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ON THE MUMFORD - TATE

CONJECTURE FOR ABELIAN VARIETIES*

S.G.TANI<EEV

ABSTRACT. In this paper we prove the Mumford - Tate conjecture for absolutely
simple abelian variety J of non-exceptional dimension over a number field k under
the following assumption: J has many ordinary reductions, Cent(End(J (9 'k)) = Zl
(dimkJ=2(mod 4) and End(J (9 k) = Z ) or (dimkJ=4(mod 8) and EndO(J (9 k) is
a quaternion division algebra over Q).

§O. INTRODUCTION

0.1. Let J be an abelian variety over a number field k c C, [k : Q] < 00. Suppose
that 1 is a prime number,

is the naturall-adie representation.
It is weH known that PI is unramified outside a finite set T of non-Archimedean

places of k. vVe denote by Fu E Gal(k/ k) the Frobenius element associated with
a place v of Q lying over an unramified place v of k. It is well known that the
conjugacy dass of PI(Fi 1

) depends only on v, the characteristic polynomial of
PI(Fi 1

) lies in Z[t]C Qdt], and all its roots are of absolute value (Normk/Q(v))1/2.
Let S be a set of non-Archimedean places of k. We recall that the Dirichlet

density of S in the set of all non-Archimedean places of k is defined as

lim log x Card{v E S I Normk/Q(v) :s x}
x---+oo X

(if such limit exists). It is weH known that the density of {v I Normk/Q(v) = Pv}
equals 1 [4) eh.8, seet.2.4].

The following result is weIl known.
0.2. J.-P. Serre theorem[5,sect.6]. Let J be a simple abelian variety ouer a

number field k. 1/ dimkJ is an odd integer and End(J 0 k) = Z, then the Hodge
[8], [9], Tate [18] and Mumford - Tate conjectures [10] hold for J.

The survey of Berre's teehnique is contained in [5].
We want to extend Serre theorem into the area of even dimensions.
Let 6. be the set of all eigenvalues of PI(F;l) (without counting multiplicities).

The Galois group Gal(IQ/Q) acts in a natural way on ß and on 6. . 6.. For each

*This paper is a result of my stay at the Max-Planck-Institut fur Mathematik in 1995-96. It
is my pleasure to thank the members of MPI for their hospitality.
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-x
element t] E ß . ß we define a map T." : ~ --+ Q by the formula Tt](o) = 7]0- 1

•

This map is a modification of the corresponding map T~ : ~ --+ QX in [5,sect.5.2],
which is defined by the formula ~ (8) = ,20-1 for I E ö,. It is evident that for

each a E Gal(Q/Q)

Card(TCT("')(~)n~) = Card(TCT(tll(a(~)) n a(~)) = Card(T.,,(~) n ö,),

and hence for any constant c the set

{7] E ~ . ßICard(T.,,(~) n ~) = c} is Gal(Q/Q) - invariant. (0.2.1)

So we have a good. instrument of cOluputing the Gal(Q/Q)-invariant subsets of
ö,. ~.

0.3. We recall that J has an ordinary reduction at a non-Archimedean place v
of k with a residue field k(v) = lFqv of characteristic pv <=> the special fibre Jv of
the Neron minimal model of J is an abelian variety and the following equivalent
conditions hold:

(0.3.1) pv-rank of Jv equals dimk(v)Jv;
(0.3.2) for any eigenvalue 8 of the Frobenius endomorphism of l-adic Tate module

Tl (Jv ® k( v) k(v) )(l -j. pv) and for any place 10 of Q over Pv the following relation
holds:

10(8)
-(-) E {O, I}
10 qv

[6,sect.2].
0.4. Definition. An abelian variety J aver a number field k has many ordinary

reductions <=> there exists a set S of non-Archimedean places of k such that J has
an ordinary reduction at each place v E S and the density of S is positive.

It is well known that an abelian variety J of dimension::; 2 has many ordinary
reductions. Moreover, in this case we mayassume that the density of S is equal to
1 [12].

0.5. Yu.G.Zarhin theorem[19,th.4.2]. Suppose thai an abelian variety J over
a number field k has many ordinary reductions. Then each simple /acior 9 0/ the
reductive Lie algebra Lie Im(p1) ® Q, is a classical Lie algebra 0/ type Am, Ern, Gm
or Dm, and the highest weight 01 any irreducible g-submodule V C Vi 0 Q, is a
minuscule weight(microweight) in Bourbaki's terminology [3].

This theorem is proved in [19] under the assumption that S has density 1. We
have remarked that the positivity of the density is sufficient [17,th.1.13].

0.6. We denote by N+ = {1, 2, 3, ...} the set of all positive natural nlll1lbers. We
also define the binomial coefficient by the usual formula

(:) - m!(nn~ m)!'

