Pullbacks of Eisenstein series, Hecke-Jacobi theory and automorphic L-functions

By Bernhard E. Heim

Abstract In this paper a new Rankin-Selberg integral is presented, which is a Petersson scalar product of a diagonal-restricted Eisenstein series against an elliptic modular form and two Siegel modular forms of degree n. This generalizes Paul Garrett’s work on the Rankin triple product L-function. Surprisingly the case n = 2 leads, as n = 1, to an Euler product. We prove, by choosing one of the Siegel forms as a Saito-Kurokawa lift, that our approach gives a new integral representation of a degree eight L-function for GSp_2 × GL_2, the twisted spinor L-function.^1

This is a extended version of a talk given by the author at the NSF-CBMS conference: Euler Products and Eisenstein Series held at the Texas Christian University, Fort Worth, Texas, May 20-24, 1996 in honor of Professor Goro Shimura.

Introduction

The purpose of this paper is to present new insights into the connection between pullbacks of Eisenstein series and automorphic L-functions. Surprisingly, special properties of a certain Hecke-Jacobi algebra will play a decisive role. The paper has its origin in a question asked by S. Böcherer to the author.

Let us consider the following situation. Let (n_i)^l_{i=1} be a partition of a natural number n and let F_i ∈ S^k_{ni} be Siegel cusp forms of degree n_i and weight k. Let further E^k_n(z; s) be the analytic Eisenstein series of Siegel type, here z is in the Siegel half space IH_n of degree n and s ∈ C with 2 Re(s) + k > n + 1. Let us further denote by ⟨ ; ⟩ the Petersson scalar product and let us assume that all the F_i’s are Hecke eigenforms. Then P. Garrett [Ga84], S. Böcherer [Boe85b] and I. Piatetski-Shapiro and S. Rallis [P-R84], [G-P-R87] have shown, that the iterated scalar product

Φ^n(F_1, . . . , F_l; s) := ⟨ . . . ⟨ E^k_n z_1 0 .. . 0 z_l ; s ; F1(z1) ⟩ . . . F_l(z_l) ⟩ (1)

for l = 2 is essentially the standard L-function D^{n1}_{F1} of F_1 multiplied with ⟨F_1, F_2⟩, if n_1 = n_2 and zero otherwise. By considering the case l = 3 with n_1 = n_2 = n_3 = 1,

11991 Mathematics Subject Classification. Primary 11F66, 11F67; Secondary 11F46, 11F60. Key words and phrases. Pullbacks of Eisenstein series, Hecke-Jacobi theory, automorphic L-functions, Rankin triple-product L-function, special values of L-functions.

P. Garrett [Ga87] succeeded in refining his previous work to get an integral representation of the triple product L-function for the involved elliptic modular forms. This was generalized by I. Piatetski-Shapiro and S. Rallis [P-R87] to an integral representation of the “internal tensor product L-function” of an automorphic form on a semi-simple cubic abelian algebra over a number field (see also [Ga85]). (Of course, to get these integral representations a profound study of the pullbacks of the Eisenstein series via the embeddings IH_{n1} × . . . × IH_{nl} → IH_n is needed.) These results were the starting point and a basis for a lot of important mathematical work, e.g. [Or87],[Sa87],[H-K91],[G-H93], [G-K95],[B-S95],[Sh95]. A good overview over the results concerning the triple product L-function can be found in the introduction to the paper [G-H93] by P. Garrett and M. Harris. Since the approach in (1) has been so successful it is certainly natural to ask:

Are there any other partitions of a natural number n, which lead to integral representations of an automorphic L-functions in the just described way?

Already in 1985, at the conference of modular functions in Oberwolfach, Garrett mentioned at the end of his talk, that it seems to be unlikely. Nevertheless, this paper gives a positive answer. We produce a family of new pullbacks of Eisenstein series attached to partitions 1 + n + n of 2n + 1, calculate Φ(F_1, F_2, F_3; s) explicitly as a Dirichlet series and show that in a special case we have established a new integral representation of an automorphic L-series.

To state our main results we have to introduce the following notation. Let Γ_n be the Siegel modular group. Writing an element of Γ_n in the form γ = (_{a b} c d ) , with matrices a, b, c, d of size n, we can define the action of Γ_n on IH_n by γ < z >= (az + b)(cz + d)^{−1}. Let P_{n,0} the subgroup of Γ_n consisting of elements γ for which c = 0. Then we can introduce the Eisenstein series

E^k_n(z; s) = ∑ γ∈P_{n,}0\Γn det (cz + d)^{−k} det (Im γ < z >)^s.

Here z ∈ IH_n, s ∈ C and k ∈ 2Z. Let IH_1 × IH_n × IH_n be diagonally embedded in IH_{2n+1}. Let ⟨ ; ⟩, ⟨ ; ⟩_J be the Petersson scalar products of Siegel modular and Jacobi forms. In the following, we assume for convenience the condition totally real for the Fourier coefficients of Siegel cusp forms, which can be easily dropped ([Sh76],[Boe85a]).

Theorem 1 Let F, G ∈ S^k_n and h ∈ S^k_1 be Hecke eigenforms with totally real Fourier coefficients and k even. Then for s ∈ C with 2 Re (s) + k > 2n + 2 Φ^{2n+1}(h, G, F ; s) = a(n, s, k) L^n_{h,G,F} (s + 2k − n − 1). Here a(n, s, k) is essentially a product of gamma functions and L^n_{h,G,F} (s + 2k − n − 1) = {ζ(2s + k) n∏ j=1 ζ(4s + 2k − 2j)}^{−1} D^n_F (2s + k − n) D_{h,G;F} (s), where D^n_F is the standard zeta function of F and D_{h,G;F} (s) denotes a certain Dirichlet series (see section 2.4) involving the Fourier coefficients of h and the Fourier-Jacobi coefficients of F and G amalgamated together by the scalar product ⟨ ; ⟩_J .

Has this anything to do with Euler products? If n = 2 (the case n = 1 corresponds to the triple product L-function [Ga87]) we can prove the following Main Theorem Let F, G ∈ S^k_2 and h ∈ S^k_1 be Hecke eigenforms with totally real Fourier coefficients. Let k be even and h normalized. Further we assume that F is in the Maass Spezialschar with corresponding f ∈ S^{2k−2}_1 . Then for s ∈ C with 2 Re (s) + k > 6

Φ^5(h, G, F ; s) = a(2, s, k)⟨Φ^F_1 ; Φ^G_1 ⟩_J ×ζ(2s + k)^{−1}ζ(4s + 2k − 2)^{−1}ζ(4s + 2k − 4)^{−1} ×L_f (2s + 2k − 4) Z_{G⊗h}(s + 2k − 3).

Here L_f denotes the Mellin transform of f and Z_{G⊗h} the convolution of the spinor zeta functions attached to G and h, in other words the L-functions to GSp_2 × GSp_1. And with Φ^H_N we denote the N-th Fourier-Jacobi coefficient of a cusp form H.

If we assume that the first Fourier-Jacobi coefficient of G is not identically zero, we can conclude that Z_{G⊗h}(s) has a meromorphic continuation to the whole s-plane and get a functional equation (see Corollary 5.2). Taking G with totally real algebraic Fourier coefficients and of weight k > 6, and σ ∈ Gal(Q /Q ) we get ( π^{8−5k} Z_{G⊗h}(2k − 3) ⟨G; G⟩⟨h; h⟩ )_σ = π^{8−5k} Z_Gσ_{⊗h}σ (2k − 3) ⟨G^σ; G^σ⟩⟨h^σ; h^σ⟩ ∈ Q .

Related work: In [K-S89], W. Kohnen and N.-P Skoruppa studied analytic and arithmetic properties of D_{F,G}(s) = ∑_∞ N=1⟨Φ^F_N ; Φ^G_N ⟩_J N^{−s} with F, G ∈ S^k_2 . They proved that D_{F,G}(s) has a meromorphic continuation to the whole s-plane. This was generalized in [Ya90] with respect to F, G ∈ S^k_n. Let F be in the Maass Spezialschar and G a Hecke eigenform of degree 2, then

D_{F,G}(s) = ⟨Φ^F_1 ; Φ^G_1 ⟩_J Z^2_G(s). (2)

Here, Z^2_G(s) denotes the spinor zeta function of G. If Φ^G_1 is identically zero, then one replaces F by a certain paramodular cusp form such that one can still use the approach of Kohnen and Skoruppa to study Z^2_G(s) for an arbitrary eigenform G. This refinement is due to V. Gritsenko [Gr93].

A different approach to study the L-function Z_{G⊗h}(s) was given in 1993 by M. Furusawa in [Fu93]. He showed that the L-function is essentially a scalar product of a Hermitian Eisenstein series attached to h and G, if G satisfies certain conditions. His results are compatible with our results concerning the meromorphic continuation, functional equation and the special value property of Z_{G⊗h}(s). For certain reasons it was impossible for him with his approach to state the Galois behaviour of the special value.

Brief outline of the Article: After reviewing some known results on Siegel modular forms, analytic Eisenstein series and a Hecke theory for the symplectic group, we state the Theorem of Garrett and Böcherer, which gives a first insight in the correspondence of pullbacks of Eisenstein series of Siegel and Klingen type. This leads us to the problem of understanding P_{n+1,n}(Z) \ Sp_{n+1}(Z) with respect to the action of Sp_1(Z) × Sp_n(Z) → Sp_{n+1}(Z) from the right, here P_{n+1,n}(Q) = { (_{a ∗} 0 ∗ ) ∈ Sp_{n+1}(Q )|a ∈ Q^× }.

In section 2, we present briefly a viewpoint, which reduces this problem to the calculation of the double coset space

P_{n+1,n}(Q ) \ Sp_{n+1}(Q) / Sp_1(Q) × Sp_n(Q)

and indicate how one can do that in a systematic manner. Behind all that stands a new method, which allows us to understand orbit structures of much more general shape. This will be the main subject of a forthcoming paper. After stating a pullback formula of the relevant Eisenstein series of Klingen type, we prove Theorem 1 and give some first applications.

In the next two sections we show, that L^n_{h,G,F} (s) has an Euler product for n = 2 (the case n = 1 is due to Garrett [Ga87]) and that Fourier-Jacobi coefficients of eigenfunctions of Siegel modular forms have certain multiplicative properties. For that, we have chosen the following strategy:

In section 3, we construct a modified Hecke-Jacobi algebra H̃^J in which one can embed the usual symplectic Hecke algebra H^2 of degree 2. Highlights of our considerations are factorizations of the Hecke and Rankin polynomials of degree 2 (cf. [Gr82],[Gr93] and [An87]). We interpret Jacobi forms as automorphic forms (P-forms) on a higher dimensional space to maximal parabolic subgroups of the symplectic group (Klingen [Kl89]), which explains many properties of Jacobi forms in a transparent way.

With the results developed in section 2 and 3 we prove in section 4, that L^2_{h,G,F} (s) has an Euler product and calculate the local factors explicitly.

In section 5, we summarize our investigations and deduce important properties of the L-function Z_{G⊗h}(s), assuming that the first Fourier-Jacobi coefficient of G is not identically zero. The reader should not be surprised about that condition, because already in the case n = 1 ([Ga87]), the Fourier(-Jacobi) coefficients play a normalizing role. This paper is rounded out by a unifying presentation of some properties of the triple product L-function and the L-function Z_{G⊗h}(s). This makes it possible to translate and apply techniques, that have been developed to analyse the triple product L-function, to Z_{G⊗h}(s) and get a deeper understanding of it in the future.

T his paper contains the main parts of my thesis (Mannheim 97) which was written under the supervision of Prof. Dr. S. Böcherer. I would like to thank him for introducing me into the subject and for his advice. I am grateful to the Max-Planck-Institut für Mathematik in Bonn for its hospitality and support. Finally I would like to take the opportunity to thank the organizers of the conference, Robert S. Doran, Ze-Li Dou and George T . Gilbert for their excellent job and their warm hospitality.

————————

Notation: For an associative ring R with identity element, we denote by R^× the group of all invertible elements of R and by M(m, n; R) the module of all m × n matrices with entries in R. If M is a matrix, M^t, det(M), and tr(M) stand for its transpose, determinant, and trace. We put M_n(R) = M(n, n; R), Gl_n(R) = M_n(R)^×, Sl_n(R) = {M ∈ Gl_n(R)| det(M) = 1} (when R is commutative). The identity and zero elements of M_n(R) are denoted by 1_n and 0_n respectively (when n needs to be stressed). Let J_n =

(_{0 1}

−1 0 ) then Sp_n(R) = {M ∈ Gl_{2n}(R)|M^tJ_nM = J_n}. P_{n,r}(R) = {( ∗ ∗ 0_{n+r,n−r} ∗ ) ∈ Sp_n(R) } , C_{n,r}(R) = {( ∗ ∗ 0_{n−r,n+r} ∗ ) ∈ Sp_n(R) } , C^+_{n,r}(R) = {( ∗ ∗ 0_{n−r,n+r} 1_{n−r} ) ∈ Sp_n(R) } , For convenience let Γ_n = Sp_n(Z), P_{n,r} = P_{n,r}(Z), Γ = Γ_1 and Γ_∞ = P_{1,0}. For a subring R of R we put R^+ = {r ∈ R | r > 0} and define G^+Sp_n(R) = {M ∈ Gl_{2n}(R)|M^tJ_nM = μ(M)J_n with μ(M) ∈ R^+}. For real symmetric matrices A and B, we write A > B (A ≥ B) to indicate that A − B is positive definite (positive semi-definite) and A[B] = B^tAB if A, B are suitable. If A_1, A_2, . . . , A_n are square matrices, [A_1, A_2, . . . , A_n] denotes the matrix with A_1, A_2, . . . , A_n in the diagonal blocks and 0 in all other blocks. Further we write [A_1, . . . , A_m;A_{m+1} . . . , A_{2m}] for numbers A_j, if n = 2m. The disjoint union of sets is denoted by ⨆ . Let T, Z ∈ M_n(C ), then we put e{T Z} = e^{2πi (tr T Z)} and Re(Z), Im(Z) for the real and imaginary part of Z and for M ∈ M(m, n; C ) we put occasionally x_M = Re(M) and y_M = Im(M). Further δ(Z) = det (Im (Z)). By Q we denote the algebraic closure of

Q, which we assume to be embedded into C and a denotes the complex conjugation of an

element a ∈ C . Let us always assume, that p is a prime number.

1 Preliminaries

1.1 Siegel modular forms

The group of positive symplectic similitudes G^+Sp_n(R) acts on Siegel’s half space IH_n = {Z = Z^t ∈ M_n(C )| Im(Z) > 0} of degree n as a group of biholomorphic automorphisms by (M, Z) → M < Z >= (AZ + B)(CZ + D)^{−1}, where M = (_{A B} C D ) with A, B, C, D ∈ M_n(R). We denote the factor of automorphy by j(M, Z) = det (CZ + D). For F : IH_n → C and k ∈ Z we define the Petersson operator (F |_kM)(Z) := μ(M)^{nk− n(n+1)2} j(M, Z)^{−k}F (M < Z >). (3) The real positive number μ(M) is called factor of similitude. Let M^k_n be the space of Siegel modular forms and S^k_n the subspace of cusp forms of degree n and weight k for the Siegel modular group Γ_n. Every F ∈ M^k_n satisfies the transformation law

F |_kM = F, for all M ∈ Γ_n = Sp_n(Z) (4)

and has a Fourier expansion of the form

F (Z) = ∑ T ∈An a(T )e{T Z},

with a(T ) ∈ C and A_n denotes the set of semi-integral positive semidefinite matrices of size n. For cusp forms we have only to sum over A^+_n = {T ∈ A_n|T > 0}. It is well known ([Sh75]) that, if σ is an automorphism of C and F ∈ S^k_n, then we have

F^σ(Z) = ∑ T ∈A+_n a(T )^σe{T Z} ∈ S^k_n. (5)

For arbitrary complex valued functions F and G on IH_n, which satisfy (4), one can define the Petersson integral, convergence assumed, ⟨F, G⟩ = ∫ Γn\IHn F (Z) G(Z) det (Im Z)^kd^∗Z. (6)

Here d^∗Z = det (Y )^{−(n+1)}dXdY denotes the symplectic volume element. For more details the reader is referred to Andrianov [An87] or Klingen [Kl90].

