COORDINATE-FREE CLASSIC GEOMETRIES
III. PLUCKER MAP

SASHA ANAN'IN AND CARLOS H. GROSSI

ABSTRACT. We use the m-pliicker map between grassmannians in order to study basic aspects of classic
geometries.

1. Introduction

This paper links the (pseudo-)riemannian geometry of the nondegenerate piece Gri (k, V) of a grass-
mannian to the structures discussed in [AGr] and [AGoG]. It is merely intended to illustrate how do
the methods from the previous papers work in the differential geometry of grassmannians. Many of
the presented results are known in particular cases.! We believe that our treatment provides additional
clarity even in those cases.

It follows a brief description of the results. The m-pliicker map is a minimal isometric embedding.
The gauss equation provides the curvature tensor in the form of the (2, 1)-symmetrization of the triple
product exactly as in the projective case. Gr%(k, V) is proven to be einstein. Generic geodesics in
Gr(ﬂ)((k, V) are described. Finally, we illustrate how a grassmannian classic geometry unexpectedly
shows up in relation to convexity in real hyperbolic space.

It turns out that the hermitian metric actually plays no role in most of the proofs. The tangent
vectors can usually be taken as footless or as observed from different points. Therefore, many definitions,
for instance, those of isometric or minimal embeddings and of the gauss equation, may be restated in the
terms of the product. This must be fruitful since the product embodies different (pseudo-)riemannian
concepts in a single simple structure. In the spirit of [AGoG], it would be nice to understand what
remains from these concepts after arriving at the absolute.

To prevent a possible scepticism of the reader, we have to say that the pseudo-riemannian metrics
play a fundamental role in the study of the riemannian classical geometries: basic geometrical objects
almost never form riemannian spaces. To illustrate this remark, the beautiful article [GuK] is to be
mentioned, where the authors work in an ambient that in fact falls into our settings.

The differential geometry of grassmannians is a rather vast field (see, for instance, the survey [BoN]).
We believe that it is reasonable to redemonstrate known facts in the area by using the language of our
papers. Of course, we recognize that such a project involves a huge amount of work, but is probably worth
the candle: besides giving each fact an appropriate generality, it would provide a better understanding
of particular problems in classic geometries.
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2. Pliicker-and-play

We assume that the reader is familiar with the notation from the beginning of [AGoG, Section 2].
Our purpose is to study the m-pliicker embedding

E™: Grg(k,V) — Grg ((:L),/\m V)7 p— A"p,
where the vector space A\™ V is equipped with the hermitian form given by the rule
(VI A AU, W1 A+ Awpy) = det(v;, wj).

Let p € M. It is not difficult to see that the differential of the map M — Ling (A™ P,A" V) at
p sends the tangent vector ¢ € T, M = Ling(p, V) to E™¢ € Ling (A" p, A" V) defined by the rule
E™ :py Ao Apm = Do pr Ao Atpi A+ Appy, for all p1, ..., p, € p. Therefore, we can describe
the differential of E™ at p as

E™ : Ling(p, V/p) — Ling (A" 2, A" V/ N p),

m
Emt:pl/\~-~/\pmHZpl/\-w/\fpi/\“J\pm—F/\mp
i=1

forallt:p— V/pand py,...,pm € p, where t : p — V is an arbitrary lift of .
Given p € Gr%(k, V), we have the orthogonal decomposition

(2.1) /\m V= @/\ipj_ A /\m—i p.

i=0
In particular, taking p € Gr(k, V) and t € T, Gr¥%(k, V) = Ling(p, p*), we obtain
(2.2) E™:pi Ao Apm = D prA- Atpi A Apm

i=1

for all p1,...,pm € p. Note that (2.2) makes sense for an arbitrary t : V — V.
Define the linear map B(t1,t2) : A”'V — A™V by the rule

B(tl,tg)(vl/\~~-/\vm) :=Zvl/\~~-/\t1m/\--~/\tgvj/\-~~/\vm
i#j

for all vq,...,vm € V, where t1,t2 : V — V. (In the above sum, tyv; appears before t;v; if i > j.)

