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LOJASIEWICZ-SIMON GRADIENT INEQUALITIES FOR COUPLED
YANG-MILLS ENERGY FUNCTIONALS

PAUL M. N. FEEHAN AND MANOUSOS MARIDAKIS

ABSTRACT. In this sequel to [19], we apply our abstract Lojasiewicz-Simon gradient inequality
[19] Theorem 1] to prove Lojasiewicz-Simon gradient inequalities for coupled Yang-Mills energy
functionals using Sobolev spaces which impose minimal regularity requirements on pairs of con-
nections and sections. The Lojasiewicz-Simon gradient inequalities for coupled Yang-Mills energy
functionals generalize that of the pure Yang-Mills energy functional due to the first author [I3]
Theorem 22.8] for base manifolds of arbitrary dimension and due to Rade [48] Proposition 7.2]
for dimensions two and three.
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1. INTRODUCTION

In this sequel to [19], we prove Lojasiewicz-Simon gradient inequalities for coupled Yang-Mills
L? energy functionals using our abstract Lojasiewicz-Simon gradient inequality [19, Theorem 1].

We begin by recalling that a key feature of our version of the Lojasiewicz-Simon gradient
inequality for the pure Yang-Mills energy functional [13, Theorem 22.8] is that it holds for W'
Sobolev norms — considerably weaker than the C*“ Holder norms originally employed by Simon
in [50, Theorem 3] and this affords considerably greater flexibility in applications. For example,
when (X,g) is a closed, four-dimensional, Riemannian manifold, the W2 Sobolev norm on
(bundle-valued) one-forms is (in a suitable sense) quasi-conformally invariant with respect to
conformal changes in the Riemannian metric g. In particular, that observation is exploited in our
proof of [T, Theorem 1], which asserts discreteness of L? energies of Yang-Mills connections on
arbitrary G-principal bundles over X, for any compact Lie structure group G.

There are essentially three approaches to establishing a Lojasiewicz-Simon gradient inequality
for a particular energy functional arising in geometric analysis or mathematical physics: 1) es-
tablish the inequality from first principles, 2) adapt the argument employed by Simon in the
proof of his [50, Theorem 3], or 3) apply an abstract version of the Lojasiewicz-Simon gradient
inequality for an analytic or Morse-Bott functional on a Banach space. The first approach is
exactly that employed by Simon in [50] and by Rade for the Yang-Mills energy functional. For
this strategy to work well, one desires an abstract Lojasiewicz-Simon gradient inequality with the
weakest possible hypotheses and a proof of such a gradient inequality (Theorem [1)) is provided in
our companion article [19].

In this article, we establish versions of the Lojasiewicz-Simon gradient inequality for coupled
Yang-Mills energy functionals (for example, Theorem , using systems of Sobolev norms in
these applications that are (as best we can tell) as weak as possible. In particular, our gradient
inequalities use W norms for coupled Yang-Mills pairs over manifolds of arbitrary dimension
d > 2 (including the quasi-conformally invariant case d = 4 and p = 2).

In the remainder of our Introduction, we review our abstract Lojasiewicz-Simon gradient in-
equalitiy for an analytic functional on a Banach space in Section[1.1] state our results on existence
of global transformation to Coulomb gauge valid for borderline Sobolev exponents in Section
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and state our results on Lojasiewicz-Simon gradient inequalities for coupled Yang-Mills L? energy
functionals in Section [L.3

We refer to the Introduction of our companion article [I9] for a discussion of the history of
the Lojasiewicz-Simon gradient inequality and a survey of its many applications in geometric
analysis, mathematical physics, and applied mathematics.

1.1. Lojasiewicz-Simon gradient inequalities for analytic functionals on Banach spaces.
We begin by recalling from [19] the following generalization of Simon’s infinite-dimensional ver-
sion [50, Theorem 3] of the Lojasiewicz gradient inequality [40]. As we noted in [19], Theorem
is stated by Huang as [32] Theorem 2.4.5] but no proof is given and it does not follow from
his less general [32, Theorem 2.4.2]. Huang cites [33 Proposition 3.3] for the proof of Theorem
but the hypotheses of [33, Proposition 3.3] assume that X is a Hilbert space. That distinction is
important because we shall need Theorem [1| when X is a Banach space, as in our application to
the coupled Yang-Mills L? energy functionals in Section

Theorem 1 (Lojasiewicz-Simon gradient inequality for analytic functionals on Banach spaces).
[19, Theorem 1] Let 2" be a Banach space that is continuously embedded in a Hilbert space 7. Let
U C Z be an open subset, & : %4 — R be an analytic function, and xo € % be a critical point
of &, that is, &' (rs) = 0. Assume that & (xo0) : X — Z* is a Fredholm operator with index
zero. Then there are positive constants, Z, o, and 0 € [1/2,1), with the following significance. If
x € U obeys

(1.1) |z — 2sll2r < o,
then
(1.2) |6 @) > Z|E(x) - Eaoo)|’.

A survey of the history of the Lojasiewicz-Simon gradient inequality is provided in [19].

1.2. Automorphisms and transformation to Coulomb gauge. For some energy functionals,
the associated Hessian is already an elliptic second-order partial differential operator on a Sobolev
space, but for others the Hessian is only elliptic when combined with a type of Coulomb gauge
condition [10, 22] and it is only then that one can apply Theorem (1} For example, in the first
category, one has the harmonic map energy and Yamabe functionals, while in the second category
one has the Yang-Mills and coupled Yang-Mills energy functionals.

The Yang-Mills energy functional is invariant under the action of gauge transformations (or
bundle automorphisms) and so, in principle, one can always find a gauge transformation to pro-
duce the required Coulomb gauge condition with the aid of a slice theorem. However, in order
to prove the most useful version of the Lojasiewicz-Simon gradient inequality, it is convenient to
have a stronger version of the slice theorem for the action of the group of gauge transformations,
going beyond the usual statements found in standard references such as Donaldson and Kron-
heimer [10] or Freed and Uhlenbeck [22] and proved by applying the Implicit Function Theorem.
One stronger version of a slice theorem, valid in dimension four, was proved by the first author as
[14, Theorem 1.1]. A purpose of this article is to prove a stronger version of [14, Theorem 1.1] for
both connections and pairs rather than just connections as in [I4], but using standard Sobolev
norms rather than the critical-exponent norms employed in [I4] and valid in all dimensions.

1.2.1. Transformation to Coulomb gauge. We first state the desired result for connections and
then its analogue for pairs.
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Theorem 2 (Existence of W24 Coulomb gauge transformations for W4 connections that are
Wkt close to a reference connection). Let (X,g) be a closed, Riemannian, smooth manifold of
dimension d > 2, and G be a compact Lie group, and P be a smooth principal G-bundle over X .
If Ay is a C™ connection on P, and Ag is a Sobolev connection on P of class W9 with d/2 < q <
00, and p € (1,00) obeys d/2 < p < q, then there exists a constant ( = ((Aop, A1,9,G,p,q) € (0,1]
with the following significance. If A is a W19 connection on P that obeys

(1'3) ”A - AO||W1}‘711’(X) <,

then there exists a gauge transformation u € Aut(P) of class W4 such that
dy (u(A) — Ag) =0,
and
4A4) = Aol ey < 2N11A = Aolyin s

where N = N(Ap, A1,9,G,p,q) € [1,00) is the constant in the forthcoming Proposition |2.11.

For a description of the action of the group of gauge transformations in Theorem [2| and the
definition of the Coulomb gauge condition for connections, we refer the reader to Section [2.6] and
for an explanation of the remainder of the notation in Theorem [2| we refer the reader to Section
31

The essential point in Theorem [2| is that the result holds for the critical exponent, p = d/2
with d > 3, when the Sobolev space W2P(X) fails to embed in C(X) (see [3, Theorem 4.12]) and
a proof of Theorem [2 by the Implicit Function Theorem in the case p > d/2 fails when p = d/2.
In this situation, a W2s gauge transformation u of P is not continuous, the set Autz’%(P) of
W23 gauge transformations is not a manifold, and Ath’%(P) cannot act smoothly on the affine
space </ 1’%(P) of W% connections on P. When d = 4 and p > 2, this phenomenon is discussed
by Freed and Uhlenbeck in [22 Appendix A].

The proof of Theorem |2| adapts mutatis mutandis to establish the following refinement of the
[15, Proposition 2.8] and [45, Theorem 4.1].

Theorem 3 (Existence of W24 Coulomb gauge transformations for W4 pairs that are WL% close
to a reference pair). Let (X,g) be a closed, Riemannian, smooth manifold of dimension d > 2,
and G be a compact Lie group, P be a smooth principal G-bundle over X, and E = P x,E be
a smooth Hermitian vector bundle over X defined by a finite-dimensional unitary representation,
0:G = Autc(E). If Ay is a C* connection on P, and (Ao, ®g) is a Sobolev pair on (P, E) of
class W14 with d/2 < q < oo, and p € (1,00) obeys d/2 < p < q, then there exists a constant
¢ = ((A1, Ag, o, 9,G,p,q) € (0,1] with the following significance. If (A, ®) is a W4 pair on
(P, E) that obeys

(1.4) (4, @) = (40, 2015 < G-

then there exists a gauge transformation v € Aut(P) of class W9 such that
djzlo,(DO (U(Av (I)) - (A07 (I)O)) =0,
and

HU(A, lI)) - (A(J: (I)O) < QNH(A7 (I)) - (A()a q)O)

HW}af(X)’
where N = N (A1, Aoy, ®o,9,G,p,q) € [1,00) is the constant in the forthcoming Proposition .

lwir )
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For a description of the action of the group of gauge transformations in Theorem [3| and the
definition of the Coulomb gauge condition for pairs, we refer the reader to Section [2.8

1.2.2. Real analytic Banach manifold structures on quotient spaces. In order to establish the
analyticity of the pure or coupled Yang-Mills L? energy functionals on affine spaces of W4
connections .&719(P) or pairs Z1V9(P,E), respectively, it is not necessary to know that their
quotient spaces with respect to the action of the group Ath’q(P) of gauge transformations are
analytic Banach manifolds. Nevertheless, because this readily follows from the proofs of Theorem
and Theorem [3] respectively, we include the relevant statements here for the case of connections,
noting that the analogous statements for pairs are similar.

Theorem [2| provides the essential ingredient one needs to show not only that the quotient space
B(P) := o/V1(P)/ Aut?>?(P) is a C* but also a real analytic Banach manifold away from orbits
[A] = {u(A) : u € Aut>?(P)} corresponding to W4 connections A on P whose stabilizers (or
isotropy groups), Stab(A) := {u € Aut??(P) : u(A) = A}, are non-minimal, that is, contain the
Center(G) as a proper subgroup. To show that

PB*(P) = {A € o"(P): Stab(A) = Center(G)} / Aut>*(P),

is a C*° Banach manifold, one only needs the ‘easy case’ of Theorem [2] where p = ¢, as the
condition ¢ > d/2 ensures that the proofs using H**'(X) Sobolev spaces (with d = 4 and k > 2)
due to Donaldson and Kronheimer [10], Sections 4.2.1 and 4.2.2] or Freed and Uhlenbeck [22, pp.
48-51] apply mutatis mutandis. We have the following analogue of [10, Proposition 4.2.9], [22]
Corollary, p. 50], for real analytic Banach manifolds and X of dimension d > 2 rather than C*°
Hilbert manifolds and X of dimension four.

Corollary 4 (Real analytic Banach manifold structure on the quotient space of W14 connec-
tions). Let (X, g) be a closed, Riemannian, smooth manifold of dimension d > 2, and G be a com-
pact Lie group, and P be a smooth principal G-bundle over X, and q obey d/2 < q < oo. If Ay is
a C™ reference connection on P and [A] € B(P), then there is a constant € = (A1, [A], g,G, q) €
(0, 1] with the following significance. If

Ba(e) := {a € Wj{lq(X;Al ®adP) : dya =0 and Ha”wkq(x) < 6} ,
1

then the map,
74 : Ba(e)/Staby 3 [a] — [A + a] € B(P),

is a homeomorphism onto an open neighborhood of [A] € B(P). For a € Ba(e), the stabilizer of
a in Stab 4 is naturally isomorphic to that of wa(a) in Aut>4(P). In particular, the inverse coor-
dinate charts, w4, determine real analytic transition functions for B*(P), giving it the structure
of a real analytic Banach manifold, and each map 74 is a real analytic diffeomorphism from the
open subset of points [a] € Ba(e)/ Staby where wa(a) has stabilizer isomorphic to Center(Q).

As in [53, p. 328], one may consider the quotient space of framed connections modulo gauge
transformations, %'(P) := (&/"9(P) x P|y,)/ Aut®>?(P), for some fixed base point 2y € X, and
now the obvious analogue of Theorem [2| shows that %'(P) is a real analytic Banach manifold.

Corollary [4] may be easily extended to the setting of pairs by applying Theorem [3] in place
of Theorem [2l We leave such extensions to the reader, but refer to [45, Theorem 4.2] and [15,
Proposition 2.8] for statements and proofs of C*° Banach manifold structures for quotient spaces
of pairs.
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1.3. Lojasiewicz-Simon gradient inequality for coupled Yang-Mills L? energy func-
tionals. In this subsection, we summarize consequences of Theorem (1| for coupled Yang-Mills L?
energy functionals.

1.3.1. Lojasiewicz-Simon gradient inequality for boson and fermion coupled Yang-Mills L? energy
functionals. We begin with a definition (due to Parker [45]) of two coupled Yang-Mills energy
functionals.

Definition 1.1 (Boson and fermion coupled Yang-Mills energy functionals). [45, Section 2] Let
(X, g) be a closed, Riemannian, smooth manifold of dimension d > 2, and G be a compact
Lie group, P a smooth principal G-bundle over X, and E be a complex finite-dimensional G-
module equipped with a G-invariant Hermitian inner product, ¢ : G — Autc(E) be a unitary
representation [8, Definitions 2.1.1 and 2.16], and £ = P X, E be a smooth Hermitian vector
bundle over X, and m and s be smooth real-valued functions on X.

We define the boson coupled Yang-Mills L?-energy functional by

1
(1.5) Eg(A,®) = 2/ (|Fa? + |V 42> — m|®|* — 5]@|*) dvolg,
X

for all smooth connections, A on P, and smooth sections, ® of E/, where
Va:C®(X;E) = C¥(T"X ® F),

is the covariant derivative induced on E by the connection A on P and F4 € Q?(X;adP) is the
curvature of A and adP := P X,q g denotes the real vector bundle associated to P by the adjoint
representation of G on its Lie algebra, Ad : G > v — Ad, € Aut(g), with fiber metric defined
through the Killing form on g.

Suppose that X admits a spin® structure comprising a Hermitian vector bundle W over X and
a Clifford multiplication map, ¢ : T*X — Endc (W), thus

(1.6) cla)? = —g(a,a)idy, YaeQ'(X),

and
Dy:=coV :C®X;WQE)— C®X;W®E),

is the corresponding Dirac operator [38, Appendix D], [36, Sections 1.1 and 1.2], where V 4 denotes
the covariant derivative induced on @™(T*X) ® E (for n > 0) and W ® E by the connection A
on P and Levi-Civita connection for the metric g on T X.

We define the fermion coupled Yang-Mills L*-enerqy functional by

(1.7) Fg(A, W) = ;/ (JFal® 4+ (¥, Da¥) — m|¥|?) dvoly,
X

for all smooth connections, A on P, and smooth sections, ¥ of W ® E.

We recall from [38, Corollary D.4] that a closed orientable smooth manifold X admits a
spin® structure if and only if the second Stiefel-Whitney class we(X) € H?(X;Z/2Z) is the mod 2
reduction of an integral class. One calls W the fundamental spinor bundle and it carries irreducible
representations of Spin®(d); when X is even-dimensional, there is a splitting W = W+ @ W™ and
Clifford multiplication restricts to give p : T*X — Homge (W=, WT) [38], Definition D.9].

Although initially defined for smooth connections and sections, the energy functionals &, and
Z4 in Definition extend to the case of Sobolev connections and sections of class W2,
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A short calculation shows that the gradient of the boson coupled Yang-Mills energy functional
&y in (L.5]) with respect to the L? metric on Q'(X;adP) & C*®(X; E),
d
Z6o(A+1a,®+1¢)

(18) (61(A4,2),(0,0) 1o gy = &
for all (a,¢) € QY(X;adP) ® C®(X; E), is given by

(1L9) (£)(4.9).(0.9)) 2 x,)
— (d3Fa, @) 12(x) + Re(VEV A, 0) 12(x) + Re(Va®, p(a)®) 12 (x)

I

t=0

— Re(m®, ¢)r2(x) —2Re/X s|®2(®, ¢) dvoly,

where d% = d%? : QY(X;adP) — Q'1(X;adP) is the L? adjoint of the exterior covariant deriv-
ative dq : Q(X;adP) — Q(X;adP), for integers [ > I. We call (A, ®) a boson Yang-Mills
pair (with respect to the Riemannian metric g on X) if it is a critical point for &, that is,
E (A, D) =
Similarly, one finds that the gradient of the fermion coupled Yang-Mills energy functional .7,
in with respect to the L? metric on Q'(X;adP) ® C®(X; W ® E),
Lz Atta, v+ t0)|

(1.10) F4(A,0), (a,1))
( g )L2(X,g) dt 0
for all (a,7) € Q1 (X;adP) ® C®(X;W ® E), is given by

% 1
(1.11) (F,(A,9), (%W)Lz(xg) = (dAFAaa)LQ(X)“'Re(DA‘IJ_m‘I]»w)LQ(X)+§(\I’aP(Q)W)LQ(X)a
where the action of a € Q}(X;adP) = C®(T*X ® adP) on ¥ € C®(X; W ® E) is defined by

pla®&)(P@n) = c(a)d @ ox(&)n,

Va e QY(X), ¢e€C®(X;adP), ¢ C®(X;W), necC®X;E),
where g, : g — End¢(E) is the representation of the Lie algebra induced by the representation
0: G — Endc(E) of the Lie group.

We call (A, V) a fermion Yang-Mills pair (with respect to the Riemannian metric g on X) if
it is a critical point for .7, that is, 9;(A, v) = 0.

Note that both the boson and fermion coupled Yang-Mills L?-energy functionals reduce to the
pure Yang-Mills L?-energy functional when ® = 0 or ¥ = 0, respectively,

(1.12) 5,(A) ::1/ Fal? dvol,,
2 /x

and A is a Yang-Mills connection (with respect to the Riemannian metric g on X) if it is a critical
point for &, that is,

é"g'(A) =dFy = 0.
Given a Hermitian or Riemannian vector bundle, V', over X and covariant derivative, V 4, which
is compatible with the fiber metric on V', we denote the Banach space of sections of V' of Sobolev
class W*P_ for any k € N and p € [1, 00}, by Wj’p(X; V), with norm,

1/p

(1.13) lollyro gy = Z/ Vil dvoly |
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when 1 < p < oo and
k .
(1.14) ||UHW§,OO(X) = ZessXsup V0],
5=0

otherwise, where v € WZ’p(X; V). If k = 0, then we denote |[v||yo.r(x) = ||v]|Lr(x)- Forp € [1,00)

and nonnegative integers k, we use [3, Theorem 3.12] (applied to Wi’p (X;V) and noting that X
is a closed manifold) and Banach space duality to define

Wt () = (WG V)

where p’ € (1, 00] is the dual exponent defined by 1/p+ 1/p’ = 1. Elements of the Banach space
dual (Wz’p (X;V))* may be characterized via [3, Section 3.10] as distributions in the Schwartz
space 2'(X; V) [3, Section 1.57].

As our first application of Theorem we have the following generalization of [I3], Theorem 22.8|
from the case of the pure Yang-Mills energy functional , when X has arbitrary dimension
d > 2, and Rade’s [48, Proposition 7.2], when X has dimension d = 2 or 3. Because gauge
transformations of class W22 are continuous when d = 2 or 3 and standard versions of the slice
theorem [10, Proposition 2.3.4], [22, Theorem 3.2], [37, Theorem 10.4] for the action of gauge
transformations are applicable, the proof of the analogue of Theorem [5| for the pure Yang-Mills
L? energy functional due to Rade is simpler for d = 2,3 and p = 2 48, Proposition 7.2].

Theorem 5 (Lojasiewicz-Simon gradient inequality for the boson coupled Yang-Mills energy
functional). Let (X, g) be a closed, Riemannian, smooth manifold of dimension d > 2, and G
be a compact Lie group, P be a smooth principal G-bundle over X, and E = P x, E be a
smooth Hermitian vector bundle over X defined by a finite-dimensional unitary representation,
0: G — Autc(E). Let Ay be a C reference connection on P, and (Aso,Pxo) a boson coupled
Yang-Mills pair on (P, E) for g of class WH4, with q € [2,00) obeying q > d/2. If p € [2,00)
obeys d/2 < p < q and, in addition p > 4d/(d + 4) for d = 2,3, and p' € (1,00) is the dual
exponent defined by 1/p + 1/p' =1, then the gradient map,

& WEP(X; AN @ adP) @ WiP (X E) — W7 (X3 A @ adP) @ Wi (X; B),

is real analytic and there are positive constants Z € [1,00), o € (0,1], and 0 € [1/2,1), depending
on A1, (As, ®o), g, G, p, and q with the following significance. If (A, ®) is a W7 Sobolev pair
on (P, E) obeying the Lojasiewicz-Simon neighborhood condition,

(1'15) ||(A,(I)) - (AOOa q)oo) <o,

”W,ifm

then the boson coupled Yang-Mills energy functional (1.5)) obeys the Lojasiewicz-Simon gradient
inequality

(116) ”éag/(Aﬂ q)>HWX11»P/ X) Z Z|£Q(A7(I)) - gg(Aom(I)oo”e

(

The statement of Theorem [5| simplifies with the addition of the rather mild assumption that
Aj = Ay and that (Au, @) is C°° (which can be assumed, modulo a W24 gauge transformation,
provided by the regularity Theorem [2.23)).

Corollary 6 (Lojasiewicz-Simon gradient inequality for the boson coupled Yang-Mills energy
functional). Let (X,g) be a closed, Riemannian, smooth manifold of dimension d > 2, and G
be a compact Lie group, P be a smooth principal G-bundle over X, and E = P x,E be a
smooth Hermitian vector bundle over X defined by a finite-dimensional unitary representation,
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0: G — Autc(E). Let (Ax, Po) a smooth boson coupled Yang-Mills pair for g on (P, E). If
p € [2,00) obeys p > d/2 and, in addition p > 4d/(d+4) for d =2,3, and p' € (1,00) is the dual
exponent defined by 1/p+ 1/p' = 1, then the gradient map,

& WP (X; A @ adP) @ WP (X5 E) — Wi P (XA @ adP) @ W, 7 (X3 E),

is real analytic and, for d/2 < q < oo obeying q > p, there are positive constants Z € [1,00), 0 €
(0,1], and 0 € [1/2,1), depending on (A, Px), g9, G, p, and q with the following significance. If
(A, ®) is a W4 Sobolev pair on (P, E) that obeys the Lojasiewicz-Simon neighborhood condition,

(1'17) ||(A,@) - (Aom q)oo) <o,

||W/}‘,:; (X)
then the boson coupled Yang-Mills energy functional (1.5)) obeys the Lojasiewicz-Simon gradient
inequality,

/
(1.18) 165 (A @)l -1t

o0

0
o 2 264, ®) = 6 Aws, @)

Similarly, for the fermion coupled Yang-Mills energy functional, we have the

Theorem 7 (Lojasiewicz-Simon gradient inequality for the fermion coupled Yang-Mills en-
ergy functional). Assume the hypotheses of Theorem @ except that we require that X admit
a spin® structure (p, W), replace the role of &, in by Zq4 in , and replace the role of the
pair (A, ®) and critical point (Ass, Po) of &, by the pair (A, V) and critical point (A, Yoo) of
Fg, where ¥ and Vo, are sections of W @ E. Then the conclusions of Theorem@ hold mutatis
mutandis.

Remark 1.2 (Lojasiewicz-Simon gradient inequality for coupled Yang-Mills energy functionals on
quotient spaces). We recall that the space of all smooth connections on P is an affine space,
o (p) = A1 +Q(X;adP). While the energy functionals &, and .%, in Deﬁnitionwere initially
defined on affine spaces modeled on Q!(X;adP) @ C®(X;E) or Q'(X;adP) ® C®(X; W ® E),
the functionals are invariant under the action of the group of gauge transformations, Aut(P),
and thus descend to the corresponding quotient spaces. The resulting configuration spaces may
be given the structure of smooth Banach manifolds in a standard way [10, Sections 4.2.1], [22]
Chapter 3], [26] Section 1] and, with minor modifications of standard proofs, the structure of real
analytic Banach manifolds as discussed in Section

We have chosen to derive the Lojasiewicz-Simon gradient inequalities (in Theorems 5 and [7)) for
two specific coupled Yang-Mills energy functionals, motivated by physical considerations, namely
the properties of regularity, naturality, and conformal invariance (in dimension four) described
by Parker in [45, Section 2].

However, it is clear from the proofs of Theorems [5] and [7] that one can expect the same conclu-
sions for any L? energy functional on pairs of connections and sections with the same nonlinearity
structure. Indeed, proofs of such results can be obtained by simple modifications of our proof
of the Lojasiewicz-Simon gradient inequality for the boson coupled Yang-Mills energy functional,
just as we do in this article for the case of the fermion coupled Yang-Mills energy functional.

1.3.2. Lojasiewicz-Simon gradient inequality for the Yang-Mills-Higgs L*-energy functional. A
well-known example in complex differential geometry of a coupled Yang-Mills L? energy functional
is the Yang-Mills-Higgs functional, which we now describe. See Bradlow [4, 5], Bradlow and
Garcia-Prada [6], Hitchin [28], Hong [29], Li and Zhang [39], and Simpson [51] for additional
details and further references.
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We shall follow the description by Bradlow and Garcia-Prada [6, Section 3], but refer the
reader to Hong [29], Li and Zhang [39], and the cited references for variants of the Yang-Mills-
Higgs functional described here. Let E be a complex vector bundle with Hermitian metric H
over a compact Kéhler manifold (X,w). Let <7y denote the affine space of smooth connections
on E that are unitary (that is, compatible with the metric H), and Q2°(X; E) denote the vector
space of smooth sections of E, and 7 € R.

One defines the Yang-Mills-Higgs L? energy functional on (A, ®) € oy x Q°(X; E) by

1
1.19 Ewr(A ®) == Fal? +2|VA®)? + |0 @ & — 7idg|*) dvoly,
Raadh] 2
X

where ®* := (-, @), the dual of ® with respect to the metric H.

