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On l-adic iterated integrals V, linear
independence, properties of 1-adic
polylogarithmes, l-adic sheaves

Zdzislaw Wojtkowiak

Abstract In series of papers we have introduced and studied /-adic polylogarithms
and /-adic iterated integrals which are analogues of the classical complex polyloga-
rithms and iterated integrals in /-adic Galois realizations. In this note we shall show
that in the generic case /-adic iterated integrals are linearly independent ver Q;. In
particular they are non trivial. This result can be view as analoguous of the state-

ment that classical iterated integrals from 0 to z of sequences of one forms % and

Z
Z‘izl are linearly independent over Q. We also study ramification properties of /-adic
polylogarithms and the minimal quotient subgroup of Gg on which [/-adic polylog-
arithms are defined. In the final sections of the paper we study /-adic sheaves and
their relations with /-adic polylogarithms. We show that if an /-adic sheaf has the
same monodromy representation as the classical complex polylogarithms then the

action of Gy in stalks is given by /-adic polylogarithms.

Key words: Galois group, polylogarithms, fundamental group

1 Introduction

In this paper we study properties of /-adic iterated integrals and /-adic polyloga-
rithms introduced in [W1] and [W2]. We describe briefly main results of the paper,
though in the introduction we do not present them in full generality.

Let K be a number field, let z € K\ {0,1} or let z be a tangential point of P} \

{0,1,00} defined over K and let  be an [-adic path from 01 to z on P}( \ {0,1,e0}.
For any o € Gk we set
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2 Zdzislaw Wojtkowiak
fY(G) = ’}/71 ( ) € 71'1 ( \{0 ‘x’};(ﬁ)profb
Then we define /-adic iterated integrals from 01 to . They are functions

Ip(z) : Gk — O

(they are coefficients of fy( )) and indices are taking values in a Hall base % of
the free Lie algebra Lie(X,Y) on two generators X and Y. Let %, be the set of
elements of degree n in . Let H, C Gg(y,..) be a subgroup of Ggy,..) defined by

the condition that all /,,(z) and [,(10) vanish on H, for all b € |J;_,, %

Our first result concerns linear independence of /-adic iterated integrals.

Theorem 1. Ler z € K\ {0, 1}. Assume that z is not a root of any equation of the
form zP - (1 — )4 = 1, where p and q are integers such that p* +q* > 0. Then the
Sunctions Iy(z) : Hy — Qy for b € B, are linearly independent over Q.

Our second result concerns the minimal quotient of Gg, on which /-adic poly-
logarithms ,(z) are defined and ramification properties of /-adic polylogarithms.

Letz € K\ {0,1}. Consider the fields K () and K(ulm,zl%). LetM(K(,ulw,zz%))?b

-z
. . . . . 1
be a maximal, abelian, pro-/, unramified outside / and 1 — z extension of K (=, z7™ ).

Theorem 2. Let z € K\ {0,1}. Assume that z is not a root of any equation of the
form zP - (1 —2)7 = 1, where p and q are integers such that p* + ¢* > 0. Then we
have:

1. The l-adic polylogarithm 1,(z) : Gk — Qy factors through the group

1
Gal(M(K([J,lw,ZI“’ ))l 1— z/K)
2. The l-adic polylogarithm 1,(z) ramifies only at prime divisors of the product - 7 -

(1—2).

3. The l-adic polylogarithm 1,(z) determines a non-trivial element in the group

Hom(Gal( ( (IJ[N %))]1 Z/I{(.ul°° )) Ql)

Our third result concerns connections with a non-abelian Iwasawa theory though
we are not sure if our terminology non-abelian Iwasawa theory is not exaggerated
as a result is quite elementary.

Letusset¥ := Gal(M(K(ulw,z%”))l 1 Z/K(u;w,zl )) and @ := Gal(K(ulw,z%“')/K).
The Galois group ¢ is a ¢-module, hence it is also a Z;[[®]]-module. Therefore
Hom(¥,Z7;) is also a Z;[[®]]-module.

Theorem 3. Let 1 € Z;[[®]]. Under the same assumptions as in Theorems 1 and 2
we have

_ m V[ HERE) .
7)) = ([px (x)d”)lnz(z)“"kgl ([D T}C k(x)du)lm_k(z). (D)
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In the final sections of the paper we study /-adic sheaves. We shall show that if
an [-adic sheaf has the same monodromy representation as the classical complex
polylogarithms then the Galois action in stalks is given by /-adic polylogarithms.

2 Py \({0.0) Upty)

In this section we recall some elementary results concerning Galois actions on fun-
damental groups in the special case of Pglz( ) \ ({0,00} U ) (see [W3] and [DW]).

Let us fix a rational prime /. Let K be a number field containing the group u, of
n-th roots of unity. Let V := P} \ ({0,00} U t,,). We denote by 71 (Vg;01) the pro-
completion of the étale fundamental group of V¢ based at 01. First we describe how
to choose generators of 7 (Vg;01). Let & := exp(2X). Let 7y be the standard path
from 01 to 10. Letxbe a loop around 0 based at 01 in an infinitesimal neibourhood of

0. Let y{, be a loop around 1 based at 10 and sx a path from 01 to (? in infinitesimal
neibourhoods of 1 and 0 respectively.

Let r : V — V be given by r(z) = EF-z. We set yo := m, ' - y{) - M and yi ==
s,?l “((re)«(y0)) - s¢ for 0 < k < n. Then x,y9,y1,...,Ys,—1 are free generators of
71 (Vg:01). Observe that s;1 “((rj)+(k))-8j =yryjif k+j<nand s]fl ((rj)« ()~
s =x! Vi xifk+j>n

Let z € V(K) or let z be a tangential point defined over K. Let 7y be an /-adic path
from 01 to z. We recall that for any o € Gg,

—1

F(0)(x%,305 s yn1) =7 - 0(). (2)

Observe that (r¢)s(7) - sy is a path from 01 to £¥z and

L0 (0) = Fr(0) (X Vs Y15 -5 Yn—1,X 30 %, x ™ ey o) ex

Let
k:m (Vg;01) — Qi {{X, Yo, ... Y\ 1}}

be a continuous multiplicative embedding of 7 (Vlg;(ﬁ ) into the Qj-algebra of non-
commutative formal power series Q;{{X,Yo,...,¥,—1}} given by k(x) = exp(X) and
k(y;) =exp(Y;) for 0 < j < n.

Let (Vi:z,01) be the 71 (Vg;01)-torsor of I-adic paths from 01 to z. The map
8 — y 1§ defines the bijection #, : ﬂ(VIg;z,(ﬁ) — 7, (Vg;01). Composing ty with
the embedding k we get an embedding

kY: E(Vk;z7m) - Q]{{X,YO,...,Y,[,I}}-

The Galois group Gk acts on T (Vg;m ) and on n(Vlg;z,(ﬁ). Hence we get two
Galois representations
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(P(ﬁ :Gg — Aut(Q[{{X,Yo, AU }})
and
l[/y : G]( — GL(Q;{{X,Y(), - ,Ynfl}})
deduced from the action of Gx on 7; (Vi;01) and on 7(Vg;z,01) respectively.

Before going farther we fix the notation.
The set of Lie polynomials in O;{{X,Yp,...,Y,—1}} we denote by Lie(X, Yy, ..., Y,—1).
It is a free Lie algebra on n+ 1 generators X,Yp,...,Y,—1. The set of formal Lie
power series in Q;{{X,Y,...,Y,—1}} we denote by L(X,Yp,...,Y,—1).