1.2 Classical Hecke theory for the symplectic group

We start by recalling the basic facts on abstract Hecke rings ([An87], §3.1; [Sh71] Chapter 3). Let (R, S) be a Hecke pair, this means R is a subgroup of the group S and for s ∈ S the coset space R\RsR is finite. Let A be a principal ideal domain, then R acts from the right on the A−module L_A(R, S) = {X = n∑ i=1 a_i Rs_i | a_i ∈ A, s_i ∈ S and n ∈ IN}. The subset of elements H_A(R, S) invariant under this action forms a ring with ( ∑ i a_iRg_i) ∘ ( ∑ j b_jRh_j) = ∑ i,j a_ib_jRg_ih_j.

It is called Hecke ring or Hecke algebra to stress either the ring or algebra properties. Identifying double cosets RsR = ⨆_n i=1 Rs_i with ∑_n i=1 Rs_i ∈ H_A(R, S) makes it possible to see them as a basis of the A-module H_A(R, S).

Lemma 1.1 Let (Γ_1, S_1) and (Γ_2, S_2) be two Hecke pairs included in a bigger group. If we assume that Γ_2 ⊂ Γ_1, S_1 ⊂ Γ_1S_2, and Γ_1 ∩ S_2S^{−1}_2 ⊂ Γ_2,

then we one can define an embedding i of H_A(Γ_1, S_1) into H_A(Γ_1, S_1) in the following way: write X ∈ L_A(Γ_1, S_1) in the form ∑ i a_iΓ_1s_{i,2} with s_{i,2} ∈ S_2 and a_i ∈ A, then i(X) := ∑ i a_iΓ_2s_{i,2}.

Lemma 1.2 If (R, S) is a Hecke pair, then (R, S) is also a Hecke pair and j : { H_A(R, S) −→ H_A(R, S^{−1}) RsR → Rs^{−1}R (7) is an anti-isomorphism which commutes with the embedding i defined in the last lemma.

1.2.1 Symplectic Hecke algebra H^n

By applying the elementary divisor theorem, it is not difficult to see that the symplectic Hecke algebra H^n := HQ(Γ_n, G^+Sp_n(Q )) decomposes into an infinite tensor product

H^n = ⊗_pH^n_p .

The local Hecke algebra H^n_p = HQ(Γ_n, GSp^+_n (Z[p^{−1}])) is isomorphic by the Satake- isomorphism Φ^n_p to Q[x^{±1}_0 , . . . , x^{±1}_n ]^{Wn} . Here W_n denotes the Weyl group of Sp_n (for more details see Freitag [Fr83] Kapitel 4). The Hecke algebra H^n_p is generated by

T^{(n)}(p) = Γ_n[1, . . . , 1; p, . . . , p]Γ_n, T^{(n)}_n (p)^{−1} T^{(n)}_i (p^2) = Γ_n[1, . . . , 1, n−i p, . . . , p i ; p^2, . . . , p^2, p, . . . , p]Γ^n for i = 0, . . . , n. Furthermore we define T^{(n)}(a) = ∑ M∈SDn(a) ΓnMΓn with SD_n(a) = { [e_1, . . . , e_n; f_1, . . . , f_n] | | | ei, fj ∈ N; ei|ei+1; en|fn and eifi = a } . Definition 1.3 The Hecke polynomial Q^n_p (X) and Rankin polynomial D^n_p (X) of degree n are defined by

Q^n_p (X) := (1 − x_{0,p}X) n∏ r=1 ∏ 1≤i1<···<ir≤n (1 − x_{0,p}x_{i1,p} · . . . · x_{ir,p}X)

D^n_p (X) := (1 − X) n∏ i=1 (1 − x_{i,p}X)(1 − x^{−1}_{i,p} X). Taking the pre-images of the coefficients of these polynomials under Φ^n_p , we get polynomials in H^n_p [X] which we denote by q^n_p (X) and d^n_p (X). We denote the formal spinor- and standard zeta function of degree n by Z^n(s) = ∏ p ( Q^n_p (p^{−s}) )_{−1} and D^n(s) = ∏ p ( D^n_p (p^{−s}) )_{−1} for s ∈ C .

By modifying the map j slightly we get an (anti-)automorphism

∗ : H^n −→ H^n, Γ_nMΓ_n → (Γ_nMΓ_n)^∗ = Γ_nμ(M) M^{−1}Γ_n. (8)

To simplify our notation in the case n = 1, we put T (a, d) = Γ (_{a 0} 0 d ) Γ and T (n) = T^{(1)}(n).

Then T (p) = ∑ a mod p Γ ( 1 a 0 p ) + Γ ( p 0 0 1 ) = Γ ( 1 0 0 p ) U_{[1,p]},

where U_{[a,b]} denotes a representative system of (( a 0 0 b )�1_Γ^(_{a 0} 0 b ) “ Γ ) \ Γ. In H^n_p [X], we have the following formal identity ∞∑ n=0 T (p^n)X^n = (1 − T (p)X + pT (p, p)X^2)^{−1} = q^1_p(X)^{−1}. (9)

It is not difficult to see that

pT^{(2)}_1 (p^2) + p(p^2 + 1)Δ^{(2)}_p = T^{(2)}(p)^2 − T^{(2)}(p^2) − p^2Δ^{(2)}_p (10)

holds in H^2_p. Important for our purpose is the explicit form of q^2_p(X) and d^2_p(X).

Lemma 1.4 In H^2_p[X], we have

q^2_p(X) = 1 − A_1X + A_2X^2 − p^3Δ_pA_1 + p^6(Δ_p)^2X^4 (11) d^2_p(X) = (1 − X)(1 − B_1X + B_2X^2 − B_1X^3 + X^4), (12)

with A_1 = T^{(2)}(p), A_2 = p(T^{(2)}_1 (p^2) + (p^2 + 1)Δ_p) and

B_1 = Δ^{−1}_p p^{−3} ( T^{(2)}(p)^2 − T^{(2)}(p^2) − p^2Δ_p − 2Δ_pp^3 ) , B_2 = Δ^{−1}_p p^{−3} ( 2 T^{(2)}(p^2) − T^{(2)}(p)^2 + 2p^3Δ_p + 2p^2Δ_p ) . The space S^k_n can be seen as an H^n-module. Let X = ∑ a_iΓ_ng_i ∈ H^n, then F → F |_kD(X) := ∑ i a_iF |_kg_i. (13)

It is well known that there exists a basis of S^k_n consisting of eigenforms. An eigenform F induces for every local algebra H^n_p an algebra homomorphism to C , which can be characterized by (α_{0,p}, α_{1,p}, . . . , α_{n,p}) ∈ (C^× )^{n+1}, the Satake-parameters of F . The eigenvalue p^{nk−n(n+1)} of Δ^n_p gives α^2_{0,p}α_{1,p} . . . α_{n,p} = p^{nk− n(n+1)}2 . (The parameters are unique up to the action of the Weyl group). To such a F we can define Q^n_{p,F} (X), D^n_{p,F} (X), Z^n_F (s), D^n_F (s). It is known that the last two functions are absolutely convergent for Re(s) large. In the case n = 1, it is convenient to use a different notation. One defines α_p = α_{0,p} and β_p = α_{0,p}α_{1,p} for Satake-parameters α_{0,p}, α_{1,p} of a normalized (a^f_1 = 1) Hecke eigenform f ∈ S^k_1 where a^f_m denotes the m^{th} Fourier coefficient of f. We usually want to assume that an eigenform in S^k_1 is normalized. Then one has

α_pβ_p = p^{k−1} and α_p + β_p = a^f_p .

We write L_f (s) for Z^1_f (s) and L_{p,f} (X) for Q^1_{p,f} (X). With this notation we introduce the L-function Z_{G⊗h} corresponding to two eigenforms G ∈ S^k_2 and h ∈ S^k_1 with parameters α_{0,p}, α_{1,p}, α_{2,p} and α_p, β_p for every prime number p: Z_{G⊗h}(s) = ∏ p { Q^2_{p,G}(α_pp^{−s}) Q^2_{p,G}(β_pp^{−s}) }_{−1} .

The triple product L-function of eigenforms f_1, f_2, f_3 ∈ S^k_1 is L_{f1⊗f2⊗f3} (s) = ∏ p det ( 1_8 − ( α^{f1}_p 0 0 β^{f1}_p ) ⊗ ( α^{f2}_p 0 0 β^{f2}_p ) ⊗ ( α^{f3}_p 0 0 β^{f3}_p ) p^{−s} )_{−1} .

Remark 1.5 For each subring A ⊂ C , let S^k_n(A) be the A−module of all F ∈ S^k_n for which all the Fourier coefficients are in A. Let F be an eigenform, especially we have F |_kT^{(n)}(m) = λ^F_mF for all m ∈ N and define a subfield Q (F ) of Q generated by Q and the set of all λ^F_m. Then Q (F ) is a totally real finite extension of Q and for k ≥ 2n + 2 there exists an orthogonal eigenbasis {F_j}^d_{j=1} of S^k_n such that F_j ∈ S^k_n(Q(F_j )) and the F_j are permuted by the action of Gal(Q /Q ), the absolute Galois group of Q. Such a basis is called a distinguished basis. Every eigenform F ∈ S^k_n(Q (F )) can be extended to such a basis ([Mi91], Appendix A).

1.3 Eisenstein series

In this section, we recall some basic facts on Eisenstein series of Klingen type and study some abstract properties of their pullbacks.

Definition 1.6 Let r, k be rational integers and n a natural number. Further let k be even and 0 ≤ r ≤ n. If s ∈ C with k + 2 Re(s) > n + r + 1 and F ∈ S^k_r , then we denote by E^k_{n,r}(Z, F ; s) = ∑ γ∈Pn,r\Γn F (γ < Z >_∗) j(γ, Z)^{−k} ( det Im γ < Z > det Im γ < Z >_∗ )_s ,

the Eisenstein series of Klingen type on IH_n.

The series is absolutely convergent and admits a meromorphic continuation to the whole s−plane ([La76]). With regard to k and Γ_n, it satisfies the transformation law (4) and it is orthogonal to S^k_n for r < n. When s = 0 and k > n+r+1, we get the holomorphic Klingen Eisenstein series ([Kl90], chapter 5). Siegel ([Si39]) has already proved that the Fourier coefficients of E^k_{n,0}(Z, 1; 0) are rational numbers. For convenience we put E^k_n(Z; s) = E^k_{n,0}(Z, 1; s), Γ_m(s) = ∏_m j=1 Γ(s −^{j−1}_2 ) and ξ(s) = π^{− s}2 Γ(^s_2 )ζ(s).

Lemma 1.7 If we put IE^k_n(Z; s) := ϵ(n, s) E^k_n(Z; s −^k_2 ) with ϵ(n, s) = ξ(2s)^{Γn(s+ k2 )}_{Γn(s)}

∏_[^n_{2 ]} j=1 ξ(4s − 2j). Then we have IE^k_n(Z; s) = IE^k_n(Z; n + 1 2 − s). Now we associate to a given partition (n_i)^l_{i=1} of n (i.e. ∑_l i=1 n_i = n with n_i ∈ N) the embeddings IH_{n1} × . . . × IH_{nl} → IH_n and Γ_{n1} × . . . × Γ_{nl} → Γ_n given by (z_1, . . . , z_l) → [z_1, . . . , z_l]

( a_1 b_1 c_1 d_1 ) × . . . × ( a_l b_l c_l d_l ) → a_1 0 b_1 0 ... ...

0 a_l 0 b_l c_1 0 d_1 0 ... ...

0 c_l 0 d_l

.

It is convenient to use the same notation for the images and pre-images.

Definition 1.8 Let n, r, k be as before and (n_i)^l_{i=1} a partition of n. Assume further that F ∈ S^k_r and s ∈ C with Re(s) big enough. Then we call

ϕ_F (z_1, . . . , z_l; s) = E^k_{n,r} z_1 0 ... 0 z_l , F ; s

a diagonal-restricted Eisenstein series attached to F of type ((n_i)^l_{i=1}; r).

It is easy to see that such functions satisfy (4) in each variable. If we can describe ϕ_F (z_1, . . . , z_l; s) explicitly as a function in the variables z_1, . . . , z_l, then we will call such an expression a pullback formula ([Ga84], Main formula). Let us put (n_1, . . . , n_l) = (n_1, . . . , n_l; 0) and ϕ := ϕ_1. The following theorem has served as the main motivation for us to study pullback formulas.

Theorem 1.9 Let k be an even rational integer and s ∈ C with k + 2 Re (s) > n + 1. Further let (n_i)^l_{i=1} be a partition of n and F_i ∈ S^k_{ni} . Then Φ(F_1, . . . , F_l; s) := ⟨...⟨ϕ(z_1, . . . , z_l; s); F_1(z_1)⟩...F (z_l)⟩ satisfies

(a) Φ(F_1, . . . , F_l; s) has an analytic continuation to a meromorphic function on C and inherits a functional equation from Lemma 1.7.

(b) If we assume that the F_i’s are Hecke eigenforms with F_i ∈ S^k_{ni} (Q (F_i )) and k > max{n + 1, max{n_i} + 1}, then

Φ(F^σ_1 , . . . , F^σ_l ; 0) ∏_l i=1⟨F^σ_i ; F^σ_i ⟩ = ( Φ(F_1, . . . , F_l; 0) ∏_l i=1⟨F_i; F_i⟩ )_σ ∈ Q with σ ∈ Gal(^¯Q /Q ).

Proof:

Part (a) is clear. To prove (b), we assume for convenience that l = 2, for arbitrary l one proceeds in the same way. We can complete f_1 = F_1 and g_1 = F_2 to a distinguished basis of S^k_{n1} and S^k_{n2} respectively and then to an orthogonal basis of M^k_{n1} and M^k_{n2} . This can be done in such a way that the orthogonal complements of S^k_{n1} and S^k_{n2} are invariant under all automorphisms of C (cf. [Boe85a], section 6). From ϕ(z_1, z_2; 0) ∈ M^k_{n1} ⊗ M^k_{n2} we can deduce ϕ(z_1, z_2; 0) = ∑ i,j c_{i,j}f_i(z_1)g_j(z_2) (c_{ij} ∈ C ).

The rationality of the Fourier coefficients of ϕ(z_1, z_2; 0) leads to ( Φ(F_1, F_2; 0) ⟨F_1; F_1⟩ ⟨F_2; F_2⟩ )_σ = c^σ_{11} =

⟨⟨ϕ(z_1, z_2; 0); F^σ_1 F^σ_2 ⟩⟩ ⟨F^σ_1 ; F^σ_1 ⟩ ⟨F^σ_2 ; F^σ_2 ⟩ , for all automorphisms σ of C . The assumptions in (b) imply that c_{11} is algebraic.

Remark 1.10 If we denote by Q(F_1 , . . . , F_l) the totally real number field which is generated by Q (F_1 ), . . . , Q(F_l ), then Φ(F_1, . . . , F_l; 0) ∏ ⟨F_i; F_i⟩ ∈ Q(F_1 , . . . , F_l). It is of course possible to state the theorem under weaker assumptions. For example, the purely technical condition totally real can easily be dropped (e.g. [Boe85a], Satz 14).

A first insight into the connection between Φ(F_1, . . . , F_l; s) and automorphic L-functions is given by the following Theorem 1.11 (Garrett, Böcherer) Let m, n ∈ N, k ∈ 2Z and s ∈ C with s ∈ C with k + 2Re(s) > m + n + 1. If F ∈ S^k_n is an eigenform then the following assertion holds ⟨E^k_{m+n} (( z 0 0 ∗ ) ; s ) ; F ⟩ = μ(n, k, s) {ζ(2s + k) ∏_n j=1 ζ(4s + 2k − 2j)}^{−1} × D^n_F (2s + k − n)E^k_{m,n}(z, F^#; s) if m ≥ n, 0 otherwise.

