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Program ofthe Conference "Arithmetical Geometry"

.The conference takes place at Humboldt-University,
Unter den Linden 6, room 2097 (look for directions)

Thursday, 21.03.

09.00 - 09. 15 h

09. 15 - 10. lOh

10.1 0 - 10.40 h

10.40 - 11.35 h

11.50 - 12.45 h

15.00 - 15.55 h

16.00 - 16.55 h

16.55 - 17.30 h 1

17.30 - 18.25 h

Friday, 22.03.

09. 15 - 1O. lOh

10.10-10.40h

10.40 - 11.35 h

11.50 - 12.45 h

15.00 - 15.55 h

16.00 - 16.55 h

16.55 - 17.30 h

17.30 - 18.25 h

Opening of the conference

G. Wüstholz: Transcendence and Arake10v Geometty

Break (coffee in front of room 3038, 3rd floor)

F. Dort: ~yperelliptic curves in abelian varieties

J. Nekovä~: p-adic regulators and filtrations on Chow groups

K. Künnemann: Higher Picard varieties and the height pairing

J.-B. Bost: Arakelov geometty ofabelian varieties

Break (coffee in front of room 3038, 3rd floor)

1. Tschinkel: Zeta functions in arithmetic geometty

A. Abbes; 'Self-intersection ofthe dualizing sheaf on modular

curves Xo(N)

Break (coffee in front of room 3038, 3rd floor)

C. Soule: Arithmetic Betti numbers

J. Jorgenson: The arithmetic degree ofline bundles on abelian varieties

Y. Zarkhin: Reduction and torsion subgroups of abelian varieties

H. :Gillet: Motivic weight complexes

Break (coffee in front of room 3038, 3rd floor)

E. Ullmo: Equidistribution of small points



Saturday, 23.03.

09. 15 - 10. lOh

10. 10 - 10.40 h

10.40 - 11.35 h

11.50 - 12.45 h

15.00 - 15.55 h

16.00 - 16.55 h

16.55 - 17.30 h

17.30 - 18.25 h

J. Sehwermer: A deeomposition of spaces of automorphie
forms and some applications

Break (cotfee in front of room 3038, 3rd floor)

G. Frey: Elliptic curves with isomorphie torsion strueture

C.-G. Schmidt: p-adic automorphic L-functions

W. Kohnen: Hecke eigenvalues and Fourier coefficien~s

J. Oesterle: Torsion of elliptie eurves

Break

E. Kani: Applications of diagonal quotient surfaces to a problem
of Mazur

Sunday, 24.03.

Exeursion: Walk from Schloß Kleinglienecke to Pfaueninsel and back to Wannsee.

Monday, 25.03.

09.15 - 10. lOh

10.10-10.40h

. 10.40 - 11.35 h

11.50 - 12.45 h

15.00 - 15.55 h

16.00 - 16.55 h

16.55 - 17.30 h

17.30 - 18.25 h

D. Roessler: Lambda struetures in K-theory

Break (coffee in front of room 3038, 3rd floor)

J.-M. Bismut: Higher analytic torsion forms in real and
complex geometry.

J. Rohlfs: An arithmetic formula for a topological invariant
of Siegel modular varieties

W. Gubler: Loeal heights of subvarities and formal geometry

K. Murty: Non-vanishing of automorphic L-functions

Break (coffee in front of room 3038, 3rd floor)

E. de Shalit: Special values oftheta functions with complex
multiplication



Tuesday, 26.03.

09.15-10.IOh

IO.10-10.40h

10.40 - 11.35 h

11.50 - 12.45 h

14.00 - 14.55 h

15.00 - 15.55 h

J. Jahnel: Heights for Hne bundles on arithmetic varieties

Break (coffee in front of room 3038, 3rd floor)

L. Szpiro: Bounds for the order of the Tate-Shafarevich group

B. Edixhoven: Oort's conjecture for pi x pI

B. Venkov: Modular forms and construction ofunimodular lattices

G. Harder: Canonical flags on arithmetic Chevalley schemes
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Let X be a d-dinle~sional algebraic variety defined over a nunlber field
F. Denote by L = (L, {Il . Ilv}) a metrized ample line bundle on X. For_
any locally closed algebraic subset Y C X we denote by Y(F) the set of
F -rational points in Y. A metrized line bundle L defines a height function

He : X(F) -+ R>o.

The asymptotic behavior of the counting function
.

