
HIGGS BUNDLES AND

CHARACTERISTIC CLASSES

Nigel Hitchin (Oxford)

Bonn Arbeitstagung May 23rd 2013

1



• Kähler manifold M , w2 = 0

• spin structure: K1/2

• Dirac operator D

D =
1√
2
(∂̄ + ∂̄∗) : Ω0,ev(M,K1/2) → Ω0,od(M,K1/2)
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• compact 2-manifold Σ, real Lie group G
r

• character variety Hom(π1(Σ), G
r
)/G

r

• flat G
r
-bundle, maximal compact K

• characteristic classes in

H
1
(Σ,π0(K)), H

2
(Σ,π1(K))

... help to distinguish components of the character variety

3



• compact 2-manifold Σ, real Lie group G
r

• character variety Hom(π1(Σ), G
r
)/G

r

• flat G
r
-bundle, maximal compact K

• characteristic classes in

H
1
(Σ,π0(K)), H

2
(Σ,π1(K))

... help to distinguish components of the character variety

3

• compact 2-manifold Σ, real Lie group G
r

• character variety Hom(π1(Σ), G
r
)/G

r

• flat G
r
-bundle, maximal compact K

• characteristic classes in

H
1
(Σ,π0(K)), H

2
(Σ,π1(K))

... help to distinguish components of the character variety

3



EXAMPLE Gr = SL(2,R)

• maximal compact SO(2), Chern class c ∈ H2(Σ,Z) = Z

• |c| ≤ 2g − 2 (Milnor-Wood)

• |c| < 2g − 2 determines a connected component

• |c| = 2g − 2 ⇒ 22g connected components
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PLAN

• Higgs bundles and real forms

• Characteristic class w2 for SL(n,R)

• (B,A,A)-branes and (B,B,B)-branes
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HIGGS BUNDLES
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• compact Riemann surface Σ

• principal G-bundle P

• A affine space of connections on P

• infinite-dimensional flat Kähler manifold
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• G group of gauge transformations

• (A,Φ) ∈ T ∗A = A×Ω1,0
(Σ, g) flat hyperkähler manifold

• moment map (FA + [Φ,Φ∗
], ∂̄AΦ)

• quotient moduli space of Higgs bundles

• (A,Φ) ∈ T ∗A, circle action Φ �→ eiθΦ
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• complex structure I: moduli space of (stable) pairs (A,Φ)

G = U(n) vector bundle V , Φ ∈ H
0(Σ,EndV ⊗K)

• complex structure J: flat G
c-connection

∇A +Φ+Φ∗ (representations π1(Σ) → G
c)

• complex structure K: flat G
c-connection

∇A + iΦ− iΦ∗

26



REAL FORM G
r

• K ⊂ G
r maximal compact

• principal Kc-bundle

• g = k⊕ m

• Higgs field Φ ∈ H
0(Σ,m⊗K)
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REAL FORM G
r

• K ⊂ G
r maximal compact

• principal Kc-bundle

• g = k⊕ m

• Higgs field Φ ∈ H
0(Σ,m⊗K)

• holonomy of ∇+Φ+Φ∗ ∈ G
r
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EXAMPLE G
r = SL(n,R)

• orthogonal vector bundle V

• Λn
V

∼= O

• Φ = ΦT ∈ H
0(Σ,EndV ⊗K)
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ABELIANIZATION
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THE FIBRATION

• hyperkähler moduli space M(G)

dimR = 4(g − 1) dimG

• principal Gc-bundle, Φ ∈ H
0(Σ, g⊗K)

• invariant polynomials p1, . . . , p� on g

pm(Φ) ∈ H
0(Σ,K

dm)

• fibration M2k(G) → Ck

3



• integrable system

• generic fibre abelian variety

• Gc = GL(n,C) det(x−Φ) = 0 spectral curve S

• fibre = Jac(S)

4

• cokerΦ supported on zero set of detΦ

det(x−Φ) = xn + a1x
n−1 + . . .+ an = 0

A

4



• spectral curve S: det(x−Φ) = 0

• curve in the cotangent bundle π : K → Σ

• π : S → Σ n-fold cover

3



• V = π∗L

• Φ = π∗(L
η→ L⊗ π∗K)

• η ∈ π∗K canonical section on total space
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• L trivial bundle

• π∗L = O ⊕K−1 ⊕ . . .⊕K−n−1

• Φ = companion matrix




0 1 0 . . . 0
0 0 1 . . . 0
. . . . . . . . . . . . . . .

