
THE KUHNEL TRIANGULATION OF THE COMPLEX

PROJECTIVE PLANE FROH THE VIEW POINT OF·

COMPLEX CRYSTALLOGRAPHY

Bernard' MORIN and Masaaki YOSHIDA

with appendices by Alexis MARIN

B. MORIN
Univ~ Louis Pasteur
7, rue Rene Descartes
67084 Strasbaurg

FRANCE

A. MARIN
Univ. Paris XI Orsay

91405 Orsay

FRANCE

MPI 86-13

M. YOSHIDA
Max-Planck-Institut
für Mathematik
Gottfried-Claren-Str. 26
5300 Bann- 3

BRD





The Kühnel complex viewed as an orbifold

The G-invariant torus T in K

The six fold cover M of M
Same lattices and crystallographio groups of ~2

. The rectilinear triangulation K of ~2

An explicit triangulation of <I:F
2

by K
(the crystallographic proof)

Introduction

Chapter I

§ 1

§ 2

§ 3

§ 4

Chapter II

§ 5

§ 6

§ 7'

§ 8

§ 9

Chapter III

§ 10

§ 11

§ 12

§ 13

§ 14

References

TABLE OF CONTENTS

The Kühnel complex viewed as a PL-manifold

Kühnel's simplicial complex K

The Grünbaum-Brückner link M
A topological insight into IKI

The direct proof that IKI;· ~p

Additional material

Two interesting fundamental domains for r in K
How does JRJP2 fit into the picture

The ontological proof forcing ~F 2 to admit the
triangulation K (A. Marin)

The lattice L[f] decorated with 81 calors (A. Marin)

How to make paper models (A. Marin)



•



Introduction

In this paper we give three new proofs of the fact that

the geometrie realization IKI of the Kühnel triangulation

K defined in § 1 is homeomorphie to the complex projective

plane CI: p 2.

The original proof i8 due" to i'l.' Kühnel and

T. F. Banchoff" and can be found in [K-B].

It compares an explicit map from IKI - I~I to the sphere 52

with the Hopf rn~p cep2 - B ~ CI:JP
1 = 52. :(Here _6 is any

4-sirnplex in K and B is the complement of a closed tubular

neighborhood of a complex line in CI:F
2

.) In, fact, using the

same idea, there exists also an unpublished but eompletely

straightforward combinatorial argument (see end of § 2, where

we reproduce A."Marin's version of it). Moreover Freedrnan's

classification of simply eonnected closed 4-manifolds teIls

us that there are only two topological manifolds having

the homotopy type of CI: p 2, one of which adrnits no PL-structure.

Therefore it suffices to show that K has the homotopy type

and has a PL-structure (see § 2 Power hammer proof) .

The first of our three proofs (referred 'to in § 4 as the

direct proof) was presented in Oberwolfach in 1981 and notes

of this talk have been circulated by K. Jänich, whom we thank

for having drawn the wonderful pictures they contain.

This proof uses the fact that CI:JP
2

maps naturally onto the

2-simplex 6 2 ; this map is cornpared with a simplicial mapping
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from a subdivision K of K to a subdivision 62 of

ß 2 constructed in § 3. The second proof (referred to in

§ 9 as the crystallographic proof) is by showing that the

Kühnel triangulation K is in fact the quotient of a

rectilinear triangulation .K of ~2 by the action of

complex crystallographic group r (defined in § 7)

preserving K. An explicit mapping y:~2 ~ ~F2 i8 then

defined (see § 9) which factorizes through IKI g ~2/r.

The last proof- (referred to ·in § 12 as the ontological proef)

is a very efficient attack on the problem that was develeped

by Alexis Marin after reading drafts of the present werk.

We include it here as an appendix under his signature,

to which we will' ocasionally refer in the course of the paper.

Other contributions by Marin will be mentioned as we

encounter them, so that this paper should be considered as

a dialogue between the authors and hirn.

A question naturally arises: "Why three new proofs

when at least two satisfactory anes al~eady exist ?"

Answer: Many mathematicians asked for a spatial represen-

tation of the phenomenon discovered by Kühnel. In order to

respond to this demand, we thought that as many view points

as possible should be given. Each proof (including the one

in [K-B)) does indeed thraw a different light fram a

different angle of vision, on a simple but tricky four

dimensional fact. The trickiness comes from the constraint

that human vision has been divised to grasp only three

dimensional happening. We have tried our best to make the

..
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four dimensional world - at least one corner of it -

as palatable as possible to the reader.

In § 1 we recall that what is the Kühnel triangulation

K (a simplicial complex of dimension 4 with 9 vertices,

the star of all vertiees being isomorphie to eaeh other),.

In § 2 we recall that the link M at a given vertex 1s

homeomorphic to the 3-sphere which implies that IKI 1s

a topological 4-rnanifold. We show that K 1s PL, which

allows Freedman's Power hammer proof to work, and we cite

Marin's v~rsion of the straightforward combinatorial proof.

§ 3 defines a piecewise linear projeetion p: IKI ~ ß 2

and studies their topological properties. § 4 introduees

a map .". : CJ:JP 2 ~. ß 2 arid compares i t wi th P thus

showing IK I ;;; a:JP 2 and mak1ng the triangulation explieit.

§ 5 shows that K contains a eombinatorial torus T with

remarkable properties. This fact enables one to conneet

Kühnel's result with cornplex crystallography. § 6 eonstructs

a 6 fold branched'cover M of M whieh will turn out to

be isomorphie to the link of ~ny vertex of K. In order to

explain ehe crystallographie proof , § 7 introduces lattiees

and various crystallographic ingredients needed later, in

particular, the vertices of K and the groups r and r 11 •

The eonstruction of K is eompleted in § 8. In § 9, a

r-invariant holomorphie mapping y:a: 2 ~ ([JI? 2 is

constructed by using Weierstrass functions,producing a second

explicit homeomorphism IKI ~ ~JP 2. As a' dessert § 10
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eonstruets a highly symmetrie Diriehlet domain for the

action of r in ~2 and uses it to exhibits a fundamental

domain for K.· It also prepares the construction of § 12

by embedding in K the fundamental domain discovered by

A. Marin. In § 11 one sees how the real projective plane

:IR JP2 c <I:lP 2 fi ts insider our picture.

In § 12 (the appendix), it is shown how, by considering a

fundamental domain of IKI which is isomorphie to the

product of 62 with a hexagon, and by using apriori

requirements, A. Marin forces the Kühnel triangulation

to exist. This provides a way for the hurried mathematician,

not interested in visualizing things, to avoid most of the

effort irnposed on hirn in the pres~nt article. § 13 will

study the quotient of the lattice L[f] of vertices of K

by a sublattice of index 81 which should provide the reader

with a global understanding of the whole scenery. § 14

will explain how to obtain 3-dimensional paper models of

various· constructions used in the course of the article.

The pictures of K. Jänich, already eited, were of

invaluable help in communicating our idears, and are

reproduced here ~ith the logo (~~l (the Katakana sign

pronounced as the English word IIYeall). We also include

four drawings made for us by George K. Francis which

we attribute to hirn as they occur.

We would like to acknowlege the importance to us of

the contributian of Jänich, numeraua diseussians with
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Kühnel (who gave us much useful information and made

many helpful suggestions)and the deep interest shown

by A. Marin, in particular his stern checking, his

rigorous criticisms and the solidity of his contribution.

We are grateful to Alex Flegrnann who tried his best

to make our Franco-Japanese English book less clumsy.

Without the facilities offered both by the IRMA.(ULP

Strasbourg,' France) and by the MPI für Mathematik (Bonn,

West Germany), the authors could not thank each other

for their mutual collaboration. A special mention should

be made of Marie-Claire Grima, who showed great paptience

in tabulating a huge quantity of tedious diagrams. Same

of these appear below while the remainder will, we hope,

~erve as the basis for a computerised audiovisual

animation of the picutes we have in mind •

..
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Chapter I The Kühnel complex viewed as a PL-manifold

§ 1 Kühnel's simplicial complex K

Let the vertices 1,2, ... ,9 of the S-simplex 6S

be arranged in an array as foliows:

4

5

6

In the course of this paper we like to keep in mind the

idea that the three ,colurnns of this matrix are respeetively

bIue, white and red, so that for instance 1 belongs to the

blue family 5 to the white family and 9 to the red family.

Let G be the subgrQup of the symmetrie group $q (aeting

be generated by a,B and y , where a and ß

cyclicly perrnute respectively the colurnns and the rows

of the above matrix, while y is ß on the first column,
-1ß on the second and the identity on the third:

(
1 4 7) (4 7 1)

·a 2 5 8 = 5 8 2

369 693

(1 4 7) (2 6 7)
y 2 5 8 = 3 4 8

36975 9

, (
1 4 7) (2

ß 2 5 8 =. 3

369 1

5

6

4
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Thus we have

aß = Ba
-1

, ßr = y B, a ya.y = ß

showing that the'order of G is 27. Moreover G acts

transitivelyon the vertices of 6S . For later use, let

us also define ö and E

As an alternative possibility, let us write a sub-simplex

of 6S just by making the places of its vertices in the

)x )-matrix (Braille notation), for instance,

(1 2 .4 5 9) = ffi (1 2 4 5 6) = ES
The~ of a sub-simplex of ßS is the collection of

non-zero occupation numbers of its vertices in the columns,

for instance, (1 2 4 5 9) is of type 2 -2 -1 and

(1 2 4 5 6)

a 2 -2-1
".

is of type ) -2. The marked vertex of

simplex i5 the vertex which lives alone in its

column. For example 9 is the marked vertex in the example

above. The color of a 2 -2 -1 simplex i5 the color of it5

rnarked vertex; thus (1 2 4 5 9) is red. The color of a

)-2 simplex is the color of the missing columni thus

(1 2 4 5 6) i5 red. Obviously the type is invariant under

the five actions defined above, while a and E permute
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and ö - invariant.

Let K' and Kn be the sub-complexes of 68

respectively generated by the G-orbits of (1 2 4 5 9)

and (1 2 4 5 6) and let K be the G-invariant complex

K' U KU. Notice that K contains the 2-skelton of 68

and that it has 36 4-simplices. Figure 1-1 shows the

G~orbit of (1 2 4 5 9), which consists of 27 4-simplices

of.type 2-2-1. ~he segments indicate that the joined simplices

share a common hyperface. Note that the figure actually

contains 30 simplices, but of course the opposite corners

of the hexagon roust be identified in order to produce a

toridal arrangement. Note also that a acts on the diagram

as an anticlockwise rotation of 2n/3 about the center of

the figure and that ß and y are respectively the four

step eastward and the two step southeastward translations on

the torus. The intersection of K' with the star of K

at vertex 9 is represented on the diagram by the-central

northwest-southeast ship of width three. Figure 1-2 shows

the G-orbit of (1 2 4 5 6), which consists of 9 4-simplices

of type 3-2.
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The Kühnel complex

Figura 1-1

EBffiEB
ESE8fE
EBEBffi

Figure 1-2
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§ 2 shows that the topological realization IKI

of K is a PL-manifold and recalls two proofs of the

fact that IK I ;:; G:JP. § 3 studies the topology of IK' I

and IKul, and § 4 presents the first of our new

demonstrations showing that IK I ;;: a:F 2.

Note The present definitions of ß and y have been

interchanged compared with those in [K-B]. It 15

essen~ially due to the .fact hat, as we will see in § 12,

our y (that is to say Kühnel and Banchoff's ß) is

same how less important than our ß, although a and y

generate G.
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§ 2 The Grünbaum-Brüekner link M

In this seetion we show that IKI is a toplogical

and also a PL-manifold. We study the stars of vertices of

K (cf. [G])." Since" G 15 transitive on these vertices, all stars

are combinatorially isomorphie. The link in K of

vertex 9 (i.e. the boundary of the star ~t this vertex)

is the complex generated by the following: twenty 3-simplices:

)
.-.
• •
• ---J

.~ .-, ·-, ,e-, r·~ r-1I • L:l • • • ••• • •
•• J ~ L-I .---! • • ..J

[:: ,(al i:J l:i ~' [ .- r-J• • :(b) . .. ' . (c)

• -l •• " • J • •.-. r:j • • • • • • ~. ,- •
!.:J :-.J L:J : . j • 1• • I- •

.-.'
:---l

•

Figure 2-1

(We remark that (b) and (c) are obtained 9Y

respectively applying y and y2 to (a), while the

two simplices in boxes (d+) and (d-) are y-invariant.)
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The union of the topological realizations of the

six simplices displayed in each ot the boxes (a) ,(b) and

(c) is a 3-ball. Now (a) U (b) U (c) and (d+) U (d-) are

two 3-balls glued along their common boundary, showing

th~t the link of vertex 9 in K is a 3-sphere (and hence

that IKI 15"a topological rnanifold).

The complex di5played in Figure 2- 1 (denoted M in

[G]) i5 o~e of the four ways described by M. Brückner

(1909) and B. Grünbaum (1967) to triangulate the 3-sphere

8 3 with 8 vertices, 28 edges, 40 triangles and 20

tetrahedrons.

Description of M In order to have a good grasp on M

one can describe it as follows.

(1) Notice first that the union of the three simplices

appearing on the rlght of boxes (a) ,(b) and (c) can be

non-rectilinearly arranged into a quilted annules as shown

on Figure 2-2.



2.3

The quilted annulus formed by three 3-simplices (16~5), (2514)

and (3426)

..

\,
\

,
",

-
/

I
I

Figure 2-2
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(2) On the axis of symrnetry of Figure 2-2 let us

place vertex 7 and vertex 8 respectively below and above

the plane of t~e picture. The simplices appearing on the

left of boxes (a) ,(b) and (c) are obtained by joining

7 to 8 and then' "(78) respectively to (56), (45) and '(64) •

6

5

4

(3) Notice now that the collection of simplices

respectively liste~ on lines + -(e ) and (e ) can be

interpreted as representating the visual cone when one

looks to the quilted annulus respectively fram 8 and

7. From 8 you see the top part of the annulus namely the

six triangles:

• (316), (615), (125), (524), (234), (436) •

From 7 you see the bottom part af the annulus narnely the

six triangles:

(135),: (536), (214), (415), (326), (624).

See Figure 2-2.
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(4) The union of the 18 tetrahedra already constructed

i8 a ball who8e complement in 53 can be decomposed into the

two tetrahedra" in + -(d ) and (d ) which share the face (123)

(a triangle having the point at infinity,as its center).

The combinatorial manifold K. There are several

reasons why the topological manifold K is in fact PL.

