), the slopes sl;: X{i(p,5) — R*
are locally constant functlons

The following conjecture of Breuil, Hellmann and Schraen can be seen as an analogue
of the overconvergent Fontaine-Mazur conjecture that Kisin and Emerton proved for the

group GLy/q.
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Conjecture 7.4. (BHS17, Conjecture 3.22] An irreducible component of [, X5 (p7)
is automorphic if and only if its intersection with []
point.

olp tm(pv)reg contains a crystallzne

Given a @p—point z of X,(p) and a p-adic place v of F', we denote by p,: Gp —
GL, (@p) and 9, , € T, 1, the p-adic Galois representation and the trianguline parameter
at v, respectlvely, associated with = by the immersion X,(p) — %D X X5 x U9 x T,L.

Definition 7.5. We call strictly trianguline locus of X,(p) and denote by X,(p)*™ the
locus of @p—pomts x of X,(p) such that p,, is strictly trianguline for every p-adic place
v of F.

The strictly trianguline locus is Zariski-open in X,(p). In particular it admits a unique
structure of rigid Q,-analytic subspace of X,(p).

Lemma 7.6.

(1) There exists an n-dimensional pseudocharacter T, : Gp. — O°(Xi(p5)) with the
property that, for every Q,-point = of X (py), the specwlzzatzon of Tp. at x is the
trace pseudocharacter attached to p,.

(2) There exists an n-dimensional pseudocharacter T;_: Gp, — O°(X,(p)) with the prop-
erty that, for every Q -point = of X,(p), the specmlzzatzon of T at x is the trace
pseudocharacter attached to p,.,.

(3) Let U be a connected wide open subdomain of X,(p) such that wx|y: U — wx(U)
is a finite morphism. Then the pseudocharacter T can be lifted over U to a con-
tinuous representation py: Gp, — GL,(O°(U)), and for every Q,-point x of U the
specialization of py at x is equivalent to the representation p,.

Proof. Part (1) follows from the argument in [BC09, Proposition 7.5.4], using the fact
that X (p;) is wide open (or nested in the terminology of loc. cit.). The pseudocharacter
of part (2) is obtained by composing with the morphism O°(«(Xg(5,))) — O°(X,(p))
induced by res,: X,(p) = Xui(7,)-

The ring of analytic functions of norm bounded by 1 on a wide open separated rigid
analytic space is profinite by [BC09, Lemma 7.2.11(2)], hence the ring O°(U) admits all
of the previous properties; it is moreover local and Noetherian since U is connected and
admits a finite morphism to wx(U). Then part (3) follows from a classical theorem of

Nyssen and Rouquier [Nys96; Rou96, Corollary 5.2]. O

Note that by [BHS17, Proposition 3.10] X,(p,,) admits an admissible covering by
domains of the form required in part (2) of the above lemma.

Let (x,d) be a point of X{(5, 5) such that the representation p, is crystalline and non-
critical. Let (¢1,...,¢,) be the eigenvalues of the Frobenius automorphism of Deyis(pz),
with the ordering given by the triangulation of parameter 0, and let (ki,...,k,) be
the Hodge-Tate weights of p,, in decreasing order. Since (z,J) is non-critical, [BHS17,
Proposition 3.15] gives ¢; = p*id;(75) for every i. In particular v,(5;(75)) = v,(pi) — ki,
S0

(7.2) sly(@,9) = vp(1) - p(0;(75)) — ki



Now let (z,4") be a point of Xi;(p,5) corresponding to a different triangulation of the
representation p,. Since we are working over the strict trianguline locus, the triangulation
of parameter ¢’ induces an ordering (¢o(1), . - ., ¥, (n)) of the eigenvalues of the crystalline
Frobenius for some non-trivial permutation o of {1,...,n}. For every i, Equation ((7.2)

gives
73) @ 8) = vplotn) — vy, (7)) — ks = Sloto (. 8) + ko) — ki
Definition 7.7. We call family of representations of G, the datum F = (A, pz) of:

x an affinoid L-algebra A that is a domain,
% a continuous representation pg: Gp, — GL,(A),

such that the set of points x such that pg specializes to a crystalline representation at x
is Zariski-dense and accumulation in Sp(A). We call support of the family the affinoid
space Sp(A) and dimension of the family the L-dimension of Sp(A).