Here # denotes complex-conjugation and μ(n, k, s) = 2^{n2+3n2 −2ns−nk+1}(−1)^{nk2} π^{n(n+1)2} Γ_n(k + s −^{n+1}_2 )

Γ_n(k + s)

. (14)

See [Ga84] and [Boe85b] for more details. In the special case n = m, s = 0 we have Corollary 1.12 Let F ∈ S^k_n(Q (F )) be a Hecke eigenform and k > 2n even. Then ( π^{3n(n+1)}2^{−2nk−k}D^n_F (k − n) ⟨F ; F ⟩ )_σ = π^{3n(n+1)}2^{−2nk−k}D^n_F σ (k − n) ⟨F^σ; F^σ⟩ ∈ Q(F ) (15)

for all σ ∈ Gal(Q /Q).

2 A family of Dirichlet series

This section centers around the explicit calculation of the integral of an Eisenstein series of type (1, n, n) against three cusp forms. To do this, we start with some Lineare Zahlentheorie (cf. Siegel [Si68] 3. Abschnitt).

2.1 Representatives for P_{n+1,n}n�_{n+1}

The fact, that for every g ∈ Sp_m(Q ) there exists p_g ∈ ⋂_{m−1} r=0 P_{m,r}(Q ) with

p_g · g ∈ Γ_m (16)

allows us to find a suitable system of representatives for RSZ of P_{n+1,n}\Γ_{n+1} in a rather simple way, that suits our purposes.

Proposition 2.1 The left cosets space P_{n+1,n}(Q)\Sp_{n+1} (Q) has representatives

RSQ = RQ_1 ⊔ RQ_2 ⊔ RQ_3 .

RQ_1 = P_{1,0}(Q )\Sp_1 (Q) × 1_{2n}, (17) RQ_2 = π_n · (1_2 × P_{n,n−1}(Q)\Sp_n (Q)), (18) RQ_3 = ξ_n · ( P_{1,0}(Q)\Sp_1 (Q) × ((T × 1_{2(n−1)}) · P_{n,n−1}(Q)\Sp_n (Q)) ) (19)

with π_n = 0 1 1 0 0 0 1_{n−1} 0

0 0 1 1 0 0 0 1_{n−1}

and ξ_n = 1 0 1 1 0 0 1_{n−1} 0

0 1 −1 0 1 0 0 1_{n−1} .

Furthermore T = T (Q) = { ( a 0 0 a^{−1} ) | a ∈ Q^× }. Proof:

By Witt’s Theorem ([Bou59] §4, n^03; Corollaire 2), we can identify P_{n+1,n}(Q)\Sp_{n+1} (Q) with the set X of one-dimensional (isotropic) subspaces of Q^{2(n+1)} . To prove the assertion of the proposition, we have to determine the orbits of the action of Sp_1(Q ) × Sp_n(Q) ≤

Gl_{2(n+1)}(Q ) on X. We decompose Q^{2(n+1)} = Q^2 ⊕ Q^{2n} and denote by p_1(U), p_2(U) the projection of U ∈ X on Q^2 and Q^{2n} respectively. Then it is clear, that the orbits are characterized by the ranks ( rank(p_1(U)), rank(p_2(U)) ) of the projection: (1, 0), (0, 1) (1, 1).

So we get three orbits. Then we fix an element in each orbit and determine its isotropy group. Translating these observations into the language of matrices proves the proposition.

To get the desired representatives over Z, we have to alter RSQ by suitable elements of P_{n+1,n}(Q ) from the left.

Corollary 2.2 The left cosets space P_{n+1,n}\Γ_{n+1} has representatives RSZ = RZ_1 ⊔ RZ_2 ⊔ RZ_3 .

RZ_1 = P_{1,0}\Γ_1 × 1_{2n}, (20) RZ_2 = π_n · (1_2 × P_{n,n−1}\Γ_n), (21)

RZ_3 = ⨆ ε∈N,ν∈Z\{0}_{(ε,ν)=1}^{ξε,νn · (P1,0\Γ × Pn,n−1\Γn) (22)} with ξ^{ε,ν}_n =

∗ ∗ 0 0 ε ν 0 0 0 0 ν −ε 0 0 ∗ ∗

× 1^{2(n−1)} ∈ Γ^{n+1}.

Proof:

The property (16) implies that there is an 1-1 correspondence between P_{n,r}(Q)\Sp_{n,r} (Q) and P_{n,r}\Γ_n. So it remains only to translate RQ_3 back to RZ_3 . That means we are looking for a p_a ∈ P_{n,r}(Q ) with p_a · ( 1_2 × ( a 0 0 a^{−1} ) × 1_{2(n−1)} ) ∈ Γ_{n+1}.

If we parametrize a ∈ Q^× with^ν_ε (ν ∈ Z\{0}, ε ∈ N), then

p_{ε,ν} = ν^{−1} μ^′ 0 ε 0 0 ν 0 μ ε^{−1} × 12(n−1)

does the job, if we choose μ, μ^′ ∈ Z in such a way that μ ε ≡ 1 mod ν.

The assertion of the Proposition 2.1 still holds for arbitrary fields. The corollary is of course not true for every integral domain.

2.2 Pullback formulas

This subsection is devoted to explain how one can use Corollary 2.2 to produce pullback formulas. We achieve this by giving two examples.

Theorem 2.3 Let k ∈ 2Z and s ∈ C with 2 Re (s) + k > 2n + 2. If F ∈ S^k_n and τ ∈ IH, τ^′ ∈ IH_n, then we get E^k_{n+1,n} (( τ 0 0 τ^′ ) , F ; s ) = E^k_1 (τ, s)F (τ^′) + { E^k_1 (τ^′; s)F (τ) n = 1 E^k_{n,n−1}(τ^′, F_τ ; s) n > 1 + 2 δ(τ)^s δ(τ^′)^s ∞∑ ϵ,ν=1 (ϵ,ν)=1 ∑ γ1∈Γ∞\Γ γ2∈Pn,n−1\Γn χ^{k,s}_j (γ_1, τ) χ^{k,s}_j (γ_2, τ^′)

× F (( ε^2γ_1 < τ > 0 0 0 ) + (γ_2 < τ^′ >) [( ν 0 0 1_{n−1} )])

×δ (( ε^2γ_1 < τ > 0 0 0 ) + (γ_2 < τ^′ >) [( ν 0 0 1_{n−1} )])_{−s} . Here F_τ (z) = F (_{τ 0} 0 z ) ∈ S^k_{n−1} and χ^{k,s}_j (γ_j, τ) = j(γ_j, τ)^{−k}|j(γ_j, τ)|^{−2s}. Proof:

It is convenient to rewrite the Eisenstein series in the following manner E^k_{n+1,n} (( τ 0 0 τ^′ ) , F ; s ) = δ(τ)^s δ(τ^′)^s ∑ g∈P_n+1_{,n}\Γ_n+1 χ^{k,s}_j (g, ( τ 0 0 τ^′ ) )

× F ( g < ( τ 0 0 τ^′ ) >_∗ ) δ ( g < ( τ 0 0 τ^′ ) >_∗ )_{−s} , because χ^{k,s}_j satisfies the same cocyle relation as the factor of automorphy j. Then it is easy to see that the subseries E^k_1 (τ, s) F (τ^′) corresponds to RZ_1 . If n = 1, then RZ_2 leads to E^k_1 (τ^′)F (τ) and to E^k_{n,n−1}(τ^′, F_τ ; s) otherwise, because the

(_{0 1} 1 0 ) block of π_n interchanges τ and τ^′. To interpret RZ_3 it suffices to look at ∗ ∗ ε ν 0 0 1_{n−1} τ̃ 0 0 z̃_1 z̃_2 z̃^t_2 z̃_4 ∗ ε ∗ ν 0 0 1_{n−1} ∗ = ( ε^2τ + ν^2z̃_1 νz̃_2 νz̃^t_2 z̃_4 ) .

Remark 2.4

(1) The case n = 1 is essentially due to Garrett [Ga87].

(2) For n > 1 a new phenomenon shows up, namely the occurrence of diagonal-restricted cusp forms. This will play no role in this paper.

(3) If we put U_+ ={ (_{∗ ∗} c d ) ∈ Γ_∞\Γ | c, d > 0}, then we can essentially describe RZ_3 by ⨆ u∈U+ (( u 0 0 u^τ ) × 1_{2(n−1)} ) (P_{1,0}\Γ × P_{n,n−1}\Γ_n) .

We are now in a good position. The pullback formula in Theorem 2.3 can easily be generalized to get pullback formulas of type (n_1, . . . , n_l, 1; n). It is further possible to calculate Φ_F (F_1, . . . , F_{l+1}; s) in an explicit way (This vein will be developed in a forthcoming paper). To convince the reader, we present here the case (1, 1, 1; 2).

Corollary 2.5 Let k ∈ 2Z and F ∈ S^k_2 . Then for s ∈ C with Re(s) > 6 we have

E^k_{3,2} ([z_1, z_2, z_3], F ; s) = ∑ (a,b,c)∈P E^k_1 (z_a; s)F ( z_b 0 0 z_c )

+2 δ(z_a)^sδ(z_b)^s ∑ u∈U+ ∑ γ1,γ2∈Γ∞\Γ χ^{k,s}_j (γ_1, z_a) χ^{k,s}_j (γ_1, z_b)

×F_{zc} (( γ_1 < z_a > 0

0 γ_2 < z_b > ) [ u^t ] ∗ ) δ (( γ_1 < z_a > 0 0 γ_2 < z_b > ) [u^t]_∗ )_{−s}

+2 δ(z_1)^sδ(z_2)^sδ(z_3)^s ∑ u1,u2∈U+ ∑ γ1,γ2,γ3∈Γ∞\Γ 3∏ i=1 χ^{k,s}_j (γ_i, z_i)

×F γ_1 < z_1 > 0 0 0 γ_2 < z_2 > 0 0 0 γ_3 < z_3 > [( 1 0 0 u^t_1 ) ( u^t_2 0 0 1 )] ∗ ×δ γ_1 < z_1 > 0 0 0 γ_2 < z_2 > 0 0 0 γ_3 < z_3 > [( 1 0 0 u^t_1 ) ( u^t_2 0 0 1 )] ∗

−s ,

with P = {(1, 2, 3), (3, 1, 2), (2, 3, 1)}.

2.3 The integral representation

We calculate the integral of a diagonal-restricted Eisenstein series of type (1, n, n) against three cusp forms. To sharpen our result, we recall some fundamental principles on Jacobi forms (see [E-Z85],[Kl89] or section 3.4). Let F ∈ S^k_n, then one denotes by F ( τ z z^t τ^′ ) = ∞∑ N=1 Φ^F_N (τ, z) e{Nτ^′} (τ^′ ∈ IH) (23) the Fourier-Jacobi expansion of F with respect to τ^′. The Fourier-Jacobi coefficients Φ^F_N (τ, z) are Jacobi forms J^k_{n−1,1}(N) of degree (n − 1, 1), weight k and index N. By ⟨ ; ⟩_J = ⟨ ; ⟩_{J,N} we denote the Petersson scalar product for such spaces. Further we put

U_l : { J^k_{m,1}(N) −→ J_{m,1}(Nl^2) Φ^F_N (τ, z) → (Φ^F_N |U_l)(τ, z) = Φ^F_N (τ, lz). (24)

In the case n = 1, we interpret the Fourier-Jacobi coefficients as the Fourier coefficients, the map U_l as the identity map and ⟨ ; ⟩_J as the standard scalar product in C^2 . Theorem 2.6 Let k be an even number, F, G ∈ S^k_n and h ∈ S^k_1 with totally real Fourier coefficients. Then for s ∈ C with k + 2 Re (s) > 2n + 2 ⟨⟨E^k_{n+1,n} (( W 0 0 Z ) , F ; s ) ; G(Z)⟩; h(W )⟩ (25)

= 2 (4π)^{−(2k+s−n−1)} Γ(s + 2k − n − 1)Γ(s + k − n)Γ(s + k − 1) Γ(2k − n − 1 + 2s) × ∞∑ N,ε,l=1 (ε,l)=1 ⟨Φ^F_N |U_l; Φ^G_{Nl}2 ⟩_J a^h_{Nε}2 ε^{−2(k+s−1)}l^{−2(k+s−n)}N^{−(2k+s−n−1)}.

Proof:

To calculate (25), we insert the pullback formula developed in Theorem 2.3. After interchanging the integration and summation, we get by “unwinding ” ⟨⟨E^k_{n+1,n} (( W 0 0 Z ) , F ; s ) ; G(Z)⟩; h(W )⟩

= 2 ∫ Γ∞\IH d^∗W ∫ P_{n,n−}1\IHn d^∗Z ∞∑ ε,l=1 (ε,l)=1 F (( ε^2W 0 0 0 ) + Z [( l 0 0 1_{n−1} )]) (26) × δ (( ε^2W 0 0 0 ) + Z [( l 0 0 1_{n−1} )])_{−s} δ(W )^{k+s}δ(Z)^{k+s}G(Z)h(W ). To use the notation in [Kl89] we rewrite this as 2 ∫ Γ∞\IH d^∗W ∫ C_{n,n−}1\IHn d^∗Z ∞∑ ε,l=1 (ε,l)=1 F (( 0 0 0 ε^2W ) + Z [( 1_{n−1} 0 0 l )])

×δ (( 0 0 0 ε^2W ) + Z [( 1_{n−1} 0 0 l )])_{−s} δ(W )^{k+s}δ(Z)^{k+s}G(Z)h(W ). If we denote by B_{n−1,1} a fundamental domain of the action of the group C^+_{n,n−1}/Z^{n,n−1} on IH_{n−1} × C^{n−1} , here we denote by Z^{n,n−1} the center of C^+_{n,n−1}, then Q_{n,1} = {Z = ( τ z z^t τ^′ ) ∈ IH_n | (τ, z) ∈ B_{n−1,1} and 0 ≤ x_τ ′ < 1} (27)

is a fundamental domain of C^+_{n,n−1}\IH_n ([Kl89]). This leads to ⟨⟨E^k_{n+1,n} (( W 0 0 Z ) , F ; s ) ; G(Z)⟩; h(W )⟩

= 2 ∞∑ ε,l=1 (ε,l)=1 ∫ B_{n−}1_,1 dτdz ∫ y_τ′ >y^−1_τ [yz] dy_τ ′ 1∫ 0 dx_τ ′ 1∫ 0 dx_W ∞∫ 0 dy_W δ(Z)^{k+s−(n+1)}y^{k+s−2}_W

× ∞∑ N=1 Φ^F_N (τ, lz)e{N(ε^2W + l^2τ^′)} ∞∑ M=1 a^h_M e{MW } ∞∑ L=1 Φ^G_L (τ, z)e{Lτ^′}

× δ (( 0 0 0 ε^2W ) + Z[ ( 1 0 0 l ) ] )_{−s}

= 2 ∫ B_{n−}1_,1 dτdz ∞∑ N,ε,l=1 (ε,l)=1 Φ^F_N (τ, lz)Φ^G_{Nl2} (τ, z)a^h_{Nε2} ∫ y_τ′ >y^−1_τ [yz] dy_τ ′ ∞∫ 0 dy_W

δ (( 0 0 0 ε^2W ) + Z[ ( 1 0 0 l ) ] )_{−s} δ(Z)^{k+s−(n+1)} y^{k+s−2}_W e^{−4πN(ε2yW +l2yτ′ )}.