By definition, a Yang-Mills-Higgs pair (A, ®) is a critical point of the Yang-Mills-Higgs func-
tional & -, SO 5’;[7%7(14,(1‘) = 0, or equivalently (A, ®) satisfies the second-order Yang-Mills-
Higgs equations (the Euler-Lagrange equations defined by the functional ) A calculation
reveals that a pair is an absolute minimum of &y, - if and only if it obeys the first-order vortex
equations,

0,2

FA — 0,

(1.20) 0% =0,
AFy=V1(®®®* —Tidg),

where AF4 denotes contraction of F4 with w. Let u(F) C Endc(E) denote the subbundle of
skew-Hermitian endomorphisms of E.
The proof of Theorem [5| carries over mutatis mutandis to give

Theorem 8 (Lojasiewicz-Simon gradient inequality for the Yang-Mills-Higgs L? energy func-
tional). Let X be a compact, Kdihler manifold of complex dimension n > 1 and E be a complex
vector bundle with Hermitian metric H over X. Let Ay be a smooth reference connection on the
principal frame bundle for E. Assume that d =2n > 2 and p € (1,00) obey one of the conditions
in Theorem @ and let p' € (1,00) be the dual exponent defined by 1/p + 1/p’ = 1. Then the
gradient map,

hror s Wil (XA @ u(E)) & Wi (X5 B) » Wil (X5 A @ u(E)) & Wi (X ),

is real analytic and the remaining conclusions of Theorem[J hold mutatis mutandis for the Yang-

Mills-Higgs functional (1.19)).

1.3.3. Lojasiewicz-Simon gradient inequality for the Seiberg-Witten L*-energy functionals. For
another example of a coupled Yang-Mills energy functional whose absolute minima can be readily
identified, we consider the Seiberg-Witten equations.

Expositions of the Seiberg-Witten equations are now provided by many authors but, for the
sake of consistency, we shall follow our development in [16]. Let (p, W) denote a spin® structure
on a four-dimensional manifold, X, with Riemannian metric, g. We recall from [I6, Equation
(2.55)] that a pair (B, ¥), comprising a spin® connection, B, on W = WT @ W~ and a section,

U, of W is a Seiberg- Witten monopole if

tr(FE) — p~ 1 (U @ %)y = 0,

(1.21) r(Fg) —p ( )o
DpV =0,

recalling that p : AT = su(W™) is the isomorphism of Riemannian vector bundles induced
by Clifford multiplication, D : C®(X;W*) — C®(X;W™) is the Dirac operator, and (-)o
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denotes the trace-free part of ¥ @ ¥* € Endc(W™). We have restricted B to W™, so Fg €
C®(X;u(WH) @ AT) = QF(X;u(WT)) and tr(Fj) € C°(X;iAT) = QF(X;iR), using the
fiberwise trace homomorphism, tr : u(W*) — iR. The Seiberg-Witten equations are
a system of first-order partial differential equations in (B, V) and thus cannot be the Euler-
Lagrange equations of any action functional. However, as we recall from [30, B34, [43], Seiberg-
Witten monopoles have a variational interpretation by an argument which is the reverse of those
provided by Bradlow and Garcia-Prada [0, Section 3] or Hong [29, Section 1] in their derivations
of the vortex equations or Li and Zhang [39, Section 1] for the Hermitian-Einstein equations.

Thus, from [30, Equation (1.6)] or [43, Propsition 2.1.4], the Seiberg-Witten L? energy func-
tional is

1 1
(1.22) &y (B, V) = / (\VB\I/\Q + 5| tr(Fp)® + %\m? + 8!\1112> dvol, +2r2c; (WH)?2,
X

where ¢;(W*)? := [, ci(WT)2 The topological term, 2r%c; (W1)?, is independent of the pair
(B, ¥) and does not affect the critical points. In particular,

&(B,¥) > 212c (WH)?,

and a pair (B, V) is a Seiberg-Witten monopole if and only if equality is achieved.

Hong and Schabrun derive a version of the Lojasiewicz-Simon gradient inequality [30, Lemma
5.3] based in part on an earlier proof due to Wilkin for the Yang-Mills-Higgs functional over a
Riemann surface [59, Proposition 3.5]. However, the proof of Theorem [5| carries over mutatis
mutandis to give

Theorem 9 (Lojasiewicz-Simon gradient inequality for the Seiberg-Witten L? energy func-
tional). Let (X, g) be a closed, four-dimensional, oriented, Riemannian smooth manifold with
spin® structure (p,W). Let By be a smooth reference spin® connection on W. Assume that
p € (1,00) obeys the hypotheses of Theorem @ with d = 4 and let p' € (1,00) be the dual ex-
ponent defined by 1/p+1/p’ = 1. Then the gradient map,

&) WEP(X;iA) @ WP (X W) — Wi P (XpiAh) @ Wi P (X, W),

is real analytic and the remaining conclusions of Theorem [5 hold mutatis mutandis for the

Seiberg- Witten functional (1.22]).

1.3.4. Lojasiewicz-Simon gradient inequality for the non-Abelian monopole L?-energy functionals.
For our final example of a coupled Yang-Mills energy functional whose absolute minima can be
readily identified, we have the non-Abelian monopoles arising in the work of the first author and
Leness [16], Okonek and Teleman [44], and Pidstrigatch and Tyurin [46].

Following [16], we consider pairs (A, ®) obeying

(F{)o—p (2 ® @)oo = 0,

(1.23)
Dy® =0,

where A is a unitary connection on a Hermitian vector bundle, E, with curvature F4 € C®(X; A%®
uw(E)) = Q*(X;u(E)) and (F{)o € C®(X; AT @ su(E)) = QN (X;su(E)), while p: AT @ su(E)
su(W™) @ su(E) is the isomorphism of Riemannian vector bundles induced by Clifford multipli-
cation, Dy : C®°(X; Wt @ F) — C®(X; W~ ® E) is the Dirac operator, and (-)gp denotes the
trace-free part of ® ® ®* € Endc(W™' ® E). Let su(E) C Endc(E) denote the subbundle of
skew-Hermitian, trace-zero endomorphisms of F.
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By extending the derivations of the Seiberg-Witten L? energy functional in [30] or [43], we find
that the non-Abelian monopole L? energy functional is

1 R 1
£,(A,®) = / Vad 4 S FA?+ a2 4 Do) dvol,
(1.24) X 2 4 8

1
—4r**(E) + Q”FXU,H%?(X) - QHFLH%Q(X)-

The connections A, on det E and A, on det W™ are fixed, with no dynamical role, so the true
variables in the SO(3)-monopole equations are the SO(3) connection A induced by A on the
bundle su(E) and the (spinor) section ® of W ® E. The action functional, &, (A, ®), again has
a universal lower bound and is achieved if and only if (A, ®) is a non-Abelian monopole, namely
a solution to . Again the proof of Theorem 5| carries over mutatis mutandis to give

Theorem 10 (Lojasiewicz-Simon gradient inequality for the non-Abelian monopole L? energy
functional). Let (X,g) be a closed, four-dimensional, oriented, Riemannian, smooth manifold
with spin® structure (p, W). Let E be a Hermitian vector bundle over X, and A. be a smooth
connection on det ¥, and B be a smooth spin® connection on W, and A1 be a smooth reference
connection on E inducing A, on det E. Assume that p € (1,00) obeys the hypotheses of Theorem
@ with d = 4 and let p' € (1,00) be the dual exponent defined by 1/p+1/p' = 1. Then the gradient
map,

1? 1’
& WX A @ su(E) @ WP(X; W @ E)
= WP (XA @ su(E) @ Wi (X, W @ B),
is real analytic and the remaining conclusions of Theorem[5 hold mutatis mutandis for the non-

Abelian monopole functional (1.24)).

Our interest in Lojasiewicz-Simon gradient inequalities for coupled Yang-Mills and harmonic
map energy functionals is motivated by the wealth of potential applications. We shall survey
some of those applications below.

1.4. Applications of the Lojasiewicz-Simon gradient inequality for the coupled Yang-
Mills energy functionals. In [I3], we apply the Lojasiewicz-Simon gradient inequality for the
pure Yang-Mills energy functional [I3, Theorem 22.8] to prove global existence, convergence,
convergence rate, and stability results for solutions A(t) to the associated gradient flow,

0A

S = —EAD), A(0) = Ao,
that is,

dA ..

a - _dA?t)FA(t)’ A(O) == A[).

Given our Lojasiewicz-Simon gradient inequalities for the boson and fermion coupled Yang-Mills
energy functionals, Theorems [5| and |7, the main conclusions in [13] for pure Yang-Mills gradient
flow carry over to the more general case of coupled Yang-Mills gradient flows. We describe those
results in a sequel [18] to the present article.

In [12] and [11], we applied the Lojasiewicz-Simon gradient inequality to prove an energy gap
result for Yang-Mills connections with small L%? energy and, more generally, discreteness of L2
energies of Yang-Mills connections over closed Riemannian smooth manifolds when d = 4. We
extend those results to the case of solutions to the coupled Yang-Mills equations in a sequel [17]
to the present article.
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1.5. Outline of the article. To apply Theorem [I| to pure or coupled Yang-Mills energy func-
tionals and obtain the best possible results in those applications, one requires the global Coulomb
gauge constructions provided by Theorems [2| or 3], and those results are proved in Section [2 In
Section |3 we derive Lojasiewicz-Simon gradient inequalities for the coupled Yang-Mills energy
functionals, proving Theorems [5] [7], [8] [0 and Corollary [6] Appendix [A] discusses the equiva-
lence of Sobolev norms defined by Sobolev and smooth connections while Appendix [B] establishes
the Fredholm properties and computes the index of a Hodge Laplacian with Sobolev coefficients.

1.6. Notation and conventions. For the notation of function spaces, we follow Adams and
Fournier [3], and for functional analysis, Brezis [7] and Rudin [49]. We let N := {0,1,2,3,...}
denote the set of non-negative integers. We use C' = C(x,...,*) to denote a constant which
depends at most on the quantities appearing on the parentheses. In a given context, a constant
denoted by C may have different values depending on the same set of arguments and may increase
from one inequality to the next. If 27, % is a pair of Banach spaces, then £ (2", %) denotes
the Banach space of all continuous linear operators from 2 to %. We denote the continuous
dual space of 2" by 27 = Z(2",R). We write a(z) = (x,a) 2« 2+ for the pairing between 2~
and its dual space, where x € 2" and a« € Z*. U T € L(Z", %), then its adjoint is denoted by
T € L(%*, Z7), where (T*B)(x) := B(Tz) for all x € 2" and € #*.

1.7. Acknowledgments. Paul Feehan is very grateful to the Max Planck Institute for Math-
ematics, Bonn, and the Institute for Advanced Study, Princeton, for their support during the
preparation of this article. He would like to thank Peter Taka¢ for many helpful conversations
regarding the Lojasiewicz-Simon gradient inequality, for explaining his proof of |20, Proposition
6.1] and how it can be generalized as described in this article, and for his kindness when hosting
his visit to the Universitdt Rostock. He would also like to thank Brendan Owens for several
useful conversations and his generosity when hosting his visit to the University of Glasgow. He
thanks Brendan Owens and Chris Woodward for helpful communications and comments regard-
ing Morse-Bott theory, Alessandro Carlotto for useful comments regarding the integrability of
critical points of the Yamabe functional. We thank Thomas Parker and Penny Smith for helpful
questions and comments.

2. EXISTENCE OF COULOMB GAUGE TRANSFORMATIONS FOR CONNECTIONS AND PAIRS

In Section we prove our refinement, Theorem [2| of the standard construction of a 1?24
Coulomb gauge transformation u, with ¢ > d/2, for a W4 connection A on a principal G-bundle
P over a closed Riemannian smooth manifold of dimension d > 2. We extend this result in
Section to the action of gauge transformations on affine spaces of W14 pairs, obtaining our
refinement, Theorem [3] of the standard constructions of Coulomb gauge transformations in that
context due to Parker [45] and the first author and Leness [15]. Finally, in Section we extend
known regularity results for solutions to the Yang-Mills equations in dimensions greater than or
equal to two and coupled Yang-Mills equations in dimension four to the case of solutions to the
coupled Yang-Mills equations in dimensions greater than or equal to two.

2.1. Action of Sobolev gauge transformations on Sobolev connections. Suppose that
P is a smooth principal G-bundle over a smooth manifold X = P/G of dimension d, where
P x G — P is a right action of G on P. For ¢ > d/2, let Aut®(P) denote the Banach Lie
group of Sobolev W24 automorphisms (or gauge transformations) of P [I0), Section 2.3.1], [22|
Appendix A and p. 32 and pp. 45-51], [23] Section 3.1.2]. We recall that there is a smooth left
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action,

Aut>¥(P) x P — P,
which commutes with the right action of G on P. This induces a smooth right (affine) action on
the affine space 714(P) of Sobolev W14 connections on P,

(2.1) AM(P) x Aut>¥(P) 5 (A, u) — u(A) € o7M9(P),
defined by pull-back,
u(A) :=u*A, YVuc Aut>!(P) and A € VU(P).

The constraint ¢ > d/2 is required to ensure that W24(X) C C(X) by the Sobolev Embedding
[3, Theorem 4.12] and thus v € Aut®?(P) is a continuous gauge transformation of P and that
W?24(X) is a Banach algebra by [3, Theorem 4.39)].

Given a Wb connection Ag on P, the standard construction of a slice for the action of
Aut?4(P) on «/19(P) provides constants ¢ = £(Ag, g, P) € (0,1] and C = C(Ag, g, P) € [1,00)
such that if A is close to Ay in the sense that,

HA - AOHWI}X’Oq(X) <eg,

then there exists u € Aut®?(P) such that u(A) is in Coulomb gauge relative to Ay, that is,
d’a,(u(A) — Ag) =0,

and u(A) is close to Ay,
lu(A) — AOHW};’OC’(X) < Ce.

For example, see [10, Proposition 2.3.4], [22, Theorem 3.2], [37, Theorem 10.4] or [14, Theorem
1.1] for statements of the Slice Theorem and their proofs using the Implicit Function Theorem
for smooth maps of Banach spaces.

Our Theorem [2| relaxes the condition that A be le’oq close to A for ¢ > d/2 to le’f close
for p obeying d/2 < p < q when d > 3 and provides WP bounds for u(A) — Ag in terms of

A — Ap. This is significant since Aut?? (P) is not a smooth manifold and the action (2.1 cannot
be smooth when ¢ = d/2, so the Implicit Function Theorem does not apply.

2.2. A priori estimates for Laplace operators with Sobolev coefficients and existence
and uniqueness of strong solutions. Before proceeding to the proof of Theorem [2, we begin
with some preparatory lemmata and remarks that have some interest in their own right. Standard
theory for existence and uniqueness of strong solutions to (scalar) second-order elliptic partial
differential equations, such as [24, Chapter 9], requires that the second-order coefficients be
continuous and the lower-order coefficients be bounded. Here, we observe that one can relax
those requirements on the lower-order coefficients and accommodate the setting we employ in
this article.
For a smooth connection A on P and integers [ > 0, we let

(2.2) Ap=dyds+dady on Q(X;adP)

denote the Hodge Laplace operator. Our proof of Theorem [2| will require a priori LP estimates,
existence and uniqueness results, Fredholm properties, and Hodge decompositions involving the
Hodge Laplacian when A is a W4 Sobolev connection. When A is a C* connection and
we restrict our attention to p = 2, those properties are immediate consequences of more general
results (for example, see Gilkey [25]) for elliptic operators on sections of vector bundles over closed
manifolds.
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Proposition 2.1 (A priori LP estimate for a Laplace operator with Sobolev coefficients). Let
(X,g) be a closed, Riemannian, smooth manifold of dimension d > 2, and G be a compact Lie
group, and P be a smooth principal G-bundle over X, and | > 0 be an integer. If A is a W4
connection on P with ¢ > d/2, and Ay is a C*° connection on P, and p obeys d/2 < p < g, then

(2.3) Ap: WEP(X5A @ adP) — LP(X; A @ adP)

is a bounded operator. If in addition p € (1,00), then there is a constant C = C(A, A1,9,G,l,p,q) €
[1,00) such that

(2.4) I€llwzse) < C (1848l + I€lsc) . V6 € WAT(G A @ adP)

Remark 2.2 (Regularity of distributional solutions to elliptic partial differential equations). Sup-
pose as in the hypotheses of Proposition that A is a smooth connection on P. By analogy
with [41, Definition 2.56], we call ¢ € L' (X; Al ® adP) a distributional solution to the equation
ApE=0if
(&, A 2x) =0, VEeC®(X;AN @adP).

In the case of the scalar Laplace operator on functions, C°*°-smoothness of distributional solutions
is provided by Weyl’s Lemma [60, Theorem 18.G|. More generally, the C'*°-smoothness of a
solution u € Li () to a scalar (second-order) elliptic equation on an open subset Q C R? is a
consequence of regularity theory for solutions in Hj (€2), for s € R [2I, Theorem 6.33]. Such
regularity results extend to the case of elliptic systems (see [I3] and references therein) and so we
conclude that if £ is a distributional solution to the equation A4, & = 0, then C®°(X; Al ® adP).

Proposition implies that the domain of the unbounded operator A4 on LP(X; Al ® adP) is
Dp(Aa) = WEP(X; A @ adP).

(We omit the subscript p when that is clear from the context.) In order to give criteria for when
the term ||£||z»(x) can be eliminated from the right-hand side of the a priori estimate , we
need to analyze the spectrum of the Hodge Laplacian with Sobolev coefficients. It is convenient to
abbreviate § := H} (X;A! ® adP) = W,”(X; A' ® adP) and recall that (H} (X;A! ® adP))* =
Hgll (X; A ® adP). Denote
I:H =9 &= x),

by analogy with the embedding [24, Equation (8.12)]. The forthcoming Proposition is an
analogue of [24, Theorem 8.6], for a scalar, second-order, strictly elliptic equation in divergence
form with homogeneous Dirichlet boundary condition over a bounded domain Q ¢ R?. However,
it is not a direct consequence since the first and zeroth-order coefficients of the Laplace operator
Ay on O (X;adP) are not necessarily bounded unless ¢ > d, which we do not wish to assume,
for a W4 connection A on P.

Proposition 2.3 (Spectral properties of a Laplace operator with Sobolev coefficients). Let (X, g)
be a closed, Riemannian, smooth manifold of dimension d > 2, and G be a compact Lie group, P
be a smooth principal G-bundle over X, and l > 0 be an integer. If A is a W4 connection on P
with d/2 < q < 00, and Ay is a C™ reference connection on P, then the operator

Ag:H—9H"

is bounded and there is a countable subset 3 C [0, 00) without accumulation points and having the
following significance. If A € R\ X, then the equation

(Aa—ADE=]
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has a unique solution & € $) for each § € H*. If A € 3, then Ker(A g — AI) N $ has finite, positive
dimension.

Remark 2.4 (Spectral properties of a Laplace operator with Sobolev coefficients on LP spaces and
compact perturbations). We recall from Weyl’s Theorem [35, Theorem IV.5.35] that if T is a
closed operator on a Banach space 2" and K is an operator on 2  that is compact relative to
T, then T and T + K have the same essential spectrum. In particular, under the hypotheses of
Corollary [B.4] the operator

Ap— Ay WEIP(X; A ® adP) — LP(X; A ® adP)

is compact by the proof of that corollary. Therefore, the essential spectrum of A4 as an un-
bounded operator on LP(X; A' ® adP) is empty and consists purely of real eigenvalues with finite
multiplicity, since the same is true of Ay, .

Corollary 2.5 (A priori LP estimate for a Laplace operator with Sobolev coefficients). Let (X, g)
be a closed, Riemannian, smooth manifold of dimension d > 2, and G be a compact Lie group,
and P be a smooth principal G-bundle over X, and 1 > 0 be an integer. If A is a W9 connection
on P with d/2 < q < oo, and Ay is a C* connection on P, and p € (1,00) obeys d/2 < p < g,
then the kernel Ker Ay N Wi’lp(X; Al ® adP) of the operator is finite-dimensional and

(2.5) €l < ClAAEIsco, Y€ € (Ker Ag)" AWRP(X:A @ adP),

where | denotes L?-orthogonal complement and C = C(A, A1,9,G,1,p,q) € [1,0).
Before proceeding to the proofs of these results proper, we begin with the

Lemma 2.6 (A priori LP estimate for a Laplace operator with smooth coefficients). Assume the
hypotheses on Ay, d, G, I, P, and (X, g) in Proposition[2.1 and let p € (1,00). If A is C*, then
there is a constant C = C(A, A1,g,l,p) € [1,00) such that

(2.6) I€llwao ey < € (18agle) + [€lme) . V€ € WEF(X: A @adP).

Proof. Suppose first that Ay is the Laplace-Beltrami operator on C°°(X) defined by the Rie-
mannian metric g. The a priori LP estimate for A, analogous to can be obtained from the
a priori interior LP estimate provided by [24, Theorem 9.11] for a scalar, second-order, strictly
elliptic operator with C™ coefficients defined on a bounded domain Q C R? with the aid of a C>
partition of unity subordinate to a finite set of coordinate charts covering the closed manifold,
X. For the general case, one first chooses in addition a set of local trivializations for Al ® adP
corresponding to the coordinate neighborhoods, after shrinking those neighborhoods if needed.
The Bochner-Weitzenbock formula [22] Equation (C.7)], [37, Equation (II.1)] for A 4 implies that
Ap — V%V 4 is a first-order differential operator with C* coefficients and that A4 has principal
symbol given by the C°° Riemannian metric g times the identity endomorphism of A' @ adP. (In
fact, Ay = V4V when [ = 0.) The (first-order) covariant derivative of { € Wi’lp(X ;A ® adP)
may be estimated with the following analogue of the interpolation inequality [24, Theorem 7.27],
valid for p € [1, 00),

(2.7) 198l 2000 < ell€llzs ey + e IEll ooy

where C' = C(A1,9) € [1,00) and ¢ is any positive constant. The conclusion now follows by
combining the preceding observations and using rearrangement with small € to remove the term
IV a,€llLr(x) from the right-hand side. O



LOJASIEWICZ-SIMON GRADIENT INEQUALITIES 17

We can now proceed to the

Proof of Proposition[2.1. We choose a C* connection, As, on P that we regard as a smooth

approximation to A. We write A = A;+a, with a € WA’q(X Al®adP) and a bound Ha||W1 q(X)

e with small constant ¢ € (0, 1] to be chosen during the proof, and write A; = A; + a1, where
a1 € C®(X; A' ® adP) may be ‘large’. We expand Ay = A4, 1, to give
Apé =Ap 8+ Vaaxé+axVyal+axaxk,
and thus, for £ € Wf"lp(X; A ® adP),
(2.8) Apl =AM+ Vayaxé+ar xaxl+axVal+axaxk,
We define r € [p, 0o] by 1/p = 1/q-+1/r and recall that by [3, Theorem 4.12] we have ) W2P(X) C
L"(X) for any r € [1,00) when p = d/2, and ) W?P(X) C L>®(X) when p > d/2. The expansion
(2.8) yields
[(Aa = Aa)éllLrx)y < 2IIVayallacolléllrx) + lla X Vallzex)
+ zllatllexlall Lz 1€l Lo x) + 2llal®ll e 1€l 2 (x)

where z = 2(g,G,1) € [1,00). To ensure a continuous Sobolev embedding W'?(X) c L4(X) by
[3, Theorem 4.12], we need p* = dp/(d — p) > d, that is, p > d — p or p > d/2, which we assume
in our hypotheses.

To ensure a continuous Sobolev embedding W14(X) C L?(X) when ¢ < d, we need ¢* =
dq/(d—q) > 2q, that is, d > 2d —2q or 2q > d or q > d/2, which follows from our hypothesis that
q > p > d/2; when ¢ > d, the fact that W9(X) C L?(X) is a continuous Sobolev embedding is
immediate from [3, Theorem 4.12].

Consequently, by the preceding continuous Sobolev embeddings and the Kato Inequality [22
Equation (6.20)],

2
14— A Ellnx) < 2 (rvA1a||Lq<X> T uauwj,f(x)) €l
+ llarlloco lally oo €l + la % Var€llzsen

Where &= Z(g7 G7 l7p’ q) 6 [1’ m)'
When q < d, we recall from [3, Theorem 4.12] that there is a continuous embedding W14(X) C
L7 (X), where ¢* = dq/(d—q). Hence, 1/¢* =1/q—1/d or 1/q = 1/¢* 4+ 1/d and so, using p < ¢,
la x Va,llrx) < zllax Vadllirax) < zllall g )1V ailliLacx)
and therefore, by the preceding continuous Sobolev embeddmgs,
(29) X Van€llocx) < Clolly oo IV,
where C = C(g,G,l,p,q) € [1,00). When ¢ = d and d/2 < p < d, we can define t € [d, o)

by 1/p = 1/t + 1/d and apply the continuous Sobolev embedding W14(X) c L!(X) from [3]
Theorem 4.12] to give

la % Varélioe) < 2lallzeolVa i) < CllalyaooVaélwis o

and (2.9) again holds; when ¢ = d = p, we can simply use the embedding Wh4(X) c L!(X) for
any t € [1,00) and observe that (2.9) holds from

llax Var€lizacx) < zllallzzacolVaidlizzace < Clalyyax [Valiya-
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Finally, when ¢ > d we have the continuous Sobolev embedding W4(X) c C(X) from [3,
Theorem 4.12] and so

lax Va,&llzex) < 2llallecn IV aéllex) < CHaHWj{lq(X)HVA1‘£HLP(X)a

which also yields ([2.9)).
Combining our previous LP bound for (Ay — Ay, )€ with the inequality (2.9)) gives

2
(210) (A4 — Au)Ellox) < 2 <Irma||m<x> + |’a”w,zf<X>> 1600
4 z||a1Hc(X)||a”W},’1"(X)H£Hle’1p(X)
+2llally o Valiyre o,

where z = 2(9,G,1,p,q) € [1,00). Combining the preceding bound with the a priori estimate
(2.6)) for A4, provided by Lemma

Hf”wialp(x) < Co (1AA &N Lecx) + €l r(x)) »

with constant denoted by Cy = Cy(A1, As, g,p) € [1,00) for clarity, yields

2
Ielaz) < Co (18aéle + 161im00) + = (ol + ol o)) 1wz
+ ZHOHHC(X)Ha“wl}‘vl‘l(x)Hg”wivf(x)'
We can choose a = A — A so that HaHWi,q(X) < ¢ for small constant £ € (0, 1], but we are not
1

at liberty to choose a; = Ag — Ay to be W}"f(X )-small. Thus in our forthcoming rearrangement
arguments we first apply the interpolation inequality (2.7)),

IV, €llr(x) < 5||§||W371P(X) + C16 7 M|€ll Lo ()
where C1 = C1(A1,g) € [1,00) and § = §(Ay, ||4As — Aillex), 9, G, lp,q) € (0,1] is a positive

constant chosen small enough that
dzllarfloxy < 1/2,
and thus, for a constant Co = Co(A1, As, 9,G, 1, p,q) € [1,00),

€l < 2C0 (18a€l ) + [€lrx)

+25 (el + 1ol ) 1wz + Caléllco:

Provided ||a]\Wj\,q(X) < ¢ and we choose ¢ = ¢(g,G,l,p,q) = 1/(8z) € (0,1] in the preceding
1

inequality, rearrangement yields the desired estimate (2.4)).