N(Y, L, B) := #{x E Y(F) IIJe(x) ::; B} < 00

as B -t 00 is determined' by anal):tic properties of the heighf zeta function
Z(Y, L, s) defined by the series

, Z(Y,.c,s):= L: He(x)-3
xEY(F)

which converges for Re(s) ~ O. O~e has the following Tauberian statement:
ASSllme that the serles Z (Y, L, s) is absolutely convergent for Re,(8) >

a > 0 and that there exists some positive integer b such that

g(s)
Z(Y,'c,s) = (8 _ a)b + h(s)

- '1 '

where g(s) and h(s) are functions nolomorphic in the domaib Re(s) ~ a and
g(a) =I O. Then the following asymptotic formula holds:

g(a) ,
N(Y,.c, B) = a(b _ 1)! Ba~log B)b-l(l+ 0(1)) Jor B -+ 00.

Let NS(X) be the Neron-Severi group of X, NS(X)R = NS(X) ® R.
We denote by [L] the ,dass of L in N S()(). The cone of effective divisors
0/ X is the dosed cone Aeff C NS(X)R generated by the classes of effectivc
divisors.

Let (A, AR, A) be a tripie consisting of a free abelian group A of rank t,
a t-dimensional re~l vectof, space AR = A ® R containing A as a sublattic~

1 <
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of maximal rank, and a convex i-dimensional finitely generated polyhedral
cone A C AR such that A n -I\. -= 0 E AR. Denote by 1\.0 the interior
of A. Let (A*, AR, 1\.*) be the tripie consisting of the dual abelian 'gfOUP

A* = Hom(A, Z), the dual real vector space AR = Hom(ARl R), and the
dual cone A* C AR' We normalize the. Haar measure dy on AR by the
condition: vol(AR/A*) = 1:

The X -funetion of A is defined a.s the integral

XA(s) ~ f e-(s'Y)dy,
JA·

for Re(s) E AO. One can check that XA(s) =I- 0 for all s with Re(s) E 1\.0.

Theorem 0.1 [5} Let X be a smooth pr~jeetive equivarianl o;mpactijieation
0/ an algebraie torus T dejined ove,:" a n1Lmber jield F.

1. There exists a pairing

H X(F) x NS(X)c --+ C

sueh that its restrietion lo X (F) x [L] eoineides wilh the height funetion
Hf:, eorresponding to some m~trisation on L.

2. The height zeta /unetion.

Z(T, s)' = L lI(x, -8)
.xET(F)

is holomorphie for Re(s) E A~ff + [":"'Kx ].

3. The Junetion
Z(T, s)

XAlIff (s + [Kx ])

is holomorphie JOT" Re(s) eontained in the closed eone Aeff + [-K x] and
it is not equal to 0 for any s wilh Re(s) cO'l1tained in the boundary
8(Aeff + [-Kx]) 0/ the shifted cone' 0/ effeetive divisors.

2
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The following statement, inspi'red by the ~inear Growth conjecture of
~anin ([7]), has been expected to be true ([1, 6]):

Conjecture 0.2 Let X be a smooth -Fano variety over a number field E.
Then there exist a Zariski open subset U c X and a finite extension Po 0/
E such that Jor all number fields F containing Fo the Jollowing asymptotic
form ula holds

N(U, -K'-x, B) = (t ~ 1),B(logB)'-1 (1 + 0(1)), B --> 00,

where t is the rank 0/ the Picard group 0/ X over F.

The conjecture 0.2 was refined by E. Peyre who proposed an adelic in
terpretation for the constant c introducing Tamagawa nUInbers of Fano va
rieties ([8]). Tbe theorem above proves tbis refined version of the conjec
ture for smooth projective toric varieties. rvIoreover, we can compute the
asymptotic constant c = a(X)ß(X)-r(Jex ), where a(X) = ;rAefJ([-!(x]),
ß(X) = IB7'(X)/Br(F)1 is tbe orqer of .the non-trivial part of tbe Brauer
group of X and T(JeX ) is the Tamagawa number defined by E. Peyre.

However, we were lead to consider the hypersurfaces X n+2 C pn X p3
l

(n ~ 1) defined by the equation I .

( 3 ,"

P(x, y) =:= E li(X)Y7 = 0
f i=O /

where
P(x, y) E Q[io, ... ,Xn , Yo,·· ., Y3] .

