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Introduction. In this paper we first show some new results on the structure of the moduli
space of harmonic (resp. holomorphic) mappings into a Riemannian (resp. Kéhler) manifold with
non-positive sectional curvature, and then, applying these results, give a survey on recent
" developments in the theory of the Diophantus geometry. Let N be a compact analytic
Riemannian manifold with non—positive sectional curvatures and M a compact Riemannian
manifold. We denote by Harm (M, N) the space of all harmonic mappings of M into N
endowed with compact—open topology, which is called the moduli space of harmonic mappings
of M into N.Let f: M—— N be a smooth mapping and put

Harm(M, N; f) = {g € Harm(M, N), g ~ f(homotopic)} .

Then Schoen—Yau [SY] proved that Harm(M, N, f) carries a structure of a compact
Riemannian manifold such that the evaluation mapping ‘

‘blp:ge Harm(M, N; f) — g(p) e N

with an arbitrarily fixed point pe M is an isometric immersion onto a totally geodesic
submanifold of N (see also [S,] for the case of locally symmetric N). We put
X = Harm(M, N; f) and consider X as a domain and M as a parameter space. That is, we put

Y= Ham(M, N; & ),

y:(z,y)e XxY—yfz) e N.

These Y and @2(2, -} have properties similar to X and <I>1p . Naturally, we have a smooth
mapping p e M —— <I)1p € Y and the following commutative diagram:

x
) The second author stayed at Max—Planck—Institut fiir Mathematik, Bonn during the

preparation of this paper. He expresses his sincere gratitude for the hospitality of the
institute. '



Our first theorem is

Theorem (1.14). Assume that the groups of isometries of X and Y are finite (in particular, the
Ricci curvature of N s negative, dim X > 2, and dim Y > 2) . Then the second evaluation
mapping

Pri(n ) e XxY—y(x)e N

i3 an immersion onto a totally geodesic submanifold of N and the pull-backed metric by ¢, is
isometric to the product metricon X x Y.

In the complex category, we deal with the case where N is not necessarily compact, but a
complete Kahler manifold such that the (Riemannian) sectional curvatures are non—positive and
the holomorphic sectional curvatures are bounded from above by a negative constant. Moreover,

we assume that N is a Zariski open subset of a complex projective variety N such that N is
hyperbolically imbedded into N. Let M be a Zariski open subset of a compact Kahler manifold

M . We denote by Hol(M, N) the moduli space of all holomorphic mappings of M into N
endowed with compact—open topology. By [N3] Hol(M, N) has a structure of a Zariski open
subset of a compact complex space, and non—singular. Let X C Hol(M, N} be a connected
component and put

®,:(z,p)e XxM—iz(p)e N.
Let Y C Hol(X, N) be the connected component containing ®,( -, p)(p e M). Then we have
Theorem (2.15). The second evaluation mapping
i (ny)e XxY—yfz)e N

i3 a proper holomorphic immersion onto a complez totally geodesic submanifold of N, and the
pull-backed metric by <I)2 13 isomelric to the product metricon X x Y.



It is the most important and interesting case when N is a quotient I' \ D of a bounded
symmetric domain D by an arithmetic discrete subgroup I' of the holomorphic automorphism
group Aut(D).

In the course of the proof of the above theorem we show

Theorem (2.4). Let S be a complete hyperbolic manifold such that S is a Zariski open subset of a

compact complez space S and S i3 hyperbolically imbedded into S . Then Aut(S) is a finite
group.

The first and the second sections are devoted to the proof of the above results, and to the .
preparations for the latter sections.

In § 3 we discuss the higher dimensional Mordell’s conjecture over function fields and related
- topics. In § 4 we deal with the Parshin—Arakelov~type theorems for curves, Abelian varieties and

K3—surfaces . We will give a new proof to the Parshin—Arakelov theorem for curves, based on our
results.
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§ 1. Moduli space of harmoni¢ mappings

*
Let M and N be Riemannian manifolds and TM (resp. T M) denote the tangent (resp.

cota.ngént) bundle over M. Let f: M —— N bea C®—mapping . The energy functional E(f) is
defined by

E(f) = JM< df, df> dv,,.



We call f a harmonic mapping if for any smooth family ft: M— N, —1<t<1, of

C“—mappings such that fy=f on M and f= fy» —1<t<1, outside a compact subset
KCM, .

d _
g lt=0 J'K< df, df,> dVy,=0.

It is known that f is harmonic if and only if

o -1
(1.1) trace T M®f "TNy df=0,
T M® iy o
where V is the Riemannian connection of T M® f~* TN induced from those on
TM and TN.

If f: M— N is an immersion and if fo ¢: [a,b] — N are geodesic for all geodesic
curves ¢: [a,b] — M with [a, b] CR, then f is called a totally geodesic immersion; an
immersion f is totally geodesic if and only if

. * _
1) T M8 [T ING 4 g

Hence a totally geodesic immersion is harmonic. We recall the following theorem due to
Schoen—Yau [SY, p. 371], which will play a key role.

(1.3) Theorem. Assume the following conditions:

a) M is complete and has a finile volume;

b) N is complete and has non—positive sectional curvature.
Let f g: M—— N be harmonic mappings with finite energies which are mutually homotopic by
H:[0,1] x M— N with HQO, -)=f and H(l, - ) =g . Then there erists a 1—parameter
family K(t, p) = ft(p) , te [0,1] of harmonic mappings fprM— N with Jy=fond fi=y
such that

i) the homotopy F(t, - ) is equivalent to H(t, * ),

i) for any pe M, the curve {ft(p);te (0,11} is a geodesic with constant speed

independent of pe M,

ili)  the section pe M — F*((B/Bt)(t p)) € ft_ITN is parallel.

