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On short graded algebras

M.P.CAVALIERE, M.E.ROSsT AND G. VALLA

Introduction.

Let (A,m,k) be a local Cohen-Macaulay ring of dimension d. We denote by e the
multiplicity of A, by N its embedding dimension and by h := N — d the codimension of A.
The Hilbert function of A is the numerical function defined by H4(n) := dimg(m™/m™*!)
and the Poincare series is the series P4(2) := )+, Ha(n)z". By the theorem of Hilbert-
Serre there exists a polynomial f(2) € Z[z] such that f(1) = e and P4(2) = f(2)/(1—2)4.
From this it follows that there exists a polynomial h4(z) € Q[z] such that H4(n) = h4(n)
for all n > 0. This polynomial is called the Hilbert polynomial of A. If we denote by
s = s(A) :=deg(f(2)) and by i = ¢(A) := maz{n € Z|Ha(n) # ha(n)} + 1, then it is well
known that ¢ = s — d + 1 (see [EV]). Also we denote by ¢ = ¢(A) the initial degree of A,
which is by definition t = t(A) := min{j|Ha(j) # (N+jj_1)}. It is clear from the definition
that ¢t > 2. In [RV] we proved that e > (h+,tl—1). Also in the same paper we proved that if
e= (h+,tl_1) then grm(A) := &(m"/m"™*!) is a Cohen-Macaulay graded ring and

t—1

P =Y (") o

=0

If e = (**177) + 1 then grm(A) needs not to be Cohen-Macaulay (see [S]) but if the
Cohen-Macaulay type 7(A) verifies 7(A) < (h+t"2) then again gr,,(A) is Cohen-Macaulay

t—1
and
Pa(z) = (tzj (h +: - 1)z" + zt) /(1= 2,

(see [RV]). On the other hand if we consider a set X of e distinct points in the projective
space P" and we let A = k[Xy,...,X3]/I be the coordinate ring of X, then A is a graded
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Cohen-Macaulay ring of dimension 1. Hence the Hilbert function of A is strictly increas-
ing up to the degree of X, which is e. Many authors (see [GO1],[G],[GO2],[GM],[GGR],
[B],[Br1]},[Br2],[BK],[L1],[{L2],[R],[TV]) have studied the notion of points in ”generic” posi-
tion. This means by definition that

Ha(n) = min <e, (h : ”)) .

It is easy to prove that almost every set of e points in P* are in generic position, in the
sense that the points in generic position in P* form a dense open set U of P* xP"* x ... x P*

(e times). Now it is clear that if X is a set of points in generic position in P" then

Pa)= (L (1) et -

1=0

o

where t is defined to be the integer such that (h+£'1) <e< (h:t).
Thus we are led to consider graded algebras A = k[Xo,...,X;]/I over an infinite field

k which are Cohen-Macaulay and whose Poincare series is given by
S (hHi—1\
P — § : - 1 t 1— d
A(Z) (i:O ( J >z e ) /( 2)

where d is the Krull dimension of A, ¢ is an integer > 2, and c is an integer 0 < ¢ < (h+:_1).

We call such an algebra a Short Graded Algebra.

It is easy to see that short graded algebras are the Cohen-Macaulay graded algebras
A such that H1™? is maximal according to the definition given by Orecchia in [O] . Also
extremal Cohen-Macaulay graded algebras in the sense of Schenzel (see [Sc]) are short
graded algebras with ¢ = 0.

Generalities on short graded algebras.
Let A = k[Xy,...,X,]/I be a short graded algebra with Poincare series
t—1 .
h+1-1Y\ ;
Py(z) = P+t /(1-2)%
A(2) (;( Iy +cz>/< )

2



The multiplicity of A is denoted by e = e¢(A). We have e = (h+,tl_1) + ¢. Also we have
t =1%(A) =t —d+ 1. Since k is an infinite field, we can find d linear forms L,,..., Ly
in R = k[Xy,...,X,] such that if J = (Ly,...,Ly), the graded algebra B = A/JA is of
dimension 0, codimension h and has e(A) = e(B). If we denote by - reduction modulo J,
we get B = R/I and we call B an artinian reduction of A. It is clear that B is a short
graded algebra with
t—1 .
h+:-1\ ; ‘

PB(z)—;( ; )z + cz".

