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FINITE COLLINEATION GROUPS AND BIRATIONAL RIGIDITY
IVAN CHELTSOV AND CONSTANTIN SHRAMOV

ABSTRACT. We classify finite groups G in PGL4(C) such that P3 is G-birationally rigid.

All varieties are assumed to be projective and defined over the field of complex numbers.

1. INTRODUCTION

The projective space P? is one of the most basic objects in geometry. Its biregular and
birational symmetries have attracted attention of many mathematicians. Among them
was Hans Frederick Blichfeldt, who classified in [3] all finite subgroups of

Aut(P?) = PGL4(C)

back in 1905. In 1917, he wrote his magnum opus [4], which gave a detailed coverage of
classification of finite subgroups in PGL3(C) and PGL4(C). This book became a standard
reference for the theory of finite collineation groups. We want to celebrate its centennial
by enriching this classical theory with modern technique of birational geometry.

Finite subgroups of PGL4(C) are traditionally divided into two major types: transitive
and intransitive. In geometric language, transitive groups do not fix any point in P? and
do not leave any line invariant. Intransitive groups are those that are not transitive. Tran-
sitive groups are further subdivided into imprimitive and primitive groups. Imprimitive
groups either leave a union of two skew lines invariant or have an orbit of length 4 (or
both). All other finite subgroups in PGL4(C) are said to be primitive.

The structure of the group Bir(P?), known as the space Cremona group, is way more
complicated than that of PGL4(C). In particular, the classification of all finite subgroups
in Bir(IP?) seems to be out of reach at the moment. There are just several sporadic known
results in this direction. These include the classification of all finite simple subgroups
in Bir(P?) in [36], and some boundedness properties in [38]. The goal of this paper is
to understand how the finite subgroups of PGL4(C) described by Blichfeldt behave as
subgroups of the larger group Bir(P?).

Given a finite subgroup G in PGL4(C), the most natural birational problem is to
describe all G-birational maps from P? to other three-dimensional G-varieties. Minimal
Model Program implies that to solve this problem it is enough to describe G-birational
maps from P to G-Mori fibre spaces (see [10, Definition 1.1.5]). In this paper we aim to
describe all finite subgroups G C PGL4(C) such that the projective space P2 cannot be
G-birationally transformed into other G-Mori fiber spaces. In this case, we say that P3
is G-birationally rigid (see [10, Definition 3.1.1]). This simply means that the following
three conditions are satisfied:

(1) There is no G-rational map P3 --» S whose general fiber is a rational curve.

(2) There is no G-rational map P? --+ P! whose general fiber is a rational surface.
1
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(3) There is no G-birational map P --» X such that X is a Fano threefold with
terminal singularities, the G-invariant class group of the threefold X is of rank 1,
and X is not G-isomorphic to P? (equipped with the same action of the group G).

The main result of our paper is the following theorem.

Theorem 1.1. Let G be a finite subgroup in PGL4(C). Then P? is G-birationally rigid
if and only iof G 1s a primitive group that is not isomorphic to A5 or Gs.

It is a three-dimensional analogue of the following recent result of Sakovics.

Theorem 1.2 ([40]). Let G be a finite subgroup in PGL3(C). Then P? is G-birationally
rigid if and only if G is a transitive subgroup that is not isomorphic to A, or S&y.

In addition to Theorem 1.1, we provide a classification of finite subgroups G C PGL4(C)
such that P? is G-birationally super-rigid (see [10, Definition 3.1.1] or §5 for a definition).
This is done in Theorem 5.5.

One direction of Theorem 1.1 is easy to prove. Namely, if G is a finite intransitive
subgroup in PGL,(C), then P? is not G-birationally rigid. Indeed, if G fixes a point in P,
then the linear projection from this point P? --» P? is a G-rational dominant map whose
general fiber is P'. Likewise, if there is a G-invariant line in P3, then the linear projection
from this line P? --» P! is a G-rational dominant map whose general fiber is P2

Similarly, if G is a finite imprimitive subgroup in PGL4(C), then P? is not G-birationally
rigid as well. If there is a G-invariant union of two skew lines in P2, then the blow up of P3
along them is a G-equivariant P!-bundle over P! x P!. Likewise, if there exists a G-orbit
in P? that consists of 4 points, but there is no G-invariant pair of skew lines, then P? is
G-birational to a toric Fano threefold V54 with terminal Q-factorial singularities such that
the G-invariant class group of Va4 is of rank 1. The detailed construction of the birational
map P? --» V4, is given in the proof of Proposition 5.1.

Thus, we are left with the case of finite primitive groups. Up to conjugation, there are
finitely many such groups. They are listed in [4, Chapter VII|. Geometrically, these groups
can be described as follows. First, there are primitive groups that leave a smooth quadric
surface invariant. Next, there are seven sporadic examples: the group s that leaves
a twisted cubic curve invariant, the group G5 that leaves a pair of two disjoint twisted
cubic curves invariant, the Klein simple group PSLy(F7), the group g, the group g,
the group 27, and the simple group of order 25920, which is known to be isomorphic
to the group PSp,(F3). Finally, there are primitive subgroups in PGL4(C) that contain
the imprimitive group p3 as a normal subgroup. Some of them, like the group 2, x 2y,
also leave a quadric surface invariant, so that this description is not exclusive (see the
discussion in [4, §125]). As usual, we denote by u,, the cyclic group of order n.

Up to conjugation, there are two primitive subgroups in PGL4(C) isomorphic to ;.
One of then, leaves a quadric surface invariant. Its action on P? comes from the irre-
ducible four-dimensional representation of the icosahedral group. Another one preserves
a twisted cubic curve, so that its action on P? comes from an irreducible four-dimensional
representation of binary icosahedral group. Similarly, there are two primitive subgroups
in PGL4(C) isomorphic to &5. One of them preserves a quadric surface, and its action
on IP? comes from an irreducible four-dimensional representation of the group &5. Another
one leaves invariant a pair of disjoint twisted cubic curves. Its action on P? comes from
an irreducible four-dimensional representation of a central extension of the group &5. In
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all these cases, the projective space P? is not G-birationally rigid. This follows from the
five explicit examples below.

Example 1.3 ([43, 2.13.1], [35, §2], [10, Example 1.2.8]). Let G' be a primitive finite
subgroup 25 in PGL4(C) such that there exists a G-invariant quadric surface in P2. Then
there is a unique G-invariant smooth cubic surface in P2, which is known as the Clebsch
cubic surface. Denote this cubic surface by S. Then S contains a G-invariant irreducible
smooth rational sextic curve. Denote it by C. The surface S also contains a G-invariant
curve that consists of six disjoint lines, which are bi-tangents of the curve C. Denote this
curve by Ls. Let m: X — P2 be the blow-up of the rational sextic curve C. Then there
exists a G-commutative diagram (that is, a commutative diagram of G-rational maps,
see [10, p. xix] for terminology)

Here V14 is a Fano threefold with six isolated ordinary double points such that — K ‘3/14 =14,
and V5, is a smooth Fano threefold such that — K7, = 22 and Aut(Vay) = PSLy(C), which
is known as the Mukai-Umemura threefold (see [34]). The morphism « is the contraction
of the proper transforms of the irreducible components of the curve Lg, the rational
map x is a composition of Atiyah flops in these 6 curves, the morphism ( is a flopping
contraction, and ¢ is a contraction of the proper transform of the cubic surface S to a
smooth point of the threefold Va,.

Example 1.4 ([42, Application 1]). Let G be a primitive finite subgroup 25 in PGL4(C)
such that P? contains a G-invariant twisted cubic curve C. Let m: X — P3 be the blow-up
of the curve C. Then there exists a G-commutative diagram

X
N
P3———£——>]P)2

Here ¢ is a P'-bundle whose fibers are proper transforms of secants of the curve C, and
the map p is given by the linear system of quadric surfaces that contain C.

Example 1.5 ([35, Proposition 4.7]). Let G be a primitive finite subgroup &5 in PGL4(C)
such that there exists a G-invariant quadric surface in P2. Then P? contains a G-orbit X5 of
length 5. Let 7: X — P3 be the blow up of this orbit. Then there exists a G-commutative
diagram

Here « is the contraction of the proper transforms of the 10 lines in P? passing through
pairs of points in Y5, the rational map y is a composition of Atiyah flops in these 10
curves, the morphism A3 is a flopping contraction, the morphism ¢ is a P!-bundle, the
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variety V3 is the Segre cubic hypersurface in P4, and S is the smooth del Pezzo surface of
degree 5.

Example 1.6. Let G be a primitive finite subgroup &5 in PGL,4(C) such that there exists
a G-invariant quadric surface in P3. Then such quadric surface is smooth and unique.
Denote it by Q. There is a unique G-invariant smooth cubic surface in P?, which is the
Clebsch cubic surface. The complete intersection of this cubic surface and the quadric
surface () is a G-invariant irreducible smooth sextic curve of genus 4, which is known
as the Bring curve. Let m: X — P? be the blow up of this curve. Then there exists a
G-commutative diagram

Here V3 is a cubic hypersurface in P* that has one isolated ordinary double point, the
morphism ¢ is a contraction of the proper transform of the quadric @) to the singular
point of the cubic V3, and p is a linear projection from this point.

Example 1.7. Let G be a primitive finite subgroup &5 in PGL,4(C) such that there exists
a G-invariant pair of disjoint twisted cubic curves in P3. Let 7: X — P2 be the blow up of
the union of these twisted cubic curves. By Proposition 5.4, there exists a G-commutative
diagram

such that V5 is a divisor of bi-degree (2,2) in P2 X P2, the morphisms « and 3 are flopping
contractions, the map y is a composition of ten Atiyah flops, and ¢ is a P'-bundle.

The proof of the other direction of Theorem 1.1 is quite lengthy and requires a lot of
computations. We use Blichfeldt’s classification [4] to reduce the proof to the case of just
two primitive groups. One of them is a primitive group w3 X s, and another is 20, x ;.
Both of them contain the transitive subgroup pj as a normal subgroup. Because of this,
both groups have similar group-theoretical properties. However, there are geometrical
discrepancies between the cases, so that we treat them separately.

Let us describe the structure of the paper. In §2, we present basic facts about the
imprimitive group p3. In §3, we study equivariant geometry of P* acted on by a primitive
group 2y x 4. Similarly, in §4, we do the same for the group pj x ps. In particular, we
construct a G-commutative diagram

Here G is a primitive subgroup pj x ps in PGL4(C), the morphisms 7 and ¢ are blow ups of
G-invariant smooth irreducible curves of degree 8 and genus 5, the variety V3 is a complete
intersection of three quadrics in P° that has isolated terminal Gorenstein singularities,
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the morphisms « and  are small birational contractions, and y is a composition of flops.
Finally, in §5, we prove our Theorem 1.1 using the results obtained in §3 and §4.

Throughout the paper we denote by pu,, the cyclic group of order n. If G is a group
and V is a variety acted on by G, we say that V' is G-irreducible if G acts transitively
on the set of irreducible components of V. If Z is a subvariety of V', we will sometimes
abuse terminology and refer to the union of the images ¢g(Z), g € G, as the G-orbit of Z.
By a G-commutative diagram we will mean a commutative diagram of G-rational maps,
cf. Example 1.3.

Acknowledgements. We are grateful to Igor Dolgachev, David Eklund, Takeru
Fukuoka, Alexander Kuznetsov, Yuri Prokhorov, and Dmitrijs Sakovics for useful dis-
cussions. This paper was written during the first author’s stay at the Max Planck In-
stitute for Mathematics in 2017. He would like to thank the institute for the excellent
working condition. Both authors were supported by the Russian Academic Excellence
Project “5-100”. The second author was also supported by the Program of the Presidium
of the Russian Academy of Sciences N¢ 01 “Fundamental Mathematics and its Applica-
tions” under grant PRAS-18-01, by RFBR grants 15-01-02164 and 15-01-02158, and by
Young Russian Mathematics award.

2. THE HEISENBERG GROUP

Let ¢: SLy(C) — PGL4(C) be the natural projection. For every group G' C SL4(C),
let us denote by G the group ¢(G). Similarly, for every element g € SL4(C), we denote
by g its image ¢(g). Let

0010 0100
0001 1 000
(21) 5= 1000 , S = 00011
0100 0010

10 0 0 1 0 0 0

01 0 0 0 -1 0 0

T1_00—10’T2_0010’

00 0 -1 0 0 0 —1

and denote by H the subgroup in SL4(C) that is generated by the matrices Sy, Sa, T1, T.
Then the center of H coincides with its commutator and consists of +1,, where I is the
identity matrix. Since |H| = 32, we have H = ui. We say that H is the Heisenberg group.
The group H is a transitive imprimitive subgroup of PGL4(C).

Lemma 2.2. The following assertions holds.

(i) For every non-trivial element g € H, there exist two skew lines Ly and L in P?
that are pointwise fized by g. B
(ii) For two distinct non-trivial elements g and h in H, one has

{Lg,L’g} N {Lh, L’h} -

(iii) No subgroup of order 8 in H has a fized point in P3.
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Proof. Assertions (i) and (ii) are easy to check by direct computations (cf. [20, §2.2]).
Assertion (iii) follows from the transitivity of the subgroup H. O

Lemma 2.3. Let E be a rational or an elliptic curve. Then H cannot act faithfully on E.

Proof. If E is rational, the assertion follows from the classification of finite subgroups of
the group PGLy(C). Thus, we suppose that F is a (smooth) elliptic curve with a faithful
action of H. Then there is an exact sequence of groups

1— E(C) = Aut(E) - u, — 1,

where E(C) is the group of points of £ acting on E by translations, and r < 6. We see
that HN E(C) contains a subgroup isomorphic to p3. This is impossible, because there
are just four 2-torsion points in E(C). O

Denote by N the normalizer of the group H in SL4(C), and let

¢ 000 - 0 0 2
I+2] 0 4 00 1+ 0 1 10

(2:4) 5= V2 0010 |’ = 2 1 0 01 |”
0001 0 —i ¢ 0

where i = v/—1. One can check that both S and T are contained in N, and S* = T° = —1,.
Let

10 0 -1 -1 ¢ 0 O

I+ 01 1 0 1+ 1 2 1 0
A= 2 0 ¢ —2 0  B= 2 0 0 + -1
t 0 0 —2 0 0 — -1

Then A and B are contained in N, because A =7*-S-T -5 and
B=S-T*.S-T-S-T*.8-1T%.5.T-5-T*.8-T%. 5.

Similarly, let

1 i 0 0
1L ldi1 0 0
Rﬁ00i1

00 —1 —i

Then R is also contained in N (see [4, §124]).

It follows from [4, §124] that S and T" together with H and £/, generate the group N.
Let H = (H,4il;). Then H = H, and it follows from [4, §124] that there is an exact
sequence

(2.5) 1 H N S6 1.

Let U, be the vector space of all H-invariant homogeneous polynomials of degree 4
in Cz,y, z, w|. Recall from [20, §2.3] that U, is generated by the polynomials

rt + y4 + 24+ w4, xzyz + zsz, 2% + y2w2, o2w? + y222, TYZW.
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This vector space is N-invariant. Write

x4+y4+z4+w4

(2.6) to= 3 —2(a%y” + 2°w’) = 2(2°2” + yPw?) — 2(2%w® + 227,
t) = vy g SR 2(2%y” + 2°w?) +2(2°2% + y*w?) + 2(2"w® +27),
ty = vy Jg i 2(z%y” + 2*w?) — 2(2%2 + y’w?) + 2(2%w® + y°2%),
= SV Jg T (e 4 2R +2(e%2 4 ) — 2(a% 4y,

ty = — (x4 +yt 42t w4) + Szyzw,

2
ts = —5(1‘4 +y' + 2"+ wh) — 8zyzw.

Note that tg +t; +to +t3+ 1ty +t5 = 0, and tg, t1, to, t3, t3, t4, t5 generate Uy.

Remark 2.7. The representation of the group N/H = &g in the vector space U, is the
standard five-dimensional representation twisted by the sign character. Indeed, the ma-
trix 7" acts on the polynomials tg, ..., 5 as the cycle (totstatsty), and the matrix —S
acts on fo,...,t5 as the permutation (¢yt1)(t2t3)(t4t5). Observe also that the matrix A
acts on them as the permutation (tot5ta)(t1t3t4). Similarly, the matrix B acts as the
permutation (fqtsts)(t1 t3ty).

Let G be the subgroup in SL4(C) that is generated by H and the matrix T, and
let Gigg be its image in PGL4(C). Then

Glso = py X pag

by Remark 2.7. Similarly, let G399 be the subgroup in SL4(C) that is generated by H and
the matrices T and R, and let Gy be its image in PGL4(C). Then

G0 = iy X (N5 X H4)7
see [4, §124]. Moreover, it follows from (2.5) that there exists an exact sequence of groups
0—>ﬁ—>5320—>u5 Xy — 0.

Let Gigp be the subgroup in SL4(C) that is generated by H and the matrices T and R?,
and let G be its image in PGL4(C). Then

Ghoo = py ¥ (Ns X Mz) 2 g5 % D,
where Dy is the dihedral group of order 10, see [4, §124]. There exists an exact sequence
of groups

0 — H — G160 — D1y — 0.

Furthermore, the group Ggy is a normal subgroup in both Gigo and Gago, and the
group Gigo is a normal subgroup in Gso. Let Gigs be the subgroup in SL4(C) that
is generated by the subgroup H together with the matrices A and B, and let G144 be its
image in PGL4(C). Then G144 is a finite subgroup of order 576, and there exists an exact
sequence of groups

0 — H— Guq — p3 X 3 — 0.
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Moreover, one has
= Hg X (Ms X N3) =Ry X Ay

by Remark 2.7. The groups Gso, G160, G320, Grasa are primitive subgroups in PGL, (C).

