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ON THE CLASSIFICATION OF MODULAR FUSION ALGEBRAS

WOLFGANG EHOLZER

ABSTRACT. We introduce the notion of (nondegenerate) strong-modular fusion al-
gebras. Here strong-modular means that the fusion algebra is induced via Verlinde’s
formula by a representation of the modular group I' = SL(2,Z) whose kernel con-
tains a congruence subgroup. Furthermore, nondegenerate means that the conformal
dimensions of possibly underlying rational confermal field theories do not differ by
integers. Our main result is the classification of all strong-modular fusion algebras
of dimension two, three and four and the classification of all nondegenerate strong-
modular fusion algebras of dimension less than 24. We use the classification of the
irreducible representations of the finite groups SL(2, Zp,\) where p is a prime and A
a positive integer. Finally, we give polynomial realizations and fusion graphs for all
simple nondegenerate strong-modular fusion algebras of dimension less than 24.
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2 W. EHOLZER

1. INTRODUCTION

In the last ten ycars there have been several attempts for the classification of
rational conformal field theories (RCFTs). However, a complete classification seems
to be an impossible task since, for example, all self dual double even lattices lead
to RCFTs and there 1s no hope to classify all such lattices of rank greater than
24. Nevertheless, it might be possible to classify all RCFTs with “small” effective
central charge ¢. The effective central charge is given by the difference of the central
charge and 24 times the smallest conformal dimension of the rational model under
consideration. In particular, for ¢ < 1 a classification of RCFTs can be obtained
by using a theorem of Serre-Stark describing all modular forms of weight 1/2 on
congruence subgroups if one assumes that the corresponding conformal characters
are modular functions on a congruence subgroup.

For ¢ > 1 only partial results have heen obtained so far. One of the possibil-
ities is to look at RCFTs where the corresponding fusion algebra has a “small”
dimension. In the special case of a trivial fusion algebra the RCFT has only one
superselection sector and a classification of the corresponding modular invariant
partition functions for unitary theories with ¢ < 24 has been obtained [1]. As a
next step in the classification one can try to classify the nontrivial fusion algebras of
low dimension first and then investigate corresponding RCFTs. Indeed, the modu-
lar fusion algebras of dimension less than or equal to three satisfying the so-called
Fuchs conditions have been classified (see e.g. [2]). In this paper we develop several
tools, following the ideas of vef. [3], which enable us to classify all strong-modular
fusion algebras of dimension less than or equal to four (for a definition of strong-
modular fusion algebras see §2). Our approach is based on the known classification
of the irreducible representations of the groups SL(2,Z ) [4].

Another possibility 1s to investigate theories where the corresponding fusion al-
gebra has a certain structure but may have arbitrary or “big” dimension. Here,
a classification of all selfconjugate fusion algebras which are isomorphic to a poly-
nomial ring in one variable where the distinguished basis has a certain form and
where the structure constants are less than or equal to one has been obtained (see
e.g. [2]' ). Furthermore, a classification of all fusion algebras which are isomor-
phic to a polynomial ring in one variable and where the quantum dimension of
the elementary field is smaller or equal to 2 is known (this classification contains
the fusion algebras occurring in the classification of ref. [2]; for a review see e.g.
[5]). With the tools developed in this paper we obtain another partial classification,
namely of those strong-modular fusion algebras of dimension less than 24 where the
corresponding representation p of the modular group is such that p(T') has nonde-
generate eigenvalues. The nondegeneracy of the eigenvalues of p(T) means that
the difference of any two conformal dimensions of a possibly underlying RCFT is
not an integer. The restriction on the dimension is of purely technical nature so
that it should be possible to obtain a complete classification of all nondegenerate
strong-modular fusion algebras with the methods described in this paper by using
systematically Galois theory.

1More precisely, in [2] all selfconjugate modular fusion algebras with r\rf; < 1, which are
isomorphic to Q[z]/ < P(x) > and ¢y = 1,dy & 2, ®; = pi(e) (j = 2,...,n — 1) for some
polynomials P and p; and where the degree of P is n and the degree of the p; is j have been
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This paper 1s organized as follows: In §2 we recall some basic properties of
rational conformal field theories and give definitions of the relevant types of fusion
algebras. Section 3 contains some general theorems about representations of the
modular group which factor through a congruence subgroup. In the next section
we give a short review about the classification of the irreducible representations of
SL(2,Z ) which will be the main tool in the proof of the theorems in §5. The main
results of this paper are contained in §5. Here we classify all strong-modular fusion
algebras of dimension less than or equal to four and the nondegenerate strong-
modular fusion algebras of dimension less than 24, Finally, we summarize our
results and point out some open questions in the conclusion. Two appendices
contain the explicit form of the irreducible level p* representations of dimension
less than or equal to four as well as the fusion matrices and graphs of the simple
nondegenerate strong-modular fusion algebras of dimension less than 24.

2. RATIONAL CONFORMAL FIELD THEORIES AND FUSION ALGEBRAS

2.1 Basic definitions.

Consider a chiral rational conformal field theory (or rational model) R consisting
of a symmetry algebra W and its finitely many inequivalent irreducible modules
H; (i =0,...,n—1), ie. R is a rational vertex operator algebra (RVOA) satis-
fying Zhu’s finiteness condition (for RVOA see e.g. [6,7] and for the connection of
RVOA to W-algebras and rational models see [8]). Here Hy denotes the vacuum
representation. For modules H of W there is the notion of conjugate (or adjoint or
dual) modules H'. In particular, it is conjectured that one has (H') = H. Since R
is rational the conjugation defines a permutation = of order two of the irreducible
modules H} = Hqaiy.

The structure constants N ij: ; of the “fusion algebra” associated to R are given by
the dimension of the corresponding space of intertwiners of the modules H; @ H;
and H; (for a definition of intertwiners of modules of vertex operator algebras
see e.g. [7]). One of the important properties of the N"V which is well known
in the physical literature is the fact that the numbers N"j can be viewed as the
structure constants of an associative commutative algebra, the fusion algebla In
the terminology of vertex operator algebras a corresponding statement is proven
under certain assumptions in a recent series of papers [9]. In the abstract definition
of fusion algebras the properties of all known examples associated to RCFTs are
collected.

Definition. A fusion algebra F is a finite dimensional algebra over Q with a dis-
tinguished basis &9 = 1,...,®,,_; (n = dim(F)) satisfying the following axioms:
(1) F is associative and commutative.
(2) The structure constants Nf"j (1,7,k = 0,...,n — 1) with respect to the
distinguished basis ®; are nonnegative integers.
(3) There exits a permutation 7 € S, of order two such that for the structure
constants in (2) one has

0 _ (k) Atk
Nij=bintiys  Negyaiy = Nijo

4, 5,k=0,...,n—1.

classified (the assumption on the degree of p; was used implicitly in loc. cit. ).
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Remarks.

An isomorphism ¢ of two fusion algebras F,F’ is an isomorphism of unital
algebras which maps the distinguished basis to the distinguished basis, 1.e. there
exists a permutation ¢ € S, such that ¢(&;) =2, (1=0,...,n—1).

The tensor product of two fusion algebras F and F’ is again a fusion alge-
bra, its distinguished basis is given by ®; ® @}, (41 = 0,...,dim(F) — 1, iy =
0,...,dim(F')—1).

The permutation 7 of order two i1s called charge conjugation. Fusion algebras
with trivial charge conjugation are called selfconjugate.

Note that it is an open question whether two nonisomorphic fusion algebras can
be isomorphic as unital algebras.

It is known in many cases that fusion algebras arising from RCFTs have additional
properties. One of these additional properties is their relation to conformal charac-
ters. The conformal characters y; of the modules H; of W are formal power series
in g defined by

Xi(T) = try, (gh° ")

where Lg is the 0-th Fourier mode of the chiral energy-momentum tensor and ¢
is the central charge or the rank of the RVOA. One can show for rational vertex
operator algebras satisfying Zhu’s finiteness condition [10] that the characters be-
come holomorphic functions in the upper complex half plane by setting ¢ = €277,
Furthermore, for these RVOAs the space spanned by the finitely many conformal
characters is invariant under the action of the modular group I' = SL(2,Z). In-
deed, it is conjectured that Zhu’s finiteness condition is not necessary at all. It was
conjectured in 1988 by E. Verlinde [11] that for any rational model there exists a
representation p: I' = GL(n,C) of I such that

n—1

Xi(Ar) = (xilA)(r) = > p(A)jix;(r)  A€eT

=0

n—1
I p(s)i,mp(s)j,mp(s—l)m,k
Noj= 2 P(S)o,m '

We will refer to this formula as “Verlinde’s formula” in the following. The above
conjecture motivates the definition of modular fusion algebras.

Definition. A modular fusion algebra (F, p) is a fusion algebra F together with
a unitary representation p : SL(2,Z) — GL(n, C) satisfying the following additional
axioms:

(1) p(S) is a symmetric and p(T) is a diagonal matrix.
(2) NP5 =p(S%)is,

ko n—1 p(S).‘,mP(S)',mP(S_l)m,k
(3) Ari,j - Zm=0 p(S.:)o,m

where N!‘;J- (i,7,k = 0,...,n — 1) are the structure constants of F with respect to
the distinguished basis.
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Remarks.

Note that property (3) already implies that F is associative and commutative.

Two modular fusion algebras (F, p) and (F',p') are called isomorphic if: 1) F
and F' are isomorphic as fusion algebras, 2) p and p' are equivalent, 3) p(T); =
P (T)s(i)o(j) Where o € S, is the permutation defined by the isomorphism of the
fusion algebras.

The tensor product of two modular fusion algebras (F, p), (F', p') is defined by
(FQF',p®p') and is again a modular fusion algebra.

A (modular) fusion algebra is called composite if it is isomorphic to a tensor
products of two nontrivial (modular) fusion algebras. Here a (modular) fusion
algebra is called trivial if it is one dimensional. A noncomposite {modular) fusion
algebra is also called simple.

Note that for a modular fusion algebra with trivial charge conjugation (p(S?) =
T) the matrix p(S) is real.

