STABLE CURVES AND SCREENS ON FATGRAPHS

R. C. PENNER AND GREG MCSHANE

Abstract. The mapping class group invariant ideal cell decomposition of the Teichmüller space of a punctured surface times an open simplex has been used in a number of computations. This paper answers a question about the asymptotics of this decomposition, namely, in a given cell of the decomposition, which curves can be short? Screens are a new combinatorial structure which provide an answer to this question. The heart of the calculation here involves Ptolemy transformations and the triangle inequalities on lambda lengths.

1. Introduction

Throughout this paper, F = F^s_g will denote a fixed smooth oriented surface of genus g with s ≥ 1 punctures, where 2g − 2 + s > 0, with mapping class group MC(F ).

Let T (F ) denote the Teichmüller space of F = F^s_g and ~T (F ) denote the trivial R^s_{>0} bundle over it. Let M(F ) = T (F )/(MC(F ) denote Riemann’s moduli space with its Deligne-Mumford compactification M(F ). MC(F ) also acts on ~T (F ) by permuting the numbers assigned to punctures.

There is a MC(F )-invariant ideal cell decomposition [7, 10, 15, 22] of ~T (F ) which has found wide application in geometry and physics [1, 8, 9, 11, 12, 13, 14, 16]. Cells in this decomposition are in one-to-one correspondence with homotopy classes of “fatgraph spines” of F , that is, a homotopy class of embedded graph in F in the usual sense together with cyclic orderings on the half-edges about each vertex. (See the next section for further precision)

1991 Mathematics Subject Classification. Primary 32G15, 57M99; Secondary 14H10, 14G15, 57N05, 20F99.

Key words and phrases. moduli space of curves, stable curves, Deligne-Mumford compactification.

RCP is happy to acknowledge useful discussions with Alex Bene, Kevin Costello, and Dennis Sullivan and to thank the Laboratoire Emile Picard in Toulouse and especially the Max Planck Institute for Mathematics in Bonn for warm hospitality. 1

2 R. C. PENNER AND GREG MCSHANE

Thus, to each fatgraph spine G of F , there is a corresponding cell C(G) ⊂ ~T (F ). In the interests of understanding M(F ) combinatorially, it is natural ask:

Question 1.1. Given G and given a collection K of non-parallel and non-puncture-parallel disjointly embedded and essential simple closed curves in F , when is there Γ̃ ∈ C(G) so that the curves in K are the only curves of hyperbolic length less than ϵ for the underlying hyperbolic metric, for some small ϵ > 0? That is, which curves can be short in C(G)?

We give in this paper a complete answer to this question, as follows, where we shall concentrate in this introduction on the case that G is trivalent for simplicity.

Let E denote the set of edges of G and consider any proper subset A ⊂ E. There is a smallest (not necessarily connected) subgraph G_A of G containing A, and we say that A is “recurrent” if G_A has no univalent vertices. (Again, see the next section for a more detailed discussion of recurrence.) Suppose A is recurrent and G_A is connected, and get rid of all bivalent vertices of G_A in the usual way to produce either a simple cycle in G or another trivalent fatgraph G^′. A neighborhood of G_A ⊂ G in F is a subsurface of F , an annulus in the former case and a punctured surface of negative Euler characteristic in the latter. Define the “relative boundary” of A to be the edge-path in G of the simple cycle itself in the former case and those of the boundary components of this subsurface in the latter case, where you discard any such cycles that are puncture-parallel in F itself.

The new combinatorial structure which provides the answer to Question 1.1 (and was introduced in [19]), a “screen on a fatgraph G” is a subset A of the power set (i.e., the set of subsets) of the set E of edges of G with the following properties:

i) E ∈ A;

ii) each A ∈ A is recurrent;

iii) if A, B ∈ A with A ∩ B ≠ ∅, then either A ⊆ B or B ⊆ A;

iv) for each A ∈ A, ∪{B ∈ A : B is a proper subset of A} is a proper subset of A.

STABLE CURVES AND SCREENS 3

Condition i) is simply a convenient convention, conditions iii-iv) are familiar from Fulton-MacPherson [5], and here we impose the further condition ii) of recurrence. Notice that the properness condition iv) and recurrence condition ii) together imply that if G_A is a simple cycle in G, then for any screen A on G with A, B ∈ A and A ∩ B ≠ ∅, we must have A ⊆ B, i.e., simple cycles are necessarily atomic in any screen.

Each element A ∈ A other than A = E has an immediate predecessor A^′ ∈ A, and regarding A as a set of edges in G_A′ in the natural way, has its relative boundary ∂_AA defined before. Finally, the “boundary” of the screen itself is ∂A = � A∈A−{E} ∂AA.

Here is the answer to Question 1.1, our main result:

Theorem 1.2. For any fatgraph G, the cell C(G) admits as short curves a family K of non-parallel and non-puncture parallel disjointly embedded and essential simple closed curves in F if and only if K = ∂A for some screen A on G.

Let us immediately do several examples, where it is typically easiest to study the quotient of ~T (F ) by the natural R_{>0}-action, the projectivized space, which we shall denote

P ~T (F ) = ~T (F )/R_{>0} ≈ T (F ) × Δ^{s−1},

where Δ^p denotes the open p-dimensional simplex. In particular for a once-puntured surface, we have P ~T (F ) = T (F ).

Figure 1 Screens on the once-punctured torus.

4 R. C. PENNER AND GREG MCSHANE

Example 1.3. For the once-punctured torus F = F^1_1 , the ideal cell decomposition of T (F ) is the Farey tesselation of the disk [15]. In Figure 1 we depict a typical top-dimensional 2-cell, which is indexed by a non-planar fatgraph G with two 3-valent vertices as is also illustrated. The codimension-one cells arise by collapsing any one of the three edges shown as darkened in the figure, and the codimension-two cells at infinity are indexed by the three possible recurrent subgraphs of G as likewise illustrated. In this example, non-empty screens are always singletons, and the boundary of a screen always consists of a single curve.

Figure 2 A fatgraph for the four-punctured sphere.

Example 1.4. For the four-times punctured sphere F = F^4_0 , consider the Mercedes sign fatgraph G depicted in Figure 2. Both screens A_1 = {{a, b, a^′, b^′}} and A_2 = {{a, b, c, a^′, b^′}, {a, c, b^′}} correspond to pinching to zero the closed edge-path a − b − a^′ − b^′, and both screens have this same edge-path as boundary.