2.3. Lemma. Let p € Grg(k,V) and let t,t1,t3 : V — V. Then
<Emt(p/\-~-/\pm),q/\vg/\~-~/\vm>:<p1/\~-~/\pm,t*q/\v2/\-~-/\vm>,

(B(t1,t2)(p1 A= ADm), @1 Aga ANvg A=+ A vy ) =
=PIA AP, T A5G AV A AU) + (D1 A - APy tsqn AtTga Avs A+ A Ug,)

for all 4,491,492 epLa P1,---,Pm €D, and V2,...,Um € V.
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Proof is based on simple known identities involving determinants (marked with { and left without
proof). We have

0 (p1,v2) -+ (P1,Um)
lis 0 <Pi—.1-,U2> (pi—i,vm> +
<Emt(p1 A ADm), g ANva A+ A vm> = Zdet (tpi,q) (tpiv2) - (tpivm) | =
i—1 0 (Pi+1,v2) = (Pit1,Um)
0 <Pmav2) <Pm7vm>
(tp1,q) (p1,v2) - (P1,Um) (p1,t™q) (p1,v2) - (P1,Um)
L det = det =(p1A- AP, ' GAUIA- - - AUy
(tpm,q) (Pm,v2) - (Pm,Vm) (Pmst™q) (Pm,v2) - (Pm,VUm)
and
0 0 (p1v3) - (P1,vm)
(.) O <pi—'17v3> <pi71.7vm,>
(t1pisq1) (t1ping2) (tipisvs) - (t1Pi,vm)
0 0 (Pit1,v3) =+ (Pit1,9m)
_ . . . 1
(B(t1,t2)(p1 A Apm), @1 Agz Avs Ave- Ay ) = > det : : : L =
i#] 0 0 (Pj—1,93) =+ (Pj—1,0m)
(t2pj,q1) (t2pj,q2) (t2pj,v3) - (t2p;j,vm)
0 0 (Pj+1,v3) =+ (Pj+1,0m)
0 0 (Pmsv3) - (DPm,Vm)
(tip1,q1) (t2p1.92) (p1,v3) - (P1,um) (t2p1,q1) (t1p1,g2) (P1,v3) - (P1,Um)
Ldet | r o der| ] =
(t1pm,q1) (t2Pm,q2) (Pm,sv3) = (Pm,Vm) (t2pm»q1) (t1Pm,q2) (Pm,v3) = (Pm,Vm)
(p1,t1q1) (p1,t3q2) (P1,v3) - (P1,Vm) (p1,t53q1) (P1,t1q2) (P1,v3) - (P1,Vm)
L T R T,
(Pm,t1q1) (Pm,t3q2) (Pm,v3) = (Pm,Vm) (Pm,t3q1) (Pm,t1q2) (Pmsv3) = (Pm,Vm)

= (P1 A APms i@ At5qa AV A Avm) + (DL A AP, t5q1 AETg2a Avg A Avp) m

Let ¢t € Ling(p,p*) C Ling(V, V). It follows from (2.2) and Lemma 2.3 that the only nonvanishing
component of (E™t)* related to the decomposition (2.1) has the form (E™t)* : p~ AAN™ " p— A" p,

(2.4) (E™)* :qApa A - Apm —t"qAp2 A+ A D,

where g € p* and pa,...,p, € p. In other words, (E™t)* = E™t*. Similar arguments are applicable to
B(ty,t) with t1,t5 € Ling(p, p*) C Ling(V, V).