For modular fusion algebras associated to rational models the eigenvalues of
p(T) are given by the conformal dimensions k; (1 = 0,...,n — 1) of the irreducible
modules H; (h; is the smallest Ly eigenvalue in the module H;) and the central
charge ¢ of the theory:

/)(T) — di&g(GQﬂi(ho-—c/N)’ e e?fri(hn_l—c/%)).

Quite often nonisomorphic modular fusion algebras are isomorphic as fusion
algebras.

In the later sections we will investigate which representations of I' are related to
modular fusion algebras.

Definition. A representation p : SL(2,Z) — GL{n,C) of the modular group is
called conformally admissible or simply admissible if there exists a fusion al-
gebra F such that (F, p) is a modular fusion algebra.

It is known that modular fusion algebras associated to rational models have
many additional properties. In particular, the central charge and the conformal
dimensions are rational [12,13]. Furthermore, compatibility conditions between the
central charge ¢, the conformal dimensions &; and the fusion coefficients Nf} (the
so-called Fuchs conditions) are satisfied (sce e.g. [2]?):

2D (- £) e Lanquy,

m=0

1

n

]

((hz + h] + h‘k + ]”)A;rm NL m m(Nm .N'k m - J'V Nj m -+ N‘, Tm ))

n—1
(Z NI ) (1 ~ Y N ) €N
m=0 m=0

?Note that the formula connecting the central charge with the conformal dimension in [2]
contains a misprint.

3

|
l\)l!—‘ <|:
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However, in this paper we will not make any use of these properties.

Instead we will extensively rely on the observation that in all known examples
of RCFTs the conformal characters are modular functions on some congruence
subgroup of I'. Therefore, the corresponding representation p factors through a

representation of I'y. Here we have used 'y for the principal congruence subgroup
of I' of level N
FTyn={Ael|A=Tmod N }.

Definition. A modular fusion algebra (F, p) is called strong-modular if the ker-
nel of the representation p contains a congruence subgroup of T'. -

In this case p defines a representation of SL(2,Zy) and is called a level N
representation of I' (here and in the following we use Zy for Z/NZ). A level N
representation p will be called even or odd if p(5?) = T or p(S?) = -1, respectively.
Furthermore, one can show that for strong-modular fusion algebras associated to
rational models the representation p is defined over the field I of N-th roots of
unity, i.e. p: I' = GL(n, ') if the corresponding conformal characters are modular
functions on some congruence subgroup [8]. Indeed, we expect that this is true for
all RCFTs what motivates the following definition and conjecture.

Definition. A level N representation p: SL(2,Z) — GL(n,C) is called I -rational
if it is defined over the field ' of the N-th roots of unity, 1.e. p : SI(2,Z) —
GL(n, K).

Conjecture. All modular fusion algebras associated to rational models are strong-
modular fusion algebras and the corresponding representations of the modular
group are I{-rational.

2.2 Some simple properties of modular fusion algebras.
In this section we prove some simple lemmas about modular fusion algebras
which will be needed in the proofs of the main theorems in §5.

Lemma 1. Let (F,p) be a modular fusion algebra. Assume that p(T) has nonde-
generate eigenvalues. Then p is irreducible.

Proof. Assume that p is reducible and p(T") has nondegenerate eigenvalues. Then
p(S) has block diagonal form and therefore p(S)p,m = 0 for some m. This is a
contradiction to property (3) in the definition of modular fusion algebras.

Definition. A modular fusion algebra (F, p) is called degenerate or nondegen-
erate if p(T") has degenerate or nondegenerate eigenvalues, respectively.

Lemma 2. Let p,p' : T' = GL(n,C) be equivalent, irreducible, unitary represen-
tations of the modular group. Assume that p(T) = p'(T) is a diagonal matrix with
nondegenerate ecigenvalues. Then there exists a unitary diagonal matrix D such
that p= D™ 'p'D,.

Proof. Since p and p’ are equivalent there exists a matrix D’ such that p =
D'~ o' D', Since p(T) = p'(T) is a diagonal matrix with nondegenerate eigen-
values D' is diagonal. Finally, the irreducibility of p implies by Schur’s lemma
that D't D’ = a1 for some positive real number « so that D = VIED' satisfies the

desired properties.
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Lemma 3. Let (F,p) and (F', p') be two nondegenerate modular fusion algebras.
Assume that p is equivalent to p' and p(T) = p'(T). Then F and F' are isomorphic
as fusion algebras.

Proof. The lemma follows directly from the definition of (modular) fusion algebras
and Lemina 2.

Lemma 4. Let (F,p) be a modular fusion algebra. Then p is not isomorphic to a
direct sum of one dimensional representations.

Proof. If p 1s the direct sum of one dimensional representations p(S) is also a
diagonal matrix. This implies that one cannot apply Verlinde’s formula giving a
contradiction since we have assumed that (F p) is a modular fusion algebra.

Since there are exactly 12 one dimensional representations of I' one has the
following trivial lemma.

Lemma 5.

(1) Let p be a one dimensional representation of I'. Then p is equivalent to one
of the following representations

n

p(3)=e2“i37n, p(T):e‘eriﬁ’ n=0,...,11

(2) Let (F,p) be a one dimensional modular fusion algebra. Then (F,p) is
strong-modular, F is trivial and p is given by

p(S)=(=1)",  p(T)=e"%, n=0,..,5

Lemma 6. Let (F,p) be a strong-modular fusion algebra associated to a rational
model. Then p is K -rational.

Proof. For a rational vertex operator algebra satisfying Zhu’s finiteness condition
the characters are holomorphic functions on the upper complex half plane. Since
we have assumed that (F,p) is strong-modular p is a level N representation for
some &N. This implies that the characters are modular functions on I'nxy. Moreover,
their Fourier coefficients are positive integer so that one can apply the theorem on
K -rationality of ref. [8] implying that p is K-rational.

Although Lemma 6 will not be used in the following it provides us with a good
motivation for looking at K-rationality of level N representations.

3. SOME THEOREMS ON LEVEL N REPRESENTATIONS OF T

In this section we will consider level N representations of SL(2,Z). Firstly, we
review that all irreducible representations of SL(2,Z ) can be obtained by those
of SI{2,Z,») where p is a prime and A is a positive integer. Secondly, we discuss

the construction of level p* representations using Weil representations (in this part
we follow ref. [4]).
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Lemma 7. Let p be a finite dimensional representation of SL(2,Z n) where N is a
positive integer. Then the representation p is completely reducible. Furthermore,
each irreducible component w of p has a unique product decomposition

~ Aj
w ®;-’__.17r(pj’)

A; . . o Aj
where N = H};l pj’ is the prime factor decomposition of N and the w(p}’) are

irreducible representations of SL(2, Zp.\j ).
i

Proof. Since SL(2,Z ) is a finite group p is completely reducible. The second state-

ment, namely that the irreducible representations of SL(2,Z n) can be written as

Aj
j=175
is the prime factor decomposition of N, can be seen as follows For a proof of the
second statement note that

a tensor product of irreducible representations of SL(2, Z J) where N =[]

SL(Q,ZN) = SL(Q,ZP.\,) Koo X SL(Q,Z‘D::,.)

1

where N = H;‘ | pj’ (see e.g. [14]). Obviously, the tensor product of irreducible
representations m(p; ’) of SL(2,Z J) 1s an irreducible replesentatmn of SL(2,Z n).

Using now Burnside’s lemma we obtam the second statement.

In order to deal with the representations of the groups SL(2,Z 1) we describe
their structure by the following theorem.

Theorem 1 [4, Satz 1, p. 466). The group SL(2,Z ) is generated by the elements
0 -1 11
=(09) =)
and the relations

T =1, §*=H(-1)
H(a)H(a') = H(ad'),  H(a)T =T* H(a), SH(a)= H(a™")S
where H(a) := T™°ST~* ' STIT=*5! and a,d’ € L.
Remark. As elements of SI(2,Z,\}) the H(a) (a € Z;,) are given by

H(a) = (g aﬂ).

We will now describe the construction of representations of SI(2,Z,+) by means
of Weil representations.

Definition. Let M be a finite Z,» module. A quadratic form @ of M is a map
Q: M — p *Z/Z such that
(1) Q(—=z) = Q(z) for all @ € M.
(2) B(z,y) = Q(z +y)— Q(z) — Q(y) defines a Z ,x-bilinear map from M x A
to p~*Z/Z.
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Definition. A finite Z,» module M together with a quadratic form @ is called a
quadratic module of Z ,».

Definition. Let (M, Q) be a quadratic module. Define a right action of SL(2,Z 1)
on the space of C valued functions on M by

(FIT)(z) = ™) f(x)
(fIH(a))(z) = G'Q(ﬂ-)o'Q(—l) flz)  VaeZl

(FIS™)(w) = wwz LS amntn gy

yeM

where |M| denotes the order of M,

2miaQ(z)
agla) = |ﬂf| Z
zeM

and f is any C valued function on M.
If this right action of SL(2,Z ,») defines a representation of SL(2,Z ) it is called
the Weil representation associated to the quadratic module (M, @) and denoted by

W(M,Q).

Note that the above right action always defines a projective representation of I'.
A necessary and sufficient condition for it to define a proper representation is given
by the following theorem.

Theorem 2 [4, Satz 2, p. 467]. The above right action of SL(2,Z,:) defines a
representation of SL(2,Z ) if and only if

agla)ag(a’) = ag(l)ag(ad) a,d' € Z},.

4. THE CLASSIFICATION OF THE IRREDUCIBLE LEVEL pA REPRESENTATIONS

Although the classification of the irreducible representations of the finite groups
SL(2,Z,~) is contained in [4] we will give a short review here. Our main motivation
for this is the fact that we will strongly rely on this classification in the proofs of
the main theorems in §5. Furthermore, ref. [4] is not written in English but in
German.

In the first subsection we describe how one can obtain irreducible level p* rep-
resentations as subrepresentations of Weil representations. The second and third
subsection are used to give complete lists of the corresponding representations for
the cases of p # 2 and p = 2, respectively.

In addition to the review we investigate in some cases whether the irreducible
representations are I -rational or not.