an an−1 . . . . . . a1





• section of M2k(G) → Ck
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• Gc = SL(n,C)

• L = U ⊗ π∗K(n−1)/2, degU = 0

• Nm : Pic0(S) → Pic0(Σ)

• U ∈ P(S,Σ) = Prym variety = kernel
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• L = π∗K(n−1)/2

• π∗L = K(n−1)/2 ⊕K(n−3)/2 ⊕ . . .⊕K−(n−1)/2

• Φ = companion matrix




0 1 0 . . . 0
0 0 1 . . . 0
. . . . . . . . . . . . . . .

an an−1 . . . . . . 0





• section of M2k(SL(n,C)) → Ck
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REAL FORM G
r

• real form/compact ∼ involution σ : g → g

• ±1 eigenspaces g = k⊕ m

• Higgs field Φ ∈ H
0(Σ,m⊗K): σ∗Φ = −Φ

• G
r character variety ∼ fixed points Mσ
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• σ respects fibration Mσ → (Ck)σ

• fibre over p ∈ (Ck)σ =

• = fixed points Aσ in an abelian variety A

• 0 → Aσ
0 → Aσ → Z2N

2 → 0
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THE CASE Gr
= SL(n,R)
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• involution σ(a) = −aT

• σ∗(Φ) = −ΦT

• det(x−ΦT ) = det(x−Φ)

• ⇒ action on Ck trivial

• ⇒ fibre ∼ Z2k
2
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• involution σ(a) = −aT

• σ∗(Φ) = −ΦT

• det(x−ΦT ) = det(x−Φ)

• ⇒ action on Ck trivial

• ⇒ fibre ∼ Z2k
2
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• fixed points in fibre ∼ {U ∈ P(S,Σ) : U2 = O}

• L = U ⊗ π∗K(n−1)/2

• vector bundle V = π∗L where L2 ∼= π∗Kn−1

16



• V is an orthogonal bundle

• ΛnV ∼= O ⇒ w1(V ) = 0

• What is w2(V )?
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• V is an orthogonal bundle

• ΛnV ∼= O ⇒ w1(V ) = 0

• What is w2(V )?

.... as a function of Z2k
2
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ORTHOGONAL STRUCTURE

• spectral curve S ⊂ canonical bundle of Σ

• KS
∼= π∗

K
n

• dπ ∈ H
0(S,KS ⊗ π∗

K
∗) = H

0(S,π∗
K

n−1) ∼= H
0(S,L2)

• inner product on V = π∗L at y ∈ S

(s, s)y =
�

π(x)=y

s
2
x

dπx
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KO THEORY

• L2 ∼= KS ⊗ π∗K∗ = KO-orientation of π : S → Σ

• π! : KO(S) → KO(Σ)

• π!(1) = [V ]

19



• KO(Σ) ∼= Z⊕H1(Σ,Z2)⊕H2(Σ,Z2)

• w1(V ) = 0 ⇒ V = [n] + cu

• u = [L⊕ L∗]− [2], L degree one complex line bundle

• w2(u) = 1 ∈ Z2
∼= H2(Σ,Z2) ⇒ w2(V ) = c

M.F.Atiyah, Riemann surfaces and spin structures, Ann.Sci. ENS
4 (1971) 47–62.
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THE MOD 2 INDEX

• M8k+2 spin manifold, E real vector bundle

• Dirac operator D : E ⊗ S+ → E ⊗ S−

• dimkerD mod 2 is a KO-theory characteristic number

• p : M → pt., ϕ(E) = p!(E) ∈ Z2

21



• L holomorphic degree one line bundle on Σ

• Dirac operator
√
2D = ∂̄ : (L+L

∗)⊗K
1/2 → (L+L

∗)⊗K
1/2

K̄

• dimH
0(Σ, LK

1/2)+dimH
0(Σ, L

∗
K

1/2) = dimH
0(Σ, LK

1/2)+
dimH

1(Σ, LK
1/2)

• = (dimH
0(Σ, LK

1/2)− dimH
1(Σ, LK

1/2)) mod 2 = 1

(Riemann-Roch)

• ϕ(V ) = ϕ[2] + ϕ(cu) = c = w2(V )
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= (dimH
0(Σ, LK

1/2)− dimH
1(Σ, LK

1/2)) mod 2 = 1

(Riemann-Roch)