Definition 7.8. Let # = (Sp(A), pa) be a family of representations of Gp.. We say that
F appears on Xi(p,5) if there exists an embedding o: Sp(A) — Xi(p, ) such that the
specialization of pz at x € Sp(A) is isomorphic to pa.. We say that F appears j times
on Xgi(ﬁnﬂ) if there are j distinct morphisms « satisfying the previous condition.

Definition 7.9. We say that the i-th weight of % is constant if there is an integer k
such that the i-th Hodge-Tate weight of every crystalline specialization of pg is k.

We say that F has r constant weights if there exist r distinct indices i in the set
{1,...,d} with the property that the i-th weight of F is constant.

Remark 7.10. Let F be a family with r constant weights. If F appears on Xgi(p,5).
then its codimension in X(p,3) is at least the L-codimension r[Fy: Q) of dimy, W' 7"
in dimp, Wi, since only n —r weights are allowed to vary.

Proposition 7.11. Assume that ¥ has exactly v constant weights. Then % appears at
most r! times on XE.(p5).

Proof. Let I be the set of indices of the constant weights of .#. Let ¢ be the number
of appearances of the family .# on Xg;(p,,5). This means that there exist ¢ families
F1, ..., F that satisfy pz, = pg for i = 1,..., 0. By the local constancy of the slopes,
up to restricting the family .# to a family of the same dimension we can suppose that
all the slopes sl;, 1 < i < n, are constant on each of the families .%,...,.%,. Given
21)s -+ (Pes 0, ) the £ triangulations of

pe appearing in the families #;,...,.%,. Consider two crystalline points p,, p, in the

a point p, of the family .#, we denote by (ps,d

family .%# such that both x and y appear with ¢ distinct triangulations on the families
F1,...,F. This is possible since the rigid analytic subspaces of Xgi(pmﬁ) supporting
the families %1, ...,.%, pairwise intersect in a Zariski-closed subspace, while the set of
crystalline points is Zariski-dense in each of them since it is Zariski-dense in .%. We denote
the triangulations of z and y on the family %; by (z,9;,) and (y,d; ), respectively. Let
(k1zs .-, kne) and (kyy, ..., kyy) be the decreasing n-tuples of Hodge-Tate weights of p,
and p,, respectively. Up to modifying our choice of the point y respecting the previous

condition, we can suppose that

(7.4) kivo — Kige = ki y — kiy <= 1,102,715 € I$".

19,Y
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Indeed, the points y satisfying the first condition accumulate at =, so we can choose a
point y as p-adically close to x as we want making the right hand side of Equation
arbitrarily large.

Let i« € {1,...,n} and ji,jo € {1,...,¢} with j; # jo. The triangulation of p, of
parameter 0; induces an ordering on the eigenvalues of the Frobenius automorphism of

Deyis(pz). The triangulation of parameter d;, gives a new ordering, obtained by acting
on the indices of the previous one with a permutation o7 of {1,...,n}. In the same

way we define a permutation Ugf’y attached to the change of triangulations on p,. By
Equation ([7.3)) we have

sli(w, 05, ,) = sl_j

1y X5
2 J1.x

(@05 ) + K

jlvz( )7

0] (Y,05,,) + K, iy ~ Fiv

J1y

- ki,xa
sli(y,9,,) = Slajfiy
Now the slopes are constant on the families .%#; and .%#;,, so we deduce that

J2s
k i - ki,m = kajz k.

ol2 (i) 2 (i)
Then condition implies that either
i,0% (i) € IS
or
i=0P (i) =0l (i)

Therefore aﬁw acts trivially on {1,...,n} — I$", which implies that there are at most r!
distinct choices for aﬁw. Since distinct triangulations of p, determine distinct values of
Jﬁ@, we conclude that ¢ < rl. O

7.1. Schur functors on trianguline varieties. Let u be a partition satisfying , let
¢ = q(u) and let m = r,(n). Suppose that p > 2m + 1. Let S: GL,, — GL,, be the
representation of GL,, of highest weight u. We omit the reference to u since the partition
will be fixed throughout the rest of the text.