We introduce some sets of exceptional numbers

(
l )2m-l

E (1) = {4' ~ 4 + 2 281m+41-4m-3 41(m + 1)21+1 11, 1n E N+} =
x '2 2l +l' ,
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={4,10,16,32,64,108,126,256,500,512,864,1024,1372,1716,2048,2916,3888,
4000,4096,5324,6912,8192,8788,10976,13500,16384,19652,23328,24310,27436,
32000,37044,42592,48668,50000,55296,62500,65536,70304,78732,87808,97556,
108000,119164,124416,131072,139968,143748,157216,171500,186624,202612,
219488,237276,256000,262144,268912,275684,296352,318028,340736,352716,
364500,389344,415292,442368,470596,500000,524288,530604,562432,595508,
629856,665500,702464,740772,780448,821516,864000,907924,944784,953312,
... },

3

Ex(3) = {4/+1 61+1 (4m +4) 1 (4m +2) 21
, , 2m + 2 ' 2m + 1 '

2(4m-1)1, 41(m + 2)2/, 2 1+ 1(m +4)/+1 Il, m E N+} =

={ 8,16,36,64,70,100,128,144,196,216,256,324,400,484,512,576,676,784,
900,924,1000,1024,1156,1296,1444,1600, 1728,1764,1936,2048,2116,2304,
2500,2704,2744,2916,3136,3364,3600,3844,4096,. .. }.
It is evident that the density of Ex(1) U Ex(3) in the set N is equal to zero.
According to Albert' s classification [11] the division algebra End°(Je) bclongs

to one of the following types:
Type 1. EndO(Je) = !( = !(o is a totally real field of algebraic nurnbers, e =

[l( : Q] divides dirn Je.
Type 2. !( = 1(0, EndO(Je) is a quaternion division algebra over K such that

for any embedding (j : l( -t IR

Type 3. !( = K o, EndO(Je) is a quaternion division algebra over l{ such that
for any embedding (j : !( --+ IR.

is the algebra of classical quaternions.
Type 4. !( is an imaginary quadratic extension of a totally real field !{o and for

any ernbedding (j : 1(0 --+ IR

0.7. We introduce here some new sets of exceptional numbers:

={18,50,98,162,242,338,450,578,722,882,1058,1250,1458,1682,1922,2178,2450,2738,
3042,3362,3698,4050,4418,4802,5202,5618,6050,6498,...},
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(
21'+2)
21'+1

m = -(2-I'-:-+~2--2-n-)~-(-2"""":r+~2---2n-)
2r +1 -n + 2r +1 -n-l

is an odd integer for some natural number n E [2, 2r +I ] or

is an odd integer for some natural nunlber n E [l,2 r +1
- 2]} =

={70,490,12870,16563690,27606150,601080390, ...}.
It is evident that the density of the set Ex(l) U Exfcn(l) U Ex:P(l) in N+ IS

equal to zero.
No\v we are able to extend Serre theorem 0.2 into the area of even dimensions.
0.8. Main Theorem. Suppose that J is an absolutely simple abelian uariety

ouer a number field k, [k : Q]< 00. Assume that J has many ordinary rcductions
and Cent(End (J 0 k)) = Z.

1) 1f J 0 TC is an abelian variety 0/ the 1st type by Albert's classification,
dimkJ=2(mod 4) and

thcn the Hodge J Ta,te and Mumford - Tate conjectures hold for J.
2) 1f J 0 k is an abelian variety 0/ the 2nd type by Albert's classification,
dimkJ=4(mod 8) and

then the Hodge, Tate and Mumford - Tate conjectures hold for J.
3) 1f J 0 k is an abelian variety 0/ the 3d type by Albert 's classification,
dimkJ=4(mod 8) and

then the Mumford - Tate cOlljecture holds for J.

§l. SOME PROPERTIES OF I-ADle REPRESENTATIONS

1.1. We start to prove the main theorem.
First of 811 we recall some facts from the theory of linear representations of simple

Lie algebras over an a1gebraically closed field of characteristic zero.
If g is a simple Lie algebra of type Am(m 2:: 1), then in N.Bourbaki's notations

1,

Wi = EI + ... + Ei - (EI + ... + Em+r),m+ 1

Wey1 group W(R) is the group of al1 permutations of {EJ, ... , Em +I} [3,ch.6,sect.4.7],
dirn E(wr ) = (m;l) [3,ch.8,tab1e 2],
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E(wr ) is symplectic or orthogonal {:} r = mt l [3,ch.8,table 1] and in this case

1
Wr = "2(EI + ... + E(m+I)/2 - E(m+3)/2 - ..• - Em+t},

5

l:ljE{±1}
al + ... +a m +l =0

aiE{±l}
al+ .. ·+a mE{±l}

If g is a simple Lie algebra of type Bm(m ~ 2), then dirn E(wm ) = 2m [3,ch.8,
table 2],

chE(wm) = L
u;E{±I}

[3,ch.6,sect.4.5} .
If g is a simple Lie algebra of type Cm(m ~ 2), then dirn E(WI) = 2m [3,ch.8,

table 2], WI = EI,

chE(WI) = L eUjfj

"jE{±l}
j€{l, ... ,m}

[3,ch.6,sect.4.6} .
If g is a simple Lie algebra of type Dm(m ~ 3), then dirn E(WI) = 2m [3,ch.8,

table 2}, WI = EI,

chE(wt} =
aiE{±l}

i€{l, ... ,m}

dimE(wm-d = dimE(w m ) = 2m- I
,

chE(wm-d =
aiE{±l}

ClU'd{jlai=-l}~l(mod2)

