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by

Helene Esnault1

In [B], theorem (6.1), S. Bloch proves that on a surface

with

deg

p = q = 0, the degree map on the Chow group of
9

points CH2 (X) i5 realized as

CH
2

(X) = H;ar(X'~2) ~ Z C H:n(X,~;n), where ~2 and

are the sheaves of K2 groups in the Zariski and the

x

~an

2

classical topology, and where the map comes from the change of

topology.

In this note we generalize this using the Deligne-

Beilinson cohomology.

Let X be an algebraic proper smooth scheme of dimension

n over C. We consider the morphism of Zariski sheaves

f p,q :112 (p) ---+ ~2 (p)
;,u ;,u,an
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where 2~(P) (resp_ ~i,an(p» is the Zariski sheaf associ­

ated to the Deligne-Beilinson cohomology H~(U,P) (resp. to

the analytic Deligne cohomology H~,an(P» modulo torsion,

and f pq is the forgetful morphism (1.2), ,( 1.3) •

We prove that H
n

(f )zar nn is the cycle map for points

(2.6). As f pp i8 injective (1.3), this im­

kernel of the Albanese map (modulo torsion) is

(modulo torsion) with values in the Deligne-Beilinson cohomo­

2n
logy H~ (X, n)

plies that the

coming from

(2.7.1)

o

Moreover if the Betti cohomology H2n-2(X/~) is generated by

the Betti classes of algebraic cycles (which implies, that

Hn- 2 (X/O~) = 0 and is equivalent to it on a surface) I then

the kernel of the Albanese map (modulo torsion) is exactly

n-1 n n
Hzar(X/~~/an(n)/~~(n» (2.8).

We define a sheaf 2 q ,an(p) in the classical topology
~,an

(1.6) with a natural morphism

Hn (X:fn (» Hn (X :fn,an(n» which we show to be thezar I ~/an n ~ an ' ~,an

degree map (3.2).

I thank U. Jannsen for several useful conversations.
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§l. Definition Q! ~ sheayes

Through this section X is an algebraic smooth scheme

over C of dimension n.

1. 1 For each Zariski open set U, of good compactification

j : U ~ U such that U - U i8 anormal crossing divisor, we

consider on U the complexes

and

(e·(u - U»

Rj~~P c j~~P
* U * U

(e • (u - U»

where O~ is the holomorphic de Rham complex on U and
,m
J

with logarithmic poles

is the meromorphic extension. If

the holomorphic de Rham complex on

0':'
U

U

( log (U - U» denotes

along U - U, and FP(log(U - U» denotes its Hodge-Deligne

F filtration O~(109(ij - U», one has morphisms

(1.1.1) nij(log(U - U» ~ j:O~

FP(log(U - U» ~ j:O~

by forgetting the growth condition at infinity.

1.2 We consider the following presheaves in the Zariski

topology: U ~
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r) HqCU,p)

r') HqCU,IC),

class of w

such that the cohomology:= {w € HqCU,j:O~p)

in HqCU,lt) lies in HqCU,QCp»}

:= HqCU,IQCp»

HqCU,lt/~Cp» = HqCU,IC)/HqCU,p)

FPHqCU,p)

FPHqCU,lt)

HolPqCU)
Q

ß)

a' )

a)

6) HiCU,p) := rnqcu,coneCRj.QCP) + FPClogCu - U»

--t Rj*IC) [-1]), the Deligne-Beilinson

cohomology of U

~) ~,anCU,P) := rnqcu,COne(Rj.IQCP) + j:O~P

--t Rj.lL) [-1] ), the analytic DeI igne

cohomology of u.

The morphisms (1.1.1) define forgetful morphisms

For p = q, f pp and are injective ([E],C1.1».

1.3 Denote by s~q, s~q, n~q, lqCp), ,qClL), ~q(c/~(p», ficp),

~~,anCP) the Zariski sheaves associated to a,a',ß,J,r',6,~.