Figure 3 Typical example.

Example 1.5. Consider the sub-fatgraph of a fatgraph G with edges E depicted in Figure 3 and the screen A = � E, {a − k}, {a − g}, {f − g}, {b − e}, {i − k} �

STABLE CURVES AND SCREENS 5

on G. The boundary of A is comprised of the four edge-paths f − g, b − c − d − e, h − i − j − k − h − f − g, and a − b − c − d − e − a − f − g.

We shall rely on “lambda length” coordinates from [15] (recalled in §3) on the decorated Teichmüller space ~T (F ), where the fiber over a point is taken to be the set of all s-tuples of horocycles, one horocycle about each puncture; one may take the hyperbolic lengths of the distinguished horocycles as a convenient coordinate on the fiber.

In effect, we shall record the rates of divergence of lambda lengths regarded as projective coordinates on P ~T (F ), and the crucial point is that in the cell C(G), the lambda length coordinates on G must satisfy all three strict triangle inequalities at each vertex of G (cf. Lemma 3.6). This is what forces the recurrence condition.

The proof of Theorem 1.2 involves the explicit calculation of holonomies using “path-ordered products” of matrices (due to Bill Thurston and Volodya Fock [3] independently and recalled in §3). The proof further requires estimates on the absolute traces of the representing matrices. To this end, we find a condition weaker than the triangle inequalities which satisfies two properties: 1) the condition is invariant under certain “Whitehead moves” (see the next section for a definition) sufficient to simplify the path-ordered product; and 2) the condition guarantees the required estimates on the absolute traces. This is the heart of the paper (in §5), and the techniques involve only “Ptolemy transformations” (cf. Lemma 3.1a), path-ordered products, and the triangle inequality.

Because the argument at heart only depends upon these formulae, we are optimistic that the current paper may have ramifications more generally for cluster algebras [6] and cluster ensembles [4]. Since Wolpert has recently announced [21] that lambda lengths are strictly convex along Weil-Peterssen geodesics, we are likewise optimistic about applications to the asymptotic WP geometry.

There is furthermore a program to extend the cell decomposition of moduli space to the Deligne-Mumford compactification using screens, which is already well underway (as discussed in the closing remarks §7).

2. Fatgraphs and recurrence

A graph is a finite one-dimensional CW complex with no isolated vertices whose 1-cells are edges and whose 0-cells are vertices. The set of edges of G will be denoted E(G). A half-edge of an edge e ∈ E(G)

6 R. C. PENNER AND GREG MCSHANE

is either one of the two components of the interior of e with an interior point removed, and the valence of a vertex is the number of half-edges containing the vertex in their closures, said to be incident on the vertex. A fatgraph is a graph together with a cyclic ordering on the half-edges incident on each vertex. In particular, a finite CW decomposition of a circle is an example of a fatgraph, as is a planar tree where the cyclic ordering is induced by the counter-clockwise orientation on the plane.

A fatgraph G determines a punctured surface F^′(G) gotten by assigning to each k-valent vertex an oriented ideal k-gon, whose sides correspond to the incident half-edges, and finally identifying in the natural way pairs of sides of these polygons associated to pairs of halfedges contained in a common edge of G.

The vertices of the ideal polygons are identified to the punctures of F^′(G). Each edge e ∈ E(G) gives rise to its dual ideal arc α_{(G,e)} connecting punctures in F^′(G).

An ideal triangulation of F^s_g is the homotopy class of a set of arcs connecting punctures in F^s_g , called ideal arcs, which decompose the surface into a collection of triangles with vertices at the punctures. More generally, an ideal cell decomposition is the homotopy class of a subset of an ideal triangulation which decomposes the surface into polygons.

Provided each vertex of G has valence at least three, {α_{(G,e)} : e ∈ E(G)} is an ideal cell decomposition of F^′(G) said to be dual to G. Conversely, the Poincaré dual of an ideal cell decomposition of F^s_g is a fatgraph embedded in F^s_g each of whose vertices has valence at least three, where the cyclic ordering in the fatgraph structure is induced by the clockwise order in the oriented surface F^s_g .

A fatgraph G also determines a corresponding oriented surface F (G) with boundary constructed by assigning to each k-valent vertex an oriented (2k)-gon, whose alternating sides correspond to the incident half-edges, and as before, identifying pairs of sides of these polygons corresponding to pairs of half-edges contained in a common edge of G. The alternating unpaired edges of these polygons comprise the boundary of F (G). We may regard F (G) ⊆ F^′(G) as a strong deformation retraction in the natural way.

In particular, G is a strong deformation retraction or spine of F (G) or F^′(G). It follows that any free homotopy class of essential curve in F (G) or F^′(G) gives rise to a closed edge-path in G, which is uniquely determined up to its starting point provided we demand that the edgepath is efficient in the sense that it never consecutively traverses the same edge of G with opposite orientations.

STABLE CURVES AND SCREENS 7

A closed edge-path in G corresponding to a boundary component of F (G) will be called a boundary component of G itself. An efficient boundary component of G must have edges of G incident on only one side. Put another way for a trivalent fatgraph, an efficient edge-path is a boundary component if and only if it consists entirely of left turns or consists entirely of right turns.

Suppose that G is a fatgraph with set E = E(G) of edges and corresponding surface F = F (G). Any subset A ⊆ E determines a subgraph by including all vertices of G on which edges in A are incident. Furthermore by restriction, the fattening on G induces a fattening on this subgraph, which thus determines a well-defined sub-fatgraph G_A. We may regard F (G_A) as a subsurface embedded in the interior of F in the natural way. Define the boundary of A to be the collection ∂A of (unoriented) efficient closed edge-paths in G corresponding to the relative boundary of F (G_A) in F = F (G), that is, the collection of closed edge-paths corresponding to the components of the boundary ∂F (G_A) which are not homotopic to boundary components of F itself. In particular, if G_A is a circle, then ∂A is the closed edge path of G_A if this circle is not boundary parallel in F , and ∂A is empty if this circle is boundary parallel in F .

We say that A ⊆ E is recurrent if for every edge a ∈ A, there is an efficient closed edge-path γ_a in G so that γ_a traverses a and traverses only edges in A. Any subset A ⊆ E has a (possibly empty, e.g., in the case of a planar tree) maximal recurrent subset R(A), namely, the set of edges of A traversed by an efficient closed edge-path in G_A.