It is well known that P3 contains exactly ten H-invariant quadrics (see [20, §2.4]). The
groups Gso, Grgo, G20 and Giuq naturally act on them, because H is a normal subgroup
of these four groups. For instance, the group Ggy splits them into two G-orbits. One of
them consists of the five quadrics

(28) P+ +22+w* =0, aw+yz=0, xz+yw=0,
4yt —wr=0, 22—y -2 4+w=0.

Let us denote them by Q;, Q,, Q3, Q4 and Qs, respectively. The second Ggy-orbit consists
of the five quadrics

(29) 2?2 +22—w?=0, a2yt+tzw=0, ay—zw=0, zz—yw=0, zw—yz=0.

We will denote them by Qg, Q7, Qs, Q9 and Qy, respectively. Observe that all these ten
quadrics are smooth. Similarly, the only G4-invariant quadric in P3 is the quadric Qs,
i.e. the quadric given by xz + yw = 0. In fact, we can say more.

Lemma 2.10. There are no Ggo-invariant surfaces in P® of degree 1, 2 and 3. Similarly,
there are no Guas-invariant surfaces in P? of degree 1 and 3. Finally, there is unique
Grus-invariant quadric surface in P3.

Proof. This follows from explicit computations of symmetric powers of corresponding four-
dimensional representations of the groups Ggo and Gpq44. We used [21] to perform these
computations. U

Recall from Lemma 2.2(i) that for every non-trivial element g € H, there exist two skew
lines Ly and L} in P3 that are pointwise fixed by g. The stabilizer of each of these lines
in H is 3, and the kernel of its action on any of these lines is a subgroup p., generated
by ¢. In total, there are 30 lines in P? that are pointwise fixed by elements in H. Denote
the set of these lines by LL3o. Let us describe these lines explicitly.

The group H = pi acts on Q; = P! x P! naturally. This means that the group u2
acts on P!, and the product action of the group p3 x p2 on P! x P! gives the action of
the group H on Q;. Since every subgroup p, in p? fixes exactly two points in P!, and
there are three such subgroups in 3, we see that there are exactly six pairs of skew lines
in Q, that are H-invariant. Three of these pairs lie in one family of lines on Q;p, and the
remaining three pairs lie in another family of lines on Q;. Let ¢ be the line in P? that
passes through the points [0:4:1:0] and [1:0:0: —i], and let £ be the line in P that
passes through the points [0 : —i:1:0] and [1: 0: 0 : ). Then £ and ¢ are skew lines
contained in Q;. Moreover, both of them are pointwise fixed by T 05505 (see (2.1)), s
that ¢ and ¢ are two lines in L. Applying powers of T to them, we obtain 8 more hnes
in LLso. Here T is an element of the group G of order 5 defined in (2.4). To be precise, let

(211) €y =14, Ly =T(), Ll3=T(l), €,=Ts), {5=T(),
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Then the lines in (2.11) are contained in Lgy. Similarly, letvé’ be the line in P? that passes
through the points [1:0: —i: 0] and [0: 1:0: —i], let £ be the line in P? that passes
through the points [1:0:4:0] and [0:1:0:¢], and let
(212) 6=0, G=T(), G=T(), 6=T(), &=T(),
Then the lines in (2.12) are contained in L. Finally, let £ be the line in P? that passes
through the points [1:7:0: 0] and [0: 0 : 1 : —i], let £ be the line in P? that passes
through the points [1: —¢:0:0] and [0:0: 1 :4], and let
(2.13) 6/1/ = 6/2, = T(glll)a ég = T(eg)’ EZ = T(fg), Eg = T(a{)’

BoF, B-T@), 8-T@), 6-T@) &-TE.
Then the lines in (2.13) are the remaining 10 lines in L3g. By construction, the lines ¢, /
0,0, 0" and (" are contained in the quadric surface Q.

Lemma 2.14. Each line among the 30 lines in L3y is contained in exactly 4 of the quadric

surfaces Qq, ..., Q1. Vice versa, each of these quadrics contains exactly 12 such lines.
For every quadric, these 12 lines contained in it are described by Table 1. FEvery two
quadrics among Qq, ..., Q1o intersect by a quadruple of lines in Lgg.

Proof. Direct computations. The last assertion can be also deduced from Lemma 2.3. [

Let us describe the intersection points of the 30 lines in IL3y. Namely, let >9q be the
subset in IP? that consists of 20 points
(2.15) [¢:0:0:1],[0:4:1:0],[1:0:1:0],[0: =1:0:1],[1:4:—3i:1],
1:—i:d:1,[0:0:=1:1,[0:0:1:1),[-1:d:—i:1],[1:d:4:1],
[—i:0:0:1),[0: =¢:1:0,,[1:0:1:0,[0:1:0:1],[-1:4:4:1],
l:—i:—i:1,[-1:1:0:0,[1:1:0:0],[—-1:—i:q:1],[1:—i:—i:1].
Similarly, let 3, be the subset in P? that consists of 20 points

(2.16) [—i:d:—=1:1),[¢:0:1:0],[¢:4:1:1},[0:4:0:1],[-1:1:—1:1],
i:—i:—=1:1,[1:=1:-1:1},[-1:0:0:1],[-1:=1:1:1],[0:—=1:1:0],
[1:0:0:0],[1:0:0:1],/0:0:0:1],[—4:0:1:0],[0:0:1:0],

[—i:—i:1:1,[0:—¢:0:1],[1:1:1:1],[0:1:1:0,[0:1:0:0].
Finally, let 35, be the subset in P? that consists of 20 points

(217) [i:—=1:0:1,[0:0:4:1],[—i:1:d:1),[—i:1:0:0],[—i:—1:4:1],
[—i:i:1: 1), [—i:1:—i: 1) [i:—e:—=1:1],[1:=1:1:1],[i:—1:—i:1],
M:=1:=1:1],[¢:1:0:0],[¢:1:d:1],[¢:—i:1:1],[-1:1:1:1],

[i:1:—i:1,[0:0:—i:1],[i:—=1:—d:1),[d:d:—1:1],[1:1:—=1:1].

Explicit computations show that Yo, X5, and i, are Ggo-orbits. This also follows from
Lemma 4.13 below.
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Ql Q2 QS Q4 Q5 Qﬁ Q? QS QQ QIO

l + - - - + — + — + —
0 - - - + + — — + — +
ls — — + + + + — — —
(4 - + + - — - — — + +
s + + — — — + - + — —
0 + - - - + - + — + -
0 - - - + + - - + — +
ls — — + + — + + - - -
0y - + + - - - - - + +
U5 + + — — — + - + — -
A + - — — — + + — — +

g - - - - + + - - + +

A — — — + — + — + + —
A — — + — — — + + + —
A — + — - — - + + — +
A + - - - - + + - - +
| — — — — - - — — - -
A — — — - — + — - - —
/) — — - - — — - - - -
I — + — — — — + + - +
o + + — + — - - — + —
4 + - + — + — - + — —
3 - + - + + - + - - -
A + — + + — — — — — +
o — + + — + + — — — —
o + + — -+ — - - — + -
o + - + - + - - + - -
y — + — - - — + — - -
/) + — -~ - — — — — — -
o — + + — + + - - - -
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Lemma 2.18. The set YXo0UX5,UXS, contains all intersection points of the lines from L.
Moreover, for every point P € Y0UX5,UXY, there are exactly three lines from Lsg passing
through P.

Proof. Direct computations. O

Now we are going to describe Ggg-invariant quartic surfaces and G44-invariant quartic
surfaces.

Lemma 2.19. There are ezactly five Gyo-invariant irreducible quartic surfaces in P3.
Similarly, there are exactly four Giua-invariant irreducible quartic surfaces in P3.

Proof. It follows from Remark 2.7 that U, splits as a sum of distinct one-dimensional
representations of Ggg and GG144. Now the assertion follows from Lemma 2.10. O

Up to scaling, all homogeneous semi-invariants of the group G4y of degree 4
in Clzx,y, z, w| are
( 1
Po = —1<t0 + 1y +t5>;
pL=— (53750 +t2+ 5??155)7
(2.20) p2=(&+1) <to +&5ts + 53152),
ps=(&+1) (tl + &5t + §3t3>,

| P = —<§3t1 +t3+ §§t4>-

Here &5 is a primitive cubic root of unity. Observe that

po = (wy + x2)?

is the only homogeneous invariant of degree 4 of the group Gi44. The remaining four
polynomials py, ps, p3 and p, are semi-invariants, and they are irreducible. Thus, the
four irreducible G4-invariant quartic surfaces in P? are given by p1 = 0, py = 0, p3 = 0
and p, = 0. We will study properties of these surfaces in §3.

The eigenvectors of the matrix 7" on the vector space of all H-invariant homogeneous
quartic polynomials in C[z,y, z,w] are the polynomials
(qo =to+t1 +to+ 13+ 14,
@1 = E5ta+ Edta + E3ts + Esta + to,
(2.21) G2 = &ts + §ta + G + Gsta + o,

g3 = E5ta + £ty + &3ty + Ests + to,
(s = &ty + Eots + E3ta + Esta + 0.

Here &5 is a primitive fifth root of unity. Note that ¢; is the eigenvector of T' that
corresponds to the eigenvalue &i. The five Ggo-invariant quartic surfaces in P? are the
quartic surfaces ¢qg = 0, g1 = 0, g2 = 0, g3 = 0 and ¢4 = 0. We will study properties of
these surfaces in §4. The polynomial

1
Go = 3 <w4 + y4 + 244 934> + 3:U2y2 + 322w? + 32222 + 3yzw2 — 3z%w? — 3y222.

is the only Ggp-invariant homogeneous quartic polynomial in Clz,y, z, w].
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Lemma 2.22. There are exactly four Gso-invariant surfaces in P* of degree 6. Moreover,
they are irreducible and reduced.

Proof. One can find all irreducible representations of the group Ggg. They can be described
as follows: 10 one-dimensional representations, 10 four-dimensional representations, and
6 five-dimensional representations. Similarly, one can compute the sixth symmetric power
of every four-dimensional representations. This computation imply that the sixth sym-
metric power of every four-dimensional representations contains exactly 4 different one-
dimensional subrepresentations. Geometrically, this means that there are exactly four
Ggo-invariant surfaces in P? of degree 6. Since P? does not contain Ggy-invariant surfaces
of degree 1, 2 and 3 by Lemma 2.10, each Ggo-invariant surface of degree 6 must be
irreducible and reduced. We used [21] to perform these computations. O

One can find explicit equations of the Ggo-invariant sextic surfaces in P3. However, we
decided not to do this to keep the paper shorter.

3. THE GROUP OF ORDER 144

Let us use notation and assumptions of §2. In this section, we present basic facts about
G144-orbits, Ghus-invariant curves and Giyy-invariant surfaces in P5.

Let us start with studying basic group-theoretic properties of the group Giu. Recall
that G4y is isomorphic to

Ay x Ay =y % (g X pg).

Note that the isomorphism G4 = 4 X 24 is uniquely defined up to permutations of the
factors and automorphisms of the group 2. We will fix such an isomorphism until the
end of this section. Denote by 25 the diagonal subgroup in Giu4, i.e. the subgroup that
consists of the elements (g, g), where g € 2. Similarly, denote by 24y the twisted diagonal
subgroup in G144, i.e. the subgroup that consists of the elements (g, o(g)), where g € 2y,
and o is an outer automorphism of 2, that is given by conjugation with a fixed odd
element of &,. By a basic subgroup in Giu, we will mean any subgroup contained in
one of the factors. Similarly, we say that a subgroup in Gy is of product type if it is a
product of two basic subgroups.

Lemma 3.1. Let I be a subgroup in Giu. Then the following assertions holds.

(o) If T is cyclic, then |T'| € {1,2,3,6}.

(i) The group H contains all 2-subgroups of the group G .

(ii) If |T| is divisible by 16, then T' contains the subgroup H.

(iii) If [T =9, then T = p2 and T is of product type.

(iv) One has |I'| # 18.

(v) If [T'| =6, then I' = pg = py X pg, and I is of product type. Moreover, there are
just two such subgroups up to conjugation. Furthermore, every subgroup in G
of order 12 that contains T is isomorphic to u3 X ps and is of product type.

(vi) If |T| = 12 and T is not conjugate to AL and 2AY, then the group T contains a

basic subgroup p3.

(vii) If T # Ghas, then |T| < 48.

(viii) If |I'| > 16, then there is a surjective homomorphism I' — 204.
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Proof. Assertion (o) is obvious. The subgroup H is the normal Sylow 2-subgroup of the
group G144. This implies assertion (i). Assertion (ii) follows from (i) and Sylow theorems.
Assertion (iii) also follows from Sylow theorems.

Let 7y Giag — Uy and 7y Giag — Ay be the two projections to the factors. If |T'| = 18,
then the subgroups 7;(I") and m,(I") are proper subgroups, so that at least one of them
has order greater than 4, which is impossible. This proves assertion (iv).

Similarly, if |I'| = 6, then, up to permutation, the groups 7 (I') and m,(I") are isomorphic
to py and pg, respectively. In this case, we have I' = py, X ps = pg, and the conjugacy
class of I" is determined by the choice of 7; such that m;(I") = p,. Let T be a subgroup
in G144 of order 12 that contains I'. We may assume that 7 (') & p, and m(I') = p,.
Then m(I") = psy, because pg is a maximal proper subgroup in 2(4. This easily implies
assertion (v).

To prove assertion (vi), we suppose that |I'| = 12. If m(I') = 204 and m(T") = Ay,
then I' is conjugate to either A or Y. Thus, we may assume that 71 (') # 4. Then
the kernel of 7|r contains a basic subgroup p3.

To prove assertion (vii), we have to show that the index of I" in G144 is not 2. Suppose
that it is. Then I' is normal. Thus, the intersection of I with each factor in Gy = 2, x 2,
is either 2, or a subgroup of index 2 in . Since 2, does not contain subgroups of index 2,
we see that I' contains both factors, so it is the whole group G144, which is absurd.

To prove assertion (viii), we suppose that |I'| > 16. If m1(I") = 204 or m(I") = 24, then
we are done. Otherwise, both 7 (I") and mo(I") are proper subgroups of 2l4, so that their
orders are at most 4. This is impossible, because |I'| > 16. O

To study Giu-invariant curves in P?, we need the following result, which is a simple
consequence of the Riemann-Hurwitz formula.

Lemma 3.2. Let C' be a smooth irreducible curve of genus g < 13 with a faithful action
of the group Gias. Then g € {8,13}, and the curve C is not hyperelliptic. Furthermore,
if Q C C is a Giy-orbit, then |Q| € {24,48,72,144}. Finally, the possible numbers a; of
Gus-orbits of length i € {24,48,72} in C are contained in the following table:

| g [8[13]13]
a24 01 2
agg 0] 2 0
aro 310 1

Proof. The assertion about the lengths of G1y4-orbits follows from Lemma 3.1(0), since
the stabilizers in G of points in C' are cyclic (see [10, Lemma 5.1.4]). By Lemma 2.3, the
group G144 cannot act faithfully on P' and on a smooth elliptic curve, so that g > 2.

Suppose that the curve C' is hyperelliptic. Since the group G144 does not contain normal
subgroups of order 2, it does not contain the hyperelliptic involution of ', and we obtain
a falthful action of the group G144 on P'. The latter is impossible by Lemma 2. 3.

Let C =C / G144. Then C is a smooth curve. Let g be the genus of the curve C. Then
the Riemann—Hurwitz formula gives

29 — 2 = 144(2§ — 2) + T2az2 + 96a4s + 120az4.
Since a; > 0 and g < 13, one has g = 0, so that
2g —2=—-288 + 72&72 + 96&48 + 120&24,
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Going through the possible values of g, and solving this equation case by case we obtain
the required result. U

Denote by Q the smooth quadric in P? that is given by
wy +xz =0,
which is the quadric Q3 in the notation of §2. Then Q is G1uy-invariant. This quadric

contains most of Gyu-orbits of small length in P? and most of Gys-irreducible curves
in P? that have small degree.

Observe that the action of the group Gy = A4 x A4 on the surface Q = P! x P! is
just the product action given by the natural action of the group 24 on P'. The latter
action is induced by a two-dimensional irreducible representation of the binary tetrahe-
dral group 2.2(,. Denote this representation by V,. Then there is a G14-equivariant
identification

(3.3) p3 =~ ]P’(V2 X V2>.

The points of the quadric @ correspond to decomposable tensors in Vo X V5.

Since P! contains two 2(4-orbits of length 4 and one orbit of length 6, this gives four
Gru-irreducible curves in Q that are unions of 4 disjoint lines, and two Gyu-irreducible
curves in Q that are unions of 6 disjoint lines. Denote the former four curves by £}, £?
L3 and L], and denote the latter two curves by £} and £2. Without loss of generality, we
may assume that

LiNLI=LiNLy=LINL=LINL=0.

In other words, on Q@ = P! x P!, the curves £} and £2 have bi-degree (4,0), while the
curves £3 and £} have bi-degree (0,4). Similarly, the curve £} has bi-degree (6,0), and
the curve £2 has bi-degree (0,6). Let

NI gl SR glagt o2t wbo - ol
Then Y14, 326, X3 and i are Gy4-orbits of length 16. Similarly, let

SU o LinLk Y2 - £2ng2 SE - Lincl sh - cingl
Then the subsets ¥3,, 333, 333,, 13, are Gas-orbits of length 24. Finally, let 335 = L§NLE.