We denote by I the closed Lie ideal of L(X, Yy, ...,Y,—1) generated by Lie brack-
ets with two or more Y’s. We shall use the following notation

Y, XD]:= ¥, X] and %, X")] := [[%, X"~ V], X] for m > 1.
In an algebra the operator of the left (resp. right) multiplication by a we denote
by L, (resp. Ry).

We recall the definition of /-adic iterated integrals from [W1]. Let & be a
Hall base of the free Lie algebra Lie(X,Y,...,Y,—1) on n+ 1 free generators
X, Yy,...,Y,—1 and let A, be the set of elements of degree m in . For b € A
we define [-adic iterated integrals

Ib(2)y : Gg(ue) = Qi
as follows. Let 6 € Gg(y,..)- Then (logy;y(0))(1) is a Lie element, hence
(logyy(0))(1) = Y. Ih(2)y(0) - D.
be B
More naively, for o € Gg we define functions /i, (z)y : Gk — Q; by the equality

logAy(0) = Y liy(2)4(0) b, 4)
be B

where Ay(0) := k(fy(0)).
With the representations P51 and yy there are associated the filtrations {G,, =

Gm(V,OT)}meN and {H,, = H,n(V,z,(ﬁ)}meN of Gk (see [W1], section 3, pp. 122-
124).
We recall that

Hy ={0 € Gg(ye) | Ip(z)(0) = 0 and 1,(E¥)(0) =0 for 0 <k <n and forall b U %}

i<m
If b € %,, and © € H,, then I,(z)y(0) = lip(2)y(0).

Proposition 1. Let 6 € H,,(V,z,01). Then
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(logyy(0))(1) =logAy(0) = Ay(6) —1 mod I 'L(X,Yp,..., Y1) (5

Proof. The first congruence follows from the formula ¥y = Ly (5) © )° Poi (see [W1],

Lemma 1.0.2) after taking logarithm and applying the Baker-Campbell-Hausdorff
formula. The second congruence is clear. 0O

Let us set
Y := (1)« (7)) - Sk (6)

Our next result is a consequence of the formula (3).

Proposition 2. Let 6 € Hy,(V,z,01). Then

log(Ay (0)(X, Yo, ..., Y1) =l0g(Ay(0) (X, Yi, .., Y1, Y0, ..., Y 1)) mod I 'L(X, Yy, ...

Proof. The proof is the same as the proof of Lemma 15.2.1 in [W3]. O

Corollary 1. Let m > 1 and let & € H,,(V,z,01). Then we have
log(Ay(0)(X,Yo,.. Zl 0) [V, X" V] mod I 'L(X, Yy, ..., Y, 1)+ b

Jform>1.Let 6 € Gg( Then we have

tye=):
log(Ay(0)(X, Yo, Zl (1—E7%2)Y, mod I'’L(X,Yy,..., Y, 1).
Proof. The corollary follows from the very definition of /-adic polylogarithms (see

[W2], Definition 11.0.1) and from Proposition 2. 0O

Now we shall define polylogarithmic quotients of the representations Po1 and

Yy-
Let .# be a closed ideal of Q;{{X,Yo,...,Y,—1}} generated by monomials with
any two Y’s and by monomials Y3 X for 0 <k <n—1. We set

Pol(X,Yy, .. ) Ql{{X Yo, .. n—l}}/j

Observe that the classes of 1,X,.... X" ... . Y, XY, ...,.X" " 1Y,,.. . form=1,2,...
and 0 < k < n— 1 form a topological base of Pol(X,Yy,...,Yy—1).

The image of the power series Ay(0) € Qi{{X,Yy,...,Yo—1}} in Pol(X,Yp,...,Ys—1)
we denote by Qy(0).

Proposition 3. i) The representation ?51 (resp. Wy) induces the representation

@m : Gg — Aut(Pol(X,Yo,...,Y—1))

(resp.Wy : Gk — GL(Pol(X,Yy,...,Y,—1)) ).

aYnfl)-
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ii) The representation (I)(ﬁ is given by

751 (0)(X) = 2()X

and

k

o) E o) 1)xm,

i!

P51 (0) () = x(o)mi

fork=0,1,....n—1.

iit) The representation Wy is given by the formula

Vy(o) = Lo, c)© ‘m(o).

iv) Ifn=1 then

™

I
—

l0g2y(0) = 1(2)y(0)X + ). (1) 'li(2)y(0)X"" o,

14

Proof. 1t follows from [W3], Proposition 15.1.7 that (pm(f ) C .#. Hence Po1

induces a representation on the quotient space. The point ii) follows from [W3],
Proposition 15.1.7 too.

We recall that yy(0) = Ly (o) © P51 (o) (see [W1], section 4). Hence we get the

point i) for ¥, and the point iii). The point iv) follows from the definition of /-adic
polylogarithms given in [W2]. O

Let o € Q. We denote by 7(a) the automorphism of the Q;-algebra Pol(X,Y)
such that 7(o)(X) = - X and t(a)(Y) = o - Y and continuous with respect to the
topology defined by the powers of the augmentation ideal.

For n = 1 we have a very simple description of P51

Corollary 2. If n =1 then
751(0) = T(x(0)).

3 Linear independence over Q; of /-adic iterated integrals

In this section we shall prove linear independence of [-adic polylogarithms in
generic situation. We use the notation of section 2.

If aj,...,a; belong to K* we denote by (aj,...,a;) or {a; | 1 <i<n) the
subgroup of K* generated by ay,...,aqy.

Theorem 4. Let z € K. Suppose that 7 is not a root of any equation of the form
r- Z;(; (z— ERYa = 1, where p and qy are integers not all equal zero. Suppose
that (z1—E7%2 | 0<k<n—-1)N{1—-&E* | 1 <k<n—1)C W, Then the
homomorphisms
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Ip(2) : Hu(V,2,01) /Hys1 (V,2,01) — Qy

for b € B, are linearly independent over Q.

Proof. The morphism

Wy : Gk — GL(Q{{X,Yo,...,Yu1}})

induces the morphism of associated graded Lie algebras

ot @ n(V,2,01) /Hyuse1(V,2,01))© 0 — Lie(X, Yo, ..., Y1) XLie(X, Yo, ..., Yu_1){}-

m=1

(The Lie algebra Lie(X, Yp,...,¥,-1){ and the semi-direct product
Lie(X7Y0,...,Yn_1)>~<Lie(X,Y07...,Yn_l){} are defined in [W1], section 5.) The
morphism ¥ oi in degree 1 is given by

z

n—1 n—1
¥ 57(0) = (@)X + ) 1(1 — &) (0, Y L1 =& M) (o)N).
? k=0 k=1

Numbers z and 1 — &%z, 0 < k < n are linearly independent in K* ® Q. The inter-
section of subgroups (1 —&* | 1 <k<n—1)and (z,1-E*z | 0<k<n—1)is
contained in ,,. Hence it follows from the Kummer theory that we can find 7 € Hy =
K (=) and oy € H; for 0 < k < n such that ‘PZ 07(1‘) =(X,0) and ‘PZ m(ck) = (%,0)

for 0 < k < n. The Lie subalgebra of I mage("f’ m) generated by these elements is
z,
the first factor of the semi-direct product Lie(X, Yy, ..., ¥, 1) XLie(X, Yo, ..., Y, 1)1}

hence it is the free Lie algebra Lie(X, Yy, ...,Y,_). For 6 € Hy,(V,z,01) the mor-
phism ¥ i is given by the formulas
z,

le,(W(G) = (logAy(0),logAx, () mod ™! (Lie(X,Yo, ..., Y1) XLie(X, Y, ..., Y 1)(})

and
logAy(0)= Y I(z)(0)b mod I'"'L(X,Y,.... Y1)
bEB

Hence it follows that the functions
I5(2) : Hu(Vk,2,00) — 0y
are linearly independent over Q;. O
Theorem 1 of Introduction follows immediately from Theorem 4.
Corollary 3. The [-adic polylogarithms

lm(’;kz) 3Hm(VK7Z7(ﬁ)/Hm+1(VK,Z,m) —
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are linearly independent over Q).