Firstly because 53 has a unique PL-structure (see [Mai]) i

secondly because the way we described the triangulation is

obviously C1 in"the sense of J.H.C. Whitehead (see [Wh 2]);
1\ 1\

and lastly because,by adding the three midpoints 16, 25
1\"

and 34 of respective edges (16), (25) and (34) as new

vertices, one easily gets a subdivision of M with

eleven vertices and twenty nine 3-simplices.'

For instance, the" ball considered above consisting of six

non-rectilinear tetrahedra now decomposes into the nine

following rectilinear simplices:

1\ 1\ 1\

( 1 2 8 25) (2 4 8 25) (4 5 8 25)
1\ 1\ 1\

(5 1 8 25) ( 1 4 5 25) ( 1 2 4 25)

( 1 2. 4 7 ) ( 1 4 5 7) (4 5 7 8)

1
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Claim 0:

Power hammer proof (mentioned by W. Kühnel). Since K

contains the 2-skelton of 6
8

,IKI is simply connectedi

its Euler characteristic is 3: Hence IRI has the homotopy

type of G::p2 (c .·f. [E-K]). Using the Freedman

classification of simply connected 4-manifolds (c.f. [8]),

one sees that the combinatorial manifold K 1s homeomorph1c

to G::p2.

•
Nevertheless in § 3 - § 12 we intend to present three

new proofs of this fact. Before doing this, we conclude

the present section by giving the straight-forward

combinatorial argument following the idea of Kühnel and

Banehoff mentioned in the introduction and as explained

by A. Marin.

The straightforward combinatorial proof of claim 0 (A. Marin)

Let 6 be.any one of the 4-simplicies of K. The

subcomplex E generated by the vertices outside 6 is

a 2~sphere.

0.

Let r:K ~ [0,1] be the simplicial mapping which

sends 6 to 1 and E to 0 •

Consider the decomposition:

IKI =r-
1

([0,1/2]) U r·- 1 ([1/2,1]) = TUB

t- 1 (1/2) a
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The secand term B of this decamposition is a regular

neighbourhood of ß in the 4-manifold IKI (cf. [Wh 1]

er [R-S, chap 3]) and hence it is a 4-ball. The first

term T is a regular neighbourhaod af the sphere E in

I KI. Therefore by claims 1 and 2 below,· T 1s PL-isomarphic

to a disc bundle over E. Since the boundary of this bundle

1s the 3-sphere aB, the Euler class of the bundle is ±1.

With a suitable orientat1on, T 1s PL-isomorphic to a

tube around a complex line in <I: p 2 , 1.e. the complement

of a 4 ball in <I:F
2 . By the Alexander trick there is

essentially one way to glue

is PL-isomorphic to a:]?2.

aT to aB, so IKI= TUB
a

Claim 1

Proof

The sphere E is locally flat in the manifold IKI.

Notice that E is combinatorially the boundary of a

3-simplex not centained in K. In order to prove Claim 1, it

suffices to check that the boundary of each 2-simplex in E

is unknotted in the link in K of the remaining vertex of

E. Now it suffic~s to look at Figure 2-2 to observe that any

closed curve formed by three edges i5 unknotted. in M.

•

Claim 2 A regular neighbourhood of a locally flat 2-sphere

S in a PL-4-manifold V is PL-isomorphic to.a 2-disc

bundle over S.

Proof A regular neighbourhood in the manifold pair (V,S)

(cf. [R-S] chap 4) of a point interlor to a triangle of S

1s an unknotted ,ball pair (B
1

,D
1
).
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o

The dlosed disc 02 = S - 0, is locally flat in the
o

manifold V - B,. Hence a regular neighbourhood of this
o

disc in (V B,,02) i8 also an unknotted ball pair

(BZ ,02)·

The pair (B, U B2 , 0, U°2 ) 1s then a regula~ neigh

bourhood of 5 in V. It i8 the union of two unknotted

ball pairs which are glued along regular neighbourhoods of

the circles bounding the 2-balls in the 3-spheres bounding .

the 4-balls (therefore along unknotted,solid tori), the

pair (B, U B2 ,O, U°2 ) i8 a disc bundle.

•
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§ 3 A topological insight into IKI

This section introduces a piecewise linear mapping

IKI ~,62 in order to give:. in § 4 an intuitive approach

to Claim 0 of § 2 which is completely different to the

attack adopted in [K-B].

As suggested by Figure 1-2 the complex K" decomposes

into three cornplexes called Ka,Kb and Ke

Ka = Cl (4 56 ) * (78 9) ,

Kb =. Cl (78 9 ) * (1 2 3) ,

Kc = Cl (1 23 ) * (45 6) ,

where Cl denotes the ~oundary of a' simplex and * the join

operator between complexes. Thus IK"I appears as a union

of three 4-balls touching each other along a 9reat circle

of their boundaries: the boundary of each ball being

thought of as the join of the two circles of contact which

it contains. If we let 10,11 and 12 denote the barycenter

of the simplices (789), (123) and (456) then we can

interprete Ka,Kb and Ke as cones with vertices 10,11

and 12 and bases

aKa = a (4 5 6 ) * Cl (7 8 9 )

cH<b = a (789) * a (123)

and Cl Kb = a (1 23) * a (456)
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Let us denote by K 10 ,K11 and K12 the subdivision of

Ka,Kb and Ke so defined and by K the eomplex

K I U K 10 U K11 UK12 whieh 1s a subdivision of K.

Continuing the suggestion in § 1, we like to think of

10,11 and 12 as respeetively belong to"the blue, the

white and the red family. Aeeordingly Ka,Kb and Ke

as weIl as their subdivisions K10 ,K11 and K12 will

be respeetively thought of as a eombinatorial deeomposition

of a bIue, a white and a red 4-ball~

Define:

a 10 ~ 11, 11 ~ 12, 12 ~ 10

ß,y,ö: 10 ~ 10, 11 ~ 11, 12 ~ 12

c: :. 10 ~ 10, 11 \-;.. 12, 12 ~ 11

so that now a,ß,y,ö,E and in partieular the group G aets

on K.

In order to understand the topology .of the entire

space IKI, we eonstruct a combinatorial map

p:K --+ 6
2

where 6 2 1s the subdivision of the 2-sirnplex abc using

m1ddles a' ,bi and Cl of the sides and the central

triangle

as shown on the following figure.
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c

a

b

a r

Keep in mind that the vertices a and a ' '. sides

bc and b'ei as weIl as the corner triangle (aclb ' )

roust be thought of as being blue. Accordingly vertices

band c , vertices b~ and c' as weIl as their

opposite sides and the corresponding corner triangles

roust be respectively considered as being white and red.

Check that the map between vertices shown in the following

table does indeed extend to aG-invariant combinatorial

map p:K ~ 6 2 ' where G acts in an obvious manner on

1 4 7 10 11 12

2 5 8

P: 3 6 9

1- .. 1- + 4- 4- +

a' b ' Cl a b c

Then

-1 (ac'b ' ) K10p =

-1 .
P (ba' Cl) = K11

-1 (cbla' ) K12P =

-1 (6 I ) K I
P =2
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Let us think of 62 as an equilateral'triangle in

the euclidian plane m2 with its barycenter at the origin ..

Furthermore let H be the regular hexagon with vertices

a z = -a = 3a ' /41

b 2 = -b = 3b ' /41

c 2 = -c = 3c ' /41

as shown in the picture.
b l

Cl

a'

Let H be the torus obtained by identifying opposite sides

of H..

It i5 the quotient of mZ
by tha lattice L generated by

and

on

b 1 + c 2 .. Call n f the canonical projection of

]E2 / f (fJR)1. + L z; S1 where f = a t , b ' , C land

1. stands for the orthogonal complement.
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Let U be the topological space obtained by factoring

ßi x H by the following equivalence relation:

(d ,e) (dl,e') whenever (d',e') =. (d,e) or

d d' f and ~ (e) - ~ (e') where f -- a',b ' or Cl.= = "f - llf

Claim: The geometrie realization !K"I is homeomorphic

to U •

Proof Let 5 be a ·2- 2 - 1 simplex in K and v its

marked vertex (see § 1). We ~ill say 5 if of class f

if p(v) = f. The column decomposition of 5 shows the

marked vertex v and two 1-sirnplices of type 2 - 0 - 0

called 51 and 52. Now 5 can be thought of as the

triple join 51 * 52 * {v} and p:5 --. 62 as the

canonical projection of the triple join onto its base.

Let us define the standard realization of a 2 - 2 - 1

simplex of class f to be the following simplex 5f

(where f = a',b',c') in ßi x JR2 , whieh canonically

projects on ß2 ,using the first projection:

5b ' = « Cl, C 1 ) , (c' , e 2)) * « a I , a 1 ) , (a I , a 2 )) * { (b' , 0) }

Sei = « a ' ., a 1 ) , (a I , a 2 )) * « b I , b 1 ) • (b' , b 2 )) * { (e' , O)} •

Notice that all 2 - 1 - 1 hyperfaees of the three standard

realizations are linearly isometrie by type preserving
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isomorphisms.

For any simplex ~ of class f, there are four

type-preserving identifications S ~ Sf which also

preserve projections to 6 2 • They can be deduced from

each other by a linear isometry of Sf~

For all d € ai ' let and d c be the projections

of d onto-the sides of 6i-. Let

P = d dh da' da' c

Pbf = d d db, daC

P = d d d d .
Cl a c' b

be the three parallelgrams: shown on the following figure

b '

a'

•

Notice that P
f

degenerates into a segment when d is on

a side of ßi containing f, and into a point when d =f.

2Notice also that the inverse image of d in Sf (c {d} x R )

projects to the second factor E 2 as the.parallelogram

obtained by translating Pf so that it becomes centered at

the origin.
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Now one can readily realize K' by identifying

to Sf its simplices of class f (using any type-preserving

identification) and by gluing along 2 - 1 - 1 hypersurfaces

the copies of the Sf'S thus obtained by linear isometries

(commuting with projections to ß 2

pattern shown in Figure 1-1.

according to the

-1
Now for all d E 6 2 ' p (d) appears to be a patchwork

made of the" 27 parallelograms (some of which may be degenerate)

-1corresponding to the intersections of p (d)" with the

27 2 - 2 - 1 simplices of K. For instance the inverse

image of the origin is the torus obtained by identifying

the opposite sides of the hexagon shown in Figure 3-1 where

the paralleograms are now rombi. Notice that th1s hexagon

1s hornothetic to Hand can therefore be canonically

identified with it. When d moves away from the center, the

hexagonal pattern gets continuously distorted assuming for

instance the following dispositions. But after the suitable

identificat10ns are done, the patchwork remains topologically

-1a torus. The universal cover of the patchedwork . torus p (d)

is obtained by letting the latice

Z(d - d ) + Z(db - d )c a a

act on the union of the three parallelograrns Pa" Pbl and

PI. One can also use the triangular fundamental domain
c

obtained by considering the union of the three half

parallelograms cut along the long diagonals as shown

below and tessellating under the action of the group



3.8

generated by rotations of n centered at the midpoints

of the sides of the triangle.

d a

When d arrives to the interior of one of the sides of

18 out of the 27 parallelograrns degenerates into segments

but p-1 (d) still remains a topological torus (Figure 3-2).

When d finally reaches a vertex f then 9 of the

parallelograms become.points while·the 18 ethers are segemen~s.

So that the torus degenerates to a circle according te

projection n f (Figure 3-3). This completes the proof of

the claim.

..
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Strasbourg 14-07-81

Figure 3-1
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In this picture each rhombus shows the marked vertex

of the 2 - 2 - 1 simplex it represents .. In order to

list all the vertices of the represented simplex, consider

its marked vertex as well as those of the four adjacent

rhombi. For example, the union.cf the two halves of the

hexagon marked,with a cross is the intersection with the

torus of the simplex (1 2 6' 7 C).The picture also shows

the blue ,white red colcrLlg 'of each ,cf the 2 - 2" - 1

represented simplexes using the Heraldic convention

for calors, namely § for blue, ·Dfor white and

OIIJJ fOl: red.
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Figure 3-2
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§ 4 The d~rect proof that

4 • 1

[Jä]

....
In this section,we introduce a rnap 71':D:JP t'.. ~ !J.

2

and show that the decornposition of D:JP
2 induced by

the inverse image under ~ of the subdivision !J. 2 is

isomorphie to the decornposition

IK I = IKai U I Kb I U IKb I UlKe I UlK' I •

This shows that I·K I a (lp2

Let us now think of 6 2 as being .the standard 2-simplex

in :IR
3 with coordinates

pr~viously introduced now become

a I = . (0 , 1 /2 , 1 /2 ) , b' = ( 1 /2 , 0 , 1 /2)

a = ~o = (1,0,0), b = e 1 = (0,1,0) ,

,

c

C' = (1/2,1/2,O)e

_Let us identify the standard 5-sphere 8 5
in a:? (with

coordinates YO'Y1'Y2) to the join 8 1
* 8

1
* 8 1 which

embeds into (l3 as the set of points of the form

that the formula makes sense even if some

induces onThe canonical mapping

the map

111
8 * 8 * 8 ~ 6 2

t I Sj equal. zero.
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On the Hopf action of onto induces

i5 as above.yand6 E :IR

the diagonal action of the join defined by (6,y) goe5 to

i(6 + 2rrs
1
/t

1
),(/ta exp i (6 + 2ns O/tO" ,~. exp

It
2

exp i (6 + 2'iT5
2
/t

2
) ), where

Now the quotient «:JP 2 of sS under the Hopf action

identifies to the quotient of 5
1* 5

1* 51 under the

2diagonal action. Let iT:«:P ~ 6 2 be the quotient under

diagonal action of the canonical mapping of the join so

that we now have the commutative diagram:

1s the quotient of under

the equivalence relation defined by (t,s) ~ (t',SI) 1f

t = t' and 5 - Si E Lt

where it i5 a5swned that 0: = :IR. Therefore a:l?2 appear5

to be the quotient of 6 2 x:IR
3 under the equivalence relation

defined by (t,s) ~ (t',st) if

t = t' and s - 5' E Lt + Dt

where D
t

is the line in JR3 generated by t = (.to' t 1 ' t 2 ) E: 6 2 .

In order to study lT-
1

(t) for tE6 2 , it suffices to

look at the image of Lt in the quotient of the euclidean
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by the greatest vector space Vt contained

in the subgroup Lt + Dt •

Notice that

Dt t E the interior of ß 2
,

Dt + :Re. t E the interior of the side
~

V
t

= opposite to ei
,

JR3 t E the vertices of ß 2 .