., "

and lo(x), . . .-, 13(x) are homogeneous linear farms in xo, . .. , X n ([5]). Put k =
min(n+1,4). We shall always assume that any k forms amang lo(x), ... ,13(x)
are linearly independent.. We checked tbc following statements:

Proposition 0.3 1) The hypersurface X n+2 is a S11l0'oth Fano variety con
taining a Zariski open subsel Un+2 .which is isomorphie to A n+2 .

3
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2) Let Up C pn be the Zariski open subset defincd by the condition

3

II li(x) =f O.
i=O

Then the fibers of the natural projection 7r : X n+2 -t pn over closed points
of Up are smooth diagonal eubic surfaees in P3.

S) The Pieard gro'Up of X n+2 dver an arbitrary field eontaining Q is iso
morphie to Z EB Z.

Proposition 0.4 Let n :2: 3. Then for any non-empty Znriski open subset
U C X n+2 , and fOT any field F eoni.a.ining Q(H), one has

N(U, -JCx"+~, B) :2: cB(logB)3

for all B > "0 and some positive -consta~t. c.

'Proposition 0.5 Let n = 2. Then there exisfs a number field Fo depending
only on X n+2 such that for any non-empty Zariski open subset U C X n+2 for
any field F containing Fo one has ·

for all B > 0 and some positive constant c.

Proposition 0.6 Let n = 1. The.n for'any non-empty Zar;iski open subset
U C X n+2 , there exists a number field Fo:( wh ich depends on U) such that for
any field F containing Fo, one has,

,
fOT all B > 0 and some positi1!e co~stal1f. c.

The statements in the propositions 0..4, 0.5, 0.6 and O.:{ show that Con
jecture 0.2 is not true for' Fano cubic bundles X n+2 (n :2: 1). Let us remark
that the lower bounds in the above. propositions follow {rOIn 0.1.

4
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Let iV be a square ffee integer and let .)(o(N) be the compactification of the coarse moduli
of elliptic curves with a cyclic subgroup of order N. It is a projective smqoth curve over Q.

Let XO(lV)z be the minimal reguhir model of ~Yo(N) over Z. The Arakelov theory as
sociates an arithmetie invariant to such arithnietic surface: the self-intersection of the
relative dualizing sheaf. 'Recall for this that by a theorem of Deligne and Rapoport .Yo(lV)Z

. is semi-stable (iV is square free)"so we cau consider its relative dualizing sheaf W ovef Z.
In the geometrie case, ,an upper bound of the self-intersection of the dualizing sheaf

enabled Arakelov, Parshin and Szpiro to prove an effective Nlordell conjecture for function
fie1<is in 'all characteristics. Some arithmetic conjectures specially Parshin's conjecture give
analogous bounds in the arithmetic case. In this talk, I will compute this invariant for.

modular curves X O(lV).

y2 9

F(z) = - L Ifi(=)\2
9 &=1

~nd (fih~i~g is an orthonormal basis of the space 5(2, f o(lV)) of weight-2 parabolic
modular forms for f O(lV) equiped with the Peterson product.

Arakelov defined interseetion product for line bundles equiped with admissible metries (which
means that the eurvature is proportion'al to v).

The dualizing sheaf is eanonieally equiped with such metrie :

i) For any point P E X(C), the line bundle O:dP) is canonically equiped with an
admissible metric; let Sp be the canonical section of Ox(P), this metric is given by

Notations

The Riemann surface .X0 (lV)c is eanonically isomorphie to the quotient f 0(lV) \ (7-l u IP t (Q) ),
where

. H = {z E C; \1'(z) > O} ro(N) = {(;c :)}.
Over this Riemann surface we.have two met ries :

) Th P
· . . d .dxdy

1 e omaeare metnc: J1.o = -2-' .
Y

2)' The Arakelov metrie : v = F(z)dj.LQ(z) where F(z) is the f o(lV)-invariant funetion
over 1i giyen by

where gAr is the Arakelov-Green funetion. It is the unique eoo symmetrieal real
function defined over ~Y(C) x X(C) - ß (where u is the diagonal) and satisfying :

1Joined work with E. Ullmo (Orsay, France).

1
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- 8;,OzgAr(Z, w) = i1r(v(z) - Ow),

- ,( gAr(Z, W)V(Z) =0 for any w.
JX(q

ii) The canonical ~dmissible metric on ~V is given by imposing that the resi~ue isomor
phism

is an isometry if Ox(P) is equiped with tbe metric i) and C with its canonical metric.

