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Abstract

We give a classification of regular holonomic D-modules on skew-symmetric
matrices attached to the linear action of the general linear group GLx.

1 Introduction

The framework of the general theory of D-modules was built up by M. Sato, T.
Kawai and M. Kashiwara. It is a very powerful point of view, bringing ideas
from algebra and algebraic geometry to the analysis of systems of differential
equations. The interest in the theory of D-modules is due to its applications in
various parts of mathematics such as the representation theory, the singularity
theory, the cohomology of singular spaces etc. Perhaps the first systematic use
of D-modules appeared in [13]. Since then there have appeared several articles
by Kashiwara and others. We should also mention the contribution of B. Mal-
grange. Furthermore Z. Mebkhout used the theory of D-modules to study the
topology of singular varieties. Last but not least we mention the work of A.
Beilinson and J. Bernstein regarding the algebraic aspect of the theory. Among
the D-modules we single out a class of objects of utmost importance: the reg-
ular holonomic D-modules. One of the main problem in the D-modules theory
consists in the classification of these objects. Let us point out that several au-
thors have taken an interest in it, notably L. Boutet de Monvel [1], P. Deligne,
R. MacPherson and K. Vilonen [9] etc. One knows by the Riemann-Hilbert
correspondence (see.[5] or [10]) that there is a general equivalence between the
category consisting of regular holonomic Dy -modules with characteristic vari-
ety ¥ and the category consisting of perverse sheaves on V' (where V' denotes
a complex manifold) with microsupport X. This gives a classification of reg-
ular holonomic D-modules theoretically, but in practice the classification of
perverse sheaves is not always much simpler. A more accessible problem is
as follows: given a complex manifold V' on which a Lie group acts linearly
with finitely many orbits (V) jegs the problem is to classify regular holonomic
Dy-modules whose characteristic variety is contained in the union of conormal

bundles (X := |J Ty, V) to these orbits. Closely equivalent: those that admit
jeJ



a good filtration stable by infinitesimal generators of the group. These modules
form a full category denoted ModrEh(D). In this paper we consider the action
of GLy (C) on skew-symmetric tensors. This last induces a linear action on
V := A? (CV), which we will think of as the space of skew-symmetric matrices.
There are ([5] +1) orbits Vo, (0 <k < [§])([F] is the integer part of &)
the set of rank 2k matrices in V. This study is done here for N even which is
the most interesting case. Note that here there is a natural algebra associated
to this situation: the (graded) algebra A of (polynomial coefficients) differen-
tial operators acting on polynomials of the pfaffian, which is a quotient of the
algebra A of SLy (C)-invariant differential operators on V' (see. section 3).
The main result of this paper is the theorem 18 saying that there is an equiv-
alence of categories between the category Modrzh(D) consisting of regular holo-
nomic D-modules as above and the category Mod®'(A) consisting of graded
A-modules of finite type for the Euler vector field on V. The algebra A is
described simply by generators and relations (see Proposition 7) thanks to a
beautiful skew-Capelli identity construted by R. Howe and T. Umeda (see. [3,
p. 592, Corollary (11.3.19)]). This also leads to the description of the latter cat-
egory as an “elementary” category consisting of finite dimensional vector spaces
and linear maps between them satisfying certain relations (Quiver category) on
which one can see what are the simple or indecomposable objects (see. section
6). The following example is provided to illustrate the theoretical results:

Example 1 Denote pf (X) the pfaffian of X € V', pf (D) its dual and 0 the
Euler vector field on V.The Dy-module Oy is an object in ModS (D). It is
generated by an element eg = 1y such that ey = 0 and pf (D)ey = 0. This
yields a graded A-module of finite type in Mod®' (A) with a basis (eq) where
qg=mk (k € N) such that pf (D) eo = 0 and satisfying the folowing system:

feq = qeq (@ =mk, k€ N)

S = pf (Xr)Tiq = €q+m, ‘ (1)
pf(D)eg = tl;[() (% + 2t) €q—m

Throught the paper we assume that the reader has some familiarity with the
language of D-modules. He may consult the very nice book [6] that provides a
good account of an introduction to the general theory of D-modules. Finally we
should recall that in precedent papers the author has obtained similar results
for D-modules on C™associated to the action of the orthogonal group (see. [11]),
and on M, (C) the space of complex square matrices associated to the action of
GL, (C) x GL, (C) (see. [12]).

2 Definitions and preliminary results
We have the following proposition.

Proposition 2 The orbits Vo, (0 <k< [%]) are simply connected.



