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Abstract

Loeal ADIHvl1.heory has beeil eliseus.sec!: after lllakillg SOllle general
r'clllark abOllt PClll'OSC tl'a.llsforltl a.llel lllethods 01' lllollacl \ve COllstrnct
hololllorphic "ector bUlldles Oll ncighbolll'hooh 01' Cl. projecti"e lilie in
the twistor spaee. ßy invcrse \Vard transformation this eorrespollcls
to loea,1 solution space 01' self dual Yarrg-rVlills eqlla.tioll. In thc filial
sectioll we disCllSS some possible a.pplica.tiolls 01' t.his theorem.



1 Illtroductioll

Suppose D is (l, Hermitiall vecLot' bundle ovct' a compact RicIll<l.tlnian

four manifold ami B has a 1I1litary connect.ioll V whose Cllrvatllre is

fllnda.mcnta.! form p~ a two form with valucs in the endolllorphism

bUlldle of B i.c.

'fhc Ricltlatlllia,u lllctt'ic allows us to dccolllpose F illto L\\'o COltl

pOIleIlts F'-t a.llel P_: duc to thc I-Iodge decolllposition of 1\2(1\4). The

total encrgy of the fjeld P is givcll by thc Yallg - ivlills actioll

The ElIler-Lagrange cquatioll for this actioll gives L1S the '{;l.Ilg - tvlills

eq \I atioll

'fhc cOllforlllal illvariallce of t.hc Hodgc star * operator Oll 1\2 shows

that Yang-ivlil1s cCjuatiotis are confol'lll<l,l1y illvarirl.llt: in fOllr dirtlcn

siolls. Thc qua.lltity

is a topologica.l inva.riant of thc blllldie B: whosc va.lue is 8rr2
/,:, whct'e

I,: is the eh i\.t'ae tcristic HilI tl hel' C'2 - 3ci. Th is acLio tI wi 11 bc a Itl in i tllllll1
WhCll cithcl'

P+ = () i.c. >< F = -F

01'

IZ- = 0 i .c. >oe P = P

dCpClldillg Oll whcthcl' k ~ () 01' /,: ::; 0, sllch COllllCCtiollS (I,rc ca,lIed

anti-install\'on 01" instantoll rcspectively. Frolll the Bianchi idclItity,

V 1\ P = O~ OIlC can readily see that instanton satisfy thc Ya.ng - ivlills

eq 11 atioll.

\Vhell (,' is SU(2) allel k =1, thc splwricall.v symllletrie solutions

abollt: thc ol'igill in R'l Wel'f~ discovereel b,Y I3cl<lvin eLa.l.[I3PST]. Für

1..: > 1~ this lias been cxtcndeel by CHooft [11 11 pli blisheel] allel .Jackiw

cLal. [.JNH.]. These solutiolls can b"e illlagillcd as supcrpositions of
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k singlc instantons locatcd at different poillts of R'I alld thc sllper

posi t.iOllS are ach ieved t.h rough some ansatz. B 11 t, tl1 is ansatz failcd

1,0 yicld solutiolls for general k instantons. PCllrose twist.or tbeory

([A tL[\'V\V]) providcs a cotllplet.e solution of t.he illst.allton problcm for

a.ll cla.s.'SicaJ groll pS.

Tlic Pcn rosc fi bratioll ( sce[P HJ-L[PR2L[A t],[13 q ,[\\'\\']) 7r : Cp·3 ~
5,1 teils llS t.hat e<lc!J point of S·1 correspollds 1;0 CP I ill Cp3 alld thc

allt.i-sclf dual (01' self-dua.l) solution of thc Yang-rdills equation in thc

cOllforllla.lly compactified Euclidean 4-spacc in 5" corresponds Lo ccr

La.in global real algcbraic bUlldlcs Oll thc cOlllplcx projective space

CP3. Thc A tiyah- \Vard corrcspondcllec ([1\ t.J ,[\"'al]) says, giving a.t1

S'U(2) (l,nti insta,ntoll (solutiolls of anti sclf dual '(a,llg-Ivlills equation)

butldlc Oll 5,1 is cquivalctlL Lo givitlg a hololllorphic rank 2 vcctor bll11

dlc r whosc restl'ietioll 1.0 cach projeetivc lillc is trivia.l and carrying

a SI1 itablc real strllctu rc. In a cclebrated papcr A tiyah ct.al. [1\ HIvl D]
ha.ve shown ltsillg "Vard corrcspondcnec alld algebro-geomctrie tech

Iliqucs :Illcthods of lllo11ads: intl'odueed by HOJ'l'ocks alld l3arth [aSS)
tha.\. a.1l illstan1.olls havc <'\,11 tliqllC description ill tCrlllS of lincar algcbra.

for any arbitrary eOlllpact classical grollp.

Soon aftcr thc dificovcl''y 0[' ( globa.l) ADH lvi cOtlstruction [A 1-11vl DJ

Ha.rt~lt()t't1e [Hn.l J Pllt forwarclcd "', list of problctlls about, thc a,lge

hraic vec\,or bUlldlcs Oll pl'oject.i"c spaces. In that list hc also statcel

thc problcm of loeal ADHlvl as the problclll of 1I1ldcI'stancling "cctor

bUllclles Oll a t,ubular Ilcighbolll'hood of a ])rojectivc linc ill the twistor

spacc CP3. As a. hillt. lJe stated t.hat. this problelll eould a.lso be tackled

via. PCllrose transformations. Thc loea.l problcm is differcnt [rom tbc

global problcm in a n\llllber of ways: for cxatllple one loses thc SCCOllel

ehern class allel thc tllocluli space beeolllcs infinite ditllCIlSiolla.l.