QjE{±l}
Card{ilai=-l}=O(mod 2)

[3,ch.6,sect.4.8} .
1.2. Lemma[15,sect.4.8.1}. Let V2 : QX ~ Z be thc standard 2-adic valuation 0/

the field Q. Assume that 9 is a simple Lie algebra 0/ type Al and the highest weight
0/ an irreducible representatioll p : 9 ~ End E is the minuseule weight. Then:

1) i/ p is an orthogonal representation, then 1= 4m - 1,

deg(p) = (~:}
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v2(deg(p)) = x(m)

is the number 0/ units in the binary representation 0/ m; there/ore V2 (deg(p)) :2: 1

and v2(deg(p)) = 1 {::} I = 2r+1 -1(r E N+) {::} deg(p) E {(2~~1) IrE N+} =
{6, 70, 12870,601080390,.,,} ;

2) i/ p is a symplectic representation and I :2: 2, then I = 4m + 1,

deg(p) = G::~)'

v2(deg(p)) = x(m) + 1 :2: 2,

there/ore deg (p)=O(mod 4).
1.3. Let GVj be the algebraic envelope of Im(pI) cGL(Vi), where

By F.A.Bogomolov theorem [1] Lie Im(Pl)=Lie(GVj) and GVj containes the group
Gm of homotheties. By G.Faltings theorems [7] GVI is reductive and

EndGvl (Vi) = End(J) 0 Ql.

Let gl=Lie Im(pl)' We shall denote by gi 8 the semisimple part of g/. By J.-P.Serre
theorem [5, th. 3.10] the rank of GVj (resp.g, ) is independent of I. In the case
under consideration we mayassume that GVI = S VI .Gm, where S \'1 =[GVj , GVi] is
the cornmutator subgroup of GVj [5, sect.1.2.2b].

1.4. Assume that v is a non-Archimedean place of k at which J has a good
reduction. Let v be any extension of v to Je and let Fu E Gal(k/ k) be the corre
sponding Frobenius element. It is weH known that the characteristic polynomial
of Pl(Fi 1

) coincides with the characteristic polynomial of the Frobenius endomor
phism 1rv of the reduction J v of J at v. We denote by .ö the set of all eigenvalues
of Pl(Fi 1

) (without counting multiplicities). Let r v be a mllltiplicative subgroup
-x

of <Q generated by .ö.
It is weH known that Q[1rv]=TI Ki, I{i are number fields. The multiplicative

group Q[1rv]x defines a Q-torus Trrv = TI RKdQ(GmKJ, where R Ki / Q are the Weil
restrietions of scalar functors. Let H v be the smallest algebraic subgroup of T 1rv

defined over Q, such that 1rv E Hv(Q). As is weH-known, Hv is a group ofrnultiplica
tive type. The connected component of the identity in H v is called the Frobenius
torus T v . It can be regarded as the Q-model of the connected component of 1 in
the Zariski closure of the set {Pl(Fi 1 )n In E Z} in GVj [5, sect.3b].

1.5. As an easy consequence of [5, prop.3.6, 5.2.1, lemma 2.1, cor.3.8] we have
the following result.

A/ter replacing k by some finite extension we may assume that /or some set S
0/ density 1 in the set 0/ all non-A rchimedean places 0/ k and for each v E S the
/ollowing conditions hold:

1) for a fixed integer n 2:: 2 such that zn > (2dilnkJ)2, the Zn-torsion points of

J (k) are rational points over k ;
2) Pv =char(k(v)) > (2dimkJ )2;
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3) Normk/Q(v) = Pv;
4) the Frobenius trace Tr( PI(Fi 1

)) is not diuisible by Pv j

5) r v is torsion-Iree, Gv, is connected and PI(Fi l
) E Tv(Q,);

6) the Frobenius torus T v is a maximal torus 01 G\Ij and

rank(rv) = dim(Tv) = rank(GV!).

7

By the condition of the theorem J has many ordinary reductions. Hence, we
may assume that the following additional condition holds:

7) for each element J E .6. and for any place W of Q over pv we have

w(J)
-(-) E {0,1}
w Pv

(because in virtue of the coudition (3) above k (v) = IFPt1 ). In this case we have the
foHowing important relation

(1.5.8)

§2. PROOF OF THE MAIN THEOREM FOR ABELIAN

VARIETY \VITHOUT COMPLEX MULTIPLICATJON

2.1. We assume that J <0 k is an abelian variety of the 1st type by Albert's
classification. It is weH known that Vi ® Ql is an irreducible symplectic g;8 ® Ql
module. Let d =dimkJ.

Assume that the Lie algebra g;~ ® Q, is simple. Theoreln 0.5 and the relation
dimkJ tt Ex(l) imply that gr ® Q, is the Lie algebra of type Cd [16,sect.1.3-1.8].
On the other hand, Lie Hg(JC)®QI C sp(Vi ® Qt}. By Piatetski-Shapiro -Deligne 
Borovoi theorem [13],[2] there exists a canonical embedding

Lie Im(pl) C Lie[MT(Jc)(Q,)] = Q, x Lie[Hg(Jc)(Q,)],

So there exists a canonical isomorphism of Lie algebras

Lie Im(p,) ~ Lie[MT(Jc)(Q,)].