Lemma 2.1. Suppose that G is a fatgraph and A ⊆ E = E(G). Then the following are equivalent:

i) A is recurrent;

ii) there is a function μ : E → Z_{≥0} whose support is A so that for each vertex of G with incident half-edges e_1, . . . , e_k and extending the function μ to be defined on half-edges in the natural way, we have that

�_k i=1 μ(e_i) is even, and the generalized weak triangle inequalities hold, i.e., for each j = 1, . . . , k,

μ(e_j) ≤ � i≠j

μ(e_i);

iii) every vertex of G_A has valence at least two.

8 R. C. PENNER AND GREG MCSHANE

Proof. First suppose that A is recurrent, and let μ_a(e) be the number of times that a chosen γ_a traverses e for each a ∈ A and e ∈ E. Each μ_a : E → Z_{≥0} satisfies the restrictions of condition (ii), hence so too does their sum μ = � a∈A μ_a, which has full support on A. Thus, (i) implies (ii).

Conversely, suppose that μ is a function supported on A satisfying the properties of condition (ii). For each k-valent vertex of G, there is a dual ideal k-gon in the corresponding punctured surface F^′(G), and we shall construct a family of arcs properly embedded in this kgon realizing the values of μ on the dual edges of G as the geometric intersection numbers. These arc families in the k-gons then combine uniquely to produce disjointly embedded curves in the natural way, whose component simple closed curves in F have corresponding edgepaths which satisfy the required properties.

The construction in each k-gon proceeds by induction on k ≥ 2 with notation for incident edges as in condition (ii). In case k = 2, simply take a collection of μ(e_1) = μ(e_2) arcs crossing the bigon. For the case k = 3, take 1 2 [μ(e_{i1} ) + μ(e_{i2} ) − μ(e_{i3} )] = 1 2 [μ(e_{i1} ) + μ(e_{i2} ) + μ(e_{i3} ) − 2μ(e_{i3} )] ∈ Z_{≥0}

parallel copies of the arc joining edges e_{i1} to e_{i2} , where {i_1, i_2, i_3} = {1, 2, 3}. For the induction step, take a consecutive pair of edges e_i, e_{i+1} so that μ(e_i) + μ(e_{i+1}) is least among all consecutive pairs of edges, here taking the indices modulo n so that e_{n+1} = e_1. Cutting along the diagonal separating e_i and e_{i+1} from the rest decomposes the k-gon into a (k −1)-gon and a triangle. Extend μ to a function defined on the edges of these regions by taking value μ(e_i)+μ(e_{i+1}) on the diagonal, so the generalized triangle inequalities hold on each region by our choice of consecutive edges, and the parity condition holds by construction. By the inductive hypothesis, appropriate arc families exist in each region, and they combine in the natural way to give the required arc family in the k-gon itself. It follows that (i) is equivalent to (ii).

If G_A has a univalent vertex, say with incident edge a ∈ A, then there can be no efficient edge-path in G_A traversing a, so (i) implies (iii). To see that (iii) implies (ii), define μ to take value 2 on the edges in A and vanish otherwise, and note that μ satisfies condition (ii) provided G_A has no univalent vertices. □

Suppose that e is an edge of a fatgraph G with distinct endpoints. We may collapse e to a vertex to produce a new fatgraph G^′, where the

STABLE CURVES AND SCREENS 9

cyclic ordering at the resulting vertex arises by combining the cyclic orderings on the half-edges incident on e in the natural way. Dually, one removes the ideal arc α_{(G,e)} from the dual ideal cell decomposition.

If G is a trivalent fatgraph and e is an edge of G with distinct endpoints, then a Whitehead move on e is the fatgraph that results by collapsing e and then un-collapsing the resulting four-valent vertex in the unique distinct manner. A Whitehead move along an edge e is depicted in Figure 4, which furthermore indicates the notation near an edge e which we shall adopt in many of the calculations of this paper.

Figure 4 Standard notation for Whitehead moves.

Using the characterization Lemma 2.1iii), it follows directly that recurrence is invariant under Whitehead moves on trivalent fatgraphs and is furthermore in any case invariant under collapse of edges e with distinct endpoints neither of which is univalent.

3. Coordinates

The reader is referred to [15] or the more recent treatment [20] for proofs and further details on the material which is recalled in this section. We begin with several formulae on horocycles in the hyperbolic plane.

If h, h^′ are horocycles in the hyperbolic plane with distinct centers in the circle at infinity, then consider the unique geodesic γ(h, h^′) connecting their centers. The horocycles h, h^′ truncate γ(h, h^′) to a geodesic segment of some finite signed length taken to be positive if and only if h and h^′ are disjoint. Define the lambda length of h, h^′ to be λ(h, h^′) = √ exp δ. (This is a different normalization for lambda lengths than in [15], for instance, where the lambda length is taken as √ 2 expδ, cf. [20].)

10 R. C. PENNER AND GREG MCSHANE

Lemma 3.1. Suppose h_1, h_2, h_3, h_4 are horocycles with distinct centers occurring in this clockwise order in the circle at infinity, and let λ_{ij} = λ(h_i, h_j) for distinct i, j ∈ {1, 2, 3, 4}. Then:

a) [Ptolemy’s equation] λ_{13}λ_{24} = λ_{12}λ_{34} + λ_{14}λ_{23};

b) [Cross Ratios] the Möbius transformation that takes the centers of h_3, h_2, h_1 respectively to 0, 1, ∞ also maps the center of h_4 to −^{λ23λ14}_{λ12λ34} ;

c) [h-lengths] the hyperbolic length of the horocyclic segment in h_i with endpoints h_i ∩ γ(h_i, h_j) and h_i ∩ γ(h_i, h_k) is given by^{λjk}_{λij λik} , where {i, j, k} = {1, 2, 3};

d) [Affine duality] taking the upper sheet H of the hyperboloid in Minkowski 3-space as the model for the hyperbolic plane, there is a unique isotropic vector u_i with positive z-coordinate so that h_i = {w ∈ H : w·u_i = −2^{− 1}2 }, for i = 1, 2, 3, 4 where · denotes the pairing with quadratic form x^2 + y^2 − z^2, and λ_{ij} = √ −u_i · u_j for distinct i, j ∈ {1, 2, 3, 4};

e) [Simplicial coordinates] in the notation of part d), the signed volume of the Euclidean tetrahedron in Minkowski 3-space spanned by u_1, u_2, u_3, u_4 is given by 2 √ 2 λ_{12}λ_{23}λ_{34}λ_{14} times

λ^2_{12} + λ^2_3 − λ^2_{13} λ_{12}λ_{23}λ_{13} + λ^2_{14} + λ^2_{34} − λ^2_{13} λ_{14}λ_{34}λ_{13} , where the sign is positive if and only if the edge of the tetrahedron connecting u_1, u_3 lies below the edge connecting u_2, u_4.

f) [Ellipticity] in the notation of part d), the affine plane containing u_1, u_2, u_3 determines an elliptic conic section if and only if λ_{12}, λ_{13}, λ_{23} satisfy the three strict triangle inequalities.