Proof. Recall that the fundamental group of a homogeneous space G/H,
where G is a connected group, is the component group of H. If the skew -
symmetric matrices are thought as the skew bilinear forms, then a typical point
is determined by
a) the radical of the form, which is a subspace,
and
b) a non degenerate skew-symmetric form on the quotient. The stabilizer of this
consists of all transformations which preserves the radical, and which act as an
isometry of the quotient. This group is the product of a connected unipotent
group with the GL of the radical and the symplectic group. Here the coefficient
field is C, then this group is connected, so the orbits should be simply connected.
]

Denote 6 the Euler vector field on A2CY. Let M be a D-module.

Definition 3 A section s in M is homogeneous if dimc C[f]s < co. s is ho-
mogeneous of degree X € C, if there exists j € N such that (0 — \)7s = 0.

We recall the following useful theorem (see [11, Theorem 1.3.]):

Theorem 4 Let M be a coherent D y2¢n -module with a good filtration (My,), o,
stable by 6. Then
i) M is generated by finitely many homogeneous global sections,

it) For any k € N, A € C, the vector space T (AQ(CN,Mk) N l U ker (6 — /\)p]
peN
of homogeneous global sections of My, of degree A is finite dimensional.

Denote by G is the quotient of GLy (C) by the kernel of its action on skew
symmetric matrices. Let G := SLy (C) be its universal covering.

Definition 5 The action of the group G (preserving the good filtration) on a
Dp2cn-module M is given by an isomorphism u : pf (M) — p3 (M) where
p1 2 G x A2CN — A2CY s the projection on A’CN, and ps : G x A2CN —
A2CY defines the action of G on A’CN.

Remark 6 From [11, Proposition 1.6.] we see that the infinitesimal action of
G on M lifts to an action of its universal covering G := SL,, (C) on M.

3 Invariant differential operators for skew-sym
metric matrices

In this section we describe SLy (C)-invariant (polynomial coefficients) differ-
ential operators. Let us consider the action of GLy (C) on skew-symmetric
tensors. This action (A (g) : X — ¢gXg¢") (9 € GLn (C)) naturally takes place
in A2CY (which we will think of as the space of skew-symmetric matrices) and
in particular on the algebra P (A2(CN ) of polynomials on A2C¥. Thus we have



a natural homomorphism (also denoted A) from the universal enveloping alge-
bra U (gly) to the algebra PD (A2CY) of (polynomial coefficients) differential
operators. This homomorphism A maps the center Z (U (gly)) to the algebra

PD (A2(CN )GLN of GLy-invariant differential operators with polynomial coef-
ficients, and this restriction to the center is known to be surjective (see. [3]).
Thus it is natural to consider the concrete correspondence of G L y-invariant dif-
ferential operators and the central elements of the universal enveloping algebra
U (gly) in more details (the concrete Capelli problem see. [3, (10.4)]). Here
the central elements of the universal enveloping algebra U (gl ) are the skew
Capelli elements which were introduced in [3, p. 592, Remark (a)] to construct
a skew Capelli identity for multiplicity free action of GLy on skew symmetric
matrices (see [3, p. 592, Corollary (11.3.19)]). Note that the explicit description
of these skew Capelli elements was given by [8, p. 457, Theorem 3.2] in terms
of the traces of powers of a matrix defined by the standard infinitesimal gener-
ators of GLy . Now we know from [3, p. 589, (11.3.4)] (see. also [4, p. 741])

that the canonical generators of the algebra PD (A2CYN )GLN of GL y-invariant
differential operators on A2C” are the following skew Capelli operators defined
with the Pfaffian:

I = Y pf (X1)pf (Dr) (2)
\1]=2k

where FQ has degree k as differential operator (1 < k < [%D Here, X;

and Dy indicate the submatrices X; = (xij)ijel and Dy = (aij)ijel for I C
{1,2,---, N}, respectively. These GLy-invariant operators are commutative,
and isomorphic to the center of the universal enveloping algebra of gly (C).

This is discussed in [3, p.581 (10.3), (10.4), p.589-593, and p.612 Table(15.1) |.

3.1 SLy-Invariant differential operators

Now denote A := PD (A2(CN )SLNthe algebra of SL y-invariant differential op-

erators with polynomial coefficients on A2C™. This is sligtly larger than that of

G L y-invariant operators described from the T2 := Y pf (X;)pf (Dr). Then
|I|=2k

we deduce generators for A by adding operators pf (X) and pf (D). Note that

here 1"{\ =: 6 is the Euler vector field on A2C¥. Denote J C A the ideal of

S L y-invariant operators annihilating SL y-invariant polynomials C [pf (X)].