Our proof of (2.4)) also verifies that the operator A4 in (2.3)) is bounded since A4, is bounded
with the same domain and range spaces. O

Next, we have the

Proof of Corollary[2.5, The finite-dimensionality of Ker A4 N Wi’lp (X; A ® adP) follows from
Proposition We observe that, by increasing the constant C as needed, the term |[|||z»(x)
appearing on the right-hand side of the inequality (2.4) can be replaced by ||¢||z2(x). This is clear
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when p < 2, while if p > 2, we can choose s € (p,00) and apply the interpolation inequality [24
Equation (7.10)],

1€llze(x) < 0Nl Lex) + 7M€l L2 x

for v := (1/2-1/p)/(1/p — 1/s) > 0 and arbltrary positive 5. Because p > d/2, we have a
continuous Sobolev embedding W?2P(X) C L¥(X) as already observed, so

1€ 11 Le (x <Cl5\|fHW2P + 6771l 2 (x),

where C = C1(A1,9,1,p) € [1 00). Hence, for §(A41,9,1,p) € (O 1] given by 6 = 1/(2CC1), we
can use rearrangement in ) to replace |[€][zr(x) by €llz2(x). Therefore, the estimate ([2.4)
implies

211)  lelyari < C (18a€1co + lEllzcn) . Y€ € W2P(X; Al @ adP).
27(x)

Proposition and the forthcoming Remark imply that the spectrum o(A4) of Ay on
L*(X; A' ® adP) consists purely of eigenvalues and is discrete with no accumulation points. By
hypothesis, o(A4) C [0,00). Let u[A] denote the least positive eigenvalue of Ay on L?(X; Al ®
adP) and recall from [9, Rayleigh’s Theorem, p. 16] (or more generally [52] Theorem 6.5.1],

applied to the Green’s operator G 4 for A,) that

(€&, Aad)r2(x
plA] = inf SO
ge(KerAy)t H6||L2(X)

where (Ker A4)* denotes the L2-orthogonal complement of Ker Ay C H}h (X; A @ adP), with
equality achieved in the infimum if and only if £ is an eigenvector with eigenvalue p[A]. Therefore,
if € € (Ker Aq)t N W3P(X; Al @ adP), then

€l z2x) < HIAITMIAAE] 22 (x)

Hence, the inequality ([2.5)) follows from the preceding eigenvalue bound and (2.11)) when p > 2.
For the case d/2 <p < 2 (Which forces d = 2 or 3), we observe that

1
€172 (x) < A ](AA§ 2 < mHAAﬁHLP(X)Hﬂ|Lp/(X)

where p’ is defined by 1/p+ 1/p’ =1, and so

1 1 _
lell2ex) < m||AA§||2ﬁX)||fH;f(X) N (6718 A8 N Lo (x) + 1€ o) )

for arbitrary positive 5. We have a continuous Sobolev embedding W2?(X) c L¥ (X) by [3,
Theorem 4.12] if p’ < p* =dp/(d—2p)or 1/p' =1—-1/p>1/p*=1/p—2/dor 14+2/d > 2/p or
(d+2)/d > 2/p, that is, if p > 2d/(d + 2). Moreover, 2d/(d + 2) < d/2 if and only if 4 < d + 2,
that is, d > 2. Hence, for d > 2 and p > d/2, we have the bound

Hﬁ”m’(}() < C2”§ijlp(x)7

where Co = C3(A1,9,1,p) € [1,00). Combining the preceding inequalities for the case d/2 < p < 2
gives

€] L2(x 2F<—1HAA§HLP )+ IClIE Iz )

Combining the preceding inequality with (2.11) and applying rearrangement by choosing § =
V1[A]/(CCs) yields the desired the inequality (2.5)) for this case too. O
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Finally, we complete the

Proof of Proposition[2.3. We adapt the proof of [24, Theorem 8.6] and by analogy with [24]
Equation (8.2)] set

L& m) = (da& dan) 2 x) + (da& dim)r2xy, V&N € H = Hy (X; N @ adP),
and note that, for all £, € Q/(X;adP),
g(fﬂ?) = (AA&T])B(X) = ((dZdA + dAd:kﬁl)f7T,)L2(X)7

with A = A;+a; and a; € WH9(X; A'®@adP). We combine the expansion (2.8) for Ay = A4, 1q,
with the Bochner-Weitzenbock formula [22, Equation (C.7)], [37, Equation (IL.1)] for A 4, to give

(2.12) AAE =V, VA, &+ Riemg xE+ Fay x {4+ Va1 x E+a1 X Vg §+ag xap x &,
where Riem, denotes the Riemann curvature tensor for g on X. The linear map I : § — H*
is compact embedding by the Kondrachov-Rellich [3l Theorem 6.3] or the proof of |24, Lemma
8.5]. Define operators Ly := Ay + A and L = Ly = Ay, for A € R, and a bilinear form
D=L+ A )2x) on 9. Define ¢’ by 1/¢ 4+ 1/¢' = 1 and note that ¢’ € [1,d/(d — 2)) (if
d>2)orq €[l,00) (if d = 2) since ¢ > 1 by hypothesis. Then (2.12) gives
A& E) = IVl T2 x) + AllENT2(x) + (Riemg X&) p2x) + (Fay X & &) r2(x)
+ (Vaya1 x &8 r2(x) + (a1 X Va, &, r2(x) + (a1 X a1 X §,§) p2(x)
> [Vl F20x) + A€l 2(x) — 2l Riemg [lox) €172 x) = 21Fay oo 1€ll72
— 2| Vayarll oo €PN o xy = 2llar [V a ELEN £ x)
= zlllarPll o) € Lo (0

for z = z(g,G,1) € [1,00), and thus

(2.13) A €) 2 IVallTzx) + MENT2(x) — 2l Riemg oo 1€]172(x) — 21 Far locollElZacx
~ 2l 1€y ) = el arellEllza ooy = =l €120 oy
When d > 2, we have a continuous Sobolev embedding H'(X) c L?"(X) by [3, Theorem 4.12]

where 2* = 2d/(d — 2). For any t € (2,2%), the interpolation inequality [24, Equation (7.10)]
gives, with v := (1/2 — 1/t)/(1/t — 1/2*) and arbitrary ¢ € (0,1] to be determined,

€1 zexy < ClEN p2x () + ¢ M€l L2 (x)-
But when d > 2 we have 2¢' < 2* = 2d/(d — 2) if and only if
1) = 1/2-1/(20) > 1/2—1/d,

or equivalently 1/d > 1/(2q), in turn assured by our hypothesis that ¢ > d/2. On the other hand,
2¢' > 2 if and only if ¢’ > 1 or equivalently ¢ < co, again assured by our hypothesis on ¢q. Hence,
we can choose t = 2¢' to give

€11 20 (xy < ClIEN L2x (x) + ¢ NEN L2 )

The embedding H'(X) C L?7(X) is immediate by [3, Theorem 4.12] when d = 2 since ¢’ < oo
by our hypothesis that ¢ > 1 when d = 2. Combining the preceding inequality with (2.13]) and



LOJASIEWICZ-SIMON GRADIENT INEQUALITIES 21

applying the continuous Sobolev embeddings H'(X) c L?"(X) and W'9(X) c L?(X) and the
Kato Inequality [22], Equation (6.20)] yields

(2.14) A(E€) 2 IVa &l T2 (x) + A€l T2(x) — 2l Riemyg loox 1€l 2 ) — 211 Faloco €172 )

2
-z <||a1||wif(x> + ||a1||§vi,lq(x)) (cllellry, oy + €Ml 2 )

= 2[llar [V a, ElEll 1 (x) -

Recall that if ¢ > d/2 (we assume ¢ > d/2), then there is a continuous Sobolev embedding
Wh4(X) C L?(X) by [3, Theorem 4.12]. To bound the term,

lar |V a, €lIEN L1 x)

in we shall separately consider the cases ¢ < d, ¢ = d, and ¢ > d.

Suppose ¢ < d and denote ¢* = dgq/(d — q), so we have a continuous Sobolev embedding
Whe(X) c L9 (X) by [3, Theorem 4.12]. We have ¢* = dg/(d —q) > 2 if and only if dg > 2d —2q
or ¢ > 2d/(d+ 2); as d/2 > 2d/(d + 2) for all d > 2, with strict inequality when d > 2, we
are assured that ¢* > 2 by our assumption that ¢ > d/2 and ¢ > 1. Therefore, we can define
r € (2,00) by 1 =1/¢* +1/2+ 1/r and observe that

larlIVaéllElllix)y < lallpor (x) IV allzz ) 1€l o x)-

Because r € (2,00), we can choose s € (r,00), to be determined, and define pn = (1/2—1/r)/(1/r—
1/s) > 0 and apply the interpolation inequality [24, Equation (7.10)],

1€l zrxy < OlEllns(xy + 0 1€l L2(x),

for arbitrary § € (0,1] to be determined. By combining the preceding two inequalities and then
applying Young’s inequality [24, Equation (7.6)] with arbitrary ¢ € (0,1] to be determined and
the Sobolev embedding W14(X) C L7 (X), we see that

Has 194, €11E0 22 (x) < Blall g o)1V 4, Ell 2 1l 2oy + 6 | o () 17 4, Ell 2o Nl ey
< 83llatlly g IV sl €l o
R T G R R T B

where z = 2(g,q) € [1,00). We have H'(X) C L*(X) if d = 2 and any s € [1,00) or d > 2 and
s <2*=2d/(d—2). But 1/2 = 1/¢* +1/r and the condition r < 2* = 2d/(d — 2) is equivalent to

Vr=1/2—1/¢" =1/2 — 1/q+1/d > (d - 2)/(2d) = 1/2 — 1/d,

that is, 2/d > 1/q, as implied by our hypothesis that ¢ > d/2; hence we can choose s € (r,2*]
and obtain H'(X) C L*(X) when d > 2 also. Therefore, when ¢ < d,

llar| [V a €l [Elll rx) < 5ZH@1||W;1q(X)|’§”§{;I(X)
+ 07 2l|arllyra ) (€llElF, x) + 7 1€NZ2x) ) 5
W H(X) H (X) (X)
where z = 2(g,q) € [1,00). Now choose ¢ = §**1, so that

2 -1-2 2
(215)  [llaxlIVargllélllr ) < 20zfanlliyraon 1€l oo + 07 2llarllyrax 1017 )

by combining terms.
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When ¢ = d and d = 2, we use the continuous Sobolev embeddings W'4(X) c L*(X) and
HY(X) ¢ L4(X) and H'(X) c L3(X) and the Kato Inequality [22, Equation (6.20)] and the
interpolation inequality [24, Equation (7.10)] (with p = (1/2 —1/4)/(1/4 —1/8) = 2) to give

a1 |V a&llEN iy < larllzaaxo IV aéllz o ll€ll zax
< laxllzacx) IV A€l 2y (BlEN sy + 62 1€l L2 (x))
< 525”@1”{/[/}1*1‘1()()HVA1£||L2(X)H€”H}41(X)

+ 6722l o0 | Va8l 200 €2

The preceding inequality recovers when ¢ = d = 2 by applying Young’s inequality [24],
Equation (7.6)] with e = 63 € (0,1] just as before (the change in value of u is immaterial). For
g = d and d > 2, choose a exponent finite r € (2,2*), where 2* = 2d/(d — 2) > 2, and define
s<oobyl=1/s+1/2+1/r,s01/s=1/2—-1/r<1/2-1/2*=1/2—-(1/2—-1/d) =1/d and
s > d. We have

a1 |V a&llEN Ly xy < larllzs(x) IV aéllze )€l L x)

< z‘|a1|ywi»1fl(x)HVA1§||L2(X)||€”L’°(X)7

where the second inequality follows from the continuous Sobolev embedding W14(X) C L*(X)
and the Kato Inequality [22] Equation (6.20)]. As before, we can appeal to the interpolation
inequality [24, Equation (7.10)],

1€l x) < OlI€l 2= xy + 07 1€l L2y

for arbitrary ¢ € (0,1] to be determined and p = (1/2 —1/r)/(1/r —1/2*) > 0. We apply the
continuous Sobolev embedding H'(X) C L (X) and the Kato Inequality [22, Equation (6.20)]
and combine the preceding two inequalities to give

laall¥.a, €1l x) < 2llar g IV anEllzco (B1€12 o)+ ElLz20x))
< 2larlly o IV a8l (S16ly, ) + 64 lEll ) -

By again applying Young’s inequality [24) Equation (7.6)] with ¢ = 6**! € (0, 1], we complete

the proof of (2.15)) for the case ¢ = d.
Finally, when ¢ > d, we have

laa[IVaiéllélllirx) < llarllex) IV aéllizecolléllezex
< ol (1Y€ x +27 6l 0x))
which again gives (2.15]) by choosing € = 24.
Thus, combining (2.15)) with our previous lower bound (2.14) for £\(§,&), the continuous
Sobolev embeddings W14(X) C L??(X) and the Kato Inequality 22, Equation (6.20)],
A& E) > IVl T2 ixy + AlENT2x) — 2l Riemg [l 1E1Z2x) = 21Fas lecollElZzx

2
= (lallygsco + Honlyya ) (60603, 00+ 6 1€l

= 20zlavllyyo ) €115, ) = 87 2llarllypa o €112 -



LOJASIEWICZ-SIMON GRADIENT INEQUALITIES 23

Consequently, for small enough constants ¢ and ¢ in (0, 1] and possibly large constant C' € [1, 00),
all depending on g¢,G,1,q, Ha1”w1,q(x), we obtain
Aq

1 .
(&8 = §”VA1£||%2(X) + A€l 2(x) — 2l Riemg [lecx) €117 2(x) = 2I1Fa oo lElZ2x)

— Cll¢l| 2 (x)-
Hence, for large enough oo = a0(9, G, 1, g, [|arllyyra xy, | Riemg [lo ), [Falloex)) € [1,00), we
1

can ensure that

1 1 1
Zo(€,6) 2 5 (IV a8y + 1€y ) = 51E03, (x) = 51603,

and thus .75, :  x $H — R is a bounded, coercive bilinear form. For any A € R and f € $*, the
equation
(L—A)E=F
for € € §) is equivalent to
Loy — (A +00)I§ = 1.
By the Lax-Milgram Theorem [24, Theorem 5.8], the operator Lgol : H* — § is bijective and
continuous, so the preceding equation for £ € §j is equivalent to

¢—(N+o0)L, 1E = LT
The operator I : $ — H* is compact, so the operator T;, := Lgoll 1 H — 9 is also compact by

[T, Proposition 6.3]. By [24, Theorem 5.11], there exists a countable subset ¥ C R without limit
points such that if A ¢ ¥ the equation

£~ (A +00)Toe€ = Ly f
has a unique solution & € § for each f € H*. If A € ¥, then Ker(id — (A + 00)T},) has finite,
positive dimension. The conclusions of Proposition [2.3| regarding ¥ now follow immediately.
We also note that the arguments used to prove that Z,, : $ x $ — R is a coercive bilinear

form can be applied, with trivial modifications, to show that .Z : $§ x $ — R is a continuous
bilinear form, that is,

12 ml < Cléllslinlls, V&0 €9,
with C = C(g,G,1,q) € [1,00) and hence that the operator A, : $ — $H* defined by
AAé.:g('vf)v v§€ﬁ>
is bounded. O
Remark 2.7 (Reality of the spectrum of the Laplace operator Ay). Under the hypotheses of
Proposition one can assert more generally that the spectrum o(Ay) C Cof Ay : Z(Ay) C
L*(X; A ®@ adP) — L?(X; A ® adP) is real, where the domain 2(A4) = Hil (X;A' @ adP) is
dense in L?(X; A' ® adP). Indeed, because
(AA£777>L2(X) = (&AAW)L?(X)’ V&€ Z(Aa),
then A, is a symmetric unbounded operator. The unbounded operator A 4 is self-adjoint since
Ay is symmetric and Z2(A%) = 2(Ay4), where A% is the L%-adjoint of A4 [49, Section 13.1].
The L? self-adjointness of A4 implies that
<777 AA§>57_)><5’J* = (777 AAg)Lz()() = (€7 AATI)LQ(X) = <§7 AA”))’JXJ’J*? Vf, ne f)

Hence, the operator Ly, : $ — $* is self-adjoint (noting that H** = § via the canonical identifi-
cation of a reflexive Banach space with its bidual) and thus T, := Lgoll 1 H — 9 is self-adjoint.
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The proof of Proposition shows that A € o(Ay) if and only if A € 0(Ty,), where Ty, is a
(compact) self-adjoint operator on a Hilbert space $) and because o(7T,,) C R by [47, Theorem
VL8], then o(A4) C R.

2.3. Regularity for distributional solutions to an elliptic equation with Sobolev co-
efficients. Before proceeding further, we shall need to address a complication that arises when
establishing regularity for distributional solutions to an elliptic equation with Sobolev coefficients.
We shall confine our discussion to the Hodge Laplace operator, though one can clearly establish
more general results of this kind.

Lemma 2.8 (Regularity for distributional solutions to an equation defined by the Hodge Laplace
operator for a Sobolev connection). Let (X, g) be a closed, Riemannian, smooth manifold of
dimension d > 2, and G be a compact Lie group and P be a smooth principal G-bundle over
X. Let Ay be a C™ connection on P, and A be a W9 connection on P with d/2 < q < oo,
and | > 0 be an integer. If ¢ € (1,00) is the dual exponent defined by 1/q + 1/¢' = 1 and
ne L (X; A'® adP) is a distributional solutio to
Aan =0,
27 .
then n € Wy(X; A' @ adP).
Proof. We recall from (B.4]) in the proof of Corollary (with p = ¢) that
Aa— Ay WX A @adP) — LY(X; A @ ad P)
is a bounded operator, where allowable values of u € (1,00) are given by
d+e ifd/2 <q<d,
(2.16) u=42d if g =d,
q if ¢ > d,
and ¢ € (0, 1] is chosen small enough that ¢* = dq/(d —q) > d+¢, which is possible when ¢ > d/2.
Consequently, the dual operator,
Ay —Au L7 (XA @ adP) — W " (XA @ adP),

is bounded, where the dual exponent u' € (1,00) is defined by 1/u + 1/u’ = 1.

We write Ay = Ay, +(Aa—Ay,), set a:= (Aa, —Aa)n € ngl’u (X; A'®adP), and observe
that 7 is a distributional solution to
(2.17) Apn=a.
We now appeal to regularity for distributional solutions to an equation (namely, (2.17))) defined
by an elliptic operator Ay, with C* coefficients (see Remark and [I3]) to conclude that
n € T/ij’lu(X;A1 ® adP). The range of exponents u € (d,00) given by (2.16)) ensures that n €
C(X; A'®adP), since Wh*(X) c C(X) by [3, Theorem 4.12] when u > d. Moreover, the estimate
for (A4, — Aa)n in terms of a = A — Ay and 7 ensures that

(Ay, — Ap)n € LI(X; Al @ adP).

In particular, o € L9(X; A! ® adP) and regularity for solutions to an elliptic equation (that is,
(2.17)) with C* coefficients implies that 7 € Wj’lq(X; Al ® adP), as desired. O

Hn the sense of Remark



LOJASIEWICZ-SIMON GRADIENT INEQUALITIES 25

2.4. Surjectivity of a perturbed Laplace operator. We now consider surjectivity properties
of a perturbation of a Laplace operator, namely

Lemma 2.9 (Surjectivity of a perturbed Laplace operator). Let (X, g) be a closed, Riemannian,
smooth manifold of dimension d > 2, and G be a compact Lie group and P be a smooth principal
G-bundle over X. Let A; be a C*® connection on P and A be a WH4 connection on P with
d/2 < q < co. Then there is a constant § = 6(A,g) € (0,1] with the following significance. If
a€ VV}"f’(X;A1 ® adP) obeys

(2.18) lallpaxy <6 whend >3 or |lalpyx)<d whend=2,
then the operator,

(2.19) dhdava  (Ker Ag)" NW3I(X;adP) — (Ker Ayg)" N LY(X;adP),
18 surjective.

Remark 2.10. Our proof of Lemma [2.9] is based on a similar argument arising in Donaldson
and Kronheimer [I0, p. 66], as part of their version of the proof of Uhlenbeck’s local Coulomb
gauge-fixing theorem [I0, Theorem 2.3.7]. We make some adjustments to their argument for
reasons which we briefly explain here. When B is a Sobolev connection matrix [I0, p. 66], one
has to take into account the possibility that their operator d*dg, for a g-valued Sobolev one-
form B over S, could have dense range but still fail to be surjective, so one would first have to
verify, for example, that d*dp has closed range. Similarly, while elliptic regularity ensures that if
n € L?(S%; adP)NKer d*dp then 7 is C°°(S*;adP) when B is C™, those regularity issues become
more subtle when B is merely a Sobolev one-form.

Proof of Lemma([2.9. Note that when a = 0, the operator is invertible by Corollary
It is convenient to abbreviate 2~ := Wj’lq(X ;adP), and K := Ker Ay N Wi’lq(X ;adP), and
% = L9(X;adP), and # := L*(X;adP), and denote T = d*d 4, in . The kernel K € 2~
is finite-dimensional by Proposition and its L?-orthogonal complements K+ N2 and K+ N%
and K provide closed complements of K in 2" and % and 7, respectively. Similarly, we let
Kt and K+ n#* and K+ N 2* denote the closed complements of K* = K in J¢* = J and
2* and 27, respectively, where #* = Lq/(X;adP), with ¢ € (1,00) defined by 1/q+1/¢' =1,
and 27 = W, 7 (X;adP).

The operator T': 2~ — % is bounded by Proposition and according to [49, Theorem 4.12],

Ker(T*: #* - 27*) = Ran(T : 2" = %))°,

where o denotes the annihilator in #*. In particular, 7 : K+ N2 — K+ N% is bounded and
well-defined by Corollary and surjective if and only if 7% : K+ N#* — KL+ N 2™ has zero
kernel.

If T : Kt N#* - KN 2™ were not injective, there would be a non-zero n € K+ N #*
such that T%n = 0. In other words, because 1™ = d’, ,da, there would be a non-zero n €

KN LY(X;adP) such that
dypodan =0 € W, (X;adP),
that is, (d%_,dan)(§) =0 for all £ € K+n Wf"lq(X; adP) or equivalently,

O Dasadan) 2 xa = (0, dadaraX) o<z = (0, dadataX)r2(x) = 0,
Vx € KX nWi(X;adP).
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Lemma implies that n € Wi’lq(X; adP). Observe that, by writing dat.x = dax + [a, ],

0= (dada+aX, M) L2(x)
= (da+aX,dan) r2(x)
= (dax,dan)r2(x) + ([a, x], dan) L2 (x)-
Since n L Ker Ay N Wi’lq(X ;adP) and letting p[A] denote the least positive eigenvalue of the
Laplace operator A4 on L?(X;adP) provided by Proposition we have

(n, dydam) 2y ldanlZagy

ulA] < =
12200, e,
and thus,
Inll z2(xy < BlA]TY2]|danll 2 ).
Hence, we obtain
(2.20) Il < Crlldanilzzq.

for a constant C; = C1(A, g) = 1+ p[A]~'/2 € [1,00). For d > 3 and using 1/2 = (d—2)/2d+1/d
and the continuous multiplication L% (?=2)(X) x L4 X) — L*(X), we see that
|([a,X], dam) z2x) | < s Xz Idanllc2cx)

< Mlallpacxy Ixll p2as -2 (xy ldanl| 22 x)

< Callal oy Il 12y Idanlzega:
where the constant Cp = Ca(g) € [1,00) is the norm of the continuous Sobolev embedding
W12(X) ¢ L?¥/(4=2)(X) provided by [3, Theorem 4.12]. Hence, setting x = n and applying the
a priori estimate ([2.20)), the preceding identity and inequalities yield

||dA77||i2(X) = |([a, X, dan) r2(x) |

< C1Csllall gy ldan|Za
and so, if n # 0, we have

lallLacxy = C1Ca,
contradicting our hypothesis (2.18)) that ||la[| ¢ x) < J, with ¢ small.

For the case d = 2, we instead use the continuous multiplication L*(X) x L*(X) — L?(X) and
continuous Sobolev embedding W2(X) C L"(X) for 1 < r < oo provided by [3, Theorem 4.12].
In particular, using the embedding W12(X) C L*(X) with norm C3 = C3(g) € [1,00), we obtain

||dA77||%2(X) < |([a, 0], dan) r2(x) |
< |la,nlll L2 (x)y ldanl L2 x)
<llall a1l zacxy ldanll Lz x)
< Callall ool a2 ldanl oo

< C1G3llallpscx)lldanllizxy  (by @:20)),
which again yields a contradiction to our hypothesis (2.18]), just as in the case d > 3. O
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2.5. A priori estimates for Coulomb gauge transformations. We now establish a gen-
eralization of [I4, Lemma 6.6], which is in turn an analogue of [10, Lemma 2.3.10]. We allow
p > 2 and any d > 2 rather than assume d = 4, as in [I4, Lemma 6.6], but we use standard
Sobolev norms rather than the ‘critical exponent’ Sobolev norms employed in the statement and
proof of [14, Lemma 6.6], since we do not seek an explicit optimal dependence of constants on
the reference connection, Ag.

