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ON THE "ULNOR FIBRATIO~S OF \"EICHTED

HOMOGENEOUS POLYNOMlALS

Alexandru Dimea

Let w =(w o~ ....Wn) be a set of integer posi tive weights and denote by S the

polynomial ring C[x ....X 1 graded by the eonditions deg (x.) =wo.. For any graded
o' n. 1 1

object. I\l we denote by fvl k the homogeneous component of M of degree k. Let f E SN be

8 weighted homogeneous polynomial of degree N.

The Milnor fibration of·f i~ the locally .trivial tibration f:Cn+l'-f-l(O)-l'c ......{O}~

with, tipical fiber F =f-l(1) and geometrie monodromy h : F ----,. F.

Wo Wo . N .
h(x) =(t x .... ,t x) for t =cxp (2i{' i/~). Since h =1, it fellows that theo n

(complex) monodromy operator hJ!: : H·(F)~ H·(F) is diagonalizable find has eigenvalues. .

in the group G ={ t
8

; 8 =O••••• N - 1}Of the N-roots of unity•.

-8
We denote by H"(F) the eigenspace t."orresponding to the eigenvalue t • fora

- 8 =o... ~N - 1.

When r has an isolated singularity at the origin. the only nontrivial cohomology

group Hk(F) is for k =n and the dimensions dirn Hn(F) are known by the work cf
a

Brieskorn [2). But as soon es f has a nonisolated si ngularity~ it seems that even thc Betti

numbers bk(F) are known on1y in some special cases~ see. fär instance [9]. [14]1 [17]. [22]:

[25].

The first main result of our paper is an explicit formula for the cohomology groups

Hk(F) and for the eigenspaces Hk(P) . Let.rr.. be the complex of global algebraica
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differential tarms on Cn+l, graded by the convention· deg (udx." ..-., 1\ dx. ) =
. "' 11 "lk

=p'" w. +""" +w. for u ES" \\T e intr~uce a new differential on.o: namely
1
1

l k P "

Dlwl = du) - (jwl /NldfAW, for ..v~n~ with Iwl = p ~he degree of W end d the usual

exterior differentia~ similar to Dolgachev [8), p. "61.

F or a = 0•• _" ,N - 1 we denote by sr(a) the subcomplex in fl given by

(Bn--a+sN'
5>0 ~+l •

Tc a Df-closed form W cl L we ean associate the element Ö(t.V) = [i*A (w)]

in ~he de Rham cohomology group Hk(F), ,where 6 is the contraetion with the Ewer

veetor field (as in [12], p.467 in the homogeneous case and (8), p" "43 in the weighted

homogeneous esse) and i : F~ Cn+l deno~es the inclusion.

Theorem A

(" k-+-I n" -k r k+l 11' '-kThe "maps 0: H ( ~Dr) -- H (F) and 0: H( (a)"Df) --+ H (F)a are
,....

isomorphisms Cor any k ~ ,0. a =O~ .. " ,N - 1, with"H denoting reduced eohomology.

" The proof of this Theorem depends on a· comparision between spectral sequ~nces

naturally associated to the two sides cf these equalities see (1.8).

Our second main theme is that these spectral sequences can be used to perfo~.,m

explicit computations and to derive interesting numerical rormulas~ in spite of the fact

that the EI-term has infinitely many ilonzero entries and that degeneration 8t the

E
2
-term happens only in special cases (see (3.10) and (3.11) below)"

The eigenspaces H"(F)o are partieularly interesting" If P =P(w) denotes the weighted
" "

·projeetive space Proj (S)! V the hypersurface f'= 0 in P and U = p ........V the cOmplement,

then there is a natural identification H"(F) =H"(U). We establish an inclusion between
" 0

the filtration on H'(F)o induced by the spectral sequence mentioned above and the

(mixed) Hodge filtration on H"(U). having a substantial consequenee Cor explicit
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computations and extending to the singular esse an importsnt result of Griffiths [12],

see (2.7.ii) below.·.

Ta prove the analogous resl.il t for these Cil trations ~n the whole H"(F), we establish

first some subtle properties of the Poincare residue operator'

R : H·(Cn+1...... F)--.. H·- 1(F) (see (1.6), (1.20)~ (1.21) and (2.6» which may be useful in

their own.

Note that the. Betti numbers bk(V) are completely determined by bk(U) and hence

one'can get by our method 8t least upper bounds for al1 bk(V) es ·weil.es the exact value

of the top interesting one (i.e. b l(V) where m =dirn r- 1(0) .ng) in a finite numbern+m- SI

of steps see (2.8).

Then we specialize to the esse when f has 'a I-dimensional singular locusJa' situation

already studied (without the weighted homogeneity assumption) by N. Yomdin and, more

recently and more completely, by D. Siersma, R. Pellikaan. D. van Straten, T de Jong.

We reIste the spectral sequenee (E (f) ,d ) to some new spectral sequenees associated
r 0 r

to the transversal singularities of C, these being the intersections cf f- 1(0) with

tral1Sversals to each irreducible ~omponent of r- 1(0). '. \\""~ hope that these intricate
slng

local spectral sequences will play a fundamental role in understanding better even the

isolated hypersurface singularities (see for inStance the nie!: characterization (3.10') of

weighted ho mogeneous si ngular it i es). Concerning the numer i cal invariants in th is case',

we .get intereSting and effeeti ve formulas for the Euler che~acteristicSJ<V) and j-(F)

extending in highly nontrivial way the known formulas for the homogeneous ease (we

conjecture them to hold in general and check them under certnin assurnptions on -the

transversal singulari ties of f~ see (3.19.ii».

The last section is devoted to explicit computations with. our spectral sequence. The

first two ·of them are just simple illustrations of our technique~ while the third offers a

I'

1
I

.'
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more subtle example~ for which we know no other method to get even the Betti numbers

Cor V. It is interesting to remark that if one wants to eom pute the EuIer eharacteristie

.".(V) in this ease using Theorem (3.1) in Szafraniec [2~), then one is led to compute

bases of Milnor algebras (and signstures of bilineosr forms defined on them) of a huge

dimension (~67) and this is an impossible task even Cor s computer!

A more theoretical application (improving a result of Scherk [20) is given in the

end, the key point in the proof being again an explicit computation with the spectral

sequence.

A basic open problem is to decide whether the spectral sequence (E (f), d ) or its
r r

Ioeal analog (Er(g,O), dr ) degenerates always in a finite number of steps and~ in. the

affirmative ease! to determine abound for this number in terms of other invariants of f

or g.

1. Some spectral sequences

In this section we shall use r:lany notations and results from Dolgachev [8) without

explicit reeerence.

Let Ö. : JLk --.:;. ,.rt<-1 denote the contraetion with the Euler vector field

, w.x. a/(jx .. For k >1 we put .n...k ·= ker (fj: Jlk .-1JJ~-1) = im (Ö: .Ilk+l~Jlk)
~ 1 1 1 -

aod let n~ denote the associated sheaf on P. One has also· the twisted sheaves

11: ~(s), Cor any s E:..Z-

Let i : U --+ P denote the inclusion and put n~(s) = i't~ n~(s).

The i\li1nor fiber F is an affine smooth variety and according to Grothendieck [13)

ODe has HO(F) = HO( r (F, j1°F»)o Let p: F~U denote the ~anonical projection and note

that

(1.1)
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N~l

lf we let A· : r (u, rru(-o» and AO =~ A·, then we clearly have
8. 8=0 a

(1.2) HO(F) = H'(A), H'(F)a z: H·(A~)

There is 8 natural .increasi ng Cil tration Fs on" A~, related to the order of the pole a

Corm in A~ has along V. namely

(1.3) FsA~ =0 Cer s ( 0 and FsA~ ={W /~; w~.D~N-a1for s .? 0 similar to [12],.

But Cor obvious technical reasons it' is more convenient to consider the decreasing

filtration.

(1.4)

The filtration FS is eompatible with d, exhaustive (i.e. A· =U FSA·) and boundeda a

above" (Fn+1A· =0). Here d denotes the differential of the complex A· which is induceda .

by the exterior differential d in.n~. via (1.1) and which is given explicitly by the

Cormuls

. (1.5)

By the general theory of spectral sequenees e.go [16], p. 44 we get the next

geometrie spectral sequence.