It follows that s(B) = s(A) =t(B) = t(A) = t. Now let

F:0-F,—-.---F>R—-B—-0

be a minimal graded free resolution of B with F; = GB?;I R(—d; ;) - The positive integers f;
are called the Betti numbers of B; the integers d;; are called the shifting in the resolution
of B and , along with the B3;, are unique. Since {(B) = t we have t < d;; for every j.
Further it is well known that we have a graded isomorphism Torf(B, k) ~ (0 : By)(—h),
hence we get dy; < s+ h for every j. The following lemma is possibly well known, but we

insert here a proof for the sake of completeness.
Let

F:0-F, 2F_1—5--—2F->M-0
be a minimal graded free resolution of the graded R-module M, with F; = 69?‘:1 R(—d;j).

LEMMA 1.1. If: > 0, for every j there exists q such that d;_; , < di;. If ¢ < h, for every
J there exists p such that di; < dit1p.

PROOF: It is clear that d;; is the degree of the element of F;_; which is the j-th column
of the matrix A; representing the map of free modules F; — F;_;. Hence we get for every
g=1,...,0ix |

bg +di—1,g = dij

where 6,...,6g,_, are the degree of the elements of this column vector. Now if for some
J we have d;; = d;_; 4 for every ¢, then A; would have a column of zeros, a contradiction
to the minimality of the resolution. The other result follows in the same way, by using
the fact that the transpose of A; cannot have a column of zeros since it is a matrix in the
minimal graded free resolution of Ezth(M, R).
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Using this lemma we get that in the resolution F of B we have
Fi=R(-t-i)"@R(-t—i+1)%

for every ¢ > 1. Now it is well known that the graded free resolution of A as an R-module
has the same Betti numbers and shifting as the resolution of B as an R-module. Hence a

graded free resolution of A can be written as
0 —» R(—t—h)**®R(—t—h+1)** — ... = R(~t—1))Y%@®R(~t—i+1)* - .-+ 2 R— A —0

for some integers a;, b; > 0. By the particular Hilbert function of A we get a3 = (h+;_1) —c
_and bh =cC.

A detailed proof of these observations can be found in [L2].

We close this section by remarking that for a short graded algebra the Betti numbers j;

determine all the resolution. This can be easily seen by using the fact that in each degree

n >t we have

h
dim(R,) + > (—1)* [aidim(R(—t — i + 1)n) + bidim(R(—t —1)a)] = 0.

i=1

Pure and linear resolution.

Recall that given a graded free resolution
F:0-F,—----—2F—>R—-A—-0

of the graded algebra A with F; = @f":lR(—dij) we say that the resolution is pure of type
(di,...,dn) if for every ¢ = 1,..., h we have d;; = d; for every j. If the resolution is pure
of type (t,t + m,t +2m,...,t + (h — 1)m), we shall say that it is pure of type (t,m). A
pure resolution of type (¢,1) is just called a t-linear resolution (see [W],[HK])

In this section we investigate what short graded algebras have pure or linear resolution.

The first proposition deals with the case of a linear resolution.
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PROPOSITION 2.1. Let A be a Cohen-Macaulay graded algebra. The following conditions
are equivalent

a) A is short and has a t-linear resolution.

b) A is short with ¢ = 0.

c)e= (h+,tl—1) and t = indeg(A)

d) I is generated by (h"':_l) forms of degree t
ProOF: The conditions b), c¢) and d) are equivalent by theorem 3.3 in [RV]. If A is short
and ¢ = 0 then b, = 0. By lemma 1.1 this implies b; = 0 for every ¢ = 1,...,h and the
resolution is linear. If the resolution is linear then b, = 0, hence ¢ = 0.

The case of a pure resolution of type (¢,m) is considered in the next proposition which
extends Theorem 2 in [Brl].

PROPOSITION 2.2. Let A be a short graded algebra. A has a pure resolution of type (t,m)
if and only if one of the following occurs

a) e = (h+’tl—l)
or

b)h=2e= (H2-1) + £ where t is even and I is generated by forms of degree t.
PROOF: If the resolution is linear a) holds by the above proposition. If the resolution is
pure of type (t,m) with m > 2, we get d, =t + (h —1)m <t + h, hence (h — 1)m < h.
This implies m = 1 or m = h = 2. In the first case a) holds by the above proposition,

while in the latter case we get a resolution
0> R(~t—2)*1 5 R(—t)* 5 R— A — 0

From this it follows easily that ¢ is even, e = (t'gl) + -;— and I is generated by forms of
degree t.
Conversely if a) holds the conclusion follows by the above proposition, while if b) thds

we get a resolution
0—- R(-t—22@R(—t—1)"2 5 R(-t)** 5 R— A —0

It follows that b +a; = a; —1 wherea; = t4+1—-cand by = ¢ = % Hence a; =
t+1-%-1-£L=0
The next result says that a short graded algebra has a pure resolution if and only if it

has some special Betti numbers. It extends Theorem 3 in [Brl] (see also [L1]).
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PROPOSITION 2.3. Let A be a short graded algebra with (h'H 1) <e< (h'H) A has a
pure resolution if and only if there exists an integer p such that 1 <p < h —1 and