Before stating our generalization of [14, Lemma 6.6], we digress to recall from [23] p. 231],
that a gauge transformation, v € Aut(P), may be viewed as a section of the fiber bundle AdP :=
P xprq G — X, where we denote Ad(g) : G > h — g thg € G, for all h € G. With the aid
of a choice of a unitary representation, ¢ : G C Autc(E), we may therefore consider AdP to
be a subbundle of the Hermitian vector bundle P x, Endc(E). We can alternatively replace
0: G — Autc(E) by Ad : G — Aut(g) and Endc(E) by End(g). A choice of connection A
on P induces covariant derivatives on all associated vector bundles, such as £ = P x, E and
P x, Endc(E) or adP = P X,q g and P xaq End(g). We can thus define Sobolev norms of
sections of AdP, generalizing the construction of Freed and Uhlenbeck in [22, Appendix A]

A similar construction is described by Parker [45] Section 4], but we note that while the center

of Aut(P) — which is given by P x zqCenter(G) — acts trivially on </ (P), it does not act trivially
on C*®(X; E).
Proposition 2.11 (A priori WP estimate for u(A) — Ag in terms of A — Ag). Let (X, g) be a
closed, Riemannian, smooth manifold of dimension d > 2, and G be a compact Lie group, and
P be a smooth principal G-bundle over X. Let Ay be a C* connection on P, and Ag be a W14
connection on P with d/2 < q < 0o, and p € (1,00) obey d/2 <p < ¢, amﬂ d € (0,1]. Then there
are constants N € [1,00) and ¢ = (Ao, A1,9,G,p,q) € (0,1] (with dependence on p replaced by
dependence on § when p = d) with the following significance. If A is a W44 connection on P and
u € Aut(P) is a gauge transformation of class W4 such that

(2.21) da,(u(A) — Ag) =0,
then the following hold. If
(2.22) A= AollLs(x) <€ and [Ju(A) — Aolls(x) <,
where
d if p<d,
(2.23) s(p):=Rd+46 ifp=d,
p if p>d,
then
(2.24) Ju(4) = Aollogx) < NIIA = Aollysr
where N = N (Ao, A1, 9,G,p,q). If in addition A obeyﬂ
(2-25) HA - AOHWXIP(X) < M,
for some constant M € [1,00), then
(2.26) Ju(4) = Aollytoy < NIA = Aol

In applications of Proposition , we can choose § = 1 without loss of generality.
3The use of the constant M could be avoided if we replaced the right-hand-side of Inequality (2.26) by N(1 +
[JA— A ||A— A

Hwi’lp(x)) ||Wi=f’(x)'
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where N = N (Ao, A1,9,G, M,p,q).

Proof. Following the convention of [54, p. 32] for the action of u € Aut(P) on connections A on
P and setting B := u(A) for convenience, we have

(2.27) B — Ay =u"YA - Ao)u + u " dayu.

Our task is thus to estimate the term d4,u. Rewriting the preceding equality gives a first-order,
linear elliptic equation in u with W4 coefficients,

(2.28) da,u=u(B — Ap) — (A — Ap)u.
Proposition implies that the kernel,
K := Ker (AAO : W29(X;adP) — LY(X; adP)> ,

is finite-dimensional. Let

IT: L*(X;adP) - K C L*(X;adP)
denote the L?-orthogonal projection and denote

vi=Tu€ K C W%(X;adP),
u=u—~e€Ktn Wi’lq(X;adP),

where L is L?-orthogonal complement. We may assume without loss of generality that we have
a unitary representation, G C U(n). Recall that (due to [57, Equation (6.2)]),

(2.29) dhy, = (1) 7D dy 0« on QF(X;adP),
where * : QF(X) — Q97 is the Hodge star operator on k-forms. Because d, (B — Ap) = 0 and
da,u = dayup, an application of d to (2.28) yields
da,daguo = — * (dagu A *(B — Ag)) +udy, (B — Ao)
— (s, (A — Ao))u + *(+(A — Ao) A dayu)
= — x% (dAouo A *(B — Ao)) — (dzO(A — Ao))u + *(*(A — AQ) A dADuo).
We shall use the bound |[ufc(x) < 1 for any u € Aut(P) of class W24, implied by the fact
that the representation for G is unitary. Recall that Ay, = d% da,. We first consider the case
p < d and setting p* = dp/(d — p), we have 1/p = 1/d + 1/p* and the continuous multiplication
LYX) x LP"(X) — LP(X), so
1A ayuollLrxy < lldaguoll Lo (x) 1B = AollLacx) + llda, (A = Ao)l[Lex) lulloix)
+ A = Aol Lacx)lldaguoll o= (x)
< (1B = Aol agxy + 14 = Aollacx) ) Idagtioll o x)
+ ld, (A — Aol r(x)-
Second, for the case p > d, we use the continuous multiplication LP(X) x L*(X) — LP(X), so
[A4yuo0llLecx) < (1B = Aollze(x) + 1A = Aollze(x)) ldaguoll oo (x)
+ |l da, (A = Aol Lr(x)-
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Third, for the case p = d, we can instead use r € (d,o0) defined by 1/d = 1/(d + ¢) + 1/r and
the resulting continuous multiplication, L (X) x L"(X) — L4(X), to give
1A aguoll gy < (1B = Aol pass ) + 14 = Aoll parscx) ) dagtuoll )
+ |l da, (A — Aol La(x)-

By [3, Theorem 4.12], we have continuous Sobolev embeddings,

Lw/(d=p)(X) if 1 < p < d,
(2.30) WhP(X) c { L"(X) ifp=dand 1 <r < oo,

C(X) if p>d.

Therefore, the Sobolev Embedding Theorem and Kato Inequality [22] Equation (6.20)] give, for
r € (d,§) determined by § as above,

||dAou0||Lp*(X) < CO”dAouOHW;f(X)’ p<d,

231) ldaslzrx) < Colldaguollyracyy: 2= d.
1

HdAOUOHLOO(X) < CO”dAOUOHW;’f(X)a p>d,

where Cy = Cy(g,p) or Cy(g,0) € [1,000) is bounded below by the norm of the Sobolev embedding
(2.30). Writing Ag = A1 + ag, for ag € I/ij’lq(X;A1 ® adP), so da,ug = da,uo + [ag, ug], we see
that

|V aydaguollre(xy < IVaydayuollzexy + IV ay (a0, wo] | e x)
< IV, uoll Lo (x) + IV 4,00 X uo + ag X V a, ol 1o (x)-

By hypothesis, we have p = d/2 < q or d/2 < p < g, and thus, defining r € [p,o0] by 1/p =
1/q + 1/r and using the continuous Sobolev embeddings WP C L?(X) and W?P(X) C L"(X)
(with norm bounded above by Cy) for p > d/2,

1V aydaguollze(x)
< IV, uoll Lo (x) + 211V ay a0l Lacxy luoll L x) + 2llaoll 2o (x) [V 4y ol 220 ()
< IV, uollzo(x) + 2CollV ayaoll zacx) luollyy 2 ) + 2CG llaollyyam ) IV ay ol xy
A Al Al
< ||V,241U0||LP(X) + ZCO||a0||le’1q(X)||u0|‘wivf(X) + ZCgHGOHWj"lq(X)HuOHWi’lp(X)?

where z = z(g) € [1,00) and now Cy = Cy(A1,9,p,q) € [1,00). By substituting the preceding
bound into ([2.31)), we find that

|[daguol| o (x) < ClHUOHng(X), p <d,
”dAOUOHLT(X) < ClHUOHWf"l‘i(X)’ p=d,
[daguollLoe(x) < ClHUOHWf{f(X), p>d,

for a constant Cy = C1(41,9,p,q, ||a0HW1,q(X)) € [1,00), with dependence on p replaced by ¢
Aq
when p = d. By combining the preceding three cases (p < d, and p = d, and p > d), we obtain

(2.32) | Asguollrixy < CL(IB = Aollrsx) + 14 = Aollzs(x)) luollyzs x)
+ ld, (A = Aol r(x),
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where s = s(p) is as in (2.23)). From the a priori estimate ([2.5]) in Corollary— and noting that
this lemma also holds for AdP in place of ad P via the definition of Sobolev norms of u € Aut(P)
described earlier — we have the a priori estimate,

(2.33) HUOHij(X) < Csl|Aaguol|zr(x), for 1 <p<ooandd/2<p<yq,
1

where C5 = C3(A1, Ao, 9,G,p,q) € [1,00). Substituting the a priori estimate (2.33)) into our LP
bound (2.32) for A 4,ug gives, for s as in (2.23)),

1A au0llr(x) < C1C3 ([[B = Aolls(x) + |14 — Aolls(x)) 1A a0l Lr(x)
+ ||, (A — Ao)HLp ), for 1 <p<ooand d/2 <p<gq.

Provided

(2.34) |B — Aollrs(x) £ 1/(4C1C3) and  [|A — Agl|ps(x) < 1/(4C1C3),

as assured by , then rearrangement in the preceding inequality yields

(2.35) A 4.u0llr(x) < 2||da, (A — Ao)llr(x), for 1 <p<ooandd/2<p<gq.

Therefore, by combining the inequalities (2.35)) and ([2.33)) we find that

(2.36) HUOHWE”’(X) < 203||d20(./4 — Ao)HLp(X), for 1 < p < oo and d/2 <p<gqg.
1

Using da,u = da,uo and (2.27) and the facts that |u| <1 and |u~!| <1 on X, we obtain
(2.37) 1B — Aolle(xy < 1A = Aollr(x) + [l[daguoll o (x)-
From (2.37)) and ([2.36)), we see that

1B = Aollzr ) < 14 = Aollzex) + lluollyy e x)
< ||A = Aollpr(x) + 2Cs]|d%, (A = Aol Lr(x)-
Using Ag = A1 + ag, we have d; (A — AO) = df4 (A — AQ) + ag X (A — Ao) and
[y (A = Ao)llLe(x) < 2[|A — Aonlp x) + 2llaoll 2o (x) |4 = Aol 20 (x)-

Applying the continuous Sobolev embedding, W1P(X) c L?(X), with norm Cy = Cy(g,p) €
[1,00) and the Kato Inequality [22, Equation (6.20)],

(2.38) Hd:tlo (A— AO)HLP(X) <z[|A- AOHwif(x) + ZCEQ)HGOHWI}‘f(X)HA - AOHWI}‘vf(X)
Thus,
(2.39) 1B = Aolle(x) < Cull A = Aollwtr(x), forl<p<ooandd/2<p<yq,

where Cy = C4(Ao, A1,9,G,p,q) € [1,00), giving the desired LP estimate for B — Ayp.

We now estimate the LP norms of the covariant derivatives of the right-hand side of the identity
. Considering the term u~'d4,u in the right-hand side of the identity and recalling
that V4,u = da,u = da,uo, we have

V 4, (u_ldAouo) = —u_l(VAouo)u_l ® da,uo + u_IVAOdAOUO.
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First, if d/2 < p < d and using the continuous multiplication, LP" (X) x L4(X) — LP(X),
IV 40 (u™ daguo) | Lo (x) < IV aguoll 1o (x) IV aguoll ey + 1V g uoll e (x)
< GBI aytolEyya ) + 1730l

< Cilluollfy 2y + o lly2ex):
0

Second, if p = d and using the continuous multiplication, L?¥(X) x L?%(X) — LY(X),
||VA0(U71dAoUO)HLd(X) < ||VAOUO||L2d(X)||vAou0HL2d(X) + ||V,240U0||Ld(X)

< CgHvAOUOH?/de(X) + ||v1240u0||Ld(X)
0

< CgHuO”iZ/Vj’d(X) + ||UOHW/24’Od(X)'
0

Third, if p > d,
||VA0(U_1dAoUO)||LP(X) < HVAOUOHLOO(X)HVAOUOHLP(X) + ||V,240U0||LP(X)
= C§||VA0U0H?,VP(X) + [V, uoll e (x)
0

0

Thus, by combining the three preceding cases and applying Lemma ,
(2.40) IV 40 (™ day o) | Lo (x) < 0600||u0||W2P(X + Clluollypzr(x), ford/2<p<yq,

where Cs = Cg(Ap, A1,9,p,q) € [1,00) is the constant in Lemma . By combining the
bound (2.40) for ||V 4o (u™daguo) || Lr(x) with (2.36), we find that
IV 45 (™ daguo) || 1o (x) < 2605CFC3|di, (A — Ao)lI70(x) + 2C6Cslda, (A = Ao)ll Lo x);
forl<p<ooandd/2<p<q.
But

(2.41) I, (4 = A0) o) < 214 = Ay

for a generic constant z = z(g) € [1,00), and by Lemma [A.2] (3],

(2.42) A= Ao < C7llA = Ao

e e )

where C7 = C7(Ap, A1,9,p) € [1,00) is the constant in Lemma , and because A is now
assumed to obey (2.25)), that is,
HA — AOHWXIP(X) < M?

we obtain
IV 40 (u™ daguo)l| Lo (x) < 2C6C3(2C6C1CFM + 1)[|d, (A = Ao)ll o x),
for1<p<ooandd/2<p<gq,
and thus by (2.41)) and ,
(243) [V a0~ dagu0)l| o) < 22°CoCrCh(:CaCoCEM + 1) A = Aol
1
for 1 <p<ooandd/2<p<gq.
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Considering the term u™!(A — Ag)u in the right-hand side of (2.27), we discover that
Vao (4™ (A = Ag)u) = —u (Vagu)u™ @ (A — Ag)u +u™ (Vay (A — Ao))u
+u (A - Ay ® V 4,
Noting that V4,u = V4,up and ||ul|c(x) < 1, the preceding identity gives, for d/2 < p < d,
IV 40 (u™ (A = Ao)u)ll Lo (x) < 2V aguoll o (x| A = Aoll zagxy + 1V 4, (A = Ao)ll Lo (x)
< 20(%”v140u0”v[/}1§(x) HA - AO”W},‘S’(X) + HvAo (A - AO)HLP(X)
< 203 ol )14~ Aollyir ey + 1V 04 = A0}l ).
0 0
Second, for the case p = d,
IV 40 (™ (A = Ao)u)l| Lacxy < 20V aguollL2acx)llA = Aol 2acxy + [V a0 (A = Ao)l| )
< QCgHvAOUO”WXOd(X) A - AO”W:;'Od(X) + IV, (A — AO)HLd(X)
2
< 2Co[uollyyze (x4 = AOHWi’Od(X) +IVao (A = Ao) | La(x)-
Third, for the case d < p < oo,

IV 4y (0 (A - Ao)u)lzrx)y < 2V aguollpe(x) |14 = Aoll e (x) + [V (A = Ao)ll 2r(x)
< 200||VA0U0HW1}‘§(X)||A — Aollzexy + 11V (A = Aol ze(x)
< 2C0 oz )14 = Aollzso) + 19210 (4 = 40) s,
Hence, the combination of the preceding three cases gives
IV 00704 = A0)u)l o) < 26 ol )14 = Aol + V404 = A0) o0,
for p <ooand d/2 <p<gq.
and applying Lemma Items and ,
(244) [V.ay (6™ (A = A0))l| o) < 2C6CrCElollyt 14— Aol
+ Cr[|A - Ao||W}‘71p(X), for p < oo and d/2 <p <gq.
Therefore, combining the inequalities (2.36)) and ([2.44) yields

(2.45) [V, (u"" (A = Ao)u) Lo (x)
< 4CsC7CECs||d (A — Ao)ll Lo(x) 1A — A()”Wi’f(X) + C7[|A - AOHWI}\f(Xy

forl<p<ooandd/2<p<gq.

From (2.25)) and ({2.41), we see that ([2.45) simplifies to give

(2.46) [[Vao(u™ (A = A)u) || zo(x) < (42C6C7C{CsM +1)Cr||A — AO”WQ{’(X)’
forl<p<ooandd/2<p<gq.
From the identity (noting again that da,u = da,up) we have
1Va0(B = A0) lox) < 1Va0 (0™ (A = Aol ) + 1V 0 (™ daag) 1)
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Combining the preceding estimate with the inequalities (2.43|) and (2.46) gives
(2.47) IV Ag(B — Ao)llr(x) < Cs]|A — AOHW“’(X for 1 <p<ooandd/2<p<ygq,

with a constant C5 = C5(Ao, 41,9,G, M,p,q) € [1,oo). Finally, from and (| and
Lemma we obtain the desired le’lp bound ) for u(A) — Ao in terms of A Ap,
recalling that B = u(A), with large enough constant N = N(Ao,Al,g, G,M,p,q) € [1,00) and
under the hypothesis with small enough constant ¢ = ¢(Ay, 41, 9,G,p,q) € (0,1]. O

The proof of Proposition also yields the following useful

Lemma 2.12 (A priori W?P estimate for a W29 gauge transformation u intertwining two W4
connections). Assume the hypotheses of Proposition excluding those on the connection A.
Then there is a constant C = C(Ay, A1,9,G,p,q) € [1,00) with the following significance. If A
obeys the hypotheses of Proposition and u € Aut>(P) is the resulting gauge transformation,
depending on A and Ag, such that

d’y, (u(A) — Ag) = 0,
then

”uuwj’f(x) <C.

Proof. Write u = up + v as in the proof of Proposition with ug € (Ker Ay )t and v €
Ker A y,, and observe that

lulhyzo0x) < € (18sulrce) + lull o) (by Proposition EXT)

= C ([[Aaguollze(x) + llull Lr(x))
< C (llda, (A= Ao)llox) + lullrocx)y)  (by (2.35)

<c (1 + 140 —Alumm) 14 = Aolly o) + Cllulloy - (b E39)

<C ( + HA()—A1HW1p )> (E—i—CVOlg(X)l/P’

where the last inequality follows from (2.22)) with ¢ € (0,1], the Sobolev embedding WP(X) C
L*(X) given by [3, Theorem 4.12], the Kato Inequality [22, Equation (6.20)], and the fact that
|u| <1 pointwise. This completes the proof. O

2.6. Existence of Coulomb gauge transformations for connections. Finally, we can pro-
ceed to the

Proof of Theorem [ We shall apply the method of continuity, modeled on the proofs of [54]
Theorem 2.1] due to Uhlenbeck and [10, Proposition 2.3.13] due to Donaldson and Kronheimer.
For a related application of the method of continuity, see the proof [I4, Theorem 1.1] due to the
first author.

We begin by defining a one-parameter family of W14 connections by setting

Ap:i=Ag+t(A— Ay), Vtelo,1],
and observe that their curvatures are given by

t2
F(At) - FAO + tdAo (A - AO) [A Ag, A — AO]
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and they obey the bounds,
1
IE'(Ae) | La(x) < N[ Faollpacxy + ldag (A — Ao)llLe(x) + §HA - Ao\\%zq(x)
< I aolzrco) + (A = A0)agx) + A = Aol

with ¢ = ¢(g,q) € [1,00) and where we use the Sobolev embedding, W14(X) c L*(X) [3|
Theorem 4.12] and the Kato Inequality [22, Equation (6.20)] to obtain the last inequality. Note
that we have a continuous embedding, W4(X) c L?(X), when 2¢ < ¢* := dq/(d — q), that is
2d — 2q < d or q¢ > d/2, as implied by our hypotheses. Therefore,

(2.48) [E(ALaxy) < K, Ve [0,1],

for K = K(A, Ay, G, g,q) € [1,0), noting that F, € LY(X;A? ® adP) since Ay is of class W4,
Let S denote the set of t € [0, 1] such that there exists a W24 gauge transformation u; € Aut(P)
with the property that

dZO(ut(At) — Ao) =0 and Hut(At) — A()HW}‘,p(X) < 2N||At — AoHWj‘,p(X),
1 1
where N is the constant in Proposition Clearly, 0 € S since the identity automorphism of

P is the required gauge transformation in that case, so S is non-empty. As usual, we need to
show that S is an open and closed subset of [0, 1].

Step 1 (S is open). To prove openness, we shall adapt the argument of Donaldson and Kro-
nheimer in [10, Section 2.3.8]. We apply the Implicit Function Theorem to the gauge fixing
equation,

iy, (ue(Ar) — Ao) = da, (up (Ae — Ao)ur + uy 'dagus) = 0.
As usual, we denote By = u¢(A;) for convenience, for t € S. Let ¢y € S, so we have

dZO (uto (Ato) - AO) =0 and Huto (Ato) - AOHwX;’(x) < 2N”At0 - AOHWI}‘&P(X)'

Our task is to show that ty4s € S for |s| sufficiently small, that is, there exists us, 5 € Aut®?(P)

such that the preceding two properties hold with ¢y replaced by to + s. By the hypothesis (|1.3))

of Theorem [2| we have ||A — AOHWLP(X) < ¢ and thus, since Ay, — Ag = Ao +to(A — Ap) — Ao =
A1

to(A — Ap) and tg € [0, 1], we see that
”Ato - AOHW}"f(X) <,

and so
||utO(AtO) - AO”Wi’lp(X) < 2NC

It will be convenient to define a € Wj"f(X ;A ®@ adP) by

(2.49) Uty (Aty) =: Ao + a,
The preceding inequality ensures that
(2.50) lally i cxy < 2NC.

We shall seek a solution uy, s € Aut??(P) to the gauge-fixing equation,
A4 (Uto+s(Atgts) — Ag) = 0.
In particular, we shall seek a solution in the form

27
Utgs = X ugy, for xs € WiT(X;adP),
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so the gauge-fixing equation becomes
(2.51) d’y, (X ugy (Atgrs) — Ao) = 0.
For s € R, it will be convenient to define bs € Wfll’lq(X ;A @ adP) by
(2.52) Uty (Aggts) =: Ao + a + bs.
We can determine by explicitly using A 4+s = Ao + (to + s)(A — Ap), so that
Uty (Aggts) — Ao = u;)l((to + 5)(A — Aog))ug, + u,;ldAOutO
= u%l (to(A — Ap))ug, + ut_oldAOutO + u%l(s(A — Ap))ug,
= uyy(Agy) — Ao + su;Ol(A — Ag)ug,
=a+ su; ' (A— Ao)uy, (by ([249)),
and thus
(2.53) bs = sua)l(A — Ao)uy,, s€ER
Note that uz, € Aut>?(P) and so we have the estimate
(2.54) HbSHWj‘f(X) < |s|Col|A - AOHW}{{Z(X)’ s € R,
for Cy = Cy(Ao, 9,4, to) € [1,00). In particular, by — 0 strongly in Wj"lq(X;Al ® adP) as s — 0.
The gauge fixing equation takes the form
e uy (Agyts) — Ao = X (Ag + a + bs) — Ao
=e X (a+bs)eXs + e Xody,(eX).
The equation to be solved is then H(xs,bs) = 0, where
(2.55) H(x,b) :=dy, (e7X(a+b)eX + e Xda,(eX)).
For any g > d/2, the expression for H defines a smooth map,
(2.56)  H : (Ker Aa))" nWi%(X;adP) x WiY(X; A @ adP) — (Ker Ag,)* N LY(X;adP).

Here, we note that if { = d’y ag for some a¢ € le’lq(X ;A ® adP), then ¢ | Ker Ay, as implied
by the preceding expression for H. Indeed, for any v € Ker A 4,,
(&M r2x) = (dagae, V) 2 (x) = (ag, dagy) 2 (x) = 0.
Hence, the image of H is contained in (Ker A4,)* N LY(X;adP).
The Implicit Function Theorem asserts that if the partial derivative,

(D1H )00y (Ker Ag)) N W5EU(X;5adP) — (Ker Ayy)* N LY(X;adP),

is surjective, then for small b € Wj"f(X ;A ® adP) there is a small solution y € Wi’lq(X ;adP)
to H(x,b) = 0 and that is L?-orthogonal to Ker A 4, .

Now the linearization, (D1H ), of the map H at the origin (0,0) with respect to variations
in x is given by

(D1H) 000X = da,dag+aX-
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But HaHW}x,lp (x) < 2N(by (2.50)) and because of the continuous Sobolev embeddings provided by
[3, Theorem 4.12],
WiP(X) c LYX), ford>3andp>d/2,
WiP(X) c L*(X), ford=2andp>2,

we obtain,
lallpaxy <2C1N¢ whend >3 and |lallpax) <2C1NC when d =2,

where Cy = C1(g,p) € [1,00) is the norm of the Sobolev embedding employed. By the hypothesis
of Theorem [2, we can choose ¢ € (0,1] as small as desired. Hence, the operator dy,dAg+a 18
surjective by Lemma |2.9

To summarize, we have shown that if |s| is small and ¢y € S, then there exists us,+s € Autz’q(P)
such that

A4 (Uto+s(Atgts) — Ag) = 0.

It remains to check that the following norm condition holds,
(2-57) Huto—l-S<Ato+8) - AOHWLP(X) < QNHAto—l-s - AOHWLP(X),
Aq Aq

for small enough |s|, to conclude that ¢ty + s € S. To see this, we first note that since Ay s =
Ap + (to+ s)(A — Ap), we have

| Atg+s — AOHwa’(x) = (to + s)[|A — AOHwAf(x) < (to+s)¢ (by (L3)),
and thus, for to+s <1 and ( <¢e/Ch,
| Atgts — AOijlvll’(X) <¢e/C,
and thus,

[ Atg+s — Aollpaxy <&, ifp<d,
[Atg+s — Aollpars(xy <€, ifp=d,
<e

[ Ato+s — Aollr(x) if p > d,

where ¢ is the constant in Proposition and C1 = Ci(g,p) or C1(6,p) € [1,00) is the norm
(provided by [3, Theorem 4.12]) of the continuous Sobolev embedding, W'?(X) ¢ L%(X) when
d/2 <p<dand W'P(X) C L4 (X) when p = d. This verifies the hypotheses (2.22)) and (2.25)
of Proposition for Ay 4+s — Ao (in place of A — Ay in the statement of that proposition).
On the other hand,
|’ut0+8("4t0+8) - AOHWI}{P()()
1
= Hexsuto (At0+s) - A0‘|W}‘!P(X)
1
< €% un (Arors) = o (Ao o)l ey + 1t (Arors) = Aollyir x)
(

= [leX u (Atgts) — UtO(AtoJrs)HWle(X) + lla+ bSHW}l’l”(X) (by (2.52)).
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The inequalities ((1.3]), (2.50]), and (2.54) (which also holds with p in place of ¢) yield the bound
lla+ bs,’w/}lvlp(x) < Hd’wif(x) + ‘|b8’le‘v1p(x)
<2N(¢ + |s[Col|A — Ag
< 2N(¢ + [s|Co¢
< 8/(201)7

”Wi’f(X)

for small enough (. (Note that we could also have used HbSHWl’q(X) < Cpl|A — Ao and
A1

I

the continuous embedding W14(X) c WP(X) and rely on our freedom to also choose |s| small.)