(1.6) Proposition

There is an E1-spectral sequence (E (f) ° d ) with 
r s"· r --

and converging to the cohomology eigenspace HO(F)a. ~/

Moreover one can sum these spectral sequences for 8 = O~. 0 ° ,N - 1 and get a

spectral sequence (Er(f)od
r
) converging to HO(F). And (Er(f)o' dr ) and (Er(f), dr ) are in

fact spect~al sequences of algebras converging to their limits as algebraso Note that



If(f)o~ l-r(u), e~tn~r lJ~ing th~ f~~t th~t U;: F/G, G aeting on F via the geometrie

mOllo~romy or th~ f~~~ th~t n·1) is ~ res~lutiori ~r C [24].

We pa$S nQW t~ th~ Q<?n§try~t~~n Q.f $~me purely algebraic spectral sequences. Let
. .

s t f""'\ 5 ...t+1 .
(BQ,d',<ftl) b~ the Qoy!Jle ~mple~ f3~' ~..> ~ tN ..a ' d' =d end dtt(W) =- iuJl/Ndf Au..) for a

homo~eneous dUf~ref\tt~ form W t Not~ that the associated total compiex B·, withe

B~;: $ a:' t , V ;: 0' ... dU is preeisely the eompIex ,,0.(~j )Df).
s·t~k

SimUa~ly So venr.a ;: (n~l, 0c).

Consider the decreasing filtration FP on B· given by FPBk =~ Bs,k-s end si milarly
a a s>p.a

on BO

• Using the eQntraction operator 6, we define the next- complex morphisms,

eomptitible with the filtrations:

~ : BO ~ A0 end r: B· ~ A·
s a

&" (w) ~ 6(w)c.. t ror WEB:' t o

Note that B· and A· are in fact dirre~ntial graded algebras, but S is not

compatible with the productso

(1.7) PropOsition

There is an E
1
..spectral sequence ('E (f) .d ) with

r s· r --

Es,t =Hs+t(FsB O /Fs+1Bo)
1 . a a

and eonverging to the cohomology HO(B
O
a

). The operator S induces amorphism

(' : (tE (f) od )~ (E (f) od ) of spectral sequences ..-_or r a- r r a' r 0 -

Moreover one can sum thes~ spectral sequences 'Er(f)a aod get a spectral sequence

(tE (f),d ) converging to H O(B
O
) and a morphism ('E (f),d )~ (E (f),d )0 The proof of

r r r r r r
,.., -

these facts is standard e.go [16]. p. 49. Let Er(f)o (respo E~(f» denote the reduced

spectral sequence associated to E (f) (respo E (f)) which is obtained by replacing the
r 0 r
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term at the origin E01,o =.Eo,o =C by zero. For a I 0, we put E (C) = E (f) "
CO rar a

We clearly have natural morphisms 't: 'E (Oa'---i' E (r), f: 'E (f)~E(f)
r r rar r r

induced by Ör" We can state now a basic result"

(1. 8) Theorem

r--

The morphisms 6r are isomorphisms for r >I and they induce isomorphisms

H"(B ):' ii·(F) and H"(B) =- H'·(F)"., a a-

'ProoC

Since Fn+1B· = Fn+1A· =0, the filtrations F are strongly convergent [16], p" 50 and-hence it is enough to show t hat 0I is an isomorphism. The vertic~ colum ns in 'EI(f)

correspond to certain homogeneous co~ponents in the Koszul complex K·.

(1.9) K" : 0-,..J10~ D! ~ ...~~+~ 0

of the partial derivatives f. =(0 f)/(o x.), i = 0, " ".)n in S. To describe tOO vertical
1 1

,..., -
colum~ in EI (f) is more subtle" Note that fK" is a subcomplex in K· and let K· denote

the quotient 'complex 1\"/fK·. The,re is a map :ö : K· ~ K"-l induced by L\ which is a

- - -complex morphisrn and hence K" = ker ~ is a subcomplex in K""-,..., . - A r--l
Let l:i denote the composition K"'-'=' K· '---:".1\" "

-Then' the vertical lines in EI (f) correspond to certain homogeneous components in-
the cohomology groups H·('K"). The morphism d1 corresponds to

Z • :H·(K·)~ H·<if"-l) and a well-defined inverse for A* is given by the map

(1.10)

. q

\l : H·6Z"-1).-" H·(K"), \1 [D. (w)] = [df J\ A(W)/(Nf)].

To check this. use that dfAW = 0 implies 0 =LJ,.(dCALV) =NfW - dC" ~(Lc.J).

(1.11) Example

Assume that f has an isolated singularity at the.origin. Then f , ... ,f form a
on.
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reg~lar sequence in Send we get 'E~,t(f)a =0 for 5 + tf n and

'En- t
! t({) c:: Hn+ l(K·) -== Q(f)

1 a tN-a tN-a- w

where Q(f) = S/(f0' •• ~fn)' W = Wo+ • • • +wn" Moreover, the Poincare series Cor Q(f)

(see for- instance [7)~ p. 109) implies that Q(f)k = 0 ror k >(0 + l)N - 2 w • Hence in this

case al1 our spectral sequences are finite and degenerate at the E1-term (the

degeneracy of tOO component a = 0 being equivalent to Griffiths: Theorem 4.3 in [12]).

-1 n+l .
Note that one can have 'El '. (Oa 1 o. In general~ one has the next result about the

size of the spectral sequence 'E (0.
o r

(1•• 12) Proposition

t 0_1
I~' ({) =0 for any r >1 and s + t <n·- m, where m = dirn f (0). .

r - - Slng. . ~~

Proof

The resul t Collows usi ng t he descr ipti on of:. I E~' t(0 interms of the KC?S zul co m plex

and GI'euel generalized version of the de Rham-Lemma, see [11], (1. 7).

(1.13) Corollary

ifk(F) =0 for k <n - m.

This result is implied also by [15], but (1.. 12) will be used below in (2.8) in a crucial

way.

Now we show that aur complexes can be used to describe very explicitly the Poincare
.,
end the Sebastiani-Thom

isomorpllism.

When X is a smooth complex manifold end D is a smooth closed hypersurface in X

there is a Gysin exact sequence
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where i* is induced by the inclusion i : X, D --+ X and R is the Poincare' residue! see Cer

instance [24]. § B.

Let Cf denote the complex sr with the differential D f introduced above (up to a

·shift Cr= Bon and nO,te that

(1 15) -J C· ~ (n+1 (1. )
." V\: f--'" C ..... FJ~LCn+l ...... F

c:X (LU) =W -(df A!:1(W))/N(f - 1)

is a merfism, of differential graded algebras (i.e. dcx.(W) = CX D
f
( LU) and

01. (W 11\. CJJ 2) =0<. ('0 1)" 0( ( c:.v 2))'

Using the definition of the Poincareresidue as in [12], p.290 it follows that

Since R is an isomorphism by using (1.14) in the ease X =C n+1~ D = F and d is an

isomorphism by Theorem A, it follows that 0( : H'(C
r
) -4' H'Cn+1, F) is an isomorphism

too.

To discuss the Sebastiani - Thom isomorphism (see for instance [17]), we introduce a

new complex associated to r~ namely C
r

which is the complex n. with the differential

Df LU =d w - df 1\ W .

Define e :Cf -..:,. Cf to be the C-linear map which on 8 homogeneous form W

with k = ,w} aets by the formula e(LU) =.iL (k) • LU , where Ä.. (k) =1 Cor k <N and

;t~k) =(k - N) ... (k - tN)'N-
t for tN <k ~ (t + l)N~ t ~ 1-

rhen it is obviuos that einduees a complex isom orphism between the corresponding

reduced .complexes. In particular we get isomorphisms g: H t eCr) ..-,. H teer) ror any

t >1.

Let w1=ew~~ ..• ,W~l) be a new set of weights "and rE C[yo~ ... ,YnIl be a

homogen~ous polynomial of degree N with respect to these weights. Then it is easy to

check that
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and that there is no such result for Cf+f'.