Proof. The corollary follows immediately from Theorem 4 and Corollary 1 of sec-
tion2. O

Remark 1. Theorem 4 is an analogue of the statement - as far as we know unproven
- that the iterated integrals indexed by elements of %, as in [W6] of sequences of
length m of one forms % and zfé 7 for0 <k <n-—1 from 01 to z satisfying the

assumption of Theorem 4, are linearly independent over Q.

4 Ramification properties of /-adic polylogarithms

Let K be a number field. Let z € K\ {0,1} or let z be a tangential point of Pg \

{0, 1,00} defined over K. Let y be an [-adic path from 01 to z.

If L is an algebraic extension of K and z € K, we denote by M(L); . (resp. M(L){?)
a maximal, pro-/, unramified outside / and z (resp. and abelian) extension of L.

The triple (P} \ {0,1,00},2,01) has good reduction outside the prime ideals
dividing z or 1 — z. Therefore the action of Gg on the torsor of /-adic paths
TP\ {0,1,00};2,01) from 01 to z factors through Gal (M (K (W=))12(1—2)/K)-
Hence the /-adic polylogarithm

In(z)y: Gk — QO

factors through Gal (M (K (1=)); ,(1—,)/K) and we get

lm(z>7/ : Gal(M(K(lJl""))l,z(lfz)/K) — 0.

Let us consider a tower of fields

8

K—KWu")— K(w=,z).

Proposition 4. The [-adic polylogarithm ,,(z)y factors through Gal (M (K (1=, ™ ))Zbl _./K).

Proof. Let us consider polylogarithmic quotient of the representation v : Gy —
GL(Qi{{X,Y}}), i.e. the representation W, : Gx — GL(Pol(X,Y)) given by

Gk 30 — Lg,()° _m(c) € GL(Pol(X,Y)),

where logQy(0) = 1(z)4(0)X + Xy (—=1)"1,(z)y(0)X" 1Y (see Proposition 3).

After the restriction to G ( L ) we get an abelian representation
K(pye 217

50 — L1+)::L°:1(—U”’lln(z)y(G)X”’lY S GL(POI(X,Y)).
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Therefore the [-adic polylogarithm [, (z)y factors through Gal (M (K (=, ™ ))?i (1-2) /K).

The functions /,(z), are given explicitely by Kummer characters associated to
am—1

i1 — ililzli")l 7 (see [NW]). Observe that 1 — él",,z%" = 1 modulo any prime
ideal lying over prime divisors of the principal ideal (z). Hence I,(z), factors

through Gal(M(K (p=,27)){%__/K). O

Corollary 4. The l-adic polylogarithm l,(z)y restricted to the Galois group
Gal (M (K (W=, o N4 K (e, o )) is a homomorphism.

A=z

Proof. In the proof of Proposition 4 we have already seen that the representation

restricted to G | isabelian. O
K(e217)

5 Action of Z;[[Gal (K( L=, 27 ) /K )]] on l-adic polylogarithms

The notation in this section is the same as in the section 4. Let us consider a tower
of fields

MK (=, )i,
9 |
K(-,2)

Z(1) |
K ()
r|
K

where I' := Gal(K(~)/K). Observe that Gal(K(ulm,zl%)/K(ulm)) =Z(1)asa
I'-module.

Let @ := Gal (K (=2 /K). We want to understand ¢ as a ®-module and
as a Z;[[®]]-module. The [-adic polylogarithms [,(z)y, restricted to ¢, belong to
Hom(¥,0y). As our first step to understand & we shall study a Z;[[®]]-module
generated by /,(z)y in Hom(¥, Q).

We recall that @ acts on ¢ on the left in the following way. Let 0 € & and
Te¥. Let6 € Gal(M(K(/.Llw,zl%))l“‘bl_z/K) be a lifting of o. Then the formula
S7:=6&-7-6 ! defines a left action of @ on &. Hence the right action of & on
Hom(¥, Q) is given by

(1) (1) = f(3-7-67)).
To study the action of @ on /,(z)y first we need to calculate Ay(&-7-61).

Lemma 1. For any o, 7 € Gg we have

Ao = Ayl@) - 0 (@)(Ay(2) - @ (7Y (Ay(e) ™)
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in Ql{{Xay}}'

Proof. The formula of the lemma follows from [W1], Proposition 1.0.7 and Corol-
lary 1.0.8. O

We define the product O) by the Baker-Campbell-Hausdorff formula

X QY :=log(eX-e").

Proposition 5. The action of 6 € ® on l,,(z), € Hom(¥, Q) is given by the formula

m—1 (__ k
(n(0)° = 20V Iy + L, O 20 by
=1 :

Proof. Let T € ¢ and let 6 and 7 be liftings of ¢ and 7 to Gal(K/K). It follows
from Lemma 1 that

logAy(6-7-67") =logAy(G ) O ¢51(6)(logAy(7)) O (fp(ﬁ(c'f'f'@_l)(—log/\y(é)))~

Hence we get

i L(z)(°D) Y, X" V] = (I()(6)X + Z L(2)(6)[Y, X" D)) O (2(6)I(z)(7)X +

n=1

o

i (6)" LDV, X" V) O (—1(2)(6)X — Y 1u(2)(6)[Y, X"~ V]) mod L.

n=1
Observe that /(z)(6) and x (&) depend only on ¢. Hence we replace them by /(z) (o)

and x (o).
We get the formula of the proposition calculating the right hand side of the congru-
ence and comparing coefficients at [Y,X"~1]. O

Generalization to the action of Z;[[®P]] is straightforward.

Corollary 5. Let i € Z;[[®P]]. Then

X k
e = aran)ner T (f, SO 2w St by s

6 [-adic sheaves

The [-adic polylogarithms and /-adic iterated integrals studied in [W1], [W2], [W3]
and in [NW] arise from actions of Galois groups on the set of homotopy classes of
[-adic paths from v to z on Pé minus a finite number of points.

On the other side in [BD], [BL] and in various other papers there are studied
motivic polylogarithmic sheaves. Their /-adic realizations are inverse systems of
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locally constant sheaves of Z/I"-modules in étale topology. Each stalk is equipped
with a Galois representation. The relation between the parallel transport and the
Galois representations in stalks is given by the formula

070 py = 06(p)+« 00, (7)

where p, (resp. o(p).) is the parallel transport along the path p (resp. 6(p)) from s
to ¢, O, (resp. oy) is the action of 6 € Gk in the stalk over s (resp. over ¢) and 6(p)
is the image of p by o in the torsor of paths from s to 7.

The formula (7) is fundamental to relate /-adic polylogarithms introduced in
[W2] with polylogarithmic sheaves.

If V is a smooth quasi-projective algebraic variety we denote by (V)¢ the étale
site associated to V.