Moreover, we obtain the following Lemma from the proof of the above theorem ([SY, p.
370]).

(1.4) Lemma. Let the notation be as in Theorem (1.3). Then ft*(v) i3 parallel along the geodesic
{f{p);te [0,1]} forall pe M and ve TpM.



(1.5) Corollary. Let f, g: M—— N be as in Theorem (1.3). Then f is an immersion (resp.
isometric-immersion) if so is g.

The proof is clear.

(1.6) Proposition. Let M be a compact Riemannian manifold, N a compact analytic Riemannian
manifold with non—positive sectional curvatures, and f: M—— N a totally geodesic immersion.
Then every harmonic mapping from M to N which is homotopic to f i3 a totally geodesic
immersion. ' '

Proof. Put X =Harm(M, N;f) andlet ®;:(g, p)e Xx M— g(p) e N be the evaluation
mapping. We endow with X the pull-backed Riemannian metric by (I>1( +, p) . We show that
the image of any geodesicin M by any ge X isa geodesicin N.Let c:te [0,e] — ¢(t) e
M{(e > 0) be a geodesicin M. Then fo c: [0,e] — N is a geodesic in N . We may assume
that ||(fo ¢)«(8/8t)|| =1 and € < Inj(N)/2, where Inj(N) is the injecfive radius of N. Note
that &,(-,c(0)) and &(-, de)) are isometric immersions from X onto totally geodesic
submanifolds of N . Therefore they are harmonic and &,(- , ¢(f)) gives a homotopy between
them. Deforming &,(- , c(t)) , we have by Theorem (1.3) a 1—parameter family

Q:X— N, 05s<1
of harmonic mappings with Q5 =&,(-,¢(0)) and £, =%(-, de)) . Moreover, for any
ge X, the curve {Q(g); se [0,1]} is a geodesic with constant speed, independent of g¢. Since

{@(f) se [0,1]} isa geodesic which coincides with {®,(f c(t)); te [0,€]} , we change the
parameter 8 of QS §0 that

Qt(f) = (I’l(f; c(t)): 0<t<e,

(1.8)
QO = @1(' ) C(O))r QE = @1(' ) C(E)) .

By Lemma (1.4) we see that {®,(g, (¢)); 0 < £< e} is a curve with arclength parametrization.
Therefore we have

(19) dp(® (0, 1)), R,{0)) € 2 < Inj(N)
Using Theorem (1.3) again, we see that d,{(®,(h, (%)), () is a constant (< 2) in he X.
Since &, (f, () = (/) by (18),

| % (g, (1)) = 2(9)

forall ¢.Hence {®(g, c(t));0<t<e} isa geodesic. Q.E.D.



Let f: M—— N be as in Proposition (1.6), X = Harm(M, N; f) and
P :(gp)eXxM—gp)eN.

We endow X with the pull-backed Riemannian metric by @1( *, p) - Then we have the natural
mapping pe M — <I>1(- , p) € Harm(X, N) . Put :

Y= Haum(X, 5 8,(- ,5),
Ty (g y)eXxY—igg)e N.
We endow Y with the pull-backed Riemannian metric by <I)2( g ")
(1.10) Corollary. Forany ye Y
To(c,y)rgeX—1fg)e N
15 a totally geodesic tsometric immersion.

This immediately follows from Corollary (1.5) and Proposition (1.6). By the construction we
see also that

. . i Y
(1.11) for any Up € TgX (resp v, € Ty}’) the section ze Y— d®,(, z)('ug) €

®,(9, -)_1 TN (resp. ze X— dP,(s, y)(vy) € (-, y)"'l TN) is parallel.
We denote by Is(X) the group of all isometries of X .
(1.12) Lemma. Let ®,: X x Y—— N be as above.
(i)  If Is(X) or Is(Y) is finite, then &, is an immersion.
(i)  If Is(X) and Is(Y) are finite, then the pull-backed metric on X x Y by @, is the
product metric of thoseon X and Y.
Proof. (i) Note that @,(-,y) and &,(z -) are totally geodesic isometric immersions for

ye Y and ze X . Suppose that *I>2 is not an immersion. Then there are non—zero vectors
Vg€ TgX and v, € TyY such that d®,(g, y)(vg + 'uy) =0, so that

(1.13) 42,9, y)(vy) = — dy(g, y)(v,) # 0 .

Now, consider the vector field {d®,(z, y)(vy); ze X} in &,(-, y)"l TN . 1t follows from (1.11)
and (1.13) that d®(z, y)(vy) is paralled and tangent to the image ®,(X, y) . Therefore we have



a non—zero parallel vector field on X, which generates a 1-parameter subgroup of Is(X) . In the
same way, we have a 1—parameter subgroup of Is(Y) . Hence, if one of Is(X) and Is(Y) is
finite, 4’2 is an immersion.

(i)  Take an arbitrary v, e T, X . Then by (L11), ye Y— ddy(z, y)(v,) is parallel.
Suppose that d®.(z y)(v,) is not perpendicular to ®,(z Y) at some y;€Y . Then
- d®,(z, y)(v,) are not perpendicular to ®n(z ¥) at all ye Y. Let t, denote the orthogonal
projection of d®,(z, y)(v) to T®y(z, Y) in TN . We get a parallel vector field on Y, which.
generates a 1-parameter subgroup of Is(Y) . Therefore we obtain our assertion. Q.E.D.