Lemma 7.12.
(1) For every v € %, there exists a closed morphism of rigid analytic spaces
. 40 0
Spr X5 = Xg o5

that maps p, to So p,.
(2) For every v € ¥, there exists a closed morphism of rigid analytic spaces
i Xei(P5) = X (Seri © 75)
that maps (ps,8) to (S e pgy, Sed).
Proof. FOr part (2), we show that the map
X x I =X, x T

Soﬁ;} v

(7, (0i)1<i<n) = (Sor, S ).

inducess a morphism of rigid analytic spaces. It is sufficient to show that this is true
separately for the maps %% — %Eoﬁﬁ and 7" — Z™. This will also give part (1) for

every v € Y, since only the first of the two maps appears there. The second map is analytic
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because it is polynomial. We show that the first map is also analytic. By definition
the spaces %D and X§ 5. represent the framed deformation functors DD and DY, 7o
respectively. The representation S defines a morphism of functors S©: DD —> DY, a . for
an object A of C, and an object p': Gp, — GL,(A) of DE;,(A) we deﬁne SD( 'Yas Sop.
Since both DD and Dg, 5, are representable, S induces a morphism of representing
spaces %D — %D

It follows from Corollary - ) that the morphism defined in the previous paragraph
maps U (p5)™ to ULL(S o p;)™8 , hence induces a morphism between the Zariski-closures

Xt (p5) and X (Sii 0 p5) of the two sets. d

We set S, = Huezp Sy, SP = Hvezfzp Sy and Sy, = Hvezp Strip-

A weight k € WE(L) is an n-tuple (k1,...,k,) of characters O — L*. We define a
character n: G, — T,(L) as [],;<, ki B, ;, recalling that j; is the embedding of G,,
into the i-th diagonal entry of T,,. Then the composition S o 7 is a character G,, — T (L),
that we can write as Son = [],.;.,,(S°K)iB,; for an m-tuple ((Sok)i,...,(Sok),) of
characters Op — L. This m-tuple defines an element of Wj* that we denote by S o .

We call S-weight space and denote by W5 the image of the closed morphism of rigid

analytic spaces
k> Sok.

The space W7 is a Zariski-closed subspace of Wi, Since S: T,,(L) — T, (L) is an isogeny,
W? is equidimensional of dimension n[F, : Q,] +n — 1. It contains an accumulation and
Zariski-dense subset of algebraic weights, for instance the images via S)y of the algebraic
weights in W}

We add subscripts m and n to distinguish the tori of GL, and GL,, and their spaces
of characters. Let (z,d) be a point of X[:(p;) and let s € T,WL be its weight. Then
(Seox,S00) defines a point of of weight Sox € Tm’v,L. For ny € Z>, and an element
k = (ki,) € (2m)FmtFol) we also denote by 2 the element of W9 defined by z —
[Ticicno retom(r 1) xkir. When ny = n, we denote by Sok = ((Sok);,) the unique
element of (Z™)Hom(Fo.l) guch that Soa* = 25°K. With an abuse of notation, we will
also write k for the weight o, If k € (Z2)Hom(Fo.L) and (k; ) is decreasing for fixed T,
we call k a classical weight. -

Lemma 7.13. Let 7 € Hom(F5, L). Let (z,9) be a point of Xik(p5) of classical weight
k € W, (Q,). Then:
(1) the slopes of S(x,0) satisfy maxi<i<m|sli s(.s <i<
(2) if k= (2%, ... 2%) with (ky,,...,Kn,) decreasing, then:
(i) maXlgz’ngs o K)ir| < q-maxicicnlki|;
(i) miny<i<m|(S o K)ir — (S o k)iy1-| > minicicp|kir — Kiy1-|;
(111) miny<;<;|(S o k)i—1r — 2(Seok);r + (Sok)it1-] > minj<icnlkioi, — 2k +
ki-l—l,‘r"