2.5. Proposition (compare to [BoN, Assertions 1-2]). The m-pliicker embedding provides an hermit-
ian (hence, pseudo-riemannian) embedding E™ : Griy(k, V) — Gry ((:L),/\m V), assuming the metric
on Gri(k, V) reescaled by the factor (k_l).

m—1
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Proof. Let p € Griy(k,V) and let t1,ty : p — p be tangent vectors at p. By (2.2) and (2.4),

(Emtl)*Emt2 P A A D Z]h JARERIAN tTt2pi ARERWAY 7
=1

for all py,...,pm € p. As is easy to see, tr(E™yp) = (7]:;_11) tr ¢ for every linear map ¢ : p — p and the
map E™p: N p — A" p defined as in (2.2). Hence,

(E™t1, E™ty) = tr (E™t1)*E™tz) = tr (E™(t5t2)) = (7)) te(tite) = (F2)) (t1, t2) m

Given p € Gri(k, V), denote by 7'[p] and 7[p] the orthogonal projectors corresponding to the decom-
position V = p @ p*. For t € Ling(V, V), define the tangent vector t, := 7[p]t7’[p] at p.

Let U C M be a saturated and nondegenerate open set. This means that U GLg P = U and nU C
Gry(k, V), where m : M — Grg(k, V) stands for the quotient map. A smooth map X : U — Ling(V, V)
is said to be a lifted field over U if X(p), = X(p) and X(pg) = X(p) for all p € U and g € GLx P
In other words, m maps X onto a correctly defined smooth tangent field over the open 7U C Gr]?((k, V).

For ¢ € Ling (V, V), define

ViX(p) = (jg X((1+2tp)) .

Since 7’[pg] = 7'[p] and w[pg] = =[p] for all p € U and g € GLg P, the field p — Vy )X is lifted
for arbitrary lifted fields X and Y over U. Obviously, V enjoys the properties of an affine connection;
we assume Gr%(k, V) equipped with this intrinsic connection.

e=0

2.6. Proposition. The connection induced by the m-pliicker embedding coincides with the intrinsic
one and the map

B(t1,ts) : T,Gr&(k, V) x T,Grl(k, V) — (E™T,Cr(k, V))*

is the second fundamental form of the embedding.

Proof. Let p € Gr(k,V) and let t € Ling(p, pt) C Ling(V, V). First, we need to establish some
auxiliary formulae.

d
=1 d —
szog( e)=tan de

() :=n'[AN"g(e)p], m(e):=n[A"9(c)p]

d
Denote g(g) := 1+ et. Since g~*(g)g(e) = 1 for small &, —

- (571 ) ="

e=0

The projectors

satisfy
7' (e)(g(e)pr A+~ Ag(e)pm) = g(€)pr A=+ A g(€)Pm,

7T(8)((9‘1(6))%Ag(<€)pz/\~ ) (7)) angle)pa A A gle)pm

for all ¢ € p* and py,...,pm € p because (g_l(a))*q € (g(s)p)l. Taking derivatives, we obtain

d R
%EZOW/(E)(pl/\...Apm)er’[/\ p];pﬂ\mAtpv Apmpru\ AN/ ZARERRAY
and
a4 m(e)(gAp2 A Ap )+7T[/\’"p}i ((9‘1(6))*(1/\9(8)1)2/\-~-Ag(€)p )=
de le=0 m de le=0 m
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_d
T de

(@) ang@m - ngepn).

From t*q € p and from

d

m
| (67 @) ang@p2 A AgEPm) =~ G APy A AP Y GAP2 A AP A AP,

=2

e=0

we conclude that

d m
(2.7) | T E@IA Apm) =D P A At A A,
= i=1
d *
(2.8) %EZOW(E)(q/\pgA---/\pm):—tqu2A~--Apm.

Let X be a lifted field over a neighbourhood of p. Denote X () := X (g(e)p) and s := X(0) = X (p).
Define

E@): \"V = A"V, v1/\-~-/\Um'—>Zv1/\~~~/\X(s)vi/\~~/\vm.
i=1

Clearly, E™X () = m(e)E(e)n’ (). We conclude from (2.7), (2.8), and st = 0 that

d

Ve EmX(p1 A Apm) = (%

m(EEE)T (@) |, prA Apm =

e=0 A" p

d d d
=n(0)( | _m@EO0) +=| _BE+EOZ| _ 7E@)pi A Apw =
m . m d
:w(0>(—2pm~~m€ DA ADmt Y PN Ao| | X(E)pi A Apmt
i=1 =1

OX(s)pi AN Apm+B(s,t)p1 A= Apm
E=

m
d
+ZP1/\'"/\Spi/\"'/\tpj/\"'/\pm> = Zpl/\.../\ﬂ-[p]£
i#] i=1
(in the terms of the connection in Gri ((:1), A™V)). In other words,
Ve B X = BV X + B(X(p),t).