Earlict' \Vitten [\Vil] stlldicd this problctll in two differellt <Lj>

prochcs. Thc first part of his paper hcavily depclldent on physics
allel it is elifficult to follow. Of course hc Ilscd IllathclIlatical tcch

11 iel\lcs i 11 the seconel parI. bll 1. i II 111 any ways t.1J is part. is incom plc\,c

allel illcorrcct; for cxalllpic his twistor argulIlcnl., thc "eetol' bunelles 01'
thc tllollad etc. ßut wc lllllst aelmit the nl'fit part of thc paper ifi CO['

rcet althollgh it is hard 1.0 follow. \Ve prCSCl! I. a, cot'rcet lllathclIl<d,ic:d

proof in this ehapter.

On I' mai n I'esu It is:



Theorenl .1 Lcl E' be a DCclol' uU1ullc dcJined locally on Ihe neiyh
bourhood oJ a jJf'ojed,ivc line L in CP] 8/u:h Ihal t.hc l)Hudlc E is Irinial
whcn il i8 rcslricled lo l/ie line. Thcll IJulldle /lJ is ('crdizer! fl'ofll I.lIe

coholl/%gy oJ Jollowilt.tJ IIw/1ad

\/(-1) ~ 1'1/ ~ U(l)

whe/'c
\/ = III (0.2(I )(11 1

( B (- 2))

IV = I-/l (/:; (9 n l )

U = 1l1(E'(-1))

Acknowledgelnent: Above ;\.ll ;\.ll thaI' is gl'atcflll to Prof. Si Illon

DOlla,lclsoll for suggcstillg anel guielillg La solvc this pl'oblcl11. He is

also gra.t.eflll to Pl'ofcs.'Sol's Nigel Hitchin allel Pctcr I\ronheilllcl' for

thcir critica.l remal'ks allel hclpful slIggest.ions. r.,.'lost. of the work has
beeil elOIIC in Oxfol'eI allel it is sllppor1.ed by ßritish COlllleil. Au1.hor

is gratcl'lll to ;vl PlI for their kinel hospitality which help hiIll Lo finish

thc fi llal pa.rt of t!Jf:l vl/Ol'k.

2 Prelimillaries

In Lltis scctiOll wc diSCll&S flomc basic fca.turcs 01' Lwistor gcotlleLry

([PR1l[F'R2L[\V\VJ) COllllcc1,ed 1,0 0111' problem <wd somc definit.ions

rcgardillg Illonaels. So fol' cOllvcnicllCC wc split this scction into 1.wo

pa.rts; fi 1'5t part. is I'da.1,cd to t,wisLol' t.heory amI the scconel OIlC deals

wi th metItods of 111011 ad R.

2.1 SOlue features of twistor theory

The iclca, of twistor t.hcol'Y is qllite olel a.llel goes back 1,0 the fa.lIlolls

Pliickcr-I\leill l'c1a.t.iollship [\V\V] wllere it elescribcs tbc stra.ight lilles

in CP:\ hy the poillts of <\' quael rie hypcrsur[ace Q in Cps In 1;he

Pelll'OSe l,wistor progralllll1C olle useR the holomol'pltic gcolllctry of 1;he

twistol' space to producc solutiolls to difrcrcntial cqua.Liolls. Ilecall t.hc



Pellrosc fibratioll dcfilled by Ti : Cp3 -t S'I with fibre Ti-I (:1:) a.t. each

poillt :/: E S'I is Cpl which preciscly givcs the compatible complex

stl'lletllre in TS·1• \Ve can pull back an S'U (2) bundle I~ Oll S·I by 1r to

ohta,i 11 <'1,1\ <'Issocia.Lcd rall k 2 blllld le B 011 Cp:J. Thc COllllccLioll V on

I~ is anti self dlla.1 if a.lId ollly if thc pllltCe! back cOllllcetioll detel'lIlincs

a. hololl1orphic st.rllctu rc on B = 1r'" (ll') This is thc b<-lsis of thc \Vare!

t.ra.nsformation [\Va.]. A connection wit.1! anti self dual CIl I'vatll re on the

original SU(2) bundlc givcs an altllosL cOlllplex strucLtlre on E anel the

a.nti self duality cOllelition provieles thc illtcgrability conditioll Ileeded

for B Lo be a hololllorphic rank 2 vector bllnclle Oll Cp3 alld sillce the

hllllelle comes frolll thc hunellc over S'1 it cal'ries a rcal stl'llctlll'C. Thc

rcleva.nt anti-hololllorphic involution is givclI by /.: : Cp:3 -t Cp3:

w!Jcrc ZiS a.re hOlllogcneous coordinat.cs Oll CP3. TI! is lIla.p is conju

gate linea.r in thc scnse that k(AZ) = )'k(z) for a.ny >. E C a.llel Z E C 4 .

I~ach fi bre 7f -[ (:1:) is a 1,;- in v<'l,rian t pro.i(~cti vc li IIe allel t lJ c 1'cstrictioll

0[' tllc plIlIback blllldic E Oll c<'lch rC<'l.llillc Ti-I (:1:) is trivial. Also Olle

Cl.lI casily sec !.hat thc illelucecl auLolllorphislI1 of the spacc of lillcs Ca.II

bc realized as thc cOlllplex cOlljuga.te of Pliickcr eo-ordilla.\'es of Lhc

qllad rie: Lhus real points QH of the quadric Q correspond 1,0 real lines

in CP3 (cf. [\V\VJ).

So the hololllorpllic vector blllldlcs B cOllling frolll inst.anLolls over

CP:·\ have zero first ehern e1ass (whieh is e1ea.l' sillce thc stl'uc.turc

groll]> is SU(2) so elctB is trivia.l) a,lld the illstantoll 1I111t1bcr k is thc

seconcl ehern e1as,.., C2( E). \Vc kllow frolll CACA [Se] Lhat all holomor

phic bUllellcs Oll thc pl'ojective spaccs ha.vc lIniquc algchraic st.l'llcLllrcs.