(1.14) Theorem. Let @, :X x Y— N be as above. Assume that Is(X) and Is(Y) are finite
(especially, the Ricci curvature of N is negative, dim X > 2, and dim Y > 2) . Then ®, isa

totally geodesic ssomelric immersion into N .

Proof. It remains to show that
E —
V‘i‘I’z =0,

* -
wherte E=T (Xx V) ® <I'21 TN with the naturally induced metric and connection By . put
r=dim X, s=dim Y, n=dim N.

Take an arbitrary point (z,y) e Xx Y. Let (z},..,2") (resp. (v, ..,%")) be a local
coordinate system around z (resp. y) . Since <I'2 is an immersion, we can take a local coordinate

system (wl, v, w") around $o(z, y) such that

1 1 1
‘52(::,...,:z:n,y,...,y3)=(z,...,z,y,...,y,O,...,O).

We use indices as follows.

i,j,k=1,..,r,
I-")V:T:l:"')s:
a,fB,7=1,..,n.

Put tp-@z(z, *): Y— N. Then ¢ is a totally geodesic immersion, so that

* ~1
T Y®9p "INy, =0 ; in terms of local coordinates,

fa

32a Y1
L e 9408 ) 22 2

Qp
‘i‘



where YI‘;y (resp. NI‘%,y) are Christoffel symbols of Y (resp. N) and Einstein’s summation

convention is used. Note that

Gp~ _
gyt 6{:'*'#
_Thus we have
N .
r+pr+u(y(z))_0 l<acr,
(@) + Ty e M@) =0, T<ags.

Since <I>2 is isometric, we have

Xx Y .k Nk _
PW(I,y) Pr+[1. Hy(y(z)) =0,

(1.15)
AT (o) = MOTET L e = T

In the same way, we obtain

XXITE () = T S (u(@) = Xr’:j(z)
(1.16)
X 0) = "I (e =

The section z’ € X — d@z(z’, y)(8/8Y") e ®o(", y)_1 TN is parallel by (1.11), and hence

(-9
("0 Y TNVE% [d%(z, y)[ﬁ]] =0.

It folloivs that

TNV —0

43,8/ 07) [@2(2, Y [ﬁ“

On the other hand



Therefore
TN a _
v A [ gutH# ] ’
Py 1 z)
We get
N
and so
Ik (2 = 08 ) =0,
(1.18)

XXYT() N,

I7(0 ="T71 ] (u2) =

By the choices of local coordinate systems, we have

a
(1.19) _,=5<:,__2_=50

By making use of (1.15) — (1.19), we compute EVd<I>2 at (z,y) . The iz ® 4ol ® @gl(a/aw")

component of Ethbz at (z, y) is as follows:

P82 XXYk( 082 XKYT( )a@g Na(y( ) 038 53]
- L,y I'{z,y) —= + T 1) — —
8::’83;-7 )_E it} ayT A 2 9z
Fe¢  x ., 8% N 93P 3]
=2 _ I“".:(z)jz+ rg(y(z)_z._?,=o_
8zt ay’ LA 27 7 dz' azt

Here one reminds that @2(- , ¥} is totally geodesic. In the same way as above, we see that
dif* ® dy’' ® ‘I’_I(B/ dw*)  component of EVde>2 at (z,y) vanishes. The cross—term,
iz ® i ® <I> 8/ dw™) component of Vd@2 at (z,y) is computed as follows:

achg XXy, 035 XxY aq)g N aqﬁ 8%]
PR (z y)_k' L) —= oy + Fg,,( w2) —3

sz



= %y ) =0,
Q.E.D.

§ 2. Moduli space of holomorphic mappings

In this section we deal with moduli spaces of holomorphic' mappings between complex
manifolds, especially, those into complete hyperbolic manifolds. For fundamental facts on
hyperbolic manifolds (or hyperbolic complex spaces) we refer to [Kl' K3] and [NO].

_ Roughly speaking, we have the following correspondences between the cases of Riemannian
and complex manifolds:

Riemannian manifolds with non—positive ~— hyperbolic manifolds,
or negative curvatures

harmonic mappings +— holomorphic mappings,
isometries +~—— holomorphic automorphisms,
parallel vector fields +—— holomorphic vector fields.

There are two theorems which are essential in our arguments. One is Theorem (1.3) due to
Schoen—Yau [SY], and another is the following:

(2.1) Theorem ([N3] ). Let N be a complete hyperbolic complez space such that N is
hyperbolically tmbedded info a compact compler space as a Zariski open subset. Let M be a
complez manifold which is a Zariski open subset of a compact complez space. Then the moduli space
Hol(M, N) of all holomorphic mappings from M into N endowed with compact—open topology
carries a structure of a Zariski open subset of a compact complez space such that

i) the evaluation mapping
3, : (f p)  Hol(M, N) x M— f(p) € N
s holomorphic,

ii) if F: Tx M—— N i3 a holomorphic mapping with a complez space T , then the
mapping, te T— F(t, -) € Hol(M, N) is holomorphic.



(2.2) Remark. Let 31 be a compactification of M such that @M = M — M is a hypersurface
with only normal crossings. Then Hol(M, N) is imbedded into Hol(#, ¥) by holomorphic

extension so that the closure HOI[M, N) in Hol(ﬁ«'f,N) is a compact complex space and -

Hol(M, N) is a Zariski open subset of Hol{#, N) . The above evaluation mapping ®, extends to
a holomorphic mapping from HoI{M, N) x 8¢ into N.