These are some well-known results on the self-intersection w2 :

1.. Faltings- proved that w2 ;:: 0 aod w2 = 0 for elliptic curves. It is conjectured that
w2 > 0 for genus 9 ;:: 2.

2. This'conjecture is proved by Zhang for c~rves with at least a fiber of b~ reduction.

3. Zhang aod Burnol proved that w2 > 0 for many smooth cases.

4. Szpiro gave the arithmetic meaning of this invariant: he proved that the non-vanishing
0/ w2 in the smooth case is equivalent to the discreetness 0/ the arithmetic points 0/ the
curve in its jacobian for the Neron-Tate topology i.e.

X(K)
P

-+ J(K)
Ho Xp = cl(w - (2g - 2)P)

there exists € > 0 such that {P E X(K) I hNT(XP) < €} is finite. It is a generalization
of Raynaudts theorem on the finiteness of points of .X(K) which are torsion points
when the curve is imbedded in its jacobian..

5. Bost} Ivlestre and Nloret-Bailly computed w2 for 9 = 2.

6. Why w2 for JYo(lV)? The choice of this family of curves was motivated by their relation
with elliptic curves. We know by Wiles' theorem that every elliptic curve E semi-stable
over Q has a modular parametrization <p : XO(lV) -+ E where N is the conductor of
E. We try to use this parametrization to get informations on the elliptic curve from
informations on themodular curve. This is an example; Szpiro conjectured that the
minimal discriminant of E depends polynomially on its conductor. We hope to attack
this question by first relating the discriminant of E to some arithmetic invariants
of Xo(N) and ~econd establishing good estimates on these invariants of Xo(N) as
functions of lV. .

Let Eoo(z, s) be the Eisenstein series at the cusp 00 for. ro(lV) and let val be the volume of
JYo(lV) for the Poincare metric.

:'
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Theorem 1 For any square free integer lV prime to 6, we have

1611"g(g - ,1) lim ( r Eoo(z, s)lI(z) ...: I( 1 . 1))
" ...... 1 f'<o(N) vo s-

+~ log(N) + 9 '"'" P+ 1 log(p) + o(g log(N) )
2 L.... p -l

p/N

Theorem 2 For any square free integer N prime to 6, we have

< -811"g - llim (Z'(8) __1_)
val "...... 1 Z(s) s - 1

+1+~ log(N) + 9 L p- log(p) + 0(9 log(lV) )
IN

p-l
p

where Z(8) is the Selberg zeta function far ro(N).

Page:~

Selberg zeta function

Let 'Y E ro(N) be a hyperbolic matrix (ltr'Yl > 2). Let lV(,) = v2 where v is the eigenvalue
of'Y with a square bigger than 1. Let 1'0 be the matrix with positive trace such that

Commutantro(N)(/') = {~1'~ . n E Z}

l' is said to be primitiye if l' = 1'0'

00 .

Z(s) = II II (1 - e-(·Hk)!og(N(/'O)))

1'0 primitive .1:=0 .
non conj ..

This function has 'many spectral propreties. Let L2(ro(lV)\1-l, dJ.Lo) be the space'cf f O(lV)
invariant functions on 1-l with an integrable square relatively to the 'Poincare metric. The

~ 2 .

Laplacian Do = y' (8x' + ~2) acts on this space and gives the decomposition :

where & is the continuous spectrum and 'Pn is an orthononnal family of eigenfunctions of Do
\vith eigenvalues -An and 0 = AO < Al ~ A:z ~ ... ~ 00. Fix An = 8n (1- Sn) = i + r~ and
Sn = t + irno Then, the Tn are real except a finite number.

1. Z(8) is holamorphie on a neighbourhood of 1 with a simple zero at s = 1.

2. The non trivial zeroes of Z are the Bk = t + irk and 1 - Sk
. )

3
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4~n .
3. An""" -l and we have the "yague" relatlOn :

vo

1 Z'(s) f (1 Val)
2s - 1 Z(s) = 0 s(s - 1) :- An - 41T"(s + n)

which can be obtained from the Selberg trace formula.

Hence, theorem 2· establishes a relationship between an arithmetic and a spectral invariants.
A.s I will explain, theorem 1. gives a relation~hip between an arithmetic and a modular
invariants.