Example 1. Let p : X — S be a smooth morphism between smooth quasi-projective
algebraic schemes over K. Let p : Xz — Sg be obtained from p : X — S by the exten-
sion of scalars to K. Let (Z/ I") (x4)e be the constant sheaf on (Xg)et. The sheaves of
Z/1"-modules R'(p)s ((Z/1")(x)) ON (Sg )et are locally constant in the étale topol-
ogy. The projective system of sheaves

{R(P)<((Z/1") xg)) I nen

defines an [-adic sheaf on (Sg)e. The stalk over s € S(K) is H.((Xs)g:Z;) :=
projlim, H ((X,) g Z/1"). If s € S(K) then Gk acts on H.((Xs)g:;Z). If s,t €
S(K) and 7 is an [-adic path from s to ¢ then the parallel transport induces % :
H. ((Xy)g:Z1) — HL (X)) g3 Z;) satisfying (7).

The example given above motivates the following definition.

Definition 1. Let S be a smooth quasi-projective algebraic variety defined over K.
A profinite sheaf .% on S is an inverse system

{(PnJrl : jnJrl - <ﬂ\n}nEN

of sheaves on (Sg)e such that :

1. for each n, %, is a sheaf of finite sets, locally constant on (Sg )et;

2. each sheaf .7, is equipped with a continuous action of Gk on ©;cga(r/k) (P
if s € S(L), where L is a finite extension of K and Gal(L/K)s is the Gal(L/K)-
orbit of s;

3. the structure maps @, : %11 —-%, are surjective and compatible with the Ga-
lois actions in the stalks;

4. if s and 7 are in S(L) (L is a finite extension of K), p is a profinite path from s to
t and o € G then

Gt o px = G(p)*0637 3

where o, : (F)s — (ﬁn)a(b.) and o; : (%) — (52,,)6(,) are maps induced by &
and p, (resp. o(p),) is a parallel transport along p (resp. o (p) ).
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If each sheaf .7, is a sheaf of finite /-groups and the maps ¢, are homomorphisms
then the profinite sheaf F# = {@,+1 : #,+1 — P nen We shall call an [-adic sheaf.
Let s € S(K). We shall call

F = projlim,, (%)

the stalk of the profinite sheaf .% over s. Parallel transports along profinite paths and
actions of Galois groups are defined on stalks of a profinite sheaf and they satisfy
the equality (8).

We recall that 7{'(Sg;s) is the étale fundamental group of Sg based at s. It is a
profinite group. We define the monodromy representatiom

ps : T (Spss) — Aut(.F)

of the profinite sheaf .# by the formula

where w € Z;.
Let us observe the following elementary facts about profinite sheaves.

Proposition 6. Let S be a smooth quasi-projective algebraic variety defined over K
and let so € S(K). Let F be a profinite sheaf on Sg. Then the representation of Gk
in the stalk Fy, determines the Galois representation in any other stalk.

Proof. Let p be a path from s to s. Then it follows from the formula (8) that

O; = 0(p)«0 0y 0 (P*)il'

Hence the Galois action in the stalk over s is uniquely determined by the action of
Gk in the stalk over sg. O

Let us define
Frst(sgs) (Gal(R/K)) :={T""-o(T) € n"(Sgss) | T € 7§ (Sgss), 0 € Gal(K/K)}.

Proposition 7. Let % be a profinite sheaf on Sg. Let us assume that the subset
Jrst(sges) (Gal(K/K)) is dense in 7" (Sg;s). If the monodromy representation py :
7' (Sgss) — Aut(.F) is non-trivial then the Galois representation in the stalk F

G — Aut(ﬁ;)

is also non-trivial.

Proof. It follows from the formula (8) that
T[l oozoT, 0 (65)71 = (Tfl -0(T))«

for any T € n%'(Sg;s) and any ¢ € Gk. The elements of the form T-! - ¢(T) are
dense in 7{'(Sg;s). Hence o cannot be the identity for all 0 € Gg. O
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Let m and G be profinite groups and let ¢ : G — Aut(x) be a continuous ho-
momorphism. We denote by REP (7, G) the category of pairs of continuous repre-
sentations fy : T — Aut(V) and py : G — Aut(V) in finitely generated Z;-modules
satysfying

pv(c)o fv(T) = fv(@(0)(T))opv(o)

forany T € rand 0 € G.

Proposition 8. Let S be a smooth quasi-projective algebraic variety defined over K
and let s € S(K). Let @5 : Gk — Aut(n§'(Sg;s)) be the homomorphism of the action
of Gk on the étale fundamental group. The category of l-adic sheaves on Sg whose
stalks are finitely generated Z;-modules and the category REP, (7' (Sg;s), Gk) are
equivalent.

Proof. Ttis clear that an [-adic sheaf .% determines an object of the category
REP,, (7§'(Sg:s),Gx) by taking the stalk of .# over s equipped with the mon-
odromy representation and the action of Gg.

Let V be a finitely generated Z;-module. Let us assume that we have two con-
tinuous representations f : ' (Sg;s) — Aut(V) and p : Gk — Aut(V) satisfying
p(0)of(T) = f(@s;(c)(T))op(c). The continuous representation f : 7f'(Sg;s) —
Aut(V) determines the compatible family of continuous representations

{f(n) . ﬂ]et<Sk;S) — Aut(V/an)}nGN'

For each n there exists a locally constant sheaf .%, on (Sg)er, whose stalk over s
is V/I"V and whose monodromy representation is ") : 7$(Sg;s) — Aut(V /I"V).
The representation of Gk in the stalk over s is the composition of p : Gx — Aut(V)
with the homomorphism Aut(V) — Aut(V/I"V). The Galois action in any other
stalk is then defined by the formula (8). O

7 l-adic sheaves related to bundles of fundamental groups

In this section we shall study examples of /-adic sheaves for which the monodromy
representation determines Galois representations in the stalks.

Let S be a smooth quasi-projective algebraic variety defined over K and let s be
a K-point of S. If 6 € Gx we denote by ¢ the automorphisms of 7§'(Sg;s) and
of m(Sg;s) induced by 0. We denote by o the automorphism induced by & in the
stalk over s of an /-adic sheaf on Sg. If p is a path we denote by p. the parallel trans-
port along p. We have the surjective map 77'(Sg;s) — m (Sg;s). If T € 75" (Sg;s)
we denote also by 7 its image in 71 (Sg;s).

Proposition 9. Ler S and s be as above. We assume that w1y (Sg;s) is a free noncom-
mutative pro-1 group. Let Iy be an l-adic sheaf on Sg whose stalk over s is 7 (Sg; ).
We assume that the monodromy representation
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P (Sgss) — Aut(m (Sg;3s))

is given by p(T)(w) = T~'-w-T. We assume also that for any ¢ € Gy, O acts on
71 (Sg;s) by a group homomorphism. Then for any ¢ € Gg and any w € T (Sg;s)
we have

Proof. Let 6 € Gk, T € 7;'(Sg;s) and w € m1(Sg;s). The formula (8) implies
o(T™'-w-T)=0(T)"o,(w)-o(T).