4.1 Welil representations associated to binary quadratic forms.

Most of the irreducible representations of SL(2,Z 1) can be obtained as subrep-
resentations of Weil representations W (M, Q) associated to a module M of rank
one or two. The following two theorems describe the Weil representations needed
in the later sections.
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Theorem 3 [4, Lemuma 1, Satz 3, p. 474]. Let p # 2 be a prime. Then the following
quadratic modules of Z ,» define Weil representations:

(1) M=2Zp, Q(z) = p~*ra? (A21)  (Ralr)
(2) M=Z,®Z,, Q(z) = p Pz 2, (A>1)  (Dy)

(3) M=Zp®Zyp,  Qz)=p(a} —uzl) (A21) (V)

(4) M=Zp@®Zp-o, Q2)=p 'r(a}—p7tzd) (A22)  (R{(n1)

where 7,t run through {1,u} with ( 2)=-1( (%) denotes the Legendre symbol),
where 0 = 1,...,A — 1 and where the last column contains the name of the corre-
sponding Weil representation.

Theorem 4 (4, Satz 4, p. 474]. Let p = 2. Then the following gquadratic modules
of Z,» define Weil representations:

(1) M =%y @ Zys, Qz) = 27 2 2, (A>1)  (Dy)

(2) M =Zys @ Zy», Qz) =27+ 2z +2) (W21 (V))

(8) M =Zpor @Zor-o-1, Qz) =272z +27¢22) (1> 2) (R3(r,t))

where o = 0,...,A — 2, where (r,t) run through a system of representatives of the
classes of pairs defined by (ry,t1) = (r2,t2)

if t; =t mod min(8,2*~7) and

ro =r;mod4 or ry =rit; mod4d for =0
ro=rimod8 or ro=r+2rt,mod8 for =1
r, =7 mod 4 for o=2
rq = r; mod 8 for o >3

and where the last column contains the name of the corresponding Weil represen-
tation.

All irreducible representations of SL(2,Z 1) can be obtained as subrepresenta-
tions of Weil representations W (A, Q). One possibility to extract subrepresenta-
tions of such representations is to use characters of the automorphism group of the
quadratic form Q:

Theorem 5 (see e.g. [4]). Let W(M,Q) be a Weil representation described by
Theorem 3 or 4, U an abelian subgroup of Aut(M, Q) and x a character of Y. Then
the subspace

Vix):={f: M ->C| flex) = x(e)f(z), zeM,ecld}

of CM is invariant under SL(2,Z » ). The corresponding subrepresentation is de-
noted by W (M, Q, x).
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Remarks. :
(a) The space V() is spanned by V(x) =< f(x)} >zem where

for x=y
f200(y) = ZX(6)6cz,y, bpy = { ! =

el 0 otherwise.

(b) The automorphism group of the quadratic forms in Theorem 4 contain a
conjugation k: K(x1,z2) = (Z2,21) in case (1) and k(zy,22) = (z1,—22) in the
cases (2) and (3). In these cases the space

Vs ={FeV() | f(sz) = £f(z), =€ M}

is invariant under SL(2,Zj:). The corresponding subrepresentation is denoted by
I/V(IVI: Qa X):t .

From now on we will denote the trivial character y = 1 by yi. Indeed, almost
all irreducible representations of SL(2,Z,:) can be obtained as subrepresentations
of the Weil representations described by Theorems 3 and 4 using “primitive” char-
acters:

Definition®. Let W(M, Q) be a Weil representation described by Theorem 3 or 4
and let U = Aut(M, Q). A character y of U is called primitive iff there exists an
element ¢ € U with x(e) # 1 such that each element of pM is a fixed point of e.
The set of primitive characters of U will be denoted by .

With this definition we have:

Theorem 6 [4, Hauptsatz 1, p. 492]. Let W(M, Q) and W(M', Q') be Weil rep-
resentation described by Theoremn 3 or 4 and y,y' primitive characters. Then one
has
(1) W(M,Q,x) is an irreducible level p* representation.
(2) W(M,Q,x) and W(M',Q',x") are isomorphic if and only if the quadratic
modules (M, Q) and (M', Q') are isomorphic and x = x" or x = ¥'.

The second main theorem of ref. [4] describes the classification of the irreducible
representations of SL(2,Z ,1).

Theorem 7 [4, Hauptsatz 2, p. 493]. The Weil representations described by the
Theorems 3 and 4 contain all irreducible representations of the groups SL(2,Z )
(in general they are of the form W(M, Q, x) for a primitive character x) apart from
18 exceptional representations for p = 2. Thescs exceptional representations can
be obtained as tensor products of two representations contained in some W(M, (})
(described by Theorem 3 or 4).

Complete lists of irreducible representations of SI(2,Z ) will be given in §4.2
and §4.3.

3n the case of M = Z, -1 DZ3 (A > 5) the definition of primitive characters is slightly different
1+ 4t + V=Bt A=5

1=22=3 4 /2221 A > 5

[4, p. 491]: Here i &< -1 >< o > with a = {

and y is primitive if x(@) = —1.
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4.2 The irreducible representations of SL(2,Z ,.) for p # 2.
In the classification of the irreducible representations of SL(2,Z 1) for p # 2 one
has to distinguish the cases A =1 and A > 1. Therefore, we treat them separately.
Following [4] we denote the trivial representation by Cj.

Theorem 8 [4]. A complete set of irreducible representations of SL(2,Z,) for a
prime p with p # 2 is given by the representations collected in Table 1. In Table
1 the x run through the set of characters of U and y-, is the unique nontrivial
character of U taking values in £1. Furthermore, we denote by # (here and in the
following) the number of inequivalent representations.

Table 1: Irreducible representations of SL(2,Z,) for p # 2

type of rep. dimension #
Di(x) XEP p+1 3(p—3)
Ni(x) XEP p—1 3(p—1)
Ri(r,x1) (5) =+1 Tp+1) 2
Ry(r,x-1) (f;) ==+1 %(P - 1) 2
Ni(x1) p 1

We will denote the 3 one dimensional level 3 representations Cy, Ry(1, y—;) and
R1(2,x-1) by B1, By and By, respectively.

The explicit form of these representations is well known (see e.g. {3]) and one can
address the question which of these representations are I{-rational (see also [8]).
Note that, in view of the results in §2.2, this question is natural in the context of
admissible representations.

Lemma 8. Let p # 2 be a prime.

(1) For p =1 (mod 3) there is exactly one and for p # 1 (mod 3) there is no
K -rational representation of type Dq(x).

(2) For p = 2 (mod 3) there is exactly one and for p # 2 (mod 3) there is no
K -rational representation of type N1(x) (x € B).

(3) The representations of type Ry(r,x+1) and Ny(x1) are K-rational.

Proof. Using a character table for the above representations (see e.g. [15]) one casily
finds that the characters of representations of type D;(x) or Ni(x) take values in
the field of p-th roots of unity only if p =1 (mod 3) or p = 2 (mod 3) and if y is
a character of order 3. Therefore, there is at most one I -rational representation
of type Di(x) or Ni(x) for the corresponding values of p. Using the explicit form
of these representations (see e.g. [3]) one finds that these two representations are
indeed K -rational. For the other two types of representations the I{-rationality
follows directly from the fact that y+, takes values in +1.

Theorem 9 [4]. A complete set of irreducible representations of SL(2,Z ) for
p # 2 prime and A > 1 is given by the representations in Table 2. Where y_, is the
unique nontrivial character with values in +1 and Rx(7,x41 h is the unique level

p” subrepresentation of R(r, x+1) which has dimension %(])2 — 1)p*~2,
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Table 2: Irreducible representations of SL(2,Z ) for p # 2 and A > 1

type of rep. dimension #
Di(x) XEP (p+ 1)p*! 1p—1)pr?
Nx(x) XEP (p—1)p*! 3 = 1)p*?
R{(rt,x) | () =41, () =41 | 0" -1 | 455 (- Dp !
Ra(r,x£1 ) (5) ==1 3(p* = p*? 4

Lemma 9. Let p 3 2 be a prime and A > 1 an integer.

(1) The representations of type R (r,t,x) are K -rational for p # 2 and A > 1.

(2) The representations of type Ra(r, x+1)1 are I{-rational forp # 2 and A > 1.
Furthermore, the image of T under these representations has nondegenerate
eigenvalues only if p =3 and A = 2.

Proof. Since the automorphism group of the quadratic form of R{(r,t,x) is given
by [4, p. 495] U = Zy x Z,x-» we obtain (1). In the second case one obviously has
U = Z4 so that the K-rationality follows directly. The statement concerning the
eigenvalues of the image of T for the representations of type Ra(r, x+1)1 is proved
in Satz 4 of [4].

4.3 The irreducible representations of SL(2,Z).

The classification of the irreducible representations of SL(2,Z 1) is complicated
since there are a lot of exceptional representations for A < 6 {4]. Since these repre-
sentations have small dimensions and we will be interested in such representations
in §5 we describe them in the rest of this subsection. The Tables 3-8 list complete
sets of irreducible representations of the groups SL(2,Zj») for the corresponding
values of A.

For A = 1 there are only two irreducible representations (see Table 3). The
representation Cy is given by C3(S) = C»(T) = —1 and both level 2 representations
are \-rational.

For A = 2 there are seven irreducible representations (see Table 4). The rep-
resentation Cy is given by C3(S) = C3(T) = —i, C4 by Cy(S) = C4(T) = ¢ and
RY(1,3), is defined by R3(1,3) & R3(1,3); & C;. All level 4 representations are
K-rational.

For A = 3 there are 20 irreducible representations (see Table 5). Here ¥ is one
of the two characters of ¢ of order 4 and the representation RJ(1,3, ) is defined
by R3(1,3,x1) = R3(1,3,x1)1 & Ni(x1) ® C2 & Cs.