2.2. Now we may assume that the Lie algebra 91 8 ® Q, is not simple.
Let f : S --+ SV! <0 Q, be the universal covering, where 5 = 51 X S2 X ... X 5q is a

product of simple simply connected algebraic Q,-groups. An isogeny f extends to
an isogeny

defined by the formula f((a, 8)) = a· f(8) for a E Gm, s E SI X ... XSq.
By (1.5.6) the Frobenius torus Tv is a maximal torus of GVj. Hence
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is a maximal subtorus. Consider the canonical projections

pri : Gm X SI X X Bq --+ Si.

It is evident that T = pro(T) X prl (T) X X prq(T).
On the other hand,

Vi (9 Ql = W l C9 ... ® Wq ,

where W l is an irreducible Gm X SI-module, W 2 is an irreducible S2-module,... ,vVq

is an irreducible Bq-module. Let

PI : Gm X SI --+ GL(Wl ),

Pi: Si --+ GL(Wd(i ~ 2)

are the cürresponding representations. We have a commutative diagram

G S S P10 ...0pQG (W W )
mX l X ... X q --t L 10 ... 0 q

-l-f

C

11

By (1.5.5) Pl(F;I) E Tv(Qt), hence there exists an element

such that
(PI (9 ... 0 Pq)(rv) = f(rv ) = Pl(F;I).

We see that each eigenvalue of Pl(F;I) is of the form X~O)(TO) . X~l)(Tl)"'X}q)(Tq),

where X~m) E X(prm(T)) are some characters.
2.3. By (1.5.1) Im(Pl)C {x EEnd TI(J @ k) I x E 1 + lnEndTl(J 0 k)}. Hence

for any x Elm(pt} the l-adic logarithm log x is defined.
Let J.l be the Haar measure on Im(pt} normalized by the equality J.l(Iln(pt}) = 1.

It is wen known that X = {x E Im(pt} I log x is a regular element in Lie Im(pl)} is
open and everywhere dense in Im(pt}. Hs boundary ax is a closed analytic subset.
So J.l (aX) = 0 [14, sect.2.2] . Moreover, the set X is invariant under conjugation
in Im(pl)' By Chebotarev theorem the "density of {VIPl(F;l) E X} is equal to
IL(X) = 1 - J.l(aX) = 1 [14, sect.2.2, corollary 2]. Hence we mayassurne that
for v the conditions (1.5.1 )-(2.5.7) hold and log PI (Fi1) isa regular element in Lie
hn(pl)'

Let A = X~0
) ( TO ). According to the resttlts üf sectiüns 0.5, 1.1, 2.2 we mayassume

that für Lie algebra LieSl we have:
for type Am(m 2:: 1) : X~l)(Tl) = a~l a~m(aj E {±l},al + ... + am E {±1});

für type Bm(m 2:: 2) : X~l)(Tl) = o:~l a~m(aj E {±1});
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for type Cm(m ~ 2):X~1)(T1) = a? (aj E {±l},i E {I, , m})i

for type Dm(m ~ 3):X~1)(T1) = aji(aj E {±l},i E {l, ,rn})

or X~1)(T1) = a~l a~m(aj E {±l},Card{i I aj = -1} =1(mod 2))

or X~1)(T1) = ü~l a~m(aj E {±l},Card{j Iaj = -I} =O(nl0d 2)),

where a1, ... , Üm E Q( are multiplicatively independent (in other words,these

numbers generate the multiplicative subgroup in (Q( of rank m).
2.4. By the condition of the theorem dilukJ =2(luod 4). It follows from the

results of sections 1.1-1.2 that 2 divides diIuQ/ Vl'i. Hence 8 = 81 X 82 is a product

of two simple simply connected algebraic QJ-groups,

(2.4.1)

We mayassurne that W1 is a symplectic SI -module and W2 is an orthogonal 82
module. From (2.4.1) it follows that Lie Si is not an algebra of type Bn(n ~ 2).
If Lie Si is an algebra of type D n (n 2:: 3) then Wi = E(W1)' i = 2. In virtue of
lemma 1.2 Lie SI is not an algebra of type An(n 2:: 2). Hence a pair (type of
g;8 Q9 Q" Vi ® Q,) assurnes one of the following values:

( ( (1) (2)))(CmxDn,Ewl +W1 m2::1,n2::3),

(Cm x A2q+l_l,E(w~1) +w~;)))(m 2:: l,q 2:: 1),

where an index (i) shows that the corresponding fundamental weight relates to the
i-th factor.

2.5. Assume that g; S Q9 Q, is a semisimpIe Lie algebra of type Cm X Dn (m 2:: 1, n 2::
3), Vi Q9 Q, = E(w~l) +w~2))(we recall that Al = Cd. In this case dimkJ = 2m.n,
where m, n are odd integers. We mayassurne that each eleluent {) E ß is of the
form Aaii ß;i, where ai, bj E {±1} and A, Ü}, ...Ü m , ßl, ...ßn are rnultiplicatively
independent. This structure of 6. does not distinguish the cases Cm x Dn and
Cn x Dm. So,we rnay assume that m ::; n. On the other hand, we have to assume
that m =j:. n (hence dirn k J rt E xfe 71 ( 1) ), because we want to use the following
lemma.