Given a point Γ̃ ∈ ~T (F ) and given the homotopy class of an ideal arc α in F , we may straighten α to the geodesic for the underlying hyperbolic structure and truncate this geodesic by cutting it at the horocycles centered at its endpoints coming from the decoration. This geodesic segment has a signed hyperbolic length δ taken with a positive sign if and only if the horocycles are disjoint. The basic coordinate of an ideal arc in a decorated hyperbolic surface is the lambda length (also sometimes called the “Penner coordinate”) defined by λ(α; Γ̃) = √ exp δ.

STABLE CURVES AND SCREENS 11

Theorem 3.2. Fix any trivalent fatgraph G. Then the assignment of lambda lengths ~T (F^′(G)) → R^{E(G)}_{>0}

Γ̃ → (e → λ(α_{(G,e)}; Γ̃))

is a real-analytic homeomorphism onto.

For convenience when the fatgraph G is fixed or understood, we shall refer to the lambda length of an edge e of G rather than that of its dual arc α_{(G,e)}. We shall also often identify an arc with its lambda length for convenience.

Suppose that G is a trivalent fatgraph. Consider an edge e of G and adopt the notation of Figure 4, where e has distinct endpoints with incident half-edges a, b and c, d occurring in the alphabetic counterclockwise order about e. (If e does not have distinct endpoints or if a, b, c, d are not distinct, then adopt the corresponding notation for nearby edges in the universal cover.) Dual to each vertex of e is an ideal triangle, and each such triangle has three vertices, denoted by Greek letters in Figure 4. To each such triangle/vertex pair is naturally associated a sector of G, that is, a pair of consecutive half-edges of G incident on a common vertex, namely, the pair of half-edges adjacent to the given vertex in the given triangle.

In fact, one can conveniently calculate the holonomies of based closed curves in F^′(G) as follows. Define the matrices R = � 1 1 −1 0 � , L = � 0 −1 1 1 � ∈ P SL_2(R).

According to Lemma 3.1b), the cross ratio of the ideal quadrilateral with edges α_{(G,a)}, α_{(G,b)}, α_{(G,c)}, α_{(G,d)} is given by −bd/ac, where we have identified an edge of G with its lambda length for convenience, and we further define the matrix

X_e = � 0 � ac/bd − � bd/ac 0 � . Choosing a vertex of G as basepoint, consider a closed edge-path γ in G representing an essential based closed curve in F . We may as well assume that γ is efficient (though this is not necessary since RL = R^3 = L^3 = X^2_e = 1 ∈ P SL_2(R)), so that it alternately traverses edges and sectors of G and makes turns, right or left, at each sector. Suppose that γ serially makes turns t_i at the sectors, then traverses edges e_i, for i = 1, . . . , n, and associate the path-ordered product

M = T_1X_{e1} T_2 · · · X_{en}

12 R. C. PENNER AND GREG MCSHANE

of matrices, where T_i = R or L if t_i is a right or left turn respectively. The matrix M ∈ P SL_2(R) gives the holonomy of the based curve γ. Of course by conjugacy invariance of trace, the absolute value of the trace of M is independent of the basepoint. We shall use these pathordered products to detect the short curves that occur on a path in C(G) ⊆ ~T (F^′(G)).

The quadrilateral in Figure 4 is realized as a geodesic ideal quadrilateral with horocycles centered at each vertex. We define the h-length of a sector of G to be the hyperbolic length of the corresponding horocyclic segment. According to Lemma 3.1c), the h-length of a sector is the opposite lambda length divided by the product of adjacent lambda lengths.

Furthermore in the notation of Figure 4, we define the simplicial coordinate of the edge e to be the quantity

a^2 + b^2 − e^2 abe + c^2 + d^2 − e^2 cde = a be + b ae − e ab + c de + d ce − e cd . According to Lemma 3.1e), the simplicial coordinate is a multiple of the signed volume of the corresponding tetrahedron, and by inspection, it is a linear combination of the nearby h-lengths. From the definition, the simplicial coordinate is the sum of two terms each of which is associated to a vertex of the corresponding edge.

Consider a trivalent fatgraph G with set E of edges for the surface F^s_g together with an assignment of lambda lengths λ : E → R_{>0}. We say that λ satisfies the no vanishing cycle condition provided that all the corresponding simplicial coordinates are non-negative and there is no cycle in G all of whose simplicial coordinates vanish.

Theorem 3.3. For any surface F = F^s_g with s ≥ 1, there is a MC(F )- invariant ideal cell decomposition of ~T (F ), where the cells in this decomposition are in one-to-one correspondence with homotopy classes of embeddings of fatgraph spines of F each of whose vertices has valence at least three. The face relation in this cell decomposition is generated by Whitehead collapse.

In particular, if G is a trivalent fatgraph spine of F , then the closed cell C(G) ⊆ ~T (F ) corresponding to it is described in lambda length coordinates with respect to G by the no vanishing cycle condition.

Furthermore, suppose G^′ arises from G by collapsing to a point each component of a forest in G. Then the corresponding closed cell C(G^′) ⊆ C(G) ⊆ ~T (F ) is described by taking all simplicial coordinates on edges in the forest to vanish. Finally, any assignment of non-negative real

STABLE CURVES AND SCREENS 13

numbers to the edges of G^′ with no vanishing cycles is realized as the simplicial coordinates of a uniquely determined collection of positive lambda lengths on G.