But if |s| is small then so is ||bSHW1,q(X) by (2.54]) and hence ”XSHWQ,q(X) is small by the Implicit
Aq Aq

Function Theoremﬁ and so we may assume that
lleX ug, (Aggts) — uig (Ato—i—s)Hwivlp(X) <e/(2CY),
for small enough |s|. Collecting the preceding inequalities gives
[wtots(Atgts) — AO”WXIP(X) <e/Ch,

and thus,

[uto+s(Ato+s) — Aollpaxy <&, ifp<d,

[utgts(Ato+s) — Aollars(x) <&, ifp=d,
|ty +s(Atgrs) — Aollr(x) <&, ifp>d,

verifying the hypotheses (2.22) and (2.25) of Proposition for usy4+5(Asg+s) — Ao (in place of
u(A) — Ag in the statement of that proposition).

Hence, Proposition yields the bound

”uto—&-s(Ato+s) - AOHWA%}P(X) < NHAto—l-s - AOHW}"f(X) < 2N”Ato+s - AO”wa(xy
This verifies the norm condition (2.57)) and we conclude that ty + s € S and so S is open.

Step 2 (S is closed). For closedness, we adapt the argument in [I0, Section 2.3.7]. Set B; :=
ut(Ay) for t € S and observe that the inequality (2.48)) yields

| E(B) | Laxy = 1 F(ue(Ae) | Laxy = lue(F(A)) | axy = 1F (Al Lax) < K, VteS.

Let {tm }men C S be a sequence and suppose that ¢, — ts € [0,1] as m — co. Since ¢ > d/2 by
hypothesis, the Uhlenbeck Weak Compactness [54, Theorem 1.5 = 3.6] (see also [58, Theorem 7.1]
for a recent exposition) implies that there exists a subsequence {m'} C {m} and, after relabeling,
a sequence of W24 gauge transformations, {u¢, }men C Aut(P) and a W4 connection B, on P
such that, as m — oo, we have

By,, — Bo weakly in W19(X; A @ adP).
Hence, for 1 < r < g := dq/(d — q) and W19(X) € L"(X), there exists a subsequence {m"} C
{m} such that, after again relabeling, as m — oo we have

B, — Bso strongly in L"(X; A @ adP).

4The Quantitative Inverse Function Theorem — see, for example, [I, Proposition 2.5.6] — can be used to give
a precise bound on xs given a bound on bs.
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The W24 gauge transformations u; intertwine the W9 connections A; and B; via the relation,
By = Ag + ut_l(A — Ag)up + ut_ldAOut,
and thus
dayut = w By +ui Ao + (A — Ag)u, Vit elo,1].
Because Ay, — Ao 1= Ag + too(A — Ap) strongly in W14 and By, — B. weakly in W14 and
By, — Boo strongly in L as m — oo, there exists a W2 gauge transformation u., € Aut(P)
such that, as m — oo,

Ut,, — Us weakly in Wj’lq(X ;AdP) and w, — us strongly in thr (X;AdP).
In particular,
Boo = Uoo(Ase) and  diy (Uoo(Aso) — Ag) = 0.
The Coulomb gauge condition follows from the fact that, for any £ € C°°(X;adP), we have

0= (dzo(utm(l‘ltm) — Ao), f)L2(X)
= lim (u,, (Ar,) = Ao, dag€) 22(x)
= (Uoo(Aso) — Ao, dAog)LQ(X)
= (d4, (Uoo(Aso) — Ao), §) 12 (x)-
Similarly, for any a € Q(X;adP),
lim (By,, — Ao, a)r2(x) = lm (uy,,(At,,) — Ao, a)r2(x)

m—r0o0 m—o0

o —1 —1
= lim (uy (Ay, = Ao)up, + 1y, dagus,,, a)r>(x)

= lim ((Az,, — Ao)us,, + dagts,, ut, @) 2 (x)

lim
m—0o0

= ((Aso — Ap)Uoo + dAOUoo,UooCl)m(X)
1(Aoo — Ap)uoo + u;oldAOuoo, G)L2(X)
(Aso) — Ao, a)L?(X)-
We now wish to apply Proposition [2.11| to bound |lus_(Ar,) — AOHW},*IP(X) and establish the

= (us
= (Uoo

remaining norm condition required to show that t,, € S. First, we note that
At — A‘)”Wi‘f(X) = | 4o + tm (A — Ao) — AOHW}{(X)

< tmC (by hypothesis (|1.3))
<{ VmeN.

Because t,,, € S, we have
Hutm(Atm) - AOHW.XIP(X) < QNHAtm - AOHWXIP(X)? Vm e N7
and combining this inequality with the preceding inequality yields
Hutm(Atm)—AoHWi,p(X) < 2NC, Vm € N.
1

Since us(Aso) is the weak limit of uy,, (Ay,,) in Wj"lq(X ;A @ adP), we have

|00 (Ao ) — AOHW;;IP(X) < liminf 2N1| Ay, — Ao|!Wi‘,lz)(X).
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But A;,, — A strongly in le’lq(X : Al ® adP) by construction of the path 4; and as p < ¢ by
hypothesis and ||Ay,, — A0||W1,p(X) < ¢ for all m € N, then
Ay

HAtoo - AOHwX{"(}() = nlgnoo ||Atm - AOHW};’IP(X) < C
Combining the preceding inequalities yields
|00 (Acc) — AOHWJ}‘}P(X) < 2N¢.
We choose ¢ € (0,1] small enough that { < e/Cy and 2N¢ < £/Cy, where C; is the norm of the

Sobolev embedding W'P(X) ¢ L4 X) when p # d or L*°(X) when p = d as in Step |1} and then
observe that

| As, — AOHW};&”(X) <eg/C; and |uso(Aso) — AOHWi,lp(X) <e/Ch.

The first inequality above verifies the hypothesis (2.25)) of Proposition Moreover,
[Atoe — Aollpaxy <€ and  |luco(At) — Aollpaxy <€, ifp<d,
[Atee — Aollpatsxy <€ and  [luss(Aty) — Aollpars(x) <&, ifp=d,
[At — Aollrx)y <€ and  luso(Ar,) — Aollr(x) <&, ifp>d,
which verifies the hypothesis (2.22)) of Proposition on norms (for A, — Ap in place of

A — Ap and us(Ar,) — Ap in place of u(A) — Ap in the statement of that proposition). Since
"1y (Uoo(Aco) — Ag) = 0, as required by (2.21]), Proposition implies that

[[too(Aoc) — AOHWXF(X) < N|Aw, — AO”W:{f(X) < 2N Az, — AOHWXIP(X).

Thus, ts € 5 and so S is closed.

Consequently, S C [0, 1] is non-empty and open and closed by the preceding two steps, so
S =10,1] and this completes the proof of Theorem O

2.7. Real analytic Banach manifold structure on the quotient space of connections.
The statements and proofs of Lemmata and would follow standard lines (see Gilkey [25],
Theorem 1.5.2], for example) if the operators

dy : QY(X;adP) — QY X;adP), >0,

had C* coefficients, rather than Sobolev coefficients as we allow here, and formed an elliptic
complex, rather than only satisfying d4 ods4 = Fa.

Lemma 2.13 (Continuous operators on L? spaces and L?-orthogonal decompositions). Let (X, g)
be a closed, Riemannian, smooth manifold of dimension d > 2, and G be a compact Lie group,
and P be a smooth principal G-bundle over X. If A is a connection on P of class W11 with
q > d/2, and Ay is a C is reference connection on P, and | > 1 is an integer, and p obeys
d/2 < p < gq, then the operator

4y WP (X5 A @ adP) — LP(X; A @ adP),
is continuous and, if in addition q > d/2, then the operator

da: WIP(X; A7 @ adP) — WP (X5 Al @ adP),
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is also continuous, and there is an L?-orthogonal decomposition,
WAP(X; Al @ adP) = Ker (d; WP (XA @ adP) —» IP(X; A @ adP))
® Ran (dA W2 (XA @ adP) —» WP (XA @ adp)) .
Proof. If € € Wi’lp(X; A1 ® adP) and we write A = A} + a, with a € Wj"lq(X; A! ® adP), then

da& = da, € + [a,€] and using the fact that WP(X) C L?’(X) for any p > d/2 by [3, Theorem
4.12] and applying the Kato Inequality [22] Equation (6.20],

lda€llLr(x) < 2 (IV 4, Ell o) + llall 2o ) €N £20(x))

<+ (IVaiéllzscn + lallygoo s

<z (1 + HaHijf(X)> ||§||W1}‘71P(X)7

where z = 2(g, G, p,q) € [1,00) and we use the fact that ¢ > p. Similarly,

dez‘gHLp(X) <z <1 + ||a”wfll71‘1(x)) ”SHWXIP(X)

and so the operator d% : W}x’lp(X; A ® adP) — LP(X; A! @ ad P) is continuous.
Moreover, defining r € [p,o0] by 1/p =1/q+ 1/r, we recall that by [3, Theorem 4.12] we have
i) W3P(X) C L"(X) for any 7 € [1,00) when p = d/2, and ) W?P(X) C L°°(X) when p > d/2.
Thus, using
Va,dal =Vp,da,§+VaaxE+axVy,

we see that

IV A, daéllrxy < 2 (VA Ell ey + IV avall oo €l o) + lall 2o o IV a €l p2ex)

<+ (7.8l + 1 mlznc Wl + ol 19l

< (14 lallygrcn ) Nelzposy

We conclude that the operator dy4 : Wi’lp (X; A"t ®adP) — Wj"lp(X ; Al®@adP) is also continuous.

Note that W1P(X) c L?(X) when p > 2 or, when 1 < p < 2, if p* := dp/(d — p) > 2, that
is, dp > 2d — 2p or p > 2d/(d + 2). But p > d/2 by hypothesis and d/2 > 2d/(d + 2 for all
d > 2, so we have W1P(X) C L?(X) for all p > d/2 and d > 2. Using L to denote L?-orthogonal
complement and @ to denote L2-orthogonal decomposition, we have

WAP(X; Al @ adP) = (Ran (dA W2 (XA @ adP) - WA (X A @ adp)))L
@ Ran (da s WiP(X; A7 @ adP) — WiP(X; Al @ adP) )
For all n € W,P(X; A' ® adP) and € € W3P(X; A" @ adP) we have
(ﬁadAf)m(X) = (d*Aﬁaf)LQ(X)

and so n L Ran(da : Wi’lp(X;Al_1 ® adP) — W}x’lp(X;Al ® adP)) if and only if n € Ker(d :
W}x’lp(X; A'® adP) — LP(X; A'"! @ adP)). This concludes the proof of the lemma. O
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Although not required by the proofs of Lemma or Corollary [4] it is useful to note that
the operator d4 in that statement has closed range.

Lemma 2.14 (Closed range operators on LP spaces). Let (X, g) be a closed, Riemannian, smooth
manifold of dimension d > 2, and G be a compact Lie group, and P be a smooth principal G-
bundle over X. If A is a connection on P of class W14 with d/2 < q < oo, and Ay is a C™ is
reference connection on P, and p obeys d/2 < p < q, then the operator

da: WiP(X;adP) — WP (X; A ® adP),
have closed range.

Proof. Note that the two operators in the statement of the lemma are bounded by Lemma [2.13
Let {xn}nen C WZ’IP(X; adP) and suppose that dax, — & € Wi’lp(X; Al®adP) as n — oo. Thus
didaxn = Aaxn — d§ € LP(X;adP) as n — oo. We may assume without loss of generality

that {xn}nen C (Ker Ay)t, where L denotes L%-orthogonal complement, and so the a priori
estimate (2.5)) in Corollary then implies that

HXn - Xm”ijlp(X) < CHAA(Xn - Xm)HLP(X)a Vn,m € N.

Hence, the sequence {x, nen is Cauchy in Wz’lp (X;adP) and thus x, = x € Wi’lp(X ;adP) and

daxn — dax € Wj"lp(X; A!' ® adP) as n — co. Therefore, d4 on le’lp(X; A! ® adP) has closed
range. O

We are now ready to complete the

Proof of Corollary[) Every compact Lie group has a compatible structure of a real analytic
manifold [8, Section III.4, Exercise 1] and this structure is unique by [56, Theorem 2.11.3]. In
particular, the exponential map is a real analytic diffeomorphism from an open neighborhood of
the origin in the Lie algebra g onto an open neighborhood of the identity in G. We recall from
[22, Proposition A.2] that Autk+1’2(P) may be given the structure of a Hilbert Lie group when
k > 2 and, because W24(X) (with ¢ > d/2) and H**!(X) = W*+12(X) are Banach algebras and
contained in C'(X) (the Banach algebra of continuous functions on X'), the same arguments shows
that Aut®¢(P) may be given the structure of a C°> Banach Lie group and that both Aut®¢(P)
and Aut®?(P) may be given the structure of real analytic manifolds.

According to [22, Proposition A.3], the (right) action of Aut**12(P) on &7*2(P) is C* when
k > 2 and the same proof applies mutatis mutandis to show that this action is real analytic and
that the action of Aut??(P) on &/9(P) is not only C* but also real analytic.

The only additional ingredient one needs to show that %*(P) is real analytic is the observation
that the map H defined in and is real analytic and thus, rather than apply the
customary C* Inverse Function Theorem one can instead apply its real analytic counterpart [19,
Section 2.2.1] to show that for each Ay € &/%4(P), the map defined in the statement of [I0,
Theorem 3.2],

(2.58) Ea,: ZVUP) D Ony > A (u(A) — Ag, A)
€ Ker {djgo L WHI(XG AN © adP) — LY(X; adp)} x Aut®(P),

is a real analytic diffeomorphism onto an open neighborhood of (0,idp), for a small enough open
neighborhood @4, of a W14 connection A on P and the gauge transformation u is produced by
Theorem |2} so u(A) is in Coulomb gauge with respect to Ag. The open neighborhood &4, may be
chosen to be Aut®9(P)-invariant and the map Z 4, is Aut®?(P)-equivariant. The proof that the
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quotient Z(P) is a Hausdorfl topological space follows mutatis mutandis either by adapting the
proof of 22 Corollary, p. 50] or by adapting the proof of [10, Lemma 4.2.4], using the observation
the L? distance function,

(2.59) distp2([AL [B]) = inf [lu(4) - Blls2cx),
uEAut?9(P)

is a metric on Z(P) and, in particular, that the quotient topology is metrizable. This completes
the proof of Corollary [4 O

2.8. Existence of Coulomb gauge transformations for pairs. We now adapt the construc-
tion of Section to the case of pairs. In [I5, p. 280], we employed a left action of Aut(P) on
the affine space of pairs, &7 (P) x C*®°(X; E), so Aut(P) acts on o/ (P) by pushforward (consistent
with Donaldson and Kronheimer [10]) and on C*°(X; E) in the usual way, which is a left action.
Here, to be consistent with Section [2.6| we shall use the opposite convention and continue to let
Aut(P) act on &7 (P) by pullback (consistent with Freed and Uhlenbeck [22] and Uhlenbeck [54])
and use inversion to define a right action on C*°(X; E), so that
uw(A,®) ;= (u*A,u"'®), VAec(P),®cC®X;E), and u € Aut(P),

giving a smooth (affine) right action,

A (P) x C*(X; E) x Aut(P) —» & (P) x C*(X; E).
Passing to Banach space completions, but temporarily suppressing the W14 reference connection
Ap (for ¢ > d/2) from our notation, the differential of the smooth map,

Aut>(P) 3 u s u(A, @) € ZV(P) x WH(X; E),
at idp € Aut>9(P) is given by
(2.60) WiY(X;adP) 5 € daef = (dal, —€@) € W,(X;adP) & W, (X; E),

using u = €f for u near idp; compare [I5, Proposition 2.1]. We say that a W4 pair (A, ®) is in
Coulomb gauge relative to (Ag, ®o) if
(2.61) Ay 0, (A, @) — (Ag, Po)) = 0,
As in the case of Theorem [2| the proof of Theorem [3]is facilitated by preparatory lemmata and
a proposition, which we now state. For convenience, we define

Ao, = Ay aydAg,dy ON WZ’lq(X;adP).

The proofs of Propositions 2.1 and [2.3] and Corollary [2.5| adapt mutatis mutandis to establish the
following analogues for pairs, specialized to the case [ = 0.

Proposition 2.15 (A priori LP estimate for a Laplace operator with Sobolev coefficients). Let
(X, g) be a closed, Riemannian, smooth manifold of dimension d > 2, and G be a compact Lie
group and P be a smooth principal G-bundle over X, and E = Px ,E be a smooth Hermitian vector
bundle over X defined by a finite-dimensional unitary representation, and ¢ : G — Autc(E). If
(A, ®) is a WY pair on (P,E) with ¢ > d/2, and Ay is a C* connection on P, and p obeys
d/2 <p <q, then

(2.62) Ane: WEP(X;adP) — LP(X;adP)

is a bounded operator. If in addition p € (1,00), then there is a constant C = C(A, ®, A1,9,G,p,q) €
[1,00) such that

(2.63) €z < € (18aaélig) + Ilex) . V€ € WAP(X;adP).
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Again, it is convenient to abbreviate ) = le’f(X ;adP) and let
I:9—=9 u— (‘vU)LQ(X)
denote the compact embedding.

Proposition 2.16 (Spectral properties of a Laplace operator with Sobolev coefficients). Let
(X, g) be a closed, Riemannian, smooth manifold of dimension d > 2, and G be a compact Lie
group and P be a smooth principal G-bundle over X, and E = P X, be a smooth Hermitian vector
bundle over X defined by a finite-dimensional unitary representation, and o : G — Autc(E). If
(A, ®) is a WY pair on (P, E) with d/2 < q < 0o, and Ay is a C°° connection on P, then the
operator

Ago:H—=9H"

is bounded and there is a countable subset ¥ C [0, 00) without accumulation points and having the
following significance. If A € R\ X, then the equation

(Aae — AE =7
has a unique solution & € $) for each §f € H*. If X € X, then Ker(Ag e — A) N $H has finite,

positive dimension.

Corollary 2.17 (A priori LP estimate for a Laplace operator with Sobolev coefficients). Let
(X, g) be a closed, Riemannian, smooth manifold of dimension d > 2, and G be a compact Lie
group and P be a smooth principal G-bundle over X, and E = P X, be a smooth Hermitian vector
bundle over X defined by a finite-dimensional unitary representation, and o : G — Autc(E). If
(A, ®) is a WY pair on (P,E) with d/2 < q < oo, and Ay is a C* connection on P, and
p € (1,00) obeys d/2 < p < q, then the kernel Ker A4 ¢ N Wz’lp(X; adP) of the operator 18
finite-dimensional. Moreover,

(2.64) I€lwarcx) < ClAaatlex), Y& E (KerAaa)™ NWEF(X;adP),

where | denotes L*-orthogonal complement and C = C(A, ®, A1,9,G, p,q) € [1,00).
The proof of Lemma[2.9 adapts mutatis mutandis to establish the following analogue for pairs.

Lemma 2.18 (Surjectivity of a perturbed Laplace operator). Let (X, g) be a closed, Riemannian,
smooth manifold of dimension d > 2, and G be a compact Lie group and P be a smooth principal
G-bundle over X, and E' = P x,E be a smooth Hermitian vector bundle over X defined by a finite-
dimensional unitary representation, o : G — Autc(E). Let Ay be a C*° connection on P and
(A, ®) be a W4 pair on (P, E) with d/2 < q < co. Then there is a constant § = §(A, ®, g) € (0,1]
with the following significance. If (a, ) € le’lq(X; A ®adP @ E) obeys

(2.65) [(a; @) Laxy <0 whend >3 or |(a,d)llLax)y<d whend=2,
then the operator,

A% pdaradte : (Ker Age)™ NWEI(X;adP) — (Ker Age)™ N LY(X;adP),
18 surjective.

Finally, the proof of Proposition adapts mutatis mutandis to establish the following (sim-
plified) analogue for pairs.
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Proposition 2.19 (A priori WP estimate for u(A4, ®) — (Ag, ®o) in terms of (A4, ®) — (Ag, ®p))-
Let (X, g) be a closed, Riemannian, smooth manifold of dimension d > 2, and G be a compact
Lie group and P be a smooth principal G-bundle over X, and E = P x,E be a smooth Hermitian
vector bundle over X defined by a finite-dimensional unitary representation, o : G — Autc(E).
Let Ay be a C* connection on P, and (Ag, ®g) be a W4 pair on (P, E) with d/2 < q < co and
p € (1,00) obey d/2 < p < q. Then there are constants N = N (A1, Ao, ®o,9,G,p,q) € [1,00)
and & = ¢(A1, Ao, o, g, G, p,q) € (0,1] with the following significance. If (A, ®) is a W4 pair
on (P,E) and u € Aut(P) is a gauge transformation of class W9 such that

(2.66) day. 0, (U(A, @) — (A, ®g)) = 0,
then the following hold. If (A, ®) and u(A, ®) obey

(2'67) H(A, CI)) - (AOa (I)O)HW}GP(X) <e¢ and HU(A7 CI)) - (AOa CI)O)HW;’IP(X) <,
then
(2.68) (A4, ) = (Ao, @)y ) < NI(A @) = (Ao, B0y

Proof of Theorem[3 Given these preliminaries, Corollary Lemma [2.18] and Proposition
the proof of Theorem [3] follows mutatis mutandis from that of Theorem [2 O

The proof of Proposition yields the following analogue of Lemma for pairs.

Lemma 2.20 (A priori W?P estimate for a W29 gauge transformation u intertwining two W4
pairs). Assume the hypotheses of Proposition excluding those on the pair (A, ®). Then
there is a constant C = C(Ag, ®o, A1,9,G,p,q) € [1,00) with the following significance. If (A, ®)
obeys the hypotheses of Proposition and u € Aut>(P) is the resulting gauge transformation,
depending on (A, ®) and (Ao, Po), such that

Ay @0 (u(A, @) = (Ao, Do) = 0,

then

”unwi’lp(x) <C.

While not required for the proof of Theorem [3| this is a convenient point at which to note
that the proof of Lemma m (specialized to the case | = 1) adapts mutatis mutandis to give the
following analogue for pairs.

Lemma 2.21 (Continuous operators on L spaces and L?-orthogonal decompositions). Let (X, g)
be a closed, Riemannian, smooth manifold of dimension d > 2, and G be a compact Lie group, P
be a smooth principal G-bundle over X, and E = P x,E be a smooth Hermitian vector bundle
over X defined by a finite-dimensional unitary representation, o : G — Autc(E). If (A, ®) is a
Sobolev pair on (P, E) of class Wh4 with ¢ > d/2, and Ay is a C* reference connection on P,
and p obeys d/2 < p < q, then the operator

Ao WP(X; A @ adP @ E) — LP(X;adP @ E),
is continuous and, if in addition q > d/2, then the operator

dao : WiP(X;adP & E) —» WiP(X;A' @ adP @ E),
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is also continuous and there is an L?-orthogonal decomposition,
WiP(X; A ® adP & E)
— Ker (d’;‘,@ WP (X: A @ adP @ E) — LP(X;adP @ E))
® Ran (dA@ L W2P(X;adP @ E) —» WAP(X; A @ adP & E)) :

2.9. Regularity for solutions to the Yang-Mills and coupled Yang-Mills equations. It
is well-known that techniques due to Uhlenbeck [55] [54] can be used to show that, given a weak
solution to the Yang-Mills equation, there exists a gauge transformation such that the gauge-
transformed solution is smooth. We give a proof of a similar fact here that generalizes easily to
the case of coupled Yang-Mills equations.

We have the following generalization of [45, Theorem 5.3], due to Parker, and [15, Proposition
3.7], due to the author and Leness, from the case of d = 4 to arbitrary d > 2.

Theorem 2.22 (Regularity for solutions to the Yang-Mills equation). Let (X,g) be a closed,
Riemannian, smooth manifold of dimension d > 2, and G be a compact Lie group, and P be a
smooth principal G-bundle over X. If d/2 < q < oo and A is a WY connection on P that is
a weak solution to the Yang-Mills equation with respect to the Riemannian metric g, then there
exists a W4 gauge transformation u € Aut(P) such that u(A) is a C*° Yang-Mills connection
on P.

Proof. We proceed as in the proof of [I5, Proposition 3.7] and note that the affine space o7 (P)
of C*° connections on P is dense in the affine space &719(P) of W14 connections on P and so
there exists a C'*° connection Ag on P such that

A - AOHWXI‘Z(X) <,
where ¢ = (Ao, A1,9,G, q) € (0,1] is the constant in Theorem [2]and A, is any fixed C reference
connection on P. Hence, there is a W24 gauge transformation v € Aut(P) such that u(A) obeys
dy,(u(A) — Ag) =0,

and

HU(A) - AO”wéf(x) < QNHA - AOHW}x’f(X) < 2N¢,

where N = N(Ap, A1,9,G,q) € [1,00) is the constant in Proposition m Hence, we may
assume without loss of generality that A is in Coulomb gauge with respect to Ag and that
a:=A—A€ le’lq(X; A! ® adP) is a weak solution to

dhgrafa0ra =0 and dj a=0,
and thus a weak solution to the quasi-linear, second-order elliptic system,
(2.69) (Aay +Xo)a+axVya+axaxa=Aa—Fy,,

where Ay, = d% da, + da,d’, is the usual Hodge Laplacian on QY(X;adP) and Ay > 0 is any
positive constant. We recall from [13] that, for any ¢ € (1,00) and integer k > 0, the operator

(2.70) Ay + X0 : WX A @ adP) — WYX A! @ adP)

is invertible. The right-hand side of Equation (2.69) belongs to le’lq(X ; A ® ad P) by hypothesis

on A and the fact that Ag is C*°. If ¢ > d, then W19(X) c C(X) by [3, Theorem 4.12] and so
axVaa+axaxacLI(X;A ®adP).
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But then existence and uniqueness of solutions in Wi’lq(X A ® adP) to , given a source
term in LI(X; A! ® adP), implies that a € Wi’lq(X; A' ® adP). Using the fact that W"9(X) is a
Banach algebra when kq > d and invertibility of , we can iterate in the usual way to show
that a € WQTQ’q(X; A! ® adP) for all integers k > 0 and hence that a € C°°(X; A! ® adP).

Therefore, it suffices to consider the case d/2 < ¢ < d. If ¢* = dq/(d — q) and r € [1, q) obeys
1/¢* +1/q < 1/r, then there is a continuous multiplication map L9 (X) x L9(X) — L"(X) and
a continuous Sobolev embedding W4(X) C L9 (X) by [3, Theorem 4.12]. Thus, a x Va,a €
L"(X;A' ® adP) if

1/r = (d—q)/(dg) +1/q = (2d — q)/(dqg),
that is, r < dq/(2d — q).