Let us take T such that its image in 7 (Sg;s) is w. Then

The assumption that 7 (Sg;s) is a free pro-/ group implies that 6, (w) = & (w)1(o¥),

where n(o,w) € Z,.
Let wi,ws € m1(Sg;s) be two arbitrary noncommuting elements. Then

0y (w1-w2) = G (wi - wa) 1T¥12) = (6(w1) - 5 ()11 2)

and
os(w1) - Os(wy) = G(Wl)n(rw . G(Wz)n(c,Wz)_

Hence we get

(G(w1) -G (w2))1EW1W2) — G (3 )1(TW1) L () (W2)

for two noncommuting elements o (w), o (w7) in the free pro-/ group 7; (Sg;s) and
forn(o,wi-w2) #0,n(o,w;) #0and n(c,wsz) # 0. This implies that n (o, w) =1
forallcandw. O

Proposition 10. Let S and s be as above. Let I1 be a profinite sheaf on Sg X Sg
whose stalk over (s,s) is w1 (Sg;s) We assume that the monodromy representation

p : ;' (Sg;s) x ' (Sgss) — Bijections(m (Sg;s))

is given by p(Ty, 1) (w) = Tl_1 -w-Tp. We assume also that the centrum of the group
71 (Skss) is 1. Then for any ¢ € Gk and any w € ) (Sg;s) we have

Proof. The formula (8) implies
o(T1) ™" 05 (W) - 0(T2) = 0o (T; - w- T2). ©)

Letustake 7 =T =T and w = 1. Then we get 6(T)~! “O(,5)(1)-0(T) = 0(5,4)(1).
Hence o, () (1) commutes with every element of 7| (Sg;s). The centrum of 7y (Sg;s)
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is 1. Therefore we get that 6, ;)(1) = 1. Let us take 7} = w = 1 in formula (9). Then
we get 6(Ta) = O(y ) (T2) for any T; € 71 (Sg;s). O

8 Polylogarithmic /-adic sheaves and /-adic polylogarithms

We shall show that if an /-adic sheaf on PI% \ {0, 1,00} has the same monodromy rep-
resentation as the classical complex polylogarithms then the Galois representation
in the stalk over a K-point z of P{\ {0, 1,0} is given by the /-adic polylogarithms
evaluated at z.

We start by recalling a result about the monodromy of classical complex poly-
logarithms. We equip the vector bundle

PHC)\{0, 1,00} x Pol(X,Y) — PY(C)\ {0, 1,0}
with the connection given by the one-form
1 d 1 d
dz 1 dz

27i 7 2miz— 1

(The algebra Pol(X,Y) is the quotient of C{{X,Y}} by the ideal .#.) Horizontal
sections satisfy the equation

1 dz 1 dz
dA(Z) — (—— X+ ——-®Y)-A(z) =0.
@) =7 ®X T g1 2V AQ
One checks that
S N S k-1
Am(z) =e2 +2m,10g Y+Z le XY

is a horizontal section. The functions logz, log(1 —z) and Lii(z) are calculated
along a path & from 01 to z. Let x and y be the standard generators of 7, (P'(C) \
{0,1,00};01). To calculate the monodromy of A(ﬁ (z) we integrate along the paths
a-xand o -y.

The monodromy transformation of At (z) is given by

X

x:A(ﬁ(Z)HA(ﬁ(Z)-e
and
yiAg(2) = Agp(2)-€”

—1 1

The elements o¢-x- o~ ! and a-y- o~ ! are free generators of 7; (P! (C)\ {0,1,};2).
Letw(a-x-a~ L a-y- o) e m(P(C)\{0,1,00};z) be a word in &t -x- ! and
a-y- o~ !. The monodromy representation is given by
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p.: 7 (P1(C)\{0,1,00};2) — GL(Pol(X,Y)); p.(a-x-a~ ') =R,x and p,(0t-x- 0 1) =R.y.

e

Hence p,(w(a-x-o7 ! 00-y- 07 1)) = Ryx o).

Now we shall study /-adic situation. Let zo be a K-point of P\ {0,1,00}. We
start with the description of the action of G on m; (Pll( \ {0,1,00};20),

Let y be a path from zg to 01 and let p be the standard path from 01 to 10. We
recall that x and y are the standard generators of 7 (P}( \ {0, 1,0}; o1 ). Then

Xpi=y Lx-yand y, =y yey

are free generators of 7 (Pg \ {0, 1,00};29). Let ¢ € Gg. We recall that

flo)=v"0(y).
The following lemma is a standard exercice.

Lemma 2. The action of Gk on T (Pli \ {0,1,00};20) is given by the formulas

0(x) = fy(0) ™" -3 M1)- fy(0)

and

() = fy(0) - (r £ (0) ) v KO (v £y (0) ) - fy(o).

Let z be another K-point of P} \ {0, 1,o0}. Let & be a path from z to zo. Let us set

Y :=7-90.

It follows from [W1] that we have the following equalities:

frs(0)=8""f,(0)-8 fs5(0) and f5-1(0) ' =8 f5(0)-67".  (10)

Hence we get

8 fr5(0)-8 1= fy(o) f5-1(0)"". (11)

The elements x; := ¥ '-x- ¥, and y; := ¥ ' -x- ¥ are generators of (P \
{0,1,00}:2). We embed the groups m; (P \ {0, 1,00};01), m (P& \{0,1,00}:79) and
m (PE\{0,1,00}:2) into the Q;-algebra Q{{X,Y} } by setting

k(ﬁ (x) :=€X, km () := €" for the first group;

ko (xz) := €X', kyy(yz,) :=€¥ for the second group;

and

k;(x;) := €X, k.(y;) := e for the third group.
In other words we have trivialized the bundle of fundamental groups along the path
7. The action of Gg on Q{{X,Y}} considered over a K-point s is deduced from the
action of Gk on m (Pli \ {0, 1,e0};5) so it depends over which point we take a stalk.
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Using embeddings k,, a € {07 ,20,2} we can define A-series, for example Ag(0) :
k.(fs(o)) and Ay(0) := k;(fy(0)). Because of the trivialization of the bundle of
fundamental groups we can compare various A-series. It follows from (10) and (11)
that

Ay5(0) = Ay(0) - As(0), (As1(0)) ' =As(0) (12)
and
A,5(0) = Ay(0)- (As-1(0)) . (13)

Theorem 5. Let zo be a K-point of Pi\ {0,1,00}. Let & be an l-adic sheaf of Z;-
algebras over Py \ {0, 1,00} such that

i) the stalk 2, tensored with Q is Pol(X,Y);
ii) the monodromy representation after tensoring the stalk over zo by Q

Pz : i (Pe \ {0, 1,00}:20) — GL(Pol(X,Y))
is given by the formula p., (w(xz,yz)) (F(X,Y)) = F(X,Y) -w(eX,e') 1.

Let 7 be another K-point of P\ {0,1,}. Let § be a path from z to zy and let & be
a path from 01 to z. Then

5* 00z0° (5*)7] = LB(O') ORQ(X(G)*I ° T(x(o-))7

where B : Gk — Pol(X,Y) is a cocycle and

log24(0) = ()X + ¥ (- 1) 1(@)alo)X Y.
i=1

Proof. Let us set ¥ = (§-a)~!. Then 7y is a path from zj to 01. It follows from
Lemma 2 that for any o € Gk and any w(x,,y;,) € m (PI% \ {0, 1,00};z0) we have

Pao (G (W, 729))) (1) = (2(6)) 1 - w( X, X O) 71 0y o). (14)

Let F(X,Y) € Pol(X,Y) be in the stalk tensored by Q of & over z. It follows from
the formula (8) and the formula (14) that

0, (F(X,Y)-w(e,e") ™) = 0, (F(X,Y)) - 2y(0) - w(eX X X =1 0 (o).
Setting F(X,Y) = 1 we get
oz (w(e¥,e" )71 = 0 (1) (Qy(0)) 7 - (w(eX DX X)) Q) (5).  (15)

The action of Gk on the stalk of &2 over 7 is continuous with respect to the topology
of Pol(X,Y) defined by the powers of the augmentation ideal. Hence it follows from
(15) that for any W(X,Y) € Pol(X,Y) we have

0o (W(X,Y)) = 05 (1) - (2(0)) - W(x(0)X, x(0)Y) 2y(0).  (16)
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We recall from the assumptions of the theorem that z is another K-point of Pg \
{0,1,00}, & is a path from z to zo and o is a path from 01 to z.