Proposition 7 The algebra A of SLx -invariant differential operators on A2CN

is generated over C by pf (X), 6 :=T{, TH, -+, I‘/&_l, pf (D) subject to the
2

following relations modulo J

(a) [0,pf (X)] = Spf(X), [0,pf (D)) = —5pf (D)
(b) [[ATM =0 fork,i=1,---, 5 -1
N1

(©  pf(X)pf(D) =TI <(§)+2t)

t=0




(a) pf(D)pf(X)zf_ol o)
(©)  [pf(D).p =Jfgo <_ +2t+1> If]:[:((%)—k%)
f) Fﬁ—akn(g —|—2t>

r(3+1)

where &k = SO e

Before going to proof of Proposition 7 we recall the explicit eigenvalues of the
Capelli operators I'y. From [8, p. 463, Formula (3.10)] we deduce (1 <k < &)

N k—1
r@ fl(j,;;llﬂ)(mr1)11(8+2t)pf(X)5 (3)

Lipf (X)°

where I" (2) is the gamma function. As an application (k = &, I‘A% =pf (X)pf (D))

of this formula we note the following evaluation of the (simplest) Cayley type
formula (b-function) attached to A2CY (see. [8, p. 463, Corollary 3.13]):

N
N

pf(D)pf (X)* =[] (s+2t)pf (X)*". (4)

t=0

Proof. of Proposition 7. Consider the following non commutative algebra
=C(pf(X),0,T3,+- . T} _,,pf (D)) C A (5)

We show that A = B. Let V* be the dual of V := A*CN and (X,¢) be
matrices in V' x V*. We first show that grA is free abelian, generated by

pf(X), yi s vy —1s P (€) the symbols of pf (X), 0, T3,---, T, pf (D)
respectively. Put u; = dzgj_1dzg; for j = 1,--- ,7 and conblder matrices
N

N
tn

2 2

Xt = tu1+Z:2uj€Vand§[ { El thl,ul—I—Z%tjquV*,t;éO.
J= J=

The invariant polynomials ~, (X tg [t]) are exactly the elementary symmetric

polynomials sy(t;) == >t --t;, for k,j = 1,---, & (This can be seen
i <<,

from [8, Equations (2.2), (2.4) and (2.6), p.452, 453.]). Let f = f(X,§) be a

polynomial in (X ¢), there exists a polynomial ¢ such that

F(x0E) =gt ty) (6)



is a polynomial in the variables ¢,t1,--- ,t~. Note that if the variables ¢; are
permuted one remains in the same orbit (of Sp C SL). So if f is an invariant

polynomial, then f (X te [t]) is a polynomial of ¢t and of the sy, (t;) elementary

symmetric polynomials for k,j =1,---, 5:

[¢] -
F(xET) = (tsi (1) (1) (7)
Then the difference

FX,0 = (pf (X)), 700 75001 (6) (8)

is a polynomial in (X, ) vanishing on the set ((% + 1)—afﬁne space) of (Xt, §[t]) .
Denote R := | |G - (Xt,ﬁ[t]) the union of orbits of points (Xt,f[t]) in one of
T

affine spaces of V' x V*. Assume f is invariant, then f — ¢ is invariant and

vanishes on R. To see that f —¢ vanishes everywhere (i.e. grA = grB3) it remains

to show that R is open in V x V*. For this purpose consider X : V — V*

¢ V* — V skew symmetric: generically X (resp. &) is invertible then there
N

2
exits g € SL such that tgXg~! = tu, + Z%MJ' (here g denote the transpose
=

of g) (see.[2, Abstract p.119 and Theorem 4 p. 125]). Moreover the matrice
X¢ is diagonalizable with distinct eigenvalues, so there exists h a symplectic
N

Fl
transformation (preserving X) such that g&(*h)~' = Ly + > tjpu;. This
j=2

means exactly that the orbit of (X te [t]) contains a Zariski open dense set. So
R is open in V x V* and f — ¢ vanishes everywhere.

Thus grA = grB. 9)

Now, if P is an invariant operator of degree m > 0 (P € A), its symbol o (P) is
also invariant and from (9) we get o (P) = o (P) (pf (X)), 71, Yy _y,pf (§))

Then P can be written as the sum of an operator @ € B (a polynomial in the
I'Ys, pf (X), pf (D)) and R € A an invariant operator of degree at most m — 1:

P=Q(pf(X).0.03,-- Ty _,.pf (D)) + R, with deg(R) <m—1. (10)

By recurrence on the degree of the operator we see that P is a polynomial in
the I'Y’s, pf (X), pf (D) that is P € B. Therefore

A=B. (11)

The remaining part of the proof is devoted to desmontrating the relations
(a), (b), (c), (d), (e), (f), (g). The algebra A acts on C[pf(X)] the ring of



