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A NOTE ON THE CYCLE MAP

MODULO TORSION FOR POINTS

by

Héleéne Esnault1

In [B], theorem (6.1), S. Bloch proves that on a surface

X with p. = q= 0, the degree map on the Chow group of

g
points CH2(X) is realized as
. 2 42 2 an
deg : CH"(X) = Hzar(x,dz) — Z C Han(x,:i2 )., Wwhere 12 and
dgn are the sheaves of K2 groups in the Zariski and the

classical topology, and where the map comes from the change of

topology.

In this note we generalize this wusing the Deligne-

Beilinson cohomology.

Let X be an algebraic proper smooth scheme of dimension

n over C. We consider the morphism of Zariski sheaves

. %9 q
fh,q ¢ #gP) — %4 (P
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where xg(p) (resp. ﬁg an(p)) is the Zariski sheaf associ-
L4
ated to the Deligne-Beilinson cohomology Hg(U,p) (resp. to

the analytic Deligne cohomology Hg an(p)) modulo torsion,
r

and qu is the forgetful morphism (1.2), (1.3).

n
We prove that Hzar(fnn) is the cycle map for points

(modulo torsion) with values in the Deligne-Beilinson cohomo-

logy H"(X,n) (2.6). As £, 1is injective (1.3), this im-

plies that the kernel of the Albanese map {(modulo torsion) is

coming from

HO oL (X, 4y 3, n(0) /25 (). (2.7.1)

Moreover if the Betti cohomology H (X Q) 1is generated by
the Betti classes of algebraic cycles (which implies that

(X 0 = 0 and is equivalent to it on a surface), then

x)

the kernel of the Albanese map (modulo torsion) is exactly

(X, %g . (n)/Ag(n)) (2.8).

zar 9,an

We define a sheaf Ig':g(p) in the classical topology
I

(1.6) with a natural morphism

n,an

n
(X, Xg an(n)) - Han(x ig an(n)) which we show to be the

zar
degree map (3.2).

I thank U. Jannsen for several useful conversations,



§1. Definition of the sheaves

Through this section X is an algebraic smooth scheme

over C of dimension n.

1.1 For each 2Zariski open set U, of good compactification
J : U— U such that U - U is a normal crossing divisor, we

consider on U the complexes

lim 0= (£-(T - U))
e%o v

and

Ri™M2P = §002P - i%’é‘ 0P (2 - (T - u))

where 96 is the holomorphic de Rham complex on U and 3"
is the meromorphic extension. If Q% (log(U - U)) denotes
the holomorphic de Rham complex on U with logarithmic poles
along U - U, and FP(log(U - U)) denotes its Hodge-Deligne

F filtration n%p(log(ﬁ - U)), one has morphisms

(1.1.1) 05 (log(U - U)) — 3.0

FP(10g(T - U)) — 3M0gP
by forgetting the growth condition at infinity.

1.2 We consider the following presheaves in the 2ariski

topology: U —



a) FPuYw,p) := u%u,a(p)) n FPrY(u,c)
a’) FPHY(U,C)
B) Holgq(U) t= (w € Hq(ﬁ,jeﬂgp) such that the cochomology
class of & in HY(U,C) 1lies in HY(U,aQ(p)))
9 BYw,p) := 1%wu,a(p))
¢) idw,c), uw%w,ec/a(p)) = vdw,c)/m%u,p)
5) Hg(U,p) := HY(T,cone(Rj,a(p) + FP(log(T - U))
— Rj,C)[{-1]), the Deligne-Beilinson
cohomology of U
e) Hg’an(U,p) := HY(T, cone (Rj,Q(p) + jfﬂ%p
— Rj,C)[-1]), the analytic Deligne
cohomology of U.

The morphisms (1.1.1) define forgetful morphisms

fq ¢ Hg(U,p) — Hg . (U,p)

g :.Fqu(U,p) —_ Holgq(U)

pPq

For p=gq, £ and g

PP are injective ([E], (1.1)).

PP

1.3 Denote by g9, 389, afd, «Y(p), %), #Y(c/a(p)), #7(p),

ﬁg an(p) the Zariski sheaves associated to a,a’,B,¥,3¥’,6,¢c.
!

The morphisms of sheaves

Hh

d q
*9 (p) — *g,an(p)

Pq
. gPd pq
gpq : 3& —_— QQ

are injective for p = q (1.2).