The first term is tangent to the image of the m-pliicker embedding and the second one is orthogonal
toit m

2.9. Corollary. The intrinsic connection is hermitian (pseudo-riemannian).

Proof. Taking m = k, the fact follows from Propositions 2.5, 2.6, and [AGr, Proposition 4.3] m

2.10. Corollary. Let p € Gry(k,V) and let t,t1,ts : p — p be tangent vectors to Gri(k,V) at p.

The curvature tensor is given by

R(ty, to)t = ttity + tot't — tt5ty — L5t
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Proof. Since the above formula provides the curvature tensor in the projective case [AGr, Subsec-
tion 4.4], it suffices to show that the curvature tensors in Gr%(k,V) and in Gr% ((;)), A" V) given by

k
m
this formula satisfy the gauss equation (see [KoN, Proposition VII.4.1]) related to the embedding E™.
Let t,t1,to : p — p* be tangent vectors. Then, by Lemma 2.3,

m
E™(E™t) E™ta(p1 A+ Apm) = E™tY pr A Aitapi A Apm =
1=1

m
=D pUAc AP A Atitap; A Apm > LA Atttapi A A,
i#j i=1

for all p1,...,pm € p. The last sum is exactly E™(¢t5t2)(p1 A -+ A pm). Hence,

(E™t(E™t1)* E™ty — E™(t1t2)) (1 A+ Apm) = D_p1 A Atp Av- Atitap; A+ Apm = B(t, tits).
i#j

Therefore, the gauss equation takes the form?
(E™w, B(t, tit2) + B(ta, tit) — B(t, t5t1) — B(t1, t5t)) = (B(t1,w), B(t2,t)) — (B(t2, w), B(ty,1)),
where w : p — p*. So, it suffices to show that
(E™w)* B(t, tit2) + (E™w)* B(ta, tit) = (B(t1,w)) Blta, ),
(E™w)*B(t, tst1) + (E™w)* B(ty, t3t) = (B(t2,w))" B(t1,t).

We prove only the first identity. By Lemma 2.3,

(E™w)*B(t, tita)(p1 A+ Apm) = Zpl N AW tpg Ao AtTtap; A=+ A P,
i#]

(E™w)*B(ta, t1t)(p1 A+ A pm) = Zpl N ANwtap; Ao ANETED; A=+ A Py
i#]

and

(B(ty,w)* Bta,t)(pr A+ Apm) = (B(t1,w))" Y _p1Av- Atap A+ Atps A-- Apm =
i#]

=D A Aapi A AwWHP; A A+ 3 pLA - Awtapi A At A Apm m
i#j i)
2.11. Corollary (compare to [BoN, Assertions 1-2]). The m-pliicker embedding is minimal.

Proof. Let ey, ... e, and fi,..., fn_i be orthonormal bases in p and p*. We define tije; = f; and
tijem = 0 if m # j, getting in this way an orthonormal basis in the tangent space at p. As is easy
to see, B(t;j,ti;) = 0. It remains to apply [dCa, Definition 2.10] m

2Strictly speaking, we should take the (pseudo-)riemannian metric in the equality. However, the gauss equation turns
out to be valid in a sense which is even stronger than the hermitian one.
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2.12. Corollary (compare to [BoN, pp. 53 and 63]). Gr%(k,V) is einstein. The corresponding
constant is n — 2 in the case of K =R and 2n in the case of K = C, where n = dimg V.

Proof. We use the following elementary fact: Let T': V — V be an R-linear map. Then trg T' =
2Retre T if T is C-linear and trg T' = 0 if T' is C-antilinear.