G-invariant polynomials. Now (a) is obvious since the pfaffian is homogeneous
of degree . (b) holds since the GL y-invariant operators commute (see. [3, P.
581, (10.3) (The abstract Capelli problem) and p. 612, Table (15.1) : (line 3,

column 3).]). To verify (c), (d) and (e), (f), (g) we use the relations (4), (3). =
Now put A := A/J the quotient algebra of A by the ideal 7.
Corollary 8 A is generated by pf (X), 0, pf (D) satisfying the relations

[0,pf (X)] = Fpf(X), [0,pf (D) =—Fpf (D),
N1

o (X)pf (D) = ][ (%Ht).
2

t=0

Proof. Let P be in A, we decompose it into homogeneous components (P =
%:ZPj) P; of degree jX (ie. [0, P;] = j4 P;) so that if j = 0 then Py = ¢ (0) is
J

a polynomial in 6. Indeed, Py acts on C [pf(X)] then Py € C [pf(X)7 W

with pf(X)% = +0. If j > 0 then pf(D)/P; = 1 () is a polynomial
. 2

in @ because pf(D)’P; is homogeneous of degree 0. Likewise if j < 0 then

pf(X)™7P; = ¢ () is a polynomial in 6. Thus for any P; (SLy-invariant)

homogeneous of degree j%, its class modulo J is of the form

od 7= 4 PIX) e (6) ifj>0
& dj_{ pf(D)~ 4, (0) if j <0 (12)

where ¢; (0), ¥, (0) are (polynomials) homogeneous of degree 0.

N_1
Now put K = A (pf(X)pf(D) - 2]_[ (#g) +2t)> A C J we show that
t=0 \\2
J = K. Let P be in J . Since P annihilates pf(X)™, m > 0, then its
homogeneous components P; = pf(X)’Q (6) mod K if j > 0 (resp.pf (D)7 Q (6)
mod K if j < 0) also annihilate pf(X)™ . This means that the polynomial in m
N

vanishes @ (7m) =0 for m > j. Then we may deduced that the polynomial

inxeC,Q (%)\) = 0. Therefore @ =0mod K and 7 =K. =

4 Invariant sections of D-modules on skew sym-
metric matrices

This section is devoted to the main general argument of the paper. The idea
is to show that the Dj2¢~-modules studied here are generated by their invari-
ant global sections under the action of SLy (C). The general structure of the
demonstration uses classical methods and the fact that such Dpz¢~v-modules are
essentially inverse images of modules over C by the pfaffian map.



Theorem 9 A module M in Modi (D) is generated by its S L x-invariant global
sections.

Before going to the proof of the theorem, we need the following results.

4.1 D-modules with support in Vy_,

From now on N = 2m. Denote Vg, := {X € A’C*™ /rank (X) < 2k} the
set of skew-symmetric matrices of rank 2k or less for 0 < k < m. Then
Vom—2 = {X € A2C*™ / pf (X) = 0}is the hypersurface defined by the pfaffian
map pf : A2C?*™ — C,X — t. Here we study D-modules with support on
Var. These modules will be used in the sequel to prove the central theorem 9.

4.1.1 Meromorphic sections

Let N be a Dg-module and pfT (N) its inverse image by the pfaffian map. Note
that the transfer module DA2(C2m o is flat over pf ~! (D¢) thanks to the flatness
of the pfaffian map. Thus the inverse image pfT is an exact functor. If A is a
regular holonomic D¢-module with singularity at ¢ = 0 (¢ is a coordinate on C)
then its inverse image pf* (N') decomposes at least as N. If the operator of mul-
tiplication by ¢ is invertible on the Dc-module N then the multiplication by the
pfaffian pf is invertible on pf™ (A). In particular in this case, any meromorphic
section defined on A2C?™\V5,, _» extends to the whole A2C?™. Precisely, if M is
a Dy2c2m-module, we set M := F[Agcgmlmmd] (M) = limHomo, , ., (7%, M)

(where 7 is the defining ideal of Vg, ) the algebraic module of meromorphic
sections of M with pole in the pfaffian hypersurface V'a,,—2(see. [6]). We have
a canonical morphism M — M.

Proposition 10 Let N be a holonomic Dc-module with regular singularity at
t =0. Assume that the multiplication by t defines an automorphism of N then

(i) the multiplication by the pfaffian pf defines an automorphism of pf+ (N),

(1i) we have the isomorphism
pfT(N) —= pft (N). (13)

Proof. (i) follows from [7, Lemma 1.2, p.166] (see. [7, Definition 1.1, (1.3)
p.164-165]) and [7, Remark 1.1., (1.4) p.165]. Next, recall [6] that we have
an exact sequence 0 — F[ng_z] (M) - M — M where F[V2m_2] (M) =
limHomoe,, ,,, (Onzczm /I™, M) is the subsheaf of M of sections annihilated

by some power of Z. Since pf gives a bijection on pf+ (N), [7, Remark 1.1.,

(1.4) and (1.3) p.165] asserts that H][CVQ L (pfT (N)) =0 k. Then from the

previous exact sequence, we get pfT (N) ~pf+t(N). =



4.1.2 Study of pft (O (%))

Here we describe the subquotient modules of F' := Opzcem ( 1 ) Actually

X)