Proof. Statements (1) and (2.i) are an immediate consequence of Remark [4.8(2). State-

ordered n—tuple of exponents of (ki r,... ,kn,T)iigl the monomial defining (S e k)1, is
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strictly smaller than that of the monomial defining (S o k); , with respect to the lexico-
graphic order. U

7.2. Schur functors on Hecke-Taylor-Wiles varieties. We add subscripts m and n
to most objects depending on the dimension of the relevant Galois representations. Let

Pm: Gr — GL,,(F,) be a residual representation of automorphic origin. Let H be an
algebraic subgroup of GL,,.

Definition 7.14. We call H-congruence locus on the eigenvariety X, (p,,,) the locus of
its @p-pomts x satisfying Im p,,, C H(@p) for every v € X. We denote it by X,(p,,)".
When H = S(GL,(Q,)) with the above notations, we also call X,(p,,) the S-congruence

locus and we denote it by X,(p,,)".

Remark 7.15. Consider the morphism wpy, , o v€S 1m0 X,(p,,) = WJ'. Under this map,
the image of X, (p,,)° is contained in W¥ .

Lemma 7.16. Assume that p,, is absolutely irreducible. The H-congruence locus is

Zariski-closed in X,(p,,)(Q,). In particular it admits a unique structure of reduced rigid
@p—analytic subspace of X,(p,,)-

Proof. Let {U;}ien be an admissible covering of X, in wide open subdomains with the
properties required by Lemma [7.62). It is sufficient to show that the intersection of
the H-congruence locus with each of the U;’s is Zariski-closed. Let ¢ € N. By Lemma
[7.6/(2) there is a continuous representation py,: Gg — GL,,(O(U;)) that specializes to p,
for every Q,-point = of U;. Let {f;};cs be a set of equations for the subgroup H(Q,) of
G(Q,). Then the H-congruence locus intersects U; on the zero-locus of the ideal of O°(U;)
generated by {f;(puv,(9))}jergec, (a finite number of these generators will be sufficient
since O°(U;) is Noetherian), hence on a Zariski-closed subspace of U;. O

In what follows we assume that p,, satisfies the condition:

there exists a continuous representation p,,: Gp — GL, (@p)
(Type )

of automorphic origin such that p,, = S°p,,.

If (Type S)) is not true, the S-congruence locus on X,(p,,) is clearly empty. We fix from

now on a representation p,, satisfying assumption (Type SJ).
We set Xp(ﬁm)&Str = Xp(lﬁm)s N Xp(ﬁm)sm'

Proposition 7.17. Suppose that the “only if” part of Conjecture is true for U(m).
Then there exists a morphism of rigid analytic spaces Stw: X,(p,) = Xp(pm) fitting in
the commutative diagram

Xp(pn) —p> XtDri(ﬁn,p) X %ﬁlﬂg

lSTW lsm

Xp(ﬁm) —p> XtDri(ﬁm,p) X %Eﬁq

Proof. Consider an irreducible component I,, of X,(p,). By [BHS17, Théoréme 3.18] the
component [,, contains a classical @p-point x. The representation p, , is crystalline for
every v € ¥,. Let yy; denote the Q@,-point Sy o []res,(z) of X{i(p,,,). The representa-

tion py,,,» 1s isomorphic to S o p,, at every v € ¥, by definition of Sy;. In particular it
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is crystalline by Theorem [4.1[(3). By the “only if” part of Conjecture [7.4] for U(m), the
component [, is in the image of res,,. U

S,str

Conditionally on a part of Conjecture we give a description of the space X,(p,,)
This result is an analogue of [Cont16b, Theorem 10.10].