In the last step, we have integrated over the real parts of τ^′ and W . It remains to calculate the integration over dy_W and dy_τ ′ . We have ∫ y_τ′ >y^−1_τ [yz] dy_τ ′ ∞∫ 0 dy_W δ ( y_τ ly_z ly^t_z ε^2W + l^2y_τ ′ )_{−s} δ ( y_τ y_z y^t_z y_τ ′ )_{k+s−(n+1)}

y^{k+s−2} W e^{−4πN(ε2yW +l2yτ′ )} (1) = ∞∫ 0 dt ∞∫ 0 dy_W δ ( y_τ ly_z ly^t_z ε^2y_W + l^2(t + y^{−1}_τ [y_z]) )_{−s} δ ( y_τ y_z y^t_z t + y^{−1}_τ [y_z] )_{k+s−n−1}

y^{k+s−2} W e^{−4πNε2yW} e^{−4πNl2t}e^{−4πNl2y−1τ [yz]} = ∞∫ 0 dt ∞∫ 0 dy_W δ ( y_τ ly_z ly^t_z ε^2y_W + l^2(t + y^{−1}_τ [y_z]) )_{−s} δ ( y_τ y_z y^t_z l^2t + l^2y^{−1}_τ [y_z] )_{k+s−n−1}

l^{−2(k+s−(n+1))} y^{k+s−2}_W e^{−4πNε2yW} e^{−4πNl2t}e^{−4πNl2y−1τ [yz]} (2) = ∞∫ 0 dt ∞∫ 0 dy_W t^{k+s−(n+1)}(ε^2y_W + l^2t)^{−s}δ(y_τ )^{k−(n+1)} y^{k+s−2}_W e^{−4πNε2yW} e^{−4πNl2t}e^{−4πNl2y−1τ [yz]}. In (1) we have substituted y_τ ′ by t + y^{−1}_τ [y_z] and in (2) we have used δ ( y_τ ly_z ly^t_z ε^2y_W + l^2(t + y^{−1}_τ [y_z]) )_{−s} δ ( y_τ ly_z ly^t_z l^2t + l^2y^{−1}_τ [y_z] )_{k+s−n−1}

= (l^2t)^{k+s−(n+1)}(ε^2y_W + l^2t)^{−s}δ(y_τ )^{k−(n+1)} Recall that the invariant measure for the Petersson scalar product in J^k_{n−1,1}(m) is δ(y_τ )^{k−((n−1)+2)}e^{−4πmy−1τ [yz]}dτdz. (28) So it remains only to calculate ∞∫ 0 dt t ∞∫ 0 dy_W y_W t^{k+s−n}y^{k+s−1}_W (ε^2y_W + l^2t)^{−s}e^{−4πNε2yW} e^{−4πNl2t}, which is an Eulerian integral of first kind. Applying the formula ∞∫ 0 ∞∫ 0 dx x dy y x^αy^β ( xy x + y )_γ e^{−(x+y)} =

Γ(α + β + γ) Γ(α + γ) Γ(β + γ) Γ(α + β + 2γ)

gives the desired result.

2.4 First results

The Dirichlet series we obtained in the last subsection we now denote by D_{h,G;F} (s) = ∞∑ N,ε,l=1 (ε,l)=1 ⟨Φ^F_N |U_l; Φ^G_{Nl}2 ⟩_J a^h_{Nε}2 ε^{−2(k+s−1)}l^{−2(k+s−n)}N^{−(2k+s−n−1)}. (29)

Combining results of the Theorem 2.6 with the Theorem of Garrett and Böcherer and Theorem 1.9 gives the following first résumé.

Theorem 2.7 Let F, G ∈ S^k_n, h ∈ S^k_1 Hecke eigenforms with totally real Fourier coefficients. Let s ∈ C with 2 Re (s) + k > 2n + 2 and k even. Then we have Φ(h, G, F ; s) = a(n, s, k) L^n_{h,G,F} (s + 2k − n − 1) with (30)

L^n_{h,G,F} (s + 2k − n − 1) = {ζ(2s + k) n∏ j=1 ζ(4s + 2k − 2j)}^{−1} × D^n_F (2s + k − n) D_{h,G;F} (s) and a(n, s, k) = a^∗(n, s, k) Γ^∗(n, s, k) with a^∗(n, s, k) = 2^{−2s(n+1)−nk−4k+3+ n2+7n2} (−1)^{nk2} 2π^{n2+3n2 −s−2k+1}, Γ^∗(n, s, k) = Γ(s + 2k − 1 − n)Γ(s + k − n)Γ(s + k − 1) Γ(2k − n − 1 + 2s)

Γ_n(k + s −^{n+1}_2 ) Γ_n(k + s) .

Corollary 2.8 With the same assumptions as above, we have:

(i) L^n_{h,G,F} has meromorphic continuation to C and satisfies the functional equation L^{n,∗}_{h,G,F} (s) = L^{n,∗}_{h,G,F} (3k − n − 1 − s), (31) where L^{n,∗}_{h,G,F} (s) = ϵ(2n + 1, s + n + 1 − 3/2 k) a(n, n + 1 + s − 2k, k) L^n_{h,G,F} (s). (ii) Let k > 2n, h ∈ S^k_1 (Q (h)), G ∈ S^k_2 (Q (G)) and F ∈ S^k_2 (Q(F )). Then we have for all σ ∈ Gal(Q / Q ) ( a(n, 0, k)L^n_{h,G,F} (2k − n − 1) ⟨h; h⟩⟨G; G⟩⟨F ; F ⟩ )_σ = ( a(n, 0, k)L^{(n)}_hσ_{,G}σ_{,F} σ (2k − n − 1) ⟨h^σ; h^σ⟩⟨G^σ; G^σ⟩⟨F^σ; F^σ⟩ ) ∈ Q .

The restriction k > 2n can be weakened. The assumption totally real is only of technical nature. It can easily be removed (see [Sh76], [Boe85a]). All of the results stated so far have only been known for n = 1. In that case, P. Garrett [Ga87] has shown that L^1_{h,G,F} is essentially the triple product L-function for three elliptic eigenforms h, G, F ∈ S^k_1 . So there is some hope that L^n_{h,G,F} has something to do with Euler products in general. The rest of this paper is devoted to show that one really gets an Euler product in the case of n = 2, if one chooses the cusp forms in an appropriate way.

3 Hecke-Jacobi theory

In this section, a certain Hecke-Jacobi theory ([An77b],[An87],[Gr82],[Gr93]) is developed, which serves mainly as an aid for studying the arithmetic properties of the Dirichlet series D_{h,G;F} (s) introduced in (29). We proceed in a self-contained way to make the underlying structure as transparent as possible and to fix a good notation. This enables us to prove new results which are essential in getting an Euler product for the Dirichlet series.

3.1 The Jacobi group G^JR

For R = Z, Z[^1_p] or Q , we define the Heisenberg group H_R, the group Γ_R and the Jacobi group G^J_R. Let H_R = {(X; κ)| X ∈ R × R, κ ∈ R} with group law (X_1; κ_1) ∘ (X_2; κ_2) = (X_1 + X_2; κ_1 + κ_2 + det (_{X1} X2 ) ), further let Γ_R be the direct product of the groups G^+Sp_1(R) and R^+, and

G^J_R = M = a 0 b μ^′ λ α μ κ c 0 d −λ^′ 0 0 0 β

| | | | | (_{a b} c d ) ∈ G^+Sp_1(R), β > 0 αβ = μ(M) = μ (_{a b} c d ) and (λ, μ; κ) ∈ R^3 with β^{−1}(λ^′, μ^′) (_{a b} c d ) = (λ, μ) a subgroup of G^+Sp_2(R). The exact sequence

1 −→ H_R^i−→ G^J_R^p−→ Γ_R −→ 1 (32)

with i(λ, μ; κ) =

1 0 0 μ λ 1 μ κ 0 0 1 −λ 0 0 0 1 and p a 0 b μ^′ λ α μ κ c 0 d −λ^′ 0 0 0 β = ((_{a b} c d ) , β )

splits by q : Γ_R −→ G^J_R (( a b c d ) , β ) → ( a b c d ) × ( ∗ 0 0 β ) .

That is the same as to say that G^J_R can be seen as a semi-direct product of H_R and Γ_R. If γ = (M, β), then ρ_γ given by ρ_γ (X; κ) = (αXM^{−1};^α_β κ) is an automorphism of H_R. The semi-direct product H_R o Γ_R is the set H_R × Γ_R with the group law

(h, γ) (h̃, γ̃) := (hρ_γ (h̃), γγ̃). (33)

Proposition 3.1 The groups H_R o Γ_R and G^J_R are isomorphic by

ϕ : H_R o Γ_R −→ G^J_R ( (x_1, x_2; κ); (( a b c d ) , β )) → a 0 b βx_2 y_1 α y_2 βκ c 0 d −βx_1 0 0 0 β

. (34)

It is convenient not to distinguish between image and pre-image of the embeddings i, q and ϕ. Then the group law in G^J_R becomes ( (X; κ); (M; β) ) ∘ ( (X̃; κ̃); (M̃, β̃) = (( X + αX̃M^{−1}; κ + α β κ̃ + det ( X αX̃M^{−1} ) ) ; (MM̃, ββ̃) )

and for h = (X; κ) ∈ H_R and γ = (M, β) ∈ Γ_R we have

(h; γ) = h γ = γ (α^{−1}XM; β α κ). 3.2 Hecke-Jacobi algebra

In the seventies, Andrianov (e.g. [An77b]) recognized that it is possible to factorize the Hecke and Rankin polynomials in a convenient way, if one embeds the Hecke algebra H^n in a Hecke algebra belonging to the Siegel parabolic C_{n,0} of Sp_n. This embedding has the advantage that one can see the action of H^n on M^k_n directly on the Fourier coefficients of the underlying modular form. So it is rather obvious that one should exchange, in the proceeding of Andrianov, the Siegel parabolic by another maximal parabolic, if one is interested in analyzing the arithmetic properties of the Fourier-Jacobi coefficients of a Siegel eigenform. This has been done by Gritsenko ([Gr82],[Gr88],[Gr95]) in some special cases. We want to recall some of his results by stressing the underlying general structures already developed by Andrianov and modify and generalize them for our purposes.

Let us now introduce a Hecke theory to the Hecke pair ( Γ^J := C^+_{2,1}(Z), G^J := G^JQ ) .

That this is really a Hecke pair can be proven by a slight modification of the proof of Prop 1.1 in [S-Z89]. We call the corresponding Hecke algebra H^J the Hecke-Jacobi algebra and the local Hecke algebra H^J_p associated to the pair (Γ^J , G^J_p = G^JZ_{[p−1]}) the local Hecke- Jacobi algebra. It is an important question how a double coset decomposes into left cosets. The following result gives a first answer.

Lemma 3.2

a) Let r be a positive rational number and g ∈ G^J . Then

Γ^J ([r, r; r, r]) Γ^J = Γ^J ([r, r; r, r]) and Γ^J g Γ^J ∘ Γ^J ([r, r; r, r]) Γ^J = Γ^J g([r, r; r, r]) Γ^J.

b) Let a, d, α, β be natural numbers with a | d and ad = αβ. Then ⨆ j (( a 0 0 d ) , β ) ⨆ λ mod a/(a, α) μ mod d/(d, α) κ mod β/(β, α) (λ, μ; κ) (U_j × 1_2) (35)

is a representative system of Γ^J \Γ^J ((_{a 0} 0 d ) , β ) Γ^J . Here U_j runs through a representative system of ( (_{a 0} 0 d )_{−1} Γ (_{a 0} 0 d ) ⋂ Γ)\Γ. The first condition is clear and the second can easily be proven (cf. [Gr82], Lemma 3.1).

By Lemma 1.1, it is easy to see that

i : H^2 → H^J ; ∑ j a_jΓ_2 g_j → ∑ j a_jΓ^J g_j

gives an embedding if one chooses g_j ∈ Γ^J . This map commutes with the anti-automorphism ∗ of Γ^J obtained by

Γ^J (h; (M, β)) Γ^J → ( Γ^J (h; (M, β)) Γ^J )_∗ = Γ^J μ(M) (h; (M, β))^{−1} Γ^J . (36)

With (35) in Lemma 3.2, one sees that

j_− : H^1 −→ H^J Γ ( a 0 0 d ) Γ → Γ^J (( a 0 0 d ) ; 1 ) Γ^J

(37)

j_+ : H^1 −→ H^J Γ ( a 0 0 d ) Γ → Γ^J (( a 0 0 d ) ; ad ) Γ^J

(38) lead to two algebra monomorphisms and that j_+(X) = (j_−(X))^∗, if X ∈ H^1. We denote the images of these maps by H^J_− and H^J_+. One has (H^J_−)^∗ = H^J_+ and all elements of H^2 are fixed by ∗. By these constructions we have distinguished certain subalgebras H^J_−, H^J_+ and i(H^2) of H^J , which are commutative, have no zero divisors and decompose in their local components.

Next we want to introduce some important elements of H^J . Let r ∈ Q and n ∈ N:

T^g_−(n) := j_−(T (n)), T^g_+(n) := j_+(T (n)),

Λ^g_−(n) := j_−(T (n, n)), Λ^g_+(n) := j_+(T (n, n)),

∇(r) := Γ^J ((0; r); (1_2, 1)) Γ^J , Δ_n := Γ^J [n, n; n, n]Γ^J ,

∇^g_n := Δ_n ∑ b mod n

∇(^b_n ), Ξ^g_n := Δ_n ∑ λ,μ,κ mod n Γ^J (^λ_n ,^μ_n ;^κ_n ),

T^{J,g}(n) := Γ^J [1, n; n^2, n]Γ^J .

For T (a, b) ∈ H^1 with a, b ∈ N, we put T^g_−(a, b) = Γ^J [a, ab; b, 1]Γ^J and T^g_+(a, b) = Γ^J [a, 1; b, ab]Γ^J . If ab = n^2 with n ∈ N, we put T^g_0 (a, b) = Γ^J [a, n; b, n]Γ^J . The double cosets ∇(a) and Δ_n decompose into only one left coset and Ξ^g_n, ∇^g_n, Δ_n and T^{J,g}(n) are fixed by ∗. Furthermore, we have (T^g_−(n))^∗= T^g_+(n) and (Λ^g_−(n))^∗ = Λ^g_+(n). Further we put ∇^r_n = (Δ_n)^{−1}∇^g_n, Ξ^r_n = (Δ_n)^{−1}Ξ^g_n and T^{J,r}(n) = (Δ_n)^{−1}T^{J,g}(n) (as a rule, we do this only when it is very convenient). By abuse of notation we put Δ_n for Γ_2[n, n; n, n]Γ_2 and Γ^J [n, n; n, n]Γ^J .

Remark 3.3 (1) The Hecke-Jacobi algebra H^J is not commutative and has zero divisors, because Λ^g_−(p) · (∇^r_p − p) = 0 and Λ^g_−(p)T^g_+(p) ≠ T^g_+(p)Λ^g_−(p).

(2) It is not clear how one can decompose H^J into its local components. Let for example p, q be prime numbers, then ∇( 1 q )∇( 1 p ) = ∇( p + q pq ), and if we assume that p^2 ≢ 1(q) we have Λ^g_−(p) ∇(^1_q ) ≠ ∇(^1_q ) Λ^g_−(p).

The following proposition indicates how one can get a local-global result. Proposition 3.4 The elements T^g_−, T^g_+, T^{J,g}, ∇^g, Ξ^g, Λ^g_−, Λ^g_+ and Δ in H^J commute with each other when we only allow coprime arguments. For Λ^g_−, Λ^g_+ and Δ, the assumption on the coprimeness can be dropped.

Proof:

Case by case. To indicate how one can do that, we prove that

T^g_−(n)T^g_+(m) = T^g_+(m)T^g_−(n) for (n, m) = 1.

Since H^1 = ⊗_pH^1_p and H^1_p is generated by T (p), T (p, p) and T (p, p)^{−1}, it is enough to show that T^g_−(p)T^g_+(q) = T^g_+(q)T^g_−(p) for two different prime numbers p and q. But this can be deduced directly from Lemma 3.2.