Using the isomorphisms e and Theorem A we get the Sebastiani - Thom

isomorphism

(1.18) iik(F") = EJ3 HS(F)~Ht(F')
s+t=k-1

where Ft
) F" denote the M Unor fibers of f1 8nd f + r respecti vely"

Keeping trace 'of the homogeneous components in (1.17) we get

- -with c = 0,. " " ,N - 1 and H"(F')N = H"(F')o"

li"(F') =0 and ti"(F') =<Ö(yN-C-1dy »,o C 0 0

C =1t " • " ,N - 1. It follows that

_ N
When r - Yo' Example (1.11) shows that

aI-dimensional vector §.P8ce for

where

iiS(F);lO = e HS(F).
c=1~N-1 c

This equali ty of dimensions is related to the next geometrie setting. Let H : Yo = 0

denote the hyperplane at infinity in the eom pactification P{w, 1) of C n+1, let

'VII C P{w, 1) be the hypersurface gi yen by fex) - y N = 0 end set UU = P{w, 1) '" VII"
o

0+1Since H n U" = U, uu, H = C ..... F,' the Gysin sequence (1.14) applied to X = 0",

D =H (l U" gives

~Hk(Utl) ~ Hk{Cn+-l F)~ 'H k- 1(U)~

(As a matter of fact UU may be singular and then to apply (1.14) one has to da as

follows" Let q :pn+l~ P{w,l) be the covering map induced by

, Wo Wo
(x :".":X : y)~ (x :" . • :X : y)o non

-and let G be the corresponding group of covering transformations"

~ -1 - -1 ~Ir we set" V =q (VII), H =q (H), then there is a Gysin sequence associated to X =U,
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and that there is no such result far Cf+ro

Using the isomorphisms e and Theorem A we get the Sebastiani - Thom

isom orphism

(1.18) lfk(F") = E9 HS(F)~Ht(Fl)
s+t=k-l

where F') F" denote the Milnor fibers of r aod f + r respectively.

Keeping trace of the homogeneous components in (1.17) we get

- - Nwith c = 0, . ° ° ,N - 1 and H·(F')N = HO(F')o. When f' =Yo' ExampI~ (1.11) shows that

Ir°(F')o =0 and ii'(F')c = <e5'(y~-C:-ld~o», al-dimensional vector ~ce for

c = 1, ... ,N - 1. It follows that dim ffk(F")0 =dirn Hk-1(F);to where

iiS(F)fO = EI' HS(F)c.
c=l~ N-l

This equality of dimensions is related to the next geometric setting. Let H: y = 0o

denote the hyperplane at infinity in the compactification P(w,l) of C n
+

1, let

V" C P(w,l) be the hypersurface given by [(x) - Y~ = 0 and set UU = P(w~l) ....... V".

n+1
Since H n uu =u~ UU ,H = C ...... F,. the Gysin sequence (1.14) applied to X = U",

D = 1-:1 () U" gi ves

~ Hk(UIt ) -4 Hk(Cn+.!., F) E.. 'H k- 1(U)~

(As a matter of fact UU may be singular and then to spply (1.14) one has to do as.,
fellows. Let q :pn+1--+ P(w~l) be the covering msp induced by

-and let G be the corresponding group of covering transformations.

Ir we set" U= q-l(UfI
), H = q-l(H). then there is a Gysin sequence associated to X = U,
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- ,...., ,....,
D = H nU. And the G-invariant part of this exact sequenee is precisely the exaet

sequence whieh we have written above).

Note that

dirn Hk(Cn+1 ...... F) =dirn iik- 1(F) = dirn ilk- 1(F);tO ... dim iik- 1(F)o = dirn Hk{UU) + dirn 1ik- 1(U).

It follows that the first and the last rnap in the above exact sequence are trivial. Note

also that the geometrie monodromy h aets on C n+1, F and hence it makes sense to

. s n+1
deflne H (C .......F),tO as above.

Jt will be cle~r from .what follows that the image of i* is precisely Hk(Cß+1_Flj/O

_and hence we can write the next diagram of isomorphisms:

Hk(FU ) c::Hk(U").L.. Hk(Cn+1 F) ~ Hk- 1(F)

~1 0 .....;tO )& . j/O

(1.19)

k+l k

eJ (C
f
+
flo i;Cflj/O

k+l - ~ k-
H (Cf+f') .. H (Cr);to

o

Here 'f is defined in a natural way: if' W c.Hk(Cr)e (Le. W is a sum LV 1 + .... + t.J
p

of

homogeneous forms such that Iwd:' -c modulo N) then r (f..JJ ) =W A y~-ldYo.

The formula (1.16) teils us that the triangle in the diagrarn (1.19) is commutative UfJ

to B. constant. The big rectangle in the diagram is com mutati ve in a similar way by the

next result.

(1.20) Lemma

Ri* ö9 r=-1/Nle
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ProoC.

We have to show that both sides oC this equality yield the same result when applied

to an element W = '<)1 + •.• + iU EHk(CC) ~ aboveo' Since these computations are" p ,c

rather tedious~ we treat here only the esse p =2 and let the reader check that the

general case is completely similar.

So letW = W 1 + W z with q =tN - c = IW11 end q + N = Iw2\ (when

\w 2\ - J w11 >N the forms '<)1 and W z are themselves cycles in Hk(CC)c and the

proof is easier!).

The cOndition De'V =0 is equivalent to

(i) df J\ W 2 =0

(ii) df 1\ LU 1 =d 1J.)2

(Hi) 0 = d L(J 1.

lt is easy to see that

To compute the residue of this element we proceed as follows. first we apply A to the

equali ty (i) and get

"(iv) '<J
2
/(f - 1) + tU 2 = df J\ 6. (LU 2)/(N(f - 1)

Next we can divide this equality by (f - 1)s and get

If we apply ~ to (ii)~ we get

This should be put in (v)! one should apply once more this trick getting a term
'"

containing d ~ ( w1) and then replace this by q W1 as follows by applying Ä to (Hi).
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Let A
s

= tU l/s(! - 1)5 + tJ.
2
/(! - l)s+1

and note that A is a elosed form on C n+
1....... F Cor any s >1. The above computation

s -
implies that the assoeiated eohomology elasses satisfy [A

s
]:: «q.- N(s - 1»/NS)[A

s
_

1
]

and henee

R[A
t
] = (i\-(q)/t!)}UA

1
]:: «_l)k-1 J.. (q)/Nt!)[q/N~( W

2
) + cr( W

1
)].

This ends the proof of (1.20) in this ease.

(1. 21) Remark

There is a nice geometrie eonsequenee cf the existence cf the diagram (1.19). One

can think of the weighted projeeti ve spaee P(w ~ 1) as a compaetification of Cn.+~F such

that the complement P(w,l)" (e n+1, F) censists of two irreducible components. namely

V" and H. Using the isomorphism 0(, it· follows that any cohomology class in

H·(Cn+1, F) can be represented by a elooed differential form on C n+1.... F ha~ing a pole

of order 1 along V" and a pole (possibly of a higher order) along H.

On the other hand~ the isomorphism i* Jer shows that any class in H·(Cn+1....... F)~Q

can be represented by a closed differential form on C
n

+
1

...... F having a pole on V" end 00

poles at all along H. lt can be shown sirnilarly that any class in W(C n+1..... F)o can be

represented by a form heving a pole of. order 1 along Hand a pole along V". lt would be

oice to have a more geometrie understanding of this phenomenon.

In conclusion~ the natural isomorphism Hk(P) = Hk(F)oe Hk(F);!Q ;: Hk(U)EBHk+1(UII
).

shows that it is enough to coneentrate on the eohomology groups HO(U) and this is what

·we do in the next two sections.
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2. The relation with the Hodge filtration

Let us consider the decreasing filtration FS on H·(U) defined by the. filtration FS on

A" • namelyo·

(2.1) FSW(U) c im { W(F
sA~)~ W(A~) = W(U)}

On the other hand there is on H"(U) the decreasing Hodge filtration F~ introduced by

Deligne [5].

(2. 2) Theorem

ProoC

Let p : pO--\> P be the projection presenting P as the quotient cf pn under the group

G(w), the product of cyclic groups of orders wi .

,..., * Wo Wo ,...,
Then f =p (f) = C(x ) ... ,x ) is a homogeneous polynomial of degree N end let U

o n
- nbe the complement of the hypersurface f = 0 in P "

-Since H"(U) can be identified to the fixed part in H'(U) under the group G(w) and

since the monomorphism p* : H"(U)---:;'HO(U) is clearly compatible with the filtrations

FS and F~ it is enough to prove (2.2) Cor U.
To simplify the notation, we assurne that w = (1, ... ,1) from the beginning" Then U

is smooth end it is easier to describe the construction of the Hodge filtration [24].

Let p : X --+pn be a proper modification with X smoith~ D =P-l(V) a divisor with

.normal erossings in X and U = X"'" Disamorphie to U via p.

From this point on it is more suitable to work with holamorphie differential ferms

on our algebraic varieties. If DU is this holamorphie sheave:s complex, ~U the

algebraic version of it and i: U --to Pn is the inclusi on, then one has inclusi ans
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i.CSfl·u) cD· (*V) Ci • .DU· , where .n.. (.V) denotes the sheav~ of meromorphic
pn pn .

differential forms on pn with polar singulariÜes slang V. By Grothendieck [13], the

inclusion i. (811 U· ) c..fl: (* V) induces isomorphisms at the hypercohomology groups.pn .