In the following g, is the integer given by [BHS17, Theorem 3.4] for the representation
Pm- We denote by res s, the morphism X,(7,,)*" — Z{%m’p X %%m’p given by the embedding
(7.1) composed with the projection onto the first two factors, and we use the same
notation when m is replace by n.

Theorem 7.18. Suppose that the “if” part of Conjecture is true for U(n). Let x be
a Q,-point of X, (p,,)"" such that:
(1) the embedding

XD = (X

trl(pmp)) X xﬁum,p x U
1s a local isomorphism at x;
2) the trianguline parameters (pizy)ves, € 7 (Q,) of (prv)ves,, lift to cocharacters
y D v,L D , D
(Mzwm)ves, € Z’%(@p) via the isogeny S: T —
Then:
(i) there exists a Q,-point y of X,(p,)**" such that p, = S o p, and j, = iz
i1) every Q,-point ys; of X5 X X5 suc a X Yiii) = ress(xz) belongs to
i Q,-point X5, x X5 such that S, x S bel t

ves 5(X, (7)),
Note that condition (1) is trivially satisfied for all smooth Q,-points of X, (p,,)**".

Proof. Consider the following diagram:

— \astr [Tyexresw
‘)(llj(prl)t L (Xgl(pnp))xx%

lsterXSP
‘va(ﬁm)str XtErll(pmp)) X %pljfn

Since z € X,(p,,)%*"(Q,). By Corollary [5.4) and the assumption on , there exists for
every v € ¥ a representation p,,: Gp, — GL (Q ) such that:

(1) Pxp = Se ° Pywi
(2) if v € ¥, then p,, is strictly trianguline of parameter fi,,.

Let y.; be the point of ¢( X[,
(with parameters at v € 3,) are (py, flaw,n)) for v € £, and (p,,) for v e ¥ —%,. It is
clear from the properties (1-3) that S (yiri) = Ti- We will show that yy,; is in the image
of the map [],cxres,: X,(5,)" = «(XGi(P,,) X X5 . Every inverse image y of yy; via
[I,cs res ., then satisfies statement (i) in the theorem because of the properties (1,2) above.
We will also obtain statement (ii) of the theorem in the following way. If ys; is a Q,-point of
X5, xX;  satisfying condition (1) above, it belongs to ¢(Xy;(py,,)) X X5 by Corollary
5.4} "and 1ts trianguline parameters p,, ., are lifts of the parameters p,,. In particular
ys is the image of a Q,-point ye; of L(XEl(pnp)) X Z{% that satisfies (1) and (2). By
showing that such a point is in the image of [] .y res,: X,(7,)™ = (X (P,,)) X X3

pnp

Hvez res y
k=N (

(Pnp)) X %Eﬁ whose corresponding Galois representations

we obtain (ii).
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Consider an irreducible component J,, of ¢(Xyi(7,,,)) x X5; containing yui. Let J,, be
an irreducible component of t( X (7,,,)) X %ﬁn containing Styip X SP(J,,). By assumption
(1), J,, is contained in the image of X,(p,,)-

The component J,, is a product J,, , x J% of an irreducible component J,, , of «(X{;(7,,))
and an irreducible component J? of %% . We show that the component 7, , is automor-
phic. This will imply that the point g of J,, , xJP is in the image of X,(p,,) via [ ], o5 res,,
giving the conclusion of the theorem.

By the “if” part of Conjecture [7.4|for U(n), it is sufficient to show that J,, N Ug(p,)
contains a crystalline point. By Remark (3) the image of J,, , in the Weight space W7
contains a weight k € (Z”)Hom(FJ’L). Let yuix be a point of J, , of weight k. Consider
an affinoid subdomain U, of 7, , containing both 3 and k. The absolute values of
the slopes sl; are bounded on U,, by a common constant C'. We claim that there exists a
weight k” and a point y,i 1 of U, such that, for every embedding 7: 't — @p:

(1) ki — kor > 2q(C +1);

(2) kir —kizir > kicir —kir +q(C+1) fori > 2.