Then the subset Y34 is a Gy4-orbit of length 36. We summarize the intersections of the
curves £}, £3, L3, L1, £} and £2 in the following table:

chl |y et ol | e

1 1 1 2 1
‘64 ‘C4 g E16 E16 g E24

Ly @ | L1502 | @ | %5

3 1 3 3 3
‘C’4 Z16 Z16 [’4 ) Z24 )

4 2 4 4 4
‘C4 E16 E16 9 ‘C4 ZJ24 )
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Lemma 3.4. Let ¥ be a Ghaa-orbit in Q such that |S| < 36. Then ¥ is one of the
Grasa-orbits 2%6; 2%6: 2{)6: 21116: 2%4; 234; Z?2)4; 234; 36

Proof. This follows from the fact that P! contains exactly two 2d-orbits of length 4,
exactly one orbit of length 6, and the remaining 24-orbits in P! are of length 12. U

By construction, the smooth quadric Q contains the curves £}, £3, £3, £, L{ and L.
The same construction gives infinitely many G44-irreducible curves in Q that are unions
of 12 disjoint lines. Moreover, we have

Lemma 3.5. Let C be a Giy-irreducible curve in Q such that deg(C) < 23. Then
either C' is a disjoint union of 12 lines, or C' is one of the curves L}, L2, L3, L3, LL, LZ.

Proof. The curve C'is a curve of bi-degree (m, n) on @ = P! xP! such that m~+n < 23. The
required assertion can be checked by a direct computation using the identification (3.3).
However, we prefer to provide a more geometric proof.

Without loss of generality, we may assume that m < n. Then m < 11. Suppose that C'
is none of the curves £}, £, £3, L1, L}, £2. Suppose also that C is not a disjoint union
of 12 lines. Then m > 1. Let us seek for a contradiction.

Let P be a point in C' that is not contained in the curves £}, £3, £3, L1, L}, L2. Let L
be the line in Q that is a curve of bi-degree (0, 1) that passes through P. Then L is not an
irreducible component of the curve C, since C' is Giu-irreducible. Let I' be the subgroup
Ay x Id in Gy (so that I' is one of the two basic subgroups 204). Then L and C' are
[-invariant, and I" acts faithfully on the line L. Hence, the intersection L N C' is a union
of I'-orbits of length L - C'=m < 11. On the other hand, all such orbits are contained in
the union £} U L3 U L3 U L] U LL U L2, which gives us a contradiction. O

Corollary 3.6. Let C be a Giy-invariant curve in P? such that deg(C) < 8. Then C' is
one of the curves LY, £3, L3, L, L, L2.

Proof. It C'is not contained in the quadric Q, then
CNQI<C-Q=2deg(C) < 14,
which is impossible by Lemma 3.4. U

Corollary 3.7. Let C' be a Gus-irreducible curve in Q, let D be a (non-empty) mobile
Glas-invariant linear system on P32, let D be a general surface in D, and let n be a positive
integer such that D ~ Ops(n). Write

D|Q:mC+A,

where m is a non-negative integer, and A is an effective divisor on Q whose support does
not contain irreducible components of the curve C. Then m < 7.

Proof. Suppose that m > %. The curve C'is a divisor of bi-degree (a,b) on Q = P! x P
But mC + A is a divisor of bi-degree (n,n), so that a < 4 and b < 4, which is impossible
by Lemma 3.5. U

Corollary 3.8. Let C' be a Giug-irreducible curve in Q, let D be a (non-empty) mobile
Ghag-invariant linear system on P32, and let n be a positive integer such that D ~ Ops(n).
Then multe(D) < §.
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Denote by X5 the subset in P? that consists of 12 points

0:1:0:1],0: =1:0:1],[L1:dza:1,[1:—i:—i:1],[1:—=0:d:—1],[1:d:—i:—1],
1:—=1:i:—i,[1:=1:—izq),[L:1:d:4],[1:1:—i:—i],[1:0:1:0,[1:0:—=1:0].

Similarly, denote by ¥}, the subset in P that consists of 12 points

Mol 1: 11— =11, [1ea:l: =, [1:—i:1:dq],[L:d:—1:a],[1:—i:—=1:—i],
[1:0:9¢:0,[1:0:—=¢:0,,[0:¢:0:1],[0: —=¢:0:1],[1:1:—=1:—1],[1:—=1:1:-1].

Explicit computations show that ¥, and ¥/, are GHag-orbits. This also follows from
Lemma 3.12 below.

Lemma 3.9. The subsets 315 and ¥, are all Gayg-orbits in P3 of length 12.

Proof. Let T be a basic subgroup u2 C Gius. Recall that the action of the group T
on Q@ = P! x P! is a product action, with trivial group acting on one of the factors. Let T
be the preimage of T via the canonical projection 2.2(; — 244. Then the restriction of the
two-dimensional representation V, to T is an irreducible two-dimensional representations
of the group Y. Using the identification (3.3), we see that the restriction of the four-
dimensional representation Vo X V5 to the group YT splits as sum of two isomorphic
irreducible two-dimensional representations. Thus, T does not have fixed points in P2,
Let ¥ be a Gus-orbit in P3 of length 12, and let T' be the stabilizer in G144 of a point
in ¥. Then |I'| = 12. We have seen that I" does not contain Y. Thus, it follows from
Lemma 3.1(vi) that I' is conjugate to either A5 or 2. Using the identification (3.3) one
more time, we see that each of the latter groups has a unique fixed point in P3. Since

we already know two Gy4-orbits in P3 of length 12, namely Y5 and X7,, the assertion
follows. Ol

Now we are ready to describe Gy4-orbits in P3 of small length.

Lemma 3.10. Let X be a Ghaa-orbit in P3 such that |X| < 35. Then ¥ is one of the
Graa-orbits Xy, Xy, 2%6; 2%67 Z:f& Z%& 2%47 2347 2:347 234'

Proof. One has |X| > 4, because the group G144 is primitive. This implies that
12| € {6,8,9,12,16,18,24}.

Let T' be a stabilizer in G144 of a point in X. If [X] € {6,9,18}, then |I'| is divisible
by 8, so that I' contains a subgroup u3 C H by Sylow theorem and Lemma 3.1(i). This
is impossible by Lemma 2.2(iii). If |¥X| = 8, then |['| = 18, which is impossible by
Lemma 3.1(iv). If |X| = 12, then the required assertion follows from Lemma 3.9.

Suppose that |3 = 16. Then |T'| = 9, so that ' = p2 by Lemma 3.1(iii). Recall that
the action of the group I' & ps X p; on @ = P! x P! is a product action. Let p5 be
the preimage of ps via the canonical projection 2.2, — 2A4. Then the restriction of the
two-dimensional representation Vs to 4 splits as a sum of two distinct one-dimensional
representations of the group pr5. Using the identification (3.3), we see that the restriction
of the four-dimensional representation Vy X Vy to the group p5 X g5 splits as sum of
four pairwise non-isomorphic one-dimensional subrepresentations, which are generated
by decomposable tensors. Since decomposable tensors correspond to the points of the



FINITE COLLINEATION GROUPS AND BIRATIONAL RIGIDITY 17

quadric Q, we see that ¥ C Q, so that ¥ is one of the Gy4-orbits X1, ¥2, 23, 31, by
Lemma 3.4.

Suppose that [3] = 24. Then I' = pg = py X g by Lemma 3.1(v). Now arguing as in
the previous case, we see that ¥ is one of the Gyy4-orbits ¥3,, 332, %33, ¥, O

Let p1, p2, ps and py be the quartic polynomials in (2.20). Denote by Sy, Sz, S3, Sy
the quartic surfaces P? that are given by p; = 0, p» = 0, p3 = 0 and ps = 0, respectively.
Then Sy, S, S3, Sy are all Gyyy-invariant irreducible quartic surfaces in P? by Lemma, 2.19.
Moreover, explicit computations imply that

(311) Y19 € Sl N SQ, 2/12 S 53 N 54, Y19 §Z 53 U S4, 2/12 §Z Sl U Sg.
In fact, we can say more.

Lemma 3.12. One has Sing(S;) = Sing(S2) = X2 and Sing(S3) = Sing(Ss) = X),.
Moreover, all singular points of the surfaces Sy, Sz, S3 and Sy are ordinary double points.

Proof. 1t is enough to show the required assertions for the surface Sp, since the proof
is identical in the remaining cases. We already know that S; is irreducible. Taking a
general plane section of the surface S7, we see that either S; has isolated singularities,
or Sing(S) contains a Gu-invariant curve of degree at most 3. The latter is impossible
by Corollary 3.6. Thus, the surface S; has at most isolated singularities.

To see that Sy is singular at every point of the Gya4-orbit 215, one can simply take partial
derivatives of the polynomial p;, and plug the point [0 : 1: 0 : 1] into them. Alternatively,
one can use the fact that the stabilizer in G4 of every point in ¥y is isomorphic to 2.
Since the group 24 does not have faithful two-dimensional representations, the surface Sy
must be singular at every point of X5 by [10, Lemma 4.4.1].

Thus, we see that S; has isolated singularities and 15 C Sing(S;). Moreover, the
surface S cannot have more that two non-Du Val singular points by [44, Theorem 1].
Thus, the surface S; has at most Du Val singularities by Lemma 3.10. Then the minimal
resolution of Sy is a smooth K3 surface. Since the rank of the Picard group of a smooth K3
surface is at most 20, we see that Sing(S;) = Y12 and every singular point of S is an
ordinary double point. U

Corollary 3.13. Let X be one of the Gy4-07bits Xqg or Yo and let M be a linear system
that consists of cubic surfaces in P? containing ¥.. Then X is the base locus of the linear
system M.

Proof. By Lemma 3.12, we have ¥ = Sing(S;) for some i € {1,2,3,4}. Recall that the
surface S; is given by the equation p;(x,y, z,w) = 0, where p; is the quartic polynomial
in (2.20). Thus, the linear system M contains the linear system that consists of cubic

surfaces

opi Ipi Opi Opi -
ox +)\18y +)\282 +)\38w =0,

where [\ : A1 : Ay : A3] € P3. The base locus of the latter system is Sing(S;) = X. O

Ao

Remark 3.14. Let H be the plane section of the quadric Q. Then there is an exact
sequences of G-representations

0— H*(O(2)) — H(Ops(4) ) — H°(Oo(4H) ) — 0.
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On the other hand, the divisors £} + £3, £} + L3, L3+ L3, L3 + L} are contained in the
linear system |Og(4H)|. Thus, each intersection among S;NQ, S9N Q, S3NQ and S4NQ
is one of the unions £} U L3, £} U L4, £2U L3 and £2 U L].

Using this remark, we see that for every G4-orbit among 14, ¥%;, X3 and ¥4, there
exists exactly one quartic surface among 57, S, S3 and 54 that does not contain it. This
implies

Lemma 3.15. Let C be a Gyyy-invariant curve in P of degree less than 12. Then C' C Q.

Proof. We may assume that C'is G1y4-irreducible. Suppose that C' is not contained in the
quadric Q. Let us seek for a contradiction. Observe that

C-Q=2-deg(C) < 22.

Thus, it follows from Lemma 3.10 that deg(C) = 8, and the intersection C'N Q is one
of the orbits X1, X2, 323, or ¥4s. Then the curve C' does not contains other G44-orbits
of length 16 in P3, because all of them lie in Q. Let S) be the surface among S;, Sy, S3
and S; that does not contain C'N Q. Then S; does not contain the curve C. On the other
hand, we have
C-Sp=4-deg(C) =32,

Hence, the intersection C'N S}, is one of the G44-orbits $ig, ¥2,. 33, 31, by Lemma 3.10.
This is impossible, since Sj does not contain the Gyg4-orbit CNQ, and C does not contain
other Gqus-orbits of length 16. O

Lemma 3.16. Let C be a reducible Gryy-irreducible curve in P? of degree less than 16.
Then C C Q.

Proof. Suppose that C' is not contained in the quadric @. Then deg(C) > 12 by
Lemma 3.15. Moreover, since

30 > 2-deg(C)=C-Q,

we see that deg(C') = 12 by Lemma 3.4.

Let C = Cy + ... 4+ C,, where C; is an irreducible curve of degree d. Denote by I
the stabilizer in G144 of the curve Cy. Since rd = deg(C) = 12 and G144 does not have
subgroups of index 2 by Lemma 3.1(vii), we see that either r = 3 and d = 4, or r = 4
andd=3,orr=6and d=2,orr=12and d = 1. If d # 1, then C} is not contained
in a plane, because there are no Gu-orbits in P? of length at most 6 by Lemma 3.10.
In particular, the curve ('} is not a conic, so that » # 6. We also conclude that I" acts
faithfully on C; and on its normalization in the case when d # 1. Thus, the curve C' is
either a union of 3 irreducible quartic curves, or a union of 4 cubic curves, or a union
of 12 lines. Let us deal with each of these cases one by one.

Suppose that 7 = 3 and d = 4. Then |I'| = 48, so that I' contains the subgroup H
by Lemma 3.1(ii). On the other hand, the curve C} must be either rational or elliptic,
because d = 4 and ' is not contained in a plane. This is impossible by Lemma 2.3.

Suppose that r = 4 and d = 3. Then (' is a twisted cubic curve. One has |I'| = 36, so
that I" has a surjective homomorphism to 204 by Lemma 3.1(viii). This is impossible by
the classification of finite subgroups in PGLy(C).

We see that 7 = 12 and d = 1, so that C} is a line and |I'| = 12. Since C'- Q = 24,
we conclude from Lemma 3.4 that C' N Q is one of the Gy4-orbits X1, ¥2,, 3, or ¥3,.
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Without loss of generality, we may assume that CNQ = X1,. We see that every irreducible
component of the curve C contains exactly two points in X3, because every line C; can
intersect Q by at most two points. Write C; N X, = {P,Q}, and denote the stabilizer
of the point P in G4y by I'p. Then |T'p| = 6, so that I'p = pg by Lemma 3.1(v). On
the other hand, the stabilizer of this point in I" has index at most 2. This means that
this stabilizer is the group I'p, so that I'p C I". Now using Lemma 3.1(v) again, we see
that T' = p2 X pg and T is of product type. Pick an element v € T such that v € T'p and
the order of v is two. Recall that

Yoy = L3N LE.

Then v preserves the irreducible component of £} that contains the point P. Denote it
by L. This means that Q = v(P) € L, so that the lines L and C) coincide, which is
impossible, since (' is not contained in Q by assumption. O

Let us describe the intersections S; N.S;, 1 <1 < j < 4.

Lemma 3.17. Both S1N Sy and S3N Sy are Giuy-irreducible curves that are unions of 16
lines.

Proof. 1t is enough to show that S; N .S, is a G1y4-irreducible curve that is a union of 16
lines, since the proof is identical in the remaining case. Write

T
52‘31 = E n;Zs,
i=1

where each Z; is a Giu-irreducible curve, each n; is a positive integer, and r > 1. We
may assume that deg(Z;) < deg(Z;) for i < j. Then

16 = Z n;deg(Z;).
i=1

By Remark 3.14, the intersection S; N Sy N Q cannot contain two curves among L}, £
L3 and L. Thus, it follows from Lemmas 3.5 and 3.15 that one of the following cases
holds:

e cither r =1 and n; = 1,
eorr=2n; =ny=1,deg(Zy) =12, and Z; is one of the curves L}, £2, L3, L.

Let f: S; — S; be the minimal resolution of singularities of the surface S;. Then the
action of the group Gy lifts to the surface S;. Denote by Ei, ..., EFj5 the exceptional
curves of the birational morphism f. Let £ = Ej1+...+ E1z, and let H be a plane section

of the surface S;. Denote by Z; the proper transform of the curve Z; on the surface S;.
Then

XT: Z; ~ f*(4H) — mE
=1

for some none-negative integer m. Moreover, we have m > 2, since S5 is singular at every
point of ¥15. On the other hand, since S; is a smooth K3 surface, we have

Z? > ~2-deg(Zy),

because the curve Z; cannot consist of more than deg(Z;) irreducible components.
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If r = 2, then 212 = —8 and Zl - =0, since Z; is a disjoint union of 4 lines that does
not contain ;5. In this case, we have

~ ~ \ 2
—24 = —2. deg(Z,) < 22 = (f*(4H) —mE — Zl> = 64— 24m? — 40 < —T2,

which is absurd.

Thus, we see that r = 1, so that S; NSy = Z; is a Gyas-irreducible curve of degree 16.
This gives

~ 2
—32 = —2-deg(2)) < 22 = (f*(4H) - mE> = 64 — 24m? < —32,

so that Z2 = —2-deg(Z;). This easily implies that Z; is a union of deg(Z;) = 16 lines,
cf. the proof of [10, Lemma 10.1.1]. O

As we already mentioned in Remark 3.14, each of the intersections S; N Q, Sy N Q,
S3N Q and Sy N Q is one of the unions £} U L3, £ U L], £3U L3 or L3 U L]. On the
other hand, we just proved that the intersections S; NS, and S5 N Sy are Gus-irreducible
curves. Thus, without loss of generality, we may assume that

(3.18) S1NQ=L2UL;, S.NQ=LLuL SsNnQ=LiuL], S,NQ=L2ULS

Using this, we can determine which Gy4-orbit X1, %2, 33, 4. is contained in which
surface S1, Sa, S3 and Sy. This is summarized in the following table.