1.4 By [(E]), (1.1) one has a commutative diagram of exact se-

quences:

o — #P71(c/a(p)) — #[(p) — 3FP — 0o

£
|| l oo Ipp|

o — M e/am)) — 25 L (p) — 0fP — o

Hp- 1+¢8

-1 (x, P L(c/Q(p)) = 0 for

By [B.O] (2.3), (0.3) one has
¢ >0, and by [b) one has: zar(ﬁg(p)) =0 for q>p,
zar(x *p(p)) = CHp(X)Q, the Chow group of codimension P

cycles modulo torsion. Therefore one has

P = yP PP
Lemma 1) HP (X, #5(p)) = D, (x,55P)

zar
= yP
zar(fpp) - Hzar(gpp)
p = yP 9%
zar(X *s an(p)) - Hzar(x'nﬂl )
q PPy, .
2) Hzar(x'gﬁ ) 0 for gq > p.
1.5

Lemma One has

k) = #™8(crax)) =0 &1
n,n+é 5n n+é

3@ = = 0 £ 21
ay () = #"(c/a(n)) /30"
#5% () = o e > 2
Qv (N8 _ n+e (n) = 0 2> 1

Q ﬁ an



Proof, As each point has a fundamental system of affine

neighbourhoods, one has

n+é n+é

#7C (xy) = #" e (ciaxy) = P gD _ 5 for 2 > 1. This

Q C
implies, via the exact sequence on each Zariski open set U

o — H"* L/ m)) /Pt — wgtt ) — PR () — o

that xg+1(n) = #"(c/a(n)) /%" "

and that #2"¢(n) =0 for & 2.

For U affine, one has Mn+e(ﬁ,j302n) - He(ﬁ,jfnn) = 0 for

2 > 1, and therefore 93'“+e =0 &> 1. On the other hand,

for U affine, one has surjections
W (@,9%0%") = 10(T,3%") — 5" U,c) — BV (U,C/Q(n))

This implies, via the exact sequence on each Zariski open set

U
o — w™ e am) T 0™ — gt ()
HTlg,n+8
0
that #2%¢ (n) =0 for ¢ > 1.

%,an



1.6 If U is a Zariski open set, we may also define
Hg'an(U,p) := HI(U, cone (a(p) + 2Py — c) [-1]). The
morphism jfn%p — j*nép defines a morphism
Hg,an(U'p) — Hg:gﬁ(U,p), and therefore a morphism from
xg'an(p) to the Zariski sheaf associated to Hg:::(U,p).

As Hg:gg(U,p) is also defined in the classical
topology, we denote by #3

9
classical topology. Recall that dim X = n.

':g(p) the associated sheaf in the
?

-

Lemma.

l,an

o an(1) = 0*/torsion, the sheaf of
1

If n =1, one has *
holomorphic invertible functions modulo torsion, dquasi

isomorphic to 0/Q(1) via the exponential map. If n > 1, one

has *g'gg(n) = Qn, the sheaf of holomorphic n-forms.
7
Especially if X is proper one has if n=1

1 1,an 1 .
Han(x,ﬁm:an(l)) = CH (X)Q, the Chern group of points modulo

n,an

. . n
torsion, if n > 1 Han(x'*m,an

_ = wh n
(n)) =€ =H,  (X,27).

Proof. For each analytic open set U, one has an exact

sequence

-1 0
0 — H' M (C/Q(n-1)) — Hg::g(n) — (0 € H(u,a™),
whose cohomology class in

H'(Uu,C) 1lies in H™(U,Q(n))} —oO



As each point has a fundamental system of neighbourhoods U
for which Hn(U,C) = 0, the sheaf associated to the cokernel
is o™ If n>1, then H™!(,c/a(n-1)) =0 for a

fundamental system of good neighbourhoods U of each point,

n,an

_ AN
g an(m =07 If n

and therefore *

1, one has on each open

set

H;::ﬁ(u,1) = H; (U,@(1) — 0) b 1’ (U,0"/torsion)



§2 Description of the gycle map for Qoigts module torsion

Through this section, X 1is a proper smooth algebraic scheme

of dimension n over C.