The ricci tensor is given by ricci(ty, t) := tr (tg — R(tl,tg)t), where t,t,,to : p — p~. Considering
each term of the curvature tensor in Corollary 2.10, it is easy to see that

tr(te = ttits) = ktr(tt]) = ktr(t™ty), tr(te — taotit) = (n — k) tr(¢7t) = (n — k) tr(t™ty),
tr(ty — t5t1) = tr(ty — titht) = tr(t*ty)
in the case of K = R and that
tre(ty — ttity) = ktr(tt), tre(ts — taottt) = (n — k) tr(£50),
trr(ta — tt7t2) = 2k Retr(t*ty), trr(te v tatit) = 2(n — k) Retr(t*t1),
trg (ty — ttit)) = trp(ty — t1t5t) = 0
in the case of K=C g

2.13. Generic geodesics. Let p € Gri(k, V) and let t € Ling(p,p") C Ling(V,V) be a tangent
vector at p. Assume that t*¢ : p — p has no isotropic eigenvectors. We are going to describe the geodesic
determined by .

Since the map t*t : p — p is self-adjoint and has no isotropic eigenvectors, there exists an orthonormal
basis p1, ..., pr in p formed by eigenvectors of ¢*t and the corresponding eigenvalues A1, ..., \; are real.
Put W; := Rp; + Rtp;. The W;’s are pairwise orthogonal because the tp;’s are pairwise orthogonal.
Being restricted to Wj, the form is real and does not vanish. So, W} provides a geodesic G; C PgV
if tp; # 0. By [AGr, Lemma 2.1], G; is respectively spherical, hyperbolic, or euclidean exactly when
Aj >0, <0,0r \; =0. (If tp; =0, G; is a single point in PxV.)

Let t; be the tangent vector to G; at p; given by t; : p; — tp;. Every geodesic G; admits a local
uniformly parameterized lift p;(s) to V' with respect to ¢;. This means that the tangent vector p;(s) —
p;(s) at p;(s) is the parallel displacement of ¢; from p;(0) = p; to p;(s) along G; (in particular, p;(s) €
pj(s)= NW;) and that (p;(s),p;(s)) is constant in s. If G; is not euclidean, such a parameterization
is readily obtainable from those in [AGr, Subsection 3.2]. In the euclidean case, p;(s) := p; + stp; is
the desired parameterization [AGr, Corollary 5.9]. Note that j;(s) € Rp;(s). This is obvious in the
euclidean case and is otherwise implied by the fact that (p;(s),p;(s)) is constant and p;(s) € W;.

As in [AGoG, Section 2], we fix a k-dimensional K-vector space P. Let by,...,br € P be a basis and
let p(s) : P — V be the linear map given by the rule p(s) : b; — p;(s).

2.13.1. Lemma. The curve G : s — p(s) is a geodesic in Gr%(k,V) and t is its tangent vector at p.

Proof. The tangent vector to G at p(s) is given by the linear map ¢(s) € Lingk (p(s),p(s)*) C
Ling (V, V), t(s) : p;j(s) — p;(s), because p;(s) € p(s)* and the W,’s are pairwise orthogonal.

In the definition of V, taking the derivative of X (c(¢)) at € = 0, where c(¢) := (1 + £t)p, amounts to
taking the derivative of X (p(s)) at s because ¢(0) = p(s). Therefore, VG(S)G( s) = m[p(s)]i(s)7’ [p(s)].
Taking the derivative of t(s)p;(s) = p;(s), we obtain (s)p;(s) +t(s)p;(s) = p;(s). Since t(s)(p(s)*) =0
and p;(s) € p(s)*, we have w[p(s)}i(s)p]( )= [ (s )] i(s) = 0 due to p;(s) € Rp;(s) m

We call G; a spine of G. We may interpret a point G(s) as a linear subspace in PxV spanned by

the p;(s)’s. Movmg along the geodesic G in Gry(k, V) is the same as moving along the spines with
velocities given by? V|Ajl. The equality tp; = 0 says that G; is a point fixed during the movement.

3Well, involving an euclidean spine is more subtle.
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A generic tangent vector ¢t provides a choice of a basis formed by the eigenvectors of t*t. In other
words, if 2k < n, the intention of moving in some generic direction automatically chooses a certain
reference frame.