F is generated by its SL y-invariant homogeneous sections e, = pf (X)° where
N
2

s < 0. From formulas (4) and (3 ) we get the relations (1 < k < & =m)
N

pf(X).es = est1, bes= 7868 (14)
|

pf(Dyes = ] (s+20)es (15)
t=0

T (ﬂ + 1) k—1
I'e, 2 + 2t) e, 16
R r(%ﬂ—k)r(kﬂ)g)(s Je (16)

where T (2) is the gamma function.

4.1.3 Relations
Note that the Djy2¢cnv-module F' has % +1 submodules denoted by F§, generated
respectively by e_s = pf (X) ° (s =0,1,---, &) in Opzcn (#):

v|Z

Fy:= Opzcn C Fy :=Dpoenpf (X) ' C -+ C Fy := Dpecenpf (X)~

2

. (7

Consider the following quotient modules of Opzcn (m) by the F%_S_l
which will be used in the sequel:

1 1 N
L _ —5+s+1
Rs:=0,.n <p_f> Fy o170 50 <p_f> /Dpf~> : (18)
The R are generated by e_y, mode_x_ 1, e_y,, jmode_x 1y, =+,

: N(_N N(_N
e_ymode_x, ., homogeneous sections ofdegree § (-5 +s), ¥ (-& +s-1),
N2

-+, =7 respectively. Pute_x . ,:=e_ n, jmode ., ,fork=0,--s:
generators ’é_%“, E_%H_l,-'- ; E_%,
pf(X)e 57, =0
R = 95_%+s = % (—% + S) g_%+s (19)
pf(Xr)e_y =0, [I[|=s+1lfor0<s< -1
pf(DI)EZ%JrS:Q [|=sfor0<s<Z.

thanks to the relations (14), (15), (16). Thus Char (R;) := T X,

Lemma 11 The R, := O (ﬁ) /Fgfk1 are modules with support on Vas.



4.1.4 Extension

In this subsection we show that any section s of the Dx-module Ry in the
complementary of Vos_o extends to the whole A2CN.

Proposition 12 A section s € T’ (AQ(CQ’”\VQS,Q, RS) of the Dpzcn -module Ry
in the complementary of Vas_o extends to the whole A2C*™ (s =1,--- ,m—1).

Proof. First, note that the hypersurface V,,_5 is smooth out of V5,,_4 and
it is a normal variety along Va,,—4 (smooth). Likewise the variety V4, is smooth
out of Vas_o and normal along Vos_s for s = 1,--- ,m — 1. Next, the Dp2c2m-
module Ry is the union of modules (’)A%N'e:%Jrsfj (0 < j < s) such that the
associated graded modules gr(R;) is the sum of modules OT{;zSAZCN,éiigJFSij
(0 < j < s). In this case the property of extension here is true for functions
because Vg is normal along Vas 5 (s=1,---,m —1). =m

4.2 Inverse image by the pfaffian map

Now let i : C — A2C?>™, t — wy := tdzidze + dzsdzs + -+ + dzom—1dzom
(with WTZL = tdz1dzs - - - dzay, and pf (wy) = t) be a section of the pfaffian map
pf : A2C?*™ — C. Denote by D = we¢ = Cdz1dzy + dzgdzy + -+ - + dzom—_1dzom
its image. We need the following lemma:

Lemma 13 The line D is non characteristic for M in Modi (D) i.e. THA2CN
char(M) C T/’{z((cl\,)A2 (CN). In other words char(M)(T*A? ((CN)‘D —
T*D is a proper morphism.

{wo} fk=m—1
Proof. Note that Vo, N D = 0ifk=0,---m—2 . We show that
D\{wo} if k=m
THA2CN ﬂT‘*}deA?CN is contained in the zero section T\, x A2CN | Tt suf-
fices to check at the point wq (t = 0) which is the only point of the line D above
which the characteristic variety char(M) has a non zero covector £, # 0. Note
that this covector &, is parallel to dpf (the conormal bundle to pfaffian variety)
and on the line D we have dpf (X) = dt # 0, that is, {, ¢ THA?CVN. =

Let M be a regular holonomic D2 cw~)-module along char(M). Since the line D
is non characteristic for M then M is canonically isomorphic to the inverse im-
age pftit (M) in the neighborhood of D. The sheaf Homp, (M, pfTit (M))
is constructible (see. [6]) and it is also locally constant on the fibers of the
pfaffian map. Let u be its canonical section defined in the neighborhood of
D (corresponding with the isomorphism M — pf*it (M) which induces the
identity on D). Now, thanks to the simply connectedness of the fibers of the
pfaffian map (see. Proposition 2) we have the following proposition:

Proposition 14 The canonical isomorphism u: M — pfTit (M) defined in
the neighborhood of D such that it.u = Id|D, extends to AQ(CQm\VQm_4.