2.1 Proposition. One has

n

Par (X /%y n(m)) = H3"(X,n)

Proof. By (1.3), one has

B (x,*"

_ N
zar\“’ 9,an(n)) = H

n,n
zar(x'nQ ) -

As each point has a fundamental systenm of affine

neighbourhoods, one has an exact sequence of Zariski sheaves,
(2.1.1) o — ap'® — of'P — #P(c/a(p)) — o

where ng'p is the Zariski sheaf associated to the presheaf
mp(ﬁ,jfn%p) = {w € Ho(ﬁ,jfﬂg), do = 0}. This is the Zariski
sheaf of closed holomorphic P forms on U which are
meromorphic at infinity. By (1.4), in+e(C/Q(k)) =0 for

¢ 2 1, and by (B.0O}, (6.2), (6.3), (3.9), (2.3) one has

Hh 2 (x, 47 (c/a(n))) = BV (x,c/Q(n))

HY (X, 27(€/a(n))) = H*7(X,C/Q(n)) = C/Q(n)
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and H)-2(x,#"(C/Q(n)) is a quotient of 12""2 (x,¢c/Q(n)) .
2.1.2. Lemma

a) One has

n _ onh,n n .
ﬂalg = QC , Where nalg is the Zariski sheaf of algebraic n
forms and

q n . { n,n
Hzar(x'nalg) Hzar(x'nc )

= Fia™ 9k, c)

) The map
HY, . (X,00'") — HI (X, #"(C/Q(n))

N |
Fra™9(x,c) — quotient of H™9(x,c/q(n))
for g=n-2, n-1, n arising from (2.1.1) is the natural

one.

Proof a) By [S], one has

n

_ oh.n+q
alg) = FH 1(X,C).

q
Hzar(x,ﬂ

Applying a simplified argument a la Grothendieck, we have for

the presheaves on each Zariski open set
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r(u,ao

alg) = lim r(ﬁ,nglg(e-(ﬁ - U))

220

1im r(ﬁ,ng'“(e-(ﬁ - U)) (GAGA)
20

r(U,ng'").

n

Therefore the two Zariski sheaves Qalg C

same.

B) The spectral sequence qu = Hgar(x,ﬁq(m)) is coming from

the second spectral sequence of hypercohomology for the

algebraic de Rham cohomology (B.0O], (6.9). Therefore for each

. 0 n n
Zariski open set the map H (U,ﬂalg) ~— H (U,Qalg), where

n;lg is the algebraic de Rham complex, defines the map of
sheaves leg —_ *n(C) via Grothendieck’s isomorphism
mn(U,Q;lg) = Hn(U,C) [G]. This proves B).

Go back to the proof of (2.1).

The sequence (2.1.1) gives rise to an exact sequence

et e) % w7 e/a(n)) — D (ap' ™) —

— %" (c) £ w2 (c/a(n))

Therefore one has
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zar(x n‘D Ny = B (X,cone(@(n) + F' — 07)[-1]) (2.1.2)
= 13" (X, n)
- zar(x *9 an(n)) (1.4)
2.2 Remark
As nH2n 1(C) n H (Q(n)) = 0, a is injective; as B is

the natural map (2.1.2), f is surjective.

One has the known extension

0= ii?s%on = Hzn-l(c/Q(n))/Fnﬂzn-l(C) — H;n(n) — Q — 0

"@(n)) n F"

2.3 Denote by alg the subgroup of Hzn_z(X,Q) generated by

the Betti classes of algebraic cycles in cn“'l(X)Q.

IL.emma One has

2n=2
072 (x, 4™ (C/Q(n))) = (——‘w) &g C/Q(n).

zar

Proof By [B.0O], (6.3), (7.4) and by (1.4) one has an exact

sequence

n-1

(&" n-
2ar

2n 2
) — w2 x0) — Hy,

0 — H 2" (@) — o
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n-1
CH' ™ (X) q

{cycles which are algebraic
equivalent to zero}q

1
r

with HO ~(*""1(@)) =

2.4 Proposition One has

1272 (x,q)

( alg

Hn-l(xinn,n)

zar Q ) ®q u3/9(!1)/FHH2n-2(X,d:).