—i+1) t¥p

t+!—2)( h+t )L for i=1,.
131 (t+1-—1) (h+t) o) for i=p+1’...,h~

ProOOF: If A is short and has a pure resolution of type (d;,...,d), then d; = t and

dp = t+ h, otherwise if d, = ¢t + h — 1 then the resolution would be linear and by
Proposition 2.1 e = (h+,tl_1). Hence there exists an integer p, 1 < p < h — 1 such that

_{t-{-i—i, fori=1,...,p
P t 41, for i=p+1, ... )h.

Now, by a result of Herzog and Kuhl (see [HK]), if the graded algebra A has a pure
resolution of type (dy,...,dp) then B; = H#;%—,d_lﬁ . In our case the conclusion follows
by an easy computation. Conversely, we have seen at the end of section 1 that for a short
graded algebra the Betti numbers determine all the resolution. Now it is easy to prove

that the particular Betti numbers of the proposition determine a pure resolution.

For example let us consider the case h =3,t =3, p=2. We get 81 =8, 82 = 9,83 = 2,

hence we have a resolution
0 — R(—6)" @ R(-5)* — R(-5)? @ R(—4)"* = R(-4)» ® R(-3)"* D R— A — 0

with a; = 10 — ¢, hence by = ¢ —2. Now b3 = ¢ < 3 = 2, hence ¢ = 2, a; = 8, b; = 0,

b3 =2, a3 = 0. Further we have
dzm(R;) + ag = b] + ai dzm(Rl)

Since b; =0, dim(R4) = (3"':_1) = 15, dim(Rl) = 3 we get ag = 9, hence b; = 0 and the
resolution is pure of type (3,4,6).

We finally remark that if A is a short graded algebra with a pure resolution, then for
the same p as in the above prposition, we get e = m (see [HM]).

A particular case of pure resolution is considered in the last result of this section.
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THEOREM 2.4. Let A = R/I be a graded algebra which is Cohen-Macaulay. Then the
following conditions are equivalent:

a) A is Gorenstein and short.

b) A has a pure resolution and e = h + 2.

c¢) The resolution of A is

0— R(-h—2)" 5 R(=h)Pr-1 ... 5 R(-2 SR A0

ProoOF: If A is Gorenstein the Hilbert function of its artinian reduction is symmetric,
hence we get ¢ = 1, e = h + 2 and t = 2. This proves that A is an extremal Gorenstein
algebra according to the definition given by Schenzel in [Sc]. But extremal Gorenstein
algebras have a pure resolution of type (2,3,...,h,h + 2) as proved in the same paper
[Sc]. Hence a) implies b) and c). Let now prove that b) implies c¢). It is clear that
Pa(z) = (14 hz + 22)/(1 - z)d, hence ¢ = 1 and b, = ¢ = 1. Since the resolution is pure
we get B, = 1 and A is Gorenstein. Finally we prove that c) implies a). By the formula of
Herzog and Kuhl we get

Br = 1

S N

. |
ISR 2 3 h| R
dj—h—2

hence A is Gorenstein. Further I is generated by forms of degree 2 and we get

‘34 h h+2l_ RI(h +2) _(h+1)_1

dj |_
12 h=2 h | 2h-=-2)r \ 2

Hj>1d—jT§l =

ﬂ1=a1=

The conclusion follows by using theorem 3.10 in [RV].

Right almost linear resolution
Let A be a graded algebra with graded free resolution
F:0-F,—-Fy_y—---—>FF —>R—>A-50

where F; = @f;lR(—dij). Following [L1] we say that F is right almost linear if it is linear
except possibly at Fy. In [L1] Lorenzini proved that the coordinate ring of a set of points

in P* has a right almost linear resolution in some particular cases. All these results are

7




consequence of the following theorem which proves that a suitable condition on the defining
ideal of a short graded algebra forces the resolution to be right almost linear with special
Betti numbers.