2.6. Lemlna. Suppose that m < n. Then

1] E {,\2 a t 2 I i = 1, ... , m} {:} Card(Tq(Li) n Li) = 2n.

Proof. Let 1] E ß . Li. We mayassurne that

If J E ß, then T11 ( J) = 170-1, hence
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T.\:lCf1 0 :l(J) E t::,. {::} JE { Aal,2ßtl I j = 1, ... ,n},

T.\2ß;(8) E t::,. {::} 8 E {Aat 1ßl li = l, ... ,m},

T)..2 0 2ß:l (8) E t::,. {::> J E {AaIß1},
1 1

T.\20'1 O':lß; (J) E t::,. {::} J E {Aal ,2ßl },

T.\2ßIß2(8) E t::,. {::} JE {.-\at lßl,21 i = 1, ... ,m},

T.\20'ißIß2(J) E t::,. {::> J E { Aalßl,2},

T)..2 0' 1 0'2ßl ß:l (J) E I:!:" {::> J E {Aal ,2ßl,2}.

Note that m, n are odd integers, 1 ::; 111, < n. So the statement of the lemma
follows from the relations above.

2.7. Lemnla 2.6 and (0.2.1) imply that the set {A 2at2 I i = 1, ... ,m} is
Gal(Q/Q)-invariant. From (1.5.8) it follows that for any place 10 of Q over Pv
we have

Suppose that

W(A
2
ai) = 0

1O(p~)

for same place 1o. Then for each a E Gal(Q/Q)

(a1O)(0"(A 2 ai)) = 0,
(a1O)(p~)

hence from the relation

obtained above and from the transitivity of a natural action of Gal(Q/Q) on { 10 1 10

is a place of Q over Pv } it follows that V10 I Pu 3A2a;a i (ai E {±l},i E {1, ... ,m})
such that w(A2 a;a i

) = o.
So, Vw IPv

Since both summands in the last brackets are nonnegative, we have the relation

So 1O(ßd = 0 for all 10 I Pv. It follows that ßl is a root of 1 {19,sublemma
3.4.0] contrary to the assumption that A, Ql, ... , am, ß], ... ,ßn are multiplicatively
independent.
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w(,,\20:i) = 1
w(p~)

for some place w. Let p be a complex conjugation defined by some fixed embedding
Q c C. It is well known that

w(,,\20:i) + (pw)(,,\20:i) = 1

w(p~) (pw)(p~)

[16,(3.16.2)]. So in our situation we have the impossible relation

(pW)(A20:i) _ 0
(pw )(p~) - .

Hence
W(A20:~2) 1

w(p~) 2

for all places w I Pv. It follows that 0:1 is a root of 1 [19,sublelnma 3.4.0] contrary
to the assumption that A, 0:1, ... , O:m, ßI , ... ,ßn are multiplicatively independent. So
giß (9 QI is not a Lie algebra of type Gm X Dn.

2.8. Suppose that giS ® Ql is a Lie algebra of type Gm X A 2Q+l_1,

It is wen known that A3 ~ D 3 . So we mayassume that q = r +1 2: 2, r E N+, m is

an odd integer, each element J E ß is of the form Ao:~ißt1.. .ß~;:~~-Il ,where ai, bj E

{±1} ,bI + ... + b2r+~-I E {± I} and A, 0:1, ...O:m, ßl, .. .ß2r+~-1 are multiplicatively
independent.

2.9. Lemnla. Suppose that dimkJ rt Exfen(l) U Ex:P(1). Then·

Praaf. Let 1J E 6. . ß. We may assume that

\ 2 2ß2 ß2ß-2 ß-2 \ 2 ß2 ß2ß-2 ß-2 (2 < < 2r + I )
A 0: 1 1.·' n n+I·" 2n-I' A 0:1°2 1·'· n n+l"· 2n-l _ n - ;

\ 2ß2 ß2ß-2 ß-2 , 2 2ß2 ß2ß-2 ß-2 \ 2 ß2 ß2 ß-2 ß-2
AI'·· n n+I··· 2n'/\ O} } ... n n+l··· 2n,A 0:10:21'·· n n+l"· 2n

(1 ~ n ~ 2r+ 1 - 1)}.

If 0 E 6., then T71 ( 0) = 1/0- 1
, hence



12 S.G. TANKEEV

in virtue of the relations

(in particular, m =f=. 1). On the other hand,

It is clear that

where i E {l, , m}, bj E {±l},l + b2 + ... + b2r+2_1 E {±l}. It is evident that
we can get (bz, ,bzr+:;l-l) from (1, .. ,1,-1, ... ,-1) (2r+1 -1 times 1 and 2r+1 _1
times -1) or from (1, .. ,1,-1, ... , -1) (2 r +1 _2 times 1 and 2r +1 times -1) by some
permutation of coordinates. Hence we have

because m is an add integer.
On the other hand,
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It is clear that

13

where i E {I, ,.. , 7n}, bj E {±1},1 + bZn + ... + bzr+2-1 E {±1}, It is evident that
we can get (bzn , .." bzr+2_1) from (1, .. , 1, -1, ... , -1) (2 r+1