And the same is true for the inclusions -n~UogD) c. J1X(*D) C j.J1·
U

where

j : TI"~X is the inclusi'on, JLX(*D) is defined similarly to 11 ~n(.V) and ll"xUog D) is

the complex of holomorphic differential forms with logarithmie poles slong D [24].

Recall that tllere is a trivial fil tration 0-> on any complex K·, by defining v>sK· to

be the subcomplex of K' obtained by replacing the first 5 terms in K· by O. The Hodge

_Ciltration is gi yen by

via the identifications

The filtration FS on the complex A· is related to a filtration FS on the complex. 0

..fr (.V) defined in the following way: Fsn
j

(.V) is the sheaf of meromorphicpn po

j-forms on pn having poles of order at most j - s along V for j ~ s and Fs.n~n(*V) =.0

for j <s.

Note that FS11 j (.V) z 12 j «j - s)N) for j ~ s. We get nert a Cil tration on the
pn pn

~omplex.nx· (* D) Z P*(n· (. V)) by defining FS11. x·.(. D) =p*(Fs.Il · (. V».
- po po

- .

-At stalks level~ a germ w E:f2.~(* D)x belongs to E;s11~(.D)x iC and only if

p*(u~-s.wEn~,x~ where u =0 is a loeal equation for V around the point y =p(x).

If vF ... ,vn are local coordinates on X around x such tha t v1 ... vk =0 is a Iocal

a a
equation Cor D~ then p*(u) vanishes on D "and hence p·(u) =v11 ... vkkw rar some germ

w E C'2x · and integers 8. > l.
~x 1 -
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Using the definitions~ it follows that n.~OOg D) C F
S I2.~(*D) for j >sand j > 0_

..n 0 nO s(')o . .
And x (log D) =..\.l X C F ..i LX(. D) for.s ~ 00 We ~an ~tate thlS as followso

(2_ 4) Lemma

(i) O)S+l11x(log D) C F
SSl X(*D) ror s ~ 0;

(iOflx(log D) C FO 11 X(.D)o

We can hence write the next commutative diagram

. *
H-( 0"'>s+1 J1xOog D» ~ H-(Fs~'1X(*D»~

1 •
H

O

( JlXOog D» . -:=-+ H
O

( Jl X(.D» 4
P_

Now H-(11" n(.V» =HO(~UO ) =HO(AO) =HO(U)o Ta eompute H O(Fs.!l: (.V» we use the
p . 0 pn

E
2
-spectral sequence E~,q =HP(Hq(pn~ K-» converging to U-(K-), where

K O= FSSl: (*V) and Bottls vanishing theorem [8]0pn
lt follows that EP~o =HP(FsA 0 ), ES

2
,s = Hs(pn. Sl s ) and EP2~q =0 in the other easeso2 0 . po

This spectral sequence degenerates at E
2

since one can represent the generator of E~'S

by a a-harmonie form 0' and hence d r =O. On the other hand ~ (t) =0, since t
belongs to the kernel of the map H 2s(pn)~ H2s (U)0 In fact this map is zero far s >00

Ta see this, it is enough to show that i·(e) =0, where c = C
1
«(!7(1» is the first Che~n

class cf the line bundle (9(1) (in c·ohomology with compleX1coeffieients!)_ But Ni*(e) =0,

since it corresponds to the ehern class of cY (N) lu and this line bundle has a seetion

(indueed by. f) wi thout aoy zeros.

It follows that im(r) =FSHO(U) and this gives the first part in (202).

The si mllar diagram ~sociated to the inclusion (2.4_ ii) gi ves
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FOH·(U) = FO H·(U) = H·(U).
H

o 1
To see tOOt FH = FH we reiate the mixed Hodge structure on H·(U) to the mixed

Hodge structure on H·(V). Consider the exact sequen~e in cohomology with compact

supports of the pair CPn t V)

(2.5)

Thls is an exact sequence of I\'1HS (mixed HOdge structures) and it gives an

isomorphism of MHS H~+l(U) :::::H~(V), the primitive cohomology of V [10]. Poincare'

duality gives a natural identification (U is 8 Q-homology manifoId):

Since H~n(U) ::::H2n(pn)= C(-n), we get the fOllowi~g relations a"mong mixed Hodge

numbers

This gives ho·q(Hs(U» = 0 Cor any q and s~ which shows th8t F~H·(U) = F~H·(U), ending

the proof of (2.Z).

(2. 6) Remark. In spite of the fact thai FSH·(U) = F~+lH·(U) far any s in many cases

(e.g. when Visa quasi-smooth hypersurface or when Visa nodal curve in p2), this

equality does not hold in general. A simple example is the next: take

V :. x[xy(x + y) + Z 3] :: 0 the union of a smooth cubic curve in p2 with an inflexional

.tangent. Then it is easy to show that in this case dirn F1H
2
.,(U) = 2 >dirn F~H2(U) = 1-

There is a similar inclusion FSH·(f):> F~+lH·(F) among the analogous filtrations on

the cohomology of the Milnor fiber F. The proof of this fact can be reduced to (2.2) es

follows. The geom etric monodromy h is an algebreie mep end hence h* preserves both
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, .

we define FSH·(F) =FSH'(F) () H·(F) it follows that
a a

5has a similar result for the Hodge filtration F
H

• In

fil trations F
S

and F~ on H"(F). If

FSH"(F) =~ FSH"(F) " And one
a a

particular, i t is enough to prove

(i) ~H·(F)o ::> F~+lH·(F)o and (ii) FSH·(F)fO ::> F~+lH·(F)fO where

FSH"CF);tO = FSH·(F) () H"(F)~O = Et1 FSH·(F) and similarly for F H.
a#O a •

Now (i) is clearly implied by (2.2), since the isomorphism H·(U) ~ ..

clearly com patible with both filtrations.

To get (H) from (2.2) we use the diagram (1.19) and the next two facts.'

The Poincare'residue map R is a morphism of MHS of type (-1,. -1) and hence

Ri*(F~+1H·(U"» =F~H'(F);tO"

Using the definition of the filtrations FS and (1. 20) it follows that

Ri·(F~H·(UU» = pS-1H"(F)fO"

Note also that the filtration F
S on H "CF) is very close to the filtrations considered by

Scherk end Steenbrink in the isolated singularity case in [21}.

(2. 7) Corollary

(i) Es.t(f) =0 for 5 <0 end E~(f) =0 for 5< -1 and a =1,""" ,N-1-
ca 0 - - -.. a - --

CH) Any element in Hk(U) can be represented by a differential k-form with a pole

along V cf order at most k"

We note that (ii) can be regarded as an extension cf Griffithis Theorem 4.2 in

[12]" On the side cf numerical computations of Betti numbers we get the following

important consequence. Recall that m =' dirn f- 1(0). .slng

(2. 8) Theorem

Let b?(V) = dirn Hj (V) denote the primitive Betti numbers of V. Then
._- J 0 .
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(0 b?(V) = 0 for j <n - 1 or j >n - 1 + rn;
J - -

(ii) For kE[O.rn] and r >1 one has- -
n-k-1

bO 1+k(V) -= b k(U) <~ dirn t,n-k-s(f)
n- n- - L, r 0_ s=O

\Vhen k =m and r >n - m the above inequality is an equality.

ProoC. Use (1.6)~ (1.7), (1.8). (1.12) and (2.7).

There is also an ~alog of (2.8) for dirn Hj(F)a but we leave the details for the reader.

3. The case of a I-dimensional singular locus

We 8SSume in this section tllat f has a I-dir:nensional singular locus, namely

r- 1(0). = {Z€Cn+1; df(x) = O} = {O)U U C*a.
sing i=l,p 1

for same points a. f C n+ 1, one in each irreducible co rn ponent of f- 1(O) .. .
I sing

If H. is a small transversal to- the orbit C *a. at the point s.• then the isolated
1 I 1-

hypersurface singularity (Y .,a.) ~ (H.n f- 1(O), a.) is called the transversal singularity of
I I 1 . I

.f slang t he braehe*a. of t he singular loe uso
I

The weighted hornogeneity of f easily implies that the isomorphism class

(j(-equi valence) cf the singularity (Y pai) does not depend on the choice cf ai (in the

orbit C*a.) er of H..
I )

-ln this sectien we get a better understanding of the spectral sequence (Er(f)o' dr ) by

relating it to same spectral sequences associated to the tr;ansversal singularities (Y pSi)

for i =1, ... ,po

First we deseribe the construction of these new (locsl) spectral sequences.