For each t in the interior of 6 2 ' the Dirichlet domain

of the image of L t is given by the following' figure, where

generate the image lattice, one has

and

and

are'the images of (t 0 ' 0 , 0) , (0, t 1 " 0) , (0, 0 , t 2) •

are in.

the interval ]n/2,~[. When t approaches same interior

point of the side opposite to the vertex e i ' the angle

(i * j * k * i) tends to lT and CL
~

tends to o.
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In the limit, a j and a k are on the same line but the

dimension of Vt has increased and one has to project

everything orthogonally onto the line aj~. Now m3 /vt

is isomorphie to ~ in which the image of Lt has to

be a diserete additive subgroup tending to R itself

when t remains on the side and tends to a vertex. Notice

that when t 1s at the center of 6 2 , the Dirichlet

fundamental domain of n- 1 (t) is regular hexagon, that Lt

is the cubical lattice and that Dt is the diagonal of

m3
•

(1,01)

Theprevious remarks ean be summerized as follows:

n-
1

(t) is a torus which degenerates into a circle when t

tends to a side and to a point when t tends to a vertex.
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There are three ways (analogous to those studied in § 3)

in which the torus ean degenerate to the eirele, aecording

to whieh side t approaches. It therefore should now be

obvious that

rr- 1 «ab'e') U (ca'b') U (bc'a'»

1s the union of three smooth 4-balls touching each other

in <c:p 2 along linked eireles aB explained in § 3 while

-1n (a'b'c') appears to be homeomorphie to U (e.f. Claim

in § 3) .. By the Alexander triek, a::p 2 1s therefore

homeomorphie to IKI.

In order to make thiselearer, we speeify an explie~t

2trlangulation of <CJP , isomorphie to K. The idea sterns

from the suggestion by A. Marin ~implified and modified in

order to resemble the construction in § 3, which in some sense

it dualises.

The explicit triangulation of <c:p 2
!2Y K. Let

V
1

::::;I [0,1,w] v 4 = [w,0,1] v 7 = [1,w,0]

2
[w 2 ,0 , 1 ] [ 1 , w2 ,0]v2 = [0,1,w] v 5 = va =

•.

v 3 = [0,1,1 ] v 6 = [1,0,1 ] vg = [1,1,0]

v 10 = [1,0,0] v11 = [0,1,0] v 12= [0,0,1]

be the images in <CJP
2 of the vertices 1, ••. , 12 in K,

where w:: exp 2nl/3. Let X: Li 2 x Q --+- a: p 2 be define~ by

setting
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The map X 1s onto and factors through

La is the orthogonal projection of z3

the quotient map

o

6 2 x O/L
O

where

to Q. Call· X .

Restricted to 6 2 x Q/LO' X is an homeomorphism onto the

complement of the three complex lines

Yo = 0, Y1 = 0, Y2 = 0

where [YO'Y 1 'Y2] denotes the system of homogeneous

coordinates in CI:JP
2 •

In order to describe the triangulation of ~p2 in

terms of (t,~)-coordinates, we need to compute the

projections Pr Z onto the second factor of

-1
X (vi) C ß'2 x O/LO (i = 1, ••• , 9) •

These are circles on the torus Q/LO•
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Let us now think of the hexagon H as being the

Dirichlet domain of. Q at the origin under the action

of L O•

Using the translations e O,e1 and e 2 ' one can color all

the medians and small diagona~s in such a way as to obtain

the following diagrams.
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Projection of
1

(0'2,0)

1 1
(0,-, -- )6 6

1 1 1
(--,-,--)

6 J 6

H

111
(~,--,--)

.J 6 6

Projection of
1

('2,0,0)

------~t-----_"'(;..,.!,.!, 0),- 6 6

Projection of
1 1 1 1

(0,0'2) (-6'-6'3)

-1The following figura represents the circles P~2X (vi)

(i = 1, ••• ·,9) viewed in H.

~1.P1iX \v
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This picture illustrates the fact that these 9 circles .

decompose Q/L
O

into 18 triangles. Let us denote by

ß(ijk) the triangle with sides labelied i,j and k

(1 ;Si i, j, k ;Si 9), and assume that vertices opposite to

sides have been gi~en the order ijk. Let C:ß 2 ~ ß 2

be the Cremona transformation of the standard 2-simplex

in :IR
3 defined by

'0
This i8 a one-to-one involution on 6 2 ' which shrinks

each side to the opposite vertex and blows up each vertex

to the opposite side. An ordering of the vertices of two

triangles T1 and T2 defines, in an obvious and unique

manner, reciprocal Cremona transformations T
1
~ T2 and

T2 ~ T1 • Let C692 be the Cremona transformation

(a'b'e') ~ ß(692)

and define the 17 other Cikjls by composing C692 with

rotations of angle n centered at the middle of the sides

with 6(692), thus defining

and so on using the newly introduced sides. For all

t€ (alb'e') eonsider the decomposition of Q/L
O

into
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27 parallelograms obtained by joining each Cijk (t) = Pijk

to the vertices of ß(ijk) and then erasing the sides

of ß (ijk) .



4 • 11

As in § 3 we thus obtain a deeomposition of the torus

depending on t but this time the'shape of the torus

is fixed, while the angles of the parallelograms vary.

Notiee that same of the paralle!ograms degenerate when

the

when

p. 'kls are on the boundaries of 6(ijk) '5, namely
~J

t 1s on the boundary of (a'b'e'). Notiee also

that when t is at a vertex, the Pijk'S live on the

corresponding sides wi~h no definite Ioeation but

remember that when such is the ease, X preeisely

quotients O/LO along cireles parallel to th"ese sides.

From this fact one inune.diately sees that the previous

eonstruction defines an explicit homeomorphism from IK'I

(realized as in § 3) to n- 1 (a'b'c l
) sending the

parallelograms of § 3 to the present one. In order to define

the homeomorphism over all of IKI, notiee that each of the

three 3-spheres bounding n- 1 (a'b'c') is decornposed into

9 3-simplices; extend radially the three eonsidered

decompositions in ~JP2 using v 10 ,v
11

and v
12

as

origins. This operation i5 completely weIl defined since

for irtatance n- 1 (ab'e l
) 1s the standard unit 4-ball in the

2 -12-dimensional complex p~ane ~F - n (be) with

No doubt .the severe reader will decide that the

triangulation presented in this section 1s self-suffieient

and that the construetion of § 3 is needless. This i5 indeed

true, but we like § 3 since we gat it "long aga, while § 4

became clear to us very recently. On the other hand as we
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pointed out in the introduction, it is useful to show

many approaches to the same phenomenon in order to

get a good intuitive grasp of it. That is why we hoped

most readers would also enjoy reading § 3.
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Chapter II The KUhnel complex viewed as an orbifold

§ 5 The G-invariant torus T in K·

The existence of the cornbinatorial torus T·c K

presented in this section is the basic fact that

enables one to connect KUhnel's triangulation with

crystallography.

Figure 5-1 represents the union T of the G-orbits

of (269) (positive orbit) 'and (169) (negative orbit)

where opposite sides should be identified and the erased.

7

___~8

8

Figure 5-1
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The topological space I'T I 1s homeomorph1c to a torus.

Considered as a sub-torus of ~p2, it 1s the set of

x(t,C, 'k(t» of § 4 for all possible ijkls as t varies
~] ,

in- (alblc l
). The complex T contains all those simplices

of type 1 - 1 - 1 whose link is a triangle .

Notice that the links of the remaining simplices of type

-1-1-1 (all belonging to the G-orb1t of (147» are hexagons,

and that those simplices are in one-to~one correspondence

with the hexagon~ in Figure 1-1. ~otice also that the

intersect10n of T with the link M of vertex 9 1s the

combinatorial t~efoil knot:

14 U 43 U 35 U 52 U 26 U 61

shown in Figure 2-1. Therefore T has 9 combinatorial

cusps.

In § 9, it will be shown that T i'5 the combinatorial

model for the embedding in ~p2 of a complex curve of genus 1

with 9 CU8pS (the dual of a non-singular cubie). In § 8

Remark 2, we will show the existence of a 6 fold cover of

IKI branched over T, which 18 isomorphie to the 4-toru~ ,

and on whieh Kinduces an improper triangulation:

This means a decom~osition into simplices whieh i8 not a

triangulation because each simpiex 1s not uniquely determined

by its vertice 3, such as the case of the decomposition of

the circle 51 by two intervals.
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Suitably identified with ~2 the universal cover of this im

properly triangulated 4-torus will appear to be the rectilinear

triangulation K of ~2 defined in § 8, which is

invariant under the action of the complex crystallographic

group f" .defined in § 7. In ~- the inverse im~ge of

T will turn out to be the union A of a family of

complex lines each of which maps onto ITI as its

universal cover (see § 8 Remark 1). Links of all simplices

of type 1 - 1 - 1 in K will be hexago~s. Associated wi th a

crystallographic subgroup f of fU, there exists a

2 2map Y:~ ~ ~p branched along A, which will produce

a new explicit homeomorphism between IKI = IK/fl and

and ~F2 (cf. § 9). In order to visualize the

triangulation K, we construct in the next section a

combinatorial 6 fold cover M of AI branched along the

trefoil knot T n M. The complex M will then be realized

as the boundary o'f a 4 dimensional polytope N in ([2

namely as the link of the origin in the triangulation K.
Since f" is transitive on vertices of K I all links of

vertices in K are isomorphie to M. The realization aN
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i8 not strict ,in the sense that the star N (at the

origin in K) is not convex and same of its faces are

unions of more than one 3-simplex of ~ (i.e. it has

inward' and also flat dihedral angles). The detailed study

of the convex hull of ~ (i.e. of N) is the bulk of the

proof of the claim ·1 of § 8.

Ob8erve that it would not be difficult to deform the

polytape N so that its boundary becomes astriet

realization of ~, in other words, so that it becomes

a convex polytope whose hypersurfaces are 3-simplices

decomposing its boundary aceordingly to the pattern M.
Reeall that contrary to ~, the Grünhaum-BrUckner

triangulation M i8 the only.triangulation of 8 3 with

8 vertices which refuses to be strictly realized in R 4

(in the previous sense), essentially because it contains

the combinatorial trefoil knot Tn'a, which 1s the

union of 6 edges. Indeed we have

Proposition In the boundary of a 4 dimensional polytope,

any PL closed curve with not more than 6 edges either 1s

unknotted or 1s a trefoil knot with 6 edges contained in

one hyperface of the polytope.

•
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§ 6 The six fold cover M of M

A 6 fold cover M (with 120 3-simplices and 30 vertices)

of M branched along the trefoil knot M n T can be

described as.the union of 6 copies of a triangulation

(with 20 simplices and 11 vertices) of the prism *2 x ß 1 •

Three of these copies are glued to each other along their

triangular faces in order to p~oduce a solid torus with

9 square faces. The complement in 53 of such asolid

torus is again a solid torus ~ith 9 square faces. It 1s in

turn obtaine~ by gluing similarly the 3 remaining copies.

Figure 6-1 shows a prism of one ef the tori sureunded by

the.3 prisms of the ether torus.

Figure 6-1
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The inverse image of Mn T in M i5 the union of

three linked c1rcles contained in the common boundary of

the two solid tori. Each of these circles 19 the union of

diagonal9 of three of the nine square faces and maps

bijectively onto M n T. We first construct the triangulation

MJ that we realize in 0:
2 , and next show that the obvious

projection M~ M

covering.

Construction of ~

is indeed the required branched

We now proceed to describ~· the

triangulation of the first prism MI ~ 6 2 x [0,1] where

we call m1,m2 and m3 the vertices of the triangle

6 2
x {O} . R,2,R,3 and R,1 the vertices of the triangle,

6
2

x {1}; where k
6

,k
S and k4 are the centers of the

rectangu1ar faces

and where

k7
1

,ka
3= (b '4) = (b '4) ..

(in which b stands for the barycent.er of 62 ) so that

k 7 and k a 11e on the axis of symrnetry of the prism.

Now MI is the comp1ex w1th vert1ces



6.3

t 3 12 ~1

ka
k 4 k 6 kS

k7

m1 m
2 m3

generated by the föllowing twenty 3-simplices.

•

t rk.,
.t k I k k.
L.-J t I

[~j (bI ~2J

~k~ mkk

LJ~
m-k

Figure 6-2
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In this figure we introduce for the first time the

colored Baille notation which should be understood as

follows; every letter appearing in a given Braille cell

1s a~sumed to carry the color of the place it occupies

in the cell. For instance,

The three sirnplices appearing on the right of boxes (a),

(b) and (c) are called notches,-while the union of the

three simplices appearing on the 1eft of the same boxes

is called the central cere ef MI. This central core can

also be traingulated as the union of two 3-simplices

[

k k

~J
and [ ~1k -.J.
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G. Francis

·m·3

~o cohedral (i~~egular)

Octahedra are formed

by removing 3 natches

fram a triangular prism.

[in the model, windows reveal
an illuminated interior with

a ball vertex at the center of each

octahedron. ]

Figure 6-3..

one notch has
been removed

'k5

0.

Now MI minus the union of its three notches, with the

central core ~e-triangulated as explained, can be

considered as the union of the two octahedra

and
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triangulated as cones on their poundaries with barycenters

k
7

and ka respectively. Thus if one now restrores the

original triangulation of the central core one gets a very

good understanding of the way M'-{notches} is constructed.

In order to build the 5 other prisms, it suffices to

list their vertices according to a chosen order for those

of MI. The following table does this for you.

m, ,m2 ,m3 i k7 k 6 ,kS ,k4
. ka ; 12 ' 13 ,1,,

1,~12,R.3 ; m7 i m6 ,mS ,m4
. ma ; k2 ,k3 ,k,,

k"k2 ,k 3 17
. R. 6 ,R.S ,R.4 ; R. a . rn2 ,.rn 3 ,m1
, ,

k1 ,m2 ,R. 3
. k ; k 6 ,mS 'R. 4 ; k-a; k2 ' m3 , R.,,

-7

R."k2 ,m3 ; m_ 7 R. 6 ,kS ,m4 ; m-s; R. 2 ,k3 ,m1

m,,12 ,k3
. R." ; mG' R. S ' k~ ; R.-ai rn2 , R. 3"", k,,

-7

Figure 6-4

The logie of the previous table is represented by the

following pattern showing the vertices on the common

boundary of the two solid tori as weIl as the vertices

of the core of each torus,and thus displaying all vertices

of M. Please identify opposite sides of the square to

obtain a torus.
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----.---
1

4
k 6

mS

~

ßl 3 1 1, k,2

.. k
01

1 6 'S
ßl4

m1~ ~2
k,:]

,. Jl

1 5
Jt m64

,
If.

m
2

1 3 k1.

...
.~

)(~ m_ 7,
I .,,

lC
1 m_a
I
I
I

)( 1_71

t
Core of
the secQnd
torusCora of ~""_·x-----, 11 ----

the first 17 1a
torus

Figure 6-5
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6 .. 8

The natural projection M~ M i5 a

6 fold cover of M branched along T n M, in such a way

that the inverse image of each simplex of M 1s the union

of 6 simplices of the same dimension except for the edges

and vertices of T n M which are covered only thrice ..