Fixing Cl = 0 a.llei C'l = I,; (say) \\'c G\.II defille Lhe Illod 11 li sp<'lce !\th
of stahlc algcbraic rall k 2 vecLor bUlld les on CP3.Thc hlllldics com

ing frolll insLallLolls 1Ja,,,c SOllle clJa,raetcl'istic featul'cs \""hielJ wc will

cl isc 1ISS i Il t IJc IlCX 1: ]><\,r1:.

2.2 Methods of monads

Thcl'c a.re Lwo IIIa.in ways of sLlldying "cctor blllldies ovcr cOlllplcx

projective spaces, OIlC is via cllrvcs allel jUlIlping lillc: t.h(~ other is

hy I1lollacls [OSS], Thc iclca is t,wis1. tbc hUllclle E by O(n) such thaL

tbc IICW bllllclle E'(n) ll<ls plell!'y of glohal SCctiOllS. I f :~ is a. gCllcrie

scction thcll thc sct of poillts in CP;\ wllcrc ,'; hecolllcs r,crü will bc
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a eil rvc) C) i 11 Cp:3, \Vith thc givclI Cll rvc a.llel some algcbl'a.ic daLa,

a.llel 11laehillcl'Y olle ca.n rCCOYcr E', Thc Reconel lIlcthod is thc most

successful allel wielely uscd tcch 11 iq HC,

A Illollad is a pair of maps of hololilorphie veetor bundlc ovcr a.
cOlllplcx mallifolel .Ai

L(-l) ~ 1H ~ N(l)

such l.lJa.t a is injcc1.ivc a.llel V is slll'jectiv(~ anel tbc COlllposiLc 1I1ap

va = 0 cvery\vhere. Thc blllldic E = I\cr b/lm (l is tbe 'eohOlllology'

of thc Illollad. The word monad was IIHCd hy HOl'l'oeks. Thc idca. or
this Illcthod is 1,0 COllst.rllet eOlllplicatcd h1l lldles from t.hrcc sirnplcr
bLllldlcs I..J) 1\t1 anel N ovcr thc .Ai. 'fhc pl'ocess of Laking eohomol

ogy of f\. COlllplcx is in gencral fUllcLorial: so t.hat two monads whieh

are isomorphie ( in the eatcgoriea.1 sCllse ) dcfine isomorphie vceLor

bu ndles.

In order to sec how t.he eonncct,ioll al'ises frolll the mallad wc sllall

folio\\' DOllaIdsoll [Da). Let.Y bc thc two dilllCllsional \'ceLor spacc

llllclcrlyinß P(X) = pi, I-Icre :'a': is an clerllcnL of .Y"'0 1-I01I'I(L,1"1)
a,nel "//' is ;].11 c!crllctlL of ...X* 0 1-10'/11(1"1, 1V). SO the eomposiLc Illap

will bc X" 0 X * 11 om (r" N), Si nec Iw = 0 sal,isncs ever.y\v hcrc allel

th is l'ccjlli rClll(~1l t. allows us t.o sa)' t haL 1.h is is a skcw sy llllIlcLt'ic Oll X"'.
\VheIl wc illll>OSC thc condition Lha.L the hlll1dle E be holoillorphieally

trivial Oll the projcetive line W8 ohta.ill an isornorphislll

Follo\\'illg DOIla.ldson~ Lhis trivia,li1.y cOllditioll can be rc-expl'cs.scd by

choosillg 1.\\'0 distinct points 1I/:/l ill thc projcctivc linc. 'rhus \\'c obt.aill

fOlll' Ii Ilca,r SII hspaccs of thc vcctor spacc 1"1: gi VCIl by

1

/

7))°'"

Elementary lillear algebra shows that the rcstrictioll of E to is nal.ll

rally isolllorphic 1.0 the subspace

alld a.lso to t.hc quotiellt,
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Abovc t\VO dcscriptioll Ille<l.JI tllat thc fi brc 01' thc associa,tcd bUlldlc E;'
comes as a projective SlI bspacc 01' the fixcd vcctor spacc /1'/ equippccl

with maps

No\\' tlsing these Pl'ojcctive maps \ve kilo,'.' ho\\' to defille define con

nectioll 01' a. Sll bbllllclle 01' <l. fixed vec1,or Sj>ace. Suppose 1'" II(\s the f1at

cOllncctioll \7 a.nel we have a. smooth bUlldlc projcctiotl rr : iH ~ Eil
which is <l.lcft inverse 1,0 the illcilision map i. Then we get an induced

COIlIlcctiol1 A on E' with covariant derivative:

rroV'oi(s).

Thus wc geL a connection Oll a.ny blllldlc B associatcel to 1ll0nad Oll

the twisLol' space.

111 principle the tlse 01' IIiOllads I'edllces the stlldy 01' vectot' bundles

Lo lillcar algebra" Onee we obta,in a vedor bUl1dle 1'1'0111 tbc lliollad

thcll tllc invcrse \'Va.rd corrcspondel1ce [\'Va] gives tbc genera.l A DI-I ivl
descriptiol1 01' a11 seIl' dual ga.uge fields ovel' S·I.