Corollary 3.4. There is a MC(F )-invariant ideal cell decomposition of P ~T (F ) for any surface F = F^s_g with s ≥ 1, where the cells in this decomposition are in one-to-one correspondence with homotopy classes of embeddings of fatgraph spines of F whose vertices have valence at least three.

Proof. This follows immediately from the previous theorem and homogeneity of the formula for simplicial coordinates. □

Lemma 3.5. Suppose that γ is an efficient edge-path in G serially traversing edges e_i alternating with sectors t_i, for i = 1, . . . , n. Let E_i denote the simplicial coordinate of e_i and α_i the h-length of the sector t_i. Then

�_n i=1 E_i = 2

�_n i=1 α_i.

Proof. The proof follows from the definition of simplicial coordinates in terms of h-lengths. □

Lemma 3.6. [15] The no vanishing cycle condition implies that the lambda lengths at any vertex of G satisfy the three strict triangle inequalities.

Proof. Adopt the notation of Figure 4 for the half-edges near an edge e (again, in the universal cover if the edges a, b, c, d are not distinct or if e does not have distinct endpoints). If c + d ≤ e, then c^2 + d^2 − e^2 ≤ −2cd, so the non-negativity of the simplicial coordinate E of e gives 0 ≤ cd[(a − b)^2 − e^2], and we find a second vertex so that the triangle inequality fails. This is a basic algebraic fact about simplicial coordinates. It follows that if there is any such vertex so that the triangle inequalities do fail for the lambda lengths of incident half-edges, then there must be an efficient closed edge-path γ passing through such triangles. Letting e_i denote the consecutive edges of G serially traversed by γ and b_i denote the half-edge of G incident on the common endpoint of e_i and e_{i+1}, we find e_{j+1} ≥ b_j + e_j, for j = 1, . . . n.

14 R. C. PENNER AND GREG MCSHANE

Upon summing and canceling like terms, we find 0 ≥

�_n j=1 b_j , which is absurd since lambda lengths are positive. □

4. Screens

Suppose that G is a trivalent fatgraph with set E of edges and corresponding surface F , and suppose that λ_t : E → R_{>0}, i.e., λ_t ∈ R^E_{>0}, is a continuous one-parameter family of lambda lengths for t ≥ 0. We shall typically apply Theorem 3.2 to regard such a one-parameter family as a path in ~T (F^′(G)) itself. There is an induced λ̄_t ∈ P (R^E_{>0}), where P denote projectivization, and by compactness, there is an accumulation point of lim_{t→∞}λ̄_t in P (R^E_{≥0}).

Say that λ_t stable if there is a unique such limit point denoted λ̄_∞ ∈ P (R^E_{≥0}). If λ_t is any path, then any accumulation point of λ̄_t is also the limit of some stable path since decorated Teichmüller space is path connected.

Suppose that λ_t ∈ P (R^E_{>0}) is stable with limit λ̄_∞ ∈ P (R^E_{≥0}). Set E^0 = E and make the following recursive definition for k ≥ 1. If E^{k−1} ≠ ∅, then there is e ∈ E^{k−1} so that for all f ∈ E^{k−1}, we have λ̄_∞(e)/λ̄_∞(f) < ∞, and we set

E^k = {f ∈ E^{k−1} : λ̄_∞(e)/λ̄_∞(f) = 0},

and set E_k = ∅ if E_k = E_{k−1}. Notice that if two edges e_1, e_2 ∈ E^{k−1} satisfy the condition that for all f ∈ E^{k−1}, we have λ̄_∞(e_i)/λ̄_∞(f) < ∞, for i = 1, 2, then we have 0 < λ̄_∞(e_1)/λ̄_∞(e_2) < ∞, so e_1 and e_2 determine the same subset E^k. Thus, E = E^0 ⊇ E^1 ⊇ · · · ⊇ E^N is a well-defined nested sequence of finite length N of proper subsets, and we set E^{N+1} = ∅ for convenience.

Now, suppose that λ_t stays for all finite t ≥ 0 in the closed cell C(G) corresponding to G, i.e., the lambda lengths satisfy the no vanishing cycle condition by Theorem 3.3. Define

A(λ_t) = {A ⊆ E : A is the set of edges of a component of some E^k},

a subset of the power set of E.

Proposition 4.1. For any connected trivalent fatgraph G with set E of edges and any continuous stable one-parameter family λ_t ∈ R^E_{>0}, for t ≥ 0, which stays for all finite t in the cell C(G) ⊆ ~T (F (G)) corresponding to G, the collection A = A(λ_t) satisfies the following properties:

i) E ∈ A;

STABLE CURVES AND SCREENS 15

ii) each A ∈ A is recurrent;

iii) if A, B ∈ A with A ∩ B ≠ ∅, then either A ⊆ B or B ⊆ A;

iv) for each A ∈ A, ∪{B ∈ A : B is a proper subset of A} is a proper subset of A.

A subset of the power set of E satisfying properties i-iv) is called a screen on G for any (not necessarily trivalent) recurrent fatgraph G with set E of edges.

Proof. The first condition holds since G is connected and E = E^0. Recursively applying Lemmas 2.1 and 3.6, we conclude that E^k is a proper recurrent set in the possibly disconnected fatgraph G_Ek−1 , for k = 1, . . . , N, so the second condition holds as well. The third condition holds since two components of a topological space either coincide or are disjoint, and the fourth follows since each inclusion E^k ⊆ E^{k−1} is proper. □

If A is a screen, then each A ∈ A−{E} has an immediate predecessor A^′, i.e., A ⊆ A^′ and if B ∈ E and A ⊆ B ⊆ A^′, thenB = A or B = A^′. The maximum length of a chain A ⊆ A^′ ⊆ · · · ⊆ E of immediate predecessors in A is called the depth of A in A, and the depth of e ∈ E in A is the maximum depth of A ∈ A with e ∈ A.

Lemma 4.2. Every screen A on every trivalent fatgraph G arises as A = A(λ̄_t) for some stable λ_t ∈ R^E_{>0} lying in C(G).