For fe Hol(M, N) we set

rank f= sup{dim M—dim_f™'f(p); p < M},
Hol(k; M, N) = {fe Hol(M, N); rank f= k} .

The notion, rank f, is similarly defined for holomorphic mappings between complex spaces. We
give some general fact:

(2.3) Proposition. Let Y1 and Y2 be compact complez spaces with reduced structure. Then

Hol(k, Y;, Y,) are open and closed in Hol( Y, Yy) forall k.
The proof is quite elementary (see [N 5> Lemma (2.17]).

(2.4) Theorem. Let N be as in Theorem (2.1). Assume that N is non—-singular. Then the group
Aut(N) of holomorphic automorphisms of N is finite.

Remark. In the case where N is compact, this was obtained by Kobayashi ( [Kl’ p. 70]).

Proof. Let N be a compactification of N such that ¥— N isa hypersurface with only normal
crossings. Put n=dim ¥ . By Remark (2.2) we see that Hol(n; N, N) is imbedded into

Hol(n; X, V) and the closure Hol(n; N, in Hol(¥, W) is a compact cbmplex space. We first
claim that Hol(n; N, N) is compact in Hol(W, N) . Let fy e Hol(n; N, N), v=1,2, ..., beany
sequence. Since Hol(N, N) is relatively compact in Hol(?V,N) , we may assume that the
extended mapping :fu e Hol(N, M) converges to Fe Hol(¥, N) . Since rank ]’u =n, rank f=1n

by Proposition (2.3). Thus the image F(¥) contains a non—empty open subset. Take a point _

Py € IV such that }’(po) = gy € N. For an arbitrary point pe N we have

In) =T —T() (v—in),

dpf5 (), £(py)) < dpfp, mp) -



Since fu(pO) — g and N is complete hyperbolic, fu(p) stay in a compact subset of N .

Therefore we have that F(p) € N . The restriction f=J|N belongs to Hol(n; N, N) and is the
limit of f,v=1,2,.. .Put

X={feHol(m N, N); J(K-N) CF=N} .

Then X is an analytic subset of Hol(n; N, N) . Since N is measure-hyperbolic (cf. [Kl’
Chapter IX]) and its total measure is positive and finite, we easily see that deg f=1 for all

fe Hol(n; N, N) . Let fe X . Then the inverse }’_1 :N— ¥ of J: N— N is meromorphic
and satisfies

g=7_1|N:N—;N.

Since N is complete hyperbolic, g must be holomorphic (see [Kl’ p. 901), so that ¢g= f_l .
Therefore X = Aut(N) and it follows that Aut(XN) is a compact complex Lie group. Since N is
hyperbolic, there is no 1-parameter subgroup of Aut(N). Thus Aut(N) is finite.

' Q.E.D.

In the rest of this section we assume the following conditions for N :
(2.5) (i) N is a complete Kihler manifold with non—positive (Riemannian) sectional

curvatures and with negative holomorphic sectional curvatures bounded away
from 0,

(ii) N is quasi—projective algebraic and carries a projective compactification N

such that N is hyperbolically imbedded into N .

(2.6) Remark. It follows from (2.5), (i) that N is complete hyperbolic; moreover, there is a
constant C > 0 such that

AMv, Y < CFplv), ve TN,

where h denotes Kdhler metricon N and F N the infinitesimal Kobayashi metric. Therefore we
have

Vol (M) =JNth< ®.



Now, let M be a compact Kahler manifold and M a Zariski open subset of M.

(2.7) Lemma. Let M be as above. Then there is a complete Kahler metric g on M with finite
volume such that

where Cl >0 isa constant.

Proof. Take a modification 8 —— M with center contained in M — M so that 3 is Kahler

and M—M is a hypersurface with only simple normal crossings. Then as in the proof of
Proposition (6.2) of [GK], one can construct such a metric g. Q.E.D.

By Theorem (2.1) we see that Hol(M, N) carries a structure of a Zariski open subset of a
compact complex space, so that

(28) | Hol(M, N) is locally arcwise connected.

We endow M with a Kahler metric in Lemma (2.7). The choices of the metricson M and N,

and the decreasing principle f *FNS Fo for fe Hol(M, N) imply that

(2.9) E(f) <o forall fe Hol(M, N).

Since M and N are Kihler,

(2.10) all fe Hol(M, N) are harmonic.

By making use of Theorem (1.3), we have the following lemma (cf. [N3, p. 29] ):

(2.11) Lemma. Let f: M—— N be a harmonic mapping, homotopic to a holomorphic mapping
from M into N. Then f is holomorphic, too.

Remark. In the case where M 1is compact, this lemma holds without the assumption of
non—positive curvatures on N, and is called the Lichnerowicz theorem. In the present case, we
have to use that curvature assumption to get some estimate on the boundary behavior of the
homotopy between f and the holomorphic mapping. '

Even though the global injectivity radius of N is zero, by making use of (2.8), (2.9) and
Lemma (2.11), we can apply the arguments of Schoen~Yau [SY, p. 372] to infer that the
evaluati‘on mapping @1 : Hol(M, N) x M — N has the following properties:

/3



(2.12) Theorem. i) For an arbitrary point pe M , the holomorphic mapping 3 1(- ,P):
fe Hol(M, N) — f(p) € N is a proper immersion onto a complez totally geodesic submanifold of
N.