10



Proof. The local canonical section u : M|, — pf*it (M), is defined
out of Vay,_4 U--- U Va U Vp(the singular part of the pfaffian variety Vo, o :=
pf~1{0}). Then we focus our attention on the orbits Va,, = A2C?>™\pf~1{0}
and Vay—o = pf {0} \ (Vap—a U---U Vo UVp). These orbits are simply con-
nected (see. proposition 2):

(i) ™ (Vam) = {1}
(ZZ) 1 (Xgm_g) = {1}
Note that the fundamental group 71 (Vay,) (resp. 71 (Vam—2)) acts on the
constructible sheaf Homp, (M, pfTit M). This sheaf is trivial on Vs, = J
0
pf~1(t) and on Voo = pf~1(0)\ (Vam_aU---UVaUVy). Then the local
section u: M|, — pftit (M), extends globally to the union Vap, U Vapm—o =

A2C?™\ (Vo g U---UTLUV). =

Denote N := i* M the restriction of the Dj2p2m-module M to the transver-
sal line D. From Proposition 14, we deduce that the Dp2c2m-module M is
isomorphic to pf*A on A2C?"™\Vy,, _o:

M|A2c2M\72m72 = pf+'/\/|A2(C2m\ng,2 (20)

Recall that M (see section 4.1.1) stands for the Dp2c2m-module of meromor-
phic sections of M defined on A? ((sz) \V2m_2. According to an argument
of Kashiwara, since M and pf*N are regular holonomic and isomorphic out
of A2 (C?™)\Vam—2, then their corresponding meromorphic modules are also
isomorphic that is

M~pftN . (21)

Now let us consider the following morphism (see section 4.1.1)
M—M (2 prN) . (22)
By using the basic fact that pftN ~ pfTN (see relation (13) of Proposition
10) and the morphism (22), we deduce that there exists a morphism
v:M—pftN (23)
which is an isomorphism out of the pfaffian hypersurface Vg, _o.

Lemma 15 The image v(M) C pfTN is a Dpzczm-module generated by its
S L -invariant homogeneous global sections.

Now, we are in position to prove the theorem 9.

4.3 Proof of Theorem 9

Recall F := Opzcom (ﬁ) and Rs := O (#) /Dpf~ 25t (see. section 4.1.3).
The D-module F is generated by its SLy-invariant homogeneous sections e, =

11



pf® where s < 0 subject to the relations (14),(15 (16). In particular, F' has
(% + 1) subquotient modules denoted by R, generatedbye_~, e ~, i, -+,
2 2

E_% (0<s< % = m), and supported by Vs, (see. Lemma 11) .

Let us denote by M C M the submodule generated over Dpzcam by SLy-
invariant homogeneous global sections (that is the module M := Dyzc2m{u €
I (A%C?™, M)SLN ,dimc C [f] u < co}). We will see successively that the quo-
tient module M/Mv is supported by Vo, (0 < s < m—1), and the monodromy
is trivial since VQS\VQS,Q is simply connected.

To begin with, M /Mv is supported by Va,,_2: indeed M is isomorphic in
A2C?™\Vy,,_2 to a Dyzczm-module pf* (N) (see. formula (20) and Proposi-
tion 14). We may assume that the operator of multiplication by ¢ is invertible
on N such that there exists a morphism v : M — pf™ (N) which is an isomor-
phism out of Vg, 5 (see. (23)). The image v (M) is a submodule of pf* (N) so
it is generated by its SLy-invariant homogeneous global sections (see. Lemma
15). If o is a SL y-invariant homogeneous global section of a quotient of M then
o lifts to an invariant homogeneous global section o of M (¢ € T' (X, M)SLN ,
dim¢ C[f] & < 00). This means that M/ M is supported by Va,,_z. Next, if M
is supported by Va,,_o, it is isomorphic out of V,,_4 to a direct sum of copies
of Ryy—1, then there is a morphism M — R} _; whose sections extend (see.

Proposition 12) such that M/Mv is supported by Va,,_» because the submod-
ules of R,,_1 are also generated by their invariant homogeneous sections. In
the same way by induction on k, if M is with support on Vg, (0 < .S <m —2)
then there is a morphism M — R? which is an isomorphism out of Vos_a,
such that M/ /T/l/ is with support on Vas_o because the submodules of R, are
also generated by their invariant homogeneous sections. Finally, if M is sup-
ported by V; (the Dirac module with support at the origin) then the result is
obvious.This ends the proof of theorem 9.