Gur first object was to give an estimate for w2 depending on the level N. This object can-

not be reached because the" asymptotic behaviour of'~im (ZZ'(( s)) - _1_) on LV is unknown
. . 8-+1 S S - 1

far USo But two remarks can be made:

- theorem 2 gives an upper bound for this term depending only on N (w 2 > 0);

- 'r think that this term is negligeable compared to 9 log IV. Such an estimate will imply
that w2

/ 9 is logarithmie in lV. Indeed, we have the following :

Proposition 3 For any square free integer lV,

9l:P-1w2
~ - -log(p) - O(log(N))

, 3 'p+ 1
. p/N .

This proposition follows from a theorem of Zhang which gives a lower bound o.f w2 based on
the dual graph of the bad fibers of the arithmetic surface.

Proo! (of theorem 1). Consider the cusps °and 00 of .YO(lV) and the sections Eo and E'XJ
of Xo(lV)z(Z) associated to these cuspS. FL'X two ,vertieal divisors with rational coefficients
<Po and <Poo such that

(w - (2g - 2)Ei + <Pil F) = ° for any vertieal divisor F

where i = 0,00. The following inequality relates w2 to the geometry of the eusps :

1 ( '<1>2 + <1-
2

). w
2 :5 -49(9 - l)(Eo, Eoo ) + 9 _ 1 g(<l-o, <1>00) - 0 2 00

It follows from :

1. the NIanin-Drinfeld theorem: the dass oj.(O - 00) is torsion in the jacobian 01 ..,"'(.0 (lV),

2. the Faltings-Hriljac formula relating Arakelov intersection on the eurve and Neron-
Tate height on the jaeobian. "

, ,

This inequality reduees theorem 1 to

.
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a) the computation of cI>o and lf'oo. This is done using the Deligne-Rapoport description
of ~"'(o{1V)z.

b) the computation of (E01 Eoo ). These sections don't intersect over finite places. Hence,
(Bo, Eoo ) = -gAr(O, 00). Theoret.TI 1 follows by comparing the Arakelov-Green function
to more classical Green functions on 1i which are associated -to the Poincare metric.

Theorem 1 establishes a relationship between w2 and the constant term at 1 of the Rankin
Selberg transform of the Arakelov metric :

This transform is absolutely convergent for ~(s) > 1 and admits a meromorphic continuation
to the complex plane with a simple pole at s = 1 whose residue is (vol)-I.

We classically compute this transform for modular forms / E 5(2, ro(lV)), we then
consider

( y21/(z)12EOO(Z, s)d~(z).
)Xo(N)

The residue at s = 1 of this transform is (/, /) /vol where (/, /) is the Peterson product. If
the q-expansion of / is /(z) = L:n21 l1n exp(2i7rnz), then the Rankin-Selberg method gives

When / is a newform (a normalized new Hecke eigenform)," this transform coincides, up to
some zeta factors , with the Ir;, series of / and then admits an Eulerian product. We think
0/ RF as a mean 0/ these Rankin-Selberg tmm/orms /or an orthonormal basis relatively to
the Peterson produet. I

Theorem 2 is obtained from theorem 1 by adapting a startegy suggested by Zagier which
emibled hirn to refind the Selberg trace fonnula from the Rankin-Selberg method.

Zagier's str~tegy in weight 0 .

Let k be C4-fun~tion of R..t such that there exist two constants a > 1 and C > 0

Ik(t)] :5 ~ t » 0

Define the r 0 (lV)-invariant function on 11. x 1i

1
KO(Z, w) = 2" L k(u(z, !,w))

1'Er o(N)

o.J

(1)
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where u is the hyperbolic distance

. Iz - wl 2

u(z,.w) = ~(z)~(w)

The spectral decomposition of KO(Z, w) is

Ko(z, w) = h( ~).2.-l + L h(ri)l.pi (Z)4Qi (w) + continuous t~rm
2 vo . 0t>

Page: "

I will forget the continuous terms in the rest of this talk.
The function h is the Selberg transform of k. It has the following propreties:

i) h(r) = h(-r) for any r-E IR,

ii) h ~mits an analytic continuation to the strip~(r) < A/2 for areal A > 1 (in our
case A = 20: - 1),

iii) h decreases quicklyon this strip.

Conversely, if we start with a function h satisfying i)-ii)-iii) then tp.e Selberg inverse transform
k of h satisfies (1).

k-+h -T k
Selberg t. Selberg inverse t.

These two transforms da not depend on the group.
Consider the expression:

(2)

vVe will take the integral of the product of this equality by the Eisenstein series. First, we
group in (2) all terms giving a divergent contribution (they need a special analysis). On the
le~ hand side, this term is the parabolic one. .