Sy | Sy | S5 Sy

Se |-+ [+ ]+

el |+ ||+

Se |+ -+ ]+

Observe that the intersection S; N S3 contains the curve £}, the intersection S; NS,
contains the curve £3, the intersection S, N S3 contains the curve £}, and the intersec-
tion S, N Sy contains the curve £3. This gives

Lemma 3.19. One has
S1NSs=LiUC, SiNSy=LiuC%, S,NS3=LyUCL, SaNS,=LiuCs,

where CL,, C%,, C3, and C}, are distinct Giys-invariant irreducible smooth curves in P3
of degree 12 and genus 13.

Proof. Tt is enough to prove that S; N Sy = L3 U C},, where Cf, is a G y-invariant
irreducible smooth curve of degree 12 and genus 13. Let H be a plane section of the
surface S;. Then it follows from Lemma 3.15 and (3.18) that

83|51 =L+ 7 ~ 4H,

where Z is a Gqs-irreducible curve on the surface S;. Note that the curve Z is contained
in the smooth locus of S;, because S N S3 does not contain 315 by (3.11). Thus, we have

8+ Ly 72 =Ly (Lh+ Z) =4 - L1 =16,
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so that £} - Z = 24 on the surface S;. This gives
ZProd=72+ L 2=27 (£3+Z) —4H -7 =48,

so that Z? = 24.

If Z is reducible, then Z is contained in the quadric @ by Lemma 3.16, which is
impossible, because S} N Q = L3U L] by (3.18). Thus, we see that Z is irreducible. Then
it has arithmetic genus 13, so that it must be smooth by Lemmas 3.2 and 3.10. U

Corollary 3.20. Let C' be one of the curves Ciy, C3,y, C%,, C1y, and let M be the linear
system of surfaces in P3 of degree 6 that contains C. Then the base locus of M consists
of the curve C.

Proof. Without loss of generality, we may assume that C' = C},. Then C is contained
in S; and
Sg }51 - ;Cj + C

by Lemma 3.19. Note that both curves £] and C are contained in the smooth locus of the
surface S; by (3.11) and Lemma 3.12. Let H be a plane section of Sy, and let D = 2H+L].
Then D? = 24 and D is nef, since D - £ = 0. Using the Riemann-Roch formula and
Nadel vanishing theorem (see [30, Theorem 9.4.8]), we see that h°(Og, (D)) = 14. This
implies that the linear system |D| does not have fixed curves. Indeed, if it does, then its
fixed part must be the curve £}, so that

14=1°(0s,(D) ) = h(Os, (2H) ) = 10,

which is absurd. Thus | D| does not have base points by [39, Corollary 3.2]. Therefore, the
linear system |6 H — C| is base point free. Since S is projectively normal, we immediately
obtain the required assertions. Il

Corollary 3.21. Let D be a (non-empty) mobile Ggo-invariant linear system on P3, let n
be a positive integer such that D ~ Ops(n), and let C' be one of the curves Cl,, C%,, C3,

or Cfy. Then multe(D) < 2.

Proof. Without loss of generality, we may assume that C' = CY,. Then C' is contained in
the surface S; by Lemma 3.19, and Ss|s, = £] + C. Let D be a general surface in D.
Then

Dls, = aC + bLj + A,
where a and b are non-negative integers such that a > multg(D), and A is an effective
divisor on S; whose support contains neither C' nor any irreducible component of the
curve £3. Then

aC +bLY + A ~g %(cjﬁc).

If a > %, then b < 7, since we have

Therefore, if a > %, then

0>—8(%—b):(%—b)ﬁjﬁ:(a—g)ﬁjc+£j.A>o,

which is absurd. This shows that multc(D) < a < % as required. O

n
4
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Now we are ready to prove

Theorem 3.22. Let C be Gyy-irreducible curve in P3 such that deg(C) < 15. Then one
of the following cases holds:

e deg(C) =4, and C is one of the curves L}, L3, L3, L;

e deg(C) =6, and C is one of the curves L§ or LE;

e deg(C) =12, and C is one of the smooth irreducible curves Cly, C3,, C%,, Ciy;

o deg(C) =12, and C is a union of 12 disjoint lines contained in the quadric Q.

Proof. By Lemma 3.5, we may assume that C is not contained in the quadric Q.
Then deg(C') > 12 by Lemma 3.15, and C' is irreducible by Lemma 3.16. Moreover,
since

30 > 2-deg(C)=C-Q,
we see that deg(C') = 12 by Lemma 3.4. Let us show that C' is one of the smooth
irreducible curves Cl,, C%,, C3, or C},.

Since C' - Q = 24, it follows from Lemma 3.4 that C' N Q is a Gu-orbit of length 24,
and C' intersects Q transversally at the points of C' N Q. In particular, the curve C' is
smooth at these points. Recall from Lemma 3.10 that all Gy44-orbits of length 24 in P3
and all Gyg4-orbits of length 16 in P3 are contained in Q. Thus, the curve C does not
contain Giu-orbits of length 24 that are different from C' N Q, and it does not contain
G 144-0rbits of length 16. Without loss of generality, we may assume that

CNQ=%5,=LiNLE
Recall that X3, is contained in S, N S3, because So N Q = L1 U L3 and S3NQ = LU L],

see (3.18). Since Sy - C' = S5 - C' = 48, it follows from Lemma 3.10 and (3.11) that one of
the following cases holds:

e the curve C' is contained in one of the surfaces S, and Ss,
e both Sy and Sj are tangent to C' at the points of ¥3,, and SoNC = S3NC = X3,
® Sgﬂ02254U212 or SgﬂOZZ%AlLJZIIQ.
Suppose that S, N C = X1, UX,. Since C is irreducible, it must be singular at every
point of ¥, by Lemma 3.2. Then

48 = SQ -C = |Z§4\mult2%4(52) + |212|mu1t212(52)mu1t212 (C) = 72,

which is absurd. Thus, we have S, N C # X1, U X5, Similarly, we see that the intersec-
tion S3 N C' is not the union 33, U 3,.
Suppose that the surfaces Sy and S3 are tangent to the curve C' at the points of 1,
and
SoNC =8NC =23,

Let P be the pencil generated by Ss and S3. Then P is Gy4-invariant. Moreover, every
surface in this pencil either contains C' or is tangent to the curve C' at the points of 33,
(here we include the case when the surface is singular at some points of ¥.1,). This implies
that there exists a surface S in P that contains C'. Indeed, let P be a point in C' that
is not contained in ¥},, and let S be a surface in P that passes through P. If C is not
contained in S, then we obtain contradictory inequalities

48=5-0> Y muth<S-C'> —I—multp<S-C’> > 9|3+ 1 = 49,

Qexl,
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because S is tangent to C' at the points of ¥1,. Thus, we see that the curve C' is contained
in S. Moreover, if S is not Gu-invariant, then there exists § € G4 such that g(S) #8S,
so that g(S) € P, and the surfaces S and g(S) generate the whole pencil P. This implies
that C' is contained in Sy N S3, which is not the case by assumption.

We are left with the case when C'is contained in one of the surfaces Sy and S3. Without
loss of generality, we may assume that C' C S;. Let us show that the curve C is also
contained in S3. This would imply that C' = C/, by Lemma 3.19.

Let f: Sy — S5 be the minimal resolution of singularities of the surface Ss. Then the
action of the group Giu4 lifts to the surface S,. Denote by Ei, ..., Ei the f-exceptional
curves. Let E = Ei + ...+ Eq», and let H be a plane sectign of the surface S;. Denote
by C' the proper transform of the curve C' on the surface S;. Recall from Lemma 3.19
that Sy NS3 = L} UCY, and S, N Sy = £3 U C%,. Denote by Cl, and C}, the proper trans-
forms on the surface 52 of the curves C, and 012, respectively. Similarly, denote by £1
and £3 the proper transforms on the surface S, of the curves L} and L3, respectively.
Since

Sing(Ss) = Y12 ¢ S3U Sy
by (3.11) and Lemma 3.12, we have

LY+ ClL o~ L3+ C3 ~ f*(4H).

Moreover, we have L1 + £3 ~ f*(2H), so that C - (£} 4+ £3) = 24. Using Lemma 3.4 and
keeping in mind that the curve C' contains the Ghg-orbit X3, = LN L2, we conclude that
C- E =24 and C - E = 0. Thus

48=C - (Z}l+6~*112> =24+ C-Cl,
so that C - 5112 = 24. Therefore, it follows from Hodge index theorem that

@ | e

<0

This implies that either C? < S 22 or C2 = 24. Hence C is smooth by Lemma 3.2, so that C
is a smooth curve of genus &~ 4 1. Therefore, it follows from Lemma 3.2 that C? = 24,
because C' contains Gas- orblts of length 24, for instance, the G44-orbit CnN Ll Thus, it
follows from Hodge index theorem that the curves C and 6'12 are numerically equivalent

on Sy, so that C' ~ C'112 Hence C - E = 0, so that C' does not contain the singular locus
of the surface S5, which implies that

C+L)~4H.
Since S, is projectively normal, we see that C' = C{, by Lemma 3.19. O

4. THE GROUP OF ORDER &0

Let us use notation and assumptions of §2. In this section, we present basic facts about
Ggo-orbits, Gsp-invariant curves and Ggp-invariant surfaces in P3. Let us start with the
following very easy group-theoretic result.
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Lemma 4.1. Let ' be a proper non-trivial subgroup of the group Ggo. Then T is isomor-
phic to one of the following groups: p,, p3, pu3, pi, or ps. Moreover, a subgroup of G
isomorphic to p3 is unique, and a subgroup isomorphic to ps is unique up to conjugation.
Furthermore, the only non-trivial proper normal subgroup of Ggo is H = uj.

Proof. Sylow theorems imply that the order of every non-trivial element of Ggy equals
either 2 or 5. If every non-trivial element of I' has order 2, then I' is contained in the
Sylow 2-subgroup of G, which is exactly H. If every non-trivial element of I" has order 5,
then I' & p.. The uniqueness assertions for subgroups isomorphic to p3 and p also follow
from Sylow theorems.

Suppose that I' contains both elements of order 2 and elements of order 5. Then it is
isomorphic to IV x ps, where I is a non-trivial proper subgroup of the group H that is
invariant under the action of

ago/ﬁ = s C GL4 (Fg)

on H. However, the group py is not a subgroup of GLj(F5) for k£ < 3. This implies that
the action of us; on Fj is irreducible, so that H has no non-trivial proper ps-invariant
subgroups. Therefore, we see that I' = Gxg.

Now we suppose that I' is a non-trivial normal subgroup of Ggo. Then I is not isomor-
phic to ps. Also we know from the above arguments that it cannot be a proper subgroup
of u3. Thus, if T' % pi, then ' must contain both elements of order 2 and elements of
order 5. This implies that I' = Gsj. U

Corollary 4.2. Let G be a primitive finite subgroup in PGL4(C) that is isomorphic to Ggg.
Then G is conjugate to Gyg.

Proof. It follows from [4, Chapter VII] that G is conjugate to Ggy provided that G is
primitive. Suppose G is not primitive. Let us seek for a contradiction. To start with,
suppose that G is transitive. Then either there exists a G-orbit of length 4, or there exists
a G-invariant pair of skew lines. In the former case, we have a non-trivial homomor-
phism G — &,4. In the latter case, we have a non-trivial homomorphism G — &,. None
of this is possible by Lemma 4.1.

Thus, we see that G is intransitive. Then either there exists a G-invariant point P, or
there exist a G-invariant line L. In the former case, the group G acts faithfully on the tan-
gent space Tp(P?) = C? by [10, Lemma 4.4.1], which is impossible, because GL3(C) does
not contain subgroups isomorphic to pj. In the latter case, we obtain a homomorphism

G — Aut(L) = PGL,y(C).

We conclude from Lemma 4.1 and the classification of finite subgroups in PGLy(C) that
the kernel of this homomorphism contains the subgroup in G isomorphic to 3, so that this
subgroup must fix every point in L, which is again impossible by [10, Lemma 4.4.1]. O

To study Ggg-invariant curves in P3, we need the following result, which follows from
the Riemann—Hurwitz formula.

Lemma 4.3. Let C be a smooth irreducible curve of genus g < 19 with a faithful action
of the group Glso. Then g € {5,13,17}, and C is not hyperelliptic. Furthermore, if Q C C
is a Ggo-orbit, then |Q| € {16,40,80}. Finally, the possible numbers a; of Ggy-orbits of
length i € {16,40} in C' are contained in the following table:
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o [5[33[17]
Zz 11310

Proof. The assertion about the lengths of Ggg-orbits follows from Lemma 4.1, since the
stabilizers in G of points in X must be cyclic (see [10, Lemma 5.1.4]). Moreover, the
group Gy cannot act faithfully on P' and on a smooth elliptic curve by Lemma 2.3.
Hence, one has g > 2.

Suppose that the curve C' is hyperelliptic. Since the group Gyo does not contain normal
subgroups of order 2 by Lemma 4.1, it does not contain the hyperelliptic involution of C,
and we obtain a faithful action of the group Ggy on P'. We already proved that this is
impossible by Lemma 2.3.

Let C =C /Ggo. Then C is a smooth curve. Let g be the genus of the curve C. Then
the Riemann—Hurwitz formula gives

29 — 2 =180(2g — 2) + 40a4 + 64a;s.
Since a; > 0 and g < 19, one has § = 0, so that
29 —2=-160+ 40@40 + 64&16,

Going through the possible values of g, and solving this equation case by case we obtain
the required result. U

Lemma 4.4. There are exactly four Ggg-orbits of length 16 in P3.

Proof. A subgroup us C Ggo has a fixed point in P?, so that the length of its Ggp-orbit
is 16 by Lemma 4.1. This shows that there is at least one Ggg-orbit of length 16 in P3.
Now let I' be a stabilizer of a point in a Ggp-orbit of length 16. Then I' & .. By
Lemma 4.1, the subgroup I' is conjugate to the subgroup generated by the image T
in PGL4(C). On the other hand, the eigenvalues of the matrix 7" are four distinct primitive
fifth roots of unity. Since the normalizer of T' in Ggg coincides with I' by Lemma 4.1, we
conclude that there are exactly four Ggp-orbits of length 16 in P3. ]

Let us denote the Ggg-orbits of length 16 in P3 by X1, ¥2, 323. and %, Computing
the null-spaces of the matrices T — &:1y, 1 < i < 4, one can find these orbits explicitly. In
particular, we may assume that

[(F1+D)&E+ (1408 — &~ 11+ (1 +)&E + & 1+ (1+1)6 + & : & — 1] € X,
[(L+0)&3+(1—0)E +i&s+1 : =265+ (—1-0)E5 —&—2—i: (~1H)E+i&s+i: &—1] € B,
[~ 208+ (1) —i&+1-2i: (1-i)&— (1+)&E+&—i s (1-i)& —i&—i: &—1] € X,

and
(14 )& +i&+i: (1+)E+ 1 +)E+i&+i:—1+(—1—49)& — & : & — 1] € X

Recall from §2, that there are three Ggg-orbits Yog, Y, and Yy, of length 20 in P3
described by (2.15), (2.16) and (2.17), respectively.

Lemma 4.5. The orbits Yog, Xb, and Xl are all Ggo-orbits of length 20 in P3.
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Proof. Let ¥ be a Gsp-orbit of length 20, let P be a point in 3, and let I" be the stabilizer
in Gg of the point P. Then I' & u2 by Lemma 4.1. Let 71, 72 and 73 be three non-trivial
elements in T'. Then each of them fixes pointwise two skew lines in P? by Lemma 2.2(i).
One of the lines from each pair must pass through the point P, so that P € Xy UX5,UXS,
by Lemma 2.18. U

To describe Ggp-orbits in P? of length 40, recall from Lemma 2.2(i) that there are 30
lines in P? such that each of them is pointwise fixed by some non-trivial element in H.
These lines have been described in (2.11), (2.12) and (2.13). Let

5 5
Ly = Z&' + Z&
i=1 i=1

Similarly, let

5 5
=D L+> 0.
=1 =1

Finally, we let
5 5
W
i=1 i=1

Then Ly, Ly, L], are Ggo-irreducible curves by construction.  Moreover, the
union L9 U Ly, U LY, contains all Ggg-orbits in P? of length 40. Furthermore, we have

Lemma 4.6. The curve Lyg is a disjoint union of ten lines, L), and LY, are nodal unions
of ten lines, Sing(L,) = X! LY and Sing(LY,) = X5, & L),. Moreover, one has
f ; gL 10 20 10 &L 10 20 10 )

and Yoo U Xhy U Y, C Lig. Furthermore, the Ggy-orbit of every point in
(Ew ULl U £’1’0> \ (220 U, U zgo)
consists of 40 points, and every Ggg-orbit in P? of length 40 is contained in Li0U L,y ULY,.

Proof. 1t is straightforward to check using explicit equations of the lines of £y that they
are pairwise disjoint. Similarly, we see that L1 contains g9, X5, and >4,. Likewise, the
curve L), contains Y9y and XY, and it does not contain Xf,. Moreover, for every point
in XY, there are exactly two among the ten lines of £}, that pass through this point, and
all these ten lines are pairwise disjoint away from 3,. This means that the curve £}, is
nodal and Sing(L),) = ¥Y,. In fact, one can also check that

GO # D = NG #D <= LN #T <= j—i==x1mod?5.

Similarly, we see that LY, contains Yoy U 2%, and it does not contain 3,. Furthermore,

for every point in ¥3,, there are exactly two lines among the ten lines of L, that pass

through this point, the lines of £/, do not intersect each other in other points, and
UNll#o < IINl#2 < (!Nl #0 < j—i=22mod 5.