\Vhen thc bundlcs ha.vc SOllle additional stl'ucturc 1,hcn this addi

t,ional sI, rHetH1'8 goes i 11 1,0 thc monad a.\I tOlllatica lIy [1'1 a2]. Let E bc

thc slleaf 01' lJololllorphic ( 01' algebraic ) scctions 01' rr" (I~) over CpJ.
Supposc tJtc collercllt SIICil.VCS h~J,Vc rollowing vatlishing colJolllologics

rt U(f(1II)) = 0 1'01' 111 ::; -1

1I 1 (E (m )) = 0 1'0 r lJI ::; - 2

1I '2 ( f (lI'I)) = 0 1'0 r IJI ~ - 2

j-(-\ ( f (/11 )) = 0 1'0r 111 ~ -:3

Thc coherent shcaves Oll CP3 wit.h thesc propcrt,y are called ad

missiblc sbcaves( sec [lvI DL[Ha.l]) a.llel t.bc. cOl'l'espolldillg monad will

bc a spccia.l 1l1011ad. Tlicrc is a fUllct.orial cquiva,lcllce hetwccll the

categol'Y 01' spccial lllollads allel thc categol'y 01' ad III issi blc shcaves. 111

order to provc the vanishillg 01' this coholllologies it is sufriccs Lo show

the vanishillg of thc first. L\\'o coholllologics. The othcl' two follow from

t,he SeITe dllality~
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Thc fibres of Jr : Cp3 -----7 54 are tbe projcctive lines in CP:~ and thc

rest ric1.ioJl of E to them is holomorph ically tri vi al alld f01' t ha.t, reasoll

11 (J ( C pi: 0 (/n)) = 0 \V hell 111 < 0 : hell ce 11 () (C pi: E(In)) = ().

Sincc ill the cntire calculation \vc !lavc llsed tllc local vcrsion 01'
Bei linsoJl 's spec1,ral seq lIClleC ([13e],[OSS]). '1'0 keep thc paper ReIf COll

eise \\'c give the sta.tcment of thc theorclli witholiL proof ( for proof

see [OSS]).

Theorenl .2 (Beilinson) (sec :1.1.4 rOSS}) Let B be a '//1 dimell
sional h%IHol'jJhir: bllnr!l(~ ouel' thc Z(Jl'is~:i open SlIbset U of cpn
lhen there exist (I sjJcdm/ seqllcHcc B!~1r.; wilh BI - tenn

whidt cOllumyc8 to

EY = B fo/' j = 0

(IHr! othcrwisc O. This '/110111.<'" that

B!:2 = 0 Jo,. fJ + q #- 0

([nr!
ffill E'-P'P
Wp:::;u <Xl

i8 the (lssociat.ed ymrlerl she.aJ of (/ jiJl.mtioH oJ B.

BeilinRon's wOl'k !las cilabled us 1,0 COIIs1,l'lIC1, an inverse fllllc1:o1', i.c

it. lJelps 115 1:0 cOlIsl,rllct Illonads frolll the adlllissible sheaves. COllsidcr

for exalllJ>lc thc globa.l A DH ~\'I case [A HlvlDL thc lIlollads cOllling [rOlll

insta,ul,oIIS always have a ISpccial strllCtlll'C

A(-I) ~ 13 ~ C(I)

where A(-1) = A \3) 0(-1) etc 'l.Ild A,13 ,Lnd C are threc complcx

vectol' spaces. Bal'th observed that correspollding bllndles E on Cp:l
with Cl = 0 ami (;:,1 = kare stable <l.lId sa.tisfics H 1(E(-2)) = 0 1 IIsing

Penrose tnLns[orlll \\'e call declllce t!taL i1, is eqlliva,lcllL to the cOllditiotl

tha.t Lhcre arc 110 IIOIl-zero solu tiollS of thc eq 1I atioll.
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has HO globa.l soilltions. Here 6. denotes Laplace - 13cl t.r:-J..m i opera.tor

eOIl plcel to thc eOIl nectioll 1 n > 0 is the positive sc<dal' cu rvatu re of

S4 alld s is a section of I~.

But. in the local ca.sf~ tllis va,nishing <I.l'glll]Hmt. does 1101. ;-i,J)ply so

LlJe cohomology grollp J-j1(t(-2)) #- 0 in thc local case 1Il0reover this

will appea.l' in thc vector spaees of the Illollad allel since the blllHlle is

SIl PPol'ted 011 a. HOIl COIll pacl. space we call:t IIse Serre duality eithe!'.

Ins tead of th at \ve \vill Ilse SOIlI e tech niq lICS of several CO[I! plcx variahle

to c1ecluce thc vi\.lIishing of j;hc coholllologics in thc spcctral sequcncc.

3 Constr1.1ctiol1 of 11.1011.ads for local
bllndles

In Lhis sectioll we construct thc monads of holomorphic bllndles Oll a

1.\1 hular Ileigh bOIl rllood of a project.ive li IIC i [I CP3. I t has becn knowlI

1, h<1.1, PCll rose l;r;\.IIsf01'111 atioll deals \vi th dOll ble fj bratio tI of a gen era.l

ized [Ia.g variety [BE]. This tra.nsformation has becll lIscd in thc local

A DI·Ii\'1 problem hy loca.lizal.ion at a. point. in S4 whiclJ corresponds 1.0

loca Iization ]Jeil.l' a li ne in C p:.\. Let. IlS recall t,h e basic dOll ble fj bl'a1.ioll

where F is Lhc fla.g varict.y allel Q is the COIll plexifica.tioll of S4. As

\\'f) chaase 1.118 i lJlage va,riet", of the tl'aliSrOrll1 a SI,eilJ SI] bsct [C RJ 01'

thc cornplexiricat.ioll of S·l.

Definition .3 A c!oscd sl/hsd. in F oJ (I. r:o//lplcx s/)(/.r:c .Y ;8 ca lied
Skin scl. (in X) iJ CurU/Ii:"" ~l.hfOT·fm IJ ~ Iw/ds ,fJO(H/. This sa/Js JOl'
CIN~/'y COhCl'flll fI'Iwlylic She.flJ:=:

i8 pa/irl on V. A comp/c:J,; sfJ(u:c which is ilsel! a SlciH -"cl is cullcrl {/

Stein .'i/mcc.