_ 1 +00
Ko(z, z) = 2 L -L k(u(z, 'YZ ))

/=-00 '"f E ro{N)
trr = /

Every surn for a fixed trace is rö(N)-invariant, so let

- 1 ""' ""'Ko(z,z) = 2~ ~
111;62 '"f E ro(N)

tl""( = l

By integrating, we get

k(u(z, "Yz))
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The residue at s = 1 of the right hand side, up to the forgot ten terms, is (val) -1 Löo h(ri)'
The residue at s = 1 of left hand side follows ~y writing

1 Ko(z, z)Eoo(z, s)di"o{z) = L (N(S, 1)1(s, k, I)
Xo(N) . 111#2

- (N(S, I) is a zeta function which depends on N and l hut not on the function k. Under
some conditions

(N(S, I) = rr 1:P' rr (1 ~ (r;Z -4)) (l(s,l)
. p/N. p/N: P

(1 (s, I) is the product of a finite Dirichlet series by the Dedekind zeta function of
Q(J12=4)~ ,

- [(s,l, k) doesn't depend 00 N. It is holomorphic at s = 1 with a value depending 00

the Fourier transform of h.

The equality of the residues of the left and the right hand sides is the Seiherg trace formula.

Weight 2

Our goal is to compute the constant term at 1 of RF . We should then work with differential
forms and consider F(z)dj.Lo(z) as the contribuation of the Laplacian eigenvalue O. V"le prefer
to work over 1-l and to consider automorphic forms of weight 2.

From a function k satisfving (1) we construct a Selberg kernel K 2(z, w) automorphic of
weight 2 in each variable and take its spectral decomposition relatively to the eigenfunctions

of the Laplacian 6.2 = Do~ 2iy :x' We get a Selberg transform h2 satisfying also i)-ii)-üi). "

Finally we integrate the product of the spectral decomposition (taken für z = w) by the
,Eisenstein series. These are the supplementary difficulties in comparison with the weight 0 :

1. We must isolate the contribuation of the eigenvalue 0 (r == ~). We would like to take
h = Oi/2. So, we consider h(t, r) = e..xp(-t(~ + r 2

)), we work with a. fixed t and let t
goes to infinity at the end. '.

I'

2. In addition to .the residue, we oeed the .constant term.

. This is the result : Let 9 he the F~urier transfürm of h(t, r)

l' t u2

g(t,u) = v'47ti exP(-4- 4t)

Let

8(t)= L L IO~) g(t, log(N(-Ylll .
'1>2 [1']

tl'1' =1

•
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The contant tenn at 1 of RF(s) is

1 1+00

a 1CF = --2-l (e(t) - l)dt + -4 + O~(~)
9 vo 0 1rg 1'1 -~

Page: 6

where a < O.
I haven't succeeded in getti,ng the asymptotic behaviour of CF on N from this expression.

The final result follo\1(s fröm the identity : .

1+00 (Z/(S) 1)
(8(t) - l)dt = lim Z()';'" - - 1.

o _ -'-tl S S - 1

which, using the Selberg trace formula, also gives the vague relation I wrote in the pegining.
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TORSION OF ELLIPTIC CURVES OVER NUNmER FIELDS
. l

Let K 'be a nurnber field l let d denote its degree and let E be an elliptic
curve defined .over K. The theorem of :YIordell-\Veil states that the group of
rational points E(K) is finitely generated: in particul~ its torsion subgroup
E(K)tors is finite, The uniform boundedness conjecture asks whether the order,
of E(Khors is 90unded by a constant depending onIy on d. This ~tatement is
now proved. -

The first result in this direction was obtained in 19ii by B: ~Iazur, who
treated ehe case d = 1: he proved that for an ellipei,c curve over Q! the order
of E(Q)tors is bounded by 16!!Uld even ga\:e a list of all possible isomorphism
classes o.f such groups. . _

The next seep is due to S. Kamienny: he proved in 1988 that 'for d = 2 ehe
order of E(K)tors is bounded by 24; NI. Kenku and F. ~romose gave a list of
ehe possible 'torsion subgroups i? this case.