• 1 = ϕ(L+ L
∗) = ϕ[2] + ϕ(u) = ϕ(u) = w2(u)

22



• spin structure K1/2, L2 ∼= KSπ
∗K−1 take K

1/2
S = Lπ∗K1/2

• ϕS(1) = ϕ(π!(1)) = ϕ(V ) = ϕ([n]+w2(V )u) = nϕ(1)+w2(V )

• n even w2(V ) = ϕS(1)

• n odd w2(V ) = ϕS(1) + ϕ(1)

23



EXAMPLE SL(2,R)

• Higgs bundle V = M ⊕M∗ Φ =

�
0 β

γ 0

�

w2(V ) = c1(M) mod 2

• spectral curve 0 = det(x−Φ) = x2 − q involution σ(x) = −x

• Prym variety P(S,Σ) = {U : σ∗U ∼
= U∗}

• U2 ∼
= O ⇒ σ∗U ∼

= U

24



• L = Uπ∗K1/2

• π∗L = M+ ⊕M−: invariant/anti-invariant local sections

• c1(M+) = g − 1 − k where 2k = no of fixed points where
action of σ on L is −1

• w2(V ) = (g − 1− k) mod 2

25



• How many elements of order 2 give w2(V ) = 0?

• fixed points x = 0 ∼ 4g − 4 zeros of quadratic differential q

• 0 = w2(V ) = g − 1− k: g odd ⇒ k even

�

k

�4g − 4

4k

�
=

=
1

4

�
(1 + 1)

4g−4
+ (1− 1)

4g−4
+ (1+ i)4g−4

+ (1− i)4g−4
�

= 2
4g−6

+2
2g−4

((eiπ/4)4g−4
+(e−iπ/4

)
4g−4

) = 2
4g−6

+2
2g−3

27
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THE CASE Gr
= SU(m,m)

28



• SL(2,R)
∼
= SU(1,1)

• maximal compact S(U(m)× U(m))

• bundle V = V+ ⊕ V− Higgs field Φ =

�
0 β

γ 0

�

• Λm
V+

∼
= Λm

V
∗
−,

• characteristic class c1(V+) ∈ H
2
(Σ,Z)

L.Schaposnik, Spectral data for G-Higgs bundles, arXiv:1301.1981
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• det(x−Φ) = x2m + a1x
2m−2 + . . .+ am

• involution σ(x) = −x on S

• L = Uπ∗K(2m−1)/2, U ∈ P(S,Σ)

• σ∗U ∼= U

• c1(V+) = m(g − 1)− k

2k = no of fixed points where action is −1

30
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BRANES

31



BRANES

• symplectic geometry

• A-brane = Lagrangian submanifold ....+ flat bundle

• complex geometry

• B-brane = complex submanifold...+ holomorphic bundle

3
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• complex structures I, J,K

• symplectic structures ω1,ω2,ω3

• (B,A,A)-brane: cx wrt I, totally real wrt J,K

• (B,B,B)-brane: HK submanifold + hyperholomorphic bundle

4

BRANES

HYPERKÄHLER MANIFOLDS

31



• Mirror symmetry:

• the mirror of a (B,A,A)-brane....

• .... is a (B,B,B)-brane

• What is the mirror of the Gr-character variety?

33



SYZ MIRROR SYMMETRY

• mirror = fibration by dual abelian varieties

• mirror of M(G) = M(LG)

• (B,A,A)-brane ⇒ (B,B,B)-brane

• real form Gr ⇒ hyperkähler submanifold of M(LG)

+ hyperholomorphic bundle

7

• SU(m,m) ⊂ SL(2m,C)

• LSL(2m,C) = PSL(2m,C)

34

• SU(m,m) ⊂ SL(2m,C)

• LSL(2m,C) = PSL(2m,C)

• Need a hyperkähler submanifold of M(PSL(2m,C))

34



• spectral curve S: x
2m + a1x

2m−2 + . . .+ am = 0

quotient curve S̄ = S/σ

• connected component of fibre P(S̄,Σ) ⊂ P(S,Σ)

• dual of P(S,Σ) = Jac(S)/ Jac(Σ)

• P(S, S̄)/P(S, S̄)∩Jac(Σ) → Jac(S)/ Jac(Σ) → Jac(S̄)/ Jac(Σ)

• P(S, S̄)∩Jac(Σ) = {U ∈ Jac(Σ) : σ∗π∗
U

∼= π∗
U
∗} = H

1(Σ,Z2)