We shall calculate the representation of Gk in the stalk of & over z. It follows
from the fundamental formula (8) that

5*00'205;l = 5*06(5);] 00y,.
Observe that
8.,00(8)." =(800(87")). = (f5-1(0)) = Pz (f5-1(0)) = Rio, (o))"

Hence we get
6* 00;0 5,:1 = R(Q5—1 (G))*l o O-Z()-

The formula (16) implies that R(-ngl (6))~1 © 0z = R(-stl (0))! OLGzO(U'(-Qy(G))" °

Ra,(0)0T(2(0)) = Lo, (1).(2/(0))! ©Ray(0) (25 1 (o)1 © T(X(0))-

We recall that o~ = y- §. Hence it follows from (13) that Q,(0) - (Q5-1(0)) ! =
Q,1(0)=(2q(0)) . Letus set B(0) = 0, (1) (2,(0)) ~!. Therefore we finally
get

8.00,08," = Ly(g) 0 R g (¢))-1 © T(X(0))-

It follows from the equality (- 0), = 7,0 0, that B: Gx — Pol(X,Y) is a cocycle.
The path o is from 01 to z. Hence the formula for logQy (o) follows from the
very definition of /-adic polylogarithms in [W2]. O

9 Cosimplicial spaces and Galois actions

Let V be a smooth algebraic variety over K and let v be a K-point of V. The étale
fundamental group 7{*(Vg;v) and its maximal pro-/ quotient 7, (Vg;v) are equipped
with the action of Gg.

On the other side, given an algebraic variety V and a K-point v there is a cosim-
plicial algebraic variety, which we provisionally denote by V*, which is a model in
algebraic geometry for the loop space based at v (see [W4] and [W5]). Let us assume
that K C C and let V(C) be the set of C-points of V. V(C) is a complex variety. The
de Rham cohomology group HgR(V') ®y C is the algebra of polynomial complex
valued functions on the Malcev Q-completion 7; (V (C);v) ® Q.

The étale cohomology group Hg(v,g;Q,) can be interpreted as the algebra of
Q;-valued functions on 7 (V(C);v) ® Q;. The Galois group Gk acts on Hg(Vlg; ).

In this section we shall compare these two actions of Gg. The first action is the
action of Gk on 7{'(Vg;v), which is defined through étale coverings. The second
action is the action of Gk on the 0-th étale cohomology group Hg(Vlg;Ql) of the
cosimplicial algebraic variety V2. The cohomology group Hg(Vlg; 0)) has a natural
interpretation as an algebra of Q;-valued polynomial functions on on 7; (Vg;v) ® Q.
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We fix the notation we shall use in this section.
Xet 1s the étale site associated to an algebraic variety X;
Ax, (resp. Ax(c)) is the constant sheaf on X, (resp. X (C)) with values in A;
A[1] is the standard simplicial model of the one simplex;
dA[1] is the boundary of A[1]. It is a constant simplicial set.
X[;] is the n-th truncation of a cosimplicial object X*°.

Let X be a smooth quasi-projective algebraic variety over an algebraically closed
field k. The inclusion of simplicial sets

dA[l] — All]
induces the morphism of cosimplicial algebraic varieties
po s XAl xoall],

Therefore for each n we get the morphism between their n-th truncations

o . vA[l] dA[l]
Pin) : Xp) - Xpy)

For each k,
PPoxAle = x x Xk x x — xAk = x x x

is the projection map on the first and the last factors. Let us set

TotR ()« (Z/1") i, ) = S0P (211" o, )

where Tot is the total complex of a bicomplex. Let us define

U1 ) = B (2 g, )

]

Lemma 3. The cohomology sheaves R'(p? ). ((Z /™) x4l ) are sheaves of finitely
[n] et

generated Z /1" -modules on (X X X)et.

Proof. The spectral sequence of the bicomplex &7 (R(p').((Z/I™) (XAUL')e[) con-

verges to cohomology sheaves R’ (p['n])* ((z/rm) (X[A]“] ). The E;-term E{ k

et
R/ (ph). ((Z/lm)(XA[l]k) ) is the constant sheaf on (X x X)e, whose stalk is a finitely
generated Z/I"-module. There are only finitely many E;-terms different from zero.
Hence the lemma follows. O

We need to know if the sheaves Ri(p['n])*((Z/lm)(XA[l]

) ) are locally constant
[n] et
and we need to calculate their monodromy representations. Therefore we shall
study the Gauss-Manin connection associated to the morphism p* : XAl —, x9Al],

We review briefly the results from [W4] in the form suitable to study the sheaves
if,,® m

et



20 Zdzislaw Wojtkowiak

We apply to the map between the n-th truncations

o . Al A1)
Pla) X Xy

the standard construction of the Gauss-Manin connection (see [W4]). For each 0 <

i < n the complex of sheaves .Q; ap; 18 equipped with a canonical filtration

FjQ;A[l = Image(.QX [l] /x240); ®ﬁ ( ) Q}J(BA - Q;A[l],-)'
Hence on X?4li = X x X we have a filtered complex R(p'). (.Q;A[l]i). We form the
total complex

The filtration on each R(p'). (Q; any;) induces a filtration on TotR(p,)+ (-Q;[A][l])-

Applying the spectral sequence of a finitely filtered object to the complex
TotR( p[’n] ) (.Q; Al ), we get a spectral sequence converging to the cohomology
A
sheaves H/(TotR(p}, ) (Q;A[l] )) on X x X. The E|-terms are equal
[n]

EV! = QF x @py,. HI (TotR(p}, ) (Q e an))-

Farther we denote the relative de Rham complex Q* [A][l]/ [9 ]A[l] by Q% in the algebraic
case, by £, in the holomorphic case and by £%... in the smooth complex case.

The differential do’q 1 E| 0q _, E, 14 i the integrable connection on the relative de
Rham cohomology sheaves Hq(TotR( P, ]) Q7). The fiber of HY(TotR(p P, ]) Q)
over a point (x,y) € X x X is HI%R((p['n])_l( ,y)). (If x =y then (pfn]) Y(x,x) is
the n-th truncation of the cosimplicial alebraic variety denoted by X* at the very
beginning of the section.)

Let us assume that kK C C. Then we get the morphism of cosimlicial complex
varieties

p(C)*: X (€)1 — x()?41

and the maps between the n-th truncations

A1)

p(©)y x(C)p — x(O)7;

We do the same construction for holomorphic differentials. The holomorphic de
Rham sheaf Q* ,, is the resolution of the constant sheaf o ()2l on X(C )f‘n]m.
n [n]

Hence we get that H q(TotR(p(C)[’n])*(CX (@2l )) is the sheaf of the flat sections of
2]

the holomorphic Gauss-Manin connection
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(dy" Vhor - H(TotR(p(C)f,))+Qot) = Lt cpxx(c) D HY(TotR(p(C)fy))«2pot)-

(€)xx(C)
We shall calculate the monodromy representation of the locally constant sheaf

HO(TotR( p(C)[n]) (CX (A1 )). The de Rham complexes of smooth differentials are
i

acyclic for direct image functors. Hence the complexes TotR(p(C) [n])*.Q;Ol and
Tot(p(C)['n])*Q%m are quasi-isomorphic.