Proof. For any screen A on any trivalent fatgraph G, define a oneparameter family of lambda lengths by taking λ_t(e) = t^{de} , where d_e is the depth of e in A. For any vertex v of G, the maximum degree of the incident (half-)edges is achieved either twice or thrice by recurrence of elements of A. Thus, the contribution from v to each of the three possible simplicial coordinates of edges incident on v is positive, and so the simplicial coordinate of each edge of G for λ_t is also positive; λ_t thus lies in C(G) by Theorem 3.3, and A(λ̄_t) = A by construction. □

Let ∂_AA denote the relative boundary of F (G_A) in F (G_A′ ), where A^′ is the immediate predecessor of A in A, and define the boundary of

16 R. C. PENNER AND GREG MCSHANE

A itself to be ∂A = � A∈A−{E}

∂_AA.

Lemma 4.3. For any trivalent fatgraph G with set E of edges and stable λ_t ∈ R^E_{>0} lying in C(G), each edge-path in ∂A(λ̄_t) is homotopic to a curve in F^′(G) whose hyperbolic length tends to zero as t tends to infinity. Furthermore, these are only such asymptotically short curves for λ_t.

Proof. Let K be a component of ∂A, so K = ∂_AA for some A ∈ A−{E} with immediate predecessor A^′. Orient K with the subsurface F (G_A) on its left. Consider the universal cover F̃ of F = F (G), let G̃, G̃_A, and G̃_A′ respectively denote the full pre-images of G, G_A, and G_A′ in F̃ , and choose a lift K̃ of K to F̃ . We shall refer to lambda lengths of edges of G̃, by which we mean the value of λ_t on the projection of the edge to F , and we will as usual identify the lambda length of an edge of G̃ with the edge itself for convenience.

On the right of K̃ since K is homotopic to a boundary component of F (G_A), there are no edges of G̃_A, and since K is not homotopic to a boundary component of F (G_A′ ), there is at least one edge of G̃_A′ not in G̃_A on the right. Furthermore on the left of K̃, there is at least one edge of G̃_A′ again since K is not homotopic to a boundary component of F (G_A′ ).

Since λ_t corresponds to points in C(G), it follows that the triangle inequalities hold on lambda lengths at each vertex of G̃ by Lemma 3.6. We claim that the following further properties of lambda lengths follow from these facts, where all limits are taken as t → ∞:

1) if x is an edge on the right of K̃ and y is an edge of K̃, then we have^x_y → 0;

2) if x is an edge on the right of K̃, y_0 is an edge on the left of K̃, and y_1, y_2 are edges of K̃ so that y_0, y_1, y_2 are all incident at a common vertex in K̃, then^{xy0}_{y1y2} → 0;

3) if y_0, y_1 are consecutive edges of K̃ and x is an edge on the right of K̃ incident on their common endpoint, then^{y0}_{y1} → 1.

The first property follows from the definition of K as a relative boundary component of F (G_A) in F (G_A′ ) and the definition of the

STABLE CURVES AND SCREENS 17

screen A(λ_t). For property 2, y_0, y_1, y_2 satisfy the triangle inequality y_0 < y_1 + y_2, so dividing by y_1y_2 and multiplying by x, we find

xy_0 y_1y_2 < x y_1 + x y_2 ; the right hand side tends to zero by property 1. Finally

for property 3 again by the triangle inequalities, we have y_0 < y_1 + x and y_1 < y_0 + x. Upon dividing the first by y_1 and the second by y_0 and applying property 1, we conclude 1 ≤ lim^{y0}_{y1} ≤ 1, as required.

The first key point about properties 1-3) is that they are invariant under certain Whitehead moves. In each case, we shall perform a Whitehead move along an edge e ∈ K, where one vertex of e has incident half-edges a, b and the other vertex has incident half-edges c, d, and where the edges a, b, c, d occur in this counter-clockwise order about e. We shall refer to properties 1-3) for the fatgraph before the Whitehead move and the corresponding properties 1^′-3^′) for the resulting fatgraph, and we shall let f =^{ac+bd}_e denote the edge and lambda length of the edge resulting from e under the Whitehead move.

The first case of utility is when b, c, e lie in K̃ and a, d lie on the right of K̃. The properties for this fatgraph imply that: 1)^x_y → 0 for x ∈ {a, d} and y ∈ K̃; 2) does not involve the vertices of e; and 3) b e → 1 and^e_c → 1. Property 3^′) requires^b_c → 1, which follows from property 3). Furthermore by the Ptolemy equation, f a = ac + bd ae = c e + b e d a → 1 + d a , f d = ac + bd de = b e + c e a d → 1 + a d , since^c_e → 1 and^b_e → 1. Thus, at least one of^f_a ,^f_d has a finite limit, hence^f_y =^f_a^a_y =^f_d^d_y → 0 for any y ∈ K̃ by property 1) proving property 1^′) and likewise for property 2^′).

The second case of utility is when b, d, e lie in K̃ with a on the right and c on the left of K̃. The properties for this fatgraph imply that: 1) a y → 0 for any y in K̃; 2)^{xc}_{de} → 0 for any x on the right; and 3)^b_e → 1. Property 3^′), namely,^d_f → 1, follows from f d = ac + bd de = ac de + b e → 1 using properties 2-3). Property 1^′) follows from this and property 1). Finally, since bf xc = (ac + bd)b xce = b e a x + b^2 e^2 de xc → ∞

18 R. C. PENNER AND GREG MCSHANE

using the Ptolemy equation and properties 2-3), property 2^′) holds as well.

Applying these two types of Whitehead moves along edges in K, we may alter G^′ to arrange that the edge-path for K in the resulting graph makes exactly one left turn. Furthermore as we have just proved, properties 1-3) continue to hold for the resulting graph.