In particular, the curve L, is nodal, and Sing(LY,) = X%,.
Explicit computations show that
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By construction, the curves L9, £}, and L}, contain all Gigs-orbits in P? of length 40.
Vice versa, let P be a point in L9 U L U L, such that P & Ya0 U X5, U X5, and let X
be its Ggp-orbit. Then |X| # 80 by construction. Thus, we have |X| = 40 by Lemmas 4.1
and 4.5. U

Corollary 4.7. Let ¥ be a Ggy-orbit in P3 such that |S| < |Gso| = 80. Then one of the
following possibilities holds:

o cither |X| =40 and ¥ C Lo U L)y U LY,

e or |X| =20 and X is one of the Gsg-orbits Yog, Yy, Sh,

e or |S| =16 and X is one of the Ggo-orbits L1, X2, ¥3, ¥

Proof. Let I" be a stabilizer of a point in . If I' = u,, then |X| = 40, and the assertion
follows from Lemma 4.6. If I' & p2 then |X| = 20, and the assertion follows from
Lemma 4.5. If I' = p., then |X| = 16, and the assertion follows from Lemma 4.4.
Otherwise, the group I' contains a subgroup p3 C H by Lemma 4.1, which is impossible
by Lemma 2.2(iii). d

Now we are ready to prove

Lemma 4.8. Let C be reducible Ggo-invariant curve in P? such that deg(C) < 15. Then C
is one of the curves Lo, L, or LY.

Proof. We may assume that the curve C' is Ggp-irreducible. Write C = C, + ... + C,,
where each Cj is an irreducible curve. Then r > 2 by assumption. Let d be the degree of
the curve C;. Then

15 > deg(C) = dr.

Let T’ be the stabilizer in Ggy of the curve C;. Then there exists an exact sequence of
groups
1—=T¢ — T — Aut(Cy),

where ['¢, fixes the curve C pointwise. By Lemma 4.1, the group I' is one of the groups
o, 13, 13, ps or . Since r|T| = |Ggo| = 80 and 15 > dr, we see that either r = 5 or 10.
Moreover, if 7 = 5, then d < 3. If r = 5 and C is rational, then I' & u3, which implies
that I'c, is one of the groups p2, u3 or 3, because the group p3 does not act faithfully
on P'. In this case, the Ggo-orbit of a general point of C consists of at most 16 points,
which is impossible by Corollary 4.7. Therefore, if r = 5, then (] is a plane cubic curve,
which implies that there exists a Gsg-orbit in P of length 5, because C; is contained in a
unique plane. The later is again impossible by Corollary 4.7.

Thus, we see that r £ 5, so that » = 10, which implies that d = 1, so that (' is a line.
In this case I' = p3 and T'¢, = p,, because p3 cannot act faithfully on P!, and P? does
not contain Ggy-orbits of length less than 16 by Corollary 4.7. Then C; is one of two lines
that is pointwise fixed by I'¢,. Now it follows from Lemma 4.6 that ' is an irreducible
component of one of the curves Lq9, £y, L, O

Corollary 4.9. There are no Ggo-invariant curves in P* of degree less than 5.

Proof. Let C be a Ggg-invariant curve in P? of degree less 5. Then C' is irreducible by
Lemma 4.8. Thus the genus of its normalization is at most 3, which is impossible by
Lemma 4.3. U

Using Lemma 2.14, we obtain the following two technical results.
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Lemma 4.10. Let M (respectively, M', M") be the linear system of surfaces in P3
of degree 6 (respectively, 4, 4) that contains Ly (respectively, L),, LY,). Then the

base locus of M (respectively, M’, M") does not contain curves except for Ly (respec-
tively, Lo, L),

Proof. Recall from §2, that P? contains ten H-invariant quadrics Q;, where 1 < i < 10,
which are defined by equations (2.8) and (2.9). For every i < j < k, define the reducible
sextic surface

Tijr = Qi+ Q; + Q.
By Lemma 214, the curve ElO is contained in T172’4, T3,5,67 T27475, T2’375, T7,8,97 T1,6,10
and T 9 10, so that these surfaces are contained in the linear system M. Using Lemma 2.14,
one can check that

TioaNTass = LU UL ULLULUL UL ULULUL UL UEUE
On the other hand, the sextic surface T 45 does not contain the lines #) and 4, and the
sextic surface Th 3 5 does not contain the lines #4 and #5. This also follows from Lemma 2.14.
Similarly, the sextic surface 7759 does not contain the lines £}, /" ¢¢ and Zg , the sextic
surface T} 610 does not contain the lines ¢35 and Vg , and the sextic surface T 919 does not
contain the lines ¢ and 4. Thus, the intersection of the above seven sextic surfaces does

not contain other curves except for L9, so that the same holds for the base locus of M.
For every ¢ < j, define the reducible quartic surface

Rij = Qi+ Q.

By Lemma 2.14, the curve L, is contained in Rg 7, Rs 10 and Rg 10, so that these surfaces
are contained in the linear system M’. Using Lemma 2.14 one more time, we see that

R6’7 N RS,IO - £/10 U 65 U gg,.

However, the surface Rg 19 does not contain the lines {5 and (5. This shows that the base
locus of M’ does not contain curves except for L1,,.
Similarly, the quartics R;2, R34 and R, 5 contain the curve L£Y,. Using Lemma 2.14,
one can check that
RLQ N R374 - 5,1/0 U €4 U 54.

However, the surface R, 5 does not contain the lines ¢, and 55, which implies that the base
locus of M” does not contain curves except for L. O

Lemma 4.11. Let D be a (non-empty) mobile Gsy-invariant linear system on P3, and
let n be a positive integer such that D ~ Ops(n). Then

max{mult[;w (D) , multg10 (D) , mult[yl/o (D) } < %

Proof. Let us use the notation of the proof of Lemma 4.6. Let D be a general surface in D.
Since the lines £,, ¢5, {1 and 05 are contained in the quadric surface Q; by Lemma 2.14,
we have

D’Ql :m(gl +£5+€1+€5) +A,
where m is a non-negative integer such that m > mult., (D), and A is an effective divisor
on Q; whose support does not contain the lines ¢1, l5, ¢; and f5. By Lemma 4.6, the
lines ¢y, 05, ¢, and 05 are disjoint. Thus, we may assume that these lines are divisors
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of bi-degree (1,0) on Q; = P! x P!. Let ¢ be a general line in Q; that is a divisor of
bi-degree (0,1). Then

so that multz, (D) < m < 7§ as required. Similarly, it follows from Lemma 2.14 that

the quadric Q; also contains the lines £/, ¢4, ¢, ¢, ¢4 and /. Moreover, it follows from
the proof of Lemma 4.6 that the four lines ¢}, ¢35, ¢] and ¢ are disjoint. Arguing as in
the previous case, we see that mult,, (D) < %. Finally, observe that it also follows from

Lemma 2.14 that the quadric Qg contains the lines ¢}, 05, (5, VA and ég.vFurthermore,
in the proof of Lemma 4.6 we established that the four lines ¢}, ¢;, ¢} and ¢} are disjoint,
which implies that mult, (D) < 5. O

Remark 4.12. As we mentioned in the proof of Lemma 4.6, the lines ¢}, ¢;, 5, ¢} and £
form a “wheel” in P, the lines ¢, /}, ég, {, and Zg also form a “wheel”, and these two
wheels intersect by ten points in ¥,. Using Lemma 4.10, one can check that there exists
a Ggo-commutative diagram

Here 7 is the blow up of the curve L},, the morphism « is given by the linear sys-
tem | — Kyy|, the map p is given by be the linear system of quartic surfaces in P? that
contain £},, and X, is a quartic threefold in P*. This configuration of ten lines in P? has
been studied by Todd in [41] under generality assumption (and without group action). He
constructed the same commutative diagram with a being a small birational morphism.
However, the position of our 10 lines is not general from this point of view. Namely, it
follows from the proof of Lemma 4.11 that the map « contracts the proper transforms
of the quadrics Qg, Q7, Qs, Q¢ and Qjg, so that our Gg-commutative diagram is a
bad Ggo-Sarkisov link. One can consider this as a geometrical meaning of Lemma 4.11.
Similarly, the lines of £}, form the same configuration in P3| which results in a similar
Ggo-commutative diagram; the only difference in this case is that o contracts the proper
transforms of the quadrics Qi, ©O», Q3, Q4 and Os.

Denote by Sy, S1, Sa, S3 and S, the quartic surfaces in P that are given by the equations
G0 =0,q¢q =0,qp =0, qg =0 and ¢, = 0, respectively. Here qo, q1, q2, q3 and q4 are
quartic polynomials in (2.21). Then Sy, Si, S, S3 and Sy are all Ggp-invariant quartic
surfaces in P* by Lemma 2.10.

Lemma 4.13. The polynomials qo, q1, g2, q3 and q4 are irreducible. Moreover, the sur-
face Sy is smooth, and the surfaces S, Sa, S3 and Sy have isolated ordinary double points.
Furthermore, we have

Slng(Sl) = Zi6’ Slng(Sz) = 2%67 Slng(53) = 2?67 Slng(5’4) = 21116

Proof. We can deduce all required assertions using the explicit formulas of the polynomials
qo, q1, g2, q3 and q4. However, most of these assertions follow easily from general facts.
Namely, the irreducibility of the polynomials qo, q1, g2, ¢3 and g4 follows from Lemma 2.10.
Now taking the general plane section of the surface S;, we see that either it has isolated
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singularities, or its singular locus contains a Ggg-curve of degree less than 4. The latter
is impossible by Corollary 4.9. Thus, the surfaces Sy, Si, S2, S3 and Sy have isolated
singularities.

By [44, Theorem 1], the surface S; cannot have more that two non-Du Val singular
points. Thus, the surface S; has at most Du Val singularities by Corollary 4.7. Then its
minimal resolution of singularities is a smooth K3 surface. Now using Corollary 4.7 and
the fact that the rank of the Picard group of a smooth K3 surface is at most 20, we see
that either .S; is smooth, or .S; has isolated ordinary double points, and its singular locus is
one of the Ggo-orbits ¥1¢, 2, 33, or ¥4,. Taking partial derivatives of the polynomial gq
at the points of the set 3], U X%, U X3, U X1, we see that Sy is smooth. Similarly, we see
that Sing(S;) = X for 1 <@ < 4. O

Corollary 4.14. Let 3 be one of the Ggg-orbits $is, %26, X3¢, X1s, and let M be the
linear system that consists of cubic surfaces in P3 containing ¥.. Then ¥ is the base locus
of the linear system M.

Proof. See the proof of Corollary 3.13. 0

The Ggo-orbits Sg, ¥, and Xl are not contained in any of the quartic surfaces Sp, S,
Ss, S3 and Sy. By Corollary 4.7, this shows that each curve among L4¢, £, LY, intersects
each surface among Sy, S1, S», S3 and S, transversally in a Ggg-orbit of length 40. Thus,
all these surfaces contains exactly three Ggo-orbits of length 40 by Lemma 4.6. Observe
also that Sy contains all Ggg-orbits Xk, %2, 323, $4.. This gives the following

Corollary 4.15. The group Pi(:(So)é80 is generated by the plane section of Sp.

Proof. By [33, Lemma 2.1], the action of the group Ggo on the K3 surface Sy is symplectic.
Thus, the surface Sy/Gyo is a singular K3 surface. By construction, it has four Du Val
singular points of type A4 and three Du Val singular points of type A;. The minimal
resolution of singularities of this surface is a smooth K3 surface. Since the rank of the
Picard group of a smooth K3 surfaces cannot exceed 20, we see that the rank of the Picard
group of the surface Sy/Ggo must be 1. This shows that the rank of the group Pic(Sp)¢s
is also 1. Since Pic(Sp) has no torsion and the intersection form of curves on the surface Sy
is even, we see that the group Pic(Sp)“® is generated by the plane section of Sj. O

Table 2 shows which Ggg-orbit Y1, ¥%, ¥ and Xig is contained in which surface Si,
Ss, S3 and Sy. In particular, we see that X745 C S; if and only if j # 2i mod 5.
Now we are ready to prove

Theorem 4.16. Let C be an arbitrary Ggo-irreducible curve in P? such that deg(C) < 15.
Then C ¢ Sy and one of the following cases holds:
e deg(C) =10, and C is one of the curves Lyg, Ly, LYy,
e deg(C) =12, and C' is an irreducible smooth curve of genus 5 that is contained in
exactly one surface among S1, Sa, S3, Sy,
e deg(C) = 8, and C is an irreducible smooth curve of genus 5 such that either

0251054 O’I"C:SQQS:;.

Proof. Recall from Corollary 4.15 that the group Pic(So)éso is generated by the plane
section Hg, of the surface Sy. Since there is an exact sequence of Ggp-representations

0 — H*(Os (n = 4)) — H(Oss(n) ) — H(Og,(nHs,) ) — 0
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TABLE 2. Incidence between S; and ¥

Sy So S3 Sy
Y16 || Sing(S1) + — +
2 — Sing(S2) + +
3 + + Sing(S3) —
Y6 + — + Sing(Sy)

for every n > 1, we see that Sy does not contain C' by Lemma 2.10.
By Lemma 4.8, we may assume that C' is irreducible. Let d = deg(C'). Then

4d = Sy - C = 16a + 40b

for some non-negative integers a and b, because X9, X5, and X5, are not contained in S.
Keeping in mind that d > 5 by Corollary 4.9, we have the following possibilities:

| d [ o [ b |
8 2 0
10 0 1
12 3 0
14 1 1

Suppose that d = 14. Since a = 1 and Sy contains all Ggy-orbits of length 16 in P3, we
see that the curve C contains a unique Ggg-orbit of length 16. Without loss of generality,
we may assume that C' contains Xis. Then C' ¢ S3, because S3 does not contain Y.
By Corollary 4.7, this implies that

56 =4d =955 -C

is divisible by 40, which is absurd. This shows that d # 14, so that d < 12.

Pick four general points O1, Oy, O3 and Oy in the curve C'. Since C'is irreducible, their
stabilizers in H are trivial. In particular, the H-orbits of these points consist of 16 different
points. On the other hand, the vector space generated by the quartic polynomials

90(33,%27711), Q1(x7y,z>w)> q2(x7yazaw)7 %(%%Z,w), Q4($,y>z>w)>

contains all H-invariant polynomials of degree 4. Keeping in mind the dimension of this
space, we see that there exists [Ag : A; : Ay : A3 : A\y] € P? such that the polynomial

>\OCI0($>?/, Z,U]) + )\1(11(% Y, z, ’lU) + /\2(]2(537% Z,'lU) + >\3(J3($a Y, z, w) + )\4Q4(:B7y7 Z,’lU)

vanishes at the points Oy, Oz, O3 and O,4. This polynomials defines a (possibly reducible
or non-reduced) H-invariant quartic surface S in P3. Then S contains Oy, Oy, O3 and O,
together with their H-orbits. This implies that

4d=S5-C > 64
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provided that the curve C' is not contained in S. Since d < 12, we see that C' C S. Thus,
the vector space of all H-invariant quartic polynomials in C[z, y, z, w| that vanish along C'
is at least one-dimensional. Since H is a normal subgroup in Ggg, the group

Gso/H = ps

acts on this space. Keeping in mind that p is abelian, we see that there exists at least
one Ggo-invariant quartic polynomial in C[z,y, z,w] that vanishes along the curve C.
Moreover, if d < 10, then the rank-nullity theorem implies that the vector space consisting
of all H-invariant quartic polynomials in Clz,y, z, w] that vanish along C'is at least two-
dimensional, because we can repeat the same arguments with three general points in C'
instead of four. Therefore, if d < 10, then there exists at least two Ggp-invariant quartic
polynomials in C[z,y, z, w| that vanishes at the curve C'. Now using Lemma 4.13, we see
that C' is contained in one of the surfaces S, Sy, S3 or Sy. Moreover, if d < 10, then C
is contained in at least two surfaces among Sy, Sy, S3, Sj.

We see that there exists ¢ € {1,2,3,4} such that C' is contained in S;. Denote by H
the plane section of the surface S;. If d # 12, then there is k& € {1,2,3,4} such that C' is
contained in the surfaces Sy and k # ¢. In this case, we have

Sk:|St =(C+ Z,

where Z is a Ggo-invariant effective divisor such that H - Z = 16 — d. On the other hand,
we already proved that P? does not contain Ggo-invariant curves of degree less than 8.
This shows that d # 10, so that either d = 8 or d = 12. N

Recall that ¥4 is the singular locus of the surface S;. Let f:S; — S; be the minimal
resolution of singularities of the surface S;. Then the action of the group Ggy lifts to the
surface gt, because f is the minimal resolution of singularities. Denote by Ei, ..., E
the f-exceptional curves, and denote by C the proper transform of the curve C' on the
surface S;. Let E = By + ...+ Eyg and H = f*(H). Then

Crg I'(C) - 2B

2
for some non-negative integer number m. By Hodge index theorem, one has
H? H-(C+2E)| 4 d 2 g 2y
>~ < ~ = ~ =4(C"+8 —d-°.
A (Ct+2E) (@+2Ep |~ |a (@ +mpp|= 4 T8

This implies
~2 d? 2
C* < — —8m”.
1 m
Let g be the genus of the normalization of the curve C, and let pa(a) be its arithmetic

genus. Then

- 2
9 < pa(C) = [Sing(C)| = - +1 - [Sing(C)] <
2
< %—4m2 +1- |Sing(0)} <
< % —4m* +1 - ‘Sing(5)| =19 — 4m?* — ‘Sing(é)‘.
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On the other hand, it follows from Lemma 4.3 that ¢ > 5. Thus, we see that the curve C
is smooth, one has

9= pa(C) <19 — 4m?,

and m < 1, because P does not have Ggg-orbits of length less than 16 by Corollary 4.7. In
particular, since m < 1, we see that the curve C' is also smooth. Moreover, since g < 19,
we have g € {5,13,17} by Lemma 4.3.