For A = 4 there are 46 irreducible representations (see Table 6). Here the
representation R2(r,3,x1)1 is given by the equality R3(r,3,x1) = R3(r,3,x1)1 ©
Ry(r,1). ‘

Table 3: Irreducible representations of SL(2,Z,)

type of rep. dim #
C, = Ni(x) X €B 1 1
j\fl (:\’t ) 2 1
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Table 4: Irreducible representations of SL(2, Z2)
type of rep. dim #
D (x)+ X#1 3 1

D (x)- X #1 3 1
R3(1,3), 3 1

C2 ® R9(1,3), 3 1
Na(x) XEPB; x #1 2 1

Cy = RY(3,1,x) x#1 1 1
Cs = RY(1,1,x) x#1 1 1

Table 5: Irreducible representations of SL(2,Z,s)

type of rep. dim #

Ds(x)+ XEP 6 4

R3(1,3,x1h 6 1

Cy ® RY(1,3,x1 )1 6 1

Ns(x) XEP xP#1 4 2

N3(x)+ XEP P = 2 4

R3(r,t,%) r=13 t=15 3 4

RY(1,t, %)+ x#EL t=3,7 3 4

Table 6: Irreducible representations of SL(2,Zy.)
type of rep. dim #
Da(x) X €P 24 2
Ny(x) XEP 8
RY(r,t,x) NEB xFEFL r=1,3t=15 6 4
R(r,t, ) YEB ¥*=1;r=1,3t=1,5 3 16
R3(1,t, )+ XEP;, t=3,7 6 8
R2(r,t,x) xX#1 rte{l,3} 6 4
Cy @ R%(r,3,x) XZ1l; r=1,3 6 2
R(r,3,x1 )1 r=1,3 6 2
N3(x)+ ® RY(1,7,4)4 XEPB; ¥P=1 v £ 1, 12 2
Pr=1 P(-1)=1
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For A = 5 there are 92 irreducible representations (see Table 7). Here for fixed
r = 1,3 the 2 irreducible representations of type RZ(-,1,x): (x € ) are given by
the 2 two dimensional irreducible level § subrepresentations of R2(r, 1).

Table 7: Irreducible representations of SL(2, Zys)

type of rep. im #
Ds(x) XEP 48 4
Ns(x) xeP 16 12
R3(r,t,x) YEP; r=1,3; t=1,5 12 16
R3(1,t, x)+ x€P; =37 24 4
Ri(r,t, )+ X €B; r,t€{1,5} or 12 16
r=13andt=3,7

REi(rt,X)x NEP; r=1,3t=1,3,5,7 6 32
RE(r,1,xh X€B;, r=1,3 12 4
C3 ® R2(r,1,x) XEP;, r=1,3 12 4

For A > 5 there are the following irreducible representations (see Table 8). Here y
are always primitive characters and Rj—s(r, t,X+1 )1 is the unique irreducible level

2* subrepresentation of R:\\_g(r, t,¥+1) which has dimension 3 - 2*~%,

Table 8: Irreducible representations of SL(2,Z,x) for A > 5

type of rep.* dim #
Da(x) 3.92A-! 9A—3
M) s
R3(1,7,x) t=3,7 3. 922 9A—3
r=131t=15 foroc =0
r,t 1,5} or
RS(r,t, x) T~=€1’{3 :an}d 257 foro 3.9X-3 5. 9A—2
r=13;, {=1,3,57 foro=2
RE(r,1,X) o=3,...,A=3 rte{l,357) 3. 9~ R
Ry ¥ (r,1,x) r=1,3,57, t=1,3 3 o1 o
RT3 (r t, xaa h r=1357 t=13 P T

*For A = 6 one has to use representation of type I?g (r,t,x1)1 and Ca ® l?g {(r,t,x1)1 (r=1,3)
instead of those of type Hi_s(r, t,x+1)1- The representations t(r, ¢, x1)1 are the unique level 6
subrepresentations of R(r,¢, x1) with dimension 12.
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5. RESULTS ON THE CLASSIFIGATION OF STRONG-MODULAR FUSION ALGEBRAS

5.1 Classification of the strong-modular fusion algebras of dimension less
then or equal to four.

In this section we consider all two, three and four dimensional level N represen-
tations of I and investigate whether they are admissible.

Main theorem 1. Let (F,p) be a two dimensional strong-rmodular fusion algebra.
Then (F, p) is isomorphic to the tensor product of a one dimensional modular fusion
algebra with one of the modular fusion algebras in Table 9.

Table 9: Two dimensional strong-modular fusion algebras

F p(S) 5 log(p(T)) mod Z

-1 -1 diag(+, 2

o -8 =0 * ( ) { (52 5
o AN ding(Z,3)

(Z2)

—sin(Z) —sin(& diag( 12, 1)

B, B, =Dy -+ P 2 ( 5_111( 5,,) 5_111(”5 )) { Celz00 20
1 1 0 1 7; —_— Sln(z?) Sln(g) d]ag( %7 29;0)
"(9 5y o (—sin(¥)  sin(f) ding( 2, %)

( ('—‘75) ) \/5 Sin(-’l) Sin(?l) 1. <17 13
5 5 diag( 55, 55)

Proof. Let (F,p) be a two dimensional strong-modular fusion algebra. Lemma 4
implies that p is irreducible. Therefore, we have to consider all irreducible two
dimensional representations of I' which factor through a congruence subgroup. By
Lemma 7 we know that these representations can be obtained by taking the tensor
products of all irreducible two dimensional level p* representations with all one
dimensional representations of I'.

There are exactly 11 inequivalent irreducible two dimensional level p* repre-
sentations. Their explicit form is given in Appendix A. We are interested in the
classification of the two dimensional strong-modular fusion algebras up to tensor
products with one dimensional fusion algebras. Therefore, we can restrict our in-
vestigation to one of the two dimensional representations of level 2, 2°, 3 and the
two representations of level 5 (see Appendix A). For the remaining 5 two dimen-
sional representations the eigenvalues of the image of T' are nondegenerate. Hence,
Lemma 2 implies that the corresponding matrix representations are unique up to
conjugation with unitary diagonal matrices and permutation of the basis elements.
One can easily apply Verlinde’s formula and check whether the resulting coefficients
N :“ ; have integer absolute values for the two possible choices of the basis element
®y corresponding to the vacuum (conjugation with a unitary diagonal matrix does
not change the absolute value of N;‘L; j)' In particular for the level 2 representation
Ni(x1) and the level 3 representation Ny(y) we obtain for both possible choices of
the distinguished basis elements ®; and &,

2

\/57
|N11,1| = { 1

751

for Ni(x1), p=2
for Ny(x), p=3.
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Since |N{ ;| is not an integer we can exclude these two representations. For the level

% and 5 representations one obtains integer values for the N¥. i j- Moreover, in all
tln ece cases both possible choices of the distinguished basis elements ®y and P, lead
to 1somorphic fusion algebras. We conclude that the representation of the modular
group given by a two dimensional strong-modular fusion algebra is isomorphic to
the tensor product of a one dimensional representation and N3(x)+ (p* = 2°) or
Ri(r,x—-1) (r = 1,2;p* = 5). Using that p(S?) should be a matrix consisting of
nonnegative integers one can determine the one dimensional representation of T
up to an even one dimensional representation. Therefore, (F, p) is determined up
to tensor products with one dimensional modular fusion algebras. The resulting
representations and fusion algebras are collected in Table 9. O

Remark. The two fusion algebras in Table 9 are called Z; and ”(2,5)” fusion alge-
bras, respectively. The first name is evident since this fusion algebra is isomorphic
to the group algebra of Z, with the distinguished basis given by the group elements.
We will call the fusion algebra given by the group algebra of Zy in the following
Z n fusion algebra. The second name results from the fact that the Virasoro vertex
operator algebra is rational for ¢ = ¢(p,q) = 1—6% (p,g>1, (p,g) =1)[16,17)
(these models are called Virasoro minimal models) and the corresponding fusion
algebra are denoted by "(p,q)” fusion algebra. In particular the ”(2,5)” fusion
algebra 1s 1somorphic to the fusion algebra in the second row of Table 9.

Main theorem 2. Let (F,p) be a three dimensional strong-modular fusion alge-
bra. Then (F,p) is isomorphic to the tensor product of a one dimensional modular
fusion algebra with one of the modular fusion algebras in Table 10.

Proof. Let (F, p) be a three dimensional strong-modular fusion algebra. By Lemma
7, p is either irreducible or isomorphic to a sum of a two dimensional and a one
dimensional irreducible representation. We will now consider these two cases sepa-
rately.

Firstly, assume that p is irreducible. By Lemma 7, p is isomorphic to the tensor
product of a one dimensional representation and one of the three dimensional ir-
reducible level p* representations. There are exactly 33 inequivalent irreducible
3 dimensional level p* representations. Their explicit form is given in Appendix
A. We are interested in the classification up to tensor products with one dimen-
sional modular fusion algebras. Therefore, we can restrict our investigation to a
set of irreducible representations which are not related via tensor products with
one dimensional representations. This means that we have to consider one repre-
sentation of level 3 and 2%, two representations of level 5 and 7 and, finally, four
representations of level 2% (see Appendix A).

For these representations the eigenvalues of the image of T are nondegenerate so
that we can proceed now as in the proof of the Main theorem 1.

Using Verlinde’s formula for the representation Ni(1,x1) (p = 3) we obtain
|N{ | = 3 for all possible choices of the distinguished basis. In the same way one
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|N12,1| =

) IV, =

|N11,1| =

W. EHOLZER

2;p =5) that

1
W

for p(T) = diag(1, e2™%, 2™ ¥

or p(T) = diag(1,2™% | 275

)
)
7'5 for p(T) = diag(e2™¥ 1 2™ ¥)
)

—\}—5 for p(T) = dia,g(c?“"jsl, 1’62m'% _

Here the different cases correspond to the different possible choices of the distin-
guished basis. We conclude that p cannot be isomorphic to a tensor product of a

one dimensional representation and Ny (

Lx1) (p=3)or Ri(r,x1) (r =1,2;p=5).