Proof.. By assigning to each of the 30 vertices of M its

color (namely the index attached to it), one readily sees
.......

that each of the 120 3-simplices of M is -m~pped to a

3-sirnplex of. M . This defines a natural projection of M

to M.. Notice that the restriction of this projection to

each of the six prims, ~ has been decomposed into, 1s

a surjective map from the considered prism to M.. For

instance observe that M 1s combi~atorially equivalent

to the quotie~t of M' obtained by identifying together

the k. 's i- 's and m. '·s (i = 1,2,3) of same index .. These
1. 1. 1.

identifications force each lateral face to be folded

along one of its diagonals and in addition the following

pairs of triangles are glued together

~imilarly for the two other faces .. This operation induces

an anti-clockwise twist of the top and the bottom trinagular

faces with respect to each other .. In the quotient, the image

in M 15 the Möbiu5 strip S formed by the
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union of the six triangles:

(124), (125), (236), (234), (315), (316)

3

1
,IC;- ~ 2

bounded by Mn T. In order to complete the quotienting

procedure da not farget to identify tagether the simplices

i,12 1 3 and m,m2m3 (otherwise the object would not be a

simplicial complex i~'e. ~t would not be properly triangulated

in the sense of § 5). The last identification gives you

the Grünbaum-Brückner triangle (123) centered at infinity.

l'he way the mapping M --.... M

Claim 1 obvious.

has been described makes

Claim 2 The mapping M~ M i5 anormal covering with

Galbis group the symmetrie group S3. Moreover the alternating

group A3 acts freely on M ä 53 so that MIA
3

i5 the lens

space L{3,1) and that the projection M/A
3
~ MISt M ~ 53



is the 2 fold cover of

trefoil knot M n T_

6 _10

M branched along the right hand

Proof Notice that A3 acts on each of the two solid tori,

into which ~ has been splitted (see Figure 6-1) _ The

quotient of the first torus under this action can be

described as being the prsim M' with the two triangular

faces (m1 ,m2 ,m3 ) and (t
1
,i2 ,t3 ) identified together_

One is now 1eft with an improper1y triangu1ated solid torus

M1 whose boundary aM1 = S i8 obtained by doubling the

Möbius strip S _ The Deck involution l:~ ~~, with

respect to the projection S -. S fixes the curve

1 -1 (T n M) ,..... 2J.L + 3A :

1----4---J---5---2---6---1

and sends the meridian ~

1 2--]--1

to the curve~' ~ + 3A

where A is the chosen longitude indicated in the pircture

below_
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1 1\, ,
t '... IJ.'I , .... ~

" ...
I \. '

2 1\.. -, ~ 2
'-t , ...." \, +, " ,
111 ''I 0
I ' ~3 f\... 'sr I 3.

.... ,.......... " I
I \ "')1 ... , ~

t I A ) \ t ...~ 1
'... 'i I

"" ' I... \ I
... ''V
~""\l 2

Next consider a second copy M2 of M1 representing

the quotient under the A3-action of the second torus

of Figure 6-1. Now M/A 3 splits into ·M1 and M2 glued

alang their common boundary using the involution 1 •

Ohserve that the meridian of M2 1s mapped to the curve

~' on M1 • According to [Sie],

appears to be the improperly triangulated lens space L(3,1)

whose universal cover has three sheets and identifies : with

S3 , praperly triangulated by 'M • This ends the proof of

Claim 2.

The realization of M· in ~2

The promised representation of M as the boundary of

a star-polytape N will be completely determined by giving
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coordinates for its 30 vertices in ~2. In order to obtain

these coordinates.we first represent the torus of all

vectors (z1'zZ) € ~2 satisfying z1~1 = zZz2 = 1 as

a square horizontally parameterized by the argument of

z1 and vertically by the argument of Zz as indicated:

1T
-1T

lT ~----_-..I

, .
VI·

arg z1

Place the 18 vertices of Figure 6-5 of colors 1, ... ,6 in this

square as they appear on the previous diagram. Now the cores

of the tori should be treated as circles of radius 13 in

each coordinate axis represented in Figure 6-5 as dashed

segements parameterized by the arguments-running from -lT

to lT fram 1eft to right for the first cone and fram top to

bottom far the second one.

-1T
-lT

TI

lT '- -l
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On these circles, place the 12 remaining vertices of

Figure 6-5 in such a way that each of these 12 points

can be obtained as the SUfi of two of the 18 points

described above: e.g.

Therefore these 12 points belang to the ~attice L[f]

(defined in § 7) generated by the 18 points of Figura 6-5.

In order not to get mixed up while performing this

very tedious'exercise,the aid of Figure 7-0 might be

helpful. If you are patient enough to complete this

homework, you will get the following table.

•
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Vertices at distance 12 from 0

2R.
4

=(w ,-1)

I
2 2R.

1
=(-w ,w )

• 2
k_a= (O,W -1)

k
1
=(-1 ,wl

m, =~-w, 1)

2 2
.9..
5
=(w ,-w )

I
I12= (-w,w)

ks= (1 ,-w)

I

k
4
= (1 ,_w2)

- 1 2
.9..

3
=(-w ,w)

m_a=(0, 1-w).

2 2 2 2(w -1,0) (w -w,O) (1-w .. O) (1-w ,0) (tLHll ,0) (w-1 ,0)

11 11 11 11 11 11

~
.... .9..8

...
~ ka ~ rna

vertices at distance 13 from" 0

In § 7 and § 8 we will seB that th1s set of 30 points 15 the

intersection of the lattice L[f) (constructed in § 7) with

the ball of radius 13 centered at the origin of ~2 minus zero.

Now that we know the vertices of N, it is easy to
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construct its boundary aN by taking the convex hulls

in a:2 of all the vertices of each of the 120 3-simplices

triangulating M. Then N is just the cone on aN with

vertex the origin. In order to obtain the convex hull N

of N it suffices to fill 6 notches carved in N by

addrng 6 new 4-simplices to the 120 4-sirnplices into which

N splits when considering the triangulation af its boundary.

Here are the natch 4-simplices to be added:

rn- k
m R.
m----l

k- t
k m
k~

Ta derive the triangulation of aN fram the

triangulation D , it will be sufficient ta replace the

pair of simplices

m---.
m t
rn_I

contained in the boundary of

m-k
m i
L-.l

m-k

:-1
m-k
m i
m.......J

r- k
m i
m.-L

by the three simplices

m-k
I i
rn-I

and sirnilarly for the five pairs of simplices associated

to the other notches.
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"coaxial"

3 edge-adjacent

tetrahedra

triangulating the solid hexahedron

-------- ~ ..... Q, 8

"-axially

to

form

/

.~3 .7

~-=-----~m2

2 face.
acijacent 1 8 . "cohedral"
tetrahedra

equatorially

to

form

There are 2 ways of

A tetrahedron iso the join of two skew segments

•

join a diangle of segments to a given skew segment to obtain
the co-hedral triangulation of the hexahedron -
join a triangle of segmentsto a given skew segment for the
coaxial triangulation

G. Francis
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Although the boundary aN is naturally triangulated with

126 3-simplices, we will see in § 8 that N is a polytope

~ith only 18 hyperfaces (calied pegs). Each Gf these 1s .the

union of seven 3-simplices.of the triangulation. It will

then be clear that both N and N have flat dihedral

angles when considered as polytopes with 126 and 120

simplicial hyperfaces respectively.
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§ 7 Some lattices and crystallographic groups on ~2

In order to understand how the image of M in ~2

was obtained, we need the definitions of this section, the

construction of § 8 and the map Y in § 9.

Let

L(w) = Z + Zw

be the hexagonal lattice in ~. *)

•

*) In" § 1'2 the lattice considered will be Z + 7LT where

T is any complex number such that Im T > 0, not necessarily

equal to exp 2ni/6, thus 105ing the syrnrnetry y but still

obtaining-a triangulation cornbinatorially equal to K.
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n
"2

o

1T
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I

I
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'1 .' --+
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•o

,
I

I,
I

\ ,
\ ,,,, ,, ,, ,

,

\ - - ---
\

\
\ ,,,

\ ,
\

. 1

2n
T

t--------... --1
n

-n

1T

2

arguments

Figure 7-0
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In ~2 with standard coordinates (z1,z2)' we define

the following vectors

e 1 = (1 ,0) , e 2 = (0 , 1 ) ,
f

O
(-1,1), f,

2 f 2 (-w 2 ,w)= = (-w, w ), =

hO = f 1 - fZ' h, = f Z - f O' h2 = f O - f 1
2 (0)(1,1) (w2 2 (w2 w) (w2 , (0) •= (w . - = - w) ·(w, w ) = -

Note that

f 0 + f 1 + f 2 = h O + h 1 + h 2 = O.

Let F c ~2 be the real plane given by

2 2
F = L JR f j . = ), . :IR h

j
) .

j=O j =0

We can define the following latices in 0:
2

L[e] = L(w) e, + L.(w) e 2

2 2
L[f] = 1. L (w) f. , L[h] = L L ~w) h.

j =0
]

j=O ]

which have inclusion relations given by the marks attached .

below the inclusion notations:

L[h] c L[f] c L[e]
9 3
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Let us eonsider the following elements and f.inite

subgroups of the 2 x 2 unitary group U(2). The matrices

2act, as usual, on points of ~ considered :as columns:

G = <a,T>
6

T = C-1 -1) ,

Here <a, b, ....> stands for the group generated by a,b, •••

•

~otiee.that· G6 aets, on the set {fO,f"f2 } aS,the symmetrie

group and G6. 3 G1S ' that 1s to say, G6 is anormal subgroup

of G1S of index 3.

We are now in a position to define the following two

dimensional eomplex crystallographic groups (that is to

i
- 2say, cocompaet d screte subgroups of ~ ~ U (2)), presented

r = L[h]

r" = L[f] )4 G1S •

It is known ([Y2]) and easy to show that r i5 generated

by a finite number of complex reflections of order 2, and

that the set of points in ~2 fixed by some non-trivial
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r is the union A of the follow~ng lines

J :::: 0,1,2,

which intersect· in threes at each element of L[f]. and

~ntersect nowhere else.

Identifying vectors with corresponding translations,

we define the two following operations:

-a = f O '

Then we have

n - ?: ~r = <r , II ,. P , y> (=·<r ,a,':;»

We next proceed to assign r-invariant colors 1,2, ••• ,9

to the points in L[f] and 10,11,12 to the points .in L[e]

not belonging to L[f] • The quotient L[f]/L[h] (which

identifies with L[f] module r ) consits cf the following

.L4 = 2wf
O

+ L[h]

L2 = wf
O

+ L[h]

L9 = L[h]

In addition, let

L7 = (1 + 2w) f 0 + L [h ]

LS = (1 + ~~fO + L[h]

L3 ::: f O + L[h]

L, = (2 + 2w)f
O

+L[h]

La= )2+w) fO+L[h]

L6 = 2f0 + ~ [h]
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Since L10UL11UL12 = L[e] -·L[f] , the·coloring is now

completed.

Let us define

~

Ö:(Z1'Z2) ~ (-Z2 ,-Z1) (conjugation with respect to F) ,

€:(Z1'Z2) ~ (Z2'Z1) (conjugation with respect to iF) .

Then one can readily check that and act on the

colors 1, •.• ,12 exactlyas a,ß,y,ö and E acted on

vertices in § 1 :

L.n (i)
i = 1, ••• ,12

..

where n = a, ß,y , ö and E.

In particular, by sending a~ a,a ~ß,Y-~ y , we get

rn/r ;; G •

In the sequel the colors introduced he~e will enable

one to speak of the type and the color of simplices with

vertices in L[f].

Recall that as decided in § 1 and § 3, these twelve

colors are organized into the following families
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{1,2,3,10} , {4,5,6,11} and {7,8,9,12}

respectively considered as blue, white and red. Of one

insists on bearing in-mind actual calors, rather than

numbers, we suggest substituting for the array

1

2

3

10

'4

5

6

1 1

7

8

9

12

the following palette:

sky blue

royal blue

navy'blue

green

white

gray

black

yellow

pink

sparkling red

scarlet

orange
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§ 8 The rectilinear triangulation K of ~2

In ~2 consider the real hyperplane

2
= {( z 1 ' z 2) E a: I Re ( z , + Z 2 ) = O} ,

and the collection af hyperplanes

E = rUJI •

Since

I EI - U y JI.
·yEr" .

is rU-invariant, the intersection pattern of hyperplanes in

E is the same at each point af L[f]. Here is the inter-

section pattern at the origin.

A. The 9 hyperplanes of E passing through the origin are·

j ,k E S/3: .

B. In ~/3Z)( Z/3Z let (j ,k) * (j ',k').

(i) If k-j = k' - j' then JI jk n IIj'k '
is the camplex

line a:fk_
j .

(ii) If k+j = k 1+ j' then JI jk n IIj'k' i5 the real

plane k+jw F.

(ii1)· If j = j I (ar k =k') then IT jk n II j 'k' i5 the real

plane H(jik,k') spanned by Pjk and Pjk' ·



8.2

(or the real plane V(j,j',-k) spanned by P jk

and P j , k) where

POO PO, P02j R., k 2
m
3j

P,O P'1 P~2 = R. 2 k
3

m
1

P20 P21 P22) 1 3 k
1

m2 )

The nine vectors appearing in the second array have been

defined in the list concluding § 6 (see also Figure 6-3).

c. Along each of the three complex lines ~fj and each of ,

the three real planes W~j (j = 0,1,2), three njk's intersect.

D. Along each of the nine His and each of the nine VIS

defined in (ii1) above, only two njkls intersect.

E. Along each of the six real lines spanned by k 7 ,R.7 ,m7 ,

k_7 ,R._7 and m_ 7 respectively (recall that these are

defined at the end of § 6), three njk's intersect.

F. Along each of the nine real spanned by the PjklS

defined in (iii), five njkls intersect.

Claim 1 The connected components of the open set ~2 - ILI

are of two types: either 4-simplices or 4-cells with 6 vertices

and 9 simplicial hyperfaces. The latter type will be refered
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to as cells of type 3-3 (the calors of vertices of such

cells will indeed appear later to fill two columns of the

(~
1 4 7) §)array 5 8 of 1.

6 9

Proof We first prove the claim near the origin, by

studying the convex hull N of the 30 vertices of M

listed in § 6 (See subclaim below). Remember that the

closed points to the origin in L[f] are the 18 points at

distance 12 from the origin listed in § 6. If we take

the convex hull W of the these 18 points, we get a

polytope with 12 octahedral and 18 tetrahed~al hyper-

faces. Observe that the barycenters of these octahedra are

the midpoints of the segments joining k g to the 12 elements

of L[f] at distance 13' fram the·origin, and that· the

hyperplanes.carried by the ocatahedra are the perpendicular

bisectars of these segments. In order ta understand hew the

boun~ary of t~is polytape is organized, we proceed'as fellows.