Civen a. open 811 bset. of t.he complexificatioll of S·l a,lIe1 with tohe

hclp of thc ltIap J \I,,'C ca,1I pu]] back t.his Stcill set La na.g variety. Let.



8 fl be tbc stein subsct of Q. Supposc Frl = j-1 So is thc open slIbsct

of fla.g varict)' Lhcll by j)lIshillg down this 0PCIl su bsel, wc obLaitl thc

cOl'rcspollding open su bset. 01' thc twistor space prl. So thc basic clou ble

fi bratioll i lld llCCS a dOll blc fi hratioll among the open su bscL

Here pu is thc opcn Sll bsct of the t\\'is\'or space and tll is can be

covcrcd by 1,\\'0 Stein S\I bsct.s cu ttillg Oll t the CClltrc allel \,WO su bscts

thickellings :1.1, the low81' a.lld IIppcr stl'atllill of pa. In the case of Stein

su bsct which is eilt 01lt frolll the centre, thc fi ['51, coholllology does not

vallish.

Lct ):, a.lld )'2 bc thc Lwo opcn ccntra,lly Cllt out StCill Sllbscts of

pu alld let pr: = Y1 UY2 Sllch that H I (Yj,:=:) "# o.

Lenlll1a .4 !-Icl .Y be a t01H/J/e:J.: s]Joce und \I, OHr! V2 be lwo Slein

sufJsjJflces oJ X. Then VI n \t~ is Stein loo.

For proof OIlC IllUst consllit Gra.uert a.lld RCllllllcrL [G H.]. 0

Proposition .5 '"'cl pli fJe the open Sub8cl oJ lwislor "'/)(Ice oJ/lslrllr;!,cd

aboue. Bvcry coherent fIlW/Yt.iC shea! F Oll pa tiat.isJies

JOI' oll q ;:: 2

Proof:: Since pu
we obtaill

Y1 UY:2 llSl ng rvl a..y(~r- Vietoris seq uellce [131']

l3y t.he thcorelll B of 1-I.Ca,rLall wc alrcady kilo\\'

/-I (/ (Yj: :=:) = 0 f0 I' q ;::
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alld
I-r1(VI n )'2, :=:) = 0

by lelllllla. 4. So J-If} (pa, :=:) = 0 for any coherent sheaf :=: whell q > I.
This cÜlllpletes the prüof. 0

The result of this proposition will bc lIsed to esta,blish the va.nishillg
of relevant coholllology grollps in the spectral sequcllce.

No\\' we follow Drillfeld alld fvlallin's procedlll'e in [fI/ID] where
they ltave givell a nicc procedure of cOllstructing vector bUlld!e IIsillg

1 '\monad. Let Q dCllotcs tlte cotallgellt bllndle of CP' a.lId nH denote
the corresponding '11-1,1J cxterior prodllct of the cotangellt bundle, \'\'e
obta.in following shcaf cxact sequclIcc

Resolving into 10call.'1' free moc! llles \vc übta.in the followillg 1\ OS;" II I
COIll plex iIl Oll I' ca.sc

F'ollowillg Drillfcld-l\lla,llin [lvID] wc tellsor tbe ahove scqucllce witlt
a.n a.rbitral'y vcctor bllllc!lc 8(-1) so wc obtain following cxact se
quellce frolll the 1\05;"111 complex

In order to extl'act thc infol'llla.tioll of the blllldlc B \Ve havc to go
the 1'01' spcctral sequcllcc dc"c1oped by IJeilinsoll [Be]. III our case thc
spectra.l sequellce associated with t1lc double cOlllplex would be t.hc
following Olle

j{3(ffl (2) «) B) 1-(3(n2(1) «) B) j{J(n l «) E) J-I :\ (B (- ] ))
1I'2(n3 (2) (9 E) 1I'2(n'2(1)0E) lI'2(n l (9 B) J-I'2(E(-I))
j-J I (n~~(2) <9 E) j-J I (fl'2 (1) 0 E) J-Il(fll@ E) J-I1(E(-J))
J-1U(rr~(2) (9 E) J-I U ( rF (I ) 0 E) J-1U(0. 1 0 B) J-1U(E(-I))

The 1;wo coholllologics are relatcd by the operators satisf.'1'illg

(/ . j;;p,q ~ j;'P+l·,q-,.+ I
r . ~1' -, ~1'

11



such that r/; = 0 . \Vltell ,. = 1 \vc have l.he cohOlllology of 1;hc rOW5

abovc.

Oll r stni,tcgy is to fi nel tbe [1\011 ad corl'cspond ing to th is bll nd le B,
This b possible providcd sufficicllt Hllillbcr of coho[llology grollps (\,re

zero in thc spectral scqllcnce. '('he vanishing of highcr coholllologies

follow fraIlI 011 [' eCl,riier result, ( propositiolJ .s )

alld

Thcrcfore wc cOllcllldc that thc first t\\'o 1'0\\'5 üf the spectra.1 scquellcc

va,tl ish idclltically. Otl [' Ilext task is Lo show thc büttom most row also

vfl.nishes.

Lenl1118 .6 'Iel B bc ihr burulle rfefined on lhr lubula'/' lIr:.iyhl)()IIf'

hood oJ p'/'ojrc/.ivc Une. !f il i8 trivial on Ihe fine IheH il sOI/sfies
I-I°(B(-I.:)) = 0 JOI' all /,: > O.

Proüf :: This is a. t.rivial case üf I\üda.il'a. va.nislling thcorclll [GH],
hellce \\'c üh1.ain

für all I.: > O. So thc I'csult folio\\'5 i 1111 11 cd ia.tely.