- n times 1 and 2r+1
- n

times -1) or froln (1, .. ,1, -1, ... , -1) (2 r +1 - n - 1 times 1 and 2r +1 - n + 1 times
-1) by same pennutation of coordinates, 2 ~ n ~ 2r + I

. Hence we have

(
2

r
+

Z
)

2 2r + I '

because diu1kJ f/; Ex~P(l),
It is clear that

where bj E {±1}, 1 + bZn + ... + bzr+2_1 E {±1}. So,

(2
r+z _ 2n) (2 r+z - 2n )

Card T 2 2 2 2 -2 -2 .6. n.6. = + "#
( .\ n 1 ßt ... ßnßn+l···ß2n-l() ) 2r +1 - n 2r +I - n - 1

(
2

r
+

Z
)

2 2r + I '

because n 2: 2.
On the other hand,

T (r) A r \ ß ß ß-1 ß-1 ßb2n ßb2r+2- 1
'\2 ß2 ß2ß-2 ß- 2 Q E LJ.. {:} Q = Aal Z 1 .. · n n+l'" Zn-l Zn ... zr+2-1 '
A 0'10'2 1'" n n+l'·' 2n-l '

(
?r+z _ 2n)< 4 ....

- 2r +1 - n

It is clear that
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where i E {1, ,m},bj E {±1},bZn+1 + ... + bZI"+2-1 E {±1}. It is evident that we
can get (bZn+1 , , bZI"+2_d from (1, .. , 1, -1, ... , -1) (2r +1

- n times 1 and 2r +1
- n-1

times -1) or from (1, .. ,1, -1, ... , -1) (2 r +I - n - 1 times 1 and 2r +I - n times -1)
by some permutation of coordinates, 1 ::; n ::; 2r +I - 1. Hence we have

{ (
2r+z - 2n - 1) (2 r+z - 2n - 1) }eard T 2:2 :2 -2 -2 ß n ß = 2m + =( >. ßl,,·ßnßn+l···ß2n () ) . 2 r +I - n 2r +I - n - 1

otherwise for n = 2r +I
- 1 we would have:

is an odd integer,

contrary to the assumption of lemma; for 1 ::; n ::; 2r+I
- 2 we would have:

is an ocid integer for some natural number n E [1,2 r +I - 2],

contrary to the assumption of lemma.
It is evident that

T ( 1") A 1" - \ ß ß ß- I ß-Ißb2n+l ßb2r +2- 1
\2 2ß2 ß2ß-2 ß- 2 U E L.}, {::} U - Aal 1 ... n n+I'" Zn Zn+l ... ZI"+2-1 '
.... Cf 1 I'" n n+l'" 2n

where bj E {±1}, bZn+1 + ... + bZ I"+2_1 E {±1}. Hence,

because n 2:: 1.
On the other hand,

T ( 1") A 1" \ ß ß ß- I ß-Ißb2n+l ßb21"+2_ 1
\2 ß2 p2p-2 p-2 Q E L.}, {::> U = Aal 2 1· .. n n+l'" Zn Zn+l'" ZI"+2-1 ,
...... Cf t Cf :2 I'" n n+l'" 2n '
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where bj E {±1}, b2n+1 + ... + b2 r+2_1 E {±1}. Hence,

15

Lemma 2.9 is proved.
2.10. By lemma 2.9 and (0.2.1) the set {,,\20't10't1 I i,j E {I, ... , m}, i =I j} is

Gal(QjQ)-invariant.
From (1.5.8) it follows that for any place w of Q over Pv we have

Suppose that
w(,,\2 a1a2 )
------:---- = 0

w(p~)

for some place w. Then for each G E Gal(Q/Q)

....:....(G_w....:....)_(G_(_A2_a_1_0'...-.,;2)....:....) _ 0
(Gw)(p~) -,

hence from the relation

obtained above and from the transitivity of a natural action of Gal(QjQ) on the
set {w I w is a place of tQ over Pv } it follows that Vw I pv 3A2afi a?(ai,aj E

{±1}, i, j E {I, ... , 11~}, i =I j) such that w(,,\2 a fi aJi) = o.
So, Vw IPv

On the other hand,
A2 0:fi a ?ß;b 1 E ~.~.

Consequently both sumnlands in the last brackets are nonnegative and we have the
relation

( \2 ai aiß2) (\2 ai ai ß-2) 0
W A O'i O'j 1 = W A O:i Ctj 1 =.

So W(ß1) = 0 for all W I Pv. It follows that ßl is a root of 1 [19,sublemma 3.4.0]
contrary to the assumption that A, al, ... , Ct m , ß1, ... , ß2r+2-1 are multiplicatively
independent.

If
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then we have the impossible relation

_(p_W_)_(A_Z_O'_I0'_2....:....) _ 0
(pW)(p~) -.