*
ii) The pull backed metric @1(- , P) h isindependent of p .

Thus, Hol(M, N) is non—singular. We take a connected component X of Hol(M, N) . We

may assume that M = M — M is a hypersurface with only normal corésings. Then we have the
natural imbedding '

fe Hol(M, N) — fe Hol(M, N)

which is an into—homeomorphism (cf. [N3, Theorem (1.19)] ). Let X denote the closure of X in
Hol(M, N) . By Remark (2.2) (-, p)(p € M) naturally extends to a holomorphic mapping

$(-,p): X—N.

(2.13) Lemma. i) X is complete hyperbolic and hyperbolically imbedded into X .
i) X s quasi—projective.

Proof. i) It is easy to show that X is complete hyperbolic. Take distinct F, , F, e X-X.
Take any sequences { flu};.;:l , { f2u}‘3=1 in- X such that ]'1 ,— F and ?211'—" Fy in

Hol(M, N) . Since F| # Fy , there is a point p e M such that F,(p)  Fy(p) and F;(p)e N,
1=1,2. Then

fly(p) I Fl(P) e N,
le,(P) — Fo(p) e N.
Therefore we have
1
dX(flu’ fm,) > dN(fll/(p)' f2,,(p) > b dN(Fl(p): Fz(P)) >0
for all large v . This shows that X <— X is a hyperbolic imbedding.

ii) This follows from the fact that &®,(+,p): X— &,(X,p)(CN) with pe M is



finite and 610{, p)(C N) is projective. Q.E.D.
(2.14) Corollary. Aut(X) is finite.
- This follows from Lemma (2.13) and Theorem (2.4).

As in § 1, we now consider X as a domain space and M as a parameter space. Note that
by Lemma (2.13) X satisfies the conditions put on M . Let Y C Hol(X, N) be the connected
component containing ®,(- , p)(» € M) . Then we have the evalutation mapping

By Corollary (2.14), Aut(Y) is finite, too. To obtain a complex analytic version of Theorem
(1.14), we first note that the topology of X (resp. Y) is defined by the compact—open topology
on the mapping space from M (resp. X) into N, and that X and Y are locally arcwise
connected. These makes us possible to carry out the same arguments as in the proof of Theorem
(1.14) in compact subsets of N, where, of course, their injectivity radii remain positive. We

. * * s
endow X (resp. Y) with the pull-backed Kahler metric &,(-,p) h (resp. ®o(z, -) h) with

pe M (resp. ze X),and X x Y with the product metric.

(2.15) Theorem. Let ®,: Xx Y— N be as above. Then ., is a proper, holomorphic, totally

geodesic and 1sometric tmmersion.
Remark. X is a connected component of Hol(Y, N) which contains &,(z, -)(z € X) . For the

composition of the holomorphic mapping pe M— &,(- ,p) € Y and any ge Hol(Y, N) isa
holomorphic mapping from M into N which is homotopic to <I’1(z, ) M— N

§ 3. Higher dimensional Mordell’s conjecture over function fields and related topics

By making use of the results obtained in § 2, we discuss the Diophantus geometry in the

present and the next sections. We start with the following theorem due to Manin [M] and

Grauert [G].

(3.1) Theorem (Mordell’s coujécture over function fields). Let K be a function field over an
algebraically closed field k with char k=0 . Let C be a smooth curve defined over K, of which

genus 13 not less than 2 . Then either the set C(K) of K-rational points of C is finite, or C is

K—isomorphic to a curve C, defined over k and Cy(K) — Cy(k) is finite.

/€



Remark. The original conjecture over number fields was solved by G. Faltings [F2]

In geometric terms, the above Theorem (3.1) is equivalent to the following.

(3.2) Theorem. Let X T4 R be a smooth fiber space over k such that the genus of the fibers

X, (te R) is not less than 2. Then the set ¥ of rational sections o : R— X (x oo =id) is

finite, or X 1is isomorphic o the product 'R x X ¢ and there are only finitely many non—constant
0
rational sections (non—constant mappings from R to X ; ).

Related to this theorem, S. Lang [L,] gave two conjectures.

(3.3) Conjecture. Let X —— R be an algebraic fiber space over € with hyperbolic fibers Xt If
the set ¥ of rational sections of X — R i3 infinile, then X —— R contains a splitting fiber
subspace.

(3.4) Conjecture. Let N be a complez projective manifold such that N is hyperbolic. Let M be
another complez projective manifold. Then there are only finitely many surjective holomorphic
mappings from M onto N.

For a moment we discuss the latter conjecture. Instead of the hyperbolicity assumption on
N, Kobayashi—Ochiai [KOz] assumed that N is of general type, and showed a finiteness
theorem:

(3.5) Theorem ([KO,]). Let N be a complez manifold of general type. Then there are only
finitely many surjective meromorphic mappings from M onto N .

It is natural to expect
(3.6) Conjecture. A complez projective algebraic hyperbolic manifold is of general type.

This is true for curves, and for surfaces by Mori—Mukai [MM]; in fact, they proved that a
complex projective algebraic surface is of general type if and only if it is measure—hyperbolic.

Let N be a complex projective manifold. According to the theory of Mori [Mo], if there is
a curve CC N such that the intersection number C-K N of C and the canonical bundle K N of
N is negative, then C is deformed to a sum of curves, which contains a rational curve. Thus, if
N is hyperbolic, then C-K, >0 for all curves C'C N. Making use of this fact, Horst [H,, Hy]
solved Conjecture (3.4): .