Clainl .7

o

Proof :: Ilcstricti Ilg 1,0 a. li IlC the ta,llgcllt blllld le of thc CP3 fi 1,8

illto the exact sequellcc

HCllce wc obtaill thc follo\\'illg splitting of the t.angellt bUlldlc

Tc r'31 L = (') (2) EB 0 (I) EB 0 (I ) .
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Thcll t.hc dual 01' this splitting will be thc splitting of thc cotangclll,

b llllellc.

[Tc p3 Jv = n[ = 0 (- 2) EI1 0 (-1) EI1 0 (-1)

E 0 nl Ir- = E (- 2) EB E (-1 ) EB B (-I )

So \\'c cOllcluelc from thc prcviolls Icmma

Sinec n3 = O( -11) i.c \.hc eallonieal bllndle of Cp3 thcll thc fi rsL

coltoIllology groll p red ueeel to

Hcucc wc obtaill lI U(S1 2 (1) 0 B) =0 frolll tllc spcctral SCqllCllCC. Tltcn

iu thc spceLral scquencc thc whole O-th row "anishcs Thlls we pro"c

t.he lellllll;t. 0

Thlls wc lJa.vc Icft wiLl! sccoud J'O\\' olll.V whieh IS cxprcsscel as

fo11ow5

Obser"c that thc first c!CIIl eil 1, in t,he scqllenee is 1I\ (S13 (2) 0 B) =
I-I 1(B (- 2)), si llce S13 sLands for callOll ieal li HC bUlldle of Cp3 amI

!lCllCC n:J = O( -'I). 1'liis clcmcnt vanisllcs ielcllticaJly ill thc casc of

hllndlc o"cr 54: bilL in thc loeal ease it contributcs to thc monad.

This scqucnec or foul' "cctor spaces eall bc casily Ll'a,llsforJllcel iu 1;0

st.a.nelarel Illollael, i.e a. pa.ir of Illorphislll allel thrcc "cetor spaccs. Tllc

lIlonae! of the loeal bu ud Ic E is

wllcrc a allel b a.re t\\'o Illorpllisills alld thc bUllellc is rccovcl'ccl frolll

the COhOlllOlogy of the Il\ollacl.



Renul.rk .8 If wc Ol/lljHire Oll/' dU/jllc!' wilh the c(Jl'/icr puper 0/ I'ViI
lell [1'Vi I}( he al/.clllpled this ca/clI/alion fo1' iH inkowski slJflce timc )

we find Ihe following l'ep/acemellls (l) lhe first lJcr:!Ol' slmce is the qU()

liclll Sj){f(;e [J1(r22 (J) 0 B)/l-f I (B(-2)) nollhe SjHiCC J-I 10;Z2(i) @ E)
which wo,'; fOllnd uy H/iUen. (2) IViUcn used IrJ1l.fJ e:J:act scqllencc which

i8 Wf'OlllJ illstcad oJ IJei/inson:s sjJer;/'ml sequcucc. iHo/'eooc1' he didn 7t

show e:.J;plicilly why I.he f;ohom%ffies lIIerc v{lHis//f~d. (3) iHol'covel',. we

wrllll 1.0 jJfJinl oul. lhol llll/i!.:e i/1 Ihe .fJlouol casc,. I.lIe uector spoce A is

HOl. dual lo C in I.hc locu/ case.

PlILtillg a.ll thc rcslll1. cOIlccrning Illollacl allel loca! vectol' blllldle to
ge1.hcl' W8 obtain 0111' lIlain theorclIl.

4 Identification of the cohomologies

111 tllis scctiOIl wc will idclltif'y the veetor spaccs appearing in thc

1I101lads. In thc local casc all thc vcctor spaccs forllIing t.hc Jllollads

are infinitc dimensional \'cctor spaces, Thcy are the SOllltiollS of the

thl'ce 'l.1lxiliar.y eqllil.Liolls as \Vitt(~11 slJowccl, He showecl ill tbc first
ha,lf uf his papel' that two 01' L1j(~ vector spaccs are thc solutinllS of

Dil'ac cqllatiolls allel othcr olle is thc solution of SOllle scalar cqllat.ion.

In ordcr to sce this in detail we lIlust apply the Pelll'OSe Lrallsform.

In this section we will demonstl'ate !Jow \;0 obta.in the information

abo I1 L 11 1(n I ) •

This a.pproach is hased Oll !ocal LwisLor tlteor'y <lS shoWIl by Lione!

~vlasol\. Lct us cOllsieler the Eulc!' scC[ucnee Oll the twistol' space:

zoo --t~ ()Cl ( I) --t T --t 0

OIlC Cil.1l ['(~ga.rd Zu is tbc La.ll tological sectioll. Du alizillg tbc ;l.hove

sequcllcc: \Vc obtain

So frolll the long cxact seqllcllcc wc obtain

PCllrosc tl'anSfOl'llla.Lioll of J-11(prl:Oo(-l)) sat.islies
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whcrc V is t.hc spin conneetioll allel 0' is the twistol' index.

Thc defi nitioll 01' thc 10Gd twistol' ewel Lheir eOllstr\Jctioll then givc
11$ t.ha.t q;B(~ is eqllivalcllt Lo a pair 01' fields ~ßA', 'I/BA a.lld thcsc a.re

thc sections 01' OBt\' a.llel GBA [-I] l'cspectively. Thesc satisfy

V~'1IßA = 0

This tclls IIS ~BA' is tbc potcn tial für thc Icft halldcd !vLl,x\vell field.

T'hell 1:1' (Pll, 0) is isomorphie to potelltia.ls lllodulo gauge for slIeh
fieleIs.