Suppose that ¢ = 17. Then C contains three Ggy-orbits of length 16 by Lemma 4.3.
Thus, the curve C' contains every Ggo-orbit X, except for ¥, such that j = 2¢ mod 5,
because these are the only Ggp-orbits of length 16 contained in the surface S;. Since C
contains {4 = Sing(S;), we have m > 1, which implies that m = 1, because we proved
already that m < 1. Since we also proved that g < 19 — 4m?, we have

17=g <19 —4m? = 15,

which is absurd. This shows that g # 17.

Suppose that ¢ = 13. Then C contains one Ggg-orbit of length 16 by Lemma 4.3.
Recall that there exists r € {1,2,3,4} such that the surface S, that does not contain this
Ggo-orbit. Then C' ¢ S,, so that S, - C' must be a multiple of 40 by Lemma 4.3. Since

S, - C = 4d,

we see that d is divisible by 10. This is impossible, because we already proved that
either d = 8 or d = 12. This shows that g # 13.

We see that C' is a smooth curve of degree d € {8,12} and genus 5 that is contained
in S, such that t # 0. In particular, we see that there are no Ggy-invariant curves in P3
of degree less than 8. Thus, if d = 12, then S, is the only surface among S;, S3, S5
and S4 that contains C. Therefore, to complete the proof of the lemma, we may assume
that d = 8. We have to show that either C = 5 NSy or C = SN Ss.

Recall that C' is also contained in a quartic surface Sy such that k # ¢t. Then

(4.17) 4H ~ Sils, = C + Z,

where Z is a Ggo-invariant effective divisor such that H - Z = 8. Since we already proved
that P does not contain Ggo-invariant curves of degree less than 8, we see that Z is an
irreducible curve of degree 8. Moreover, we already proved that every Ggo-invariant curve
in P? of degree 8 is a smooth curve of genus 5. In particular, we see that Z is a smooth
curve of genus 5. Note that, a priori, we may have the case when Z = (.

Suppose that both curves C' and Z do not contain the singular locus of the surface .S;.
Then C? = Z? = 8 by the adjunction formula, which gives

32=4H-C=C-(C+2)=C*+C-Z=8+C-Z,

which implies that C' - Z = 24. The latter is impossible. Indeed, if we have C' = Z,
then C' - Z = C? = 8. Similarly, if C' # Z, then

C -7 =16a+ 408
for some non-negative integers a and 3, because C' only contains Ggo-orbits of length 16,

40 and 80 by Lemma 4.3. Thus, we see that C'- Z # 24. This shows that either C' or Z
contains 3¢ = Sing(S;).



34 IVAN CHELTSOV AND CONSTANTIN SHRAMOV

If ¥, C C, then X%, C Z by (4.17), because both C' and Z are smooth. Similarly,
if ¥, C Z, then X4 C C. Thus, we see that X% C C'NZ. Applying the same arguments
to the surface Sy, we see that

Sing(S) = XF, c C N Z,
which implies that k +¢ =5 (see Table 2).
Denote by 7 the proper transform of the curve Z on the surface S;. Then

C+ 7~ f*(4H) - E.

This follows from the fact that C' + Z is a Cartier divisor at every point of X, be-
cause both C' and Z are smooth and ¥4, C C'NZ. As above, the adjunction formula

gives C? = Z2 = 8. Then
8+C - Z=C"+C-Z=C-(C+2Z)=C-(f(4H) - E)=32—C - E =16,

so that C - Z = 8. Keeplng in mind that C only contains Ggo-orbits of length 16, 40, 80,
we see that C = Z. Then C = Z, so that S, NSy = C and k +t = 5 as required. This
completes the proof of Theorem 4.16. O

It should be pointed out that Theorem 4.16 does not assert that the projective space P3
contains Ggg-irreducible curves of degree 8 and 12.

Remark 4.18. The Ggp-invariant curves of degree 8 in P? do exist. In fact, there are
exactly two of them. Indeed, one can show that the ideal in Clz, y, z, w] generated by the
polynomials
0010qs  0qs0q1  0q10qs  Oqu Oqn
Ch(xvyasz)v Q4(x>yvsz)7 %a_y_%a_ya %%_%ga
0010qs  0qs0q1  0q10qs  0quOq  0q10qa  0qu0qi  Oq1 0qs  Dqi Oq

Or Ow Ox Ow’ Oy 0z Oy 0z Oy dw Oy ow’ 9Oz Ow 0z Ow

defines a one-dimensional subscheme in P3. This shows that the scheme-theoretic in-
tersection Sy - Sy is not reduced. By Theorem 4.16, this implies that the set-theoretic
intersection S; N Sy is a Ggo-invariant irreducible smooth curve of genus 5. Similarly, we
see that S, N S5 is another Ggo-invariant irreducible smooth curve of genus 5. Note that
the curves S1 NSy and Sy N S3 are projectively equivalent, since

R(Ss) = S1, R(S)) =S5 R(Ss)=25s R(S)) =5

This also implies that both of these curves are Gigo-invariant, and they are swapped by
the group Gsg. In particular, there exists a smooth irreducible curve of genus 5 with
an action of the group Gigy = p3 X Dyg. This curve is well-known: it is a complete
intersection in P* that is given by

xg+ a4 a3+ 2 + 2l =0,
(4.19) g+ &t + Eah + Eaf + Gy =
525 + &30t + E3af + &sxl + x5 = 07

where &5 is a primitive fifth root of unity. This was proved by Joseph McKelvey in [31],
who also proved that w3 x Dy is the full automorphism group of the curve (4.19), see
also [29, 22]. The curve given by (4.19) is a special case of the so-called Humbert curves,
which have been discovered by Humbert in [23], and have been studied by Edge in [19].
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Remark 4.20. Let C be a Ggo-invariant curve of degree 8 in E?’. Then C' is a smooth
curve of genus 5 by Theorem 4.16. Thus, it contains unique Ggg-orbit of length 40 by
Lemma 4.3. We claim that this orbit is the intersection £y N C. To show this, let us
describe the intersections ¢1 N Sy, £1 N Sy, £1 N Ss and ¢ N .Sy, where ¢; is the irreducible
component of the curve Ly defined in (2.11). Note that ¢; is the line in P3 that passes
through the points [0:4:1:0] and [1:0:0: —i], so that its parametric equation is
[,u:)\i:)\:—uz'},

where [\ : p] € PL. To find the intersections ¢; NSy, ¢; N Ss, ¢4 NS and £ NSy, we may
assume that A = 1, because [0 : ¢ : 1 : 0] is not contained in S; U Sy U S3US,. Substituting

the point [p : 4 : 1 : —pi] into the polynomials q1, 2, ¢3, ¢4 defined in (2.21), we see that
both intersections ¢ NS; and ¢ N .Sy are given by

pt = (465 + 485+ 2)p” +1 =0,
and both intersections ¢; N .S, and ¢; N S5 are given by
pt (463 + 42+ 2)pP +1=0.
Thus, we see that /1 N S; = ¢ NS, and ¢4 NSy = ¢1 N S;. Since C' is one of the curves

51N Sy or S, NS5 by Theorem 4.16, the intersection £, N C' is the unique Ggp-orbit in C
of length 40.

We will show later that P contains Ggp-invariant curves of degree 12 (see Lemma 4.26).

Remark 4.21. Let C be a Ggo-invariant curve in P? of degree 12. By Theorem 4.16, the
curve C' is smooth, its genus is 5, and C' C S;, where S; is one of the surfaces Sy, 5o,
S5 and Sy. By Remark 4.18, the surface S, contains an irreducible Ggg-invariant curve Z
such that 27 = Si|s,, where k +t = 5. If C' does not contain Sing(S;), then Z - C' = 24,
which is impossible, because the only Gsy-orbits contained in C' are of lengths 16, 40 and
80 by Lemma 4.3. Thus, we see that C' contains the singular locus of the surface S;.

The first consequence of Theorem 4.16 is

Corollary 4.22. Let C be an irreducible Gyo-invariant curve in P* of degree 12, let D be a
mobile Ggy-invariant linear system on P2, let n be a positive integer such that D ~ Ops(n).

Then multe(D) < §.

Proof. By Theorem 4.16, the curve C' is a smooth curve of genus 5 that is contained in
a surface among Sy, S, S3, Sy. Denote this surface by S, and denote by H its general
plane section. Let D be a general surface in D. Then

D|S:mC’+A~nH,
where m is a non-negative integer such that m > multo (D), and A is an effective divisor
on S such that C' ¢ Supp(A).

Recall from Lemma 4.13, that Sing(S) is one of the Gg-orbits Xk, X2, B3, Ui,
and S has isolated ordinary double points. Let f: S — S be the minimal resolution of
singularities of the surface S. Then the action of the group Ggo lifts to the surface S.
Denote by Ei, ..., Eqe the f-exceptional curves, denote by C the proper transform of the

curve C' on the surface S, and denote by A the proper transform of the divisor A on the
surface S. Let E = E; + ...+ Fi5. Then E? = —32 and

mC + A ~q ff(nH) —€eE
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for some non-negative rational number e. Moreover, the curve C is a smooth irreducible
curve of genus 5, so that C? = 8 by the adjunction formula. N

By Remark 4.21, the curve C' contains Sing(S). Then C - E = 16. Let T be the
divisor f*(6H) —C — E. Then T - E = 16 and T? = 8, so that

W(O5(T) = 6 + 1 (O5(T)) — I2(O5(T)) -

=6-+n'(05(T)) +1°(O5(-T)) =6+ h'(05(T)) > 6

by the Riemann—Roch formula and Serre duality, since T'- f*(H) = 12 > 0.

We claim that the linear system |T'| does not have base curves. Indeed, suppose it does.

Then T' ~ F + M, where F is the fixed part of the linear system |7'|, and M is its mobile
part. Then M - f*(H) > 3, because S is not uniruled. This gives

O0Sf(F)-H=F-f(H)=12-M- f"(H) <9.

Since F is Ggo-invariant, it follows from Theorem 4.16 that either F is contracted by f,
or f(F) is an irreducible smooth curve of degree 8 and genus 5. In the former case we
have F' = rFE for some integer r > 1, so that

2
M? = <T—TE> —6— 2T -E— 322 <6— 322 <0,

which is absurd. Thus, we see that f(F') is an irreducible smooth curve of degree 8 and

genus 5. Denote its proper transform on S by Cs. Then 58 C Supp(F) and 582 = 8.
Hence, it follows from the Riemann—Roch formula and Serre duality that

WO (Og(F)) = 1°(035(Cs)) = 6 + h' (05(Cy)) — h*(03(Cs)) =
= 6+ h'(05(Cy)) + h°(Oz(—Cs)) = 6 + h (O5(Cy)) = 6,

which is also absurd, since F' is the fixed part of the linear system |T'|. Thus, we see that

the linear system |T'| does not have base curves.
Let Z be a general curve in |T'|. Then Z - E' = 16 and

Z-C=C-(6f(H)—C—E)=48.
On the other hand, the divisor Z is nef, so that Z - A > 0. Therefore, we have
0<Z-A=2Z. (f*(nH)—mé—eE> —12n—mZ-C —eZ-E < 12n— 48m,

which implies that multo (D) < m < 7. O

Corollary 4.23. Let C be a Gsy-invariant curve of degree 12 in P3, and let M be the
linear system of surfaces in P* of degree 6 that contains C. Then the base locus of M
does not have curves that are different from C.

Proof. The required assertion easily follows from the proof of Corollary 4.22. Namely, let
us use notation of the proof of Corollary 4.22. Then the linear system |f*(6H) — C — E|
is free from base curves. This was shown in the proof of Corollary 4.22. In particular,
the linear system |6H — C| does not have base points. Since the quartic surface S is
projectively normal, we immediately obtain the required assertions. O

Now let us prove that Ggo-invariant curves of degree 12 in P? do exist.
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Lemma 4.24. Each surface among Si, Sa, Ss, Si contains at least one Ggg-invariant
curve of degree 12.

Proof. Let C be a smooth curve of genus 5 that admits a faithful action of the group Gsyo.
Then it follows from [17, Proposition 2.2] that there exists an exact sequence of groups

a80

(425) 0— Hom(ago, C*) — PiC(ago, C) — PlC(C) — H? (ago,(c*) — 0,

where Pic(Ggg, C) stands for the group of ( Ggo-equivariant line bundles on C . One can
compute that Hom(Ggp, C*) = ps and H?*(Ggo, C*) = u3. Moreover, one has C/Ggy = P,
so that it follows from [17, (2.2)] that

PiC(agg, C) =73 Hs-

Furthermore, let x be a positive generator of the free part of Pic(Ggg, C'). Then it follows
from [17, (2.1)] that deg(x) = 8, so that we may assume that k = K¢. Therefore, there
is an exact sequence

0 — Z — Pic(C)% — p2 — 0.

Thus, either Pic(C)% = Z @ p, or Pic(C)%° = Z @ p2. In both cases, there exists a
Ggo-invariant 2-torsion line bundle on C. In the former case, such 2-torsion is unique,
and there exists a Ggp-invariant line bundle § € Pic(C) such that 20 ~ K¢, i.e. the
divisor 0 is a Ggp-invariant theta-characteristic. In the latter case, there are exactly
three non-trivial Ggo-invariant 2-torsion line bundles on C, and there are no Gsp-invariant
theta-characteristics.

Let D be a 2-torsion divisor on C' such that its class in Pic(C) is Ggo-invariant. Then

h’(Oc(Kc + D)) = h°(Oc(—D)) +4 =4

by the Riemann-Roch formula. Moreover, the linear system | K¢ + D| does not have base
points, because the degree of the divisor Ko+ D is 8, and C' does not contain Ggg-orbits of
length less than 16 by Lemma 4.3. So, the linear system |K¢ 4 D| gives a Ggo-equivariant
morphism o: C — P3. Note that the action of the group Ggy on P3 is given by the
projectivization of the Ggo-representation H°(O¢ (K¢ + D))V. By Corollary 4.2, we may
assume that o(C) is a Ggg-invariant curve of degree at most 8. Then the degree of the
curve o(C) is 8 by Theorem 4.16. In particular, this gives another proof that P? contains
a Ggo-invariant curve of degree 8 (see Remark 4.18). Note that Theorem 4.16 also implies
that the curve o(C) is smooth, and either o(C) = S1 N Sy or o(C) = S N Ss. Hence the
morphism ¢ induces an isomorphism C' = ¢(C'). Since the curves S; NS, and Sy N S5 are
projectively equivalent by Remark 4.18, we see that the class of the divisor D in Pic(C)
is uniquely determined.

We see that there exists a unique Ggo-invariant 2-torsion line bundle on C, which im-
plies that there exists a Ggo-invariant theta-characteristic § € Pic(C). In fact, there are
exactly two such theta-characteristics: one is #, and another one is 8 + D. Arguing as
above, we see that both linear systems |K¢ + 6| and |K¢ + D + 6| are free from base
points and define Ggp-equivariant morphisms C' — P7, where P7 are the projectivizations
of H*(Oc (K¢ +0))Y and H*(Oc(Kc+ D+6))Y, which are eight-dimensional representa-
tions of central extensions of the group Gg given by the images of K¢ + 6 and K¢ + D + 6
in

H*(Gso,C*) = 3
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n (4.25), respectively. One can show that these eight-dimensional representations split
as sums of two four-dimensional representations, so that there exists a Ggp-equivariant
map ¢: C' — P3 that is given by any Ggo-invariant three-dimensional linear subsystem
in |Kc+ 0| or |Kc+ D+ 0|. Since the degree of both divisors K¢ + 6 and Ko + D + 6
is 12, this linear subsystem does not have base points. By Corollary 4.2, we may assume
that the curve ¢(C) is a Ggp-invariant curve whose degree divides 12. Then ¢(C) is a
smooth curve of degree 12 and genus 5 by Theorem 4.16.

By Theorem 4.16, the curve ¢(C') is contained in a unique quartic surface among Sj,
Sy, S5 and Sy. Let R be the element in PGL4(C) defined in §2, cf. Remark 4.18. Then

R(S3) =851, R(Sy) =39, R(S;)=2Ss R(S))=25,.
This shows that each surface among Sy, Ss, S3, Sy contains a unique curve among ¢(C),
R(<(0)), B (s(C)) and R'(<(C)). O
Now we are going to describe all Ggo-invariant curves of degree 12 in P3.

Lemma 4.26. There are exactly eight Gsy-invariant curves of degree 12 in P*. Moreover,
each quartic surface among Sy, Sa, S3, S4 contains exactly two such curves. Furthermore,
the union of these two curves is cut out on the quartic surface by a Ggo-invariant sextic
surface in P3.

Proof. By Theorem 4.16, it is enough to show that S; contains exactly two Ggg-invariant
curves of degree 12, and the union of these two curves is cut out by a Ggp-invariant sextic
surface in P3. In the remaining cases, the proof is the same.