First notice that 6 of the 12 ectahedra are glued together

in a hexagonal pattern, in such a way that one octahedron

touches its two neighbors along two of its opposit faces

so that their union is a solid torus shown in Figure 8-1.

Althaugh it does not live in the boundary of the same poly

top, it is helpful to have in mind that the present picture

is Figure 6-1 with the notches deleted.
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Figure 8-1
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Secondly notice that one can think of the union of the

six remaining octahedra as a second solid torus linking

the first one in 53. Now the complement in 53 of the

union of these two solid tori 18 the union of 18. tedra-

hedra touching each other along an edge. Each tedrahedron

is connected to 4 other tetrahedra along all of its edges

except two opposite ones. In order to understand this

patchwork of tetrahedra, one must think of a tetrahedron

as a very flat object almost equal to its projection to

the square.

The 18 squares thus obtained are matched together in order

to produce a quilted torus as shown in Figure 8-2. We remark

that the group G18 acts transitivelyon the 18 squares.
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The Quilted. Torus

F'

Figura 8-2

arg z1



8.7

The 18 hyperplanes carrying the tetrahedra are in

L I while the 12 hyperplanes carrying the octahedra are

not. For in8tance, the tetrahedron kSm,k412 i8 carried

by the hyperplane

Which 18 parallel to TI = II OO and belangs to L. But the

octahedron m1m2ID3k4kSk6 i8 carried by the hyperplane

which i8 not in L. Besides the tetrahedron kSm1~412

the hyperplane Re(z, * zi) = 3/2 happens also to

contain

and

This remark proves that ,N 1s a polytope with 18 hyper

faces carried by those hyperplanes of .L belo.nging to the

G18-orbit of Re(z1 + z2) = 3/2. All these faces have the

same shape and will be referred to as ~. Check that

these 18 ~yperplanes are the closet hyperplanes of L

to the origin not passing through the origin and that,

up to similarity, the polytope W (the convex hull of the

18 points in. Figura 6-5) previously considered is dual to

N. We now describe the peg carried by R(z1 + z2) = 3/2,

which is one of the two hypersurfaces parallel to II. It

i5 the convex hull
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which i5 a polyhedron with 8 vertices, .10 edges and 8 faces.

Four of the faces (calIed lateral faces) are rhombi and the

others (calied wedge faces) are isoceles triangles (see below).

~-8

k 8 '
~-----2

Peg

m'
. 1

It can be considered as the intersection of a prism based

on the square of aide 1b/2 with the tetrahedron whose

faces are obtained by producing the four wedge faces of the

peg.

The 8 hyperplanes Ilij (i,j) * (0,0) meet the peg and

split it into the aeven following tetrahedra.
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II,O

m '
-8

Observe that contrary to the lateral faces, the wedge faces

are not intersections of the peg with the IIij'S but only

with hyperplanes carrying the neighbouring pegs. So that

five of the seven 3-simplices - the saturated ones - have

all their faces contained in some TIij'S , while two of them

(situated on the top and the bottom of the previous picture) -
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the wedge simplices - have only two .faces satisfying this

property.

Each of the segme~ts ,.t_7m_8 "and k 7k
8

'

i8 the intersection of three of'the 18· pegs limiting N.

·k
8

m ".
-8

The following picture indicates how the three pegs meeting

along R._ 7m_8 match together.

Two Pegs Three Pegs frorn above

1_7 t""7

~/

rn'S"k7 k m8

Let us define a cap to be either one of the two unions of

three 3-sirnplice~

I"kk
L k k

.
u rk~
~k.J.

u [k ~
k-L

and



rn-9..
R, m,:.

I

u
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I-R,
9.. In U
k I~

m--9..
I m_

k I·

or one of their images under the 'action of

that the convex hu11 {kg } U C (where C

G6 • Notice

is any eap)

i8 a 3-3 ce11 on the boundary of which the cap is.sitting.

The fo1lowing assertion shou1d now be c1ear.

Subclaim The co1lection E splits N into ,gO 4-simplice~

of type 2 - 2 - 1 (namely all the cones on saturated simplices

of aN wi th vertex at the origin) and 12 ~e1ls of type 3 - 3

(namely the·eonvex hull of k g and each of .the 12 caps just

considered) •

In order to finish the proof of Claim 1, apply L[f] to

the lEI - decomposition of the convex hull N.

Finishing the construction of K The 2 - 2 - 1 sirnplices

of K are the simp1ices of a:2 I EI. The 3-2 simplices

of
ro.I

obtained by linearly' subdividing each 3-3K are

ce11 into t.hree 3-2 simp1ices. Since this must be done in

a fn-invariant fashion, we need only to split a· given 3 - 3 cel1.

The splitting can be achieved in two different ways, so that

a ehoice must be made. In fact the choiee has already been

dictated to us in [K-B] where it has been decreed that K

chould contain C ·. .
.

Had they wished, the authors cbuld
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have chosen [ : 1s place of L :.. In order to obey
. --l. . ~

them, and to complete the definition of K, it suffices

to set

[lk
k k

k
u [

k k
U k

k k

Ohserve that' the open set a:2 - I I: I 1s Ö and g-'invariant

but that the necessity we had to triangulate 3 - 3 cells

·forced us to exhibit a ~-invariant hut not E-invariant

triangulation. The choice we had to make was infact between

the triangulations K and EK . Note also that all

1-simplices of type 1 - 1 in Kare of length 12 while

those of type 2 - 0 - 0 are of length 13, and that all

4-simplices of types '2 - 2 - 1 and of 3 - 2 have volume

3/32.

Claim 2

to K.

As an abstruct complex, KIr

•

is isomorphic

Proof Let be the colors of a given simplex in

K'. There exists an element 9 in r" which maps the vertex

of color c 1 to the origin k g • Let 9 be the image of 9 in

G = r"/r. Now (g(c 1 ) , •.. ,g (c
S

)) is a simplex in K and

therefore also (c 1 ,· .. ·,cS)·
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Remarks

1 The inverse image of KU in. K is the union of all

the 3 - 3 cells in 0:2 - I I: I. We observe that the set of

barycenters of these cells is L[e] - L[f] and that the

calors correspond to their images 10~11,12 in IKI.

The inverse image of the subdivision K of. K 1s obtained

by considering the subdivision generated by K and €K.

The inverse image of ITI is the union A

of all the axes of reflections in r . Figure 8-4

shows how the vertices contained in the typical axis of

reflection are colored.

6

\
2

9

/
4

a:f O - plane

Figure 8-4

9



8.14

2 The quotient IKI/L[h] 1s homeomorphic to the .torus

(5 1 )4 decomposed into 6~x 36 4-simplices with 9 vertices.

This decomposition is an improper triangulation •. This

4-torus is a 6 fold cover of IKI branched ·over ITI.

In order to get a properly triangulated 4-torus, one has

to consider some 9 fold cover of !/L[h], for instance

K/3L [f'] where

L[f'] = L(w) f O + L[w]f1 + L[w]fi

with

(see § 1 3). The" tringulation has 81 vertices and 9 x 6 x 36

::: 1944 4-simplices. The 4-torus K/3L(fl would have worked

equally we~l but it will turn out in § 13 that the Dirichlet

domain of .3L(f']" at the origin 1s the convex hull of all

points in L(f] at distance not exceeding 3. This

remark provides ~ very gaad grasp on K/3L(f']. In order

to understand this quotient, the KUhnel-Banchaff coloring,

used throuqhout this paper since § 1 , is no langer satis-..
factory. This explains why § 13 sets up a much more logical

• system of 81 calors that will prove very ~fficient. Never

theless we" decided not to"use this powerfull tool, devised

by Marin, in the presentation of our material in order to

supply the reader with a smooth transition between [K-B]

and § 13.
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§ 9 An explicit triangulation of ~p2 by K

Let L be a lattice in ~ and let ~ be an

embedding of the torus ~/L into a complex' projective

vplane M as a non-singular cubic curve C such that

~(O) is a point of inflexion of C. Let M be the

vcomplex projective plane dual to M , that is, the

set of lines in MV. Let N be the hyperplane of ~3

(with co-ordinates uO,u, and u 2 ) defined by

We 5hall introduce a map

y N ~ M '.

In order' that the three points ~(uo),$(u,) and ~(u2)

be colinear it 15 necessary and ~ufficient that (uO,u
1

,u2 )

belongs to N (Abel's theorem). Thus if at least two of

the three points are distinct, one can define Y geometrically

by mapping "(uO,u1 ,u2) to the line through ~\Uj) (j = 0,1,2).

Since Y is defined up to a set of co-dimension two, Y

extends uniquely to a holomorphic map on the whole plane N.

By this definition, the following claims are clear.

•

Claim 1 The map Y is invariant under translation

L e L e L n Nby the lattiee

perrnuting uO,u, and

and under the symmetrie group
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The map Y i8 just the quotient by the

crystallographic group acting on N generated by the

lattice"above and the above symmetrie group.

Claim 3 The set of eritieal points of Y ·i8 the union·

of lines defined by

(9. 1 ) mod L (j,k = 0,1,2, j*k).

Claim 4 The set of critieal values of Y 19 the dual

curve CV c M of vCe M , where i5 defined as the set of

lines tangent tc"'C.

Re~all that, corresponding to the 9 infleetion points

of C (which are the images of the 3-torsion points of

~/L), the curve CV has 9 cusps.

In order to fit into the context of the previous sections,

we let L = L(w) and make everything explicit as fellows.

Let p(u) be the Weierstrass function belonging to the

lattiee L(w):

p (u) 1
= 2 +

u

( 1 1
(u-r;)2 - ?

and let E be the positive real number p (1/2). The function

p and its derivative pi are related by the following

well-known formula:
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If we let

t;o = E;O (u) = - pi (u) + a ,
E;1 = ~ 1 (u) = p' (u) + a ,
t;2 = t;2 (u) = b p(u) ,

where

a = p I (1 /3) = - 2 f3 ETE, b = 11613"IE ,

then one can eas"ily check that the above formula becomes

(9.2) (p; )3 + (p; )3 + (F;2)3 = o.o 1

Let [~o,t1'~2] be hornogeneous coordinates on MV and let

CCM
v be the non-singular curve defined by (9.2). Define

the map ~:~ ~ MV by

<.p (u) =._ [F; 0 (u), t; 1 (u), f; 2 (u)] •

The map ~ defines the embedding

ß:/L(w)
..

Let [YO'Y1'Y2] be homogeneaus coordinates of M. Then the

map Y:N ~ M
.

i5 given explicitly as follows:
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det
(1;1 (u1 ) 1;2(U1 »), C2 (u1 ) I;O(U1 »)

Yo = Y, = det ,
E;1 (u2 ) ~2(u2) E;2(u2 ) ~O(u2)

Y2 = det
(I;O(U1 ) 1;1(U1 ))

,
E;O(u2 ) E;, (u2 )

and the dual curve CV i8 given by

Notice that the cusps of CV are the points v 1 , ••• ,v9 defined

at the end of § 4.

With the notations of § 7, identify N with 0: 2 by

setting

1 2)e, = 3" (w, 1 , ,
1 2 )e 2 = 3 (w ,1, .

We then have

h
O

= (1, 0 , -1 ) ,

3fO = (1,-2,1),

•
Now one has

h
1

= (-1, 1 ,0), h
2

= (0, -1 , 1 )

3~1 = (1,1,-2), 3f2~ (-2,1,1).

L(w) lB L(w) lB L(w) nN (= L[h])

while the critical set of Y (cf. 9.1)) becomes the union

A of all the lines of the form

(j = 0,1,2, CE L[f]) •
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Using the identification, one concludes from Claim 2

that the map Y· is invariant under the action on ~2

of the crystallographic group L[h] ~ G6 (the group

r defined in § 7) and that y/r identifies ~2/r

. with ~p2.

Furthermore, one has

i = 1, •.. ,12.

Put

"and denote by ö the complex conjugation map

A A
and by g the composition of ö and the

mapping represented by the matrix below.
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We then have

1\ ......
n o Y = Y 0 n

so that

n vi = v j = 1, ••• ,12n(i)

where n = a,ß,y,ö,e:.

..
'.



Chapter 111

§ 10

10. ,

Additional material

Two interesting fundamental domains for r in K

The Dirichlet domain P of r· with. respect to. e, = klO

Notice that the isotropy group r 10 of k 10 in r n is the

abelian group generated by the following two elements of

order 3

and

while the isotr~py group of klO in r i8 trivial.

Let 110 be the group generated by r l0 and by the two·

involutions

and

We now construct a r l0-invariant polytope P and

show that P is the Dirichlet domain of r with respect

to klO· In the orbit Ll0 = rk 10 of klO under the

action of r the closet points to klO are at distance

12 . There are nine of thern listed below:

(1 w,-l) = T67 (k10 ) (1 w2~_1) = T
6S

(k
10

)

(1 - w,-w) = TS7 (k io ) (1 2 ,-w) TSS (k 10 )w =

(1 2
l47 (k10 ) (1 2 2

l4S(k,0)- w,-w )= - w ,-w,)=

(0,-1) =
(0, -w) =

(O,-w 2 )=

l69(k10 )

lS9(k10 )

l49(k10 )
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The Tij'S are 2 fold reflections in .r

following axes of reflections:

with the

T67 0(2,-fO) T68 0(' ,-fO)
2 2TS7 D(O,-w f

1
) L S8 0(2,-00 f,)

T47 D (1, ,-oof2 ) T48 D(O,-oof2 )

T69 D(O,-fO)

2T59 D(' ,-00 f,)

1"49 O(2,-oof2)

where

(l; E L[f]) •

Next we find the following twelve points at distance 13

(1 ,00 2 ,) °6(k10 ) (2 - 00,0) = °7(k,0)=

2 (-200,0)
2

(', 00 - ,) = C:6(k,O) = °7 (k, 0)

(1 , , - (0) °S(k,O)
2

°a(k10 )= (-200 ,0) =

(1 , w2 (0) 2 2 2- = °S(k,O) (2 - w ,0) = °8(k10 )

(1 ,00 - (0
2 ) °4(k10 )

2 0g(k
10

).= (00 ,0) =

(1 , 1 2 2
(00,0)

2'
- 00 ) = °4(k10 ) = 0g(k,O)

where the ° 'si are the rotations of order 3 in r given

as follows:

o(-f
O

) -1 2 f
O

)°6 = °7 = ° (00 f Z -
2 -1 2

°5 = 0(-00 f
1

) °8 = ° (-wf 2 - w f a)

::: a (-wf ) -1
°4 °9 = 02
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By definition, the Dirichlet domain of r relative to

k 10 1s contained in the intersection- P of half spaces

containing .k10 • Furthermore, the hyperplanes bounding

this domain are the perpendicular bisectors of the line

segments joining k 10 to the 21 points at distance not

greater than 13. Let

II = Cl:f O + F (as in § 8) and II t = a:e 1 + :IR e
2

be the real hyperplanes satisfying

-and

respectively. As indicated in the following table, the 21

hyperplanes considered are ·the transforms of, rr (for the

nine first) and of-

elements of f 10 •·

,.,..2
Tri = Y TII'9 (for the twelve last) by

2 (II )
,.,..2

(II )L67 Y10010 T 68 Y10a10

,.,..2
( JI ) 2 (II )L57 Y-l0 LS8 °10

L47 °10 (TI ) L48 ':10 ( II)

L69 ':II

,.,..
(TI)LS9 Y10010.