Let g : (Cn,o)~ (C~o) be an analytic function germ and let (Y,o) = (g-1(0),0) be
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the hypersurface singulnrity defined by g. Let -Og,O denote the localization of the

stalk at the origin of the holomorphic de Rham complex 12' with respect to the
C n

multiplicative system {gS; S~ 0].
Cho~e E >0 small enough such that Y ha.~ a conic structure in the closed ball

BE ={ yE,C
n

; Jyl ~ f:] [4). Let S! = -0 BE and K =Se. () Y be the link of the singularity

(Y,o). Then Thm. 2 in (13) implies the following.

(3.1) Proposition

H'(Se" K) ~ H"( ftg,o)

One can construct a filtration FS on n· in ~nalogy to (1.4), namelyg,o

Fsn i =Ju.)/gi-s;wej'2} } Cori~sand Fsni =OCorj<s.
g,o L C~ 0 g,o

(3. 2) Proposition

There is an E1-spectral sequence of algebras (E (g,o), d ) withr r --

" and converging to H'(S ........ K) as an algebra.
"' l

Assume Crom now on that (y~o) is an isolated singularity and let L' = (nc' n ,dg)
,0

denote the K oszul com plex of t he partial deri va ti ves of g. In our case these deri vati ves

torm a regular sequence and hence Hi(L') = 0 ror j <n and Hn(L') = M(g), the ~lilnor

algebra of the singularity (Y,o), see Cor instaoce [7], p. 90. Let I" denote the quotient
" 1

complex L'/gL', Ir g: M(g)~ M(g) denotes the multiplication by g, it follows that

Hi(I"> = 0 for j <n - 1, Hn- 1(r> =ker (g) and HO(!") =ecker (g) =T(g). the Tj'uri~a algebra

cf (Y ,o)~ see (7)~ p. 90,

There is the next analog of (1.8), computing E
1

(g,o) in terms of H·(!").
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(3. 3) Lemma

The nonzero terms in EI (g,o) are the following ..

(i) ~l'°(g,o) =Sl S for s E [o~n]
Cn,o-

for s E.[O,n-3], there is an exact sequence

where

and En- 1, l(g,o) = ..n n Ig n° -
1 , Cn,o Cn~o'

..o.y = (n )/(g n· + dg A n· n ).
Cn,o Cn,o C ~o

o-t-1 t . n-t t
(iiD E1 ' (g,o) =ker (g)~ EI '(g~o) ~ T(g)~ t ~ 2.

Proo!. To get the more subtle point (ii), one uses the well-defined maps

u :.11; ~ E~~ l(g,C!), u(O<) =[(dg J\ ~ }fg]

v : ~,l(g,o) --+ Hs+2(L.), v[ r; Ig] =[(dg Af'J )/~]

and note that im (v) C ker (g) ror s = n - 2.

(3. 4) Corollary

Th nl ( 'bI) t· E ( ) EO•o EO. 1 C d En- 1-t. t En-t,te 0 Y POSSl Y nonzero erms In 2 g,o ~ 2' = 2' = ~ 2 " 2

ror t >1.- -

ProoC. Use the exactness of the'de Rham complexes [11]:

o~ C--'.n° ~
Cn,o

.-.:, 11.n ~ 0
~n,o

O --:t C --t'.fl° .--. ---." r"\ n- 1y ... ...J L y .

We can also describe the differentials
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d~ : ker (g)= Er1-t,t~ E~-t.t = T(g).

An (n - 1) form 0< induces an element in ker (g) if dg 1\ r:J,. = g {h and then

(3.5) di [0<'] = [dOC- - t pl

(3. 6) ExampIe

Assume that (Y ~o) is a weighted homogeneous singularity of type

(w 1~ ... ,wn; N), i~e. (Y.o) is defined in suitable coordinates by a weighted homogeneous

polynomial g of degree N with respect to the weights w.

Then M(g) =T(g) = ker (g) and they are an graded C-a~gebras.

~ i+1 "Let 0( = ~ (-1) w.x.dX1A ... "dx. f\ ... " dx and note that dg"~ = N"g lJn,
i=l,n 1 1 _ 1. n

with Wn = dx1" . • ." dxn. lt follows th.8t the class of 0( generates ker (g). For a

a al an , 81 .'
monomial x =Xl .•. xn of degree x = a 1w 1 + ••• +anWnone has by (3.5)

t 8 t a, BI.'d
1

(x 0{ ) = [(W + x - tN)x LA.ln]

with w = w1 + ••• W n·

It follows th~t ker di .:::-coker d~ :::,M(g\N-w. Hence the Ez-term E2(g,o) has finitely

'many nonzero entries end the spectral.sequence Er(g,o) degenerates 8t EZ (compare to

(L 11».

The next result gi ves 8 large class of si ngular iti es ha ving -the E3- term ef the

spe~tral sequence Er(g~O) with fini tely many' nonzero entries. The reader sheuld have ne

9ifficulty in checking that this class contairt~ in particular the next more familiar
\

classes ef singularities:

(i) a11 the non weighted homogeneous jt-unimodal singularities, see fer instance [0],

p.184 Cer a complete list;
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(ii) all the semi weighted homogeneous singularities (see [7], p.115 for a definition) of

the form g =g + g' with g weighted homogeneous of type (w
1

' ••• ,w ; N), g' weightedo 0 n

homogeneous of type (w 1~ .. · ,W n; NI) and such that

Nt >(n + 1)N/2·- w1 - .•.-w- n

To state the result, note that there is a linear map d~ : ker(g) '-4' T(g) defined by taking

t = 0 in the formula (3.5).

(3..7) Proposi tion

Assurne that the singularity Y : g =0 satisfies the----------
(i) g2 = 0~ I\l(g) and d~ I (g) = 0 (resp. (ii) lJ(g) - '"'C (g) = 1).

t -
~ E~-l-t, t = ker d\ =(g) for t » °(resp. dirn ker dt 1for t » 0 and the li~es ker d\
in ker(g) converge to the Hne C ..g when t ~ oo)and the E

3
-term E

3
(g,O) has finitely many

nonzero entries.
•

Proof

(i) Let K C M(g) be a vector subspace which is a complement of the ideal

Ker (g) cI\Hg).

Then multiplication by ginduces a vector space isomorphism K =. gK =(g). For t large

enough, it is clear using (3.5) that ker d\ =(g) and that the canonical projection

M~) .-=,T(g) induces an isomorphism K =: coker d\.

Via these isomerphisms we may regard dtz as an endomorp~ism of K for t » o.

Next d\(ag) =0 implies that we may write ag2 ~n =dg A 0<. and the (n - l)-form 0(

satisfies dOC: =dg A {3. + i\. g W
n

for same (n - l)-form ,~ and function germ A • But

then we have
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This shows that the endomorphism dt
2

has a matrix of the form -t-19 + A+ B(t - If 1 for

A~B some constant matrices. lt follows that rar ~ » 0 tÜis matrix is invertible and this

clearly ends the proof. The proof in ease (ii) is similar.

Now we eome back to our globBl setting and a~ume first that we are in the

homogeneous esse, i.e. w = •. _= w = 1. Let Z denote the singular locus of V.
o n

Consider the restriction morphism

(3.8)

and the associated m orphisms

Gr;~: Gr;<.n·pn<*V» -- Gr;<l1i>n<*Vl! zl

A moment thought shows that Gr; f is a quasi-isomorphism for s <O. A computation

using an E
2
-spectral sequence as in the proof of (2.2) shows that

H '(Gr
F
S(.n. (* V))) =H'(Gr

F
s A' )

pn 0

Assume from now on that Z is a finite set, namely Z = { BI! •. - ,apJ' Note that the

singularity (V,ai) is precisely the transversal singularity of f along t he line C *-ai as

defined in the beginning of this section.

Choose the coordinates on pn such that H : x = 0 is transversal to V ando

Z C pn, H ~ Co. We denote again by a. the corresponding points in C" and let
1

g(y) = f(l:y).

Then .n: (*V)!z = EE> J1- . this identification beiog compatible with the
po j=l,p g,aj

F filtrations. Thus we get

H·(Gr~(..n.: n(*V)/z)) = . EB H·(Gr;( n g.,8.»)
P J=l,p J

We can restate these considerations in the next form.
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(3.. 9) Theorem

The restr"iction map 0 induces a morphism () : E (f) ..-, ~ E (g,a.) of spectral
J J r r 0 '-1' r J

5 t . J- ,p
sequences such that 8t the E1-level Sl' is an isomorphism Car s <o.

(3. 10) Corollary

For a projecti ve hypersurface V: f =0 with isolated singularities the next-
statements are equivalent
•

(i) 811 the singularities of V are weighted homogeneous;

(ii) E
2
1t(f) =0 far 5 <0;

o -

(iii) ~2' t(n :# 0 Cor finitely many pairs (5, t) •
a .