We recall that for a short graded algebra A = R/I, N denotes the embedding dimension
of A. Hence we may assume A = R/I where R is a polynomial ring of dimension N. As

before we let B = R/I be an artinian reduction of 4. (see section 1).

THEOREM 3.1. Let A be a short graded algebra such that e = (h:t) — p for some positive
integer p. If dimy(I;R,) = Np then the resolution of A is right almost linear of type

0— R(—t—h)"» = ... 5 R(—t—2)"* = R(—t —1)™ EBR(—t)“l —-R—-A-0

where a; =p, by = (h'H) hp, b; = () — (H't.'"l) (h+t) for every 1 =2,...,h.

PROOF: Since e = (h+t) —-p= (h+t N+ (h'H 1) —p we get ¢ = (h+:"1) —p, hence a; = p.
This means dimi(ly) = p, and since dimi(I;R;) = Np we get a; = 0. By lemma 1.1 this

implies a; = 0 for every ¢ > 2. Since in each degree n > t we have

h
dim(Rn) + ) (=1)* [aidim(R(~t — i + 1)n) + bidim(R(—t — i)a)] =0

i=1

we get dim(Rt.H) — aldim(Rl) — by =0, hence b; = (f:lt) — ph. In the same way we get
dim(Ry2) — ardim(Ry) — bydim(R;) + b, = 0, from which, by easy computation, one gets

by = ('2‘) (H'l)(h“) By induction we get the right value of the remaining b;‘s.

We remark that we can apply the above results to the following cases:

a)e= (hzt) — 1 points in generic position in P*

b)e= (h'hH) — 2 points in uniform position in P?.

In fact in case a) I, is a vector space of dimension 1, hence it is clear that the condition
of the theorem is fullfilled. As for the case b) we recall that a set of e points in P* is said to
be in uniform position if every subset is in generic position. Now case b) follows from the
following lemma a stronger version of which has. been proved by Geramita and Maroscia
in [GM] by completely different methods. We insert here a proof since the original one is
rather complicate.

As usual we denote by A = k[X,...,X,]/I the coordinate ring of a set of points in P*
and by t the initial degree of A.




LEMMA 3.2. If P, ..., P. are points in uniform position in P*, the forms of degree t in I

cannot have a common factor (if dim(I;) = 1 and I; = kF this means that F is irreducible).

PROOF: Let F be a common factor of all the forms in I; with deg(F) =d,1 < d < t—1. Let
©1,---,pe be the prime ideals of the poits Py,..., P, respectively. Since d < t = indeg(A)
we must have FF € p1 N Npp, F ¢ ppp1 U - Up, forsomen, 1 <n <e Let K =
p1N--Npn, J = pptr1 N Npe. It is clear that I, = FJ,_4, hence dim(I;) = dim(J;—q)
and we get Hg,;(t — d) = (h"',tl_d) — dim(I;).Since Pp41,...,P. are in generic position
we have Hp/;(t — d) = nun {e —n, (h"',tl—d) }, hence we get e — n = (h+;_d) —dim(l) =
(H) = () + Hagr(t) < () = () + . This implies n > (%) = (74 >

(h',td) where the last inequality follows by an easy combinatorial argument. Thus we get
Hp/k(d) = min {n, (h',td)} = (h',td), a contradiction to the fact that F' € K.

The Cohen-Macaulay type

In this section we study the Cohen-Macaulay type of some special classes of short graded

algebras. The first theorem extends and simplifies analogous results given by Brown and
Roberts (see [Br2] and [R]).

THEOREM 4.1. Let A be a short graded algebra with e = (h;l”) — p for some positive
integer p. Let J be the ideal generated by the forms of degree t in I. If h(J) >p—h +1
then B, = (h+tt_1) —p

PROOF: Since k is an infinite field, it is clear that given a maximal regular sequence of
forms of degree t in I we may complete this to a maximal regular sequence in R with
linear forms Ly, ..., L such that A/(Ly,...,L4)A = R/I is an artinian reduction of A.
Hence h(J) coincides with the height of the corresponding ideal generated by the forms
of degree t in I. Thus we may assume A = k[X1,...,Xs]/I with dim(A) = 0. We have
bp =c= (h+:—l) — p, hence we need only to prove that ap = 0, or which is the same,
that if F' is a form of degree t — 1 such that FR; C I, then F = 0. We have dim(I;) = p,
hence if p < h the conclusion is clear. Let p > h and F' be a form of degree t — 1 such that
FRy; CI. Then FX,,...,FX}, are linearly independent vectors in I, hence we can find
vectors Gy,...,Gp—n € Iy such that (FX,,...,FXp,G1,...,Gp_1) is a k-vector base of
I,. This means that J C (F,G4,...,Gp—4), hence h(J) < p— h 41, a contradiction.
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The case of e points in géneric position in P* with e = (h;l"t) —pand p < h—1is the
main result in [R].