2.14. Comments and questions. Many of the above facts admit a form not involving the hermitian
metric.

e The first formula displayed in the proof of Proposition 2.5 says that (E™t1)*E™ty = E™(tjt2).

e The gauss equation in Corollary 2.10 follows from the much simpler one (E™w)*B(t,tjt2) +
(E™w)*B(ts, tit) = (B(t1,w)) B(ta, t).

e The proof of minimality actually does not require the self-adjoint operator .S, from [dCa, Defini-
tion 2.10].

e What is the geometrical meaning of the other two symmetrizations of the trilinear product ttt; ?
e What about other functors in place of A" ?

3. Convexity of some real hyperbolic polyhedra

This section illustrates how grassmannians appear in a typical situation that does not seem to involve
them at the first glance. Here we deal with the real hyperbolic geometry Hz, that is, with PgV/, where
V is an R-vector space and the form has signature + + + + —. (The calculus in what follows may seem
a little bit concise. On the other hand, it requires no specific knowledge in the area.)

A known problem on real hyperbolic disc bundles is to find the greatest value of |e/x|, where e stands
for the Euler number of the bundle and y, for the Euler characteristic of the base closed surface [GLT].
By now, the best value |e/x| = 1/2 [Kui], [Luo] is obtained via constructing a fundamental polyhedron
without faces of codimension > 2 that is strongly convex in the sense that its disjoint faces lie in disjoint
totally geodesic hypersurfaces. It is worthwhile trying polyhedra that are convex in the usual sense.

Such a polyhedron can be described in the terms of a finite number of positive points p1,...,p, € PrV.
The face F; is a segment in the hyperplane H; := piL NBV, i.e., the part of H; between the disjoint planes
E;_1 and E;, where E; := F; N F;;1 = Span(p;, pi+ 1)~ NBV for all i (the indices are modulo n). In the
terms of the gramian matrix U(p1,...,pn) = [wi;], wi; = (p;,p;), assuming that u,;; = 1, the strong
convexity means |u;(;41)| < 1 < |ug;| for all j # i —1,4,i 4+ 1. In what follows, we obtain a criterion of
the usual convexity.

It is convenient to use the following notation:

S Wi, 5 Ui 5 S Wiyjy  Wiygy  WUiyjgs
(3.1) (i1i2, j1j2) := det ( o _1’_2> ; (iri2i3, j1jejs) = det | Wiy,  Uiyjy Uinj,
Wiggy  WUigga Wirs Uinsr Ui s
igjr  WUizja  Wisjs
The fact that H; N H;;1 # @ can be written as <z(z +1),i(z + 1)> > (0. The fact that F;_1 and E;
are disjoint is equivalent to Span(p;_1, p;, pir1)- NBV = g, i.e., to <(z —1)i(i+1), (¢ —1)i(i + 1)> <0
by the Sylvester criterion.

3.2. Lemma. The segment F; can be described as

F = {x € Hy | {(i = 1)iyi(i + 1))@, pir) (pis1, ) > o}.

Proof. During the proof, we deal only with the points p;_1, p;, pi+1. We change these points keeping
E;_1,F;, E; the same. The expression <(z —1)i,i(i+ 1)> does not change if we substitute p;—1 and p;1+1
respectively by p;—1 + rip; and p;y1 + rep;, r1,72 € R. Also, <(z —1)i,i(i + 1)><$,pi—1><pi+1,$> does
not change if we alter the sign of p;_1. So, we can assume that w;_1); = uir1) = 0, ug—1)(-1) =
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Wi = Ui+ = 1, and ug_1y1) = 0. It follows from ((i — 1)i(i + 1), (i — 1)i(i + 1)) < 0 that
u(i—1)(i+1) > 1. The closed 3-ball H; is fibred over the hyperbolic geodesic G; := Span(p;_1,pi+1) by
the closed discs S, := Span(p,p;)* N BV called slices, p € G; \BV. The end slices E;_; and E; of F;
correspond to p = p;—1 and p = p;y1. Since u_1)iy1) > 0, the segment F; is formed by the slices S,
with p = (1 — t)pi—1 + tpi+1, t € [0,1]. Note that Span(p;_1,p;+1) = Span(Pi+p;_1,Pi-1p, ;1) because
u(i-1)(i+1) > L.