ProoC.

Using (3 .. 6) and (3.9) we get (i) ~ (iO. The implication (ii).,(iii) is obvious.. To prove

(iii)~(i) we compute the Euler Poincarecharacteristic i<-(U) in t\'\'o ways. First we use

the fact timt U =pO" V and the well-known formula far J(V) given in (3.12) below and

get

"I (U) = 'I (U o) + (-l)n-l.L Il(V,ß
i
)

/- 1=1,p

where U is the complement of a smooth hypersurface V in po.
o 0

Next using (1.8) and a standard property of spectral sequences we get

;x. (U) =1 + .L::<-l)s+tdim E~'\°
0

where the sum is finite by aur assumption. Choose m >n such that ES' t(O =0 for
2 0

t >m. Then

.rj (U) - 1 =(_1)0-1 L (dirn En- 1- Lt(f) - dirn En-t,t(f) ) =
/..... t=l,rn 2 o. 2. 0
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=(_lln-l L (dirn En-1-t.tm - dirn En-t,tm ) =(_lln-l[dim En-1-rn,rnm + Yl with
t=1,m 1 . 0 1 0 1 0

'f = ) '(dirn En-t.t-1(r) - dirn En-t,tm )
t=l,m 1 e 1 0

By (3..3.iii) and (3.9) it fellows that

d"im En1-1-rn,mm = L T(V,a.)
o . 1 11= ,p

where 1:' (V,Sj) = dim T(g,ai) = dirn Ker(g~ai) are the corresponding Tjurina numbers. On

the other hand, using the connection of EI (f) with the Koszul complex, it is easy to see

that the surn :fdoes not depend on f. 8ince one ~an cornpute J..(U6) in the same way,

it follows that

'i (U) = X(U } + (-lln-: 1 L 1: (V,a.)
/101 /. 0 . 1 1

1= ,p

Comparing the two formulas Cor J.(U) we get p(V,ai) = "t' (V~ai) Cor any i =1, ..• ,p and

hence by K. Saito's Theorem (see Cor instance [7], p. 119 Cor a discussion) a11 the

singularities (V,a
i
) are weigtlted homogeneous.

Since for any isolated hypersurface si ngularity (Y, 0) there is a projecti ve

hypersurface V having just one singular point 8
1

and such that (V,a
1

).=: (Y,O), see ror

instance [2], we get the next result using (3.6), (3.9) and (3.10).

(3.101
) Corollary.

For an isolated hypersurCace singularity (y~O) defined by g =0 in (en,O), the next

statements are equivalent:

(i') (y ~ 0) is a weighted horn ogeneous singularity;..
(ii l

) the spectral sequence Er(g~O) degenerates at E2;

(iii') ~,t(g~O) "f 0 Ccr finitel)' many pairs (s.1).
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We conjecture in analogy with (3.10') that the statements in (3.10) are equivalent to

the next stronger version of 00:

(iv) the spectral sequence E (f) degenerates at EZr 0 •

(3. 11) Remark

Let f be a homogeneous polynomial such that V has an isolated singularity of the
if\...

type considered A (3.7). Then Er(f)o surely does not degenerate at E2• Note that

f : (Cn+1,0) --'I (C,O) is coneentrated in the terminology of [25], p. 206 and our speet~al

sequenee E (f) is a sUbobject in the huge spectral sequence considered in [25], p. 209.
r 0 --

Hence... in this ease that spectral sequence does not degenerate at E
2

·and this gives a

negative answer to the question 8t the top of p. 209 in [25].

By Theorem (2.8) the interesting Betti numbers for V in the isolated singularities

esse are J'ust b 1(V). b (V) and we can get b (V) from E l(!)', n-.' n n n- 0

But o~e has a simple formula for the Euler--Poinear(characteristic in this esse [6]:

(3.12) X-(v) = 'X (V0) + (_1)"L \I(V,s.)
/- . 1 1

. 1= ,p

where V0 denotes a smooth hypersurface in pn of degree N end p(V ~ai) =dirn I\l(g~ai) are

, the corresponding f\.1 iloor numbers.

In this way we get b l(V) knowing b (V). We rerner\<. that there is a formula forn- n

'I,(F) similar to (3.12) und which appears in the special ,csse n =2 as Theorem 6. A in [9].

(3. 13) Proposition

f-<F) =1 + (-1)"[(N _1)"+1_ N.L\I(V'Sj)]
l=l,p

Proo(.

- n+1 XlIf F denotes the closure of F in P ~ one MS 'f (F) =1 (F) ....j_V). One then use

(3.12) and the remark that the singularities of F are just the N-fold suspensions of the
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singularities of v end hence

(3.14) Remark

An importent invariant of the singularity f is the zeta function Z(h) of the

monodromy operator h. Explicitly one has

Z(h) =ndet (1 - th*' Hi(P))(-ll
i
+1 =expL A(hk)tk/k

i>O k>l- - "

where /\ (hk) denotes the Lefschetz number of the map hk• Using th~ second expression

above ..for Z(h) it follows that for any homogeneous polynomial f one has

When V has only isolsted singularities, this formuls" may be used to compute dirn H"(F)
" s

Cor a = 1~ •.. ,N - 1 assuming that we know ~im Hn-1(F)a via computations with the"

spectral sequence E (f) as in the remark after (2.8).
r

Next we describe briefly tOO ~dditional facts necessary in order to treat the esse

when f has arbitrary weioO'hts w = (w •••••w ).
O' . n

First we ha ve to include a group action in the local setting. Let G c U(n) be a finite

group and consider the induced action on C
n. Then the ba~ B t: end the sphere Sf are

G-invariant subsets. Assume that Y : g = 0 is a reduced hypersurface singularity which

is also G-invariant (Le. Y t Y, 'tf C?:.) '(y) E: Y for a representative Y of (Y,O) in B t ).

There is an associated action of G onn given bY!"r·W=(y--l)*w. And there
Cn,O

is character Jy: G~ C* such that r·g =. ~y( 'O)g for any t € G. In this situation we

call (Y.O) a G-singularity. Note that this setting is larger than in Wall [27] where

on{tskes f.y =1, but eoineides (in the esse of G eyelie) to the hyperquotient

singularity notion of M. Reid [19].

Let (.frg~O,d) be the subeomplex in (ll"g,O,d) eonsisting of the fixed elements under
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the obvious action of G. If K· is any complex of C-vector spaces with G-actions

con1patible with the differentials. then tllere is a natural isomorphism HoO\oG) = HO(KO)G

which says that taking cohomology commutes with taking the fixed parts under G.

Moreover. in Proposi tion (301) both cohomology groups have natural G-actions and the

isomorphism considered ther~ is compatible with these actionso It fellows that

(3015) H"(.Cl oG ) = H"(n° )G = HO(S "K)G = HO«S "K)/G)
g,o goo f. f

(3016)

Next, using .sgain the aoove commutativity~ we get an E1-spectral sequence

(Er(g,O)G ,dr ) consisting of the fixed parts of the spectral sequence described in (3.2) and

cenverging to H" «5f. ...... K)/G)o

Assume now that (y.o) is an isolated singularity and note tl~at G aets on the

complex L
O

considered aboveo Since the G-action commutes with the differentials in L·

up-to multiplicative constants, it follows that there is an induced action on the

eohomology HO(L
O
)" And one h85 exactly es in Wall [27] an isomorphism of G-vector

'spaces

with kJ n+1 = dXo " "0 0 J\dxn· Let ;( 0 be the character of the action of G on

C w
n

+
1
" If W is any G-vector space and 7-: G --+ e* is a character we set

W1- ={ wE:.\V; t-w =j{.<tlw Car all r- eG}

With this notation t note that

W /gt f: .n.G if and only if W t ..n:
g,o en,o·

Combining these remarks we get the next analog of (3.3.iii):

J-t X-I
En-t-l~t(g )G _ k () Y 0

1 ~o - er g

:x~ X-I
E~-t~t(g~o)G ~ T(g) Y 0
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Cor al1 t ~ 2, where ker (g) and T(g) have the obviously induced G-actions.

We consider now the global setting. Let at C n+1 ,{o} be a point in the singular

10cus r- 1(0). • Let G be the isotropy subgroup of 8 ~ith respect to the C* -action on
. sing 8

C n+1 given by

Then G8 is the finite cyclic group of the unity roots of order

k = g.c.d. { w.; the component 8. of aisnonzero}
a J J .

Take tI to be 8 transversal to the orbit C*.8 8t the point a which is Ga-Invariant.