On the other hand if we have e = (h'hH) — h points in uniform position, by lemma 3.2
we get h(J) > 2 and we may apply the above theorem. This is the main result in [Br2].

Let now A = R/I be a Cohen-Macaulay graded algebra with codimension h, multiplicity
e and initial degree t. It is clear that e > (h"';_l) and we have seen in proposition 2.1 that
ife = (h+;_1) then A is short and the resolution is t-linear. In the following proposition
we study the case e = (h+,t1_1) + 1.

PROPOSITION 4.2. Let A be a Cohen-Macaulay graded algebra with e = (h+;"1) + 1.
Then we have:
a) A is short with ¢ = 1.
b) B < (MH72).
c) The following condition are equivalent:
c1) Bu < (M)
c2) b =0
3) Bi = (1) -1
d) The following conditions are equivalent:
d1) B = ("327%)
d2) b =1
85) B = (++470).

PROOF: By passing to an artinian reduction of A we may assume dim(A) = 0. Then it is
clear that A is short with ¢ = 1 and b, = dtm(A;) = 1. Also (0: A;);—1 # Ai—1 otherwise
A; =0, hence

. . . , h+t-2
Br=dim(0: A1)¢ +dim(0: Ay)e—y < dim(A;) + dim(As—1) =1+ ( -:__ 1 )

This proves b). The equivalence in c) has been proved in [RV] theorem 3.10. As for d),
since #y = by +a; = b + (h+:_1) —1, we get f; = (h+:_1) if and only if b; = 1. If b; =1,
then by b) and ¢) we get S, = (h-:_f;z) Finally if 8 = (h‘H 2) then by b) and ¢) we get
b; > 0 and we need only to prove that dim(Ri+1/R1l;) < 1. Now dim(A;) = 1 implies

R; = I; + kM for some monomial M of degree t. Hence we may assume M = X; N for
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some monomial N of degree t — 1 and we get
Riyyv =R i+ RiM =R I; + X, RyN C R I + Xl(Ig + kM) =R I+ kX1 M

This gives the conclusion.

The above Proposition can be applied for example in the following situation.

COROLLARY 4.3. Let A be a Cohen-Macaulay graded algebra with e = (h+i_1) + 1. Let

J be the ideal generated by the forms of degree t in I. If h(J) = h then B = (**17") — 1.

PROOF: As in theorem 4.1 we may assume dim(A) = 0. We have dim(I;) = (h+:_l) - 1.

This implies Ry I; = Ri41, a fact proved in [RV] theorem 3.10. Hence b; = 0 and we may

apply the above proposition to get the conclusion.

We remark that, again by lemma 3.2, we may apply the above corollary to the case of

e = (*3!) + 1 points in uniform position in P2,
The last result of this section gives the Cohen-Macaulay type of some special one-
dimensional short graded algebras. This extends a result in [TV].

THEOREM 4.4. Let A be a one dimensional short graded algebra witht = 2. If I C
(Xin)l‘gi<j5h+1 and X,XJ ¢ I for every 1 # j, then B, = b, = c. '

PROOF: We need only to prové that ap = dim(Torf(A, k)p+1) = 0. The crucial point is
that one can compute TorR(A, k) via the Koszul resolution of k = R/(Xy,...,Xp41)

h+1 6h+lh 61
0— AV®R(—h—1)——)AV®R(—h)—)o--——)AV®R(-—1)——>R—>k—rO

where V is a k-vector space of dimension h+1. Hence, in order to prove Tor (A4, k) ht1 =0,
we need only to prove that the Koszul-type complex
h41 h h—1
AVRA(-h—1pt1 2 AV A(=h)hy1 = AV A(=h+ 1)a41
is exact in the middle term. We may write this complex in the following way

h+1 _ b h—1
AVvek = AVOR, -5 A Ve A4,
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h41_
Now let £ € Ker(g); this means that 6,(§) € AV @ I; and we need to prove that

h—1
€ € Im(f) = Im(6p41) = Ker(6x). This is equivalent to prove that if a € AV Q® I,

and a € Im(68,) = Ker(ép—1), then a = 0. Let e;,...,en+1 be a k-vector base of V' and
h—1
€ij=e1 AN~ AN& AN---ANé A - Aepq1 be the corresponding vector base of A V. Then

we can write a = 21<i<j<h+1 €ij @ Fy; with Fj; € I and ép—1(a) = 0. This implies
F;; = XijXiX;, otherwise if for example Fj; = X, X, 4+ ... with ¢ # ¢, then in 6,_;(a)

we have a term
der A AEG A ANEA NG A ANep1 ® XX,

which cannot cancel out since every quadratic form in I; does not contain any pure square.