Let * € H;. Then x = w — t;Pi+1p, 1 + toPi~1p,y; for suitable w € Span(p;_1,pit1)", ti,t2 € R,
t; > 0. We have

<(l - 1)i>i(i + 1)><377pi—1><pi+17$> = U(if1)(i+1)(ufi_1)(i+1) - 1)2t1t2

and (tap;_1 + t1pir1, ) = 0. It follows from 2 € BV that top; 1 + t1pir1 ¢ BV and that t; # 0 or
ta #0. So, € St,po+top, and the claim easily follows g

In the sequel, we frequently use the above decomposition of H; into slices over the hyperbolic geo-
desic Gj;.

The usual convexity is equivalent to the condition F; N H; = @ for j #¢—1,4,i + 1. We fix 4 and j
and express this condition by considering the following cases:

e (ij,ij) < 0. This implies H; N H; = &, hence, F; N H; = @.

e (ij,ij) = 0. First, we require p; # p; (implied by F; N H; = @). Under these conditions, the
isotropic point wus;p; — ujp; is the only point in Span(phpj)J- N BV. By Lemma 3.2, the condition
F; N H; = @ is equivalent to

(3.3) (i, (1 = 1)i)((i — 1)i,i(i + 1)) (i(i + 1),45) > 0

It obviously implies that p; # p;.
o (ij,ij) > 0. Define
UiiPi—1 — U(i—1)iPi UiiPi+1 — U(i+1)iDi UiiPj — WjiPi

q1 ‘= q2 ‘= q3 ‘=

Vi = 1)i, (6 - 1)i) Vi + 1), i+ 1)) wii (i, if)

and vg; == (qr, q). As is easy to see, qr € pi- and vy, = 1 for all k. The facts that Span(qy, g2, pi) =
Span(p;_1, pi, pi+1) has signature + + — and that p; is positive imply |v12| > 1. The slices of F; have
the form Sg(;), where
q(t) := (1 — t)q1 + otga, t €10,1],
and o := ‘®12|. The condition F; N H; = @ is equivalent to the requirement that Span (q(t), qg) has
V12
signature +— for all ¢ € [0,1]. It can be written as

f(t) = t2(<’l)13 — O"U23>2 + 2|’U12| — 2) — 2t(’U%3 — OV13V23 + |’U12| - 1) + U%g —-1>0

by Sylvester’s criterion.

Writing f(t) = t?a — 2tb + ¢, we have a > 0, f(0) = ¢ =v%; — 1, and f(1) = v3; — 1. The polynomial
f(t) attains its minimum at ¢t = b/a. Clearly, f(b/a) > 0 if and only if ac > b?>. Hence, the condition
F;N H; = @ is equivalent to v?5,v35 > 1 and 0 < b < a = ac > b*. One readily verifies that

ac —b* = 1+ 2012093031 — V5 — V35 — v3; = det U(q1, g2, q3)
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and that 0 < b < a is equivalent to

U%B —-1> O'(U13’L}32 — ’U12), ’U§3 —-1> O’(U13U32 — Ulg).
The inequality ac > b? is impossible because Span(qi, gz, ¢3) contains a negative point belonging to
G; = Span(qi, g2). Therefore, F; N H; = @ is equivalent to v%;,v3; > 1 and vi; — 1 < o(v13v32 — v12)
or v3; — 1 < o(v13v32 — v12). Either of the last two inequalities implies o(v13v32 — v12) > 0, that is,
ov13V32 > |U12|, i.e.,

(34) V12V230V31 > 7)%2.

Clearly, (3.4) implies o(v13v32 — v12) > 0. Assuming that (3.4) is true, we can rewrite the condition

viy — 1 < o(v13v32 — v12) or v3; — 1 < o(v13v32 — v12) in the form

(35) (1}%3 — 1)2 S (U13’l)32 — 1)12)2 or (1)%3 — 1)2 S (’U131}32 — 1]12)2.