,.,..2 2
( II)L49 Y10010
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E10610
(TI I ) . .....2 (TI I )

°6 9 °7 . Y10 9

2 .....
(JI r )

2 ..... 2 'l ( JI ' )0"· e: 10 °7 Y10 106 9 9

.....2..... 6' (I )
°8

(n I )
°5 Y,0e: 10 10 JI g Y10 9

0 2
.....2 .....

(TI ' ) 0
2

Y10810 (JI ' )
5

y10 e: 10 9 8 9

°4 Y10E10Ö10(JI9) .Og JII
9

0 2
.....

(JI ' ) 0
2 810

(n I )

4 y 10 e:,o 9 9 9

In fact as we now intend to show, P is indeed the

Dirichlet domain we are looking for. In order to see this,

consider P as .the convex hull of i ts vertices, thus

enabling one to compute its volume. The vertices of P

are the 15 points of L[f] at distance not greater than

12 of k 10 ' namely six ·at distance 1. and nine at distance

12 as tabulated below •

., (1:iij:ii3), m
j

(1:ii j :ii 3) ,

n, = (2,w),
2n2 = (2,w ), n

3
= (2,1)

(Notice that the indexing is compatible with the coloring

defined in § , and § 7). One can check that the set of 15

vertices of. P invariant under the group f 10 • The

boundary of P is the union of the nine octahedra and

the twelve tetrahedra shown below. The table also indicates

how the 1'
ij

r S and ° r sk act on the faces.
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Nine Octahedra

1'67 c;., (m
3

,n2 ,n, ,m2 ,k6 ,k7 ) '(6a C;, (n 2 ,R..
1

,R.
3

,n, ,k6 ,k
a

)

'(57 c; (m"n 3 ,02,m3 ,k5 ,k7 ) 1'58 <;. (n 3 , R.. 2 , R.; '02 ,kS ,ka )

'(47 C; (m2,n"n3,m1,k4,k7) '(48 G, (n 1 ' R. 3 ' R.. 2 ' n 3 ' k 4 ' k 8 )

'(69 <; <'20, ,m3 ,m 2 , R. 3 ,k
6

,k
9

)

T
59 <; (R. 2 ,m1 ,m3 ,R.. 1 ,kS,kg )

'(49 C, (R. 3 ,m2 ,m, ,R.. 2 ,k
4

,k
9

)

The mirror of the reflection
'(67

(Note tl-:.at the axis of the reflection '( ij 15 the cornplex

line joining k
i

and k j for. 4 ;$ i :'ii 6 , 0j:s j s 9. )

Twelve Tetrahedra
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--

4;S1;S9)

The convex hulls of k,O and each of ,the hyperfaces

·of the polytope' decompose P into nine hyperpyramids of

height 12/2 with octahedral bases each of volume I!

and twelve hyperpyramids of height /3/2 with tetrahedral

bases each of volume 11/4. The volume of P 1s therefore

l' { 12 13 13}V(P) = 4 9x2r x 12 + 12 x ~ x lr

= 27/8

(cf. § 8)

which shows that P is the Dirichlet domain of r with

respect to k 10 • Using the Poicare theorem, one readily.

checks fram this fact that r is generated by the nine

T ij (4;S i :;l 6,7 ;S j :;l 9.) bound by the relations



and

L48L47LS7lS9l69l68

li9 l i8 = li8l i7

10.7

= 1

(for 4 S i S 6, 7 :;ä j, S 9) .

Compare this presentation with the one given in .[Y'2].

The polytope P is rectilinearly triangulated by

the 36 4-simplices each of volume 3/32 listed below.

'Decomposition of the central core:

Teeth:

r;~
1 k k

[i k
k k

k

I '

n k k

L- k
k.J

r k,
t k k
I-k

~k

n k k
L k J

r~
t k k

rkk
k k

n ---l

m k k

~l
rkk
m I
1- k k

~r
m k k
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Bridges:

m k k

~~
t~

I k
9.. k k

r- k
m 1
m k k

m k lt k
l_k

n-- k
n k
Lk.J.

n k k R. ---, n k.., m-k ;kl . k

m
k 1 R. k k I k I k f hkk

L L-k R, k J m-k t·k k n ---l

r- k rk, 9,,-- m k k .j-;l n k k

n k J 9.. k n k k m I I k
m k 9,,- k Lk..J. L-k m k k n -----J

liotches:

9,,-1
n k
In k-

rn-k
m \
m-k

n- k
n k
n -.J

~ ~l
n-

The construction of P by adding layers of simplices to

the central core 15 exactly analogous to the following

sequence of operations. Take a regular dodecahedron and

stellate it in order to obtain the small stared dodecahedron

(due to Kepler). Next, bridge the teeth of the starred solid

t~ get the great Poinsot dodecahedron and finally f1ll in

the craters so as to end up with the convex hull of the

starred Kepler polytope, which is a regular icosahedron.



·Dodecahedron

Icosahedron

(

10. 9

)

Small Dodecahedron

J,

Great~Dodecahedron
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In the previous list, the first 33 simplices are in

K but the last three are in E K . In order to get a

fundamental domain pi (which is unfortunately not convex)

for K, it suffices to replace the last three (undesired)

simplices by the three. following ones:

where

r k'Jn k
m k

n k]I k'
R. k

m kJt k
L k'.

-k4 + k S + k
6

k 4 - kS + k 6

k 4 + k S - k 6 _

..
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The prismatic Marin fundamental domain MaD

After carefully'reading § 12 below (due to A. Marin),

we feel able to plug the fundamental domain described there

into our display of K and to prove with our techniques

that it is indeed a fundamental domain for the action of

r both in ~2 and in K.

Claim

where

The set MaD of vectors in ~2 of the form z + w

is a fundamental domain for r both in .~2 and in K.

Dictionary Observe that (k g m1
k

S
) , (k g k

4
t

2
) ,

(k
4

R. Z ffi4 kz R. 4 mZJ and MaD respectively stand for

Marin's ß,ß' ,H and ß x H. Indeed one has

mj ~ h j
(j = 0,1,2),

So ~ k g , 51 ~ m
1

, s2 ~ k S
,

51 -;JIa- k 4 , 5' ----+ i 2• 1 2

where the symbols on the left are Marin's- notation (see § 12).
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Description" of MaD. The polytope MaD has the 21 following

vertices:

k g m
1

k S

k g + k4 = k 4 m1 -+ k 4 = Pa k ".+ k 4 = n 35

k g + ~2 =" ~2 m1 + ~2 = k' k s + ~2 = P76

k g + m4 = m
4

m
1

+ m4 = m k S + m4 = P3-8

k g + k 2 = k 2 m1 + k 2 = i
6

k S + k 2 = m-7

k g + 1 4 = 2. 4
m

1
+ R,4 = R,a k S + R. 4" = m

3

k g + m2 = m2
m1 + m2 = P6 kS + m2

:c: k
7

where and appear here for the first time.

The polytope MaD i8 invariant under the action of m
1

0 •

The action of m
1

0 on these 21 vertices 1s given as follows:

k 4 I---+- rn_ 8

R,2 I---+- t 6

rn 4 I---+- i a
k 2~ P6

~4 I---+- Pa

mZ I---+- k6

Pa 1---+ P3

k ' L-"",,---6 r---"7"'" m_ 7

m_B I---+- m3.

i 6 ~ k 7

1a ~~ n 3

P 6 ~ P7

n 3 ~-+ m4

P7 ~ k 2

P3 I---+- R,4

m_ 7 I---+- m2

m
3

I---+- k
4

k 7 1---+ i
2

The boundary dMaD of this polytope decomposes

into six triangular prisms whose union 1s a solid torus

with a cornplementary torus which decomposes into three

hexagonal prisms. These two solid tori are glued to each
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other along their common boundary, which is a hollow

torus Ta ' decomposed into 6 x 3 quadrilaterals.

'k
~--_~ 4

"-....k
9

..
"

aMaD
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In this picture (displayi~g' a skewed stereographic projection

of 53), the vertex k g is at infinity and all the edges of.

aMaD are shown except ~6k9 and k gk 3 • onc~ aMaD - {kg }
3 3 ~

has been identified wi th S {Cl)} Iii ::IR , the boundary of the

2-simplex (k g m,-kS ) becomes the vertical axis of R 3 ,

while (although zigzaging) the core of the hexagonal solid

torus (union of the six tringular prisms) works like a

horizonal circle in ::IR
3 whose axis 18 a (k g m, k S). On the

picture the action of m10 is a rotation through 2n/3

around the a(k g m1 kS)-axis combined with a rotation fixing

the core of the torus and moving a(k g m1 k S ) through an

angle of 2n/3.

Proof of the claim

Translations of r permute the triangular prisma in

aMaD as indicated now.

r m m

k m
p !

r t m

k- R.
ID'. R. -l

rR.
m
m

m
n

p

m
k 1-'-

p

P
k' ...-4

k k
P

p .J
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Here we are abusing the Braille notation to indicate the

triangular prisms. On each of the 3 hexagonal prisms in

aMaD , arefleetion in r acts as follows,

-1 (k 4 ~2 ,m4 ,k 2 , R.. 4 ,m2 ) ~ (k4,m2'~4,k2,m4,R..2)(J T(J(=T 2 )

(PS,k6,m_ 8 ,R.. 6 ,tS ,P6) I----+- (PS,P6,tS ,t6 ,m_8 ,k6)
-1

(n3,P7,P3,m-7,m3,k7) ~ (P3,P7,n3 ,k7 ,m3 ,m_7 )(JT(J (=T
1

)

(k4,t2,m4,k2,t4,m2) ~ (m4,t2,k4,m2'~4,k2)

2
(n3 ,P7,P3,m-7 ,m3 ,k7 ) +----+ (m3,m_7,P3,P7,n3!k7)T - w h 0

(=T +m = TI) (p8,k6,m-8,t6,R..B'P6~ J---+ (R..B,16,m-B,k6,PS,P6)o 0 0

Here Marin's notation is'given in parentheses.

The mirror of the reflection' 2
-r - w ho
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Since the three translations and the three reflections

just introduced generate the group r (see § 12), one sees

that MaD i8 a fundamental domain of r in ~2.

The fundamental domain MaD naturally splits into the

six following polytopes - called Marin hyperprisms -

6 x 6' = (k g ,m, ,kS
. k4 ,P8,n3 ; R,2,k6,P7),

6 x 6 1
'[ = (kg ,rn1 ,k

S m4 ,m_ 8 ,P3; R,2,k6,P7 )1

6 x ß'5 = (kg,m"kS
; m4 ,rn-8 ,P3; k2,R,6,m~7)

I::. x 6'T Ö ...;. (k g ,m, ,kS ; i 4 ,R,S,m3 k2 ,R,6,m_7 ),
6 x 6'0 2 (k g ,m, ,kS

. R,4,iS ,m3 ; m2 ,P6,k7 ),

6 x 6'T = (kg ,m, , kS i .k4 ,PS,n3 m2~P6,k7)2

where the notations T 1 ' Ö etc. are explained in § 12.

If we use our calors to paint the Braille cell used by

Marin in § '2 we get the following array,

9 , 5

4 S 3

2 6 7

According to our .conventions, the table in § 12 becomes
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The triangulation of MaD

r m
1ll..

r "M. i

Rm.. 1. RM ..

[" 1lI.
p..:..-J r--.J ,.....-'p

'M. t ~ M_
1 A. p--J

~ y. 6'S Gm
-

r'M , I

R ;_ lRM- 6. X. ß. ~1
I-R.

"";, .....,

... R]
.I R
n b.'
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One can now easi~y check that the 36 4-simplic~s tabulated above

are in K. If we replace letters by·dots in the cells of the

previous table we get the Kühnel list of § ,. This complete

the proof of the claim.

The triangulation indueed by i on the.boundaries. of·the

6 Marin· hyperprisms. Note that, because of the symmetry

properties a Marin hyperprism has, the triangulation of such

a prism, using only.vertices of the prism, is.determined·by

its restriction to.the boundary (i.e. the union of the six

triangular prisms). Each boundary'splits into two complernentary

solid tori, whose common boundary T1 is the union of

9 quadrilaterals. Each solid torus splits in turn into 3

triangular prisms. In order-to determine the triangulation

of the whole boundary of a Marin hyperprism, it suffiees to

know what the triangulation does on T, .- Here are the

splitting of the boundaries of two of the Marin hyperprisms

together with the. triangulations induced by. K on the

corresponding T,'s. To obtain the boundaries of the four

ethers, apply first ones and then twice the operation m,o.
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lt1 .

/

Observe that four hyperfaces of a Marin hyperprism are

visible (i.e. are contained in aMaD), while each of the two

others i8 shared by another Marin hyperprism. Therefore

. inside aMaD, one has. 6 invisible prisms which can be

thought of as walls separating two adjacentoMarin hyperprisms.

The following 6figure shows the triangulation induced by K
on the torus Ta considered above (see the picture of aMaD).
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R. .
2

k 4 '---__-.l~----~-----"-----'----------_-I

k·
4
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§ 11 How. does JRIP2 fi t into the picture

Let MJR d JRJP2 be the subset of M;; a: p 2 fixed
A

by the complex conj~gation" . tS defined in § 9 •

section, we exhibit the inverse image y-1 (ME)

in the complex plane N (see § 9). "On N;; "a: 2'

In this

of MJR

define the

following two complex conjugations which fix the real planes

2
E = 2 Ja e jj =1

and

2
F = r :R f jj=O

respectively, by ~etting

{(UO,U"U2) ~ (u
2

,u
1

,uO)
~E

~ (Z"1, "Z2)(z1,z2)

{(UO,U" U2 "l ~ (uO'~ ,u2 )
'6 =6

F
~ (-"Z2,-"Z1)"(z1,z2) .