Proof. Take the cohomology of (2.1.1) applying (2.1.2), (2.3)

and the fact that a« is injective (2.2).
2.5 Consider the diagram of exact sequences

(2.5.1)
o 0 0

|

n,n

0 — 53:" - 33,11‘_____’ 3'1: /33,n — 0
0 - ag'" — ag'" —— #"(c/Q(n)) — 0 (2.1.7)
(1.4) | |
+1
0 % A5, an (M /A5 =+ 8g /55 M AN (e/a () /50T = A7) o 0

The Bloch-Ogus theory for the Deligne-Beilinson cohomology [b]

tells us that there is a spectral sequence

+ +8
qu = Hzar(x,ﬁg(n)) converging to Hg q(X,n). As ﬁg (n) =0

for & > 1 (1.5), one obtains the following exact sequence
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(2.5.2)
HL@n(n)) — B2Phx,n) — w2 2@ag" (n)) —
HY (g (n)) —~ Ha'(n) — Ho_L(#2" (n))

By (1.3) and [B.0O] (7.4), one has a map

(2.5.3)
(X)
H:a;( (C/Q(n)) = 2 0QC/Q(H)
{cycles which are algebraic
equivalent to zero}Q
Hy 2 (g () — H""2 ¢/ (n))/F"
I
2n-1
Hg' (n)
2.6 The map from (2.5.2)
2@g ™t (n) — HY _(#2(n)) = HY (507
zar' 9 zar' 9 (1.4) zar' Q

is coming from the cohomology of the vertical right sequence

and the horizontal top sequence of (2.5.1). This implies

Ihggzgm Hzar(fnn) = H,  (9,) 1is the cycle map
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Proof. The first equality is (1.4)1. Let I be the image of

. 2 2
¥ in Hmn(n), I’ be the image of Hgar(gnn) in Hgn(n)

(2.1).

One has a commutative diagram of exact sequences

2

n+1
r(

0 — im H’z‘; (n)) c cH” (X)g — CH“(X)tn — I — 0

]

. n-1
0 — in Hzar( 9 an(n)/ﬁ (n}) C cH" (X)Q—d cH” (X)Q — I’ — 0
As I and I’ are subgroup of Hgn(n), one has I = I’.

2.7 Corollary One has

n-2 n
zar(
n- 1
zar 9 an

1) im H *1n)) in cH™ (X) g

= H (n) /%g(n)) in CH“(x)Q is the kernel of ¥

n-l( n+1l
zar

~ H

2) H (n))

zar( m an(n)/* (n)) and

Hgai( 9, an(n)/& (n)) surjects into

n 1 n n

Proof 1) is consequence of I =1I’, and 2) of the

n-l( n+1l n+1
zar zar

(1.4.) 2. and of (2.6) and (2.5.1).

surjectivity of Hi'(n) — H (n)), of (g’ = o

2.3. Corollary If H?™2(x,@) is generated by the Betti

class of algebraic cycles in CHn-l(X)Q, then one has
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H2;§(§g+1(n)) - Hgai( 3, an(n)/* (n))

and this group is the kernel of the Albanese mapping modulo

torsion. Moreover in this case one has zar(ﬂ /33’“) = 0.
n-1,.n,n, _
Proof. By (2.4), Hzar(ﬂQ ) = 0. Therefore by (2.6)
n-1
Ker ¥ = Hzar( 9 an(n)/i (n)). By (2.5.3) and (2.5.2), Ker V¥

n+1 :
is also Hzar( (n)). Apply (2.7.2).
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§3 Description of the degree map for points modulo torsion

Through this section X 1is an algebraic smooth proper scheme

over C of dimension n.

3.1 In (2.1.1) one has defined a map

Lemma The degree map Hgn(x n) deg, Hzn(x,C) = C is the map

(X, 0q

(X, 9 .

zar zar

Proof By (2.1) one has H;“(x,n) = Hzar(x Q ) and by

(2.1.2) the map

n,n 2n
za‘r(x n g P Hzar(x'”c' ) = Fae"(x,0)

"x,c) =¢
is the natural one.

3.2 Denote by * just for a moment the Zariski sheaf
associated to the presheaf Hg'an(U,n). The map ﬁg an(n) — X

(1.6) defines a map ) : o (X, 7 o

zar (X,%¥). There is

9, an(n)) zar
also the map arising from the change of topology

n,an

(X, %) — Hy (X, %g'30(n)).

zar This gives a commutative diagram
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Hpar (¥g,an(M) — Hyo, (§) — HJ, (Fg’20(n))
(1.4) 5 (1.6)
+
(2.1.1)
® (ot ~ » HO_(a")
zar' C (2.1.2)a an

Theorem The map of change of topology & is the degree map
for n > 1 and the identity if n = 1.

Proof. Just apply (3.1) on the left vertical arrow and (1.6)

on the right vertical arrow for n > 1, and (1.6) for n = 1.
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