For instance. we may assume that a ~ 0 and then take H : x - a =0.
. . 0'" 0 0

We identify the germs (Cn,O) and (H,a) via the isomorphism 'f given by (y l' ...>

Yn)~(ao'Yl .•.. ~Yn)· Then the transversal singularity (Y,a) =(H nf-
1
(O),8) is in an

obvioWi way aGa-singularity and moreover

under the identification of the (multiplicative) group of the characters of Ga with the

(additive) group ZlkaZ (the character t t-4 t
m

corresponds to the class cf m module kaZ,

.denoted agai n by m!).

Note that the .germ (P ,8) (resp.(V,8» can be identified to (.H/Ga~a) (resp.(Y/Ga,a»

and hence the latter is a hyperquotient singularity in the sense of Reid [19].

lt follows that' J1 =JY a and ...{): ( z.fl.·Ga
P~a Cn,o 1 P a ga'o

.ga(y) = f(ao'y l' ... !yn) is a Ioeal equa tion r.or (Y,a), eom pare with [24]. §5.

Let Z C V be the finite set eorresponding to the singular locus f- 1
(O). . Then we have,. sing

(with exactly the same proo!) the next analog of Theorem (3.9):

(3.17) Theorem

The restrietion map f: .n·p(*Vl~n'p(*Vl\ Z induces a morphism
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Pr': E (f) ~ EI' E (g .a)G
a of spectral sequences such that at the EI-level SSl,t ~

J r 0 at::Z r a • --

an isomorphism for s <O.

As an application we deri ve now new formulas for .the Euler characteristics 1-(V)

end f(F) similar to (3.12), (3.13). Our result should be compared to the more explicit

forrnulas of Siersma [22] (obtained in the very special ease when r- 1(O). is a
slng

eomplete intersection and a11 the transversal singularities are of type Al) and,on the

other hand, to the very general formulas of Yomdin [28] (which involve some numeric,al

4nvariants defined topologica11y and hence difficult to compute in general concrete

eases).

Co
4

nsider the Poincare'series

N-wo N-wn Wo Wo ~ k
pet) =«1- t ) ..•(1- t, »)/«1- t ). ... {1- t »= L,ck(w~N)t
. k>O

associated to the weighted homogenity type (w. N). Denne next the virtual Euler

.characteristics of order m of V and F by the formulas:

(3.1B) Xm(V(W,N» = " + (_0"-1L csN- (W,N)
s=l,m W

"i m(F(w.N}) =1 + (- I)n [, cs(w.N)
/- . s=l,mN-w

.where w =w + •.. +w •
o n

Note that if there is a weighted homogeneous POIynOmialf~f type (w,N) having an

isolated singularity 8t the origin and if VI (resp. F') denotes the corresponding

hypersurface in P (resp. Milnor fiber) then

J.m(V(W,N» =l(VT
) for m ~ n

(resp. J.m(F(w ~N» = 1- (F') for m~ n+ 1). To see this yeti may find useful to read first

the preof of (3.19. ii) below!
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(3.19) Proposition

(i) Assume t118t a polynomial f' 8S above exists. Then

(ii) Assurne that any transversal singularity g =0 for a E:. Z is either weighted• a

homogeneous cr satisfies the assumptions in (3.7). Then
T

'f (V) = 7 (V(w.N» + (_1)nL dirn M(g )mN-w
r rm aeZ a

1-(F) = -Xm(F(W,N) + (_l)n+l L L dim M(g )(m-l)N-w+j
/ - . a ~ Z j=1,N a

for an m large enough. When a11 the singularities gare weighted homogeneous, it is8-------------
enough to take m .~ n + 1.

Proof

On a formal level! note that the formulas in (i) are a special ease of the formulas in

(in. obtained by ta king m di visible by all ka =1Ga J ' a E: Z. The proof of Ci) is pure~y

topological end independent cf our previous results. Let a:H~ !' •• be as above. We

may take r close enough to f such that for all a E. Z the interseetion

F = B n (floU? )-1(0) can be identified to the Milncr fiber of the singularity (Y,a).
B E. I

Note also that F is G -invariant. Let BI(s) be the image cf the small ball B ~ under thea a ~

natural projection (C
n

tO) ~(H ,al --t' (P ,al. Then th~re is a homeomorphism

V ...... BI:= VI ...... BI, where BI = U BI(a). Moreover B'(a) rl V is contractible, while B'(s) (l VI
aE.Z

can be identified to F / G and hence has middle Betti num bera a

/
n-1 G -w

b l(F G) =dirn H (F) =dirn M(g )n- a a a a

as in [27]. Then a f\layer-Vietories argument gives the· result for 1- (V). The result ~or
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X(F) then Collows from that Cor Jw(V) as in the prooC of (3.13).

To prove (ii) we use basically the same argument es in the proof of (3.10) Of

.necessary starting the com putations with the E
3
-term of the spectral sequence E (0 )

r 0

together with (3.17) and (3.16). First we express· the su'm ':f from the proof of (3.10) in

terms of the Poincar{series pet). Following Siersma [22], we define a new grading on

-0: by setting for a homogeneous p-form W E.fl..P:

deg W =~n - p + 1)N - w + I uJ l

where Iw I denote the degree of uJ es defined in our introduction. Then multiplication

by df becomes a map of degree °and one has

P(t) = L (_lln+l-kPLnk)(tl
k=0,n+1

where p(nk) is the Poincare"'series of .fLk with respect to this new grading [i'lJ.

Then it is obvious that

y = - L CSN_w(w.N)
s=l.m

-t~e.'
To treat"ease of transversal singularities covered by (3.7) one has to use the next

isomorphisms of vector spaces. which are clear by the proof of (3.7):

E~-1-m!m(g,O)G + E~-2-m,m+1(g,0)G =ker (g)mN-w + (g)(m+1)N-W =

= ker (g)rnN-w + K rnN- w = (ker (g) + K)mN-w =I\1(g)mN-w.

T.he case of singularities in (3.7 wii) can be treated si milarly.

(3.20) Example

- . 265 11 8 4
The polynomlal f =Xc + x

O
xl + xox2 + x2x3 has degree N =265 with respect to

the weights w =(1!24!33,58). The singular set Z consists of one point, namely

a =(0,-1,1,0) with transversal singularity ga of type A
S

' The c6rresponding isotropy

group G is Z/3Z and aets on l\Hg ) such t hat di m M(g )i.= 1 for any i. lt is know that t he
a a a

POincareseries pet) is a poly~omial in this ease, in spite of the fact .that there is no
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isolated singularity r of this homogeneity type (w,N), see [0], p.20L It follows that

;t'm(F(W,N)) = 1- P(l) = -66515 for m» 0 and ;X(F) = ;im(F(~,N)) + 265 = -66250.

Us.~ a. c.o--t>wkY -to~ i:J..Lf'u~ i 'Ne), d>\.I- ~s X(v)= 2';)1;-.
(3.21) Remarks .

(i) We conjecture that the formulas (3.19.ii) hold Cor any transversal singularities.-
(ii) If all the transversal singularities (Y,a) Cor a E: Z have links which are

Q-homology spheres, then the hypersurface Visa Q-homology manifold end hence

satisCies the Poincare duality over Q. In this case bn(V) =b
n
(pn-l). and the remaining

interesting Betti number bn-
1
(V) can be determined from X (V) once this Euler

characteristic is known.

For concrete com putations it is useful to use the following general remar_k. Assume

that f l' ... ,fn is a regular sequence in 5 (this can be a1 ways achi ved by a linear change

of coordinates in the homogeneous esse!). Then the Koszul complex K- (1.9) is

quasi-isomorphie to the complex

(3.22)

where Q1(f) =S/(!l" .. ,f ) and f denotes multiplication by f . An indication of then 0 _ 0

dimensions of H
n

+1(K')k':::: Q(f)k 1 and Hn(K-)k'Z.ker (f)k ean be obtained from the-n- 0 -n

exaet sequenee

(3_ 23)

since the POineareseries of Q1(f) is known.

4. Explicit computations

(4. 1) Example (Cemputation ef Hl(U»

"

. .

Let f = f~l . __ f: k be the decemposition of f in distinct irredueible faeters. Then it

is known that b
1
(~) =b~n_2(V) =k -·1 and it is easy to check that the closed forms
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Wi = (dfi)/(f i ) - (N/N)(df)/(f)

where N.:: deg (L). i:: 1, •.. ,k generate Hl(U) with only one relation: L a.W. :: o.
1 I . . 1 I

Compare to (2.7. ii).

(4. 2) Example (with isolated singularities for V).