Let @i,...,0, € QL..(X(C)) be closed one-forms on X(C). Let us assume that
;N\ W1 = O for all i. Then 1@ W ® ... ® W, ® 1 defines a (global section of
HO(Tot(p(C) [n]) QZ..). We shall calculate the action of d° := (d, %)= on the sec-

tion 1@ 0 ®...® @, ® 1. The connection d° is the boundary homomorphism of the
long exact sequence associated to the short exact sequence

0—-F')F? - F'/)F* - F°/F' 0.
We recall that the coface maps
S X xX"IxX 5 X xX"xX

are given by
61()60,)61,. .. ,x,,) = (X(), ey Xi— 15X, Xy e s ,x,,)

for 0 <i<n. We set § :=Y" ,(—1)""/(8)*. The boundary operator of the total
complex is given by D = 8, + (—1)"d, where d is the exterior differential of the de
Rham complex.

We denote by [, @,...,®; a function defined on a contractible subset of X (C)
containing a and sending z to the iterared integral [ @, ..., ®; along any path con-
tained in this contractible subset. After calculations we get the following result.

Lemma 4. Let (a,b) € X(C) x X(C). We have

D( Z O, 00 Q.. W;® (— "//con, w,H) 0.
0<i<j<n”@

We denote by (X (C);b,a) the 7 (X (C);a)-torsor of paths from a to b on X(C)
and by (X (C);b,a) ® Q, the deduced 7, (X (C);a) ® Q-torsor.
We denote by Algebrac(n(X(C);b,a) @ Q) the algebra of complex valued polyno-
mial functions on 7(X (C);b,a) ® Q.

The shuffle product defines a multiplication on Hp,((p(C)*)~!(a,b)), hence the
0-th cohomology group is a C-algebra and if a = b it is a Hopf algebra.

The element 1 ® @ ® ... ® ®, ® | in the stalk over a point (a,b) determines
a polynomial complex valued function on the rational completion of the torsor of
paths (X (C);b,a) ® Q, which to a path 7y from a to b associates the iterated integral
fy o ...,0,. Hence we get an isomorphism of C-algebras

Hpe((p(€)*) " (a,b)) ~ Algebrac(n(X (C);b,a) ® Q)
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and if a = b we get an isomorphism of Hopf algebras, which follows from works of
Chen.

Observe that injlimanR((p(C)['n])_l(a,b)) = H)r((p(C)*)"(a,b)). The same
holds also for cohomology sheaves , considered by us, on X (C) x X (C) and for the
connections d°. Hence we shall calculate the monodromy representation in the fiber
of p(C)°.

Proposition 11. Let X be a smooth affine algebraic curve over a field k C C. The
monodromy representation of the bundle of flat sections of the Gauss-Manin con-
nection d° at a point (a,b) € X(C) x X(C)

Pap: T (X(C)sa) x m (X(C);b) — Aut(Algebrac(m(X(C);b,a) ® Q))
is given by the formula

((Pas(0t. BN () =F(B 7 @), (a7

where (a,f3) € m (X(C);a) x 1 (X(C);b), y € m(X(C);b,a) ® Q and where
[ € Algebrac(n(X(C):b,a) © Q).

Proof. We can find smooth closed one-forms 14,...,1, € Q..(X(C)) such that
their classes form a base of H),(X(C)) and 7; An; =0 for 1 <i,j < r. Then all
possible tensor products 1 ®1;, ®...®1;, ® 1 form a base of Hyp((p(C)*)~!(a,b)).

Let Q0 ®...Q®,® 1 be one of such products. The stalk of the locally constant

sheaf H® (TotR(p(C)['n])*(CX@AM )) over the point (a,b) is equal HO((p(C)fn])‘l (a,b)).
7]

To calculate HO((p(C )['n])_1 (a,b)) we use complexes of smooth differential
forms. Hence the element 1 ® @; ® ... ® ®, ® 1 we consider in the stalk of the sheaf
HO (TotR(p(C)['n])*(CX(C)A[I])) over the point (a,b). We prolongate 1 @ @0} ® ... ®

i
@, ® 1 to a continuous section s of the locally constant sheaf H (TotR(p(C) h)(Cy (21l )

[n

along (o, ) € m (X(C);a) x m (X(C);b). Wehave s(0) =10 ®...0 0, ®@1. It
follows from Lemma 4 that

/wlv Y ®wl+1® ®COJ®( "7"(/a)n,...,a)j+1).
0<l<]<n o b

The element s(1) € Algebrac(n(X(C);b,a) ® Q) and for any path y from a to b we
have

s(1)(y):0<i;j<n(l/;cwl,...,w,~)-(./y'w,-+1,...,w,)-(_1)"f((/ﬁw,l,...,wjﬂ).

(18)
It follows from the Chen formulas (see [Ch]) that the right hand side of (18) is equal
Jg-1.4.0 @1, ., @, Hence the monodromy transformation along (, ) maps the

function f(—) := s(0) € Algebrac(n(X(C);b,a) ® Q) into the function f(f~!-—-
o) € Algebrac(n(X(C);b,a)® Q). O
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Corollary 6. Let X be a smooth quasi-projective algebraic variety over an alge-
braically closed field k C C. Let us assume that there is an affine smooth algebraic
curve S over k and a smooth morphism f : S — X over k such that the induced map
S« Hi(S(C);0) — Hi(X(C); Q) is surjective. Then the monodromy representation
of the bundle of flat sections of the Gauss-Manin connection d° at a point (a,b) is
given by the formula (17).

Proof. The morphism f induces a morphism of locally constant sheaves

0 . 0 °

Let us assume that (a,b) € X(C) x X(C) is the image of a point (s,) € S(C) x
S(C). Then HO((p(C)['n])’1 (a,b)) is the subalgebra of HO((p(C)['n])’1 (s,t)). Hence
it follows from Proposition 11 that the monodromy representation of the sheaf

HO (TotR(p(C)['n])*(CX(C)AM)) at the point (a,b) is given by the formula (17). But
[n]

then it is given by the formula (17) at any point of X(C) x X(C). O

Let Y be a topological space. We denote by Yy, the site of local homeomorphisms
on Y. We have the comparison isomorphisms

R (P (2117 g, SR Z/17) g o

B oty S RPCY )=/ e ot

i
19)

We do not know how to show that the sheaves in (19) are locally constant. However

(projlim, R (p(C)f )+ (Z/1™) y oo, ) &0~ (R(PCIo(Z g coatn, ) DO,

[n] [n] )lh

The sheaf R'(p(C)? ])*(C(X(C)A[l]

[ )i

] A

of the integrable connection d°. Hence the sheaf (R’(p(C)[’n])*(Z x(©PA) ) ®Q
[n] lh

) is locally constant as the sheaf of flat sections

is locally constant. Therefore the sheaf (R’ (P(C);))+(Z x( C)ﬁ,][ll)lh))

locally constant on (X (C) x X(C));,. Hence to calculate the stalk of the sheaf

(projlim,, R’ (p(c)[."])*(Z/lm)(X(C)[An][l])lh) ®Q =~ (R (p(C)[.n])*(Z(X(C)[An][l])m)) ® 0

/Torsion is also

over (a,b) € X(C) x X(C), it is sufficient to consider only the family of finite cov-
ering spaces X (C) — X(C) x X(C). By the comparison isomorphism (19) the same
is true for the projective system of sheaves

(R (pl)-(Z/17) (o, Ymen (20)

If X(C) — X(C) x X(C) is a Galois covering space then the finite quotient of
71 (X(C) x X(C);(a,b)) acts on X(C), hence we get an action of 7{'(X x X; (a,b))
on the projective limit tensored with Q of stalks over (a,b) of the projective system
of sheaves (20). This projective limit tensored with Q is H( (p['n])’1 (a,b);0y).
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It follows from the works of Chen that
Hpr((p(C)*)"!(a,b)) ~ Algebrac(m(X (C);b,a) ® Q) .