(3.7)' Theorem ([H,, H,]). Let N be a hyperbolic Kahler manifold and M a complez manifold.
Then there are only finitely many surjective holomorphic mappings from M onto N.

4



Remark. Assuming additionally that K N carries a metric with non—positive curlva_ture form,
Noguchi [N,] proved the above finiteness theorem.

There are many finiteness theorems of various types. Cf. [S;], [S,], [I], [NS], [BN]
and [KSW]. - | ]
As for Conjecture (3.3), Noguchi first proved the following by employing the idea of Grauert

[G]:

(3.8) Theorem ([N;]). Let X—— R be an algebraic smooth fiber space such that the
holomorphic tangent bundle T(Xto) i3 negative (T‘(Xto) s ample) for some point ty € R.
Assume-that 3(ty) = {o(ty); o € B} s Zariski dense in Xt() . Then there is a Zariski open
neighborhood R’ CR of ty such that X |R" ¥R’ x X ty’ and there are only finitely many

non—constant rational sections.

If T(X, ) is negative, then X, is hyperbolic ([K,]); but the converse is not true. For
0 0
instance, if Cz‘ , 1=1,2, are smooth algebraic curves with genus >2 , then C1 x 02 is
hyperbolic, but T( C, x 02) is not negative.
In general, let 7: X—— R be a proper fiber space, of which general fibers are irreducible.
We call (X, m, R) a hyperbolic fiber spaceif X ; are hyperbolic complex spaces for all te R.
Assume that (X, m, R) has a compactification (X, =, R) ; thatis, =: X — R is a compact

fiber space such that R is a Zariski open subset of R, X=X|R and 7|X =7 . Now we
consider the relative version of the notion of hyperbolic imbedding.

(3.9) Definition. Let (X, x, R) be a hyperbolic fiber space and (X, 7, F) its compactification. =

We say that (X, x, R) is hyperbolically imbedded into (X, 7, B) along R = K~ R if for any
point ¢te AR there are small neigborhoods U and V of ¢ in R such that VCU, V is
relatively compactin U and X|(V— dR) is hyperbolically imbedded into X| U.

(3.10) Theorem. Let (X, m, R) be a hyperbolic fiber space with a compactification (X, 7, R)

such that (X, m, R) is hyperbolically imbedded into (X, 7, B) along AR . Assume that R i3
smooth and that there is 6 point t) € R such that E(to) i3 Zariski dense in X, . Then

f

i) there 13 a finite Galois covering R — R such that R Xp X R x Xy
.0



ii) if X, is a Kihler manifold, then X2 Rx X, (ie, R=R).
0 | 0

The assertion i) was proved by [N,]. Combining the argument of the proof of i) with
Theorem (3.7), we have ii) (see [N,, § 3]).

(3.11) Theorem. Let (X, w R) be a smooth fiber space of curves with genus ¢>2 and
dim R =1 . Then there is a compactification (X, =, R) of (X, n, R) such that (X, 7, R) is
hyperbolically imbedded into (X, m, R) .

Combining Theorem (3.11) with Theorem (3.10), we have Theorem (3.2) in the case of
dim R = 1 ; this is an essential case. For the proof of Theorem (3.11), see [N2, § 5]. It has been
informed to the authors that there is some incomplete part in the proof of Theorem (3.11). We

here make the point clear. Since the construction of (X, w, R) is local around points of 4R , we
. *
assume that K= A (the unit discin €) and R=A (=4 - {0}) . It was first showed that
*
there is a finite Galois covering S—— A with covering group G such that (Xg, 7, 5) is

hyperbolically imbedded into some compactification (XS,}},IS') along S-S , where

X = Sx X and 7: X g S 1is the projection. The group G acts holomorphically on X S
A :

and the action extends meromorphically on XS . The point is that this extended action is not

*
necessarily holomorphic. But we proceed as follows. Consider the following imbedding )

a:ze Xg— (..., g(1), .. )geGe-]TXSCTI_XS'

#G #G
Notethat T X g i8 hyperbolically imbedded into 1T XS along S — S . The action of G on
#G #G
Xg is transformed to the exchanges of variables of TT Xg, which extend holomorphically on
. #G
JTXg. Put Y=a(Xg) . Then the closure Y in T X¢ is an analytic subspace which is
#G #G

invariant by the action of G . Identify X s with Y through a .-Then the quotient G\?
provides the desired compactification.

Now we assume that X —— R is a proper smooth fiber space. Brody [B] proved that if a
fiber X, is hyperbolic, then there is a neighborhood U of by (with respect to the differential
0 - .

*
) This trick was suggested by C.T.C. Wall.
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topology) such that X| U is hyperbolic, and so X ; are hyperbolic for all te U. In connection
with Theorem (3.10), it is interesting to ask

(3.12) Question (Lang). Let X —"-+ R be an algebraic fiber space. Then does the set {te R; X :
is hyperbolic} form a Zariski open subset of R ?

Lang has asked also

(3.13) Question. If (X, w, R) 1is a hyperbolic algebraic fiber space, then does there ezist a
compactification (X, 7, E) of (X, «, R) such that (X, x, R) is hyperbolically imbedded into
(X, =, R) along 6R?

It is also interesting to point out that Parshin [P,] gave a proof of the following theorem
due to Raynaud [R] which is based on the Kobayashi distance.