Corollary 3.5 If we denote by H̃^J the subalgebra of H^J generated by T^g_−, T^g_+, T^{Jg}, ∇^g Ξ^g, Λ^g_−, Λ^g_+, Δ and if we put H̃^J_p = H^J_p ⋂~ H^J , then we have

H̃^J = ⊗_pH̃^J_p . (39)

3.3 The Hecke algebra H̃^J_p

First we want to show that H^2 can be seen as a subalgebra of H̃^J . To do that, it is enough to determine the image of the generators of H^2_p under the embedding i. A slight modification of Lemma 3.3.32 in [An87] gives us

i(T^{(2)}(p)) = T^g_−(p) + T^g_+(p) i(T^{(2)}_1 (p^2)) = Λ^g_−(p) + Λ^g_+(p) + T^{J,g}(p) + ∇^g_p − Δ_p

i(T^{(2)}_0 (p^2)) = T^g_−(1, p^2) + T^g_+(1, p^2) + T^{J,g}(p)(∇^r_p − 1) + Ξ^g_p − ∇^g_p i(Δ^{(2)}_p ) = Δ_p,

which proves our claim. To simplify our notation we put T^g_−, T^g_+, Λ^g_−, Λ^g_+, T^{J,g} for T^g_−(p), T^g_+(p), Λ^g_−(p), Λ^g_+(p), T^{J,g}(p), if we are in a fixed local situation.

Gritsenko ([Gr95], Abschnitt 5.1) introduced the following very convenient invariants. Let X = Γ^J (h; (M, β))Γ^J ∈ H̃^J_p , then we denote by Sig(X) =^{β2}_{μ(M)} the signature of X and for

r ∈ Q^× and Y =^∑_i a_iX_i ∈^~H^J_p we put Sig_r(Y ) =^∑_{i,Sig(Xi)=r} a_iX_i. For M_1, M_2 ∈ G^J

we have Sig ( Γ^J M_1Γ^J ∘ Γ^J M_2Γ^J ) = Sig ( Γ^J M_1Γ^J ) · Sig ( Γ^J M_2Γ^J ) (40)

and for X = ∑ u Sig_u(X) and X = ∑ v Sig_v(X) we have Sig_r(XY ) = ∑ uv=r Sig_u(X)Sig_v(Y ) (41) = ∑ uv=r Sig_v(Y )Sig_u(X). (42)

Applying this for example to the case X = T^{(2)}(p) and Y = T^{(2)}_1 (p^2), leads us to

T^g_+Λ^g_+ = Λ^g_+T^g_+ T^g_−Λ^g_+ + T^g_+T^{J,g} + T^g_+(∇^g_p + Δ_p) = Λ^g_+T^g_− + T^{J,g}T^g_+ + (∇^g_p + Δ_p)T^g_+ T^g_+Λ^g_− + T^g_−T^{J,g} + T^g_−(∇^g_p + Δ_p) = Λ^g_−T^g_+ + T^{J,g}T^g_− + (∇^g_p + Δ_p)T^g_− T^g_−Λ^g_− = Λ^g_−T^g_−.

Such identities can be used to determine commutators in H̃^J_p . Next, we want to simplify terms of the form T^g_−Λ^g_+, Λ^g_−Λ^g_+ and so on.

Lemma 3.6 The following relations in H̃^J_p hold:

T^g_−Λ^g_+ = p^2Δ_pT^g_+ (43) Λ^g_−T^g_+ = p^2Δ_pT^g_− (44) Λ^g_−Λ^g_+ = p^4(Δ_p)^2 (45) T^g_−T^g_+ = pT^{J,g} + (p^2 + p^3)Δ_p. (46)

Proof:

By Lemma 3.2, we have

T^g_− = Γ^J [1, p; p, 1] ( U_{[1,p]} × 1_2 ) Λ^g_− = Γ^J [p, p^2; p, 1] T^g_+ = Γ^J [1, 1; p, p] ∑ μ,κ mod p (0, μ; κ) ( U_{[1,p]} × 1_2 )

Λ^g_+ = Γ^J [p, 1; p, p^2] ∑ λ,μ mod p κ mod p2 (λ, μ; κ).

This leads to

T^g_−Λ^g_+ = p^{−2}Γ^J [p, p; p^2, p^2] ( U_{[1,p]} × 1_2 ) ∑ λ,μ,κ mod p2 (λ, μ; κ) (47)

= p^{−2}Δ_pΓ^J [1, 1; p, p] ∑ λ,μ,κ mod p2 (λ, μ; κ) ( U_{[1,p]} × 1_2 ) (48)

which proves (43). Here we used that GL_2(Z) normalizes the Heisenberg group HZ_{/p}2Z. If we apply the anti-automorphism ∗ to equation (43) we get (44).

It is easy to see that

Λ^g_−Λ^g_+ = Γ^J [p, p^2; p, 1][p, 1; p, p^2] ∑ λ,μ mod p κ mod p2 (λ, μ; κ)

= Γ^J [p^2, p^2; p^2, p^2] ∑ λ,μ mod p κ mod p2 (λ, μ; κ) = p^4(Δ_p)^2.

One can prove the last assumption of the lemma as follows:

T^g_−T^g_+ = ( Γ^J [1, p; p, 1](U_{[1,p]} × 1_2) )( Γ^J [1, 1; p, p] ∑ μ,κ mod p (0, μ; κ)(U_{[1,p]} × 1_2) )

= p^{−1}Γ^J ( (T^{(1)}(p) · T^{(1)}(p)) × [p; p] ) ∑ λ,μ,κ mod p (0, μ; κ) = p^{−1}Γ^J (( T^{(1)}(1, p^2) + T^{(1)}(p, p) + pT^{(1)}(p, p) ) × [p; p] ) ∑ μ,κ mod p (0, μ; κ)

= p^{−1}Γ^J ( ([1, p^2]U_{[1,p}2_]) × [p; p] ) ( ∑ μ,κ mod p (0, μ; κ) )

+(p^2 + p^3)Δ_p

which gives the desired result.

We hope to have given the reader an impression of how one can prove such statements. The following list contains relations between the generators of H̃^J_p . At the (i,j) position we have put the product of the corresponding row and column elements. With the subscript we want to indicate, which kind of relation is listed in the second chart. In the left column the position, in the middle one the relation and in the right eventually a reference is given. The number in the reference indicates another equation, which is the same as the given one. If the number comes with ∗, one has to apply ∗ to the corresponding equation. Finally, 15^m indicates a connection with equation 15.

∘ T^g_− Λ^g_− T^g_+ Λ^g_+ T^{J,g} ∇^g_p Ξ^g_p T^g_− 11_F 12_F 13^√ 14^√ 15_{[ ]} 16^√ 17_U Λ^g_− 21_F 22_F 23^√ 24^√ 25^√ 26^√ 27^√ T^g_+ 31_U 32_U 33_F 34_F 35_U 36_? 37_? Λ^g_+ 41_U 42^√ 43_F 44_F 45_? 46_? 47_? T^{J,g} 51_{[]} 52_? 53_{[]} 54^√ 55_F 56_? 57_? ∇^g_p 61_? 62_? 63^√ 64^√ 65_? 66_F 67^√ Ξ^g_p 71_? 72_? 73_U 74^√ 75_? 76^√ 77_U

√ simplification F formula U easy transformation [ ] essentially the commutator ? no real simplification

(49)

11 T^g_−T^g_− = T_−(p^2) + pΛ^g_− 12 T^g_−Λ^g_− = T^g_−(p, p^2) 13 T^g_−T^g_+ = pT^{J,g} + (p^2 + p^3)Δ_p 14 T^g_−Λ^g_+ = p^2Δ_pT^g_+ 15 T^g_−T^{J,g} = p(p − 1)Δ_pT^g_− + ∇^g_pT^g_− − T^g_+Λ^g_− + T^{J,g}T^g_− 16 T^g_−∇^g_p = pT^g_−Δ^g_p 17 T^g_−Ξ^g_p = p^2(Δ_p − p^{−1}∇^g_p)T^g_− + pT^g_+Λ^g_− 21 Λ^g_−T^g_− = T^g_−(p, p^2) 12 22 Λ^g_−Λ^g_− = Λ^g_−(p^2) 23 Λ^g_−T^g_+ = p^2Δ_pT^g_− 14^∗ 24 Λ^g_−Λ^g_+ = p^4(Δ_p)^2 25 Λ^g_−T^{J,g} = pΔ_pT^g_−(1, p^2) 26 Λ^g_−∇^g_p = pΔ_pΛ^g_− 27 Λ^g_−Ξ^g_p = p^3Δ_pΛ^g_− 31 T^g_+T^g_− = Δ^{−1}_p T^{J,g}∇^g_p + p∇^g + Ξ^g_p 32 T^g_+Λ^g_− = p^{−1}T^g_−Ξ^g_p − (pΔ_p − ∇^g_p)T^g_− 33 T^g_+T^g_+ = T^g_+(p^2) + pΛ^g_+ 11^∗ 34 T^g_+Λ^g_+ = T^g_+(p, p^2) 12^∗ 35 T^g_+T^{J,g} = p(1 − p)Δ_pT^g_+ − T^g_+∇^g_p + Λ^g_+T^g_− + T^{J,g}T^g_+ 15^m 36 T^g_+∇^g_p = − − − 37 T^g_+Ξ^g_p = − − − 41 Λ^g_+T^g_− = p^{−1}Ξ^g_pT^g_+ − T^g_+(pΔ_p − ∇^g_p) 32^∗ 42 Λ^g_+Λ^g_− = p^{−1}Δ^{−1}_p ∇^g_{p2} Ξ^g_p 43 Λ^g_+T^g_+ = T^g_+(p, p^2) 34 44 Λ^g_+Λ^g_+ = Λ^g_+(p^2) 22^∗ 45 Λ^g_+T^{J,g} = − − − 46 Λ^g_+∇^g_p = − − − 47 Λ^g_+Ξ^g_p = − − −

51 T^{J,g}T^g_− = T^g_+Λ^g_− − p(p − 1)Δ_pT^g_− − ∇^g_pT^g_− + T^g_−T^{J,g} 35^∗ 52 T^{J,g}Λ^g_− = − − − 45^∗ 53 T^{J,g}T^g_+ = p(p − 1)Δ_pT^g_+∇^g_p − Λ^g_+T^G_− + T^g_+T^{J,g} 15^∗ 54 T^{J,g}Λ^g_+ = pΔ_pT^g_+(1, p^2) 25^∗ 55 T^{J,g}T^{J,g} = T^{J,g}(p^2) + (p − 1)∇^g_pT^{J,g}(p) + pΔ_p(Ξ^g_p − ∇^g_p + p^2 + p) 56 T^{J,g}∇^g_p = − − − 57 T^{J,g}Ξ^g_p = − − − 61 ∇^g_pT^g_− = − − − 36^∗ 62 ∇^g_pΛ^g_− = − − − 46^∗ 63 ∇^g_pT^g_+ = pΔ_pT^g_+ 16^∗ 64 ∇^g_pΛ^g_+ = pΔ_pΛ^g_+ 26^∗ 65 ∇^g_pT^{J,g} = − − − 56 66 ∇^g_p∇^g_p = ∇^g_{p2} 67 ∇^g_pΞ^g_p = pΔ_pΞ^g_p 71 Ξ^g_pT^g_− = − − − 37^∗ 72 Ξ^g_pΛ^g_− = − − − 47^∗ 73 Ξ^g_pT^g_+ = p^2T^g_+(Δ_p − p^{−1}∇^g_p) + pΛ^g_+T^g_− 17^∗ 74 Ξ^g_pΛ^g_+ = p^3Δ_pΛ^g_+ 27^∗ 75 Ξ^g_pT^{J,g} = − − − 57^∗ 76 Ξ^g_p∇^g_p = pΔ_pΞ^g_p 67^∗ 77 Ξ^g_pΞ^g_p = pΔ^{−1}_p Ξ^g_p∇^g_{p2} + p^3Δ_p∇^g_p − p^2∇^g_{p2}

Now we are able to state and prove the main results of this section, the announced factorization of the Hecke and Rankin polynomials q^2_p(X) and d^2_p(X). It is tricky to construct such decompositions, in contrast it is easy to prove the correctness of them. A good overview over this topic is given in [An87], §3.5. For a proof of the next theorem the reader is referred to [Gr93].

Theorem 3.7 (Gritsenko) The Hecke polynomial q^2_p(X) has the following factorization in H̃^J_p [X]:

q^2_p(X) = j_− ( q^1_p(X) ) ( 1 + pΔ_p(∇^r_p − p)X^2 ) j_+ ( q^1_p(X) ) with q^1_p(X) = 1 − T^{(1)}(p)X + pΔ^{(1)}p X^2.

Next, we want to present a new factorization of the Rankin polynomial. It is an unpleasant fact, that the suggested formula in [Gr88], Theorem 3, is not correct.

Theorem 3.8 The Rankin polynomial d^2_p(X) has the following factorization in H̃^J_p [X]:

d^2_p(X) = (1 − X) (1 − p^{−2}Λ^r_−X) S^{(2)}(X) (1 − p^{−2}Λ^r_+X) (50) with S^{(2)}(X) =^3 ∑ j=0 (−1)^jS^{(2)}_j X^j. Here

S^{(2)}_0 = 1 S^{(2)}_1 = p^{−2} ( T^{J,r} + ∇^r_p − p^2 ) S^{(2)}_2 = p^{−3} ( T^{J,r}(∇^r_p − p) + Ξ^r − p∇^r_p + p^2 ) S^{(2)}_3 = p^{−2} ( ∇^r_p − p ) . Proof:

Most of the work has already been done. We multiply the right side of the equation (50) out and get a polynomial of degree 5. With the aid of our charts, the stated formulas given in section 1.2 and at the beginning of section 3.3, we see that this polynomial is nothing else but the Rankin polynomial of degree 4.

3.4 Jacobi forms as P-forms

We begin with a very convenient definition.

Definition 3.9 Let n, s and k be natural numbers. A P-Jacobi form of degree (n, s) and weight k is a holomorphic function F on IH_{n+s}, which satisfies

(i) F |_kγ = F for all γ ∈ C^+_{n+s,n}(Z)

(ii) There exists t ∈ A_s such that F has the Fourier expansion

F (Z) = ∑ T =(^{∗ ∗}_{∗ t})∈An+s a(T ) e{T Z} . (51)

We call such t the index of F . A P-Jacobi form is called P-Jacobi cusp form, (if the index is positive definite and) if the summation in (51) may be restricted to positive definite matrices. The space which is generated by all P-Jacobi forms (P-Jacobi cusp forms) of degree (n, s) and weight k is denoted by the space of P-forms PJ^k_{n,s} (space of P-cusp forms PJ^{k,cusp}_{n,s} ). Their elements are called P-forms and P-cusp forms respectively. Finally we denote by PJ^k_{n,s}(t) the subspace of P-Jacobi forms and by PJ^{k,cusp}_{n,s} (t) of P-Jacobi cusp forms for fixed index t. We use the convention PJ^{k,cusp}_{n,s} (t) = {0}, if t is not half-integral.

To introduce the Petersson scalar product for P-forms, we put C^{n,s} = Mat(n, s; C ), IH_{n,s} = IH_n × C^{n,s} , Γ^J_{n,s} = C^+_{n+s,n}(Z) and Γ^{J,red}_{n,s} = Γ^J_{n,s}/Z^{n,s}, where Z^{n,s} denotes the center of

Γ^J_{n,s}. Let γ ∈ Γ^J_{n,s}, then γ < ( z_1 z_2 ∗ ∗ ) >= ( z^′_1 z^′_2 ∗ ∗ )

induces the operation (z_1, z_2) −→ γ < z_1, z_2 >= (z^′_1, z^′_2) of Γ^J_{n,s} on IH_{n,s}, which is in fact an action of Γ^{J,red}_{n,s} . Then Q_{n,s} = { Z ∈ IH_{n+s}| (z_1, z_2) ∈ B_{n,s} and |Re(z_4)_{ij}| ≤^1_2 } is a fundamental domain of the action of Γ^J_{n,s} on IH_{n+s}, if B_{n,s} is a fundamental domain of the action of Γ^{J,red}_{n,s} on IH_{n,s}. Every F ∈ PJ^k_{n,s}(t) has a decomposition of the form F (Z) = ϕ^F (z_1, z_2) e{tz_4}.