Similarly, we have a continuous multiplication map L3*(X) x L3%(X) x L3¥(X) — L*(X) for
any s € [1,00] and a continuous Sobolev embedding W14(X) C L3¥(X) provided 3s < ¢*, that
is, s < dq/(3(d — q)) and for this choice of s, we have a x a x a € L*(X; A! ® adP).

We now observe that » < s when g > d/2, as we assume by hypothesis, if we choose r =
dq/(2d — q) and s = dq/(3(d — ¢)). Indeed, we then have

r<s <= dq/(2d—q) <dq/(3(d—q)) <= 3d—3¢<2d—q < d<2q.
Hence, for r = dq/(2d — q), we have
axVaa+axaxacL'(X;A'®adP),

and thus elliptic regularity theory for (2.69)) implies that a € Wj’lr(X : Al ® adP), similar to the

case ¢ > d. By [3, Theorem 4.12], we have a continuous Sobolev embedding, W?2"(X) c W™
where r* = dr/(d — r), and thus we obtain

a€ Wy (X;A' @ adP).

In the limiting case ¢ = d/2 we would have r = (d?/2)/(2d — d/2) = d/3 and in the limiting case
g = d we would have r = d, so r € (d/3,d) and thus r* € (d/2,00). In particular,

o dr _ d’q/(2d—q) _ dg/(2d—q) _  dq
d—r d—dq/(2d—q) 1-q/(2d—q) 2(d—q)

We may write r* = g + 0, where § = §(d, q) is defined by

§imrtg= dq . dg—2(d—q)q _ 2¢° —dq _ Q(2q—d)’

2(d—q) 2(d—q) 2(d—q)  2(d—q)

and thus §(d, q) > 0 for d/2 < g < d. Consequently, we see a regularity improvement and because
0(d, q) is an increasing function of ¢, only finitely many iterations of this regularity improvement
are required to give r* > d, at which point we can apply the regularity argument for the case
q > d to again conclude that a € C®°(X;A' ® adP). O

r

The proof of Theorem adapts mutatis mutandis to give the following generalization of [45],
Theorem 5.3], due to Parker, and [I5], Proposition 3.7], due to the author and Leness, from the
case of d = 4 to arbitrary d > 2.

Theorem 2.23 (Regularity for solutions to the boson coupled Yang-Mills equations). Let (X, g)
be a closed, Riemannian, smooth manifold of dimension d > 2, and G be a compact Lie group, P
be a smooth principal G-bundle over X, and E = P x,E be a smooth Hermitian vector bundle
over X defined by a finite-dimensional unitary representation, o : G — Autc(E). Ifd/2 < ¢ < oo
and (Ao, o) is a W4 pair on (P,E) that is a critical point of the boson coupled Yang-Mills
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energy functional (1.5]), then there exists a W4 gauge transformation u € Aut(P) such that
U(Aso, Po) is a C° pair on (P, E).

Proof. We proceed as in the proofs of [45, Theorem 5.3] and [I5, Proposition 3.7] and note that
the affine space &7 (P) x C°°(E) of C* pairs is dense in the affine space &/%4(P) x Wl4(X; E)
of W1 pairs and so there exists a C™ pair (Ag, ®g) on (P, E) such that

(Ao, Poc) = (Ao, Po)llyya(xy <€

where ¢ = ((A41, Ao, ®o, g9,G,q) € (0,1] is the constant in Theorem [3| and A; is any fixed C*°
reference connection on P. Hence, there is a gauge transformation u € Aut(P) of class W24 such
that u(Aeo, Pso) oObeys
djzlo,fbo (U(ACXH (I)OO) - (A07 (I)O)) =0,
and
(Ao, Poc) = (Ao, Po)llyy1e(x) < 2N [[(Aso, Poo) = (Ao, Po)llyy2r

where N = N(Aj1, Ao, o, 9,G,q) € [1,00) is the constant in Proposition Hence, we may
assume without loss of generality that (Ao, Poo) is in Coulomb gauge with respect to (Ag, ®o)
and that (a,¢) := (As, Po) — (Ao, o) € I/le’lq(X;A1 ® adP @ E) is a weak solution to the
quasi-linear, second-order elliptic system,
dayda,a+ Viy,Va,d+axVaa+axVad+odxVao
+axaxat+axaxo+axoxo
+mp+ sPg x Po X ¢+ 5Py X ¢ X p+5p X ¢ x ¢ = f(m,s, Ay, Do),
dA07<I>Od:k4(),<I>O (0’7 (b) = 07
where we employ the expression ([1.9) for the gradient of &(A, ®). Ellipticity of the preceding
system follows by expanding the expression (2.60) for da, e, on Q°(X;adP) to extract the second-
order term d,d’ a and recalling that the operator d da, + da,d} is clearly elliptic, being the

usual Hodge Laplacian on Q!(X;adP). The remainder of the proof now follows the pattern of
the proof of Theorem [2.22 O

< 2N(,

3. LOJASIEWICZ-SIMON GRADIENT INEQUALITIES FOR COUPLED YANG-MILLS ENERGY
FUNCTIONALS

In this section, we apply our Coulomb-gauge transformation result, Theorem [3] and abstract
Lojasiewicz-Simon gradient inequality, Theorems([I], to prove the corresponding Lojasiewicz-Simon
gradient inequalities for the boson and fermion coupled Yang-Mills L2-energy functionals, Theo-
rem [5] in Section [3.1] and Theorem [7] in Section [3.2}

3.1. Lojasiewicz-Simon gradient inequality for boson coupled Yang-Mills energy func-
tional. We assume the notation and conventions of Section For any C*° reference connec-
tion A1 on P, let

PP (P,E) = o/ P(P) x W;P(X; E),
denote the affine space of WP pairs on (P, E). Our first task is to establish the

Proposition 3.1 (Analyticity of the boson coupled Yang-Mills L?-energy functional on the affine
space of WP pairs). Let (X,g) be a closed, Riemannian, smooth manifold of dimension d > 2,
and G be a compact Lie group, P be a smooth principal G-bundle over X, and E = P x, E be
a smooth Hermitian vector bundle over X defined by a finite-dimensional unitary representation,
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0:G — Autc(E), and Ay be a C* connection on P, and m,s € C*(X). If4d/(d+4) <p < oo,
then the function,
&: PY(P,E) — R,
is real analytic, where & is as in (|1.5)).
Proof. We fix a pair (A, ®) € Z1P(P, E) and write (A, ®) = (A1, ®1) + (a1, ¢1), where (a1, ¢1) €
Wi’lp(X; A' @ adP ® E). We will show that & is analytic at (A, ®). For (a,¢) € Wj"lp(X; A®
adP @ F), we write A = A; + a1 + a and expand
Fata =FA,ta14a = Fa, +da, (a1 +a) + (a1 + a) x (a1 + a)
and
Vata(®+¢) = Vara+a(® + ¢) = Va, (D + ¢) + o(a1 + a)(P + ¢).
Using the definition (1.5 of &, we compute
26(A+a, 2+ ¢) =T + 1>+ T3,
where the terms T; := T;(a, ¢), for i = 1,2,3, are given by
Ty = ||Fa, 1 72cx) + Iday (ar + a) |72 x)
+ (a1 +a) x (a1 + a)”?’ﬂ(X) +2(Fay, da, (a1 +a))r2(x)
+2(Fa,, (a1 + a) x (a1 + a))2(x)
+2(da, (a1 + a), (a1 + a) x (a1 + a))Lz(X),

and
Ty := ||V, (@ + 0)l[72(x) + lle(ar +a)(@ + @)1z,
+ (Va (@ + @), (a1 + a) (P + @) r2(x) + (0(ar + a) (P + ¢), Va, (P + ) 12(x),
= Va4, (@ + )72 (x) + lo(ar + a)(@ + ¢)[|72(x,
+2Re(Va, (P + ¢), 0(a1 + a)(® + ¢))2(x),
and

T5:= —/ (m|® + o + s|® + (;5]4) dvoly .
Hence, we can write the difference a;(
28(A+a,®+ ¢) —28(A, @) =T) + Ty + T,
where the difference terms 7} := T;(a, ¢) — T;(0,0), for i = 1,2, 3, are given by
I = HdAla”%Q(X) +2(daya1,da,a)p2(x) + (@ X (a1 + a), (a1 + a) x (a1 + a))r2(x)
+2(Fa,,da,a)r2x) + (Fap,a X (a1 + a)) r2(x)
+ (daya, (a1 + a) X (a1 +a))r2(x) + (daya1,a X (a1 + a))r2(x)s
and
Ty = [IVa, 0l 72x) + 2Re(Va, @, Va,8) 2(x) + 0(@)®@]| 72 x) + (a1 + a)ol|72 x)
(3.1) +2Re(o(a1)®, 0(a)®)2(x) + 2Re(o(a1 + a)®, o(a1 + a)) 2(x)
+2Re(Va, ¢, 0(a1 + a)(® + ¢)p2(x) + 2Re(Va, P, 0(a)® + o(a1 + a)d) 12(x).
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and

T = /X (ml6f + 2mRe(®, ¢) + slg|* + ds(Re(®, ) + 4s(|1B[> + [6]%) Re(®, ¢)) dvol,

+/ 25|®|?|¢|? dvol,, .
X
To see the origin of the expression (3.1]) for T3, we observe that

T3 = ||V ay+ar+a(® + ¢)||%2(X) - ||VA1+a1‘I)H%2(X)

= V4, (® + ¢) + o(a1 + a)(P + )| 72(x) = V4, P + 0(a1)®) |72y

= Vs (@ + )l[72x) — VA @172 x)
T llofar + a)(® + 6) 20, — le(an)®l3a )
+ 2 RG(VAI ((I) + ¢)7 Q(al + a)(q) + ¢))L2(X) -2 RG(VAICP7 Q(al)(D)LQ(X)

— Tél + T2/2 + Té3

For the first term, we have
T2,1 = ||VA1 (@ + ¢)||%2(X) - ”Vz‘hq)“%?(X) = ”VA1¢||%2(X) + 2Re(VA1(I)aVA1¢)L2(X)'

For the second term, we see that

T35 = |lo(ar + a)(® + &)1 72(x) — llo(a) @72 (x)
= Jlo(a1)® + o(a)® + o(ar + )¢l 72(x) — llo(a1) P 72(x)
= lle(a@)®@|[72(x) + (a1 + a)l|72(x) + 2Re(o(a1)®, 0(a)®) 12(x)
+ 2Re(o(a1)®, o(a1 + a)$) + 2Re(o(a)®, o(a1 + a)¢) 2 (x)
= ||Q(a)‘1>”%2(x) + llo(ar + a)¢‘|i2(x) + 2Re(o(a1)®, 0(a)®) 2 (x)
+2Re(o(a1 + a)®, 0(a1 + a)9) 12(x)-

For the third term, we have

Tys :=2Re(Va, (4 ¢), 0(a1 + a)(® + ¢)) 2(x) — 2Re(V 4, P, 0(a1)®)
=2Re(Va, @, 0(a1)® + 0(a)® + o(a1 + a)d)2(x) + 2Re(Va, ¢, 0(a1 + a)(® + ¢)) 12(x)
—2Re(V4,®, 0(a1)®) 2(x)
=2Re(Va, P, 0(a)® + o(a1 + a)@)2(x) + 2Re(Va, b, 0(a1 + a)(® + ¢)) 2(x)-

By adding the preceding terms, we obtain the expression for 7.

To complete the proof of analyticity of & at (A, ®), we observe that there is a continuous
Sobolev embedding, W1?(X) c L*(X), when p* = dp/(d — p) > 4 by [3, Theorem 4.12], that is,
dp > 4(d — p) or p(d+4) > 4d or p > 4d/(d +4) (note that we assume d > 2). Hence, we obtain
a continuous multilinear map, ®?_,WHP(X) — LY(X), by combining the Sobolev embedding
WLP(X) — L*(X) with the continuous multiplication map, ®}_;L*(X) — L'(X). Combining
these observations with the Kato Inequality [22, Equation (6.20)], we obtain an estimate of the
form,

|E(A+a,®+¢) — E(A,®)| < |Ti| + T3] + T3],
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where, for a constant C' = C(g,G) € [1,00),
3
—1 2
CTT| < HaHWj‘f(X) + Hal”Wj"lp(X)HGHWXIP(X) + HCLHlef(X) <Ha1”Wj"1P(X) + Ha”wj{lp(X)>
+1E o lalyes + IEncolalgsan (Tl + )
2
el (Tl + o

ey lalwzzon (laalwtreo + oo )

noting that W1P(X) c L*(X) if dp/(d — p) > 2, that is, dp > 2(d — p) or p(d +2) > 2d or
p>2d/(d+2), and

—1 2 2 2
¢ ‘T2| < H‘Z’”W/l‘»lp(x) + ||(I)”W1}1»f(x)H¢Hwif(X) + HaHW,}x’f(X)H(p”ijf(X)
2
2 2
+ (lalhygzn + el ) BB + s lolhysson 100 e,

2
o (T rya\\W;;(X>)WM(X) o s

Aq

Flolhwsro (Tl * Talwtron ) (19000 + 16wt )

2
+ H(I)HWi’lp(X)”aHWj{f(X) + H(I)Hwkf(x)ngbnwklp(x) <||al‘|wjx’11’(x) + HGHW;,f(X)) )
and

—1 v 2 4 2 2

3 3
R L 1 e L N r L ot
Note that 4d/(d +4) > 2d/(d + 2), so the condition p > 2d/(d + 2) is assured by the stronger

p > 4d/(d +4). Thus, &(A + a,® + ¢) is a polynomial of degree four in the variable (a,¢) €
Wi’lp(X :A' @ adP @ E) and the conclusion follows. O

We can now verify the formula ((1.9) for the gradient &’ (A, ®)in the direction (a, ¢) by extracting
the terms that are linear in (a, ¢) from the expressions for 77, for i = 1,2, 3, arising in the proof
of Proposition We compute & (A + ta, ® + t¢) using the identities,

/2
Farto = Fa+tdaa+ 5[@,@] and VA (P +tp) = VaA(P +td) + o(ta)(P + to),

to obtain

1 t2
E(A+ta,®+to) = 2/ |Fa + tdaa + §[a,a]|2dvolg
X

+ ;/ [VAD + t(V.ad + 0(a)®) + t*0(a)e)|* dvol,
X

1
— 2/ (m|® + to|* + s|@ + to|*) dvoly,
X
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that is,

E(A+ta,® +tg) = (|Fa? + 2t(Fa,daa)) dvol,

N | =
T

_l’_

N~ NN~ N

/ (|VA<I>|2 + 2t Re(V AP, Vad + 0(a)®)12) dvol,
X

/ m (|®[* + 2t Re(®, ¢)) dvol,
X

/ s (|®|* + 4t|®|* Re(®, ¢)) dvol, +higher powers of t.
X

Hence, the gradient of & at (A, ®), in the direction (a, ¢) € W}x’lp(X; A ® adP @ E) is given by
(gl(A, ), (a, (b))LQ(X) = (d;FA, a)L2(X) + RG(VZVA(I), ¢)L2(X) + Re(V49, Q(CL)CI))LQ(X)
— Re(m®, ¢) r2(x) — 2Re/ s|®[*(®, ¢) dvol,,
X

as asserted in ((1.9)).
Before proceeding further, it is convenient to define, for p € (1,00) and dual exponent p’ €
(1,00) determined by 1/p+ 1/p’ = 1, the reflexive Banach space of pairs and its dual space,

(3.2) X:=WP(X;A' ©@adP @ E) and X =W, "7 (X;A'®adP @ E).

The expression ((1.9)) defines the gradient as a map, &’'(A, ®) : X — X*, where &'(A, ®)(a, ¢) € X*
acts on (b, ) € X by L? inner product. For the Hessian map, &”(A, ®) : X — X*, we make the

Claim 3.2 (Hessian of the boson coupled Yang-Mills L? energy functional). For each (a,¢) € X,
we have the formal expression,

E"(A, ®)(a,¢) = didaa+ ViVad+ Faxa+ Vi(o(a)®)+® x Vae
(3.3) —p(a)"Va® + V4P x ¢+ 0(a)® x &
= (m + 25|0*)¢ — 45(®, ),
where &"(A, ®)(a, ) € X* acts on (b, ) € X by L? inner product.

Proof. Let (a;, ¢;) € X, fori = 1,2. We compute the terms in (&”(A + tag, ® + to2), (a1, ¢1))L2(X)
that are linear in ¢ using the expression ((1.9) for the gradient. First,

2
(FAttags AAt+ta301) 12(x) = (FA + tdaas + g[az, as), daar + tlaz, al])
L2(X)

= (Fa,daa1)2(x) + t(Fa, [a2, a1]) 12 (x)
+ t(daag, daar) r2(x) + O(?).
Second,
(Vattay (@ +162), Vattay 1) L2(x)
= ((Va +to(a2))(® + tg2), Vadr + to(az) 1) 2 x)
= (Va®,Vad1)r2x) +t(Vage, Vadi)rz(x) + tolaz2)®, Vadi)rz(x)
+t(Va®, o(az)d1)r2(x) + o(t?).
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Third,

(V Attas (@ + th2), 0(a1)(® + th2)) r2(x)

= ((Va +to(a2))(® + t¢2) o(ar)(® +td2)) r2(x)

= (Va®, 0(a1)®) r2(x) + t(Vad2, 0(a1)®) r2(x) + t(o(a2)®, 0(a1)®) 2 (x)

+1(Va®, 0(a1)2) r2(x) + O(t?).
Fourth,
(m(® +t92), 1) r2(x) = (MP, 1) 12(x) + (M2, d1)12(x)-

Fifth,

/5|¢+t¢2‘2<@+t¢27¢1>d‘7019:/ s (12 + 2t Re(®, ¢a) + t%[a|*) (B + tea, 1) d vol,,
X X
:/ s|®%(®, ¢1) dvol,,
X
+t/X (s|@[*(p2, ¢1) + 25 Re(D, o) (D, $1)) dvoly +O(t?).

By subtracting (6" (A, ®)(as, ¢2), (a1, ¢1))r2(x), collecting all the first-order terms in ¢, and re-
versing the roles of (a1, ¢1) and (ag, ¢2), we see that

(6"(A, ®)(a1, ¢1), (a2, 62)) 12 (x) = (daar, daaz) p2(x) + 2(Fa, [a1, a2]) r2(x)
+Re(Vad1, Vada)2x)
+Re ((p(a1)®, Vad2) r2(x) + (p(az)®, Vadi) r2(x))
+Re(Va®, pa1)g2 + plaz)d1) 2 (x)
+ Re(p(a1)®, p(az)®)r2(x)
— Re/X ((m + 25|® %) (1, p2) + 45(P, $1)(D, ¢2)) dvoly,

By now viewing &” (a1, ¢1) as an element of X*, we obtain the expression . U

We shall need to compare &” (A, ®) with the L? self-adjoint elliptic operator,
(34) Mag: WiP(X;A' @ adP @ E) — W7 (X;A' © adP @ E),

(a,¢) = dydaa+daedy o(a, ) + ViVag,
in order to prove that &”(A, ®) is Fredholm with index zero upon restriction to
(3.5) 2 = Ker (dj‘m WP (XA @ adP @ E) — LP(X; adp)) .
We recall from that
dapf = (A, —£0), VEE C™(X;adP),
with L2-adjoint,
&y g(a,¢) = dia — (,-®)*, V(a,¢) € C°(A' ®adP @ F),
for every (a,¢) € C°(A! ® adP @ E), where the section (¢, -®)* of adP is defined by
(@), ) 2(x) = (6,6P) 12(x), V& € C(X;adP).
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According to Lemma the operator,
Ao WiP(X;A @ adP & E) — LP(X;adP),

is bounded when (A, ®) is a W4 pair with ¢ > d/2 and p obeys d/2 < p < ¢; therefore 2 in
(3.5) is a Banach space as a closed subspace of the Banach space X = le’lp (X;A'®adP @ E).

Remark 3.3 (Alternative choice of Laplace operator for comparison with the Hessian). We could
alternatively compare &”(A, ®) with the simpler L? self-adjoint elliptic operator,

(3.6) Ma:WAP(X;A' @ adP @ E) —» W, ' (X; A @ adP @ E),
(a, @) — dydaa+ Vi3V a0,

upon restriction to the alternative closed subspace of X given by
(3.7) Ker (d*A L WEP(X; A @ adP) — LP(X; adP)> & W (X; E).
However, it is more natural to restrict to a slice that is appropriate for the quotient space of pairs.

Consequently, when (a,¢) € Kerd 4, the expressions (3.3) and (3.6) yield, after formally
expanding V¥ (0(a)®) = Vaa x @ +a x V4P +a x P,

(38) &"(A,®)(a,¢) — Maa(a,¢) = Faxa+Vaax ®+axVad+®xVap
+0(a)® + V4P x ¢ + 0(a)® x
— (m 4+ 25|®|?)¢ — 45(D, ) D.

To determine the Fredholm property and index of &” (A, ®), we shall need the following analogue
of Proposition and whose proof is virtually identical.

Proposition 3.4 (Fredholm property and index of a Laplace operator). Let (X, g) be a closed,
Riemannian, smooth manifold of dimension d > 2, and G be a compact Lie group, P be a smooth
principal G-bundle over X, and E = P x,[E be a smooth Hermitian vector bundle over X defined
by a finite-dimensional unitary representation, o : G — Autc(E), and Ay is a C* reference
connection on P. If (A, ®) is a W4 pair on (P, E) with d/2 < q¢ < o0 and 2 < p < 0o and
d/2 < p < gq, then the operator My o in 1s Fredholm with index zero.

Let 1ty : & C X denote the continuous embedding, where X is as in and £ is as in
. We now apply Proposition to prove the Fredholm property and compute the index of
the Hessian, 150 8" (A, ®)ory : 2 — 27, where the continuous operator ¢%- : X* C 27 is the
adjoint of the continuous embedding.

Proposition 3.5 (Fredholm property and index of the restriction of the Hessian of the energy
functional to a Coulomb-gauge slice). Let (X, g) be a closed, Riemannian, smooth manifold of
dimension d > 2, and G be a compact Lie group, P be a smooth principal G-bundle over X, and
E = P x,E be a smooth Hermitian vector bundle over X defined by a finite-dimensional unitary
representation, ¢ : G — Autc(E), and Ay is a C* reference connection on P, and m,s € C*(X).
If (A, ®) is a WY pair on (P,E) with d/2 < q < 00 and 2 < p < oo and d/2 < p < q and one
of the following holds,

d > 6, or

3<d<5andq>2d/(d—2), or

d=2andp>2 and q > 2,

then v 0 8" (Ase, Poc) 0ty + X' — X is Fredholm with index zero.
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Proof. The Laplace operator My ¢ in (3.4) is Fredholm of index zero by Proposition Since
Ker(Mag: & — 27) CKer(Mag : X = X7),

the kernel of 1% o M4 ¢ oty is finite-dimensional. Also, M4 : X — X* has closed range, so
vy oMagory : Z — 2 has closed range too. Observe that

(gpoMppory) =vpoMygpoity : X — 27,

so it remains to show that 2" is reflexive. But 2~ C X is a closed subspace of a reflexive Banach
space and so .2 is reflexive by [42] Theorem 1.11.16] and

(poMagory) =ty oMypory : X — 2

is a symmetric operator, where we use the canonical isometric isomorphisms X** = X and 27" =
2. Hence, [19, Lemma 2.3] implies that t%)- o Mag oty : Z — Z* is Fredholm with index
zero. Our goal is to prove that the operator,

(3.9) Uy o (8"(A, @) — Mag)oty : X — 2.

is compact. The argument is similar to the proof in the case of the corresponding result for the
pure Yang-Mills L? energy functional [13, Chapter 7, Claim 21.11].
By [3, Theorem 6.3], we have a compact embedding W'? € L"(X) when

(1) 1<p<dand 1<r<p*:=dp/(d—p),or

(2) p=dand 1 <r < oo, or

(3) d <p<ooand1<r<oo — wechoose r < oo to appeal to (L"(X))* = L" (X) (which
fails when r = 00).

In each case, we obtain a compact embedding L" (X) € W1 (X) by duality and density of
WhP(X) C L"(X), where 1/r + 1/r' = 1. We make the

Claim 3.6 (Boundedness of the difference between the Hessian and the Laplacian). If r is chosen
as in the preceding paragraph, then the following operator is bounded:

(3.10) E"(A, @) — Mo : WP (X;A' @ adP & E) — L (X;A' @ adP & E).

Proof of Claim[3.6. We shall compute L (X) bounds for each of the nonlinear terms appearing
in the expression (3.8]) for (&”(A, ®) — M4 a)(a,$). For each term, we consider the cases p < d,
p=d, and p > d separately.

Step 1 (L"'(X) estimates for F4 x a and V4® x a). We claim that

(3.11) 1Fa > allpr x) < 2l Fallaco lally o x),

(312 190 x all ey < 5 (14 ot ) B@lhwgsco ol
where z = 2(g,p) € [1,00).
Case 1 (p < d). We choose r = p*. In order to have a continuous multiplication map, LI(X) x
L (X) — L (X), we require that the following inequality holds,
1/g+1/p"<1/r=1-1/r=1-1/p",
that is, 1/¢+ 2/p* <1 or
1/qg+2(d —p)/(dp) < 1.
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We need to verify which ranges of p,q are allowed by the preceding inequality. By hypothesis,
we have ¢ > p, and so for the worst case for ¢, namely ¢ = p, we must have

1/p +2(d — p)/(dp) = (3d — 2p)/(dp) <1,
or equivalently, 3d — 2p < dp or p > (d + 2)/(3d). But d/2 > (d + 2)/(3d) for all d > 2 and
because p > d/2 by hypothesis, the condition p > (d 4+ 2)/(3d) is obeyed also. Thus,

[ Fla x a”LT'(X) < ZHFAHLQ(X)HG’HLP*(X) < Z|’FA\|LQ(X)\|G||W/}‘7117(X),
which yields (3.11)) for all d > 2.

Case 2 (p = d). We can choose r € [1,00) arbitrarily large in the continuous Sobolev embedding
WHP(X) C L"(X) and so obtain 7/ > 1 arbitrarily small. We replace the role of p* in the case
p < d by a constant s € [1,00) that can be arbitrarily large and employ a continuous multiplication
map, LX) x L*(X) — LT'(X ), and so we require that the following inequality holds,

1/g+1/s<1/r'=1-1/r,

that is, 1/g+1/r +1/s < 1. But for any ¢ > 1 (which we assume by hypothesis), we can choose
r and s large enough that the preceding inequality holds. Thus,

15 % all ) < #1Fallzagollallzeco) < 21 Fallzaclalhyte

which again yields for all d > 2.