(3.14) Theorem ([R, P,]). Let XC A be a subvariety of an Abelian variety A, defined over o
function field K =C(R) ofa curve R .If X does not contain any transiation of a non—trivial

. Abelian subvariety, then the set X(K) of K-rational points on X is finite modulo the (K/C -)
trace Ay .

Here it is known that there exists a unique maximal Abelian subvariety A0 of A defined
over €,and A is called the (K/C—) trace (see [L,]). |

On the hyperbolicity of a subvariety of an Abelian variety or of a complex torus we know

(LGr])

(3.15) Proposition. Let T be a complez torus and X an analytic subspace of T . Then X is

hyperbolic if and only if X does not contain any translation of a positive dimensional subtorus of

T.
Lately, Faltings [F3] pr_oved a very surprising result:

(3.16) Theorem. Let A be an Abelian variety over a number field and X C A a subvariety. If X
does not contain any translation of a positive dimensional Abelian subvariety, then X contains
only finitely many k—rational points.

Now it is interesting to recall the following conjecture of Lang:

(3.17) Conjecture. Let X be a projective 'algebraic vartely defined over a number field k. Assume
that for some imbedding kC €, X is hyperbolic as a complez manifold. Then the number of

17



20
k—rational points of X i3 finite.
It is also interesting to ask

(3.18) Question. Let X be a projective algebraic variety defined over a number field k. Assume
that for some tmbedding kC €, X is hyperbolic. Then is X hyperbolic for any other imbedding
kCC? |

§ 4. Parshin—Arakelov—type theorems

‘Let E be a smooth compact Riemann surface, SC R a finite set of points of R and put

" 'R=T-5.Let ¢g>0 beaninteger and M(R, S, g) denote the set of all fiber spaces X —— R
of compact Riemann surfaces such that

i) 7: X —— R are smooth, where X=X|R and 7=7|X,
ii)  thegenusof X,(te R) are g,
ili) m:X—— R are not locally trivial.

In the case of §=¢ Parshin [P,], and in general Arakelov [A] proved the following theorem
which had been conjectured by Shafarevich.

(4.1) Theorem. If g> 1, then M(R, S, g) s finite.

The case of g=1 is not difficult and was somehow already known. The case of g > 2 is of

our interest. Parshin [P,] proved that the finiteness of M(R, 5, g) (92 2) implies Mordell’s
conjecture over function fields (Theorem (3.1)), and observed that if the same holds over the ring
of integers of an algebraic number field, Mordell’s conjecture follows. Falting's solution of
Mordell’s conjecture was carried out along this line.

Imayoshi and Shiga [IS] lately proved Theorem (4.1) by a purely function theoretic
method. The proof of such a finiteness theorem is, in general, divided into.two parts, boundedness

and rigidity. They first proved the compactness of M(R, S, g) , of which proof is rather hard.
Combining our elementary result, Theorem (3.1) with their easier part of rigidity, we here give a
proof of Theorem (4.1). _

Let T p be the Teichmiiller space of compact Riemann surfaces with genus g>1,and O
the Teichmiiller modular group. Royden [Ro] proved that the Teichmiiller distance on Ty' :
coincides with Kobayashi distance, so that



(4.2) Tg is complete hyperbolic.

It is known that IIg contains a normal subgroup II’ of finite index which freely acts on T g By
making use of the Torelli mappings, we have (see [N,]) ‘

(4.3) Lemma. The quotient II ;\’]I‘ g has a projective compactification II ;\T p such that 11 ;\Tg

is hyperbolically imbedded into 11 ;\T g

Every element a = (X, 7, K) ¢ M(R, S, g) naturally defines a monodromy representation
xa:wl(R)——ng,

which induces
. ’

/
Put m(R)" =Ker[x,] and let R[X ] —+ R be a finite Galois covering with group
a

m,(R)/7(R)” . Then @ naturally defines a non—constant holomorphic mapping

/

£y R[Xa] ——tH;\Tg.

Since ,(R) is finitley generated, Hom(m(R), Hg\H;) is finite. Note that for distinct a ,
Be M(R, S, g) with [xa] = [xﬂ] » £y # fﬁ' Therefore the proof of Theorem (4.1) is reduced to

(4.4) Theorem. The space Hol’(R, H;\Tg) of all non—constant holomorphic mappings from R
into H;\Tg i3 finite for g> 1.

Proof. It follows from Theorem (2.1), (4.2) and Lemma (4.3) that Hol(R, H;\Tg) is a Zariski
open subset of a compact complex space. Therefore there are only finitely many homotopy types
of fe Hol’(R, H’\Tg) . Let A be the unit discin €, A —— R the universal covering and
I'= wi(R) . Let fy , ge Hol’(R, I ; \Tg) belong to the same connected component. Then f and
¢ are mutually homotopic. We claim

(4.5) -

g.

There is a homomorphism x € Hom(T, II;) such that



for=x(7)of
Jor=x(7)o9

forall yeI', where f: A — Tg (resp. 70— Tg) is a suitable lifting of f (resp. g¢) . By

Ber’s imbedding, Tg is realized as a bounded domain of €393 | Then f and 7§ are

~

represented by (3g—3) bounded holomorphic functions on A . By Fatou’s theorem, f and ¢
have non—tangential boundary values at almost all points of JA . Assume that there is a subset

EC 8\ with positive measure such that f (2) # §(z) for ze E. By the idea of the rigidity part
of [IS] .we see that for all most all ze E, there are Tl =12, .., and Zy € A such
that

777,(’10) —— z, non—tangentially

tp (7 O S —+ .