We shall complete the proof by calculating that the absolute value of the trace of the holonomy of the edge-path K is asymptotic to 2, and the second key point about properties 1-3) is that they are sufficient to guarantee this. To this end, let us adopt the notation that K traverses the consecutive edges y_1, . . . , y_{n+1}, the unique half-edge on the right is x_0, which is incident on the common endpoint of y_{n+1}, y_1, and the consecutive half-edges on the left are x_1, . . . , x_n, where x_k has common endpoint in K with y_k, y_{k+1}, for k = 1, . . . , n. As usual identifying an edge or a half-edge with its lambda length, which depends upon the parameter t, let us define

ζ^2_1 = y_2y_{n+1} x_1x_0

, ζ^2_{n+1} = x_0x_n y_1y_n

, and ζ^2_k = y_{k+1}x_{k−1} x_ky_{k−1}

, for k = 2, . . . , n,

so the cross ratio of edge y_k is ζ^{−2}_k , for k = 1, . . . , n + 1. The pathordered product of matrices to compute the holonomy of K beginning from the unique left turn is given by L � 0 ζ_1 −ζ^{−1}_1 0 � R � 0 ζ_2 −ζ^{−1}_2 0 � · · · R � 0 ζ_{n+1} −ζ^{−1}_{n+1} 0 �

= � ζ^{−1}_1 0 −ζ^{−1}_1 ζ_1 � � ζ^{−1}_2 −ζ_2 0 ζ_2 � · · · � ζ^{−1}_{n+1} −ζ_{n+1} 0 ζ_{n+1} �

= � ζ^{−1}_1 0 −ζ^{−1}_1 ζ_1 � � (ζ_2 · · · ζ_{n+1})^{−1} ζ_2 · · · ζ_{n+1}

�_n k=1 �_k j=2 ζ^{−2}_j 0 ζ_2 · · · ζ_{n+1} � , so the trace is found to be

(ζ_1ζ_2 · · · ζ_{n+1}) + (ζ_1ζ_2 · · · ζ_{n+1})^{−1} − ζ^{−2}_1 (ζ_1ζ_2 · · · ζ_{n+1}) n� k=1 k� j=2 ζ^{−2}_j .

Finally, direct calculation shows that the product telescopes, and

(ζ_1ζ_2 · · · ζ_{n+1}) = y_{n+1} y_1 → 1

STABLE CURVES AND SCREENS 19

since^{y1}_{yn+1} → 1 by property 3). Furthermore,

ζ^{−2}_1 = x_0x_1 y_2y_{n+1} ∼ x_0x_1 y_1y_2 → 0 by properties 2-3), and indeed, the general term in the sum also telescopes

ζ^{−2}_1 ζ^{−2}_2 · · · ζ^{−2}_k ∼ x_0x_k y_ky_{k+1}

→ 0, for k = 2, . . . , n,

again by properties 2-3). The absolute value of the trace is thus indeed asymptotic to 2. Since the absolute value of the trace is twice the hyperbolic cosine of half the hyperbolic length, the curve K is asymptotically short as t → ∞.

For the final assertion, we must show that the edge-path of an essential short curve K for λ_t lies in ∂A. We shall use the Collar Lemma [2] that an essential simple closed curve of hyperbolic length ℓ has an embedded collar of width at least the logarithm of the hyperbolic cotangent of^ℓ_2 . Since the dual of G is an ideal triangulation and K is essential, it thus follows that if K traverses an edge e of G, then the lambda length of (the ideal arc dual to) e has divergent lambda length. It follows that K shares an edge with E^k, for some k ≥ 1. Since two essential short curves cannot intersect, again by the Collar Lemma, we conclude that K cannot meet ∂A(λ_t) for large t, so in fact the edge-path for K is contained in E^k − E^{k+1}.

If K is not homotopic to a boundary component of G_Ek , then its edge-path must make both right and left turns in G_Ek . Without loss, we may assume that there is a left turn followed by a right turn and adopt the following notation. Suppose that the edge-path for K traverses edges y_0, . . . , y_{n+1} in K with half-edge x_j incident on the common endpoint of y_j, y_{j+1} for j = 1, . . . , n, where x_0 ∈ E^k lies on the right and x_n lies on the left of K. In the extreme case that n = 1, the dual arcs to x_0, y_1, x_1, y_0 ∈ E^k are the consecutive edges of an ideal quadrilateral whose cross ratio is bounded near one by Lemma 3.1 since the lambda lengths x_0, x_1, y_0, y_1 are comparable, i.e., the limit of the ratio of any pair is finite and non-zero. The arcs dual to y_0 and y_1 are therefore a bounded distance apart, contradicting that K is short. This extreme case gives a lower bound to the distance between the arcs dual to y_0 and y_n, so in any case, K cannot be short. This contradiction establishes the final assertion and completes the proof. □

20 R. C. PENNER AND GREG MCSHANE

5. Proof of main result

Theorem 5.1. The cell C(G) in decorated Teichmüller space corresponding to the fatgraph G is asymptotic to a stable curve with pinch curves K if and only if K is homotopic to the collection of edge-paths ∂A for some screen A on G.

Proof. Suppose that λ_t ∈ R^0_{>0} is a path of lambda lengths in C(G) whose projectivization λ̄_t accumulates at some point of P (R^0_{≥0}). Since C(G) is path connected, there is a stable path, still denoted λ_t, whose limit point is this accumulation point. By Lemma 4.3, the short curves for this limit point are the components represented by edge-paths in ∂A(λ_t).

Conversely for any trivalent fatgraph G and any screen A on G, Lemma 4.2 shows that ∂A is realized as the set of short curves for a stable path in C(G).

For a general not necessarily trivalent fatgraph, we require a further ingredient for the converse, namely:

Theorem 5.2. [15] For any cyclically ordered tuple x_1, . . . , x_n of positive real numbers satisfying the generalized strict triangle inequalities x_j < � i≠j xi, for j = 1, . . . , n, there is a cyclic Euclidean planar poly-

gon (i.e., the polygon inscribes in a circle) unique up to orientationpreserving isometry of the plane which realizes these numbers as its consecutive edge lengths.

To apply this result, let L^+ denote the collection of isotropic vectors in Minkowski space with positive z-coordinate. Given a collection of coplanar points in L^+ lying in an affine plane determining an elliptic conic section, we may apply a Minkowski isometry to arrange that the plane containing these points is horizontal. The restriction of the Minkowski pairing to this horizontal plane is a multiple of the Euclidean metric induced on the plane, so the projectivized lambda lengths of pairs of these points agree with the projectivized Euclidean lengths in the horizontal plane. Furthermore, the intersection of the horizontal plane with L^+ is a round circle in this Euclidean structure.

Now, given any fatgraph G^′ with vertices at least trivalent and any screen A^′ on G^′, again define lambda lengths on the edges of G^′ by λ^′_t(e) = t^{de} , where d_e is the depth of e in A^′. According to Theorem 5.2, the previous paragraph, and Theorem 3.2, this does indeed determine a path in C(G^′).