Definition 3.10 Let F, G ∈ PJ^k_{n,s}. Then we denote by the value of ⟨F, G⟩_A = ∫ Qn,s F (Z)G(Z) (det Y )^k d^∗Z (52)

the Petersson scalar product of F and G for d^∗Z = dXdY/( det y)^{n+s+1}, if it exists.

Remark 3.11

(i) The space of Jacobi forms of degree (n, s), weight k and index t is given by J^k_{n,s}(t) = {ϕ : IH_n × C^{n,s} −→ C | ϕ̃_t (Z) := ϕ(z_1, z_2) e{tz_4} ∈ PJ^k_{n,s}}. (53)

In the same way one defines the space of Jacobi cusp forms J^{k,cusp}_{n,s} (t) of index t, and more generally the spaces J^k_{n,s} and J^{k,cusp}_{n,s} .

(ii) Let F, G ∈ PJ^{k,cusp}_{n,s} (t) with k > n + s and y_i =Im(z_i). Then ⟨F, G⟩_A = β_{s,k−n} (det t)^{s+12 +n−k} ∫ Bn,s ϕ^F (z_1, z_2) ϕ^G(z_1, z_2)e^{−4πtr (ty−11 [y2])}( det y_1)^k d^∗Z_{n,s} .

Here β_{s,k−n} = π^{s(s−1)}4 (4π)^{s(s+1)}2^{−s(k−n)} ∏_s ν=1 Γ(k − n −^{s+ν}_2 ) and d^∗Z_{n,s} = dz_1 dz_2/( det y_1)^{n+s+1} (cf. Klingen [Kl89] Satz 3, Dulinski [Du95]).

Let ϕ, ψ ∈ J^{k,cusp}_{n,s} (t) and k > n + s, then we get the Petersson scalar product ⟨ϕ, ψ⟩_{J,t} for Jacobi forms by ⟨ϕ̃; ψ̃⟩_A = β_{s,k−n} (det t)^{s+12 +n−k}⟨ϕ, ψ⟩_{J,t} .

Let us fix in the case s = n = 1 the following notation.

For Z = ( τ z z τ^′ ) ∈ IH_2, we put ( τ_x z_x z_x τ^′_x ) = Re(Z) and ( τ_y z_y z_y τ^′_y ) = Im(Z).

Let F, G ∈ PJ^{k,cusp}_{1,1} (t), k > 2 and β_k = (4π)^{k−2}Γ(k − 2)^{−1}, then ⟨ϕ^F , ϕ^G⟩_{J,t} = β_kt^{k−2}⟨F, G⟩_A. (54) If F : IH_2 −→ C is invariant under the |_k-action of Γ^J , then for X = ∑ a_jΓ^J g_j ∈ H̃^J F |_kD(X) := ∑ j a_j F |_kg_j (55)

has the same property. Let F (Z) = ∑_∞ n=1 f_n(τ, z) e{nτ^′} ∈ S^k_2 and X ∈ H^2, then (55) is compatible with the action introduced in (13) and the embedding i. More generally, let X ∈ H̃^J , then we put f_m‖_kX for the m-th Fourier-Jacobi coefficient of F |_kD(X) resp., τ^′. Especially the action in (55) can be seen as an action of H̃^J on PJ^{k,cusp}_{1,1} (J^{k,cusp}_{1,1} ). To be more precise, if X ∈ H̃^J is a double coset with signature r ∈ Q^+ and F ∈ PJ^{k,cusp}_{1,1} (t), then F |_kD(X) ∈ PJ^{k,cusp}_{1,1} (tr). By Proposition 4.1.7, page 218 [An87], it is clear that ⟨F |_kD(X); G⟩_A = ⟨F ; G|_kD(X^∗)⟩_A, (56) with X ∈ H̃^J and F, G ∈ PJ^{k,cusp}_{1,1} . Further, if ϕ̃ ∈ PJ^{k,cusp}_{1,1} (t) and (p, t) = 1, then ϕ̃|_kD(X) = 0, if X = ∇g_n, Ξg_n, T^g_+(n) or Λ^g_+(n).

Finally, we are able to compute the adjoint operators of the classical Hecke-Jacobi operators (e.g. U_l, V_l, T_l) introduced in [E-Z85], §4 in a rather simple way. For T_p, we put T^{EZ}_p . Let A be a linear operator on J^{k,cusp}_{1,1} , then we denote by Ã the corresponding operator on PJ^{k,cusp}_{1,1} , further by A^{ad} resp., (Ã)^{ad} the adjoint operators. Assuming that Ã has signature r, we have ~A^{ad} = r^{k−2}(Ã)^{ad}. Then the dictionary

D(Λ^g_−(l)) = l^{3(k−2)}Ũ_l D(T^g_−(l)) = l^{k−2}Ṽ_l D(T^{J,g}(p)) = p^{3−k} ~T^{EZ}_p leads to ~U ad_l = l2−kD(Λg_+(l)) ~V ad_l = D(T g_+(l)) ^ (T^{EZ}_p )^{ad} = ~T^{EZ}_p . (57)

The following notation and observation will turn out to be convenient later on. If we put

S^{(2)}(X)^{factor} = 1 − p^{−2}T^{J,r}(p)X + p^{−1}X^2 (58) S^{(2)}(X)^{prim} = 1 − (p^{−2}T^{J,r}(p) − 1)X + (p^{−1} − p^{−2})T^{J,r}(p)X^2 + p^{−1}X^3 (59) = S^{(2)}(X)^{factor} (1 + X) S^{(2)}(X)^{n.prim} = 1 − (p^{−2}T^{J,r}(p) + p^{−1} − 1)X + p^{−3}Ξ^r_pX^2, (60) then D(S^{(2)}(X)) = D(S^{(2)}(X)^{prim}) on PJ^{k,cusp}_{1,1} (t), if (p, t) = 1 and D(S^{(2)}(X)) = D(S^{(2)}(X)^{n.prim}) otherwise. Further we have for all F ∈ PJ^{k,cusp}_{1,1} (p):

F |_kD(S^{(2)}(X)T^g_+(p)) = F |_kD(T^g_+(p) (1 − p^{−2}T^{J,r}(p)X + p^{−1}X^2)). (61)

3.5 Weak rationality theorems

Let F ∈ S^k_2 be a Hecke eigenform and (f_n)_{n∈}N the Fourier-Jacobi coefficients of F . Further let Q^2_{p,F} and D^2_{p,F} the corresponding Hecke and Rankin polynomials. Then the following identities hold in the ring of formal power series.

Proposition 3.12 (Gritsenko) Let F ∈ S^k_2 be a Hecke eigenform and m ∈ N, then Q^2_{p,F} (X) ∞∑ δ=0 f_{mp}δ |_kD ( T^g_+(p^δ)X^δ )

= ( f_m − f^m_p |_kD ( T^g_−(p)X ) + pf^m_{p2} |_kD ( Λ^g_−(p)X^2 )) |_kD ( 1 + p(∇^r_p − p)Δ_pX^2 )

with f_m|_kD ( 1 + p(∇^r_p − 1)Δ_pX^2 ) = {_{fm if m≡0(p)} (1−p2^{k−}4X2)fm otherwise . Proposition 3.13 Let F ∈ S^k_2 be a Hecke eigenform and m ∈ N, then D^2_{p,F} (X) ∞∑ δ=0 f_{mp}2δ |_kD ( Λ^r_+(p^δ) (p^{−2}X)^δ )

= (1 − X) ( f_m|_kD ( S^{(2)}(X) ) − f^m_{p2} |_kD ( Λ^r_−(p) S^{(2)}(X)p^{−2}X )) . Theorem 3.7, Theorem 3.8 and results from our charts give the desired results. Also a proof of the Proposition 3.12 is given in [Gr93], the proof of the second one proceeds in the same way. It may seem that the two propositions are of the same type, but that is not the case. Let for example (m, p) = 1: then one can describe f_{mp}δ |_kD(T^g_+(p^δ)) in terms of eigenvalues and the function f_m, but this is not the case for f_{mp}2δ |_kD(Λ^g_+(p^δ)), where one needs to know more about the nature of f_m|_kD(T^{J,g}(p)).

3.6 The Maass Spezialschar

There is a correspondence between certain elliptic modular forms, Jacobi forms and Siegel modular forms of degree 2, which can be described in the language of L-functions. To do that, we recall the definition of a certain subspace of S^k_2 .

Definition 3.14 The Maass Spezialschar S^{k,M}_2 of weight k is the space { F (Z) = ∞∑ l=1 l^{2−k} ( ϕ̃_1|_kD(T^g_−(l) ) (Z) | | ϕ̃_1 ∈ PJ k,cusp_{1,1} (1) } . (62)

It is well known that S^{k,M}_2 is a subspace of S^k_2 and that it is stable under the action of H^2. For simplicity we have omitted reference to Eisenstein series. But much more is known ([E-Z85] §6):

Theorem 3.15 (Saito-Kurokawa Conjecture) The space S^{k,M}_2 is spanned by Hecke eigenforms. These are in 1-1 correspondence with normalized Hecke eigenforms f ∈ S^{2k−2}_1 , the correspondence being such that

Z^2_F (s) = ζ(s − k + 1)ζ(s − k + 2)L_f (s). (63)

The degeneration of the spinor zeta function leads to the degeneration of the standard zeta function.

Theorem 3.16 Let us choose F and f as in Theorem 3.15. Then D^2_F (s) = ζ(s)L_f (s + k − 1)L_f (s + k − 2). (64)

Proof:

To prove the latter theorem one has to determine the Satake-parameters α_{0,p}, α_{1,p}, α_{2,p}, that is to say, one has to determine the tuple (α_{1,p}, α^{−1}_{1,p}, α_{2,p}, α^{−1}_{2,p}), which is unique up to permutations of the entries. If α_p and β_p denote the p-parameters of f, then it turns out, that one can choose α_{1,p} = α_pp^{1−k} and α_{2,p} = β_pp^{1−k}, which leads to the desired result.

Remark 3.17 There exists a distinguished basis (F_j)_j of S^{k,M}_2 with corresponding f_j ∈ S^{2k−2}_1 (Q (F_j )). Let σ ∈ Gal(Q /Q), then f^σ_j corresponds to F^σ_j . This remark, the explicit form of D^2_F and Corollary 1.12 lead to Proposition 3.18 Let F ∈ S^{k,M}_2 (Q(F )) be a Hecke eigenform with corresponding f ∈ S^{2k−2}_1 and k > 4 even, then for all σ ∈ Gal(Q /Q) we have ( π^{7−4k}L_f (2k − 3) L_f (2k − 4) ⟨F ; F ⟩ )_σ = π^{7−4k}L_f σ (2k − 3) L_f σ (2k − 4) ⟨F^σ; F^σ⟩ ∈ Q (F )._{(65)}

4 Euler product of a Dirichlet series of type (1,2,2)

From now on let F, G ∈ S^k_2 , h ∈ S^k_1 Hecke eigenforms with h normalized and F in the Maass Spezialschar with corresponding f ∈ S^{2k−2}_1 . We show that D_{h,G;F} (s) = ∞∑ n,ε,l=1 (ε,l)=1 ⟨Φ^F_n |_kU_l; Φ^G_{nl}2 ⟩_J a^h_{nε}2 ε^{−2(k+s−1)}l^{−2(k+s−2)}n^{−(2k+s−3)} (66)

has an Euler product by using the language of P-forms and the Hecke-Jacobi theory developed in the last section.

4.1 Preparation of the Dirichlet series

First interpreting the Fourier-Jacobi coefficients of F and G as P-forms, then using our

definition of the Maass Spezialschar and the translation rules in (57), leads to the formula D_{h,G;F} (s) = β_k ∞∑ n,ε,l=1 (ε,l)=1 ⟨Φ̃^F_1 |_kD ( T^g_−(n) Λ^g_−(l) ) ; Φ̃^G_{nl}2 ⟩_A a^h_{nε}2 (67) ε^{−2(k+s−1)}l^{−3k−2s+6}n^{−(2k+s−3)}. Next we put X = p^{−(s+k−1)}, N = p^{k−1} and define D^{(p)}_{h,G;F} (s) = ∞∑ n,ε,l=0 min(ε,l)=0 ⟨Φ̃^F_1 |_kD ( T^g_−(p^n) Λ^g_−(p^l) ) ; Φ̃^G_pn+2l ⟩_A a^h_pn+2ε

X^{2ε} (X^2N^{−1}p^3)^l (pXN^{−1})^n, (68)

which will later lead to D_{h,G;F} (s) = β_k⟨Φ̃^F_1 ; Φ̃^G_1 ⟩_A ∏ p(D^{(p)}_{h,G;F} (s)/⟨Φ̃^F_1 ; Φ̃^G_1 ⟩_A). Our first

goal is to calculate D^{(p)} as explicitly as possible. To do that, we decompose D^{(p)} by the

condition min(ε, l) = 0 into three sums:

D^{(p)}_{h,G;F} (s) = D_{(ε)}(s) + D_{(l)}(s) − D_{(ε,l)}(s). (69)

Let α and α^′ be the p-parameters of h determined by α + α^′ = a^h_p and αα^′ = N. Then

D_{(ε)}(s) (α − α^′) = α ∞∑ n,l=0 ⟨Φ̃^F_1 ; Φ̃^G_pn+2l |_kD ( T^g_+(p^n)Λ^g_+(p^l) ) ⟩_A(X^2N^{−1}p^3)^l (αpXN^{−1})^n

−α^′ ∞∑ n,l=0 ⟨Φ̃^F_1 ;Φ̃^G_pn+2l |_kD ( T^g_+(p^n)Λ^g_+(p^l) ) ⟩_A(X^2N^{−1}p^3)^l (α^′pXN^{−1})^n

D_{(l)}(s) (α − α^′) = α ∞∑ n,ε=0 ⟨Φ̃^F_1 ; Φ̃^G_pn |_kD ( T^g_+(p^n) ) ⟩_A (αX)^{2ε} (αpXN^{−1})^n

−α^′ ∞∑ n,ε=0 ⟨Φ̃^F_1 ; Φ̃^G_pn |_kD ( T^g_+(p^n) ) ⟩_A (α^′X)^{2ε} (α^′pXN^{−1})^n

D_{(ε,l)}(s) (α − α^′) = α ∞∑ n=0 ⟨Φ̃^F_1 ; Φ̃^G_pn |_kD ( T^g_+(p^n) ) ⟩_A (αpXN^{−1})^n

−α^′ ∞∑ n=0 ⟨Φ̃^F_1 ; Φ̃^G_pn |_kD ( T^g_+(p^n) ) ⟩_A (α^′pXN^{−1})^n.