Table 10: Three dimensional strong-modular fusion algebras

F p(S) 7 log(p(T')) mod Z
P, -®, =&,
1 1 1
BBy =a L {1 e?mis 2k diag(L, 5, &
1 0 V3 L 2t ik (7 13> 72)
Py - @y = Py
(Zs)
e o diag($, },
B, B, =, + D, % —8] —83 —s9 { ; g ;
3 —s8y Sy diag(3, 7, 7
, (0T ding(3.4,2)
Q) Q=9+ P2 \—;—_‘-, —81 —83 —83 { 7 '37 ;
82 —83 5 chag( 17 ?)
, [ ding(2,1, 1)
@2-‘132:@04—‘1)]-{-@2 -é? S92 — 383 81 { ] ;;;
83 53 —382 dmg TITT
(7(2,7)) 85 = sin(-’l.l,l)
®,- P, =P
8—n 16—n n
1 1 V2 diag( 5", S50 §)
‘1)1-(13'2:(1’2 % 1 1 _\/‘E dlﬂg 16—m 1—6 %)
V2 V20 n=0,..., 7
@2 P2 =P + &y

("3:4)")

An analogous calculation shows that for the representations of type Ri{r,x-1)
one has |N" | € N for all 3 possible choices of the distinguished basis. For the

remaining representations one also has |N¥ ;I € N for the two possible choices of
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the distinguished basis (here the matrix p(S) contains a zero so that there are only
two possible choices of the distinguished basis).

Hence, p is isomorphic to a tensor product of a one dimensional representa-
tion with one of these 7 representations. Using that for a modular fusion algebra
p(5%); ; equals NE ; one can determine the possible one dimensional representations.
The corresponding strong-modular fusion algebras are contained in Table 10 in the
second and third row.

Secondly, assume that p decomposes into a direct sum of two irreducible represen-
tations p = p1 @ pp with dim(p;} = j. Then ps is isomorphic to the tensor product
of a one dimensional representation with one of the two dimensional irreducible
level p* representations contained in Table A1l.

Using Lemma 1 we conclude that p(T') has degenerate eigenvalues so that pa(T)
must have an eigenvalue of the form 2™ 7z, Hence, p; cannot be isomorphic to the
tensor product of a one dimensional representation and one of the two dimensional
irreducible level 5 and 2° representations in Table Al. Using once more that p(T)
has degenerate eigenvalues we obtain that p is isomorphic to the tensor product
of a one dimensional representation with either Ny(x,)® C; (j = 1,2;p = 2) or
Ni(x)® B; (j =2,3;p = 3). In order find out whether these four representations
are admissible we have to look for distinguished bases.

Let us first consider the case p 2 C ® (N(x) ® B;) (j = 2,3;p = 3) where C
is a one dimensional representation. Here p(S$?) has two different eigenvalues since
Ni(x) is odd and the representations B; are even. Since the vacuum is selfconjugate,
i.e. p(S%)oo = 1 the representation C has to be odd. Without loss of generality we
choose C = Cy4 for j = 2 and C = Cj for j = 3. Furthermore, the fact that p(S%)
has two different eigenvalues implies that we must have

p(5*) =

o o
= o o
S = O

Using these two conditions it follows that in a basis in which p(§?%) has this form
and p(T') is diagonal we must have

1 (€ € €
Y il

p(S)=—= 1€ ™5 e2ma || € =1
\/g € 6211':'% 6211'1'%

and
oy | T o
dialg(efhriﬁ;, 6211':'%, G‘Zm'-}—%)

up to conjugation with a unitary diagonal matrix (the two possibilities for p(T)
correspond to the two possible choices of the distinguished basis).

Applying now Verlinde’s formula leads to a modular fusion algebra iff € = 1 for
both choices of the distinguished basis. The corresponding fusion algebra, p(S) and
p(T) are listed in the first row of Table 10.



20 W. EHOLZER.

Finally, consider the case p = CQ(N:(x1)®C;) ( = 1,2). Since N1(x1) (p = 2)
and C; (j = 1,2) are even p has to be even, too. Therefore, C is even and w.l.o.g.
we choose C' = (] for j = 1 and C = C; for j = 2. Since p is even one must have
p(S?) = 1 and, therefore, p(S) is real (c.f. the second remark in §2). Plugging this
in we find (up to permutation of the basis elements) that

1 —\/§(L \/gb _
~V3a 2 - 3a? 3ab X p(T) = (—1) diag(1,-1,-1)
V'3b 3ub 3a® —1

p(S) =

LI

where a,b € R and «* + 4* = 1. Using Verlinde’s formula we obtain as conditions
for p to be admissible

%i_az__z) €N for p(T) = (=1)7 diag(1, -1, -1)
(

a’— Co
\/5&(31(12"2)’ \/.’??1(3(12]—2) €N for P(T) = _l)J dla‘g(_lu -1, 1)

The first case implies that a* = § or «* = 2 and the second one a? = 1, respectively.
Inserting these values of « in the explicit form of p(S) above we indeed obtain
modular fusion algebras if we choose the signs of @ and b correctly. The resulting
modular fusion algebras are contained in the third row of Table 10. As fusion
algebras they are of type 7(3,4)”, also called Ising fusion algebra.

This completes the proof of the Main theorem 2. O

Main theorem 3. Let (F, p) be a four dimensional strong-modular fusion algebra.
Then (F, p) is either isomorphic to the tensor product of 2 two dimensional strong-
modular fusion algebras or isomorphic to the tensor product of a one dimensional
modular fusion algebra with one of the modular fusion algebras in Table 11.

Proof. Let (F, p) be a strong-modular fusion algebra. Then, by Lemuma 4, we have
the following possibilities for p:

(1) p is irreducible,

(2) p = p1 @ p2 with dim(p,) = 3, dim(ps) =1,

(3) p = p1 & pe with dim(p;) = dim(ps) = 2,

(4) p = p1 @ p2 @ ps with dim(p;} = 2, dim(py) = dim(p;) =1

where p; (1 = 1,2,3) are irreducible representations.
P H ) 1

(1) p is irreducible
Assume that p is irreducible. Then p is either 1somorphic to the tensor product of
2 two dimensional representations of coprime levels or it is isomorphic to the tensor
product of a one dimensional representation with a four dimensional irreducible level
p” representation. In the first case we obviously have that p is only admissible iff
both two dimensional representations are admissible (look at Table A1). In this case
the corresponding modular fusion algebra is a tensor product of two fusion algebras
contained in Table 9. Let us now consider the other case, namely that p = C ® p,
where C is a one dimensional representation and p; is a four dimensional irreducible

level p* representation. In this case p; is given by one of the 9 representations in
Table A3. Note that for all of these representations the eigenvalues of the image of
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T are nondegenerate so that we can use the argumentation used in the proof of the
Main theorem 1. '

Table 11: Four dimensional stmple strong-modular fusion algebras

F p(S) 77 log(p(T)) mod Z
) 1 1 1 1
1 =0y, By Py =9y, PO I R R { diag( %, 1,8, 1)
‘1’2=¢0, (I)l "1’3:‘1’0, 2 1 -1 -1 -1 dlag(%,%,%,%)
1 - -1 2
2 1o 1 ! <5 3 1 3
®; = bg, By Py =Py, |1 -t -1 { diag(z, 5,5 1)
(Z4) 21 -1 -1 -l diag(g, 5+ 5. 5)
1 @+ -1 —2
32 =Dy, ;- =y, 1 -1 -1 -1 _ 1
‘I’Z = (I’(), ‘1’1 . @3 = (I)g, 1 -1 1 -1 =1 . { (116‘5(010’07 E)
P =dp, B -B3=29, -1 -1 1 -1 diag(%,0,0,0)
-1 -1 -1 1
(Z2®Zy)
2 S Sy T : 19 1 31
(I)l =&y + &y 2 S1 S9 83 Sa { dlag(ﬁa ﬁvl_gaﬁ)
Py Py =Py + Py Sl oss s —83 diag(£2, 2 4 2
—389 84 —353 31
S 53 54 .31 7 1 19
‘I)I.CI)3 :‘I’2+‘I’3 2 89 —84 83 —sl { dla.g(ﬁ,g,ﬁ,ﬁ)
(I)g = q)0 -+ q)Z + (I’B ’ *3 53 0 —93 dlag(%a %? i_l 71;%)
4 —81 —S83 $2
f2 T8 S T coof19 31 17
Py O3 =@ + P2 + 3 g =84 st s3 —s2 { diag( 36+ 55> 127 35)
‘Dg =0+ Py + Dy + Py 3 83 S3 0 —33 dlag(é—T,%,:—},%
-8 —87 —&; —s4b
(7(2,9)) s; = sin(F)

For the representation Ny(x) (x* # 1;p = 5) we find by Verlinde’s formula
INY | = V3, for p(T) = diag(e?™5, 62ri%,62ﬂ£%,62ﬁi%) (n=1,...,4)

where again the different possibilities for p(T") correspond to the different possible
distinguished basis. This shows that p, cannot be isomorphic to this representation.

Since the representation N (x) (x* = 1;p = 5) is isomorphic to the tensor prod-
uct of the two different level 5 representations in Table Al it is clear that this
representation is admissible. Since the image of 7' under this representation has
nondegenerate eigenvalues the corresponding modular fusion algebras are isomor-
phic to the tensor product of 2 two dimenstonal modular fusion algebras (as fusion
algebras they are of type 7(2,5)").
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Consider now the representations Ry(r,x1) (r = 1,2;p = 7). Here Verlinde’s
formula implies that

IN{ | = for p(T) = diag(e?™*%,1,-,:) (n=1,...6)

1
V2
and - 4 .
diag(1, e2™F 277 e2m4)  or

diag(1, e2™ 7, ¢2™F (2TiF),

Nal= o5 for p(T>={

As above this removes these representations from the list of candidates leading to
modular fusion algebras.
For the representation Na(x) (x* £ 1;p = 2°) one has

4 2m 2n
]Nl],1| = \/; for p(T)= dia.g(ez"'z_éu,ezm%i, ) (m=1,...,4)

so that this representation is also excluded.
Consider now the representations Ri(r,1,x) (r = 1,2;x* # 1;p = 3?). Here one
has

|Ny (= % for p(T)= dia,g(eg’”'#, ™5 L) (n=1,2,3).
The basis element in the representation space corresponding to the p(T') eigenvalue
of order three cannot correspond to ®y since in the corresponding row of p(S)
contains a zero.