We shall use Sullivan polynomial differential forms with Q-coefficients (see [Su]
page 297). We shall use subscript SDR to denote the corresponding cohomology
groups. We get the corresponding isomorphism of Q-algebras

Hgpr((p(C)*) ™' (a,b)) ~ Algebrag(n(X(C);b,a) © Q) .

If a = b then we get an isomorphism of Hopf algebras.
It follows from the comparison isomorphisms

Ha((p*) " (a,0);01) = H((p(C)*) ™" (a,5);0) © 01 = Hypr (p(€)*) " (a,)) © Q1

between étale and singular cohomology and between singular and de Rham coho-
mology - the last one calculated using Sullivan polynomial differential forms - that

Het((p*)™"(a,b); Q1) ~ Algebrag, (n(X (C);b,a) @ Q) .
On the other side we have an isomorphisms of torsors
T(X(C);b,a)@Q; ~ w(X;b,a) R0 .

deduced from the fact that the finite completion of 7;(X(C);a) is isomorphic to
' (Xsa).
Therefore we get an isomorphism of Q;-vector spaces

Hgt((p°)71 (a,b);Ql) ~ Algebrag,(n(X;b,a)® Q) . 20

The shuffle product in Hp is defined using codegeneracies hence it can be de-
fined in HY. The Hopf algebra structure on H3,((p(C)*)~!(a,a)) is defined by the
maps

1201®..00,01 - Y (100;®..0001) (10041 ©...00,®1),
i=0

hence one can use maps X" — X' x X"~ to define it. Therefore the isomorphism
(21) is an isomorphism of Q;-algebras and if a = b it is an isomorphism of Hopf
algebras.

Hence we get that the monodromy representation associated to the projective
system (20) on (X X X), in the projective limit of stalks over (a,b) after tensoring
by Q and passing to the inductive limit as n — oo,

Plab) (X ,a) x 7' (X ,b) — Aut(Algebran(Tc(X;b,a) ® Q))

is given by the formula
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(P (. BN M) = fB 7).

If X is defined over a number field K contained in k and if a and b are two K-
points of X then G acts on H3 ((p®) ! (a,b); 0;). The Galois group G acts also on
the 7 (X;a) ® O-torsor w(X;b,a) ® Q. The next result compares these two actions.
Proposition 12. Let X be an algebraic curve over an algebraically closed field k C
C. Suppose that X is defined over a number field K contained in k. Let a and b be
two K-points of X. Then the isomorphism of Qj-algebras

HY((p*) "(a.b); Q1) = Algebrag,(n(X;b,a) ® Q)

is an isomorphism of Gg-modules.
Proof. Let (a,B) € 8 (X, a) x (X, a), let 6 € Gk and let f € HS((p®) "' (a,a); Q)).

Then
O(a,a) (((X, ﬁ)*(f)) = (G<a)7 O-(ﬁ))*(o-(a,u) (f)) (22)
by the formula (8). Observe that for any v € 7 (X,a) ® Q we have

(0, B)(MN) =fB "7 ).

The function ¥ — f(B~'-y- «) is calculated using the Hopf algebra structure on
HG((p*) ' (a,a): Qr). Therefore after applying oy, ) and setting § =1 and y =1
we get that the left hand side of (22) is equal f(ct).

Applying (6(&),0(B))«00(4q) to f we get the function y — (o, )(f))(c(ﬁ)’1 .
v-o(a)). Hence for B =1 and y = 1 we get (0(,4)(f))(0(e)). Hence for any
0 € Gk and any o € 71 (X,a) we have

(Gl (N))(@) = f(o~}(a0)).

Therefore the Gg-modules HY((p*)~!(a,a);Q;) and AlgebraQ,( 1(X;a)® Q) are
isomorphic. Hence for any pair (a,b) the Gx modules HY((p®)~'(a,b);Q;) and
Algebrag,(n(X;b,a) ® Q) are isomorphic. O

Corollary 7. Let X be a smooth quasi-projective algebraic variety over a num-
ber field K C C. Let us assume that there is an affine smooth algebraic curve S
over K and a smooth morphism f :S — X over K such that the induced map
fx : H1(S(C);0) — H(X(C); Q) is surjective. Let us assume that S has a K-point.
Let a and b be any two K-points of X. Then the isomorphism of Q;-algebras

HY((py) "' (a,b);0;) = Algebrag, (T(Xg:;b,a) ® Q),

where p% : Xl?m — X;;Am, is an isomorphism of Gg-modules.

Proof. The corollary follows from Corollary 6 and Proposition 12.

Acknowledgements We would like to thank very much the Max Planck Institute for Mathematics
in Bonn for hospitality where during two summer visits this paper was written.



26 Zdzislaw Wojtkowiak

References

[BD] A.A. Beilinson and P. Deligne. Interprétation motivique de la conjecture de Zagier
reliant polylogarithmes et régulateurs. In U. Jannsen, S.L. Kleiman, J.-P. Serre, Motives,
Proc. of Sym. in Pure Math., pages 97-121, 55, Part II AMS 1994

[BL] A.A. Beilinson and A. Lewin. The Elliptic Polylogarithm. In U. Jannsen, S.L. Kleiman,
J.-P. Serre, Motives, Proc. of Sym. in Pure Math., pages 123—190, 55, Part Il AMS 1994

[Ch] K.T. Chen Iterated integrals, fundamental groups and covering spaces. Trans. of the
Amer. Math. Soc., 206:83-98, 1975.

[DW] J.-C. Douai and Z. Wojtkowiak. On the Galois Actions on the Fundamental Group of
Pé(#n)) \ {0,1,00}. Tokyo Journal of Math., 27(1):21-34, 2004.

[NW] H. Nakamura and Z. Wojtkowiak. On the explicit formulae for I-adic polylogarithms
. In Arithmetic Fundamental Groups and Noncommutative Algebra, Proc. Symp. Pure
Math., (AMS) 70:285-294, 2002.

[Su] D. Sullivan. Infinitesimal computations in topology. Publications Mathématiques,
Institut des Hautes Etudes Scientifiques, 47:269-332, 1977.

[W1] Z. Wojtkowiak. On [-adic iterated integrals,I Analog of Zagier Conjecture. Nagoya
Math. Journals, 176:113-158, 2004.

[W2] Z. Wojtkowiak. On [-adic iterated integrals,II Functional equations and /-adic polylog-
arithms. Nagoya Math. Journals, 177:117-153, 2005.

[W3] Z. Wojtkowiak. On [-adic iterated integrals,III Galois actions on fundamental groups.
Nagoya Math. Journals, 178:1-36, 2005.

[W4] Z. Wojtkowiak. Cosimplicial objects in algebraic geometry. In Algebraic K-Theory
and Algebraic Topology, Kluwer Academic Publishers, 407:287-327, 1993.

[W5] Z. Wojtkowiak. Mixed Hodge Structures and Iterated Integrals,I. In F. Bogomolov and
L. Katzarkov, Motives, Polylogarithms and Hodge Theory. Part I: Motives and Polylog-
arithms, International Press Lectures Series , Vol.3:121-208, 2002.

[W6] Z. Wojtkowiak. The Basic Structure of Polylogarithmic Functional Equations. In

L. Lewin, Structural Properties of Polylogarithms, Mathematical Surveys and Mono-
graphs, pages 205-231, Vol 37, 1991.