Let f :: xyz(x + y + z), n :: 2. Then V consists of 4 lines in general posi tion in

p2 and its topology is simple to describe. However, the dimensions of the eigenspaces

H·(F)a are more subtle invariants.

First we compute explicit bases for the homogeneous components ·of Q(f):

222
Q(f)o:: <1>, Q(f)l :: <x,y,z>, Q(f)2 :: <x ~y ,z ,xy,yz,zx>

3 332 2 2
Q(f)3 = <x ~Y .z ~x y,y z,Z x,xyz> an~

k k k k-l k-l k-l
Q(f)k =<x ,y ,Z,x y,y Z,z x> for k ~ 4.

Then we look far the elements in H2(K') and define:

W
xy

=x(x + 2y + z)dy 1\ dz + y(2x + Y + z)dx A dz

and W ,W by cyclic symmetry.
yz zx

Then df J\ LUxy =df J\ Wyz =df 1\ Wzx :: 0 and these three farms give a basis Cor

H
2
(K')4'

The six farms x W ,y LV , y w . z ~ . z W ,x W generate H2(K')s withxy xy yz· yz· zx zx

one relation among them (their sum is trivial).

And the six farms x
k Wxy' ykLJ xy" .. form a basis ra~' H

2
(K')k+4 rar any k ~ 2.

It is naw easy to compute d~ : H
2
(K')k~ H3

(K')k and the nontrivial kernels and

cokernels are listed below together with E~~o(f)o:

EO,o(O :: EO~2(f) :: Eo~2(f) :: El,l(f) :: C
2 02 22 32 1

Eo,l(!> :: El~l(f) :: C 3
2 0 2 0
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The com putations also show that the spectral sequence degenerates 8t E2 and hence

we get the complete results. One can restate them by saying that the monodromy

operator h* aets triviallyon HO(F) =C, H1(F) = C 3 8J.ld its action on H2(F) = C 6 has

characteristic polynomial (t - 1)3(t + 1)(t2 + 1).

(4.. 3) Example (with nonisolated singularities Cor V)

An irreducible cubic surface in p3 with nonisolated singularities is projectively

equivalent to one oC the next normal forms [3]

(i) a cone on the nodal cubic curve;

(H) a cone on the cuspidal cubic curve;

(i v) S : x 2z + y
3 + xyt = 0

..
The topology of the surfaces (O-(jiI) can be described easier e.g. using [18], so that

2 3we concentrate on the last esse: f = x z + y + xyt. The homogeneous components of

"Q(f) are gi ven by

Q(f)~ = <1> and Q(f)k = <z, t>k + <zk-lx , zk-1y, zk-2y2> Cor k ~ 1, .

where <z~ t >k denotes the vector space of a11 homogeneous. polynomials in z. t of degree

·k. Henee dim Q(f)k = k + 4 for k ~ 2. Consider now the differential forms:

c.J1 = xdx J\dy!l dz + ydx!\ dy A.dt

W2 = xdx 11 dz "dt + tdx I\dy 1\ dt - 3ydx 1\ dy "dz

tV3 = td.x Ady "dz - 2zdx J\ dy 1\ dt + xdy J\ dz I\dt

Then same tedious eomputations show that:

H
3

(K·)4 = < W l' W 2' w3>

. H
3
(K·)S = <z,t>l t.V2 + <z,t>l UJ3 + <x w2~yuJ2,yt.J3>
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3 . k-l k-l k-2 2
H (K )k+4 =<z,t>k tU 2 + <z,t>k l() 3 + <z x,z y,z y >tU 3

for k ~ 2. This last vector space has dimension 2k + 5.

And similarly one gets H
2
(K')k+4 =<z~t>ki.U, ~ith uJ =(6yz - t

2
)dx I\dy"- xtdxAdz 

- ytdx Adt - 3xydy,,·dz - 3y Zdy1\ dt.

After these complicated formulas it comes as a surprise that the spectral sequence

aretermsnonzeroonlytheandEr(f) degenerates st EZ

Eo~o(f) =Eo~2(f). =Eo,2(f) = c.
00 0 00 1 00 2

It follows that H'(S) ~H'(p2) and hence S has the sa~e rational homotopy type as P 2,

according to Berceanu [1], who has proved that a projecli ve complete intersection (with

arbi trary singulari ties) is an intrinsically formal space.

Concerning the rwli1nor fiber one has HO(F) =C with trivial action of h*, H
2

(F) =C 2

with the characteri~ticpolynomial of h* equal to t 2
+ t + 1 and H 1(F) =H3(F) =O.

Our next result is an improvement of Corollary (3.11) in Scherk [20] (to see the

connexion between these two results have a look at the exact sequences (1.3) in [20]!).

Let (Y,O) be an isolated hypersurface singularity given by g =0 in Co. \Ve define the

J.l-constant deter minacy order of (Y, 0) (denote by J,l-det(Y ~ 0)) to be the smallest integer

s > 0 such that the f sm ily gt = g + th (t E: [0,1 ].) is ll-constant. f or any h E: (y l' ... ,yn)5

with small enough coefficients. Note that ll-det(Y ~O) can be easily ccmputed for larg~

classes of singulari ti es (e.g. weighted homogeneous or Newton nondegenerate

5ingularities) and is always less er equal to the strongly J(-determinancy order O(g),

."
see [7], p. 75. In Scherk1s notation~ one has.

S = min [jj (Y1,· .• 'Yn~+lC (g)gl' ... ,gn)} ~ O(g) - 2

(4~4) Proposition

Let V C pn be a hypersurface having just one singular point a end such that

N =deg(V) > J.l-det(V.a).
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Then b l(V) = b l(V) - lJ(V,a) and b (V) =b (V), where V is a smooth hypersurface
-- n- n- 0 -- n n 0 0 -----~----

.in pn with deg(V ) = N.
- -- 0

ProoC.

Choose the coordinates on pO such that a= (1 : 0: •• ° :0) and H : x =0 is transversal to
. 0

V. Ir f =0 is an equation for V, then we set g(y) =f(1'Y1" .• ,Yn) = g2(Y) + •.• +gN(Y)'

with gk a homogeneous polynomial of degree k. Using the assumptions, we can find a

continuous family

gt(y) = g~ (y)+ ••• +gtN(y) for t E [0,1]

with the properties:

Ci) g
O

= g, g~ = gk f or k <N - 1;

(in For any t >O. the hypersurfaces in pn-1

W~ : g.t = 0 for i =N - 1, N
1 1

are smooth end intersect transversally;

(Hi) gt is a ~-constant family;

(iv) The projective hypersurfaces Vt with the affine equ8tions gt = 0 have 00

singularities except 8.

Accordiog to [6]~ the cohomology of Vt is dete'rmined by 8 lattice morphism

'f t : Li~Lt ...-, L t = Lt /RadLt

wh~re Lt
1

(resp. Lt) is the l\lilnor lattice ef the singularity gt =0 (resp. g~ =0). When t

t
yarieso these ~1ilnor lattices are constant and hence tl~e morphism f has to be

constant too.

Hence HO(V) =H'(V1) end so we can assume from the beginning that g N-1' gN
r

satiSfYihe condi tien (H).
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i -Let i :L1~ L -i'L be the lattiee morphism in this ease. We have to 'show that

i(L
1

) nRad L = 0, where i is the embedding of rvl ilnor lattiees arising from the small

deformation gr(y) =g(r·yrr - N (r » 0) of the singularity ~N =0, see [6], poof of (1.2).

But we may think of gr as being a even smaller deformation (of order r -2) of the

-1
germ g' = gN-i- r + gN~ whieh is a small deformation of gN. If L' denotes the Milnor

lattice of the singularity g' = O~ then the inclusion

L 1e-,. L' J L and hence it is enough tc.show that

(v) j{L'} n Rad L = 0

Now j is related to the cohomology ~f the hypersurfaee V' C pn with the affine

equation gN-1 + gN = O. Note that V' has just one singular point too, namely a. By a

p-constant argument as above, we ean assume that

k k
gk(Y) = Y1+ • • • +yn for k =N - 1, N.

Next (v) is equivalent to H~(V') = 0 end we show this using the speetral sequence

Er(f') ror r = xogN-1 (xl' • .. ,Xn) + gN(X 1 ~ ... Xn)· It is enough to show that d1 is

injeetive. And this follows easily using the fact that a base for Hn(K) is given by the

8.0 an
forms Xo ...xn -W with Si < N - 2 for i = 1,. · · ~n end W = W 1" ... " '<Jn, where

the 1-forms

are the obvious solution of the equation

df = L x~-2t.<J k
k=l~n

Compare to [22]~ [25J, but note that here the transversal type is not Al for.N >3.
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