Case 3 (p > d). The argument for the case p = d also yields for all d > 2.
An argument identical to that for gives

IVA® x all o xy < zHVA‘I’HLQ(X)HGHWQIP(X)‘

Writing A = A; + a1, where a1 € Wj"lq(X; AM® adP) and noting that
IVa®|[rax) < IV, @l rax) + [lo(a1) @ pacx),

and
le(@)@lzax) < 2llar a0 1@l z2acx) < 2llatlly g 1@l

where the last inequality follows from the continuous Sobolev embedding, W4(X) C L?(X),
valid for any ¢ > d/2 (which we assume by hypothesis), now yields (3.12)).

Step 2 (L™ (X) estimates for ® x V¢ and ® x V 4¢). We claim that

(3.1 19 % Va0l < = (14 Hanly o) ) Bollugeco ol
(3.19) 1% Vaall < 2 (14 gy ) Dol ol
(3.15) 1 x 0l ) < 2Ny Balzvco

where z = z(g,p) € [1,00).

Case 1 (p < d). We choose r = p*. For q < d, we shall use a continuous multiplication map,
L9 (X)x LP(X) — L' (X), where ¢* := dg/(d—q). Thus, we require that the following inequality
holds,

1/¢*+1/p=(d—q)/(dg) +1/p<1/r' =1—-1/r=1-1/p* =1—(d—p)/(dp),
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that is,
(d—q)/(dg) +1/p+ (d—p)/(dp) < 1.
In the worst case for ¢ we have ¢ = p, so p must obey
1/p+2(d —p)/(dp) = (3d — 2p)/(dp) <1,
giving the same condition on p as in the case p < d of the proof of (3.11). By virtue of the

continuous multiplication map, L9 (X) x LP(X) — L™ (X), and continuous Sobolev embeddings,
Whi(X) c LY (X) and W'P(X) € L?(X), and writing A = A; + a1, we obtain

[® x VA¢HU’(X) < ZH‘I’||LC1*(X)||VA¢HLP(X)
< 2@l axy (1ol 16llzcx) + 174 6lnx)

< ZHCI)HWXI‘I(X) <Ha1HWA»IP(X)‘WHW;}P(X) + HVA1¢”LP(X))

which gives (3.13)) for this case.
For ¢ = d, we replace the role of ¢* in the argument for ¢ < d by a constant s € [1,00) which

is large enough that the following inequality holds,

1/s+1/p < 1/r' =1~ (d—p)/(dp),
that is,
1/s+1/p+(d—p)/(dp)=1/s+2/p—1/d < 1.
Thus a choice of s is possible when p > d/2, which we assume by hypothesis. Indeed, in the
worst case p = d/2, any s € [l,00) is valid. By using the continuous multiplication map,
L*(X) x LP(X) — L"'(X), and continuous Sobolev embedding, W4(X) c L*(X), we obtain
for this case.

For ¢ > d, the argument for the case ¢ = d also applies to give (3.13)).

Case 2 (p = d). In the worst case for ¢ we have ¢ = p = d, so we choose r, s € [1,00) arbitrarily
large (and thus 7’ > 1 arbitrarily small) so the following inequality holds,

1/s+1/p=1/s+1/d<1/r.
Thus choices of 7, s are possible when p > 1, which holds since p = d > 2 for this case. Applying

the continuous multiplication map, L*(X)x LP(X) — L™ (X), and continuous Sobolev embedding,
Whi(X) c L¥(X), we obtain

18 X Vadll x) < 2l @llLe o) IVadllzot) < 2l1@llyyrax) IV adlle),
and now follows from the preceding inequality just as in the case p < d.
Case 3 (p > d). The argument for the case p = d also yields for all d > 2.
An argument identical to that for also gives and .
Step 3 (L™ (X) estimate for m¢). We have
Il < lmlloeo 16l o

and because ' < p by construction in each of the three cases p < d, and p = d, and p > d, we
obtain

(3.16) Iméll ) < Zllmlloco Il

as desired.
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Step 4 (L"'(X) estimates for ® x ® x a and ® x ® x ¢). We claim that

2
(3.17) 1950 % aly ) < A0 10 o
2

where z = z(g,p) € [1,00).

Case 1 (p < d). We choose r = p* = dp/(d — p) and, to obtain a continuous multiplication map,
L?1(X) x LP"(X) — L"' (X), we require that the following inequality holds,
2/q+1/p" =2/q+(d—p)/(dp) <1/r'=1-1/r=1-1/p" =1—(d—p)/(dp),
that is,
2/q+2(d —p)/(dp) < 1.
In the worst case for ¢ we have ¢ = p, giving
2/p+2(d — p)/(dp) = (4d — 2p)/(dp) < 1,

that is, 4d — 2p < dp or p > 4d/(d + 2). By hypothesis, p > d/2, and we observe that d/2 >
4d/(d + 2) if and only if d + 2 > 8, that is, d > 6.

Using the continuous multiplication map, L2¢(X) x L’" (X) — L (X), and continuous Sobolev
embeddings, W4(X) c L?4(X) and W'P(X) C LP" (X), we obtain

1 5 © X 8l ) < 21161 2o (x) < 2@ Il
1

giving (3.18) for d > 6.
For 2 < d < 5, we observe that the worst case for p is p = d/2, so we make that choice and
select ¢ large enough that the following inequality holds,

2/q +2(d - p)/(dp) = 2/q + d/(d*/2) = 2/q +2/d <1,
or2/q<1-2/d=(d—2)/d. If d > 2, then we select ¢ large enough that ¢ > 2d/(d — 2) and
observe that the argument for d > 6 applies to give (3.18]). If d = 2, then we use our hypothesis
that p > 1 in this case and select ¢ large enough that the following inequality holds,

2/q+2(d—p)/(dp) =2/q+ (2—-p)/p <1,
or2/g<1—2-p)/p=2(p—1)/porq>p/(p—1) =p and again observe that the argument
for d > 6 applies to give (3.18)).

Case 2 (p = d). We replace the role of p* in the argument for p < d by a constant s € [1,00)
and use a continuous multiplication map, L2(X) x L*(X) — L" (X), where we choose s and
r € [1,00) large enough and ' > 1 small enough that

2/q+1/s < 1/r.

In the worst case for ¢ we have ¢ = p = d and for d > 3, we see that choices of r, s are possible.
Applying the continuous Sobolev embeddings, W4(X) C L?9(X) and WP(X) C L¥(X), we see
that

[ % ® X all o) < 20z e < A0 0l
1

which gives (3.18]). For d = 2, we require that ¢ > 2 in our hypotheses and observe that choices
of r, s are again possible and proceed exactly as when d > 3 to obtain (3.18)).

Case 3 (p > d). The argument for the case p = d also yields (3.18) for all d > 2.
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An argument identical to that for (3.18]) also gives (3.17).

This completes the proof of Claim noting that ||m||c(x) and ||s||¢(x) are finite by hypoth-
esis. O

Because the embedding,
L"(X;A' @adP @ E) € W, (X; A © adP @ E),

is compact by [3l Theorem 6.3] (for 1 < p < 00) and 7 chosen as in our appeal to the Rellich-
Kondrachov Theorem for each case of p prior to the statement of Claim then the composition
of a compact and a bounded operator,

(3.19) E"(A,®) — Mag : WiP(X; Al @ adP @ E) — W7 (X;A' @ adP @ E),

is a compact operator by Claim and [7, Proposition 6.3]. Therefore, the operator is
compact as the composition of a compact and a bounded operator and by once again applying
[7, Proposition 6.3].

Since 1% 0 (A, ®) o1y : X — Z* is a compact perturbation of a Fredholm operator with
index zero, namely (% o & (A, ®) o1y : 2 — 2, then [3I, Corollary 19.1.8] implies that
vy o8 (A, @)ooy : ' — Z* is Fredholm with index zero. O

By imposing the stronger W24 regularity hypothesis on (A, ®), we obtain the simpler

Corollary 3.7 (Fredholm property and index of the restriction of the Hessian of the energy
functional to a Coulomb-gauge slice). Let (X, g) be a closed, Riemannian, smooth manifold of
dimension d > 2, and G be a compact Lie group, P be a smooth principal G-bundle over X, and
E = P x,E be a smooth Hermitian vector bundle over X defined by a finite-dimensional unitary
representation, o : G — Autc(E), and Ay is a C™ reference connection on P. If (A, ®) is a W24
pair on (P, E) with d/2 < ¢ < oo and 2 < p < oo and d/2 < p < gq, then 1%y 0 " (Ao, Pos) 0 Ly :
X — A is Fredholm with index zero.

Proof. The only bounds arising in the proof of the proof of Claim [3.6] that require additional
conditions on ¢ when (A, ®) is only assumed to be W1 are (3.18)) and (3.17) in the cases p < d
and p=d = 2.

For p < d, we again choose r = p* = dp/(d — p) but now simply require that s € [1,00) be large
enough that we have a continuous Sobolev multiplication map, L$(X) x L"(X) — L (X), that
is, the following inequality holds,

2fs+1/p" =2/s+ (d—p)/(dp) <1/’ =1—1/r =1—1/p" =1 - (d - p)/(dp).

or equivalently,

2/s+2(d—p)/(dp) < 1.
We can choose s = oo and then observe that 2(d — p)/(dp) < 1 if and only if 2(d — p) < dp
or p(d+2) > 2d or p > 2d/(d + 2), which is assured by our hypothesis that p > d/2 since
d/2 > 2d/(d+ 2) for all d > 2. Thus,

1€ % @ x all 1 () < 2 @17 )l Lo )
and applying the continuous Sobolev embeddings, W29(X) ¢ L>®(X) and WhP(X) C LP" (X),
we obtain

(3:20) 1@ x @ < all L x) < ZH(I’HIQ/VM

3 (X)HaHWXf(Xy

giving the desired replacement for (3.18)).
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For the case p = d, we may choose r € [1,00) arbitrarily large and r’ > 1 arbitrarily small and
s € [1,00] so that
2/s+1/r<1/r=1-1/r.
Indeed, we can select s = oo and thus we require 2/r < 1, that is, » > 2. We now apply the

continuous Sobolev multiplication map, L?(X) x L"(X) — L (X), and proceed as in the case
p < d to obtain (3.20). An identical argument yields

2
(3.21) [ X @ xal g,y < ZH‘I’||W§5<X)||a”Wj;f(X)'

This completes the proof of Claim in the case where (A, ®) is W29 and under the updated
hypotheses on p,q. The remainder of the proof of Proposition applies without change to
complete the proof of Corollary O

Before proceeding to the proof of Theorem [5, we shall need the elementary

Lemma 3.8 (Estimate for the action of a W2 gauge transformation intertwining two W14 pairs).
Let (X,g) be a closed, Riemannian, smooth manifold of dimension d > 2, and G be a compact
Lie group, P be a smooth principal G-bundle over X, and E = P x,E be a smooth Hermitian
vector bundle over X defined by a finite-dimensional unitary representation, o : G — Autc(E),
and Ay is a C* reference connection on P, ¢ > d/2 and p obeys d/2 < p < q, then there is a
constant C = C(g,p) € [1,00) with the following significance. If (A, ®) and (A',®') are Wl
pairs on (P, E) and u € Aut>(P), then

|lu(A, @) — u(A, CI)/)HW};f(X) <C <1 + ”U’ij(x)> (A, @) — (A',cI)’)HWj‘f(X),

(A, ®) — (A, (I)/)ijf(X) <C (1 + ||“|W§’f(x)> [u(A, @) — u(A/,<1>’)||Wj;f(X).

Proof. Writea := A—A’ € Wj"lq(X; A'®adP) and recall that u(A)—A; = v (A—ADu+u"tda,u
by (2.27) and similarly for A’ so
uw(A) —uw(A)=u 1 (A-A)u—uv A - ADu=uA-A)u=u"tau
and thus,
u(A, ®) —u(A',®) = (v au, u(® — &)).
Therefore,
Va, (u(A—A)) = —u ' (Vayu)ulau + 0™ (Va,a)u+ua(Va,u).

By taking LP norms and using the pointwise bound |u| < 1, the Sobolev embedding W1?(X) C
L?P(X) (valid for p > d/2), and the Kato Inequality [22, Equation (6.20)], we obtain

IV a4, (w(A = ANl zex) < 2V ayull 2rxy lall ov ) + 1V Ay all o (x)
< CHVA1uHWj‘71P(X)”A - A/Hwivlp(x) + HvAlaHLP(X)-
Similarly, V4, (u(® — @) = (Va,u)(® — ') + u(Va, (P — ?')) and
IV, (w(® = N lrrx) < [Varullzzex) 12 — @'l z2rx) + 1V, (2 = @)l Lo (x)
<19 a0 19— ¥ gy + 190, — )

By combining the preceding estimates, we obtain the first inequality; the second inequality is
proved by a symmetric argument. O
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We can now proceed to the

Proof of Theorem [5 We first consider the simpler case where the pair (A, ®) is in Coulomb gauge
relative to the critical point (Ao, Poo) and then consider the general case

Case 1 ((A, ®) in Coulomb gauge relative to (As, Poo)). By hypothesis, (Ao, Poo) is a W4 pair
that is a critical point for the functional & in . By the regularity Theorem there exists a
W24 gauge transformation s such that e (Ase, Poo) is a C pair. In particular, e (Aso, Poo)
is a W24 pair and us (A, ®) is in Coulomb gauge relative to too (Ao, Poo). Following (3-5), we
define the Banach space,

2 = Ker <d* Aoyt WAP(X: A @ adP & E) — LP(X; adP)) ,

Uoo

and Hilbert space,

H = L*(X;\' ®adP @ E),
with continuous embedding, 2~ C J¢, and recall that X = Wj"lp(X; AM®@adP@E) by (3.2). Note
that 4d/(d+4) > d/2 for d = 2,3 and 4d/(d+4) < d/2 for d > 4, so Proposition [3.1] implies that

the functional
Eyr =8oiy : X - R

is analytic, where t - : 2~ C X denotes the continuous embedding and, setting oo := Ueo (Ao, Poo),
Corollary implies that the Hessian operator,

Ey (o) =19 0801y : X — X
is Fredholm with index zero. Hence, Theorem [1] implies that there exist constants Z’ € [1,00)

and ¢’ € (0,1] and 0 € [1/2,1) (depending on (A1, ®1), and us(Aso, Po), and g, G, p, P) such
that if

(3.22) [|thoo (A, @) — oo (Aoo, (I)OO)HWj;I"(X) <,
then
(3.23) |6 (00 (A, D)) = & (Uoo(Aoe, Poo))|” < Z'[|6" (1o (A, ®))|

Wi (X0
By Lemma [3.8] there exists C1 = C1(41, g, p, o) = C1(A1, Aso, Poo, 9,p) € [1,00) so that
[[t00 (A, @) — oo (Aso, (I)OO)HW}{P(X) < C1l[(A, @) — (A, (I)OO)HWXP(X)'
1 1

More explicitly, Lemma gives C1 = C(1 + [|ucc|lyy2 x), where C' = C(g,p) € [1,00). There-
Al

fore, setting o := C| Lo/, we see that if (A, @) obeys the Lojasiewicz-Simon neighborhood condi-

tion ([1.15)), namely

(4,2) = (Ao o)y ) <
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then (3.22) holds and thus also (3.23). Moreover,

H(ga/(uOO(Av q)))HW;LP'(X)
= sup {16/ (A, 0 s 0. )] sy, < 1

= sup {|5/(A7(I))(a, D) ¢ Juso(a, qS)HWj‘,lp(X) < 1} (by gauge invariance)

IN

sup {1674, )@, )] 5 7 (@ Dy < 1) (O Lomma B
= Cngl(/L ¢)HW‘21,P,

17 (x)°

Substituting the preceding inequality into (3.23]) yields
|E(A, @) — E(Aoo; Poo)|? = | (ttoo (A, @) — & (too (Ao, Poo))|?  (by gauge invariance)
!/ /
< 216 el A By vy (b )

< Z'Cy||&€ (A, @)HW,LPI(X),
Ay

that is, the Lojasiewicz-Simon gradient inequality ([1.16]) holds for the pairs (A, ®) and (A, Poo)
with constants (Z,0,0), where Z := C1Z'.

Case 2 ((A, ®) not in Coulomb gauge relative to (Aso, Poo)). Let ¢ = ((A1, Ao, Poo, 9, G, p,q) €
(0,1] and N = N(A1, A, Po, 9, G, p, q) € [1,00) denote the constants in Theorem 3| and choose
¢1 € (0,¢] small enough that 2N(; < o1, where we now use o; to denote the Lojasiewicz-Simon
constant from Case |1} If (A, ®) obeys

104, @) = (Ao, Poo)lliy1e(x) < C1s

then Theorem [3| provides u € Aut??(P), depending on the pair (A, ®), such that

djloo,(boo (U(Aa (I)) - (AOOv (I)OO)) =0,
HU(A’ (I)) - (Aooa q>oo)||wif’(x) <2N@G <o
By applying Case [1| to the pairs u(A, ?) and (A, Pso), We obtain

6 (u(A, ) ~ 8(Ase, @o0)|” < CLZE (A, )1
Aq
Estimating as in Case [I| with u replacing u, we see that

/!
167 (A, )y -1t

1

< CQH@("/(A,‘I)

(X) )HWXILP,(X),

where Cy = C(1 + Hu||W2,p(X)) and C = C(g,p) € [1,00). According to Lemma [2.20, we have
Ap

||u||wf‘vlp(x) < (s,
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where C3 = C3(Ax, Po, A1,9,G,p,q) € [1,00). By combining the preceding inequalities, we
obtain

|E(A, @) — E(As, Poo)|? = |E(u(A, @) — E(Ano, Poo)|’  (by gauge invariance)

< C’lZ/Hg/(u(Aa (I)))HW;LP/(X)
1

<CiC(1+C3)Z'||& (A, (I))ngl*p'(x)’
1

and hence we obtain the Lojasiewicz-Simon gradient inequality (1.16)) with constants (7,0, 0),
where we now choose Z = C1C(1+ C5)Z" and o = (;.

This completes the proof of Theorem O

3.2. Lojasiewicz-Simon gradient inequality for fermion coupled Yang-Mills energy
functional. We assume the notation and conventions of Section[I.3.T]and, given a C'*° connection
Aj on P and p € (1,00), define a Banach space and its dual by

Y = W,P(X;A' ® adP) & W, P(X; W ® E),
V=W, P (XA @ adP) @ W (X; W @ E),
by analogy with Section and where we fix a smooth reference pair (A, U1). Recall that with
respect to the reference connection A; on P, any other WP connection A on P may be expressed

as A= Aj +a, where a € Wi’lp(X; A' ® adP) with (a, ¥) € 9). By analogy with Proposition
we establish the

Proposition 3.9 (Analyticity of the fermion coupled Yang-Mills L2-energy functional). Let
(X, g) be a closed, Riemannian, smooth manifold of dimension d > 2, and (p, W) be a spin® structure
on X, and G be a compact Lie group, P be a smooth principal G-bundle over X, and E = P x,E
be a smooth Hermitian vector bundle over X defined by a finite-dimensional unitary representa-
tion, 0 : G — Autc(E), and Ay be a smooth reference connection on P, and m € C*(X). If
4d/(d+4) < p < oo, then the functional (L.7),

T /"P(P) x WiP(X;W @ E) - R,
s real analytic.

Proof. We prove analyticity at a point (A, ¥) and write A = Ay+aq, where a € le’lq(X; Al®adP).
For any (a,v) € %), we have

Fpyo=Fa, +da (a1 +a) + %[al +a,a; + a,
Data(¥ +¢) = Da, (VY + ) + plar + a) (¥ + ).
By definition of the fermion coupled Yang-Mills L%-energy functional, we obtain
2F(A+a,V +¢) =T + 1o+ Ts,
where the curvature term,

Ty = (Fatas Fata) 12(x)>
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has the same expansion as the corresponding term 7T; in Proposition for the boson coupled
Yang-Mills L?-energy functional, while

Th = (V, DA, V) 2(x) + (¥, Day) 2 (xy + (¥, Day W) p2(x) + (¥, Day¥) 2 (x)
+ (U, plar + a)¥) o (xy + (¥, plar + a)) p2(xy + (¥, plar + @) ¥) p2(x)
+ (¥, plar + a)¥) 12 (x),
and thus,
To = (¥, DA, V) r2(x) + 2Re(¥, Da, ) r2(x) + (¥, Day ) 2 (x)
+ (¥, plar + a)¥) 2 (x) + 2Re(¥, p(ar + a)¥) r2(x) + (¥, plar + a)¥) p2(x),

T = /X m (U + (U, ) + (¢, U) + [¢[*) dvoly.
The terms in the expression for the difference,
2F (A+a, ¥ +1) —2F7 (A, W) =T, + T4y + T},
are organized in such a way that
T := (Fata, Fata)r2(x) — (Fa, Fa)r2x)

has the same expansion as the corresponding term 77 for the boson coupled Yang-Mills L2-energy
functional in the proof of Proposition [3.9 and the remaining terms are given by

Ty = 2 Re(V, DAN/})LQ(X) + (¢, DAHD)L?(X)
+2Re(¥, p(ar + a)¥)r2(x) + (¥, plar + a)¥) L2(x),

Ty = /Xm (2Re(T, ¥) + [¢]?) dvoly.

The proof of analyticity of .# at (A, ¥) now follows by adapting mutatis mutandis the arguments
used to prove Proposition [3.1 O

We can now verify the formula (1.11]) for the gradient .#'(A, ¥) by extracting the terms that
are linear in (a, ) from the expressions for
T| = 2(Fa, daa)r2(xy + (daa,daa) 2 x)
and T3 and Ty arising in the proof of Proposition to give

(y/(A7 lll)a (aa ¢))L2(X)
" 1
= (d4Fa,a)r2(x) + Re(DaV¥ — mW, ¥) 2 x) + 5(‘I’7P(a)‘I’)L2(X)a V(a,9) €9,
as asserted in ((1.11]).

Remark 3.10 (Pointwise self-adjointness and reality). The fact that the term (¥, p(a)¥) appearing
in is real could be inferred indirectly by noting the origin of this term and the fact that
the Dirac operator, Dy, is self-adjoint. To see directly that (¥, p(a)¥) is real, recall that Clifford
multiplication is skew-Hermitian, so ¢(a)* = —c(a) € Endc(W) for all a € Q1(X) (for example,
see [27, p. 49]) while if £ € g, then 0.(§)* = —0«(&) since we assume that Lie structure group,
G, of P acts on the complex, finite-dimensional vector space E via a unitary representation,
0: G — Endc(E), and ¢, : g — Endc(E) is the induced representation of the Lie algebra, g.
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Hence, given a ® £ € C®°(T*X ® adP) = Q!(X;adP) and recalling that E = P x, E, then
pla €)= () @ 0,(€) € Ende(W © E) obeys

pla®§€)” = c(a)" @ ex(§)" = c(@) @ 0:(§) = pla @ ).
In particular, p(a) € Endc(W ® E) satisfies p(a)* = p(a) for all a € Q}(X;adP).

We now compute the Hessian .#" at a pair (4, ¥) € &/19(P) x Wi’lq(X; W ® E). The gradient
F'(A,¥) € P* in (1.11) may be written as

1 1
(3.24) F'(A, ) = d*Fa + 5 (Da=m)¥ - + - (D —m)¥) + 5;fl(\lf ® U*),

with the understanding that the terms comprising this expression for .#'(A, V) act on elements
(a,7) € Q) via the L?-pairing by writing

1

Re(DaAW —mW¥, ) r2x) = 3 (DA —m)W, ) 12(x) + (¥, (Da —m)¥) 12(x)) »
1 1 1
5(‘15 p(a)¥)2(x) = 5(‘1’ ® V%, pla))r2(x) = §(P71(‘1’ ® U*), a)r2(x)-

By virtue of (3.24]) we may view the Hessian of .% at (A, ¥) as a bounded linear map .#" (A, V) :
2 — *. Taking the derivative of the gradient .#'(A, ¥) in (3.24) with respect to (A, ¥) in the
direction (a, ) yields

(325) (A, W)(a, ) = dydaa+ 3 (Datb- + - Da) — 5 (- + -m)

F@AYFat g (pla) ¥+ pla)¥) + 5o (Pe v + o w)

The differential d g : Q°(X;adP) — QY X;adP) @ C®°(X; W ® E) is defined just as in (2.60)
except that we replace £ by W ® E. We set

Y =9 N Ker {d*Aﬂ, WP (XA @ adP) @ WP (X; W B) — LP(X; adp)} .

Let 1y : % — Q) denote the continuous embedding, with adjoint ¢j, : P* — #™. By analogy
with Corollary for the boson coupled Yang-Mills L2-energy functional, we have

Proposition 3.11 (Fredholm and index zero properties for the Hessian of the fermion coupled
Yang-Mills L2-energy functional). Let (X, g) be a closed, Riemannian, smooth manifold of dimen-
sion d > 2, and (p, W) be a spin® structure on X, and G be a compact Lie group, P be a smooth
principal G-bundle over X, and E = P x,[E be a smooth Hermitian vector bundle over X defined
by a finite-dimensional unitary representation, o : G — Autc(E), and Ay is a C* reference
connection on P, and m € C®(X). If (A, W) is a W29 pair on (P,W ® E) with d/2 < q¢ < oo
and2 < p < oo and d/2 < p < q, then vy o F"(A, ®)owy : % — ¥ is Fredholm with index zero.