By Lemma 4.24, the surface S; contains a Ggo-invariant curve of degree 12. Denote
this curve by (9, and consider the exact sequence of Ggp-representations

0 — H°(Op3(6) ® Zc,,) — H(Ops(6)) —
— H° ((9012 (9Kc)) — H! (OPB (6) ®ICH) — 0,

where Zc,, is the ideal sheaf of the curve Cj2. By Lemma 2.22, the vector space H°(Ops(6))
contains exactly four one-dimensional subrepresentations of Gy, and H°(O¢,,(9K¢)) con-
tains exactly three one-dimensional subrepresentations of the group Ggp, which correspond
to three Ggo-invariant effective divisors on C' of degree 72. Hence, there is a Ggg-invariant
sextic surface R in P? that contains the curve Cj5. By Lemma 2.22, the surface R is
irreducible and reduced, so that Theorem 4.16 implies that

R‘s& = Cr2 + 212,

where Zy5 is an irreducible smooth Ggo-invariant curve of degree 12 and genus 5.

By R(imark 4.21, both curves C5 and Z;5 contain the singular locus of the surface S;.
Let f: S; — S7 be the minimal resolution of singularities of the surface S;. Then the
action of the group Gy lifts to the surface S. _Denote by Ei, ..., Eyg the exceptional
curves of the birational morphism f. Denote by Ch and Zy the proper transforms of the
curves (19 and Z;5 on the surface Sl, respectively. Let E = E; + ...+ Ej6 and let H be
a plane section of the surface S;. Then

512+212 ~ f*(6H) — E,

because both curves C’12 and 2 are smooth Then 012 Zlg = 48, which implies, in
particular, that C’lz +# Zlg, because C’lz 012 = Zlg Z12 = 8 by the adjunction formula.
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To complete the proof, we have to show that S; does not contain Ggg-invariant curves
of degree 12 that are distinct from C}5 and Z15. Suppose that this is not the case, i.e. the
surface S; contains a Ggp-invariant curve Z of degree 12 such that Z is distinct from the
curves C1p and Zio. Let us seek for a contradiction. B B

Let Z be the proper transform of the curve Z on Sl via f. Then 7 - (Cia + Z12) = 56.
Since the only G- orbits in Z are of lengths 16, 40 and 80 by Lemma 4.3, we see that
either Z - C’12 — 16 and Z - 212 = 40, or 7 Cm = 40 : and 7 - Zm = 16. Without loss of
generality, we may assume that Z - 012 =16 and Z - Z12 = 40. Then

(Coo+ £(21) - 2)2 0.
Thus, it follows from the Riemann-Roch formula and Serre duality that
1(05(Cra+ f(2H) — Z)) =
=2+ 1 (05(Cro + [*2H) = Z) ) = 0*(05(Coa + [ (2H) = Z) ) =
=2+ (og(é12 +f(2H) — Z)) - hO(og(Z o — f*(zH))) —
=241 (05(Cra + f*(2H) - Z)) > 2.

Hence, the linear system |Cys + f*(2H) — Z| is at least a pencil. Moreover, it does not
contain base curves. Indeed, suppose it does. Then

Cro+ [*(2H) = Z ~ F + M,

where F is the fixed part of the linear system |Ciy 4+ f*(2H) — Z|, and M is its mobile
part. Then

0K f(F)-H=F-f(H)=8- M- f*(H) <8.

By Theorem 4.16, this implies that F'is contracted by f, so that ' = mFE for some m > 1.
Then

~ ~ 2
M? = <012 v f2H) — 7 — mE> = —32m?,

which is absurd. This shows that the linear system |C1y + f*(2H) — Z| is free from base
curves. Since

(Cha + f*(2H) - Z)* =0,
we see that it has no base points, so that it is composed of a base point free pencil. Thus,
we see that there exists a Ggg-equivariant morphism v: S — P!, whose general fibers are
smooth elliptic curves (by the adjunction formula). This is impossible, because H is the
only non-trivial proper normal subgroup of the group Ggg by Lemma 4.1, and the group H

does not act faithfully on rational and elliptic curves by Lemma 2.3. This completes the
proof of Lemma 4.26. U

Recall from Remark 4.18 that there are two Ggo-invariant curves of degree 8 in P3.
These curves are just the intersections S; M5, or S9N S3 taken with the reduced structure.
Furthermore, these curves are smooth curves of genus 5 by Theorem 4.16.
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Proposition 4.27 (cf. [2, 15, 16]). Let C be a Ggo-invariant curve of degree 8 in P, and
let m: X — P3 be a blow up of the curve C. Then there exists a Ggo-commutative diagram

(4.28) X [ '
™ Ve ——= Vg -
PP eI _~P3

where Vg 1s the Fano threefold with terminal Gorenstein singularities such that —K{O}S =8,
the map « is a flopping contraction, the map 7 is a birational map, v is an isomorphism,
and v is a composition of flops that acts on Pic(X) in the following way:

{ (E) ~ 247 (H) — TE,
(" (H)) ~ 7" (H) — 2E.

Moreover, the diagram (4.28) is also G1go-commutative.

Proof. Without loss of generality, we may assume that C' = 57 N S;. Denote by S; and 54
the proper transforms of the surfaces 51 and Sy on the threefold X, respectively. Then 5
and Sy are smooth, and

Sy~ Sy~ =Ky~ (4H) — E.

Here H is a plane in P3) and E is the m-exceptional divisor. Since —K% = 8, we see
that the intersection 81 N 34 is a Gso invariant smooth curve isomorphic to C. Let us
denote this curve by C'. Note that C is the scheme-theoretic intersection of the surfaces S

andS4,and
S,-C=5,-C=—-K} =58,

so that — K'x is nef and big. By the Base Point Free Theorem (see [24, Theorem 1.3.6]), the
linear system | —nK x| gives a birational morphism a: X — V; for some n > 0, where Vg
is the Fano threefold with canonical Gorenstein singularities such that — K ‘3}8 = 8.

Let us show that the birational morphism « is small (cf. [25, Theorems 4.9 and 4.11]).
Suppose that « is not small. Then there exists a prime divisor GG that is contracted by a.
One has —K% - G = 0. On the other hand, we have G ~ 7*(aH) — bE for some positive
integers a and b. Then a = 3b, since

2
0=-K%2.G= ( “(4H) — E> : (ﬂ*(aH) . bE) = 8(a — 3b).
If o(G) is a point, then
0=—Kx - G?=4(a* — 4ab + 8b*) = 200,

which is absurd. Thus, we see that a(G) is a curve, so that the intersection G NS, contains
a curve. Then

0=-K% -G=Glg Sz =GClz - C,
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which implies that C is not an ample divisor on the surface S 1. On the other hand, arguing
as in the proof of Corollary 4.22, one can show that the linear system |2C' — 7*(H)|g,| is
free from base points, which implies the ampleness of the divisor

™ (H)|s, + (26’—7T*(H)\§1> ~2C.

The obtained contradiction implies that the birational morphism « is small.
Since « is a small birational morphism, the singularities of the threefold Vs are terminal.
Moreover, there exists a Ggp-commutative diagram

(4.29) XX ~Y

such that x is a composition of flops, f is a small birational morphism, and ¢ is an
extremal contraction such that — Ky is ¢g-ample. Observe that the threefold Y is smooth,
because the threefold X is smooth and y is a composition of flops. Now arguing as in the
proof of [15, Proposition 4.4], we see that the morphism ¢ is birational, one has Z = P3
and ¢ is a blow up of a smooth curve of degree 8 and genus 5. Moreover, this proof also
implies that

(4.30) D ~ 247*(H) — TE,

where D is the proper transform on X of the ¢-exceptional surface.

By Corollary 4.2, we may assume that the diagram (4.29) is Ggo-commutative. Then ¢
is a blow up of one of the two Ggp-invariant smooth curves of degree 8 and genus 5. By
Remark 4.18, the group Gss swaps these curves. Thus, composing the map ¢ with an
appropriate element in G329, we may assume that ¢ is a blow up of the curve C. Therefore,
we can identify X with Y and ¢ with 7. This gives the Ggo-commutative diagram (4.28)
with

L= X, ’7':71'OLO7T_1, v=aotoa L
Since V4 is an anticanonical model of the threefold X, the map v must be biregular. The
action of ¢ on Pic(X) follows from (4.30), since t*(Kx) ~ Kx. The diagram (4.28) also
Gg0-commutative, because Aut(C) = G g9 by Remark 4.18. O

Using Remark 4.20, one can show that the morphism « in Proposition 4.27 contracts the
proper transforms of the curve L£;y. Using this, one can prove that Vg in Proposition 4.27
is a complete intersection of three quadrics in P® that has 10 isolated ordinary double
points.

5. BIRATIONAL RIGIDITY

Let G be a finite subgroup in PGL4(C). In this section we prove Theorem 1.1, which
is the main result of our paper. To prove Theorem 1.1, we have to find out when P? is
G-birationally rigid. Let us first deal with two cases when P? is not G-birationally rigid.

Proposition 5.1. Suppose that G is a transitive subgroup in PGL4(C) such that there
exists a G-orbit in P2 of length 4. Then there exists a G-birational map P? —-» Vo, such
that Vay is a toric Fano threefold, one has —K‘?’/24 = 24, the singular locus of Vs consists

of 8 quotient singularities of type %(1, 1,1). In particular, the singularities of Vay are
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terminal and Q-factorial. Moreover, one has Pic(Vay) = Z3. Furthermore, if there is no
G-invariant pair of lines in P3, then Pic(Vay)® = Z. In particular, in the latter case the
projective space P? is not G-birationally rigid.

Proof. By assumption, there exists a G-orbit in P? of length 4. Denote the points of this
G-orbit by Py, P5, P; and P;. Without loss of generality, we may assume that

P =[1:0:0:0], P,=[0:1:0:0], Ps=[0:0:1:0], P,=[0:0:0:1].

For every 1 < i < j < 4, let L;; be the line in P? that passes though P; and P;. Let M
be the linear system consisting of all sextic surfaces in P? that are singular along every
line L;;. Then the surfaces in M are given by

(5.2)  apr*y*2? + ar2*yPw® 4 agr’ 22w + asy? w4

+ ayryzw + a5’y 2w + agr’yziw + arrtyzw® + agwyd 2w + agry® 2w+
-+ aw:cy2zw2 -+ anxyzgw -+ algxyzzwz -+ algxyzwg =0

for [ag : ... : ai3] € P'3. The linear system M gives a rational map ¢: P3 --» P!3. Note
that ¢ is well-defined away from the lines Lis, Li3, L14, Log, Los and L3s. Furthermore,
the image of the map 1 is three-dimensional. Denote it by V4. By construction, the
threefold V5, is toric.

Let II;, II,, II3 and II; be the planes in P? that are given by z = 0, y = 0, z = 0
and w = 0, respectively. Then 1) contracts these planes to 4 different points.

To resolve the indeterminacy of the rational map o, let a: X — P3 be the blow up of
the points Py, P5, P; and P,. Denote by LZ] the proper transform of the line L;; on the
threefold X. Let f: W — X be the blow up of the curves ng, L13, L14, L23, L24 and L34
Then there exists a G-commutative diagram:

(5.3) |

such that p is a composition of 12 Atiyah flops, and ~, § and ¢ are birational morphisms
that we are about to describe.

To describe p, denote by HZ, 1 < i < 4, the proper transform on X of the plane II;.
Then each II; is a smooth del Pezzo surface of degree 6. Denote by E; the exceptional
divisor of the birational morphism « that is mapped to the point F;. Let ¢; be the
intersection curve E; N ﬁj, and let Zij be its proper transform on the threefold W. This
gives us 12 disjoint curves Zi]‘, 1 <7 # j <4. The map p is a composition of Atiyah flops
in these curves.

To describe v and 6, denote by E; and II;, 1 < i < 4, the proper transforms on W of
the surfaces F; and II;, respectively. Then all of them are smooth del Pezzo surfaces of
degree 6. Moreover, the curves flopped by p are pairwise disjoint (—1)-curves on these
surfaces. Denote by E and H the proper transforms on U of the surfaces F; and II;,
respectively. Then the surfaces El, Eg, Eg, E4, Hl, HQ, H3 and H4 are pairwise disjoint,
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all of them are isomorphic to P?, and their normal bundles in U are Opz(—2). The map
is the contraction of the surfaces El, Eg, E3 and E4 to 4 quotient smgular pomts of
type 5 (1, 1,1). Similarly, the map 4 is the contraction of the surfaces v(IIy), y(Ily), v(Il;)

and 7(H4). Thus, the threefold V54 has exactly 8 singular points, and each of them is a
quotient singularity of type %(1, 1,1). In particular, the singularities of V54 are terminal
and Q-factorial.

To describe ¢, denote by Flg, Flg, F14, F23, F24 and F34 the proper transforms on Y of
the [-exceptional surfaces that are mapped to the curves L12, L1 3, L14, L23, L24 and L34,
respectively. Then ¢ is the contraction of these six surfaces to the lines Lqo, L3, L14, Los,
Loy and Lay, respectively. By [27, Theorem 4.9], the morphism ¢ is the symbolic blow up
of the reducible curve Liy + Lig + Li4 + Log + Loy + L3y, see also [37, §6.1].

By construction, the threefold Va4 is toric Fano threefold, one has —K ‘?}2 , =24
and Pic(Vay) = Z3. If there is no G-invariant pair of lines in P3| then the group G permutes
the six lines L;; transitively. This gives Pic(Va)¢ = Z. O

In the notation of [5], the threefold Va4 in Proposition 5.1 is the terminal toric Fano
threefold Ne47. One can show that a general hyperplane section of the threefold Vo, C P!3
is a smooth Enriques surface. Of course, this is well-known: the equation (5.2) was found
by Enriques to construct what is now known as an Enriques surface. The variety Va4 is one
of the Fano—Enriques threefolds classified by Bayle in [1]. To be precise, the threefold Vo,
is a quotient of P! x P! x P! by an involution 7 that acts as

([3?1 1y1}, [JCQ : yz}, [373 : ?J3D = ([?Jl : 9131}, [3/2 : 56'2], [yz : 333})

Proposition 5.4. Suppose that G is a primitive subgroup in PGL4(C) such that G = &,
and G leaves invariant a pair of disjoint twisted cubic curves. Denote them by Cy and Cs.
Let m: X — P be the blow up of the curves Cy and Cy. Then there is a G-commutative
diagram

Here Viy is a divisor of bi-degree (2,2) in P? x P? with ten isolated terminal Gorenstein
singularities, « is a small birational morphism that contracts proper transforms of ten
common secants of the curves C7 and Cy, the map x is a composition of ten flops, the
morphism (3 is a flopping contraction, the morphism ¢ is a P*-bundle, and the action of the
group G on Pt x P is faithful. In particular, the projective space P? is not G-birationally
rigid.

Proof. Denote by I' the subgroup in G isomorphic to 5. Let m: X; — P3 be the blow
up of the curve C, and let my: X5 — P2 be the blow up of the curve Cy. Then X; and X,
are isomorphic Fano threefolds. Moreover, it follows from Example 1.4 that there is a
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['-commutative diagram

X1 X X
P2<—---—— - P ——- il > P2

Here ¢; and ¢, are P-bundles, #; and 6, are rational maps that are given by the linear
systems of quadrics passing through C and Cs, respectively, and w; and ws are blow ups
of proper transforms of the curves C; and Cs, respectively. Note that the action of T"
on P? is faithful.

We claim that there are exactly 10 lines in P? that are common secants of both
twisted cubic curves C; and Cy (cf. [45, §2] or [18, Remark 2]). Indeed, denote
by E] the m-exceptional surface. Then the morphism ¢, is given by the linear sys-
tem |7} (Op2(2)) — E}|, and its fibers are proper transforms of the secant lines of the
curve Cy. Denote by C the proper transform of the curve Cy on the threefold X;. Since C,
is T-invariant, the curve ¢;(C5) is also I-invariant. By [10, Lemma 5.3.1], there are no
-invariant irreducible curves in P? of degree 1 and 3. Thus we see that either ¢;(C5) is an
irreducible conic, or ¢;(C3) is an irreducible curve of degree 6. The former case is clearly
impossible. Indeed, if ¢;(C5) is a conic, then the induced morphism Cy — ¢1(Cs) is a
triple cover, so that the curve Cs has infinitely many 3-secant lines, which are also secants
of the curve C. However, twisted cubic curves in P2 do not have 3-secant lines at all, be-
cause they are cut out by quadrics. Therefore, we see that ¢;(C5) is an irreducible curve of
degree 6, so that the induced morphism Cy — ¢;(C}) is birational. By [10, Lemma 5.3.1],
the sextic curve ¢,(Cy) is contained in the pencil that consists of all [-invariant curves
of degree 6 in P2. The curve ¢;(C3) must be singular, since the curve Cj is rational.
All singular curves in this pencil are described in [10, Remark 6.1.5]. Using this descrip-
tion, we deduce that ¢;(C5) has 10 double points (cf. [18, Remark 5]), and these singular
points form one I'-orbit in P?. Note that the singular points of ¢;(C3) are ordinary dou-
ble points. Indeed, since the arithmetic genus of the curve ¢1(Cy) equals 10, its singular
points are either ordinary double points or ordinary cusps. In the latter case, the curve Cs
would have a I™-orbit of length 10, which is impossible by [10, Lemma 5.1.5]. Thus, every
singular point of the curve ¢;(C,) is an ordinary double point. The fibers of ¢; over
the singular points of the curve ¢;(C,) are exactly the proper transforms of the common
secants of both curves C; and C5. Vice versa, if £ is a common secant of the curves C}
and Cs, then 6 (£) must be a singular point of the curve ¢;(C5). Hence, we conclude that
there are exactly 10 lines in P? that are secants of both C; and Cj, and the group I' acts
transitively on them.