This implies that F;; = 0 and the conclusion follows.

COROLLARY 4.5.. Let A be a one-dimensional short graded algebra with e = h + 2. If
I C (XiXj)i<icj<n+1 and X;X; ¢ I for every i # j, then A is Gorenstein.

We remark that the conditions in the above theorem are verified for aset of h+1 < e <
(h”,:z) points in generic position in P* such that k + 1 of these points are not contained in
an hyperplane. On the other hand it is easy to find a short graded algebra with e = h + 2
which is not Gorenstein.

Let A =k[X,Y,Z])/(XZ,YZ,X?Y — XY?);then h=2,e =4, C(XY,XZ,YZ) but

A is not Gorenstein since it is not a complete intersection.
A remark on a conjecture by Sally

Given a local Cohen-Macaulay ring (A, m) of dimension d, codimension & and multiplic-
ity e = h + 2, the tangent cone grp,(A) = @m™/m™*! is not necessarily Cohen-Macaulay.
But Sally conjectured in [S] that in this case we always have depth(grm(A)) > d—1. In the
same paper she proves that if d = 1, then H4(n) > h + 1, for every n, hence the Hilbert
function of A does not decrease. This implies that P4(z) = l—il"-f—'zti for some s > 2. Hence
we are led to consider graded algébra A, not necessarily Cohen-Macaulay, with Poincare
series Py(z) = (Ef;; (h+::_l)zi + z’) /(1 — 2)? for some integer s > t. This could be the
right notion of short graded algebras in the non Cohen-Macaulay case.
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Here we ask the following question. If (A,m) is a Cohen-Macaulay local ring of di-
mension d, codimension h and multiplicity e = (h+,tl_1) + 1 is it true that Py(z) =
(Zf____(l, (h+:."1)z" + z_’) /(1 — z)? for some integer s ?

At the moment we are not able to answer this question, but in the case ¢ = 2 we can

show that this is equivalent to Sally’s conjecture.

PROPOSITION 5.1. Let (A, m) be a local Cohen-Macaulay ring of dimension d, codimension

h and multiplicity e = h + 2. The following conditions are equivalent.

a) depth(grm(A)) > d—1.

b) Pa(z) = 1hats.
PRrROOF: By the result of Sally the conclusion holds in the case d = 1. Let d > 2 and
depth(grm(A)) > d—1. We may assume that A/m is infinite and take 21, ..., 24 a minimal
reduction of m with z; superficial for every <. The initial forms zi,...,z} in grn,(A)
are a system of parameters in gr,,(A), hence we may assume zj,...,Z;_,; form a regular
sequence in grp,(A). This implies that if B = A/(X;,...,X4-1), then B is a 1-dimensional
Cohen-Macaulay ring with the same codimension and multiplicity as A. Further we have
Pa(z) = Pg(2)/(1 — z)?71. By the result of Sally we get Pp(z) = F2zEZ for some
integer s > 2 and the conclusion follows. Conversely let us assume P4(z) = H('l’_'_—zz")'{i and
let B=A/(z1,...,24-1). As before B is a 1-dimensional Cohen-Macaulay ring with the
same codimension and multiplicity as A. Since d > 2 we get e;(A) = e;(B), where for
a local ring S of dimension d and Poincare series Ps(z) = Y i_, aiz'/(1 — z)%, we define
e1(S) = Z;=1 jaj (see [EV]). By the result of Sally we have Pp(z) = H’l"%li, hence
e1(B) =h+t=e(A) = h+s. This implies s = ¢t and P4(z) = Pg(z)/(1 — 2)¢~1. Hence

zi,...,Zy_, is a regular sequence in gr,(A) and the conclusion follows.

Some of the results here were discovered or confirmed with the help of the computer
algebra program COCOA written by A.Giovini and G.Niesi.
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