This is clear because wx(U,) will contain an affinoid neighborhood of k, and we can
choose a weight k' arbitrarily p-adically close to k satisfying (1) and (2). Let xj; =
Strip X SP(Yix), which is a point of weight S ok’ on the component J,,. Note that
Pzl v = S © Py 10 for every v E Z by definition of Sy ,. It follows from assumptions

(1s) <s°k'>m - <Sok'>2,7 > 2(0 + 1>,
(2S) (Seok')ir —(Seok)iy1r > (Seok')i1r —(Sek');, +C+1fori>2.
In particular z]; is a classical point by the argument in the proof |[BHS17, Théoreme
3.18] (it is shown there that the set W appearing in the statement can be taken to be
the set of weights satisfying conditions (1S) and (2S)). In particular the representation
pa v 18 crystalline for every v € ¥,. By the fact that p,, , =5 Pz v and a result of
Di Matteo, the representation py, ., . is also crystalline. We deduce that the component
Tnp of Xii(P,, ) contains the crystalline point g, as desired. U

Let X,(p,,)"™ be the locus of smooth points of X, (p,,)-

Corollary 7.19. Suppose that the “if” part Conjecture is true for U(n) and the
“only if” part of the conjecture is true for U(m). Let # = (Sp(A),pa) be a family of
representations of G, appearing in X,(p™)**™. Then F also appears in Stw(X,(p,))-

Proof. Consider the following commmutative diagram:

D . L

pnp p’n,p
(7.5) lsTW lspxsp
N L

Pm,p

Suppose that .# appears in X,(p™)%"™ via a: Sp(A) — X,(p™)*™. Consider the image
resy(a(Sp(A))) in %%mp X %%m and its inverse image (S, x SP)~!(resx(a(Sp(A)))) in
%%n, x X7 . By Theorem 7.18(i), the morphism S, x S? induces a surjection (S, x

SP)~1(res g( (Sp(A)))) — ress(a(Sp(A))). This morphism is also continuous and closed,
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so there exists an affinoid subdomain Sp(B) of X7 = X7} such that (S, x S?)(Sp(B)) =
res s;(a(Sp(A))). By Theorem [7.1§(ii), the affinoid Sp(B) is contained in the image of
X,(p,) viaresy. Since resy is a closed embedding, we deduce that there exists an affinoid
subdomain Sp(C) of X,(p,) such that resx(Sp(C)) = Sp(B). By the commutativity of
Diagram (7.5)), res x(Srw (Sp(C))) = ress(a(Sp(4))), which implies that the family of
representations of G, carried by Sp(C) is the same as the family carried by a(Sp(A)),
that is that the family . appears in Srw (X, (p,)) with support Srw (Sp(C)). O

Corollary 7.20. Suppose that the “if” part Conjecture is true for U(n) and the
“only if” part of the conjecture is true for U(m). Let S,: X,(p,) — X,(p.,) be the
morphism of rigid analytic spaces given by Proposition[7.17. Then the rigid analytic space
Sp(Xp(Pn)) N Xp(p,,)S™ consists of the irreducible components of mazimal dimension of

Xp(ﬁm)s ﬂ Xp(ﬁm)sm

Proof. Let d be the dimension of W}. Since w(X,(p,,)°) is Zariski-open in Wy, and
w is of relative dimension 0, the irreducible components of X,(p,,)° have dimension at
most d. This is also the dimension of every irreducible component X, (p,,), hence of every
irreducible component of S,(X,(p,))-

Let A be an affinoid Q,-algebra and let .% = (Sp(A), pa) be a family of Galois repre-
sentations appearing in X,(p™)* via a: Sp(A) — X,(p™)°. Assume that a(Sp(A)) is not
contained in S,(X,(p,)). By Corollary the family .# also appears in S,(X,(p,)), so
it appears at least twice on X,(p™)°. By Remark the family .# must have some
constant weight in Wj*. If .# were of dimension d then w e a(Sp(A4)) would be Zariski-
open in W7, hence could not have any constant weight in W7. We conclude that the
dimension of . is strictly smaller than d. O
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