Observe that the Y 1s covariant with respect not only ~o

6E

A "

6
F

A
and Ö but also to and Ö . This means that the

following relations hold.

6
E

A
Y 0 = tS o y

6F
A

Y 0 = tS o y

In f , let f E
and f F be the isotropy subgroups of E
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and F respectively. These are real crystallographic sub-

groups of the complex crystallographic group r. Since

one has

r
E

= {g E r

and

it follows that r
E

is the semi-direct extension of a two

dimensional lattice Z e Z by a group of order 2 generated

by areal reflection and that rF is the affine Weyl group

of type A1 (i.e. the semi-direet extension of a two

dimensional lattice by the symmetrie group S3·). Rere are

F respectively, on which colors of points in

fundamental domains ?E and DF of

L[e] n D
F

are shown.

r' and
E

r F in E and

L[e] n DE and

9 10 11 9 6.

12
• 10

~

9 3
OE c: E

DFcF

11

Figure 11-1
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Since . ElfE is the Möbius strip obtained by

identifying the vertical and horizontal sides of DE

(following the indicated color code) and since F/fF is

an equilateral triangle, one can conclude that

U F 1f
T

a JRJP2.
a(936)

Moreover MJR splits into Y (E) U Y (F) .50 'that

( U
gEf

gEl U ( U
gEf

gF) •

The following picture shows the intersection of
.....
K with E.

9
1\ .

10 76" 11 9
1\

10 78 11 9

10

1\

78

1

9

10

f8

11

9 11 9 10 78 11 "9

10

"78

Figure 11-2
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A
Here 12 i8 the color attached to the midpoint of a

segment of length 13 whose endpoints are colored by
A A .

1 and 2. Similarly for 45 and 78. Figures 11-1 and

11-2 tell us that the triangulation. Kinduces on M~

the Möbius decahedral triangulation of ~p2 obtained

by quotienting the boundary of the regular icosahedron

by the antipodal map (cf. [Mö]). The six vertices of the

Möbius decahedron map to

A

and 78 •

Notice that the use of the map Y forces us to define

a rectilinear embedding of the decahedron in IKI which i5

precisely the embedding constructed in [K-B] for quite

different reasons.



§ 12

1.2. 1

The ontological proof forcing ~p2

the triangulation K (A. Marin)

to admit

MaiD Problem

The n-dimensional complex projective space i5 a complex crystal.

Does it have a tight triangulation ,with (n + 1) 2 vertices?

o. 1ntroduction

To each elliptic eurve and each integer n there is

associated an n-dimensional complex crystal 1) invariant

under the action of a group 1n+1 isorn~rphic

to Z/(n+1)Z e Z/(n+1)Z • This crystal i5 n~turally isomorphie,

as a complex space,. to the n-dimensional complex projective

space <I:JPn • 1t is also the union of (n + 1)! flat prisms ßnx /1 n ,

and the symmetry group 1n +1 repects this decomposition into

primes. All these prisms have the same vertices (theyare (n+ 1)2

in number) 2) •

One is then faced with the following:

Find a tringulation of the crystal, having (n+1)2

vertices, invariant under the group

subdivision of each prism.

I n+1 and giving a linear

In the case n' = 2 a systematic search gives essentially

one solution: the Kühnel triangulation of ~P 2. We were

unfortunately unable to make the same search for other

values of n (except of course for n = 1). We ask the reader
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to work out· the case n = 3, and, why not, to salve the more

general problem of finding a triangulation of the ~pn

crystal with· (n + 1) 2 vertices.

Behind the Main Problem 1s the following:

Ouestion A If the above problem has a solution, does it

define a 5ubstantial tight embedding of the complex projective

space ~pn into the boundary of the n 2 + 2n dimensional

simplex ?

For tightness theory, consult the following survey article

by N. Kuiper [K]. Let us just recall that if hF
n

is the real

affine. space of hermitian forms of trace one in (n + 1)

variables, then the set V
n

consisting of those forms which

are the product of a linear form and its conjugate is a

substantial tight submanifold of hF . The manifold Vnn

15 diffeomorph1c to ~pn and the affine space hFn is of

(real) dimension 2 3)
Observe also that Vn liesn + 2n.

on the boundary of the open convex set of all positive defini'te

trace one hermitian forms.
•

Observe also that a triangulation of ~pn roust have at

least (n+ 1)2 vertices. In fact: If there 1s a map f fram

a 2n-dimensional complex

H2n (Kn ,Z/2Z) then K2n

K ta CI:JP
n

n

has at least

which 1s non zero on

(n + 1) 2 vertices.
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[Make the map transversal to a a:"JPn-1 disjoint from the

image of a 2n-simplex ß of K . Deduce that, in the
n

full subcomplex of K generated by the vertices not
n

lying in ß, there is a subcomplex Kn- 1 of dimension 2n - 2

which 1s a mod 2 2n-2 cycle [Kn- 1 ), such that f*([Kn_,)

1s non zero. ·Conclude by ·1nduction on n 4).) We ~onjecture

that 1f K
n

has exactly (n + 1) 2 vertices ,such a map f

15 a homotopy equivalence. If this conjecture 1s true, it is

easy to prove (by the same sort of induction as above) that

such a complex 1s a tight subcomplex of 6
n2

+
2n . This would

provide an affirmative'answer to Question A. (It would in fact

be enough if f gave an is~morphism in.homology mod 2).

Recall that Kuiper proved that any smooth substantial

tight ernbedding of a:F 2 into ]RB has an image congruent

under a projective transformation of ]RB· to the "herrnitian

form modeln V2 (The Kühnel triangulation is a counter

example to the conjecture of Kuiper that you can release

the smoothness hypothesis in this last statement).

We can foolhardily extend a question Kuiper asked in

the above cited survey:

Question B
2

Let f:CI:JP n~ ]Rn +2n be a substantial

topological tight embedding. Is its image

congruent under a projective transformation of n+2n
:IR

either to the "hermitian form model" V or to the sub
n

complex of the n 2
+ 2n dimensional simplex given by some

solution of the Main Problem?
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Recall that Kuiper and Pohl answered affirmatively

the analogous question for substantial tight embeddings

of JRlP 2 into ]RS. (The image i5 congruent either to

the Veronese surface or to the subcomplex of the boundary

of the 5 simplex realising the triangulation of JRlP 2

which is the quotient by the antipodal map of the

isocahedron).

Let us now leave aside the speculations, clarify the

above statements a~d give some hints as to how to prove them.



12.4.1

Notes

1 ) A crystal 1s an orbifold which 1s the quotient of a

2)

flat torus by a finite group of ismetries, quivalently

(by Bierbaeh's theorem) a crystal 1s the quotient of a

euelidean spaee by a"discrete uniform group of isometries

(a crystallographic group) which is called the group of

the erystal •

Unlike the natural isomorphism between the erystal

and ~~n this decomposition of ~he erystal into prisms

depends not only on the elliptic curve, but also on a

splitting of it, as areal L1e group, into a product

JR/7l x JR/ ~ (i.e •. a. choice of basis for the Iattiee L:::: lT, (E) ) •

3)
A forrnual for this Veronese type ernbedding 1s

4> ([ zO: • • • : zn]) (z. z. )
~ J

4) This sketch of proof gives also: If there i5 a map from

a complex

then "K
n

K to :kJPn
n

has at least

which is non zero on Hd (K ;Z/2Z)
n n

1 + (d + 1) + • •• + (nd + 1) = (n+ 1 ~ (dn+ 2 )

vertices. Here k is one of the fields JR, a: or E

(the quaternions) and d i ts dimension over m.. Observe that

this bound 1s one more than the dimension over R 'of the

space of trace one herrni tian farms over :k in n + 1
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variables, .in which :klP
n embeds as the subset of trace

one forms which split into the product of a linear form

and its conjugate. When d = 4 and n = 2, the minimum.

number of vertices is fifteen; this bound is actually

attained, since W. Kühnel recently produced an explicit
,. 2

triangulation of EP with 15 vertices ([B-K]).
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1 The unique degree n+ 1 embedding of an elliptie eurve

in the n-dimensional eomplex projective space CI:pn.

Let E be an elliptic eurve. *) By the Riemann- Roch·

theorem there exist,s a degree n + 1 embedding (() of E

into ~pn. Abellg theorem asserts that the sum in E of the

n+ 1 points of a hyperplane section of (()(E) 1s independant

of the section. Composing ~ with a translation in E we

may assume that his sum is zero (the embedding ~ is then

unqiue up to projective transformations of ~pn). Let En+ 1

be the subgroup of points of order n + 1 in E, it is

isomorphie to Z / (n+ 1 )Z fD Z/ (n+-1 )Z änd is mapped by (()

to the points of hyperinflection of the eurve ~(E).

".

(*) An elliptie eurve E is the quotient of the Gauss plane ~
by a lattiee L.
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2 The complex crystal structure on (t]pn.

Consider the abelian variety

Zo + ••• + z = o}
n

and the

holomorphic mapping n from A to the complex projective

space a:,AJP n of hyperplanes in a:lP
n whieh associates to

the point (zO, ... ,zn) of A the hyperplane of ~~n

passing through the points ~(zo) , .•• ,~(zn). (lf k of the

points ~(zi) are equal, interpret passing through these k

points as having there a contact of order k with the

curve ~(E).) The Riemann-Roch theorem implies that there is

a unique such hyperplane.

We call the abelian variety A symmetrie because the

symmetrie group S n+1 aets on A on the right by per-

mutation of the coordinates. (*) The complex projective

space a:,']pn is isomorphie via II to be the quotient

The points of A fixed by Sn+1 are the diagonal

points (z, ••. ,z) where z is in En+1 (because (z, ••• ,z)

is in A if and only if 0 = z + . .. + z = (n + 1) z.) • These

points form a subgroup I n+1 of A. Since the translations

by elements of I
n

+
1 commute with the action of a

""n+1
they induce an action on the 1eft of the group I

n
+

1
on

An·
the crystal a:,F = AiS 1 •n+

n+1(*) Recall that E is the space of mappings from the

set {O,1, ... ,nl to E and that apermutation cr of
{0 1 1 t h f n+ 1 b . t . i, , ... ,n ac 5 on eac x 0 E Y compos~ ~on n

the source. This action is given by the formula

(zo,···,zn)· 0 = (zo(O), ... ,zo(n» ·
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3 The symmetrie Abelian variety A splits into the

product T x TI of two symmetrie real tori

(the action of ~n+1 being diagonal).

Let L be a lattice in ~ such that the elliptie

curve E is isomorphie to ~/L and let (e,e l
) be a

basis of L. Then. E splits, as areal Lie group, into

a product :IRe -/71e x :IR le/Ze I (~ ~/L ~ E). Aeeordingly An

splits into a produet T
n x Tin where Tn and Tin are

two eopies of the symmetrie n-dimensional real torus:

n n+1 IT = {(xO' ••• ,xn ) E (JR/71) X o + ••• + x
n

= o}.

The symmetrie group ;;;n+1 acts on the right on T by

permutation oI the coordinates. The fixed points of that

action form a eyelic subgroup J n+1 of order n + 1 of T

which acta on the 1eft on the erystal T/$n+1 • The original

action of Sn+1 on A corresponds to the diagonal action

of (! on T x TI."'n+1
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4 The real crystal T/S n+ 1 •

In the euclidean space mn +
1 , equipped with its

canonical basis (eO, ••• ,en ), consider the hyperplane P

wi th equatian X o + ••• + x n = 0 i let M denote the

lattice P n /Ln +1 • The lattice M is generated by the

vectors where mi = e i - e 1- 1 ; in addition,

let mO = e O - e n (in the sequel all indices are to be

thought of as modulo n + 1 ) .

The symmetrie group ~n+'1 acts linearly and isametrically

on the right on P by permuting the coordinates. For example

the transposition Ti exchanging the i-th and (i - 1 ) th .

coordinates gives the linear reflection which fixes the linear

hype~plane ,H
i

of P orthogonal to fii • The figure below(*)

depicts the case n =2. Observe that when n =2 I choosing the

orientation af P given by the basis . (ro1 I ••• ,m ), the
'n

circular permutation Ö =T n .•• T1 acts as a direct (ar

anticlockwise) rotation through 2n/3.

(*) For the time being, mentally erase the as yet undefined
1\

elements HO ' ß i and Si of that figure .. Their meaning

will be explained in due course.
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1ft~ _
•

•
1ft

1

Figure 12-1

.m.

Let G be the crystollographic group generated by

$n+1 and the translations of the lattice M. We shall use

the notations O:P ~ P/M = T , n:p ~ P/G and

to indicate the quotient maps.

Consider the n-simplex

11 = {x E P I (x Im. ) ~ 0
~ for i = 1, ... ,n and (xlmO) ~ 1}
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which 1s bounded by the hyperplanes of symmetry of the
1\

reflectlons TO = TOmO,T 1 , ••• ,Tn · Let ßO,6 1 , ••• ,ßn

denote the corresponding faces of ß ,

Claim 1 "The angle betwe"en two Itconsecutivetl faces 61

and 6i - 1 ls rr/3, and, in the remaining cases, the

angle between ß.
1.

and is rr/2.

This is true because ro i is orthogonal to 6. , and
1.

the scalar products of the m.
1.

are

in the other cases.

•

Claim 2 The simplex ß is a fundamental domain for the

action "cf G o~ P.

c

Since the angles between faces of ß are submultiples

of n , YOll can prove, just as in the ca~e of.the Schwarz

triangle groups, (~) that 6. 15 a fundamental domain for the

action" on P of the group GO generated py the
A

refleetions TO,T 1 , ••• ,T n • But since T1 , ••• ,T n generate the

symmetrie group and rn. =
1.

where Ö = T n. · · T 1 1s induced by the cyclic permutation of

the coordinates 1 ~ 1 - 1 , the group GO 1s equal to the

group G and the simplex ß is a fundamental domain for

the action of G on P.

•

(*) See for examp~e the account in paragraph 2 (p. 178-181)

of [Mi] •
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We canoexpress the last claim in the following commutative

d1agrarn, where the natural maps on the bottom l1ne are

isomorphisms_

( 1 )

p
P ~ T = P/M

!n !1T

6 c~.. P/G

Claim 2' The polyhedron H = u 6-0' is the
oE S +1

Dir1chlet domain at the or1gin of n the lattice M_

c

The face of the simplex 6-0 which does not contain

the origin'is ö - 0_ As the angles between this face ando
the other faces of 6-0, being n/3 or n/2 , are 1ess

than or equal to n/2., the polyhedron H 1s convex and 1s
A A

equal to n HO_ - 0 - Here HO_ -0 = {xEPI (xlmO - 0)S1}
0" E %+1-

is the half space consisting of points nearer to 0 than to
A

mO - 0 (its boundary is the hype~plane HO - 0 carrying

the face 6 0 - 0 of 6-0)_ The polyhedron H contains the

Dirichlet domain'at 0 of the lattice M _ It is in fact

equal to that Dirichlet domain because, by diagram {1) they

have the same volume_

•
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The polyhedron H in case n = 2

6·~ /),.Zt.