Hence,
W(A20'tlO'~I) 1

-
tu(p~) 2

for all places tu I Pv. It follows that 0'10'2 is a root of 1 [19,sublelnma 3.4.0] contrary
to the assumption that A, 0'1, ... , O'm, ßI, ... , ßzr+2-1 are multiplicatively indepen
dent. So giS ® QI is not a Lie algebra of type Gm X A 2Q+l_1'

§3. PROOF OF THE MAIN THEOREM FOR ABELIAN VARIETY

OF THE 2ND OR TUE 3D TYPE BY ALBERT'S CLASSIFICATION

3.1. We assume that J ® k is an abelian variety of the 2nd type by Albert's
classification. From the weil known relations

2

NS(J ® k) ® Q, ~ (/\ H;t(J ® k, Q,) ® Qt}9j6 0 Q

(3.1.1)

(3.1.2)

and from Schur's lemma it follows that Vi ® QI is the direct sum of two copies
of an irreducible symplectic giS @ Ql-module. Since each eigenvalue 0 E .6. has
multiplicity 2 we can deduce the statement of the theorem by the same procedure
as above.

3.2. Vve assurne that J ® k is an abelian variety of the 3d type by Albert's
classification. From the relations (3.1.1)-(3.1.2) and from Schur's lemma it follows
that Vi 0 QI is the direct sum of two copies of an irreducible orthogonal gr ® QI
module W.

Assume that a Lie algebra giS ® QI is simple. From the relation dimkJ rt Ex(3)
it follows that g;~ ® QI is a Lie algebra of type Dd/ 2 ,where d = dimkJ [16,sect.1.3

1.8]. On the other hand, Lie Hg(JC)®QI C so(W). By Piatetski-Shapiro -Deligne
- Borovoi theorem [13],[2] there exists a canonical embedding

Lie Im(pI) C Lie[MT(Jc)(Q,)] = QI x Lie[Hg(Jc)(Qt}].

So there exists a canonical isomorphism of Lie algebras

Lie Im(pz) ~ Lie[MT(Jc)(QI)].

3.3. Now we mayassurne that a Lie algebra gjfl ® QI is not simple. By the
condition of the theorem dimkJ =4(lllOd 8). It follows from the results of sections

.1.1-1.2 that W = W1 ®Wz and 2 divides di1IlQ1 VVi . Hence 8 = 81 X 82 is a product

of two simple simply connected algebraic Ql-groups,

(3.3.1)
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r
i,

From (3.3.1) it follows that Lie Si is not an algebra of type Bn(n 2:: 2). If Lie

Si is an algebra of type Dn(n ~ 3) then W i = E(w~i»). Hence a pair (type of
giS (8) <Q" Vi (8) Q,) assumes one of the following values:

(Gm XCn,E(w~l) + w~2»)EB2)(m 2:: 1, n 2: 1),

(Dm X Dn,E(wi1
) +wi2»)EB2)(7n 2:: 3,n 2:: 3),

(Dm X A2Q+l_1, E(wi 1) + w~;»)EB2)(m 2:: 3, q 2:: 1),

(A2p+l_1 X A2Q+l_1,E(w~~) +w~;»)EB2)(p 2:: l,q ~ 1),

where m, n are odd integers.
On the other hand, it is easy to see that 2 . Exfen (1) C Ex(3). Hence dimkJ ft

2. Exjen(I).
3.4. Assume that gi80 Q, is a semisimple Lie algebra of type Gm X Cn, (m 2::

1, n 2:: 1), Vi 0 Ql = E(wP) + wi 2») EB 2. In this case dimkJ = 4mn, where m, n are
odd integers. We may assUllle that m :::; n. On the other hand, we have to assume
that dimkJ = 4 01' 7n ::/= n because dimkJ ~ 2 . Exjen(I). If dimkJ = 4 then
gi 8 0 Q, is a semisimple Lie algebra of type GI X Cl = D 2 and thc Mumford - Tate
conjecture holds for J.

We assurne that 1 :::; m < n. Then we can exclude the variant (Cm x Cn, E(wil) +
wi2))EB2) (7n 2: 1, n 2: 1) by the arguluents of sections 2.6-2.7.

3.5. Assume that gi80lQl is a semisimple Lie algebra of type Dm X Dn(m 2::
3, n~ 3), Vi 0 Ql = E(wil) +wi2»)ffi2. The structure of ,6 does not distinguish the
cases Dm X D n and Cm X Gn . Hence we may exclude this variant as above.

3.6. Thevariant (Dm XA2q+l_1,E(wP)+w~;»)EB2)(m 2:: 3,q 2:: 1) can beexcluded
by the arguments of sections 2.8-2.10 because dimkJ rf= 2· {Exfen(l) U Ex~P(1)}.

3.7. Consider the variant (A 2p+l_l X A2q+l_1,E(w~;) +w~;»)EB2)(p 2:: l,q 2:: 1).
From the relation dimkJ rt. 2 . Exfen(1) it follows that p =I q. So we may aSSUlne
that p < q. Since Aa ~ Da we lnay aSStllne that 2 ::; p = r + 1 < q = s + 1, where
T, s E N+, r < s. Each element 8 E 6.. has the form

where ai,b j E {±1}, al + ... + a2r+2_] E {±1}, b1 + ... + b2"+~-1 E {±1} and
A, o}, ... , 02r+2-h ßl, ... , ß2'+~-1 are lnultiplicatively independent.