The morphisms of sheaves

~~ Cp) ----+ 1f:: (p);u ;u,an
· .pq ----+ npq
• d'~ IQ

are injective for p = q (1.2).
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1.4 By [E], (1.1) one has a commutative diagram of exact se-

quences:

o ~ ~p-1(~/~(p»

11
o~ ~p-1(~/~(p»

----+ :I~ (p) ----+ S~p --+ 0

lfpp gppl

--+ :11p (p) --+ 0 pp ----+ 0
!),an Q

By [B.O] (2.3), (0.3) one has H~;~+l(X,2P-1(~/Q(p» = 0 for

l > 0, and by [b] one has: Hiar(:f~(P» = 0 for q > p ,

H~ar(X,2~(P» = CHP(X)~, the Chow group of codimension p

cycles modulo torsion. Therefore one has

Lemma 1) H~ar(X,~~(P» = H~ar(X,~~p)

1H~ar(fpp) = H~ar(gpp) 1
H~ar(X,fi,an(p» = H~ar(X,O~p)

2) Hq (X ~pp) = 0 for q > p.zar 'tU

1.5

Lemma One has

2 n+l (k) = :fn+l (C/Q (k) ) = 0 l ~ 1

~n,n+l = ~n,n+l = 0 l ~ 1Q ~

2~+1(n) = :fn(~/~(n»/,.~,n

:f~+2(n) = 0 2 ~ 2

On,n+l = 2 n+2 (n) = 0 l ~ 1Q !),an
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As each point has a fundamental system of affine

neighbourhoods, one has

~n+l(k) = ~n+t(~/~(k» = for t ~ 1. This

implies, via the exact sequence on each Zariski open set U

and that ~~+l(n) = 0 for i. ~ 2.

For U affine, one has IH n+i (U, j:n~n) = He (U, j:nn) c 0 for

t ~ 1, and therefore o~,n+t = 0 t ~ 1. On the other hand,

for U affine, one has surjections

This implies, via the exact sequence on each Zariski open set

u

HOl~,n+e

1
o

that :fn+e (n) = 0
!),an for



1.6 If u
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is a Zariski open set, we mayaiso define

Hi::~(U,P) := IHq(U, cone (Q(p) + O~p) --+ C)

morphism j~~P ~ j o~p defines* U * U
q () q,an
~,an U,p ~ H~,an(U,P), and therefore a

~q (p) to the Zariski sheaf associated to!l),an

[-1] ) • The

a morphism

morphism from

Hi':~(U,P).,

As Hi::~(U,P) 1s also defined in the classical

topology, we denote by ~q,an(p) the associated sheaf in the!),an

elassieal topology. Reeall that dim X = n.

Lemma.

torsion,

If n = 1,

holomorphie

one has

invertible

2 1 ,an(1) = o*/torsion,!),an

functions modulo

the sheaf of

quasi

on, the sheaf of holomorphie n-forms.has ~n,an(n) =
!),an

Espeeially if

H1 (X ~l,an(l)) =
an '5),an

torsion, if n > I

isomorphie to O/~(l) via the exponential map. If n > 1, one

X i5 proper one has if n = I

CHI (X) ~ , the Chern group of points modulo

Hn (X 2 n ,an(n)) = C = Hn (X On).
an ' ~,an an '

Proof. For each analytie open set

sequenee

U, one has an exact

° --+ Hn-I(C/~(n-1)) --+ H~,an(n) ~ (w € HOCU,On),
-;t), an

whose eohomology elass in

Hn(U,C) lies in HnCU,~Cn))} ~o
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As each point has a fundamental system of neighbourhoods U

for which Hn(U,C) = 0, the sheaf associated to the cokernel

is n > 1, then for a

fundamental system of good neighbourhoods U of each point,

and therefore ~n,an(n) = On. If n = 1, one has on each open
~,an

set

1 ~ 0 * .= Han (U,Q(1) ~ 0) exp H (U,O /tors10n)
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§2 Description Qf ~ cycle map for points modulo torsion

Through this section, X 1s a proper smooth algebraic scheme

of dimension n over ~.