.... ...
....

' .......
.,

~ --m.
~

~.,.
."

6·ZI.

Figure 12-2
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The images in the torus T of the vertices of

6 are the points of J n + 1 •

c

The image of ß in T is a fundamental domai'n for

the action of $n+1 and so the images of the n+1 vertices

of 6. are fixed by $n+1 . The claim then follows because

the fixed point set J n +1 of the action of $n+1 on T

also has n + 1 elements.

•

Let Sn be the isotropy subgroup of the last letter n.

Claim 4 The polyhedron K = U 6· a is a parallelepiped
a E Sn --1

which 15·a fundamental domain for the lattice M = P (Jn +
1
),

and .whose vertices form a set of generators for the group M.

c

Let be the orbit of under the group

Sn (ni has -1 as last (nth ) coordinate, 1 as ith

coordinates and zeros elsewhere). Since nn-1 = - ron ' the

set 1s also the orbit of - m
n

under

Clearly K is included in

{x E P I (xlm ·a) :i 0 and (xlmo·o) ;$ 1 for all a iß Sn}, n

= {x E P o :;j (x In
i

) :;j 1 for i = 0, ..• ,n-1}

This is a parallelepiped K . As Sn is of index n + 1
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in Sn+1 ~the classes being represented by 6k for

k = O, ••. ,n) and the polyhedron H is the non over

lapping union of the n + 1 parallelepipeds K. 6k ,

'it follows that the polyhedron K i8 equal to the

parallelepiped K. Since the vertices of this

parallelepiped are in the Sn orbit of the vertices

of ß, Claim 3 asserts that the lattice generated by

- -1these points is included in M = P (Jn +
1
). A final index

(ar volume) consideration teIls us that this 1s in fact

an equality and K. is thus a fundamental domain for the
..

lattice M. The set of those vertices of K which are

joined to the origin by.an edge of K roust then be a basis

for M.

Let us denote by si the vertex of ß opposite to the

face ß.
~

The polyhedron K in the case n = 2

----_...-.---_ ..

"\ ,
\

\

\

"
"

~~-----t~-----1ho="'11o

,
.s..

Figure 12-3
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Cla im 5 The image in T of the vertex . S1 .generate s

the group J n + 1 and we have si - 51 = 5 i - 1 • eS

for i = 0 I 1 I ••• In.

First note that s1 + Sn ::: mO (note that

an eigenveetor of the isometry which maps m
i

As 51 and Sn are orthogonal to m2, ••• ,m_ 1

plane HO perpendieularly bisecting Oma the

eigenvector s 1 + Sn must be mO ).

S, + Sn is

to rn_i •

and the

Now sinee eS cyelically permute8 the ro i (m i _,· Ö = ro i )

and the ro i are orthogonal to ·the faees 6 i · cf 6 I the

simplex 6·ö i8 a tran8late of 6. In 6·ö the origin i8

opposite to the faee 6 0 ö whieh i8 parallel to 6, I the

face opposite to 5, in 6 I so that we rnust have

6· ö = 6 - 5, . The angle condition of claim 1 gives a cyelic

order on the faces and henee on the vertices of 6 leaving

two possibilities for 8 i - 8,

Ei ther si - 5, = 5,_i· eS for i =1 I ••• ,n ,n + 1 whieh

is ruled out by the relation 8, + Sn = ro
o

(this relation with

-5, = So - s1 ::: 51· Ö implie5 Sn = 51· ö + roo .contradicting

the fact that di5tinct points in 6 are not congruent under

the group G (Claim 2».

Or the formula of Claim 5

Si - S 1 = 5 i -1 • ö for i::: 0 I 1 I • •• In.
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As the. ö
k exhaust the classes of Sn in SI n+ 1

this formula implies that the image of -5 is of order n + 11

in the cyclic group J n +1 proving that -5 hence 51 is1

a generator of that group.
•

Claim 5' The cyclic group J n +1 acts on T/S n+1 viewed

as the simplex 6 by permutation of its vertices. The

generator s1 ac"ts by si ~ 5 i +1 •

If you prefe~ to verify the claims of this paragraph by

•

calculus, the coordinates in m.n +1

of 6. are:

of the i th vertex

(
. i

si = 1 - n~ 1,••• ,l-n+" ,

l )
Y.

i times

-1
n+1 , ... , n~1)

•
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5 The prismatic decomposition of T x T' /.9 n +1 .. Looking

for a triangulation of the erystal ([]pn wi th (n + 1 ) 2

vertiees

The first projection T x T r ~ Tinduces a

map p:TxT'/Sn+1 ~ T/S n +1 ~ ~ , which is an orbifold

fibration with generic fiber T' .. Over a point x of

the boundary 6, the fiber T' i8 folded by the subgroup

of Sn+1 generated by the reflections Ti along the faces

ß. of ß which contain x ..
~

The polyhedron lJ. x 1-1'
(* ) 1s then a fundamental domain

in p ~ pi for the action of the group G on the erystal

T x TI /.9,n+1 .. This fundamental domain is the union of the (n+1) 1

flat .prisms
(** ) lJ. X lJ.I .. 0 for 0 in $n+1

The Main Theorem 1s: Find the triangulations of the erystal

T x T' /$n+1 ' invariant under the symmetry group I n +1

(= J n +1 x J~+1)' and which are qood for that decomposition inta

flat prisms, in the sense that they induce on each prism

6 . x lJ..'" a

vertex ..

a- linear 8ubdivision which does not add any new

Since by elaim 5 of § 4 a generator of the group J~+1

(* ) Recall that TI
p , , 1:1' , HI , K " and
of P,6,H,K and

i8 a second eopy of T so that
J~+1 will be the corresponding copies
J n +1 ..

(**) A flat prism in a crystal X = p!G is a subset Y of X
such that there exist in the euclidean space P an affine
prism 6 1 x 62 such that the quotient ~:P ~ P/G
induces a homeomorphism between 6 1 x 6 2 and Y..
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to the prism Li x 6 1 -00 (*)

no prism of the crystal T x TI /$ n+ 1 is conversed by a

non trivial element of J~+1- Therefore we have to find

the simplicial decompositions of the crystal J'n+1\TxTI/$n+1'

invariant under the grouri J n+1 and good for the

decomposition inte prisms ß x 11 I_ a, 0 E Sn

A flat fundamental domain for this last crystal is the

polyhedron 6 x K ' (Claim 4 öf §§ 4) the main problem reduce

then to find a linearsubdivision S of the decompasition

inte prisms of that palyhedron which does not add any new

vertex and satisfies the following:

Compatibility and invariance conditions_

1) First Compatibility Condition

The restriction of the subdivision to the facet .6 1
x K'

is invariant under id x T1 -

2) Second Compatibility Conditian

The restriciton cf the subdivisian "ta the face-ta 6xFio

and 6xFi1 are isomorphie via the translation whieh

maps one of these facets .to the other (Here Fij are --

(* ) Recall that
cf a on""n+1

J·n+1
TI

is the fixed point set of the action

so that: 6 1 -0-5' =6'-0-5"-0= (6'-5
1
')-01 1

= (6 1 -0) -0 = 6' -00_
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the facets of the parallelepiped K. ' : for j = 0 , 1

and i = O, ••• ,n - l the facet F:l j

{x e: -K' I (x I n
i

) ::: j} ).

3) 'Invariance Condition

is

For all 0 in Sn the affine mapping sending

to
0(0) -1

<,si_1's' j_ (1 + 0 (0)) • 00 oö)

induces an isomorphism between.the restrietions of

the subdivision to the prisms 6. x 6,'.0 and 6,x6,'. öö(j (0) oö- 1 •

is in Cf"'n

(fixes n): the mapping in the third. condition 1s the

generator -s of J n +1 acting on 6, x 6, , • a . (By claim 5 of1 '

§~ 4 thi~ generator rnaps 6,x6,'·a to 6,·6 x 6, I • 0 . Use the

diagonal action to send this prism to 6, x 6,' .06- 1 which is

in 6, x H' ; then by claim 5 a suitable element of JIn+1

maps i t into ß x K' • )

The first conditLon is the folding condition over 6.,:

the folding conditions ove~ the other faces ß i are implied

by the invar~ance condition.

The second condition asserts that the subdivision of

6, x P invariant under the action of M,.

Note that the resulting decomposition into (open) sirnplices

may not be a triangulation of the crystal X = J~+ 1\ T x TI /Sn+ 1

(because in X there are only n + 1 vertices and dirn (X) = 2n>n).
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1\

To get a triangulation of the crystal a:JtP = T x TI /Sn+1

you have to add.

(4) The Triangulation Condition:

The MI and G invariant linear subdivision of

P x pi extending S induces a triangulation of

P x pi /G (the G-orbit of a simplex is uniquely

determined by the G-orbits of its vertices.).
•

6 If n = 2 there is just oue solution to.the Main Problem:

the KUHNEL triangulation of a:JP2 •

To solve the Main Problem, anafve approach is, as follows.

a) List all simplicial subdivisions of the polyhedron

ß X K' which do not add any new vertex.

b) Rule out the ones which fail to satisfy the compatibility

and invariance conditions of the above paragraph.

This brute force attack works in the case n = 1.

The two subdivisions cif the square are solutions and induce ~

a triangulation of a:p 1 cornbinatorially equivalent to the

boundary of a 3-simplex. In the case n =2 this method gives

four solutions, whose unive~sal covers (in the orbifold sense)

are cyclically permuted by the quarter turn rotation with

(0 -1)matrix 1 0 acting on 1.:' x JE> I. Furthermore , these solutions

satisfy the triangulation ccnd~tion.

Let us list the 4-simplices cf cne of these triangulations.
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Denote ·a k-simplex of a prism 6 x 6. I • 0 by its braille:

k + 1 points in a 3 by 3 matrix where a point on the i th column

and .th that (si,sj 0) i8 a vertex of theJ row means .
4-simplex.

Figure 12-4 shows the parallelogram K' which i5 the

union of the 21 triangles 6 1 and 6.'.L1 • In' each of these

triangles we write write the brailles of the' six 4-simplices

subdividing ~he cor~es~ondinq prism.

One of the four solutions of the Hain Problem in the case n=2

s'
2

51
1

Figure- 12-4
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We leave it as an exercise for the reader to check

that the simplices·depicted,in figure 12-4 give a triangulation 

of the polyhedron 6 x K' which satisfies the compatibility

and invariance eonditions. (For example the triangulations

of each prism restriet to the same triangulation

(
. . .. " . ii ).--1 of their common face 6 x (11. .J 1. . .

and the generator - s of J n+1 acts on the simpliees1

of /1 x /1' and /1 x /11.1' by a clockwise (respectively1

anticlockwise) rotation through 2n in each of the triangle83
/11 and /1'-1' of figure 12-4) •1

The philosaphy of ehapter XII i8: "Ta make the crystal

~Fn and its triangulation easier to understand,.factor by

the biggest symmetry graup giving .a quotient crystal

possessing a niee prism decomposition". However, let us now

lean toward the philosophy of the rest of the paper:" The

more symmetry a freseo has, the more enticing it is". Unfold

the triangulation of the polyhedron 6 x K' which we

described above into a triangulation of the fundamental domain
1\ 2

/1 x H I of the group G of the crystal T)( TI /S3!:::1t a::IP •
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An unfolded solution of the Main Problem for n = 2

r::
.--J

-e
) e •

t:uti~
.-. • •
• • I .-. I

L-. :j tJ.-IJ,·I,
l:j •••• •

.-e

L. ••••
e--, A.4.r.,& • "A.A • •• • • .•..J

••-J
••• r' •• I • •J.., L- • r e e

. I • • • •
'.--1 \.-..-

A~·~I..
..-' :·l ,
J •

6-A·ZI.e_• .--
r'l

Figure 12-5

To recognize the thirty six 4-simplices of the KUHNEL

COMPLEX, our braille rnust be coloured according to the

following scherne

9

4

2

1

8

6

5

3

7
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Thus our braille has a different meaning fram that af

chapter I. (Recall that the braille of chapter I was

coloured 1 4 7 ) •

258

369

Note that on the present braille the generators of

J' and J 3
act by permuting the ro~s and columns; they

3

are 1 x Ö and Ö x Ö and correspond to the permutations

and ß of chapter I.

In the case of an elliptic curve assaciated to a

-1aß

has one more

y. of chapter I. But as.this

hexagonal lattice, the crystal T x TI /Sn+1

symmetry of order three, whlch in the case

to the permutation

n=2 corresponds

2
3

TT rotation

n = 2,

of the curve E does not preserve any splitting of E it

cannot preserve the prismatic decomposition. Nevertheless,

choosing the basis (exp (ni/3) ,exp ·(27ri/3) for the

hexagonal lattice; this new symmetry acts isometrically

(-1 -01)on T x T I via the matrix 1 and, in the case

respects the triangulation we described. We obtain

precisely Marin-Yoshida's rectilinear triangulation of the

two dimensional complex vector space ~2
..

Note that in T X TI the-matrix (0 -1)
-1 0

which gives

complex conjugation also respects the triangulation (it 1s

the translation of the 0 of chapter I). Observe also that

choosing the basis (1, exp (ni/3)) would not give,.·the

Kühnel complex, but its image under the E of chapter I
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(the Kühnel complex of course being given by two. of the

three other solutions of the Main Problem).

Remark We do not give the proof of the uniqueness of the

solution of the main problem, because that proof 1s a

tedious verification (which took us a whole afternoon

the first time we tried it). Furthermore, we do not yet

understand what really makes it work: a niee proof would

answer the Main Problem in all dimensions. Let us just

mention that in the ease n = 2 the invariance condition

spli,ts. into two invariance eonditions (one on eaeh prism) :

you essentially have to consider the prisma one after the

other and these invariance conditions very soon limit the

ntunber of ca'ses to' eonsider. But for n i:: 3 the generator

of· J n+ 1 permutes same of the prisms, so you have to

consider all the prisms at the same time: the ineompatibilities

eome much later. We hope nevertheless that some reader, more

careful than us, will "cateh the tight triangulations l1 and

solve the Main Problem. Even finding a triangulation of

~p3 with sixteen vertices would be a step forward!

•

§ 13 and ~ 14 are in ~reparation
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[E-K]

[G1 ]

[G2]

[G-S]

[Jä]

[K]

[K-B]

[K-L]

[Mi]

[Mö]

[Mai]

[R-S]
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