3.8. Lemma. Let 17 E 6...6... We have 17 E {A2(a;oj2)±lJi ::/= j} {:}

Praaf. We may assume that 17 = ,\2 Y1 Y2, where

(1 ::; n :::; zr+ 1 - I)},
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V2 E {l, ß;, ß; ...ß~ß~~I···ß2~-1 (2 ::; m ::; 2
8
+

1
), ß; ...ß~ß~~] ···ß2~

(1 ::; rn ::; 28 +1 - I)}.

It is easy to see that Card(TI'}(ß) n ~) = Cl (VI) . C2(V2), where

For example,

Using these calculations, the relations

(
2

r +2
_ 3) 2

r
-

1
(2

r
+2

)

2r +1 - 1 = 2r +2 - l' 2r +1 '

(
2r +2

_ 4) 2r
-

1 2r +1
- 1 (2r +2

)

2r +1 - 2 = 2r +2 - 1 . 2r +2 - 3' 2r +1

and similar relations with s instead of r we can deduce the statement of lemma
from the inequality r < sand elementary properties of decreasing function

2r af(r)
f(r) = +2 (note that -a- < 0).

2r - 1 r
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Indeed, for n ~ 2

cl(ai ...a~a~~I···a;-;) = 2(2r:2r~ ~l~ 1) ~ 2G::: =~) < 2G::: =~}
hence we may assume that VI E {I, ai ,ai 0';-2 }.

It is evident that 7] =1= A2
. On the other hand, if 7] = A2ß? then

and we get the impossible relation

2r 2.9 2.9+1 - 1 2.9
f(1') = 2r+2 _ 1 ::; 2.9+2 _ 1 . 2,,+2 _ 3 < 2s+2 _ 1 = f(8)

contrary to the assumption that r < s.
Ir 7] = A2ßr··ß?nß~~1 ...ß:;~ then we have

19

2
r

. (2.9+2) = 2. (2.9+2 - 2m - 1) < 2 . (2.9+2 - 3) = 2.9 (2.9+2)
2r+2 _ 1 2.9+1 2,,+1 - m - 2.9+1 - 1 2.9+2 - 1 2.9+1 '

2r 2.9
f(r) = 2r+2 _ 1 ::; 2.9+2 _ 1 = f(s)

contrary to the assumption that r < 8.
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and we get the impossible relation

2r 1
----
2r+2 - 1 2

and we get the impossible relation

2r 1
----
2r+2 - 1 4

2r+~r_1.e:::) = He;::l-=-2:) + (2;:;~-~=\) } ~ C;::l -=-2n~')

(
28 +2 - 4) 2-,-1 2-'+1 - 1 (28 +2) 28

-
1 (2-'+2)

~ 28 +1 - 2 = 2-,+2 - 1 . 28 +2 - 3' 28 +1 ~ 28 +2 - 1 28 +1 '

and we get the impossible relation

2
r

(2-'+2) (2
8

+
2

- 2m - 1) (28
+

2
- 3) 2

8

-

1
(2

8

+
2
)

2r+2 - 1· 28 +1 = 2-,+1 - 711 ~ 28 +1 - 1 = 28 +2 - 1 2-'+1 '

and we get the impossible relation
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If V2 E {ßt ,ßt ...ß?nß~~1 .. ·ß2~-1 ,ßt ...ß?nß~~I ...ß2~} then

Lemma 3.8 is proved.
3.9. By lemma 3.8 the set {,\2(afaj2)±1 li =f. j} is Gal(Q/Q)-invariant.

From (1.5.8) it follows that for any place w of Q over Pv we have

Suppose that
w(,\2 a 2a -2)

1 2 = 0
w(p~)

for some place w. Then for each a E Gal(Q/Q)

(aw)(a(,\2 aia;2)) = 0,
(aw )(p~)

hence from the relation

21

obtained above and from the transitivity of a natural action of Gal(Q/Q) on the set
{w Iw is aplaceofQover Pv} it follows that Vw I Pv 3,\2(a;ajZ)U(a E {±l},i =f. j)
such that w(,\2(a;aj2)u) = O.

So, Vw I Pv

On the other hand,
,\Z(0'7 o'jz t ß;b 1 E ß . ~.

Consequently both summands in the last brackets are nonnegative and we have the
relation

w(,\Z(O'fajZ)aßi) = w(,\Z(O';aj2)a)ßIZ) = 0

So W(ßl) - 0 for all w I Pv. It follows that ßl is a root of 1 [19,sublemma
3.4.0] contrary to the assumption that '\,0'1, ... , a2"+~-1 ,ßl, ... ,ßZ.+2-1 are multi
plicatively independent.
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1O(,,\2o:io:;-2)
( 2) = 1,

10 Pv

then we have the impossible relation

(pw )(,,\2 aia;2) = O.
(pw )(p~)

Hence,
w(,,\2(o:io:;2)±1) 1

w(p~) 2

for all places 10 I pv. It follows that aia;2 is a root of 1 [19,sublelnma 3.4.0] contrary
to our assumptions. So g;~ 0 Ql is not a Lie algebra of type A2P+l_1 x A 2Q+l_1'

Theorenl 0.8 is proved.
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