Proof. We apply the argument used to prove Proposition and Corollary but we now
compare %" (A, ¥) in (3.25)) with the bounded symmetric operator,

1
My = (dada+dawdyg) © 5(-Da- + - Da): D =7,

where, for all (a,1)), (b,9) € ¥,

1

5('DA -+ - Da)(a, ) (0,0) := 5 ((Dav, D) r2(x) + (9, Da) 12(x)) -

DN |
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The proof that the operator
Ly © (ﬁ"(A,\I/) —MA,\II) oLy W — W*

is compact follows mutatis mutandis the proof in Proposition and Corollary [3.7] of the corre-
sponding fact for the boson coupled Yang-Mills L?-energy functional. 0

Proof of Theorem[7. The argument applies mutatis mutandis the corresponding steps used to
prove Theorem |5 replacing the Banach space 2" by # and now choosing 7 := L?(X;A! ®
adP) @ L2(X; W @ E). O

APPENDIX A. EQUIVALENCE OF SOBOLEV NORMS DEFINED BY SOBOLEV AND SMOOTH
CONNECTIONS

Suppose that (X, g) is a closed, Riemannian, smooth manifold of dimension d > 2, and G is
a compact Lie group, and P is a smooth principal G-bundle over X. In standard references for
gauge theory [10, 22], it is generally assumed in the construction of Sobolev completions of spaces
such as Q/(X;adP) that one defines Sobolev norms using a covariant derivative V4 determined
by a connection A on P that is smooth or of class W*P for p > 1 and an integer k > 1 large
enough that kp > d or even kp > d. However, in this article, we often consider connections A
with more borderline regularity, for example of class W14 for ¢ > d/2, and in that situation, one
must exercise care in the definition of Sobolev spaces using such connections. Lemmas and
provide some guidance.

Lemma A.1 (Second-order Kato inequality and second-order Sobolev norms). Let (X, g) be a
closed, Riemannian, smooth manifold of dimension d > 2, and G be a Lie group, and P be a
smooth principal G-bundle over X, and V = P x,V be a smooth Riemannian vector bundle over
X defined by a finite-dimensional, orthogonal representation, o : G — Autgr(V). Then there exists
a constant C = C(g,q) € [1,00) with the following significance. If A is a W4 connection on P
with ¢ > d/2, then for allv € C*(X;V),

(A1) IWlle) < Cllvllyzacx
Proof. The first-order analogue of ((A.1]), namely,
||UHC(X) S HIHU|’W:1"1(X)7

when ¢ > d and k1 = k1(g) € [1,00) is the norm of the Sobolev embedding W14(X) C C(X), is

an immediate consequence of the pointwise first-order Kato inequality, |V|v|| < |V gv| from [22]

Inequality (6.20)], in turn a consequence of the compatibility of the fiber metric on V' with V 4.
We first note that, for f € C°°(X;R), the norm

I fllw2axy = IV? Fllzacy + IV Fllzacx) + 1 lzagx)

is equivalent (with respect to a constant depending at most on (g,q)) by virtue of [24, Theorem
9.11] to

[ fllwzacxy = IAfllzacxy + 1 fllax),

where A is the Laplace operator defined by the Riemannian metric ¢ on X. Now recall the
pointwise identity [22, Equation (6.18)],

Alv|* = 2(VHV 40, 0) — 2|V 0]
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Hence, letting ko = k2(g) € [1,00) denote the norm of the Sobolev embedding W24(X) c C(X),
vl1Ex) = Mol
< wa[[ollwzacx)
= rz (|| Ao + o1l zacx))
2 L9(X) La(X)
< w2 (2 lloeo [V vl acx) + 20V a0l + Iolloco lzacs) -

Recall that Wh4(X) C L?(X), for q < d, if and only if 2¢ < ¢* = dq/(d—q), that is, 2(d—q) < d
or ¢ > d/2; the embedding is immediate from [3| Theorem 4.12] when ¢ > d. Thus, applying the
first-order Kato Inequality and the preceding Sobolev embedding for functions,
o[l z2axy < k1 (V0] Lacxy + 10l Lacxy) < k1 (IVavllpax)y + [0llpex)) »

we obtain

% 2

||UH%(X) < K2 <2||U||C(X)HVAVAUHL‘I(X) + 27 (HV?LXUHL‘I(X) + HVAUHL‘Z(X))
+ ||v||C(X)HU||Lq(X)) .

We now use Young’s Inequality 2ab < ca? + 12
with a suitably small and universal € to give

from [24], Inequality (7.8)] and rearrangement

[ x) < C? (HVZVAUH%q(X) + Va0l Za(x) + 1V A0l Fa(x) + HUH%CI(X)> :
where C' = C(g,q) € [1,00). We simplify the right-hand side in the preceding inequality via

IVAVavlLex) < 2 (VA0 acx) + 1V a0l Lagx) + 0l Locx)) »
where z is a constant depending at most on the Riemannian metric on X. The desired Sobolev

inequality (A.1) now follows by taking square roots. O

Lemma A.2 (Equivalence of Sobolev norms defined by Sobolev and smooth connections). Let
(X,g) be a closed, Riemannian, smooth manifold of dimension d > 2, and G be a compact
Lie group, and P be a smooth principal G-bundle over X, , and V. = P x,V be a smooth
Riemannian vector bundle over X defined by a finite-dimensional, orthogonal representation,
0:G — Autr(V), and ¢ > d/2 and p obey d/2 < p < q. Let Ay be a C* connection on P, and
Ag be a Sobolev connection on P, and ag := Ag — A;.

1) There exists C = C(g,p) € [1,00) such that, if ag € whp X;A' @ adP), then
Ay

1<r<dp/(d—p) ifp<d,
€]z x) < CHﬁlegg(X), for $1<r<oo ifp=d,
r =00 if p>d,
for all £ € C*°(X;V); moreover, there exists C = C(A1,g,p) € [1,00) such that

1<r<dp/(d—2p) ifp<d/2,
1€l Lrx) < C\lfllwgf(x), for $1<r<oo ifp=4dj/2,
r =00 if p>d/2,

for all § € C>*(X; V).
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(2) If ay € T/le’lq(X;A1 ® adP), then there exists C = C(g,q) € [1,00) such that, for all
e Ce(X;V),

I€llcwn < Clélwzac:

(8) If ag € Wj"lp(X;Al ® adP), then there exists C = C(g,p, ||a0||Wi,1p(X)) € [1,00) so that
CH el ) < Il ) < Clellyyrny ¥E € CTXGV).
(4) If ag € I/le’lq(X;A1 ® adP), then there exists C = C(g,p,q, Hao“w};f(X)) € [1,00) so that
CHIE w200 < I€lwzace) < Clléllyza, V€€ CX(GV).
(5) If ap € I/le’lq(X;A1 ® adP), then there exists C = C(g,p,q, ||a0HW}\’f(X)) € [1,00) so that
ez, < Clelyary V€ € C¥(X: 1),
(6) If ap € Wi’lq(X;Al ® adP), then there exists C = C(g,p,q, ||a0HWj,1q(X)) € [1,00) so that

C M ellwzo0x, < I€hwzogey < Clélyaoy: Y€€ CX(GV),

Proof. Ttem is a well-known consequence of the Sobolev Embedding [3l Theorem 4.12] for
scalar functions and the Kato Inequality [22] Equation (6.20)] in the case of the embedding
WP(X) C L"(X). Item (2)restates the conclusion of Lemma

For Item (3), we use V4,& = V4, + [ao, €] and estimate

IV aéllrx) < NVallrx) + lllao, €lllr(x)
< lelhwo e, + #llaol g lEllzogn
< C(l —+ ”aOHWi’lp(X))”gHW}lg’(X)’
where we used the continuous Sobolev embedding WP (X) C L?(X) for p > d/2 and Item (T)) to
obtain the last inequality. Here, z = z(g) € [1,00)] and C € [1,00) has the stated dependencies.

The analogous estimate with the roles of Ay and A; reversed follows by a symmetric argument.
For Ttem , we first write

(A.2) V4, = VA€ + Vagao x €+ ag x V€ +ag x ag x €.
Taking L? norms of both sides of (A.2)), we see that
IV, EllLaxy < VAN Lax) + 1V 4000 X €l acx) + llao X Vagéllracx)
+ llao x ao x &llLa(x)s

and thus, for z = z(g) € [1, ),

(A3) VA, EllLacx) < VAl Lacx) + 2V agaoll o) 1€ llecx) + 2llaollzzaco IV ag€l p2acx)
+ zllaol|Z20 €l e x) -

By Item , we have

HVAOQOHL‘I(X) < ”aOHWX(;J(X) < CHCLOHWi’l‘I(X)a
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and by Item (1) and the fact that W19(X) C L?4(X) for ¢ > d/2, we obtain
HvAo£||L2q(X) < CHéHWz’q()Q'
0
Similarly, Item gives
l€lloc) < Clellyzay-
0
By substituting the preceding inequalities into (A.3]), we find that

Hg“wzqu(X) < CH{HW;’;(X)’

where C' € [1,00) has the stated dependencies. The analogous inequality with the roles of Ay and
Aq reversed follows by a symmetric argument.

For Item (f]), define r € [p,o0] by 1/p = 1/q + 1/r, recall that p = d/2 < g or d/2 < p < g,
interchange the roles of Ag and A; in , and take LP norms to give

IVaEllrx) < IVAElex) + Va0 X Ellrix) + llao X Va,€llo(x)
+ ”a() X ap X §HLp(X)
< IVA, &l ey + 211V aya0ll Lo x) 1€l ) + 2llaoll 2o [V 4, €l p2n ()
+ 2l|aol F2a €]l L (x)
< Hv?aanLp(X) + C”CLOHW};;’(X)Hé”Wi’f’(X) + C’||ag|]W/11,1p(X)HVA1§||WM(X)
2
+ Cllaolyagy [€woy

where z = 2(g) € [1,00) and, to obtain the last inequality, we use the continuous Sobolev
embeddings WP (X) C L?’(X) and W19(X) C L*(X) for d/2 < p < q and Item together
with the continuous Sobolev embedding W*P(X) C L"(X), for r € [1,00) if p = d/2 and r = 00
if p > d/2. Therefore, we obtain

I€lly2000) < ClElyas oy

where C' € [1,00) has the stated dependencies.
For Item @, we take LP norms of (A.2]) and use V4,00 = V4, a0 + [ao, ao] to give

V%, o) < N1VAE e + 1V a0a0 X Ellrr(x) + llao X Vaoéll o)
+ [lag x ag % &||Lr(x)
< IV El L (x) + 211V 4y a0l 2o (x) 1€l 220 30y + llaollo o)1V o€l Lo x)
+ 2zl aollZ ) 1€l Lo (x)-

Applying the continuous Sobolev embeddings W1?(X) c L?’(X) and W24(X) C C(X) and
Ttems and , we discover that

||V1241£||LP(X) < ||V1240£||LP(X) + CHVAlaO”W}{f(X)Hg”Wi{é’(X) + HCLOHWZT(X)HVAogHLP(X)
+ 22 a0l Wl
< C”&Hwig’(x),

where C' € [1, 00) has the stated dependencies. The analogous inequality with the roles of Ay and
Aq reversed follows by a symmetric argument. O
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APPENDIX B. FREDHOLM PROPERTIES OF A HODGE LAPLACIAN WITH SOBOLEV
COEFFICIENTS

In this section we include proofs of results regarding the Fredholm properties of the Hodge
Laplace operators encountered in Sections [2| and [3| that would be standard if the operator had
smooth coefficients and acted on L? rather than LP Sobolev spaces as we allow here.

Proposition B.1 (Fredholm property and index of a Laplace operator). Assume the hypotheses
of Proposition and let p be such that d/2 <p < q and 2 < p < co. Then the operator

Ay WiP(X A @ adP) — Wi P (XAl @ adP)

is Fredholm with index zero and closed range (K+ N le’lp(X; A' @ adP))*, where L denotes L?-
orthogonal complement and K C Wi’lp(X; A ® adP) is the kernel.

Proof. Denote 2~ = ij’lp (X; A' ® adP) for brevity and §) = W}l’f(X ;A ® adP) as before and
observe that 2 C $ and $* C 2™ are continuous Sobolev embeddings by our hypothesis that
p > 2; the hypothesis that p < oo yields the identification of 2™*.

According to Proposition the operator A4 : $ — $H* is bounded and because Ay : 2~ —
Z* can be viewed as the composition of the bounded operators 2 C $ and A4 : H — H* and
H* — 27, it follows that Ay : Z° — Z7* is bounded. Thus,

Ker(Ag: Z - 27) CKer(Aa:9H— 9",

and so Proposition implies that Ker (Ag : 2" — 27) is finite-dimensional. We now show
that Ran(A4 : 2 — 27) is closed with finite codimension. Note from the proof of Proposition
2.3 that

(B.1) (V, Aqu) sz = (U, AaV) 7+, Yu,v € 2.

Denote 7 := L*(X; A! ® adP) for brevity and observe that 2~ C J# is a continuous Sobolev
embedding provided p* = dp/(d —p) > 2, that is dp > 2d —2p or p > 2d/(d + 2), which is implied
by our hypothesis that p > d/2 and d > 2.

Denote K := Ker(Ay : & — Z%*) C & C , so K is finite-dimensional and closed, and
let Toe: 2 — Z denote the composition of sZ-orthogonal projection I : J# — K and the
continuous embedding ¢ : 2~ C . Define (ITog)* := idy —TIToe and 2 := (IToe)+2 and note
that 2y C £ is a complement of K and a closed subspace by [49, Definition 4.20 and Lemma
4.21],s0 2 = 2o @ K (an L*orthogonal direct sum).

We defined IT = (Hog)* : 27 — 27 in [19, Lemma 2.4]. Plainly, IToe : 2" — 2 is a finite-rank
operator and if {uy,...,ux} C 2 is a basis for K, then this operator has a unique representation
[loe = Zle a; @u; for {ai,...,ar} C Z7* by [2, Lemma 4.2]. Moreover, (ITog)* = Zle u; @ oy
and has the same rank as IToe by [2, Lemma 4.3]. By hypothesis, we have p € (1,00) and hence
the Banach space 2 is reflexive and the canonical map, 2~ — 27** defined by u(«) := a(u) for
allu € 2" and a € 27, is an isometric isomorphism. With respect to the canonical isomorphism
2 = 2 and again applying [2, Lemma 4.3], the operator (Iloe)* : 27 — 27" is equivalent
to

k
ﬁ*:Zai®ui:Hoeﬁ:%—>%.
i=1

Recall that if M C 2 is a subspace, then M° :={a € 2™ : (u,a)9 w2+ =0, Yu € M} denotes
the annihilator of M in 2™ [9, Section 4.6]. Because 2" = 2y @ K, we have 27 = 2 & K°,
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the direct sum of the annihilators in 2™ of the subspaces 2y and K of 2. Taking duals once
more, Z** = 2y ® K via the canonical isomorphism.

Because K C 2 and 2y C 2 are closed subspaces, we have K° = (2°/K)* and 2, = K*
by [49, Theorem 4.9]. Since 2" = Zp @ K, then /K = 2y and 2/ 2y = K, so K° = 2 and
Zy = K* = K, where the final isomorphism follows from the fact that K is finite-dimensional.
In particular, 2" =2 K* © 2, = K & % . Since K* is finite-dimensional, then K* C 2™ is a
closed subspace by [7, Proposition 11.1] and so the complement 2" C 2™ is a closed subspace by
[49], Definition 4.20 and Lemma 4.21]. By repeating this argument, we obtain 27** = K** & 2.
There are canonical isomorphisms Z™** =2 2" and K** = K and thus also Z;™* = %, that is,
2o is reflexive. N N

Denote I+ := idg« — II; we have already seen that K* = II.2™* and we now observe that
2o = I+ 2°*. Let us consider the composition of the bounded operators Ay : 2~ — 27* and
. 2+ - 2o, namely

MtoA,: 2 — 2y
According to [49, Theorem 4.12], we have

Ran (ﬁj‘ oAy X — %*)O = Ker ((ﬁj‘ OAA)* 2y = %*) ,
where here we use the symbol ¢ to denote the annihilator in 2. But
Ker ((ﬁL o AA)* 2y — 5&"*) = Ker (AZ o (ITH)* : 25* — 5&”")
gKer<AAo(Hos)J‘ : 2o — 5&”*),

where in the final isomorphism we make use of the facts that II*+ = id 4« —1II and II* = (ITog)** =
ITo e (with respect to the canonical isomorphism 2** = 27), and (IToe)t = idy — M o¢, the
fact the operator A% : 27 — 2™ is equivalent to Ay : 2~ — 2™ (with respect to the canonical
isomorphism) via (B.I)), and 25" = 2. But Ker(Ago (Iloe)t : 25 — 27*) = 0 by definition
of (ITo &)t and thus we obtain

Ran (ﬁLoAA X 5&”0*)0 = 0.

Therefore, Ran(ﬁL oAy X = ) = Z; by definition of the annihilator in 2. Because
2y has finite codimension in 2™ equal to dim K* = dim K, then Ran(A4 : & — 27) has
finite codimension in 2™* too and thus is also closed by [2, Lemma 4.38]. We conclude that
Ag: & — Z* is Fredholm.

We can identify the range of Ay : 27 — 27 explicitly using

Ran(Ay: 2 — 27*) =Ran(As: 2 — 27*) (by closed range)

= (Ker(A% : 27 = 27))° (by [1, Corollary 2.18 (iv))]),

= (Ker(Ag: 2 — 27)° (by and 27 = 2.
But Ker(Ay : £ — 27*) = K and we have seen already that K° = 2, so

Ran(Ay : & — 27%) = 2.
Hence, codimRan(Ay : 27 — 27*) = dimKer(Ay : 27 — 27*) and thus Index(Ay : 27 —
27) = 0. O
We also have the slightly simpler
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Proposition B.2 (Fredholm property and index of a Laplace operator). Assume the hypotheses
of Pmposition but assume in addition A is a C* connection. If p obeys d/2 < p < oo, then
the operator

(B.2) Ap: WEP(X5A @ adP) — LP(X; A @ adP)

is Fredholm with index zero and closed range K-NLP(X; Al®adP), where L denotes L?-orthogonal
complement and K C Wi’lp(X; A @ adP) is the kernel.

Proof. The argument is broadly similar to the proof of Proposition but we shall appeal to
elliptic regularity and rely on the proof of Proposition for functional analysis details omitted
here. Denote 2" := Wi’lp(X;Al®adP), and §) := le’lz(X; AM®adP), and % := LP(X; Al ®adP),
and 7 := L?(X; A' ® adP) for brevity. Observe that 2~ C $ and thus 2~ C J are continuous
Sobolev embeddings by our hypotheses that p > d/2 and d > 2. This is clear for p > d while for
d/2 < p < d, we have W?P(X) C W12(X) by [49, Theorem 4.12] if p* = dp/(d — p) > 2, that is,
dp > 2(d —p) or p>2d/(d+ 2); but d/2 > 2d/(d + 2) for all d > 2 and so the condition on p is
assured by the hypothesis that p > d/2.

Since A is C*° by hypothesis, the operator Ay : &~ — % is clearly bounded. As usual, we
denote $ := Wj{f(X :A' @ adP). We have the inclusio

K:=Ker(Ay: Z - %)CKer(Ag:H—H"),

and so Proposition implies that K is finite-dimensional. Let II : J# — K denote J7-
orthogonal projection and write II* = id, — II. Abusing notation, we continue to write II
and II1 for the restrictions of these operators to 2~ or, when p > 2 to % and, as in the proof of
Propositionand denote the closed complements of K ¢ 2 C % C # by 2y = K'NZ', and
% = K+N%, and K+ = K+ NJ#. Further abusing notation, we denote the closed complements
of KCH*CH*C 2 by 25 =K'NZ* and 45 = Kt N&* and K+ = K+ N 7", and
write IT and I+ for the canonical extensions of these operators from J#* to Z* or, when p > 2,
to #* = LP (X; Al @ adP) with p/ € (1,2].

We now show that Ran(A4 : 27 — %) is closed with finite codimension. Let M° denote the
annihilator in % of a subspace M C % and observe that [49, Theorem 4.12] yields

(Ran (A4 : WAP(X; A @ adP) = LP(X; Al @ adP)))o
— Ker (A; LIV (XA @ adP) — W2 (XA @ adp))
= Ker (AA P (X; A @ adP) — W;f’p/ (X;A'® adP)) (by L? self-adjointness)

= Ker (AA : Wj’lp(X; Al ®adP) — LP(X;A'® adP)) (by Remark
=K.

Note that our appeal to elliptic regularity in the preceding application of Remark uses our
hypothesis that A is a C* connection. We now repeat this argument for the composition IT-oA 4,

5In fact, equality by elliptic regularity according to Remark
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but writing M for the annihilator in %" of a subspace M C %,
L 2,p ! L ! 0
(Ran (H oAy : WP(X; Al @adP) » KX N IP(X; A ® adP)))
= Ker (Aj‘4 oIt : KN I¥ (X; Al @ adP) — Wi (X; Al @ adp))
— Ker (A Aol KA IP (XA @adP) » Wi (XA @ adP))
= Ker (AA oIt : Kt n Wf"lp(X;Al ®adP) — LP(X;A'® adP))
-0,
where the final equality follows by definition of II+. Therefore,
Ran (HL o An: WAP(X; Al @ adP) - KN IP(X; Al @ adp))

= Kt NIP(X;A' ® adP) = %,

by definition of the annihilator in %f. Because % has finite codimension in % equal to dim K,
then Ran(Ay4 : 27 — %) has finite codimension in % too and thus is also closed by [2, Lemma
4.38]. We conclude that Ay : 2" — % is Fredholm.

We can identify the range of Ay : 2" — % explicitly using the fact that

It oAs=A40l" on WiP(X;A' @adP)
and so
Ran(Ay: 2 — %) =Ran(A oIl : 2 - %) =Ran(llt 0o Ay : 2 = %) =%,

Hence, codimRan(Ay : 27 — %) = dimKer(Ay : 27 — %) and thus Index(Ay : 27 — #) =
0. U

Remark B.3 (Relationship between L?-orthogonal complements and annihilators). Suppose that
% is a Banach space with continuous embedding into a Hilbert space 5 and M C Z is a
subspace. Recall that M° = {a € 2™ : (z,a)9 w2+ = 0, Yo € M}. We have a canonical
isomorphism 47 = J* and if 2~ C 4 is a dense subspace, a continuous embedding J¢* C 2™*.
Since M C 4%, we may define M+ := {h € 5 : (2,h) » =0, Vo € M} and note that there is a
canonical isomorphism,

M* = {a € A" (2,0) pxnr =0, Vo € M},
Hence, M L ¢ M° and there is a canonical isomorphism M L~ pron s,

We have the following useful generalization of Proposition from the case of a C™ to a W14
connection A.

Corollary B.4 (Fredholm property and index of a Laplace operator). Assume the hypotheses of
Proposz'tion including the hypothesis that A is a W9 connection with d/2 < q < oo. If in
addition p obeys d/2 < p < q and p < 0o, then the operator

(B.3) Ap: WEP(X5A @ adP) — LP(X; A @ adP)

is Fredholm with index zero and closed range K*NLP(X; Al@adP), where L denotes L?-orthogonal
complement and K C Wi’lp(X; A' @ adP) is the kernel.
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Proof. By hypothesis, A; is a C*° connection on P. We write A = A + a, for a € le’lq(X; A®
adP) and proceed by modifying the derivation of the LP-bound (2.10|) for (A4 — Ay, )¢ in the
proof of Proposition to show that, for suitable u € [1,00) and choosing A; = Aj, the operator

(B.4) Ap— Dyt WX A @ adP) — LP(X; A @ adP)

is bounded and, because the Sobolev embedding W?2?(X) € W1%(X) will be compact by the
Rellich-Kondrachov [3, Theorem 6.3], then the following composition of that compact embedding
and the preceding bounded operator,

(B.5) Ax—Aa  WIP(X;A' ® adP) — LP(X;A' ® ad P)

is compact by [7, Proposition 6.3].
By retracing the steps in the proof of Proposition we find that, for r € [p, o] defined by
I/p=1/q+1/r,

B6) 1081 Aa)elsen) < = (Tl + 1ol ) 100 + ol Ilwecor

where i) s =d when g < d, or 7)) s = d when ¢ = d and p < d, or i) s = 2d when ¢ =d = p, or
iv) s = p when ¢ > d. We consider each of these cases separately.

Case 1 (p=4d/2 < q<dands=d). Wehaver € [p,c0) since p < ¢ for this case and a continuous
embedding W4(X) c L"(X) by [3, Theorem 4.12], so the operator is bounded for u = d.
Moreover, W2?(X) € W4(X) is compact by [3, Theorem 6.3] provided p* = dp/(d — p) > d or
equivalently p > d/2, which holds by hypothesis and the operator is compact for this case.

Case 2 (d/2 < p < q < d and s = d). We have r € [p,o0] since p < ¢ for this case and a
continuous embedding W14+¢(X) c L"(X) by [3, Theorem 4.12] for any ¢ > 0. Also, we have a
compact embedding W2P(X) € Wh4t¢(X) by [3, Theorem 6.3] provided p* = dp/(d—p) > d+-¢;
because dp/(d —p) > d when p > d/2, a choice of € € (0, 1] is always possible in this case. Hence,
the operator is bounded for u = d + ¢ and the operator is compact for this case.

Case 3 (d/2 < p < q =d and s = d). We have r € [p,00) since p < ¢ for this case and
a continuous embedding W14(X) C L"(X) by [3, Theorem 4.12]. Also, we have a compact
embedding W2P(X) € Wh4(X) by [3, Theorem 6.3] since p > d/2. Hence, the operator is
bounded for v = d and the operator is compact for this case.

Case 4 (p = ¢ = d and s = 2d). We have r = oo since p = ¢ for this case and a continuous
embedding W14+¢(X) ¢ L>°(X) by [3, Theorem 4.12] for any ¢ > 0 and in particular for ¢ = d.
Also, we have a compact embedding W2?(X) € W?(X) by [3, Theorem 6.3] for any v € [1, 00)
since p = d and in particular for v = 2d. Hence, the operator is bounded for u = 2d and
the operator is compact for this case.

Case 5 (d/2 < p < qand ¢ > d and s = p). We have r € [p,c0) and a continuous embedding
Whd(X) ¢ L"(X) by [3, Theorem 4.12]. Also, we have a compact embedding W?P(X) &
WL4(X) by [3, Theorem 6.3] since p > d/2d. Hence, the operator is bounded for u = d
and the operator is compact for this case.

Case 6 (p=q =5 > d). We have r = oo and a continuous embedding W?(X) c L>®(X) by [3]
Theorem 4.12]. Also, we have a compact embedding W?P(X) € WP(X) by [3, Theorem 6.3].
Hence, the operator (B.4) is bounded for u = p and the operator (B.5|) is compact for this case.
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Proposition implies that the operator
Ay, WEP(X5A @ adP) — LP(X; A @ adP)

is Fredholm with index zero while the operator Ay — Ay, in is compact from each of the
preceding cases, so the operator is Fredholm with index zero by [31, Corollary 19.1.8]. The
identification of the range in the proof of Proposition [B.2] applies without change to the case
where A is a W14 connection. O
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