STABLE CURVES AND SCREENS 21

Choose any trivalent fatgraph G which collapses to G^′. The lambda lengths on the edges of G − G^′ are thus given by the Euclidean lengths of the corresponding cyclic polygon again according to Theorem 5.2, the lambda lengths on the edges of G^′ have already been specified, so λ_t is now determined on G.

It follows that there is a unique screen A on G which restricts to A^′ in the natural sense with corresponding lambda lengths λ_t on G, and satisfying ∂A^′ = ∂A as homotopy classes. The proof of Lemma 4.3 applies to λ_t to conclude that the components of ∂A are precisely the short curves for λ_t. □

6. Closing remarks

In sketch, we have seen that simplicial coordinates are given explicitly in terms of lambda lengths, and the no vanishing cycle condition is necessary and sufficient to guarantee that these formulae are uniquely invertible. Writing the inverse explicitly is the basic “arithmetic problem” in decorated Teichmüller theory [17].

One ingredient, which is related to the asymptotics of this arithmetic problem, towards describing the Deligne-Mumford compactification is:

Theorem 6.1. [18] Suppose that λ_t is a stable one-parameter family of lambda lengths on the fatgraph G with no vanishing cycles of corresponding simplicial coordinates X_t. Define I = {e ∈ E : λ_t(e) → ∞} and J = {e ∈ E : X_t(e) → 0}. Then I ⊆ J and R(G_J ) = G_I , where R(X) denotes the maximal recurrent subset of X.

This result in tandem with Theorem 1.2 has interesting consequences: Take a straight-line path in the natural affine structure of simplicial coordinates on C(G) for some fatgraph G which limits to a point that fails to satisfy the no vanishing cycle condition. Let E_1 ⊆ E(G) denote the subset of edges of G whose simplicial coordinates vanish, and let R_1 ⊆ E_1 denote its maximal recurrent subset. Depending upon the affine path, certain lambda lengths of edges in R_1 diverge at various rates, i.e., a screen magically pops out as determined by the arithmetic problem.

The set of all screens on all fatgraphs of a fixed topological type g, s forms a partially ordered set in the natural way, where the face relation is generated as usual by collapsing edges and now also by inclusion of screens. The mapping class group MC(F^s_g ) acts on the geometric realization of this screen poset in the natural way. As will be described in a forthcoming paper by the first-named author, a quotient

22 R. C. PENNER AND GREG MCSHANE

of this screen poset is homotopy equivalent to the Deligne-Mumford compactification M̄(F^s_g ), where the equivalence relation is finer than simply taking MC(F^s_g )-orbits; more specifically, the co-operad structure of M̄(F^s_g ) can be described explicitly using “partially decorated surfaces” (cf. [15, 20]) leading to the usual graphical diagrams of irreducible components for stable curves, and the finer equivalence relation is generated also by combinatorial isomorphisms of these diagrams.

References

1. E. Arbarello, M. Cornalba, Calculating cohomology groups of moduli spaces of curves via algebraic geometry, Publ. Math. I.H.E.S. 88 (1998), 97–127.

2. P. Buser, Geometry and spectra of compact Riemann surfaces, Progress in Mathematics 106. Birkhäuser Boston Inc., Boston, MA, 1992.

3. V. V. Fock, Combinatorial description of the moduli space of projective structures, hepth/9312193.

4. V. V. Fock and A. B. Goncharov, Cluster ensembles, quantization, and the dilogarithm math.QA/0311245.

5. W. Fulton and R. MacPherson, A compactification of configuration spaces, Ann. Math. 139 (1994), 183225.

6. M. Gekhtman, M. Shapiro, A. Vainshtein, Cluster algebras and Weil-Petersson forms, math.QA/0309138.

7. J. Harer, Stability of the homology of the mapping class group of an orientable surface, Ann. of Math. 121 (1985), 215–249.

8. —, it The virtual cohomological dimension of the mapping class group of an orientable surface, Invent. Math. 84 (1986), 157-176.

9. J. L. Harer and D. Zagier, The Euler characteristic of the moduli space of curves’, Invent. Math. 85 (1986), 457-485.

10. J. H. Hubbard and H. Masur Quadratic differentials and foliations’ Acta Math.

142 (1979), 221-274.

11. K. Igusa, Combinatorial Miller-Morita-Mumford classes and Witten cycles, Algebr. Geomet. Topol. 4 (2004), 473–520.

12. M. Kontsevich, Intersection theory on the moduli space of curves and the matrix Airy function, Comm. Math. Phys. 147 (1992), 1–23.

13. G. Mondello, Combinatorial classes on M_{g,n} are tautological, Intern. Math.

Res. Not. 44 (2004), 2329–2390.

14. S. Morita and R. C. Penner, Torelli groups, extended Johnson homomorphisms, and new cycles on the moduli space of curves, to appear Math. Proc. Camb. Phil. Soc..

15. R. C. Penner, The decorated Teichmüller space of punctured surfaces, Comm.

Math. Phys. 113 (1987), 299–339.

16. —, Perturbative series and the moduli space of Riemann surfaces J. Diff.

Geom. 27 (1988), 35-53.

17. —, An arithmetic problem in surface geometry, The Moduli Space of Curves, Birkhäuser (1995), eds. R. Dijgraaf, C. Faber, G. van der Geer, 427-466.

18. —, The simplicial compactification of Riemann’s moduli space, in Proceedings of the Taniguchi Symposium on Topology and Teichmülller Spaces held in Finland, July 1995, World Scientific 1996, 237–252.

STABLE CURVES AND SCREENS 23

19. —, Probing mapping class groups using arcs Problems on Mapping Class Groups and Related Topics, Proceedings of Symposia in Pure Mathematics 74 (2006), American Math Society, ed. Benson Farb.

20. —, Lambda lengths, monograph in preparation, first half available at www.ctqm.au.dk/Research/MCS.

21. S. Wolpert, private communication, May 2007.

22. K. Strebel, Quadratic Differentials, Ergebnisse der Math. 3:5, Springer-Verlag, Heidelberg (1984).

Departments of Mathematics and Physics/Astronomy, University of Southern California, Los Angeles, CA 90089, USA, and Department of Mathematics, Aarhus University, DK-8000 Aarhus C, Denmark, E-mail address: rpenner@usc.edu

Laboratoire Emile Picard, Universite Paris Paul Sabatier, UFR MIG, 118 route de Narbonne, 31062 Toulouse cedex 4, France E-mail address: greg.mcshane@gmail.com