Finally, the only remaining four dimensional irreducible level p* representa-
tions that might lead to modular fusion algebras are those of type Ri(r,1,x)
(r = 1,2;%® = 1;p* = 3%). Indeed, these representations lead to modular fu-
sion algebras. To be more precise one has to consider the tensor product of an odd
one dimensional representation with them because the Ry(r,1,x) (x* = 1) are odd
themselves. The corresponding fusion algebras are of type ”(2,9)” and the explicit
form is given in Table 11. The different modular fusion algebras result from the two
different representations and the fact that the distinguished basts can be chosen in
different ways.

p = p1 @ pp with dim(p,) = 3, dim{p) =1
Assume that p is isomorphic to the direct sum of a one dimensional and an irre-
ducible three dimensional representation. Then one has p = C @ (py @ D) where C
and D are one dimensional representations and p; is one of the three dimensional
irreducible level p* representations in Table A2. By Lemma 1 we know that p(T)
has degenerate eigenvalues. Therefore; p; is of type Ni(x1) (p = 3), Ry(r,x1)
(r =1,2;p=05), Do(x)+ (p* =22) or RY(1,3)x (p* = 2%).

Consider first the representation N1(y;) (p = 3). In this case we can have
D = B; (3 =1,2,3). Since Bj and N (x,) are even we can choose without loss of
generality C = C;. Using Verlinde’s formula we find that

Nl — for T) = diag e27ri'f-'§-l-’621ri-"—'§3,621ri%’ cz«:‘{;
1,1 P 2]

2] —
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giving a contradiction for these choices of the distinguished basis. For p(T) =

dia,g(e“"%, 2™ % 62"""%_1, 62”“%'2) the line of reasoning is a little bit more involved.
Here N? . = p(S?);; = 6; ; implies that p(S) is given by
ij o} ) g
4 -1 dab 2¢  2a
1 4ab 3—40% —-2b -2
P=31 2 -2 -1 2
2a —2b 2 -1

up to conjugation with an orthogonal diagonal matrix, with a,b € R and ®+5% = 1.
With the explicit form of p(.S) we find as conditions for p to be admissible

1 202 — 1

R NE =T g,
a4 €L M= gmTaa €

| —
Niy =

However, the only solutions that satisfy these two conditions are those ¢ which
1

equal 7~ for an integer m and satisfy m?® = 0 mod 3m? — 1. It follows that m =
0 mod 3m?—1 which gives a contradiction . Therefore, the representations Ny (x1)®
B; (p = 3) do not lead to modular fusion algebras.

Next we consider the representations Ri(r,x1) (r = 1,2;p = 5). In this case
the one dimensional representation D has to be the trivial one. Since these two
representations are even we can choose without loss of generality C = Cy, too.
Using that N} ; = 6i,; we find that the matrix which describes the basis in the two
dimensional eigenspace corresponding to the eigenvalue 1 of p(T') is orthogonal.
Furthermore, by looking at suitable N,-": ; we find that there are only two possibilities
for this matrix. In the corresponding basis we indeed find modular fusion algebra
given by the tensor product of two modular fusion algebras of type ”(2,5)”. That p
is admissible can also be interfered from the equality Ri(r,x1)® C = Ri(r,x-1)®
Ry(r,x—1) (r=1,2;p =5).

Finally, we have to consider Da(x)+ (p* = 2%) and R3(1,3,x)+ (p* = 2%).
The corresponding possibilities for p are C3 @ Da(x)+ # C; (j = 1,3,4), C4 @
R3(1,3,X)+ ® C; or C3 @ R3(1,3,x)- & Cy4. For the case p = C3 @ Da(x)+ © C1
we obtain a modular fusion algebra given by the tensor product of two Z, fusion
algebras. This can also be seen by looking at the identity

C3 @ Da(X)+ ® C1 = Da(x)+ @ Dax)+-

For C4®R3(1,3,x)+®C3 or C3@ RY(1,3, x)— ®C4 we obtain Z, type fusion algebras
(see Table 11). The other two representations (C3 @ D2(x)+ @ C; (j = 3,4)) are
not admissible as one can easily check by applying Verlinde’s formula.

p = p1 @ pr with dim(py) = dim(ps) = 2

Assume that p decomposes into a direct sum of 2 two dimensional irreducible rep-
resentations. In this case we have p = C ® (p1 ® D @ p2) where C and D are one
dimensional representations and py, p; are some level p* representations contained
in Table Al. Since p is reducible we know that p(T) has degencrate eigenvalues.
This together with the parity of the representations in Table Al implies that p
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equals (up to a tensor product with an even one dimensional representation) one
of the following representations: :

Ni(x1) ® Ni(x1)
Cs®@(Ni(¥)®B;@Ni(x) (1=1,2)

Ci @ (Ri(r,x=1)® Ra(r,x—1)) (r=1,2)
Cs @ (Na(x)+ ® Na(x)+)-

In all cases we have that p(S) is conjugate to a matrix of block diagonal form.
More precisely, this matrix consists of two identical two by two matrices. A simple
calculation shows now that conjugation of p(§) with a matrix which leaves p(T')
diagonal leads to a matrix which has at least one zero element in every row. This
1s a contradiction since we have assumed that p is admissible and one can apply
Verlinde’s formula.

P p1 @ p2 @ ps with dim{p;) = 2, dim(p2) = dim(p;y) =1

Assume that p decomposes into a direct sum of an irreducible two dimensional and
2 one dimensional representations. Then, again by Lemma 1, p(T") has degenerate
eigenvalues and a simple parity argument shows that the only possibilities for p are
(up to a tensor product with an even one dimensional representation):

Ni(x)eCi o Cy or Nix1)eC & C,

where N1(x1) is the level 2 representation in Table A1l. We have to consider these
two cases separately.

Firstly, let p be conjugate to Ni(x1) @ C1 @ C1. Then the requirements that
p(S) has to be symmetric and real and that p(T') has to be diagonal imply that (up
to permutation of the basis elements and conjugation with an orthogonal diagonal

matrix):
-1 V3a V3b V3¢
Sy = 1 VBa 3a?-2  3ab 3ac
M==31 B  3ab -2 3k
V3¢  3ac 3bc  3c? -2

where a,b,c € R with «® + b* + ¢? = 1 and p(T) = diag(—1,1,1,1).
Fixing the distinguished basis such that ®¢ corresponds to the eigenvector of
p(T) with eigenvalue —1 we obtain

2 — 3¢2)(1 — 30 2 — 3b2)(1 — 3b2
N, = (22301236 o IN0-8)

V3a V3b
N’fl = \/5(3a2 - 1)b, 1\113] — \/?_’(3”‘2 _ l)c

1\7212 = \/5(3b2 - 1)0'3 f\rgg = \/5(31)2 — 1)6

(2 - 3c)(1 — 3c?)

Vi3c

This implies that a? = b* = ¢* = 1. The resulting structure constants indeed define
a fusion algebra, namely the tensor product of two fusion algebras of type Z;. As a
modular fusion algebra this fusion algebra is simple, i.e. it is not a tensor product
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of two nontrivial modular fusion algebras. The resulting modular fusion algebra is
contained in Table 11.

For the other choice of the distinguished basis where ¢ corresponds to an eigen-
vector p(T') with eigenvalue 1 we find

3a® —1)b (3a® — 1)c

N = (__ NZ oA /7

a3 a{3a? = 2)’ e a(3a? — 2)’
3a® — 1 1 — 3b*

\/—(1(351 -2y Ny = V3a(3a? — 2)

where the basis was chosen such that p(T) = diag(1,1,1,-1). Let now n :=
(NJ5)? 4 (N2)? and m = (N3,)2. Tt is now easy to verify that n and m satisfy the
equation

m3 + (1- 5‘:?.)1712 + (4?12 + Tn)ym + 4n? — 3n® = 0.

By Lemma 10 in §5.2 below the only nonnegative integer solution of this equation
is given by n = m = 0. Therefore, we find as the only possible solution a? = »? =
c? = é The resulting structure constants define a fusion algebra isomorphic to
the tensor product of two Z, fusion algebras. However, analogous to the case of
the other distinguished basis discussed above thls modulal fusion algebra is simple
and contained in Table 11.

Secondly, assume that p is conjugate to Ny(x1) ® C1 @ C,. Requiring that p(5)
is a symimetric real matrix and that p(7') is diagonal implies (up to a permutation

of the basis elements and conjugation with an orthogonal diagonal matrix)

3 -1 —3ab —V3ac V3ad

(S) l —3ab 3a -1 —\3bc V3bd
PAR) =5 —3ac —=V3be 3¢t -2 —3cd
V3ad  /3bd  —3cd 3d: -2

where a,b,¢,d € R and a? +0* = 1,c¢*+d* = 1 and p(T) = diag(1,1,—1,—1). Using
Verlinde’s formula we obtain for the choice of the distinguished bams in which @,
corresponds to the eigenvector of p(T) with eigenvalue 1

2 (3a —1)*(6a — 5)* 2 \2 c? 2 d?
Ny P = (N S —
(V1) = 9a2(1 a?)(3a — 2)?’ (V1) 3a2(3a? — 2)’ (V3" = 3a%(3a2 —2)

For the other choice of the distinguishcd basis ($y corresponding to eigenvalue —1)
one finds the same expressions with ¢ and ¢ exchanged.

Let n := (N})? + (N3))? and let m := (N}|)%. It is easy to verify that the
following equation for n and m holds true

(1—3n)m® + (12 — 37n + 31n%)m? + (48 — 152n + 1550 — 53n°)m
+ 64 — 208n + 249n? — 130n° + 250 = 0.
By Lemma 10 in §5.2 below the only nonnegative integer solution of this equation
is given by m = 0,n = 1. This is a contradiction to the explicit form of n and m in

terms of a above. Hence the representation N(x;) @ C| & C> is not admissible.
This proves the Main theorem 3. O
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5.2 Proof of a Lemma on diophantic equations.

Lemma 10°. Let n be a nonnegative integer, m a square of an integer and n, m
solutions of

(1) m* +(1 =5n)m? + (dn+Tn*)m +4n* —=3n® =0 or
(2) (1 —3n)m® + (12 - 37n + 31n?)m?+ (48 — 152n + 15512 — 53n3)m +64 —
208n + 249n? — 130n° + 25n* =0
Then eithern =m =0 for (1) or m = 0,n = 1 for (2).