In fact, the meaning of the inequalities v%5,v3; > 1 is that Span(p;—1,pi, p;) and Span(p;t1, pi, pj) have
signature + + —, that is,

((i = 1)ig, (i — 1)ij) < 0, (i(i +1)4,i(i + 1)j) < 0.
Under these conditions, (3.5) takes the form
(3.6) min(vi; — 1,035 — 1) < 13032 — v12
By straightforward calculus, we have

((i—1)i,i(i +1)) _ (i(i +1),4j)
\/<i(i +1),i(0+ 1))ij, ij)

V12 = — s V23

V4G =i, (= i)t + 1), + 1))

T ((i — 1)i,i5) '
V(G =D, (= Dy ig)

Hence, (3.4) takes the form

((i = V)i, ij)(ig,i(i + 1))
((i = 1)i,i(i + 1))

(3.7) > (if,i7).

Note that (3.7) is equivalent to (3.3) in the case of (ij,ij) = 0 because ((i — 1)i,i(i + 1)) = 0 would
imply vy = 0, that is, (Pip;_1,Pip;11) = 0, contradicting F;_1 N E; = &.
Since (i = 1)i,i(i + 1)) (i i) — (G = D)i, i) (i + 1),35) _
(i i (i — D (6 D)) (il + 1), + 1)
wii (i — 1)ig,i(i +1)5)
(ij, ij>\/<(i —1)i, (i = 1)i)(i(i + 1),i(i + 1))

V13V32 — V12 =

b
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(6= 1)i, 35 )(( = 1)iyig) — (6 = 1)i, (i = Dip(ig,ij)  wai{(i = 1)ig, (i — 1)ig)

vig — 1= (i = 1)i, (i — 1)i){ij, j) T g i) (G — )i, (i — 1)i)
21 (i +1),45) (i +1),45) = Gili +1),i6 +1))4g,i5) _ walii+1)5,4( +1)3)
2 (i(i + 1),i(i + 1))(3j, i5) (ig,i5)(i(i +1),i(i + 1))
uz; > 0, and (i7,4j) > 0, (3.6) takes the form
‘(U — 1)ij.i(i + 1>J’>‘ (GG — 1)ig, (i — 1)ig) (a6 + 1)7,i(i + 1))
3.8 max , — — > 0.
(3.8) \/<(i—1)i, (i—l)i><i(i—|—l),i(i—|—l)> * ( <(i—1)i, (i—l)i> <Z(Z—|—1),Z(Z—|—l)> )

It follows from F;_1 C F; and F; N H; = @ that F;_1 N H; = & for j #i—1,4,i+ 1. In other words,
H,_1NH;N Hj =J, that is, <(Z — I)Zj, (’L — 1)’Lj> < 0.
Summarizing, we arrive at the

3.9. Criterion of convexity. The polyhedron formed by segments of hyperplanes given by p1, ..., Dn
€ V is convex (hence, simple) if and only if the following conditions written in the terms of (3.1), where
U;j := (ps, p;), hold (the indices are modulo n):

The inequalities u;; > 0 are valid for all i.

The inequalities ((i — 1)i, (i — 1)i) > 0 and ((i — 1)ij, (i — 1)ij) < 0 are valid for all j # i —1,i.
The inequalities (3.7) are valid for all j # i — 1,4,i+ 1 such that (ij,ij) > 0.

The inequalities (3.8) are valid for all j # i — 1,4,%+ 1 such that (ij,ij) >0 m

Note that

(i1iz, j1J2) = (Girizs Giria)> (i1i2i3, J1J2J3) = (Girizias Girjads)>
. 2 2
where ¢;,4, 1= Di; A Piy and Giyigis = Pi; A Diy A Dis Tepresent respectively A” Span(p;,,pi,) € PR A°V
and A® Span(p;,, pi, pi,) € Pr A* V. So, Criterion 3.9 deals with the usual projective invariants.
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