2.1 Proposition. One has

Hn (X:Rn (» = H~n (X , n) .zar ' !I,an n -~

Proof. By (1.3), one has

As each point has a fundamental system of affine

neighbourhoods, one has an exact sequence of Zariski sheaves;

(2.1.1)

where Op,p is the Zariski sheaf associated' to the presheaf
III

IHP (U, j :n~p) = {w € HO (U, j :n~) , dw = O}. This is the Zariski

sheaf of closed holomorphic p forms on U which are

meromorphic at infinity. By (1.4), ~n+2(~/~(k» = 0 for

I! ~ 1, and by (B. 0], ( 6. 2), (6. 3), (3. 9), (2 . 3) one has
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is a quotient of

2.1.2. Lemma

a) One has

On = On,n
alg C'

forms and

where is the zariski sheaf of algebraic n

ß) The map

11 11

for q = n - 2, n - 1, n arising from (2.1.1) is the natural

one.

Proof a) By [8], one has

Applying a simplified argument a la Grothendieck, we have for

the presheaves on each Zariski open set
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n
f(U,Oa1g) =

- n -l!m f(U,O 1 (e-(u - u»
e~o a 9

= l!m f (u,o~,n(e. (U - U» (GAGA)
e~o

Therefore the two Zariski sheaves and are the

same.

ß) The spectra1 sequence 18 coming from

the second spectra1 sequence of hypercohomo1ogy for the

isomorphism

ß) •

Grothendieck'svia

the mapset

o• 15 the a1gebraic dea1g

sheaves On ~ ~n (an
a1g

n· nrn (U,Oalg) = H (U,e) [G]. This proves

a1gebraic de Rham cohomo1ogy [B.O], (6.9). Therefore for each

o n n·
H (U,Oa1g) ~ rn (U,Oa1g)' where

Rham complex, defines the map of

Zarisk1 open

Go back to the proof of (2.1).

The sequence (2.1.1) gives rise to an exact sequence

Therefore one has
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H~ar(X,O~,n) = ~2n(X,cone(Q(n) + Fn ~ 0-)[-1]) (2.1.2)

= ~n(x,n)

= Hn (X ~n (n» (1.4)zar ' !D,an

2.2 Remark

As F~2n-1(C) n H2n- 1 (Q(n» = 0, a is injective; as ß i8

the natural map (2.1.2), ß is surjective.

One has the known extension

o ~ ~~~s!on = H2n-1(c/~(n»/F~2n-1(C) ~ ~n(n) ~ ~ ~ 0

11

H2n
(Q (n» n Fn

2.3 Denote by alg the subgroup of H2n-2(X,~) generated by

the Betti classes of algebraic cycles in CHn-1(X)~.

Lemma One has

Proof By [B. 0], (6. 3), (7 . 4) and by (1 . 4) one has an exact

sequence
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CHn- 1 (X)
= Q

(cycles which are algebraic
equivalent to zero}Q

2.4 Proposition One has

H2n- 2 (X,Q) 2 2
= ( alg- - -) 8 Q ~/~(n)/F~ n- (X,C).

Proof. Take the cohomology of (2.1.1) applying (2.1.2), (2.3)

and the fact that a i5 injective (2.2).

2.5 Consider the diagram of exact sequences

(2.5.1)

0 0 0

1 1 1
0 ,.n,n ) ,.n,n, ,.n,n/,.n,n ---+ 0--+ (Q ~ ) ~ Q

1 1 1
0 -+ on,n on,n ) ~n (~/Q (n) ) --+0 (2.1.7)lD t IL

(1.4) 1 1 1
0

n n
-+ n~,n/,.~,n--+ ~n(~/~(n»/,.~,n = f~+1(n) -+ 0-+ 1~,an(n)/~~(n)

(1.5)

1 1 1
0 0 0

The Bloch-Ogus theory for the Deligne-Beilinson cohomology [b]

teIls us that there i8 a spectral sequence

E~q = H~ar(X,1i(n» converging to ~+q(x,n). As ~~+l(n) = 0

for 2 > 1 (1.5), one obtains the following exact sequence
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(2.5.2)

Hn- 2 (:ln+1 (n»zar !)