5 Equivalence of categories

Recall A is the algebra of SL y-invariant differential operators, J C A the ideal
annihilator of C[pf (X)] and A the quotient of A by J . Then A is generated
by the 3 operators pf (X), 0, pf (D) (see. Corollary 8) such that [0, pf (X)] =

N1

Yot (X), 6,05 (D)) = ~¥pf (D) and pf (X)pf (D) =TI (m i Zt).
t= 2
We denote by Mod®" (A) the category of graded A-modules T of finite type

such that dimc C[f]u < oo for Yu € T. In other words, T = @ Ty is a direct
AeC

sum of C-vector spaces (Ty = |J ker (§ — \)” is finite dimensional) equipped
peN

with 3 endomorphisms pf (X), 6, pf (D) of degree %, 0, —%, respectively and

satisfying the above relations with (6 — \) being a nilpotent operator on each

Th.

Let us recall that Modi (D) stands for the category of regular holonomic D p2g2m-
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modules whose characteristic variety is contained in X.

If M is an object in the category Mod%' (D), denote by W (M) the submodule
of T' (A2C?™, M) consisting of SL y-invariant homogeneous global sections u of
M such that dime C[#]u < co. Recall that (Theorem 4) ¥ (M), = [¥ (M)]

N | U ker(d —A)P| is the C-vector space of homogeneous global sections of
pEN
degree X\ of ¥ (M) and ¥ (M) = @ ¥ (M),. Then ¥ (M) is an object in
AeC
the category Mod®"(A). Indeed, let (o1, ---,0,) be a finite family of homo-

geneous invariant global sections generating the Dpzczm-module M (see The-

orem 9), we can see that the family (o1 ---,0,) generates also ¥ (M) as
p

an A-module: In fact, if ¢ = ) ¢; (X,D)o; is an invariant section of M
j=1

(¢ € T (A*C*™, Dpzc2m)), denote by g; the average of g; over SU,, (C) (compact

maximal subgroup of SLy), then ¢; € A. Let f; = f; (pf (X),0,pf (D)) be the
P P

class of g; modulo J that is f; € A, then we also have 0 = ) gjo; = > f;0;.
j=1 j=1

Conversely, if T' is an object in the category Mod®"(A), one associates to it
the Dp2c2m-module

(T)=Mo@QT (24)
A

where My :=D/J is a (D, A)-module. Then ® (T') is an object in the category
Modi (D).
Thus, we have defined two functors

T : Modi? (D) — Mod#"(A), & : Mod®" (A) — Modi! (D). (25)
We need the following lemmas:
Lemma 16 The canonical morphism
T— 9 (P@(T),t— 1t (26)
is an isomorphism, and defines an isomorphism of functors Idyjoger(4) — Wo®.

Proof. As above Mg := D/J. Denote by ¢ (the class of 1p modulo J)
the canonical generator of My. Let h € D, denote by hoe A its average on
SUy (C) and by ¢ the class modulo J that is ¢ € A. Since ¢ is SLy-invariant,
we get he = he = ep. Moreover, we have ﬁ(p = 0 if and only if heJ,in other
words ¢ = 0. Therefore the average operator (over SUy (C)) D — A, h — h
induces a surjective morphism of A-modules v : My — A. More generally, for
any A-module T in the category Mod®' (A) the morphism v ® 1 is a surjective
map

vr i Mo QT — AQRQT =T (27)
A A
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which is the left inverse of the morphism

uT:T—>Mo®T,tb—>€®t (28)
A
that is (v® 17) o (e® 17) = v(e) = 1p. This means that the morphism urp
is injective. Next, the image of ur is exactly the set of invariant sections of
p
Mo@Q 4T = ®(T) that is U(®(T)): indeed if 0 = > h; ® t; is an invariant
i=1
section in Mo @ 4, T', we may replace each h; by its average h; € A, then we get

P
UZZ’L‘@U
i=1

p
5®Zhiti € exT (29)

=1

P -

that is Y h;t; € T. Therefore the morphism up is an isomorphism from T to
i=1

U (P (T)) and defines an isomorphism of functors. m

Lemma 17 The canonical morphism
w:® (T (M) — M (30)
is an isomorphism and defines an isomorphism of functors ®oW — Idyj,q:n (p)-

Proof. As in the Theorem 9 the Dp2c2m-module M is generated by a finite
family of invariant sections (07),_; .. , € V(M) so that the morphism w is
surjective. Anyway w is injective. Indeed let @ be the kernel of the morphism
w:® (¥ (M)) — M. The Dyz2c2m-module Q is also generated by its invariant
sections that is by ¥ (Q). Then we get