Since the Kobayashi hyperbolic distance dl“ ig invariant by holomorphic automorphisms,
g

~

i (1 1) W) = g (aay) 1 (29), x(1,) © ¥z))
- drg(f'(zo), T <.
This is a contradiction. | Q.E.D.

In [Fl] Faltings dealt with Parshin—Arakelov—type theorem for principally polarized
Abelian varieties. Let R, S and g be as above and A(R, S, g) denote the set of all fiber spaces

A— R such that A(=4A|R)—— R are smooth, locally—nontrivial fiber spaces of
¢—dimensional Abelian varieties A t(t e R) with principal polarizations. Faltings proved that

A(R, S, g) forms a scheme of finite type over € . Applying Theorem (2.12), we have the following
theorem.

(4.6) Theorem ([N, p. 32]). A(R, S, g) is quasi—projective and every connected component Z of

A(R, S, g) is a quotient of a symmetric bounded domain such that there is a proper, holomorphic,
totally geodesic, isometric immersion ¢ : Z— Sp(2g, ZZ)\H g’ where Hg 19 the Siegel upper—half
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space of rank g .

From now on we call such ¢ a Kuga—Satake immersion. Faltings [F;] gave also a criterion

of the rigidity of an element of A(R, S, g) . The both, rigid and non—rigid cases can happen. This
contrasts to the arithmetic case where the rigidity always holds ( [Fl] ). His criterion was
described in terms of Hodge structure, and was generalized by Peters [Pe] to more general Hodge
structures (see also Saitoh—Zucker [SZ] for K3—surfaces) .

In general, let D be a symmetric bounded domain and T C AutO(ID) an arithmetic discrete

subgroup of the identity component Autq(D) of Aut(D) . Let M be a compact Kahler manifold

and M a Zariski open subset of M.
Let Holliﬁ(M, I‘\D) be the space of all "liftable" holomorphic mapping f: M — I‘\ID ;

~

that is, there are holomorphic mapping f from the universal covering space B of M into D
and a homomorphism y : wl(M) —— T such that

~ ~N

foa=x@)of , aem(M

~

and f induces f.If T is torsion free, then
Hol},q, (M, T\D) = Hol(#, T\D) .

For simplicity, we assume in the sequel that I' is torsion free, but remark that the same results

hold with a slight modification even in the case where T' contains a torsion element. We recall

the following facts:

(4.7) i) The Bergman metric on T[\D is complete, of finite volume and has
non—positive sectional curvature.

ii) I‘\D is complete hyperbolic and hyperbolically imbedded into the Satake

compactification I‘\[D which is projective.

For ii), cf. Kobayashi—Ochiai [KOI]. Hence we can apply the results in § 2 to Hol(M, I‘\ID) . Let .

X be a connected component of Hol(M, I'\D) . Then X is a non—singular quasi—projective
manifold and represented by T;\D, , where D, is a symmetric bounded domain. Let

(r;\Dy) x M— T\D
Be the evalution mapping. Then for any p e M

®,(-,p):T{\D; — T\D
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is a Kuga—Satake immersion. Let £(D) (resp. &(I')) denote the maximum dimension of proper

(resp. T'—rational) boundary components of D . Note that rank f is constant in fe X (cf.
Proposition (2.3)).

(4.8) Theorem ([Ng, §§ 3 and 4]). Let the notation be as above.
i) If rank f> L(I') for fe X, X is compact.
ii) If rank f> £(D) for fe X, then dim X =0.

iif) If M) CT\D for one(and all) fe X, then dim X < &(T), where XM) denote the

closure of {M) in m
iv)  dim Hol(M, I'\D) < £(D) .

Now, suppose that dim X> 0 . Let Y be the connected component of Hol(X, I‘\D)
containing <I>1( “,p), peM.Then Y= I‘2\I)2 as in the case of X . We have the evaluation
mapping

%, : (I\D,) x (T,\D,) — T\D..
(4.9) Theorem. Let the notation be as above. Then @, is a Kuga—Satake immersion.

While this is just a special case of Theorem (2.15), it would be worth to state it separately,
as it is one of our goals in this directions. It is interesting to note that starting from any M, we
come to a Kuga—Satake immersion, provided that the moduli has a positive dimension.

Now we consider the Parshin—Arakelov—type theorem for polarized algebraic K3—surfaces .
It is known that the moduli space of polarized algebraic K3-surfaces is represented by the
quotient T'\Dpy, of a symmetric bounded domain Dy, of type IV (cf., e.g. [SZ]):

Dy = S0(2,19)/50(2) x SO(19),
(4.10) dimgDp, = 19,
eDy) = LT) = 1.

Let X—"— M be a smooth fiber space of locally non—trivial polarized algebraic K3—surfaces ,
and fe Hol;q (M, T\D) the corresponding holomorphic mapping. Since Holyr (M, T\D) is a
finite sum of quasi—projective varieties,

(4.11) there are only finitely many rigid (X, =, M) .

Moreover,

(4.12) if rank f> 2, then (X, w, M) is rigid.
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2.5

Assume that rank f=1 and (X, n, M) is not rigid (there is such an example). Then by
Theorems (4.8), (4.9) and (4.10) the problem is reduced to investigate a Kuga—Satake immersion

@ : () \H) x (T)\H) — I'\Dyy,,

where H is the upper—half plane of € . Saitoh—~Zucker [SZ] classified all possible such & .
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