By (1.3) and [B.O] (7.4), one has a map

(2.5.3)

~1IIa::/III(n)
{cycles which are algebraic
equivalent to zerO}1II

---+ ----+

2.6 The map fram (2.5.2)

is coming from the cohomology of the vertical right sequence

and the horizontal top sequence of (2.5.1). This implies

Theorem H~ar(fnn) = H~ar(gnn) is the cycle map
n 2nw : eH (X)~ ----+ ~ (n).
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Proof. The first equality is (1.4)1. Let I be the image of

~ in ~n (n) , I' be the image of H~ar (gnn) in H;n (n)

(2.1).

One has a commutative diagram of exact sequences

o~ im Hn- 2 (:ln+1 (n) c CHn(X)~ • CHn(X)~ ~ I ~ozar !I

1 1 !
0-+ im H~~;(2~,an(n)/~~(n)) c CHn(X)~-+ CHn(X)~ ~ I' --'0

As I and I' are subgroup of ~n(n), one has I = I'.

2.7 Corollary One has

2) Hn - 1 (2n+1 (n) )zar !)

~ H~ar(2~,an(n)/~~(n») and

H~~~(~~,an(n)/~~(n» surjects into

Hn-1 (On, n/,.n, n) .
zar C C

Proof 1) i6 consequence of I = I', and 2) of the

surjectivity of ~n(n) --. Hn- 1 (;ln+1 (n) ) of Hn+1 (~n,n) = 0zar !I ' zar ~

(1.4.) 2. and of (2.6) and (2.5.1) •

2.3. Corollary If H2n- 2 (X,~) i8 generated by the Betti

class of algebraic cycles in CHn-l(X)~, then one has
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and this group is the kernel of the Albanese mapping module

torsion. Moreover in this case one has Hn - 1 (On,n/sn,n) = o.
zar C lt

Proof. By (2.4) , Hn- 1 (On,n) = o. Therefore by (2.6)zar lQ

Ker lJt ::: H~;;(2~,an(n)/1~(n». By (2.5.3) and (2.5.2) , Ker 'i

is also Hn- 2 (1n+1 (n». Apply (2.7.2) •zar !)
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§3 Description of the degree map for points module torsion

Through this section X is an algebraic smooth proper scheme

over C of dimension n.

3.1 In (2.1.1) one has defined a map

Lemma The degree map ~n(x,n) ~ H2n (X,C) = C is the map

Hn (X On,n) ~ Hn (X On,n).
zar ' Q zar ' C

Proof By (2.1) one has and by

(2.1.2) the map

Hn (X On,n) ~ Hn (X On,n) = F~2n(X,C)
zar ' Q zar ' C

= H2n (X,C) = lt

is the natural one.

3.2 Denote by just for a moment the Zariski sheaf

associated ta the presheaf H~,an(U,n). The map ~~ (n) ~ ~
-~, an ;v, an

n n n(1.6) defines a map H (X,:f~ (n» ~ H (X,:f). There iszar ~,an zar

also the map arising fram the change of topology

Hn (X,:f) ~ Hn (X 2 n ,an(n». This gives a commutative diagramzar an ' ~,an
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H~ar (:I~, an (n) ) -+ H~ar(:I) ----+ Hn (;fn,an(n))
an !D,an

(1.4)

1
Ö I (1.6)

+
(2.1.1)

Hn (On,n) .....
t Hn (On)

zar lt (2.1.2)a an

Theorem The map of change of topo1oqy ö is the degree map

for n > 1 and the identity if n c 1.

Proof. Just app1y (3.1) on the 1eft vertica1 arrow and (1.6)

on the right vertical arrow for n > 1, and (1.6) for n = 1.
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