T (Q) C W[ (T (M) = T (M) (31)

where we used Wo ® = Idyoqer(4) (see the previous Lemma 16). Since the mor-
phism ¥ (M) — M is injective (¥ (M) C I (A2C*™, M)), we obtainV¥ (Q) =
0. Therefore Q@ = 0 (because ¥ (Q) generates Q). m

This section ends by the following theorem established by means of the previous
lemmas:

Theorem 18 The functors ® and ¥ induce equivalence of categories

Modi (D) — Mod®* (A). (32)

6 Classification of finite type graded A-modules

This section consists in the classification of objects in the category Mod®" (A).
A graded A-module T in Mod® (A) defines an infinite diagram consisting of
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finite dimensional vector spaces T (with (§ — \) being a nilpotent operator on
each T, A € C) and linear maps between them deduced from pf (X), 0, pf (D):

pf(X)
2T =2 Thyn2--- (33)
pf(D) 2

|
satisfying the following (6 —A\) T\ C T, pf(X)pf(D) = ][] ((%fv) —|—2t) ,
t=0 \\2
N1

pf (D)pf (X) = TI <ﬁ+2t+1>.

t=0 2

6.1 Examples

We describe graded A-modules of finite type and the corresponding diagrams
associated to Dy-modules Oy, By v, Ov (Wlx)) /Oy, which are regular holo-
nomic with characteristic variety contained in X.

Example 19 The Dy -module Oy is generated by an element eg = 1y such that
feqg = 0 and pf (D)eg = 0. Then its associated graded A-module has a basis
(eq) where ¢ = mk (k € N) such that pf (D) ey = 0 and satisfying the system:

feq = qeq (q=mk, ke N)

SO _ pf (le(iqlz €q+m, ) (34)
pf(D)eq= 1] (% + 275) €q—m
t=0

Since pf (D)ey = 0 (i.e pf (D)To = 0), the arrows at the left of Ty in the
diagram vanish.

Example 20 The Dy -module Byoy|v is generated by an element e, such that
fe_p = —me_y, and pf (X)e_,, =0. Its associated A-module has a basis (eq)
where ¢ = —m — mk (k € N) such that pf (X) e_,, = 0 satisfying the system:

feq = qeq (¢ =—m —mk, ke N)

Sy = pf (ﬂ?) €q = €q—m, (35)
pf(X)eq = tl:[@ (% + 2t + 1) €q+m

Since pf (X)e—pm =0 (i.e pf (X)T—p, = 0), the arrows at the right of T—,, in
the diagram vanish.

Example 21 The Dy -module Oy (ﬁ) /Oy is generated by an element e, =

Pf(lX) mod Oy such that fe_,, = —me_p, and pf (X)e_,, = eo. Then its asso-

ciated A-module has a basis (eq) where ¢ = —mk (k € N) satisfying a system
as Si.
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Actually diagrams studied are completely determined by a finite subset of
objects and arrows. Indeed

a) For o € C/5Z, denote by T? C T the submodule 77 = @ T, Then
)\:Umod%Z

T is generated by the finite direct sum of T7’s

r= P 1= P b n|. (36)

ceC/iz ceC/HZ \A=omodZ7Z

b) If o # 0 mod %Z ()\ = omod%Z), then the linear maps pf (X) and pf (D)
are bijective. Therefore T is completely determined by one element T equipped
with the nilpotent action of (6 — A).

¢) If ¢ = 0 mod mZ (XA = omodmZ) with § = m, then T is completely
determined by one diagrams of m elements

pf(X) pf(X)
T7(2m71)m = T7(2m72)m 2T, = T (37)
pf(D) pf(D)

In the other degrees pf (X) or pf (D) are bijective. Indeed, we have Ty ~
pf (X)* Ty =~ Tppi and T m-1ym = pf (D)kT7(2mfl)m ~ T _(am-14k)m (k €

N) thanks to the relations pf (X)pf (D) = m]:[l (£ +2t) and pf (D) pf (X) =

m—1
11 (% + 2t 4 1). The operator pf (X)pf (D) (resp. pf (D)pf (X)) on Ty has
only one eigenvalue 2 (2 +2)(2 +4) x -+ x (2 +2m —2) (resp. (2 +1)(2 +

3) x -+ x (2 +2m —1)) so that the equation pf (X)pf (D) = mH (& +2t)

(resp.pf (D)pf (X) = [I (£ +2t+1)) has a unique solution 6§ of eigenvalue

A if ) is not a critical value. Here \ = 0, —2m, —4m, ---,—(2m — 2)m or
A=—m, -, —(2m — 1)m thus it is always the case.
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