\Ve are i 11 teresUxl

o -----7 HO (ptl : 0) -----7 1:1 t (pa, n[) -----7 J-I t (pa, 0
0

( - I)) -----7 H 1(pa, 0)

o -----7 J-11 (Pll: nl ) / I:I U(pu: 0) -----7 1:1 1(Plt: (Ja (-1)) -----7 1:1 1(pa: 0).

\Ve wa.nt to scck tIJe kernel 01' the lJ1a.p 1:1 1(pu: 0 0 (- 1)) -----7 /-11 (pu: 0).

I'or sOllle fllllctioll J. If we wri te

'IBA = (JHA + TCBA

So \\'e obtain

f:j.f +"liT = 0

Thell a.pplyillg ollce again .6. \\'e oht.a.in

Similarly thc coholllology grollps have been identified by Lionc]
J'vlasoll a.llel l\'like Singer [1\'15] which a.re Ilothing bill. the solutiolls 01'
sOlne differentia.l eqlla.tioll as pl'cdicted hy \Vitten [\Vi 1].



HeIlCf~ we ca.n ielctltil'y thc 1l101la.d wiLh the \ViLLen cOlllplex [\Vil].

\Vhel'c f'(E (3) S'+)/f'(E) : spaee of harmonie seetioll to the section

Dil'ae equation.

1;(8): spa,ce of SOllltiollS or some sealar cqua.tion.

F( 8 (3) S-): space of SOlll!.iollS of Dirac eqllation ( opposite pari!.y )

RenUlrk .9 The first parl oj (he IVillcl(" pape1' r;o1/l.plcl.dy ag1'CCS wilh
O'/ll' 1·cs/tll..

Now wc arc in thc position to layout cxplicitly thc local ADHtvl
theorelll. F'i l'st we 1Il \Ist dcfi ne the el <l.t<l. or loeal A]) H i'vI COllst!'U ction

which ha,,,e all'cacly gatherccl frolll the last two sceLiOHS.

Data (Loeal) :; Cl) Three infinite dilllcllsional vector spa.ces A, 13
allel C wlJCI'C .A (t,Ilc! C a.re thc solutioll spaces of Dirac CCIlIa.tions :l.lld

B is the solution spaces of sealar equat.ions.

(2) D be another "cetor space fOrJllccl by the solutioll of the Laplacc
equation Oll sa,.
(:3) rrh{~ quoLient spacc .AI f), solutiolll':i of Dirae cqllatioll IllOelllto thc

hartllonic solution.

('I) Two linea.1' m:J.ps (/ :J.lle! b : wliere a : .AI J) -t 13 is ;'l.n injeeti"c

lIIap anel b : ß -------7 C is thc sllrjcet,i"e 1I1a.p a.nel these givc llS a. stl'uc

ture monac!. 'fhesc [1l<l.pS arc linear ovel' the cOlllplex pl'ojectivc spaee.

(,5) Thc COhOIllOlogy ur thc IllOH(\.c! 01' thc quotient 8pace Illl a I I\el' b
givcs tbe hllildle fraIlI the loca.1 [llOllacl.

PIC:lsC note th at 1.IJe cq ui valcllcc cl asscs of llloll:JcI IllcaliS eq \I i "<l
leHee c1asscs or ADHJ\/I (Ioca,]) c1,\,!.(\, ,\'lId this give l'ise to cCJlIival{~llt

c!asscs 01' loea.1 vcetor bllllelics Oll tbc Ilcigh b011 ['hoael of a line.

Theol'enl .10 Thcl'C e'J;isl a olle to Olle corl'cspondence belween (a)
cq/lifjalt~/H;e clas8cs oj local A lJH1H da/a 01' ihe cqllivalent. c!asses oj
l{Jeal liedol' bundles on thc j01'11Ial ('ol/lplet.ion oJ I.he jJ/'ojcdioe !illc
Oll, CP:\ (b) !J(wge, (;'11/ iualcn.cc r;[as ....·cs oJ loeal soll/liolls oj 8c/f-d aal
Yo n9- 1"1 il Is eq/wlion.
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5 Applications , discussions and open
problem

1[} l.hi:s sectioll \\'c 1J<\,vc ,ütcIllptcd 1.0 show SOllle applieCltioll:S of loeal

1\1)11tl/l: pa,rticula,rly frolll t1lc point of vicw of red lletiotl 01' self dual

\{;l.IIg-lvlills equatioll. At the cnel of this seetiotl wc havc focllscd on

samc af t.hc int.crcstillg problem cOllcerning loca.l vcetor bundlcs.

DUl'i ng t.hc 1a.'3t. fcw yea.rs \V'l,rd: l\'I ason (see 1'01' cxam pIe [\Va2L[J'vl S])
aJl(1 oL1Iers havc ShOWll that man)' intcgrablc systC[IIS pa,rtieularly ill

1+I di [llcllsiolJS a.re sy III Illctry red uctions 01' self-e111al Yang-Ivl ills eq \J{'\,

tioll. The motivation of t.hese :phellomenologieal ' works sho\v tllat it

could bc possible to vie\\' the sclf-c1l1al '{ang-Ivlills cquatioll is thc ulli

versa-l j II tcgrable sys tCIIl. l3u t i l. is 1,0 early ta say si nee so fa.r Illath

cma.tical physieists !la.va faileel 1,0 show fa,molls equations likc KP 01'

l)avey-Stewart8oll (I,re Llte red llcLiutls 01' tlte self-d 11<t.1 Yallg-ivl ills cq lla.
tioll. Bill. it. wOllld bc rathcr illteresting to kilO\\' how thc geometry