4.2 Local calculations

Using Proposition 3.12, we get the following two lemmas. Lemma 4.1 Let X_1 = αpXN^{−1} and X^′_1 = α^′pXN^{−1}, then

D_{(l)} − D_{(ε,l)} =

⟨Φ̃^F_1 ; Φ̃^G_1 ⟩_A α − α^′ ( α^3X^2 Q^2_{p,G}(X_1) − α^{′3}X^2 Q^2_{p,G}(X^′_1) ) . (70)

Lemma 4.2 Let Y = pNX^2 and l a non-negative rational integer, then ∞∑ n=0 Φ̃^G_{pn+2l} |_kD ( T^g_+(p^n)Λ^g_+(p^l) ) X^n_1 (X^2N^{−1}p^3)^l (71)

= Q^2_{p,G}(X_1)^{−1} ( { Φ̃^G_{p2l} − Φ̃^G_{p2l−1} |_kD(T^g_−(p)X_1) + pΦ̃^G_{p2l−2} |_kD(Λ^g_−(p)X^2_1 ) }

|_kD ( (1 + p(∇^r_p − p)Δ_pX^2_1 )Λ^r_+(p^l) (p^{−2}Y )^l ) . (72)

Notice that the eigenvalue of Δ_pp^5N^{−1}X^2 is Y and that X, Y are independent of h, in contrast to X_1 and X^′_1. For simplicity, let us use T_−, T_+, Λ_− and Λ_+ for T_−(p), T_+(p), Λ_−(p) and Λ_+(p). To calculate D_{(ε)}, we have to analyze the infinite sums over l corresponding to Φ̃^G_{p2l} , Φ̃^G_{p2l−1} , Φ̃^G_{p2l−2} as suggested in the last lemma. Proposition 4.3 We have

α Q^2_{p,G}(X_1)^{−1} ∞∑ l=0 ⟨Φ̃^F_1 ; Φ̃^G_p2l |_kD ( (1 + p(∇^r_p − p)Δ_pX^2_1 )Λ^r_+(p^l) ) ⟩_A (p^{−2}Y )^l

−α^′ Q^2_{p,G}(X^′_1)^{−1} ∞∑ l=0 ⟨Φ̃^F_1 ; Φ̃^G_p2l |_kD ( (1 + p(∇^r_p − p)Δ_p(X^′_1)^2)Λ^r_+(p^l) ) ⟩_A (p^{−2}Y )^l

= ( αQ^2_{p,G}(X_1)^{−1} − α^′Q^2_{p,G}(X^′_1)^{−1}

) S^{(2)}_F (Y )^{prim}⟨Φ̃^F_1 ; Φ̃^G_1 ⟩_A D^{2,∗}_{p,G}(Y ) + ( α^{′3}X^2 Q^2_{p,G}(X^′_1) − α^3X^2 Q^2_{p,G}(X_1) ) ⟨Φ̃^F_1 ; Φ̃^G_1 ⟩_A (73)

with S^{(2)}_F (Y )^{prim}Φ̃^F_1 = Φ̃^F_1 |_kD(S^{(2)}(Y )^{prim}) and D^{2,∗}_{p,G}(Y ) =^{D2p,G(Y )}_{1−Y} . Proof:

Let X_∗ be X_1 or X^′_1, then ∑_G 1 (X_∗) := ∞∑ l=0 Φ̃^G_{p2l} |_kD ((1 + p(∇^r_p − p)Δ_pX^2_∗ )Λ^r_+(p^l)) (p^{−2}Y )^l

= ∞∑ l=0 Φ̃^G_{p2l} |_kD(Λ^r_+(p^l)) (p^{−2}Y )^l − p^2Φ̃^G_1 |_kD(Δ_pX^2_∗ ).

Here we used the peculiarity of l = 0. Applying Proposition 3.13 leads to ∑_G 1 (X_∗) = (Φ̃^G_1 |_kD(S^{(2)}(Y )) D^{2,∗}_{p,G}(Y )^{−1} − (α_∗)^2X^2Φ̃^G_1 ,

where α_∗ is adapted to the meaning of X_∗, that means α_∗ = α, if X_∗ = X_1 and α^′ otherwise. The property that Φ̃^F_1 is an eigenform of H̃^J_0 (the subalgebra of all elements of H̃^J with signature one) and that S(2)(Y )prim is hermitian proves the proposition.

We want to point out the cancellations caused by Lemma 4.1 and Proposition 4.3. By using again Proposition 3.13 and the already calculated relations between the generators of H̃^J_p , we get Proposition 4.4 We have

αQ^2_{p,G}(X_1)^{−1} ∞∑ l=0 p⟨Φ̃^F_1 ; Φ̃^G_p2l−2 |_kD ( (Λ^g_−X^2_1 )(1 + p(∇^r_p − p)Δ_pX^2_1 )(Λ^r_+p^{−2}Y )^l ) ⟩_A

−α^′Q^2_{p,G}(X^′_1)^{−1} ∞∑ l=0 p⟨Φ̃^F_1 ; Φ̃^G_p2l−2 |_kD ( (Λ^g_−X^′_1^2)(1 + p(∇^r_p − p)Δ_pX^′_1^2)(Λ^r_+p^{−2}Y )^l ) ⟩_A

= ( α^3Np^2X^4 Q^2_{p,G}(X_1) − α^{′3}Np^2X^4 Q^2_{p,G}(X^′_1) ) ( S^{(2)}_F (Y )^{prim}⟨Φ̃^F_1 ; Φ̃^G_1 ⟩_A D^{2,∗}_G (Y ) ) . To calculate the sum corresponding to Φ̃^G_{p2l−1} is the main point here. Of course the specialness of F is essential.

Proposition 4.5 Let λ^{F,J}_p be defined by Φ̃^F_1 |_k D(T^{J,r}(p)) = λ^{F,J}_p Φ̃^F_1 . Then

α Q^2_{p,G}(X_1)^{−1} ∞∑ l=0 ⟨Φ̃^F_1 ; Φ̃^G_p2l−1 |_kD ( (T^g_−X_1)(1 + p(∇^r_p − p)Δ_pX^2_1 )Λ^r_+(p^l) (p^{−2}Y )^l ) ⟩_A

−α^′ Q^2_{p,G}(X^′_1)^{−1} ∞∑ l=0 ⟨Φ̃^F_1 ; Φ̃^G_p2l−1 |_kD ( (T^g_−X^′_1)(1 + p(∇^r_p − p)Δ_p(X^′_1)^2)(Λ^r_+p^{−2}Y )^l ) ⟩_A = ( α^2p^2X^3Q^2_{p,G}(X_1)^{−1} − (α^′)^2p^2X^3Q^2_{p,G}(X^′_1)^{−1} ) λ^G_p (1 − p^{−2}λ^{F,J}_p Y + p^{−1}Y^2)⟨Φ̃^F_1 , Φ̃^G_1 ⟩_A ( D^{2,∗}_{p,G}(Y ) )_{−1} . Proof: First step We start with the calculation of ∑_G 3 (X_∗) := ∞∑ l=0 Φ̃^G_{p2l−1} |_kD ((T^g_−X_∗)(1 + p(∇^r_p − p)Δ_pX^2_∗ )Λ^r_+(p^l) (p^{−2}Y )^l) . (74)

By T^g_−Λ^r_+ = p^2T^g_+, we have ∑_G 3 (X_∗) = ∞∑ l=1 Φ̃^G_{p2l−1} |_kD (Λ^r_+(p^{l−1}) (p^{−2}Y )^{l−1}Y T_+X_∗)

= ∞∑ l=0 Φ̃^G_{p2l+1} |_kD (Λ^r_+(p^l) (p^{−2}Y )^lY X_∗T^g_+)

= D^{2,∗}_{p,G}(Y )^{−1}(Φ̃^G_p |_kD(S^{(2)}(Y )T^g_+) Y X_∗.

Here we used Proposition 3.13 and that the terms corresponding to Λ^r_− provide no contribution. With the identity given in (61), we have ∑_G 3 (X_∗) = α_∗p^2X^3 D^{2,∗}_{p,G}(Y )^{−1} Φ̃^G_p |_kD ( T^g_+(p)S^{(2)}(Y )^{prim}(1 + Y )^{−1} ) . (75)

Second step The P-form Φ̃^F_1 is an eigenfunction of H̃^J_0 and S^{(2)}(Y )^{prim} is self adjoint. This gives us

⟨Φ̃^F_1 ; Φ̃^G_p |_kD ( T^g_+S^{(2)}(Y )^{prim} ) ⟩_A/(1 + Y ) = ⟨Φ̃^F_1 |_kD(1 − p^{−2}T^{J,r}(p)Y + p^{−1}Y^2); Φ̃^G_p |_kD(T^g_+)⟩_A (1 + Y )^{−1} = (1 − p^{−2}λ^{F,J}_p Y + p^{−1}Y^2) ⟨Φ̃^F_1 ; Φ̃^G_p |_kD(T^g_+)⟩_A (1 + Y )^{−1} = λ^G_p (1 − p^{−2}λ^{F,J}_p Y + p^{−1}Y^2) ⟨Φ̃^F_1 ; Φ̃^G_1 ⟩_A.

Here Φ̃^F_1 |_kD(T^{J,r}(p)) = λ^{F,J}_p Φ̃^F_1 and Φ̃^G_p |_kD(T^g_+) = λ^G_p Φ̃^G_1 . Thus the Proposition is proven.

We have proven the last lemmas and propositions in such a way that one can easily extract the following crucial fact.

Corollary 4.6 Let n^′, l^′, ε^′ be coprime to p. Then we have ∞∑ n,ε,l=0 min(ε,l)=0 ⟨Φ̃^F_1 |_kD ( T^g_−(n^′p^n) Λ^g_−(l^′p^l) ) ;Φ̃^G_{n′l′}2_{pn+2l} ⟩_A a^h_n′_{(ε}′_)2_pn+2ε X^{2ε} (X^2N^{−1}p^3)^l(pXN^{−1})^n

= ⟨Φ̃^F_1 |_kD (T^g_−(n^′) Λ^g_−(l^′)) ; Φ̃^G_{n′l′}2 ⟩_A a^h_n′_{(ε}′_)2 ( D^{(p)}_{h,G;F} (s)⟨Φ̃^F_1 ; Φ̃^G_1 ⟩^{−1}_A ) . Thus we have proven the following

Theorem 4.7 Let F, G ∈ S^k_2 and h ∈ S^k_1 Hecke eigenforms, with h normalized. Let further F be in the Maass Spezialschar. Then we have for k even and s big enough:

D_{h,G;F} (s) = β_k⟨Φ̃^F_1 , Φ̃^G_1 ⟩_A ∏ p (D^{(p)}_{h,G;F} (s)/⟨Φ̃^F_1 , Φ̃^G_1 ⟩_A) (76)

with D^{(p)}_{h,G;F} (s) =

⟨Φ̃^F_1 ; Φ̃^G_1 ⟩_AS^{(2)}_F (Y )^{prim} (α − α^′)D^{2,∗}_{p,G}(Y ) × ( α Q^2_{p,G}(X_1) − α^′ Q^2_{p,G}(X^′_1) + α^3Np^2X^4 Q^2_{p,G}(X_1)

(77)

− α^{′3}Np^2X^4 Q^2_{p,G}(X^′_1) + α^{′2}p^2X^3λ^G_p Q^2_{p,G}(X^′_1)(1 + Y ) − α^2p^2X^3λ^G_p Q^2_{p,G}(X_1)(1 + Y ) ) .

It is easy to see, that the expression in the big brackets in (77), is equal to {( (α + α^3Np^2X^4)(1 + Y ) − α^2p^2X^3λ^G_p ) Q^2_{p,G}(X^′_1) − ( (α^′ + α^{′3}Np^2X^4)(1 + Y ) − α^{′2}p^2X^3λ^G_p ) Q^2_{p,G}(X_1) } Q^2_{p,G}(X_1)^{−1}Q^2_{p,G}(X^′_1)^{−1}(1 + Y )^{−1}.

Inserting Y = pNX^2, N = p^{k−1} and X_∗ = α_∗pN^{−1}X gives us {( α + αpNX^2 − α^2p^2X^3λ^G_p + α^3Np^2X^4 + α^3N^2p^3X^6 ) Q^2_{p,G}(α^′pN^{−1}X) − ( α^′ + α^′pNX^2 − α^{′2}p^2X^3λ^G_p + α^{′3}Np^2X^4 + α^{′3}N^2p^3X^6 ) Q^2_{p,G}(αpN^{−1}X) } { Q^2_{p,G}(X_1)Q^2_{p,G}(X^′_1)(1 + Y ) }_{−1} . If we multiply out the numerator and rearrange the terms according to the powers of y, then we get D^{(p)}_{h,G;F} (s) = ⟨Φ̃^F_1 ; Φ̃^G_1 ⟩_AS^{(2)}_F (Y )^{prim} D^{2,∗}_{p,G}(Y ) { Q^2_{p,G}(X_1)Q^2_{p,G}(X^′_1)(1 + Y ) }_{−1}

×(1 − y) ( 1 + ( 2pN − p^2N^{−1}A^G_2 ) Y + ( 2 − 2pN^{−2}A^G_2 + pN^{−2}(λ^G_P )^2 ) Y^2 (78) + ( 2pN − p^2N^{−1}A^G_2 ) Y^3 + Y^4 ) . Here A^G_2 = p ( λ^G_{T1(p2)} + (p^2 + 1)p^{2k−6} ) , with G|_kT^{(2)}_1 (p^2) = λ^G_{T1(p2)}G. The expression (78)

in the last big bracket turns out to be just D^2_{p,G}(pNX^2).

Lemma 4.8 Let F ∈ S^{k,M}_2 be a Hecke eigenform with corresponding f ∈ S^{2k−2}_1 . Then S^{(2)}_F (p^{−2s−k+2})^{factor} = L_{p,f} (p^{−(2s+2k−3)}).

Proof:

We have f|_kT (p) = λ_f (p) f ⇐⇒ Φ̃^F_1 |_kD( ~T_p^{EZ}) = λ_f (p)Φ̃^F_1 (see for example [K-S89]§2) and T^{J,r}_p = p^{3−k}T̃^{EZ}_p , which gives the desired result.

Thus we have

Theorem 4.9 Let F, G ∈ S^k_2 , h ∈ S^k_1 be Hecke eigenforms with totally real Fourier coefficients, h normalized and k even. Let F be in the Maass space with corresponding f ∈ S^{2k−2}_1 . Then we have for s ∈ C with k + 2Re(s) > 6 and X = p^{−(s+k−1)}:

D_{h,G;F} (s) = ⟨Φ^F_1 ; Φ^G_1 ⟩_J × ∏ p S^{(2)}_F (pNX^2)^{factor}(1 − pNX^2) Q^2_{p,G}(αpN^{−1}X)Q^2_{p,G}(α^′pN^{−1}X) (79)

with S^{(2)}_F (pNX^2)^{factor} = L_{p,f} (pX^2).

5 The L-function Z_{G⊗h}(s)

In this last section we present our final result, a new integral representation of Z_{G⊗h}(s) for G ∈ S^k_2 and h ∈ S^k_1 . Assuming that the first Fourier-Jacobi coefficient of G is not identically zero enables us to read off properties of the L-function. For example, we show that there is a close connection between the triple product L-function and Z_{G⊗h}(s).

Theorem 5.1 Let F, G ∈ S^k_2 and h ∈ S^k_1 be Hecke eigenforms with totally real algebraic Fourier coefficients. Let k be even and h normalized. Further we assume that F is in the Maass Spezialschar with corresponding f ∈S^{2k−2}_1 . Then for s ∈ C with 2 Re (s) + k > 6:

⟨⟨⟨E^k_5 ([z_1, z_2, z_3]; s) ; h(z_1)G(z_2)F (z_3)⟩⟩⟩ = a(2, s, k)⟨Φ^F_1 ; Φ^G_1 ⟩_J ×ζ(2s + k)^{−1}ζ(4s + 2k − 2)^{−1}ζ(4s + 2k − 4)^{−1} ×L_f (2s + 2k − 4) Z_{G⊗h}(s + 2k − 3).

Proof:

By Theorem 2.7, we know that Φ(h, G, F ; s) = a(2, s, k)L^2_{h,G,F} (2k + s − 3). Here L^2_{h,G,F} (2k + s − 3) is equal to {ζ(2s + k) 2∏ j=1 ζ(4s + 2k − 2j)}^{−1} D^2_F (2s + k − 2) D_{h,G;F} (s).

Since F is a Hecke eigenform in the Maass Spezialschar, we have

D^2_F (2s + k − 2) = ζ(2s + k − 2) L_f (2s + k̃ − 1) L_f (2s + k̃ − 2), with k̃ = 2k − 2 and f ∈ S^{k̃}_1 . Finally, with the explicit form of D_{h,G;F} (s) obtained in the last section the theorem becomes obvious.

Supplementarily we want to note that a(2, s, k) is equal to 2 · 2^{−6s−6k+12}π^{−s−2k+6} Γ_2(k + s −^3_2 )Γ(s + 2k − 3)Γ(s + k − 2)Γ(s + k − 1) Γ_2(k + s)Γ(2k − 3 + 2s) . (80)

From now on, we assume that Φ̃^G_1 is not identically zero. It is obvious that one can choose a Hecke eigenform F ∈ S^{k,M}_2 in such a way (use Definition 3.14 and Theorem 3.15), that

⟨Φ̃^F_1 ; Φ̃^G_1 ⟩ ≠ 0 and F ∈ S^{k,M}_2 (Q(F )).