In 1993! S. Kamienny and' B. ),rIazur succeeded to treac the cases where
d '5 8, but "withouc giving an explicit bound forIE(Khorsl. Soon after! their
result was extended to d .5 14 by D. Abramovich. "

In 1994 l L. lVIerel proved that the primes dividing IE(K)corsl are bounded
by a constant depending only on'"d. It was shown by J. Oesterle that this
constant can be taken equal to (3d /2 + 1)2 . As was aJready remarked pr~viousiy

by S. KarnienJ?Y and B. Mazur! the theorem of ivlerel implies the uniform
boundedness conjeceure; however their argument uses ehe NIordell conjecture
proved by Faltings, and therefore does not yield in effective'bound of lE(Khonl.

Quite recently, P., Parent generalized in hiS (still unpublished) thesis ehe
method of Nferel' method and obtained an expÜ'cit bOUnd for the powers of a
prime dividing IE(K)to~l. One easily deduces from bis result that lE(Khoral is
bounded by e...{p(2~4et6). \Ve can hope in a near future' a drastic improvem'ent
of. chis bound by a direct seudy of IE(K)torsl rather than of its prime power
divisors. . .

The previous works build in some serne a pyramid, since each of thern heavily ,
relles on the ideas and techniques introduced in the preceding ones. We have
tried in the lecture to sketch the final proof and tO trace the history of its main
ingreqients. , .

I "
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~ arithmetic variety X is a scheme that is quasi-projective ~nd generically
smooth over Zj

x (C) is the manifold of complex points of X;

Foo is the complex conjugation-on X(C)j

AP,P(...Y). as the set of differential forms W of type p, p on ..tY(C), that satisfy the
equation F~w = (-1 )PWj

Ä(X) := E9p~o(AP.P(X)/(lma+ 1mB))j

A hermitian _bundle E = (E, h) is a vector bundle E on X, endowed with
a hermitian metric h, which is invariant under F00' on the holomorphic
bundle Ec on ..-Y(C), which is associated to Ej

ch(E) is the representative of the ehern character associated by the formulas
of Chern-Weil to the hermitian holomorphic connection defined by h.

If
& : 0 --l> E' ~ E --l> E fI

--Jo O·

is an exact sequence of vector bundles on Xl we shall write "& for the sequeI)."Ce
&o·and he.rmitian metries on Ec:Ec and ßc (invariant under F~). To"& is
associated a secondary Bott-ehern dass ch("&) E Ä(X). It satisfies the equation.

- - -, -fI -
ddCch(&) = ch(E ffi E ) - ch(E)

Arithmetic Ko-theory

peflnition 0.1 The arithmetic Grothendieck group Ko(X) associated to X is
t"he group generated by Ä(X) and the isometry classes 0/ hermitian bundles on
X, with the relations

_ -~ -,--fI

(a) For every exact sequence & as above, we have ch(&) = E - E.+ E j

(b) 1/1] E Ä(X) is the sum 0/ two elements 1]' 'and r/', then 1] = 1]' + 1]" in

Ko(X).



Author: Page: 2.

Definition 0.2 A pre~>"-ring is a unital commutative ring R with opemtions
>...'r. : R -+ R (k :;::: 0), such that'

(i) >..0 = 1, >..1 == Id;

Oi) >..k"(x + y) = L:~o >..i(x).>..k-i(y)

for all k ~ 1 and for alt X, y"e R. "
A .x-ring is a pre~'>"-ring sat'iSfying the following additional conditions

(Hi) ,\k(xy) = Pk(>.. 1(x), .,. ,\k'(x) , ,\1(y), .. ,. >..k(y));

(iv) >..k(>"l(x)) = Pk,l()..l(X), ... ,\kl(X))

where Pk, Pk,l are polynomials with integer coefjicients, which are independent
of the ring R.

Let At(X) : R -+ 1 + R[[t]] be defined as AtEx) = 1 + 2::'1 ,Xk(X)tk , where
1 + R[[t]] is the multiplicative subgroup of the ring of formal power series R[[t]]
consisting of power series with constant coefficient 1. A .-\-ring structure on R
gives rise to a collection of group homomorphisms," called Adapls operations.

Definition 0.3 The Adams operations ;if)k : R -+ R are defined by the equations

Proposition 0.4 (Gillet ..Soule) Let E be a hermitian bundle on J"Y and 1] E
A(J"Y). There is a unique pre-'x-ring structure .-\k on KO(J"Y), such that:
(a) The element ).,k(ß) is represented by the k-th extenor power of E, endowed
with the k~th extenor power metne.
(b) The equality

'ljJk(1J) = L kTJ+1T]p "

p~O

holds.