01' self dual '{ang - p.'lills equat,ion is relatee! to t.hc geomctry 01' t.hc

reelllctioll cquatiolls. Herc wc pickee! Hp I\c1V CIS an cxamplc 1.0 show

ho\\' i t8 geolllctry fi 1.s \Vi tl! loeal AI) Hivl eOllst ruetioll. \'Ve eh oosc to

work 011 R'I with cf.)()['dillates (:I:: UJ Z, t.) alld Lh(~ [lleLrie

The Ya'llg-rvlills COllllectioll D := iJ- A wherc A takcs v"ducs in tbc Lie

algebra of SL(2 J C) artd these arc ddi lied lIpto g:l,llge tra.nrot'llla.1.ioll

Followillg ßelavin allel Zakha.rov[BZL the self-dllalit.y eOllditions be

eOlll es

[J)~: - D,1/1 Dt] = 0

[Dx + f)Yl DtJ = 0

[Dx - Dy , Dx + Dy ] + [D z : Dt ] = 0

Thcll pcrrorlllitig I.wo dimcnsiollal rcd\lctioll, OIlC Ilull alld tiJe othel'

ti [llcli kc a,lld by i [11 pusi ng gauge fi xi llg cOllcli tiOll, t\.ilasoll-Spa.rli Ilg [!\,'IS]
allel l3akas-DcpirclIx [I3D]showcel thaI. SDYf..'1 eqllation redllces 1.0 I\dV
eq nat.ion.

\Vc have all'c<'ldy CIlColllltered olle dimensional I'ccllletion (herc only

one [l01l 1l1l11 translation S.Yllllllctry <dong Oy is j[lIposccl ) in tbc easc
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of Bogolllolny cqllatioll in R~\ wherc Hitchin[Hi.l] alld Nahm [Na] have

ShOWll t.his is cquivalellt. in R": which is in addition invariant IIndcr

thc action of Lhc additive group R of tra.nsla.tion in thc z dil'cetion.

By lllcallS of twistor cOl'l'espollda.llces I-litchill showed that tilc SU(2)
l3ogol11oltly equatioll Oll R:~ correspotlds to a, hololllorphic 1'(\,11 k 2 vcc~

tor blllldic E Oll TP I whieh is qlla.tcrllionie alld t.rivial Oll ever,)' real

secLioll of JT : TP 1~ PI'
In \.hc Kd V easc wc !la.ve gone one step fIlI'Lhc!': Kd V in R 2 is

equivalellt to a solution of the self dlla.lity equation in R,j whieh is in

a.ddition inva.riant 1I lider the action of thc additive group R + R of

translation whieh is a pair of orthogonal space time translation one

tilllelikc and onc lIull directioll. On top of thaL: it. satisfics sOllle gauge

fixing conclitions whieh wc havc lisLcd bclow.

Proposition .11 If we 1'cr!lu:e lht? ",ei/-dual Yall.fj-JHills equot)o1! by
Ihe !){li,' of two ol'lho.fjollol !\"illill.fj ncc/.01'S (one is SJHlce like (/lu/ otheT'

is tillle/i.:e ) uy and D, "nd fixill(j the 9(1//ge A z = (~I ;;) ,,"d

A;: + All = (0. (0) and A:r; _ A y = ( ° 1)
. s) ~U ()

IIJC oblain lhc !,-r/ \l C(/HO !ion (/s thc reducf.io!I of self-dual Yo IIg-!H i//8
eq//uUofl.

LeI. 115 ca.l1 this data as a rcelllc1.ion c1ata. Hccal1 the lllollacl of the

loeal vce: tor bll tld lc

and tbc 1ll0rphislllS (l and bare lincar ove!' the projective spacc. Now

in thc rcdllcccl case these morplJiSlllS llltlst be t\\'o tra.nsla.tion invariant

and tbc correspollclillg vector blillclic i5 also two trallsla.tioll<l,l illva,ri

ant.. A5 lvlason a.lld Sparling [1\IIS] showcel: a solution of SU(2) KelV

equa.tioll Oll R2 corrcsponcls to a holoillorphic rank 2 hololliorphic vcc

tor blllldies O\'CI' TP I 011 which \\'8 ha.ve the aetioll of an acldi Lional

SYllltllcl.rYl correspollds Lo extra Syllllllctry.

In thc I'cducLioll C<l.se: Olle illlportallt poillI, ShOldd bc notcd which

tclls lIS 1101, every \;\\'0 tra.nsl tiOll i 11 val'ian t 50111 tioll of sclf eil! al Yallg

rvl ills cq nation a.rc \.he soltl tions of I\d V: si /lCC \\'c !la.vc im posed a llull

t.ra.nslatioll a.lollg ä:; a,lld thc gauge fixing in thc sa.llle dil'cc.tioll. This
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is finitcIIcss conditioll which is silllilar to what Hitchin [Hi:3] sho\\'cd
in thc hal'lllonic casc.

'fhcrc are SOIlIC opcn prohlelll:S in t he case 01' loeal vecto I' bUlld le.
As HartslIol"llc [HaI] pointfxl 01lt: a globa,l bUlldlc Oll Cp3 is eleLer
lIIineel by its l"cst.riction Lo Lhe fOrlna.! neigh bOIl rhooel 01' a. projecl,ive
linc so thc 10ca,1 problcm givcs 115 a. !lCW pcrspeeti"c Oll Lhc global
problelll.

Therc is allotltcr celebratcel prohlem in the g;'\.1lge tlleory tha.t is <\,lso
a. 10cal pro blc IIl. Th is is thc COIlS \.1'1] ction 01' "cctar bllllcllcs frOll1 t hc
rul1 fleelgc Ya.llg-1vlills shca.\'cs ( sec [HlvrL[I)"cL[\IVi2]) in the Ilcigh
bOlll'hooel 01' SOllie CP! X CP [ insiele the hypcrsllrface Iying insiele
Cp3 X CP3 .
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