Proof. Firstly, consider the equation (1). It can be written in the form
(8n —m)(m —n)? = (m -+ 2n)°

If n = m then m = n = 0. Otherwise, set ¢t = 2+2% implying

7n*(t+2ﬁ2 n_(t—lﬁ?
o 2%-5" O 2A-5

If m and n are integral then also ¢t has to be-integral (any prime factor of the
denominator of ¢ would divide the denominator of m and n). Then N = 2¢{ -5
divides (2 —1)t? = (N +5)%(V +3) so that N divides 3-5%. None of the resulting
12 possibilities leads to a nonnegative integer solution of n, m where m # n and m
1s a square. '

Secondly, consider the equation (2). Set & = m —n -4, then (2) is equivalent to

k3 4 2k%n — 3530 + 12502 — 92kn? + 22k — 11n° = 0.
If £ =0 then n =0 and »n = —4 is not a square. Otherwise, (2) is equivalent to
(=3t 4+ 22287 + (142t — 922 — 11tk + 125t =0, k#0

where t = %. This equation has discriminant (1 4 18¢ +¢2)(1 ~ 7¢ + 11¢2)? and this
must be a square. Setting E = (1 —1t— (1418t +12)/2)/(10t) € Q (with coprime
p,q and ¢ > 0) we get

_ 4ptq)
p(5p + ¢)
Hence, using the quadratic equation in & we finally have
o p+a—g) e @
P*(2¢ —p)?*(p+q) p*(2¢ - p)

. The parametrization of n implies that p = £1 and, furthermore, that ¢* = 0 mod
(2¢ — p). Therefore, we have p*> = 0 mod (2¢ — p) so that 2¢ — p = £1. From the
resulting four possiblities only p = ¢ = 1 satisfies the desired properties and leads
tom=0,n=1 0O

Remark. Note that the proof of Lemma 10 relies essentially on the fact that the
curves defined by the two above equations are rational.

51 would like to thank D. Zagier for discussion on this lemma [18]
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5.3 Classification of the nondegenerate strong-modular fusion algebras
with dimension less than 24.

In this section we classify all strong modular fusion algebras (F, p) of dimension
less than 24 for which p(T) has nondegenerate eigenvalues. The main tool used
in the proof is the classification of the irreducible representations of the groups

SL(2,Z,») described in section 4.

Main theorem 4. Let (F,p) be a simple nondegenerate strong-mocdular fusion
algebra. Furthermore, assume that the dimension of F is less than 24. Then
p 1s isomorphic to the tensor product of an even one dimensional representation
of I' with one of the representations in Table 12. Moreover, F is isomorphic to
Qz]/ < P(z) > with distinguished basis p;j(z) ( =0,...,n—1). Here P and p,
are the unique polynomials satisfying .

P(z) = det(N; — )
n—I|

po(e) =1,  p@)=g,  pi()=D_ (M) pr(z).

k=0

where the (N1);x := N{; are the fusion matrices given in Appendix B.

Table 12: Simple nondegenerate strong-modular fusion of dimension less than 24
(g is a prime satisfying ¢ < 47)

fusion dim P
Zq 2 Cy ® Na(x)x, (p* =2°)
”¢(3,4)” 3 Cs ® Da(x)+, (@ =2%)
1 ®R3(1,3,x)x, (0 =2°)
Ising 4@ RY(r,3, )z, (r=1,2;p* =2)
"(2,4)” %(q -1) C:j’i ® Ry(r, x-1), ((%) =+1;p* = ¢)
”(2,9)" 4 Cy ® By(r,1,x), (r=12x"=1p" =3
By 6 Na(x), (x* =1;p =37%)
By, 10 Ni(x), (P =1p'=11)
Gi7 16 Ni(x), (P =1p*=17)
Eqzs 22 Ni(x), (*=1p" =23)

Remark. For all fusion algebras in Table 12 apart from By there indeed exist RCFT's
where the associated fusion algebras are isomorphic to the ones in Table 12: The
fusion algebra in the first row occurs in the so-called Z; model, the ones in row
2, 3 and 4 in the corresponding Virasoro minimal models (see also the remark at
the end of the Main Theorem 1) and, finally, the ones in row 6, 7 and 8 occur
as fusion algebras of certain rational models, so-called minimal models of Casimir

Wh-algebras, namely for WB, and ¢ = —%, WG and ¢ = —%—3—0 and WE, and
¢ = —£3 [3]. The fusion algebras of type By seems to be related to WB; and

¢ = —24. However, in this case the model is not rational.
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Proof. Let (F,p) be a simple nondegenerate strong-modular fusion algebra of di-
mension less than 24. Lemma 1 implies that p 1s irreducible. Furthermore, since
(F,p) is strong-modular we have to consider all irreducible representations of
SL(2,Zn) of dimension less than 24. Since (F,p) is simple and nondegenerate
simple Lemma 7 shows that we can restrict our investigation to irreducible repre-
sentations of SL(2,Z,\). Once again, since (F, p) is nondegenerate we can follow
the line of reasoning in the proof of the Main theorem 1.

Therefore, we can directly apply Verlinde’s formula to any such matrix repre-
sentation p and look whether the resulting coefficients N!-k; ; have integer absolute
values for the different choices of the basis element corresponding to ®y. If the
resulting numbers fo ; do not have integer absolute values we can conclude that
there exists no nondegenerate strong-modular fusion algebra (F, p) where p is con-
jugate to the tensor product of a one dimensional representation of I' and p. We
have investigated this for all irreducible representations of SL{(2,Z,+) of dimension
less than 24 by constructing them explicitly®.

The proof of the theorem will consist of three separate cases: We consider rep-
resentations of SL(2,7Z,) and SL(2,Z,+) and SL(2,Z,.) separately.

Firstly, let p be isomorphic to a tensor product of a one dimensional representation
and an irreducible representation p of SL(2,Z,) (p # 2). Note that this case was
already discussed in [3].

For the representations of type Dy (x) the matrix p(7T') has degenerate eigenvalues
so that we can leave out this type of representation.

For the representations of type N() we find modular fusion algebras only for
p = 5,11,17 and 23 and x* = 1. For p = 5 the modular fusion algebra is not
simple but equals the tensor product of two modular fusion algebras where the
corresponding fusion algebras are of type ”(2,5)” (cf. also the proof of the Main
theorem 3). The modular fusion algebras corresponding to p = 11,17, 23 are con-
tained in the last three rows of Table 12. As was already mentioned in [3] these
four representations are probably the only admissible ones of type N;(y). However,
we do not have a proof of this statement but numerical checks show that there is
no other admissible representation of this type for p < 167 [3].

The representations of type Ri(r, x1) and Ny () do not lead to modular fusion
algebras [3].

For all p of type Ry(r,x-1) we obtain modular fusion algebras. Here p =
(C4)# ® Ri(r, x—1) is admissible for all odd primes p. The corresponding modular
fusion algebras are of type ”(2,p)”. They are contained in the third row of Table 12.

Secondly, let p be isomorphic to a tensor product of a one dimensional representa-
tion and a irreducible representation p of SL(2,Z \) (p # 2, A > 1).

For the representations of type Dy () the matrix p(T') has degenerate eigenvalues
excluding these representations from our investigation.

The only representations of type Na(x) which have dimension less than 24 are
those corresponding to (p = 3;A = 2,3) and (p = 5;A = 2). A calculation shows
that exactly one of these representations leads to a modular fusion algebra. This

®Here we have used the computer algebra system PARI-GP [20].
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is the representation with (p = 3; A = 2) and y* = 1. The corresponding strong-
modular fusion algebra is contained in Table 12.

Only those representations of type R{(r,t,x) and Rx(r,x+1)1 with (p = 3; A =
2,3) or (p = 5; A = 2) have dimension less than 24. The representations R3(r,1, x)
(p* = 3% x® = 1) lead to nondegenerate modular fusion algebras (cf. the proof of
the Main theorem 3). All other representations of the above two types do not lead
to nondegenerate modular fusion algebras.

Thirdly, consider the irreducible representations of SL(2,Z,:). All irreducible rep-
resentations of dimension less than or equal to 4 have been considered in the Main
theorems 1 to 3. The corresponding admissible representations with nondegenerate
eigenvalues of p(T') are contained in Table 12.

For A = 1,2 all irreducible representations have dimension less then or equal
to 3.

For A = 3 we have to consider the representations of type R3(1,3,v;), and
D3(x)+. The former representation does not lead to a modular fusion algebra but
the representations D3(x)+ lead to modular fusion algebras of type Z, ® ”(3,4)”.
The corresponding modular fusion algebras are composite and therefore not con-
tained in Table 12.

For A = 4 only the irreducible representations of type RI(r,t, x)+, Ri(r, 3,1 )1
and R2(r,t,x) lead to modular fusion algebras. The first one leads to a fusion
algebra of type "(3,4)” (see Main theorem 2). The other two representations lead
to composite modular fusion algebras. These fusion algebras are of type Z,®"(3,4)”
and are not contained in Table 12.

For A = 5,6 there are no irreducible representation of dimension less than 24
leading to modular fusion algebras (some of them correspond to “fermionic fu-
sion algebras” of N = 1-Super-Virasoro minimal models which we do not discuss
here). O

6. CONCLUSIONS

In this paper we have classified all strong-modular fusion algebras of dimension
less than or equal to four and all nondegenerate strong-modular fusion algebras of
dimension less than 24. In order to obtain our results we have used the classification
of the irreducible representations of the groups SL(2,Z,.). Not all modular fusion
algebras in our classification show up in known RCFTs. However, all corresponding
fusion algebras are realized in known RCFTs apart from the fusion algebra of type
By. This fusion algebra can formally be related to the Casimir W-algebra WB, at
¢ = —24 and seems to be an analogue of the fusion algebra formally associated to
the Virasoro algebra with central charge ¢ = ¢(3,9).