Proposition 0.5 (R.) The pre-.-\-ring strueture 0/ Ko(":() is a >"-structure.
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Let "I be an element of A(Y) and (E, h) a hermitian bundle on Y, acyclic
relatively to g. The sheaf of modules ! ... E, which is the direct image of E, is then
locally free and we write g... h for the metric.it inherits from E by integration on
the fibers. We write T (hy , !),E) for the higher analytic torsion of (E, h) relatively
to the Kähler fibration defined by 9 and hy. We write Tg for the tangent bundle
relative to g.

Proposition 0.6 There is a unique group morphism

g... : Ko(Y) ~ Ko(B)

such that

g... ((E, h) + "I) = (g ... E, g.h) - T(h y , hE ) + { Td(Tgc)TJ .
, lY/B

fOT all (E, h) andTJ as above.
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Definition 0.7 The R genus is the unique additive characteristic dass defined
for,a line bundle L by the jonnrna

'1 1
R(L) = L (2((-m) + ((-m)(1 +"2 + ... + m))c1(L)m/ml

m odd.~l

where ((s) is the Riemann zeta function.

For any special .x-ring A, denote by .4fin its subset of elements of finite .x
dimension. For each k ~, the Bot~ cannibalistic dass Bk is uniquely defined by
the following properties:

(a) For every special .x-ring A, f)k maps Afin into A. and the equation Bk(a+b) =
Bk (a)8 k (b) holds for an a, b E Ajin ;

(h) The map Bk is functorial with respect to .x-ring morphisms;

(e) If e is an element of A-dimensiot:l1, then Bk(e) = 2:7;01 ei .

Theorem 0.8 (R.) Let 9 : Y .-. B be an projective, /lat, generically smooth
IDeal eomplete int.ersecnon 'morphism 0/ arithmetic· -uarieties. For each k ~ 0,
let

k -v -1
B,4. (T 9) =

Bk(T
v

g)-1',(1 + R(Tg) - k.tjJk(R(Tg))).

Then fOT the map g. : Ko(Y) I~Z ztil .-. Ko(B) 0z Z[i-L the equality

tj;k(g.(y)) = g.(8~(Tvg) -l,'lj} (y))

holdS JOT all k ~ 1 and y E Ko(Y) ®z Z[tl,
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'J;he Riemann-Roch theorem for the ehern character

Let rg : Ko(Y) ~ Z be the augme'ntation defined by the formula rg ; (E + TJ) 1-+

rank(E).

Theorem 0.9 (R.) (a) The ,-filtration FiKo(Y) 0/ Ko(Y) is locally nilpotent.

(b) The inclusion g. F iR0 (Y) Q ~ Fi+dim( B) -dirn (~)K0 (B) Q holds.

Let GrKo(Y) := E9i~O FiKo(Y)/ pi+l KoY.

Let chG~ : Ko(Y) ~ GrKo(Y)Q be the Chern character. The /ormula

chGr(g~(y)) = g.. (Todd(T9)(l - R(Tg)).chcr(Y))

holels.

The behaviour of Adams operations under immersions'

Let ~y be an arithmetic. variety and 1 .: JY - B a projective, Bat, generically
smooth morphism. Let i : Y ~' X be a regular immersion of arithmetic varieties,
such that 9 = f oi. Suppose that ~y is endowed with a Kähler metric and that Y
carries the metric induced by i. Let 'Nx / y be the normal bundle of i, endowed
with the quotient metric. Let .

be a resolution on by vector bundles ~, on X of avector bundle 'T] on Y. Sup
pose that the ei and '1] are endowed with hermitian metrics satisfying Bimsut'g
condition (A). "Let Q be a hermitian bundle on ~Y.

Theorem 0.10 (R.) The equality

m

g. (Bk (lV~/y )1j;k (17)0) - L (-1) i f. ('Ij;k (ei)a:) =
1=0

i k k-V
Todd(Tgc)ch(1/; (71)8 (lVx / y ))R(JVx (c)/y(c))ch(a)+

y(C)/B(C) ~ _.

r' Todd(Tgc)k.rj>k(T(he))ch(a)+
JX(C)/ B(C) .

f . ch(-rpk (r;) ()k (N ~/ y ) yrodd- 1(NX (Cl/ Y (Cl )T-;;;Id(Nc(g/ f»ch(ä).
}y(C)/B(C)

. il. ~
holds for all k 2:: 1. N. B . k. cf> ::= ~
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