Corollary 5.2 The L-function Z_{G⊗h}(s) has an analytic continuation to a meromorphic function on C . If we put

Z^∗_{G⊗h}(s) := (2π)^{−4s}Γ(s − k + 1)^2Γ(s − k + 2)Γ(s)Z_{G⊗h}(s), (81)

then we have the functional equation Z^∗_{G⊗h}(s) = Z^∗_{G⊗h}(3k − 3 − s). (82) This follows from elementary calculations of the already proven general functional equation stated in (31) and the well known functional equation of L_f (s).

Remark 5.3 It is pleasant that in our formula the help function F has no longer any influence on the functional equation of Z_{G⊗h}(s). Further, in contrast to the situation in the case of the triple product L-function, the value of Z_{G⊗h}(s) at the center of symmetry is not forced to be zero (the minus sign of the functional equation of L_f (s) plays a decisive role).

Corollary 5.4 Let k > 6 be even, G ∈ S^k_2 (Q(G)) and h ∈ S^k_1 be Hecke eigenforms with h normalized. If the first Fourier-Jacobi coefficient of G is not zero, then Z^′_{G⊗h}(2k − 3) := π^{8−5k} Z_{G⊗h}(2k − 3) ⟨G; G⟩⟨h; h⟩ ∈ Q . (83)

Corollary 5.5 Let h and G be as in Corollary 5.4. Then ( Z^′_{G⊗h}(2k − 3) )_σ = Z^′_Gσ_{⊗h}σ (2k − 3); ∀σ ∈ Gal(Q /Q). (84)

Proof:

By Theorem 1.9 and Theorem 5.1, it is enough to show that ( a(2, 0, k)⟨ϕ^F_1 ; ϕ^G_1 ⟩_J L_f (2k − 4) ζ(2s + k)ζ(4s + 2k − 2)ζ(4s + 2k − 4)⟨F ; F ⟩ )_σ

= a(2, 0, k)⟨Φ^{F σ}_1 ; Φ^{Gσ}_1 ⟩_J L_f σ (2k − 4) ζ(2s + k)ζ(4s + 2k − 2)ζ(4s + 2k − 4)⟨F^σ; F^σ⟩ ∈ Q . We put a ∼ b for a, b ∈ C , b ≠ 0, if ab^{−1} ∈ Q . Then a(2, 0, k) ∼ π^{6−2k} and (ζ(2s + k)ζ(4s + 2k − 2)ζ(4s + 2k − 4))^{−1} ∼ π^{−5k+6}, thus π^{5k−8}a(2, 0, k) (ζ(2s + k)ζ(4s + 2k − 2)ζ(4s + 2k − 4))^{−1} ∼ π^{4−2k}. By Proposition 3.18 and L_f (2k − 3) L_f (2k − 4) ≠ 0, it is enough to prove: ( π^{−3+2k}⟨Φ^F_1 ; Φ^G_1 ⟩_J

L_f (2k − 3) )_σ = π^{−3+2k}⟨Φ^{F σ}_1 ; Φ^{Gσ}_1 ⟩_J L_f σ (2k − 3) ∈ Q . But this is an easy consequence of the properties 1.12a and 1.12b and Theorem 1 stated in [Sh81]. Of course, we have used the well known translation of Jacobi forms of index one into modular forms of half-index weight, where the corresponding scalar products are equal up to a non-zero rational number [E-Z85], [Za80]).

The L-function Z_{G⊗h}(s) has already been investigated by M. Furusawa [Fu93]. He constructed an integral representation by integrating a Hermitian Klingen-Eisenstein series for h against a Siegel cusp form G. Under the assumption that certain non-vanishing properties of the Fourier coefficients of G hold, he was able to deduce the meromorphic continuation, the functional equation and the algebraicity of Z^′_{G⊗h}(2k−3). Because of the not sufficiently known Galois behaviour of the Fourier coefficients of a Hermitian Klingen-Eisenstein series [Ha84], he was not able to study the Galois action at the special value. We want to conclude our work with the following observation. For simplification let F ∈ S^k_n(Q(F )), G ∈ S^k_n(Q (G)) and h ∈ S^k_1 (Q(h)) be Hecke eigenforms (and every elliptic cusp form is assumed to be normalized). Let σ ∈ Gal(Q /Q), then L^{n,∗}_{h,G,F} (s) = L^{n,∗}_{h,G,F} (3k − n − 1 − s) π n2+3n−4k+2 2 L^n_{h,G,F} (2k − n − 1) ⟨h; h⟩⟨G; G⟩⟨F ; F ⟩ σ = π^{n2+3n−4k+2}2 L^n_hσ_{,G}σ_{,F} σ (2k − n − 1) ⟨h^σ; h^σ⟩⟨G^σ; G^σ⟩⟨F^σ; F^σ⟩ ∈ Q̄ . This enables us to give an unique approach to and description of the triple product Lfunction L_{h,G,F} (s) for h, G, F ∈ S^k_1 (P. Garrett [Ga87]) and the L-function Z_{G⊗h}(s). Let us assume that n is equal to 1 or 2 and that the first Fourier-Jacobi coefficient of G is not identically zero. Then we have

L^n_{h,G,F} (s+2k−n−1) = ζ(2s + k)^{−1}ζ(4s + 2k − 2)^{−1}L_{h,G,F} (s + 2k − 2) for n = 1

ζ(2s + k)^{−1}ζ(4s + 2k − 2)^{−1}ζ(4s + 2k − 4)^{−1} ×⟨Φ^F_1 ; Φ^G_1 ⟩_J L_f (2s + 2k − 4)Z_{G⊗h}(s + 2k − 3) for n = 2, and L^∗_{h,G,F} (s) = (−1)L^∗_{h,G,F} (3k − 2 − s) for n = 1, Z^∗_{G⊗h}(s) = Z^∗_{G⊗h}(3k − 3 − s) for n = 2 with L^∗_{h,G,F} (s) = (2π)^{−4s}Γ(s − k + 1)^3Γ(s)L_{h,G,F} (s) and Z^∗_{G⊗h}(s) = (2π)^{−4s}Γ(s − k + 1)^2 Γ(s−k+2)Γ(s)Z^∗_{G⊗h}(s). The central value of L^n_{h,G,F} (s) is equal to^{3k−n−1}_2 , which coincides for k = n + 1 with our described special value s = 2k − n − 1. The Galois behaviour shows up as ( π^{−5k+5}L_{h,G,F} (2k − 2) ⟨h; h⟩⟨G; G⟩⟨F ; F ⟩ )_σ = π^{−5k+5}L_hσ_{,G}σ_{,F} σ (2k − 2) ⟨h^σ; h^σ⟩⟨G^σ; G^σ⟩⟨F^σ; F^σ⟩ ∈ Q̄ and ( π^{−5k+8}Z_{G⊗h}(2k − 3) ⟨h; h⟩⟨G; G⟩ )_σ = π^{−5k+8}Z_Gσ_{⊗h}σ (2k − 3) ⟨h^σ; h^σ⟩⟨G^σ; G^σ⟩ ∈ Q̄ . References

[An74] A. N. Andrianov, Euler products corresponding to Siegel modular forms of genus 2, Russian math. Survey 29 (1974), 45-116 [An76] A. N. Andrianov, Symmetric squares of zeta functions of Siegel modular forms of degree 2, Trudy mat. inst. Steklov 142 (1976), 22-45 [An77a] A. N. Andrianov, On zeta-functions of Rankin type associated with Siegel modular forms, in Modular Functions of One Variable VI, Springer Lecture Notes 627, Springer Verlag, Berlin - Heidelberg - New York (1977), 325-338 [An77b] A. N. Andrianov, On factorization of Hecke polynomial for the symplectic group of genus n, Math. USSR Sbornik Vol.33 (1977), 343-373 [An87] A. N. Andrianov, Quadratic Forms and Hecke Operators, Grundlehren der mathematischen Wissenschaften 286. Berlin, Heidelberg, New York: Springer 1987 [Ar94] T. Arakawa, Jacobi Eisenstein series and a basis problem for Jacobi forms, Commentarii Mathematici Universitatis Sancti Pauli Vol. 43 No.2 (1994), 181-216 [B-B90] R. Berndt und S. Böcherer Jacobi forms and discrete series representations of the Jacobi group, Math. Z. 204 (1990), 13-44.

[Boe85a] S. Böcherer, Über die Fourier-Jacobi-Entwicklung der Siegelschen Eisensteinreihen II, Math. Z.189 (1985), 81-100

[Boe85b] S. Böcherer, Über die Funktionalgleichung automorpher L-Funktionen zur Siegelschen Modulgruppe, J. reine angew. Math. 362 (1985), 146-168 [Boe86] S. Böcherer, Ein Rationalitätssatz für formale Heckereihen zur Siegelschen Modulgruppe, Abh. Math. Sem. Univ. Hamburg 56, (1986), 35-47 [B-S95] S. Böcherer und R. Schulze-Pillot, On the central critical value of the triple product L-function, Preprint (1995) [Bou59] N. Bourbaki, Formes sesquilinéaires et formes quadratiques, Élements de Mathematique II, Chapt. 9. Hermann, Paris (1959) [Du95] J. Dulinski, A decomposition theorem for Jacobi forms, Math. Ann. 303 (1995), 473-498 [E-Z85] M. Eichler und D. Zagier, The theory of Jacobi forms, Progress in Mathematics Vol. 55, Birkhäuser Verlag (1985) [Fr83] E. Freitag, Siegelsche Modulfunktionen. Grundlehren der mathematischen Wissenschaften 254. Berlin-Heidelberg-New York, (1983) [Fu93] M. Furusawa, On L-functions for GSp(4) × GL(2) and their special values, J.

reine angew. Math. (1993), 187-218 [Ga84] P. Garrett, Pullbacks of Eisenstein series; Applications. In: Automorphic forms of several variables. Taniguchi symposium 1983, Birkhäuser (1984) [Ga85] P. Garrett, Integral representations of certain L-functions attached to one, two and three modular forms, Preprint (1985) [Ga87] P. Garrett, Decomposition of Eisenstein series: triple product L-functions, Ann.

math. 125 (1987), 209-235 [G-H93] P. Garrett und M. Harris, Special values of triple product L-functions, Am.

Journal of Math. 115 (1993), 159-238 [G-P-R87] S. Gelbart, I. Piatetski-Shapiro, S. Rallis, Explicit Constructions of Automorphic L-functions, Springer Lecture Notes in Math. no. 1254 (1987) [Gr82] V. A. Gritsenko, The action of modular operators on the Fourier-Jacobi coefficients of modular forms, Matem. Sbornik 119 (1982), 248-277 (Russian); English transl. in Math. USSR Sbornik 47 (1984), 237-268 [Gr88] V. A. Gritsenko, Expansion of Hecke polynomials of classical groups, Matem.

Sbornik 137 (1988), 328-351; English transl. in Math. USSR Sbornik 65 (1990), 333-356 [Gr93] V. A. Gritsenko, Arithmetical lifting and its applications, London Mathematical Society, Lecture Note Series 215, Number Theory, Paris (1992-3) [Gr95] V. A. Gritsenko, Modulformen zur Paramodulgruppe und Modulräume der Abelschen Varietäten, Mathematica Gottingensis, Schriftreihe des Sonderforschungsbereichs Geometrie und Ananlysis Heft 12 (1995) [G-K95] B. Gross und S. Kudla, Heights and the central values of triple product L-functions, Compositio Math. 81 (1992), 143-209

[H-K91] M. Harris und S. Kudla, The central critical value of a triple product Lfunction, Annals of Math. 133 (1991), 605-672 [Ha84] M. Harris, Eisenstein series on Shimura varieties, Ann. Math. 119 (1984), 59-94 [Kl87] H. Klingen, Metrisierungstheorie und Jacobiformen, Abh. Math. Sem. Univ.

Hamburg 57 (1987), 165-178 [Kl89] H. Klingen, Über Kernfunktionen für Jacobiformen und Siegelsche Modulformen, Math. Ann. 285 (1989), 405-416 [Kl90] H. Klingen, Introductory lectures on Siegel modular forms, Cambridge: Cambridge University Press 1990 [K-S89] W. Kohnen und N.-P. Skoruppa, A certain Dirichlet series attached to Siegel modular forms of degree two, Invent. Math. 95 (1989), 449-476 [La76] R. Langlands, On the functional equations satisfied by Eisenstein series, Lect.

Notes Math. 544, Berlin-Heidelberg-New York 1976 [Mi91] S. Mizumoto, Poles and residues of standard L-functions attached to Siegel modular forms, Math. Ann 289 (1991), 589-612 [Mu89] A. Murase, L-functions attached to Jacobi forms of degree n, Part I. The basic identity, J. reine Math. 401 (1989), 122-156 [Or87] T. Orloff, Special values and mixed weight triple products (with an appendix by Don Blasius), Invent. Math. 90 (1987), 169-18 [P-R84] I. I. Piatetski-Shapiro and S. Rallis, L-functions of automorphic forms on simple classical groups, Proc. of Durham Symposium on modular forms 1984, ed. R. Rankin, Ellis Horward, 251-262 [P-R87] I. I. Piatetski-Shapiro and S. Rallis, Rankin triple L-functions, Compositio Math., 64 (1987), 31-115 [Sa87] T. Satoh, Some Remarks on Triple L-functions, Math. Ann. 276 (1987), 687-698 [Sh71] G. Shimura, Introduction in the arithmetical theory of automorphic functions, Iwanami Shoten and Princeton Univ. Press (1971) [Sh75] G. Shimura, On the Fourier coefficients of modular forms of several variables, Nachr. Akad. Wiss. Göttingen Math.- Phys. Kl II. 17 (1975), 261-268 [Sh76] G. Shimura, The special values of the zeta functions associated with cusp forms, Comm. pure appl. Math. 29 (1976), 783-804 [Sh81] G. Shimura,The critical values of certain zeta functions associated with modular forms of half-integral weight, J. Math. Soc. Japan 33 (1981), 649-672 [Sh94] G. Shimura, Euler products and Fourier coefficients of automorphic forms on symplectic groups, Inv. Math. 116 (1994), 531-576 [Sh95] G. Shimura, Eisenstein series and zeta functions on symplectic groups. Inv. Math.

119 (1995), 539-584 [Si39] C.L Siegel, Einführung in die Theorie der Modulformen n-ten Grades, Math. Ann.

116 (1939) 617-657

[Si68] C.L Siegel, Über die Fourierschen Koeffizienten von Eisensteinschen Reihen der Stufe T, Math. Z. 105 (1968), 257-266 [S-Z89] N-P. Skoruppa und D. Zagier, A trace formula for Jacobi forms, J. reine und angew. Math. 393 (1989), 168-198 [Ya90] T. Yamazaki, Rankin-Selberg method for Siegel cusp forms, Nagoya Math. J.

Vol. 120 (1990), 35-49 [Za77] D. Zagier, Modular forms whose Fourier coefficients involve zeta functions of quadratic fields, in Modular Functions of One Variable VI, Springer Lecture Notes 627, Springer Verlag, Berlin - Heidelberg - New York (1977), 105 -169 [Za80] D. Zagier, Sur la conjecture de Saito-Kurokawa (d’après H. Maass), Sém.

Delange-Pisot-Poitou 1979/1980, Progress in Math. 12, Boston-Basel-Stuttgart (1980), 371 -394 [Zi89] C. Ziegler, Jacobi forms of higher degree, Abh. Math. Sem. Univ. Hamburg 59 (1989), 191-224

————– Max-Planck-Institut für Mathematik, Gottfried-Claren-Strasse 26, 53225 Bonn, Germany E-mail address: heim@mpim-bonn.mpg.de, heim@euklid.math.uni-mannheim.de