35
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• spectral curve S: x2m + a1x
2m−2 + . . .+ am = 0

quotient curve S̄ = S/σ

• connected component of fibre P(S̄,Σ) ⊂ P(S,Σ)

• “annihilator” in dual of P(S,Σ)

= line bundles on P(S,Σ) trivial on P(S̄,Σ)

36



• connected component of fibre P(S̄,Σ) ⊂ P(S,Σ)

• dual of P(S,Σ) = Jac(S)/ Jac(Σ)

• P(S, S̄)/P(S, S̄)∩Jac(Σ) → Jac(S)/ Jac(Σ) → Jac(S̄)/ Jac(Σ)

• P(S, S̄)∩Jac(Σ) = {U ∈ Jac(Σ) : σ∗π∗
U

∼= π∗
U
∗} = H

1(Σ,Z2)
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• spectral curve S: x
2m

+ a1x
2m−2

+ . . .+ am = 0

• Prym variety P(S, S̄)

• = moduli space of Sp(2m,C) Higgs bundles

• modulo H
1
(Σ,Z2) = PSp(2m,C) bundles

• hyperkähler submanifold of PSL(2m,C) Higgs bundles
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• Higgs bundle equations: dimensional reduction of ASDYM

5

• dimensional reduction

• ASD connection A1dx1 +A2dx2 + φ1dx3 + φ2dx4
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• Dirac operator
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5

HYPERHOLOMORPHIC BUNDLE

•

• spectral curve 0 = det(x−Φ) = x2 − q involution σ(x) = −x

• Prym variety P(S,Σ) = {U : σ∗U ∼= U∗}

• U2 ∼= O ⇒ σ∗U ∼= U
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D∗ =

�
∂̄A Φ
Φ∗ ∂A

�

:

�
V ⊗K

V ⊗ K̄

�

→
�
V ⊗KK̄

V ⊗KK̄

�

• D∗D ∼ −∇2
1 −∇2

2 − φ21 − φ22 ⇒ kerD = 0

• index theorem ⇒ dimkerD∗ = (2g − 2) rkV

• L2 connection is hyperholomorphic

39
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• complex structure I

• Ω0,p(V )

Φ→

→

Ω0,p(V ⊗K)

Ω0,p+1(V ) Φ→ Ω0,p+1(V ⊗K)

∂̄

• total differential ∂̄ ±Φ
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• complex structure I

• Ω0,p(V )

Φ→
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• Hodge theory: kerD∗ ∼
= hypercohomology H1



HYPERCOHOMOLOGY

• complex structure I

• O(V ) Φ→ O(V ⊗K)

• kerD∗ ∼= hypercohomology H1(V )

• π∗[O(L)
η→ O(Lπ∗K)]

•

H
1(V ) ∼=

�

{x:η(x)=0}

(Lπ∗K)x
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HYPERCOHOMOLOGY

• O(V ) Φ→ O(V ⊗K)

• kerD∗ ∼= hypercohomology H1(V )

• π∗[O(L)
η→ O(Lπ∗K)]

•

H
1(V ) ∼=

�

{x:η(x)=0}

(Lπ∗K)x
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• connected components of SU(m,m)-moduli space

∼ 2k-element subsets of {x : η(x) = 0}

•

Λ2k
H

1(V ) ∼=
�

{xi:η(xi)=0}
(Lπ∗

K)x1(Lπ
∗
K)x2 . . . (Lπ

∗
K)x2k

• invariant under L �→ LU , U ∈ H
1(Σ,Z2)

• CLAIM: This is the required hyperholomorphic bundle.
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• connected components of SU(m,m)-moduli space

∼ 2k-element subsets of {x : η(x) = 0}

•

Λ2k
H

1(V ) ∼=
�

{xi:η(xi)=0}
(Lπ∗K)x1(Lπ

∗K)x2 . . . (Lπ
∗K)x2k

• CLAIM: This is the required hyperholomorphic bundle.
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• What about SL(n,R)?

• general spectral curve ⇒ HK manifold is the full PSL(2m,C)-

moduli space

• components w2 = 0, w2 = 1

• What is the hyperholomorphic bundle?
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NONABELIANIZATION

• other real forms U∗(m), Sp(2m,2m), SO∗(4m)

• det(x−Φ) = p(x)2

• V = π∗U , U rank 2

• What is the mirror here?
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