The fact that we do not know examples of RCFTs for all of the modular fusion
algebras in our classification can be understood as follows. The classification of the
strong-modular fusion algebras implies restrictions on the central charge and the
conformal dimensions of possibly underlying RCFTs. In Table 13 we have collected
the possible values of ¢ and the h; for the simple strong-modular fusion algebras of
dimension less than or equal to four. Note, however, that these restrictions are not
as strong as the ones in [19] for the two dimensional case or in [2] for the two and
three dimensional case. A natural way to obtain stronger restrictions than the ones
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presented in Table 13 is to look whether there exist vector valued modular functions
transforming under the corresponding representation of the modular group which
have the correct pole order at 0o. This can be done using the methods developed in
[8] and indeed leads to much stronger restrictions on ¢ and the h; as we will discuss
elsewhere. Of course, we expect that for any RCFT the corresponding characters
are modular functions so that these stronger restrictions have to be valid explaining
that our classification contains modular fusion algebras for which we do not know
of any realization in RCFTs.

Table 13: Central charges and conformal dimensions
of simple strong-modular fusion algebras

F ¢ (mod4) h; (modZ)
Z 1 0,1
3 0,3%
Z; 2 0,3,30r0,% 2
Z, ! 0555 0T 0o
3 0,6 550r 0,595
ZQ@ZQ 0 0,0,0,%01‘0,;—,%,%
"(2,5)" 0.8
0.}
X — 0.3.5
i 0,3,3
: 0,3,3
y 0.2
: 02,2
B 0,1,
2,9 e 013E
n=147
{0} z 05
n=20,...,15

From our considerations it is clear that a complete classification of all simple non-
degenerate strong-modular fusion algebras is a purely number theoretical problem
which can probably he solved. However, we do not expect any new “exceptional”
fusion algebras (of course there exist those of type ”(2,¢)” with prime ¢ greater

than 47).
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Unfortunately, the methods used in this paper seem to be not sufficient for
obtaining a complete classification of strong-modular fusion algebras. For those
strong-modular fusion algebras which are not nondegenerate the corresponding rep-
resentations of the modular group are in general reducible and therefore there is
a lot freedom for possible choices of the distinguished basis in the representation
space. In the main theorems we have shown how one can deal with this freedom
in the case of two, three and four dimensional fusion algebras. However, we do not
know a general method to overcome this problem for arbitrary dimensions so that
new methods have to be developed.

Finally, we would like stress that the main assumption for obtaining our classi-
fications, namely that fusion algebras are induced by representations of SL(2,Z ),
1s valid for all known examples of rational conformal field theories. Nevertheless,
the question whether all fusion algebras associated to RCFTs are strong-modular
18 not yet answered.
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7. APPENDIX A: THE IRREDUCIBLE LEVEL p’\ REPRESENTATIONS
OF DIMENSION LESS THAN OR EQUAL TO FOUR

Using the results in §4 one obtains as a complete list of two dimensional irre-
ducible level p* representations

p = 21, Nl(,\’l)

p =3, Ni(x1) ® B;

pr=5,  Ri(l,x-1), Bi(2,x-1)
A =22 Ni(x1) ®Cs

pA 31 Ny ( )+ ® C'

where : = 1,2,3; y=1,...,4.

&~
I
]

The explicit form of the representations which are not related by tensor products
with B; or C; is given in Table Al.

Table Al: Two dimensional irreducible level p* representations

level type of rep. p(S) 5= log(p(T))
2 Ni(x1) L (_‘\}5 ‘I@) diag(0, 1)
3 Ni(x) - (\}5 ‘_/?) diag(3, %)
5 Ri(l,x-1) v (;Zl(nzé%)) Ssi;:f(zg) ) diag(t, §)
mee) | H(Tod) ) | aebd
2 | Mo (0 7 ding(3,3)

Similarly, one obtains as a complete list of three dimensional irreducible level p*
representations

* =3, Ni(x1)
A=5" Ri(1,x1), Ri(2,x1)
P =T, Ri(l,x-1), Ri(2,x-1)
=22 Di(x)+ ©C;
p* =2, Ry(1,3,x)+ ®Cj, R3(1,3,x)- @C;
A=2, RI(LLx)+®Ch RY(1L1,x)-©C,
R{(3,1,X)+ ® Cj, RY(3,1,0)-®C,

P
where 3 =1,...,4.

QW]

il

I
)

The explicit form of the representations which are not related by tensor products
with C; is given in Table A2,
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Table A2: Three dimensional irreducible level p* representations

level type of rep. p(S) 7= log(p(T))
-1 2 2
3 Ni(1,x1) % 2 -1 2 diag(%,%,O)
2 2 -1
I i I
: Vi V2
° (1 x1) vl B diag(0, 1, 4)
% 52 —381
~1  _ _ 1
2 VB VR
Ri(2,x1) 723 7 % 81 diag(O,%,%)
—ﬁ 51 —89
szcos(jgi)
3] S92 83
7 Ri(lax—l) 72; S92 —83 S dlag(%?%’%)
$3 $1 —382
Ri(2:x-1) -7 - diag(3, 7, 7)
s; = sin(£")
70 2
92 Dy(x)+ sl v2 -1 1 diag(L,1,0)
V2 o1 -1
[0 V2 V2
2’ RY(1,3, )+ ilve 1 =1 diag(L, 2, 1)
- V2 -1 1
By | (D (c-"--) | diehdd
NN
20| Ri(L,1,x)+ : \/\/g Lo diag(?, &, &)
Ri(1.1,0)- - - ding(3. 5, )
0 VE e
R{(3,1,X)+ AR Z diag(Z, &, 1)
V2 1 -1
R3(3,1,x)- -7 —— dlag(%, 1—5, %)
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Table A3: Four dimensional irreducible level p* representations
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level type of rep. p(S) 7= log(p(T))
\}7__ V35, \}?_+ V354
382 =74 334 n— 3 4 2 1
1 2: 2 4 21
9 Ni(x), x* # 5 ne  V3ss - —V3sg diag(z,5,%,3)
\/534 - —\/582 1+
sj=sin(L), ne = sy 54
& =& & =&
.48 = 2 [ =& & & & 34 2 1
M(x), x* =1 B A diag(s, 5. 515)
53 &L L =&
rj = cos(§), by =11 —7r4— 3,
52 =3ry + 2ry, Eg = 2rq 4+ 3ry
- -1 -1 -1
. -1 El 62 63 1 4 2
7 Ri(1,x 2y ' diag(0, =, =, 2
l( 1\1) 7 -1 62 53 61 g( YT ()
-1 & & &
Ri(2x1) = (=="=~) diag(0, 2,3, %)
8; = %sm(j.rl),
€1 =289 — 54, {2 =254 + s¢
§2 = 254 + 85, £3 = —285 — 89
1 1 V3 —s1V/3i
; 1 -1 V3 —s51V3i .
23 T (v) 3 : 1 3 5 L7
- Na(x), x* #1 VB —\/ﬁi V3i 1 81 dlag(sae Bug)
s9V/3i  89V/3i So -1
85 = e2rri{;
—&8g —84 —&9 —8g
_ i —S4 S22 —388 S . 7
32 Ré(l: 1”\’)’ ’\’3 =1 2? —S83 33 84 8¢ dlag(%, %9 9 %)
—S%6 56 56
Ry(2,1,x), x* = -1 (==7"=-) diag($, 5,5, 3)
351 S5 87 56
S5 —87 —&8] S¢ 7
Ra1.1.20, X" #1 % St —$1 85 —S8p dlag(% % 51%)
S S¢ — 86
Ry(2,1,x), x* #1 —=7 == chag(% % % %)
;5 = sin(7%)
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Similarly, one obtains as a complete list of four dimensional irreducible level p*
representations

pPr=5 Ny (X £1), M) (P =1),
=7,  Ril,x1), Ba(2,x1)
pr =28 Ni(x), Ci ® N3(x)
p*=3%  B;®RI(1,1,x),B: ® R}(2,1,x)

where i = 1,2,3 and for p* = 3% the character y is a primitive character of order 3
or 6 (so there are 12 four dimensional irreducible level 3? representations).

The explicit form of the representations which are not related by tensor products
with C; or B; is given in Table A3.

8. APPENDIX B: FUSION MATRICES AND GRAPHS OF THE NONDEGENERATE
STRONG-MODULAR FUSION ALGEBRAS OF DIMENSION LESS THAN 24

The fusion matrices | which define the distinguished basis of the simple non-
degenerate strong-modular fusion algebras of dimension less than 24 are given by:

ZQZ J\[] = (? é)

0 0 1
"3,4)": AM=[0 0 1
11 0
0 1 )
N AN 1 -
(Z)q):-’\flz R Fg_zl
“ 0 1
1 1/
01 0
1 01 1 \
i 01 0 0 1
By : N = 10110
1 11 1
\ 01 1/
01 0 0 \
10100
010010
01 00101
001 1010 1
B M = 001000 1
1 000100
101110
101 1 1
\ 0011/
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and for G;7 we have

0100 0O0CO0O0OTPO
110 11 0 0 0 0 0
0 0 0O0OO1O0O0OO0ODT1TO0
01001 00O0O0O0T10O0
01011006 O0O0O0T1T1°0
001 00 0 O0CO0OTO0OT1TUO0UO0TUO0I1
0O 00000 O0O0O11O0U0O0TUO0I1
N = 000000 OO0OOTOTI1TUO0UO0OTI1TQO0T1
'Y"looo0o000101000T10T10
01001 1001000110
011 00100110001
0 1 000O0OO0GCTI1TT110 01
0 0001 0011011
1 01 01 O0O0O0T111
1 01 1001111
\ 10011111 1/
and finally for E;3 the matrix A is given by
0100000600000000
/1011001000000000 \

¢gl1ooc1000010000000
010100000100000100
0010001100000000001
00000000010100100000
010010000100010100000
6000100002 000C110000001
0000000010001 010000010
0011011100000001001100
0000000000011 020010001
0000010000100001000110

0000000010101060011060120
0000001100000000101101
0000010110100000101110
001001001010001001101
00000000001110110011
0000000101000110111
100001000111001011
00001010111010111

\ 0010011010111111)
1001001011 11111

The fusion graphs corresponding to the fusion matrices A7 can be found on the
next page.
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B = vacuum ("0"), . = first field ("1"), @ = all other fields "j", j=2,...,n-1)

Z, —Q
3.4y :

B
9
[ |
B
I
G
17 =

We have omitted the fusion graph of the fusion algebra of type Eq3 since it is
not possible to draw it without intersections in a plane.
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