Denote by E} the m-exceptional surface, and denote by E? the mp-exceptional surface.
Then

Ky ~w (ﬁ(opz(z)) - Ell) +w! (w (0s2(2)) — Eg)

2
Moreover, both divisors 7} (Op2(2)) — E] and m3(Op2(2)) — E3 are nef. In particular, the
divisor —Kx is nef and big, since —K% = 12.
Denote the 10 common secants of both €', and Cy by Lq,..., Ly, and denote their
proper transforms on X by Zl,;. oy Z1o~, respectively. Then — Ky intersects these curves
trivially. Moreover, the curves Ly, ..., Lig are the only irreducible curves in X that have



FINITE COLLINEATION GROUPS AND BIRATIONAL RIGIDITY 45

trivial intersection with —Kx. Indeed, let C' be an irreducible curve in the threefold X
such that —Kx - C = 0. Then

w(C) « (71 (02(2)) = Bl) = wn(C) - (m3(0p2(2)) — E3) = 0,

and 7(C) is an irreducible curve. Since ¢; is given by the linear system |75 (Op2(2)) — F{|,
we see that wy(C') is contracted by ¢; to a point. Similarly, we see that wy(C) is contracted
by ¢2 to a point. Hence, the curve 7(C') is a common secant of both curves C; and Cy,
which implies that C' is one of the curves Ll, e 7Llo.

Consider the morphism

Q= T O0Wy = Ty O Wn.

We already know that the image of « is three-dimensional. Now we claim that « is
birational. Indeed, choose a general fiber of «, and suppose that it contains at least two
different points, say A and A’. Then w;(A) = w;(A4’), so that 7(A) and 7(A’) lie on a
secant of the twisted cubic Cy. Similarly, we have wa(A) = wy(A’), so that 7(A) and w(A’)
lie on a secant of C;. On the other hand, since the fiber of o was chosen to be general,
we can assume that the points w(A) and m(A’) are different points of P3. Hence they lie
on one of the lines Ly, ..., Lig, which gives a contradiction.

We have constructed the morphism a: X — Vi, where V5 is a divisor of bi-degree (2, 2)
in P? x P2. The variety Vi, is an anticanonical model of the threefold X, and the mor-
phism « is given by the linear system | — Kx|. The threefold V5 has 10 isolated terminal
Gorenstein singular points, which are the images of the curves 'L}, e 'L]O. Thus, there
exists a G-commutative diagram

Here ¢ is a birational map that is given by the linear system of quartic surfaces in P3 that
contain both curves C; and C5, and x is a composition of flops in the curves Ll, .. L1o
The map S is a flopping contraction, and the morphism ¢ is a G-extremal contractlon such
that the divisor — Ky is ¢-ample. Now arguing as in [43, 16] and using [32, Theorem 3.3]
together with [14, Theorem 4], we see that ¢ is a P'-bundle, and Z = P! x P!. Finally,
using the fact that our P contains exactly two ['-orbits of length 12 by [9, Lemma 3.2],
we conclude that the group G acts faithfully on Z. O

In fact, one can show that the variety Vj, in Proposition 5.4 has isolated ordinary
double points, and y is a composition of Atiyah flops. Moreover, one can show that a
general fiber of the rational map ¢ o y o 7! is a twisted cubic curve Z such that both
intersections Z N C; and Z N Cy consist of 5 points.

To prove Theorem 1.1, we have to show that P? is G-birationally rigid if and only if G
is a primitive subgroup in PGL4(C) that is not isomorphic to 5 or &5. Actually, we will
also prove one more closely related result. Recall from [10, Definition 3.1.1] that P? is
said to be G-birationally super-rigid if it is G-birationally rigid and

Bir¢ (]P’?’) = Aut® (IP’3),



46 IVAN CHELTSOV AND CONSTANTIN SHRAMOV

where Bir®(PP?) and Aut®(P?) are the normalizers of the group G in Bir(P?) and Aut(P?),
respectively. In addition to Theorem 1.1, we will prove the following

Theorem 5.5. The projective space P? is G-birationally super-rigid if and only if G is
a primitive subgroup that is isomorphic neither to As, nor to S5, nor to PSLy(F7), nor
to g, nor to u3 X ps, nor to ps x Dyg.

To prove Theorems 1.1 and 5.5, we will use the following well-known result, which goes
back to the classical works of Noether, Fano, and Iskovskikh.

Theorem 5.6 ([10, Theorem 3.3.1]). Let I' be a subset in Bir®(P?). Suppose that for
every non-empty G-invariant mobile linear system D on P3, there exists v € I' such that
the log pair (P?, 2~(D)) has canonical singularities, where n be a positive integer that is
defined by ¥(D) ~ Ops(n). Then P is G-birationally rigid, and the group Bir®(P3) is
generated by T' and Aut®(P?).

Corollary 5.7. Suppose that for every mnon-empty G-invariant mobile linear system D
on P3, the log pair (P2, %D) has canonical singularities, where n be a positive integer that
is defined by D ~ Ops(n). Then P? is G-birationally super-rigid.

The following simple fact is useful for the proof of G-birational rigidity of P3.

Lemma 5.8. Let D be a non-empty G-invariant mobile linear system on P3, and let Z

be a G-irreducible curve in P2. Then

multz (D) < — e,

deg(Z )
where n is a positive integer such that D ~ Ops(n).
Proof. Let Dy and Dy be two general surfaces in D. Then
Dy Dy =mZ+ A,
where m is a positive integer such that m > mult},(D), and A is an effective one-cycle

on P? such that Supp(A) does not contain irreducible components of the curve Z. Let H
be a general plane in P3. Then

n=H-D,-Dy=H- (mz + A) > m - deg(Z) = mult2(D) - deg(Z),
which implies the required inequality. Il
To illustrate Lemma 5.8 and Corollary 5.7, let us prove

Lemma 5.9. Suppose that G contains a proper subgroup isomorphic to Ag. Then P3 is
G-birationally super-rigid.

Proof. Let D be a non-empty G-invariant mobile linear system on P2. Then D ~ Ops(n)
for some positive integer n. By Corollary 5.7, to complete the proof, we have to show
that the singularities of the log pair (I3, %D) are canonical. By assumption, the group
G contains a subgroup isomorphic to 2. Denote it by ©. It follows from [8, §4] that
there are two ©-irreducible curves L5 and £j in P such that £ N Ly = &, and each of
them is a disjoint union of 6 lines. Moreover, it follows from [8, Theorem 4.3] that the
log pair (P3, %D) has canonical singularities provided that

max{mult£6 (D) , mult[;g (D)} < %
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On the other hand, it follows from the proof of [8, Theorem 4.9] that

. n
mln{mult£6 (D) , mult g, (D)} < 1

Note that © is a primitive subgroup in PGL4(C), so that G is primitive as well. Thus,
it follows from Blichfeldt’s classification [4, Chapter VII] that G is one of the following

groups: &g, A7, or a simple group of order 25920. If G = G, then the log pair (P2, %D)
has canonical singularities, because G permutes the curves Lg and L in this case, so that

multz, (D) = mult,, (D).

Similarly, if G is a simple group of order 25920, then the log pair (P?, 2D) also has
canonical singularities, because this group contains Sg as a subgroup (see [11, p. 26]).
To complete the proof, we may assume that G = ;. Let Z be a G-orbit of the
curve Lg. Then deg(Z) = 42, so that mult; (D) < § by Lemma 5.8. Similarly, we see
that multz (D) < 2. Thus, it follows from [8, Theorem 4.3] that the log pair (IP%, D)

has canonical singularities. U

Remark 5.10. Let © be a subgroup of the group G. If P? is O-birationally super-rigid,
then it is also G-birationally super-rigid. This follows from Corollary 5.7 and equivariant
Minimal Model Program (see [6, Corollary 1.4.3]). However, if P? is ©-birationally rigid,
then we cannot immediately conclude that P? is G-birationally rigid. A priori, the projec-
tive space P* can be G-birational to a Fano threefold X with terminal singularities such
that the G-invariant class group of the threefold X is of rank 1, but the ©-invariant class
group is not of rank 1. We refer the reader to [26] for a discussion of a similar problem
for the action of Galois groups.

Now we will state two technical propositions and use them to prove Theorems 1.1
and 5.5. After this, we will present the proofs of these propositions. Let G4 be the
primitive subgroup in PGIL4(C) constructed in §2 and dealt with in §3.

Proposition 5.11. Let D be a non-empty Gra-invariant mobile linear system on P3, and
let n be a positive integer such that D ~ Ops(n). Then the log pair (P2, %D) has canonical
singularities.

Proposition 5.11 and Corollary 5.7 imply the following:
Corollary 5.12. Suppose that G contains Gia. Then P? is G-birationally super-rigid.

Similarly, let Gy and Gigp be primitive subgroups in PGL4(C) constructed in §2 and
dealt with in §4. Let C; and Cy be two distinct Ggp-invariant irreducible smooth curves of
degree 8 and genus 5 in P? constructed in §4.

Proposition 5.13. Let D be a non-empty Gso-invariant mobile linear system on P3, and
let n be a positive integer such that D ~ Ops(n). Suppose that

max{multc1 (D),multc2 (D)} < %

Then the log pair (P3, %D) has canonical singularities.
Proposition 5.13 and Theorem 5.6 imply the following:
Corollary 5.14. Suppose that G = Ggy or G = Gig9. Then P? is G-birationally rigid.
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Proof. Let T" be a subgroup in BirG(IP’?’) that is generated by the birational maps con-
structed in Proposition 4.27. Let D be a non-empty G-invariant mobile linear system
on P3. For every o € T, let n, be a positive integer such that (D) ~ Ops(n,). Then
there is v € I' such that

JEF}.

Let n = n, and M = (D). By Theorem 5.6, to prove the required assertion, it is enough
to show that the log pair (P3, %M) has canonical singularities. Suppose that this is not
true. By Proposition 5.13, either multe, (M) > % or multe, (M) > §. In the former case,
we let C' = C;. In the latter case, we let C' = Cy. Let 7 be the birational map constructed

in Proposition 4.27 starting from the curve C'. Then 7 € I and
T(M) ~ Ops <7n — 24multq (M))

Ny = mm{ng

by Proposition 4.27. This contradicts the minimality of n, since Tn—24multo (D) < n. O
To prove Theorems 1.1 and 5.5, we need the last auxiliary result.

Lemma 5.15. Suppose that the group G contains Gso, and that G does not coincide
with Ggg and Gigo. Then P? is G-birationally super-rigid.

Proof. Let D be a non-empty G-invariant mobile linear system on P2. Then D ~ Ops(n)
for some positive integer n. By Corollary 5.7, to complete the proof, we have to show that
the singularities of the log pair (P3, %D) are canonical. This follows from Proposition 5.13

provided that
n

max{multc1 (D),multc2 (D)} < T

because D is also Ggg-invariant. Let us prove the latter inequality.
Let Z be a G-orbit of the curve C;. Recall from §4 that C; is Ggo-invariant. Moreover,
it follows from Remark 4.18 that Gig is the full automorphism group of the curve C;.
Thus, we have deg(Z) > 2deg(Cy) = 16, so that multe, (D) < § by Lemma 5.8. Similarly,
we see that multe, (D) < %. Therefore, the log pair (IP?, %D) has canonical singularities
by Proposition 5.13. Il

Now we are ready to prove the main results of our paper.

Proof of Theorems 1.1 and 5.5. If G is intransitive, then P? is G-birational to a P!-bundle
over P? or to a P2-bundle over P!, so that P? is not G-birationally rigid. If there is a G-
invariant union of two skew lines in P?, then P? is G-birational to a P!-bundle over P! x P
Thus, if G is imprimitive, then P? is not G-birationally rigid by Proposition 5.1. Therefore,
we may assume that G is a primitive subgroup in PGL4(C). Now we use the classification
provided by Blichfeldt in [4, Chapter VIIJ.

If G = 25 and there exists a G-invariant quadric in P3, then P? is not G-birationally
rigid by Examples 1.3, 1.5, or 1.6. If G = 205 and there exists a G-invariant twisted cubic
curve in P3, then P? is not G-birationally rigid by Example 1.4. If G = &5 and there
exists a G-invariant quadric in P?, then P3 is not G-birationally rigid by Examples 1.5
or 1.6. If G = &5 and there exists a G-invariant pair of twisted cubic curves in P?, then P3
is not G-birationally rigid by Proposition 5.4.

If G = PSLy(F7), then P3 is G-birationally rigid and is not G-birationally super-rigid
by [7, Theorem 1.9]. Similarly, if G = s, then P? is G-birationally rigid and is not
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G-birationally super-rigid by [8, Theorem 1.24]. Moreover, if G contains g as a proper
subgroup, then P? is G-birationally super-rigid by Lemma 5.9.

Recall from [4, Chapter VII] that up to conjugation all remaining finite primitive sub-
groups of PGL4(C) belongs to one of the following two classes. The first class con-
sists of primitive groups that leave a smooth quadric surface in P? invariant and con-
tain G4 (see [4, §121]). The second class consists of primitive groups containing an
imprimitive normal subgroup w3 (see [4, §124]). These classes overlap. For instance, the
group Gus = ps x (pg X pg) itself is contained in both of them (see [4, §125]). How-
ever, if GG is in the second class and is not in the first class, then G must contain the
subgroup Ggo (see [4, §124]).

Now we proceed with G-birational rigidity. If the group G contains G144 as a subgroup,
then the projective space P? is G-birationally super-rigid by Corollary 5.12. If G = Gy
or G = Gigo, then P? is G-birationally rigid and is not G-birationally super-rigid by
Corollary 5.14. Finally, if G contains Ggy and neither G = Gy nor G = G149, then P? is
G-birationally super-rigid by Lemma 5.15. U

Thus, to complete the proofs of our main results, it is enough to prove Propositions 5.11
and 5.13. This is what we are going to do in the remaining part of this section. Namely,
suppose that either G = Ghaq or G = Ggy. Let D be a G-invariant mobile linear system
on P3. Then D ~ Ops(n) for a positive integer n. If G = Gy, we also suppose that

(5.16) max{multc1 (D), multe, (D)} < %

To prove Propositions 5.11 and 5.13, we have to show that the singularities of the log
pair (3, %D) are canonical. Suppose that this is not true. Let us show that this assump-
tion leads to a contradiction.

Lemma 5.17. Let C be a G-irreducible curve in P*. Then multc(D) < %.

Proof. By Lemma 5.8, we may assume that deg(Z) < 15. If G = G4, the assertion
follows from Theorem 3.22 together with Corollaries 3.8 and 3.21. If G = Ggg, the
assertion follows from (5.16), Theorem 4.16, Lemma 4.11 and Corollary 4.22. O

Thus, the log pair (P3, %D) is canonical away from finitely many points in P? (see, for
instance, [13, Proposition 5.14]). On the other hand, this log pair is not canonical at some
point P € P? by assumption. Denote by X the G-orbit of the point P. Let D; and Dy be
two sufficiently general surfaces in D. Then

2
(5.18) multo <D1 : D2> > ”Z

for every point O € ¥ by [12, Corollary 3.4].

For every r > 2, denote by M, the linear system of surfaces of degree r in P? that
contain 3. If M, is not empty, let M, be a general surface in M,. In this case (5.18)
implies that

2
n
rn® =M, DDy > Zmu1t0<Dl : Dg> > I3
Oesx
provided that M, does not contain any irreducible component of the one-cycle Dy - D,.
Thus, if the base locus of the linear system M, does not contain curves, then (5.18)
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implies the inequality
(5.19) 5| < 4r.

We expect that the base locus of the linear system M, contains no curves for r = L%J
Unfortunately, we failed to prove this, so instead we use an alternative approach that
utilizes results obtained in §3 and §4. Let us start with

Corollary 5.20. If G = G144, then || > 16. Similarly, if G = Gy, then |X| > 20.

Proof. If G = G144 and |%| < 16, then |X| = 12 by Lemma 3.10. If G = Gy and |3 < 20,
then 3| = 16 by Lemma 4.7. Thus, the base locus of the linear system M3 contains no
curves by Corollaries 3.13, 4.7 and 4.14. This gives a contradiction with (5.19). O

Recall from Lemma 2.10 that there is unique Gi44-invariant quadric surface in P5.

Lemma 5.21. Suppose that G = Gha. Let Q be the unique G-invariant quadric surface
in P3. Then X is not contained in Q.

Proof. Suppose that ¥ is contained in Q. Then the log pair (P3, Q + %D) is not log
canonical at every point of . Thus, the log pair (Q, 2D|g) is not log canonical at every
point of ¥ by Inversion of Adjunction (see [28, Theorem 5.50]). Hence, there is p < 2
such that the log pair (Q, uD|g) is not Kawamata log terminal. By Corollary 3.7, this
log pair is Kawamata log terminal away from finitely many points in Q.

Let Z be the multiplier ideal sheaf of the log pair (Q, uD|g). Then the ideal Z defines
a (non-empty) zero-dimensional subscheme L of the quadric @ such that the support
of the subscheme L contains . Moreover, this subscheme is G-invariant, because D is
G-invariant. Let H be a plane section of the quadric Q. Then

P (T 0g(2H)) =0

by Nadel vanishing theorem (see [30, Theorem 9.4.8]). Now using the exact sequence of
sheaves

0—Z®0g(2H) — 0Og(2H) — O, ® Og(2H) — 0,
we see that

5] <2°(0c) = (0 © 0o (2H) ) < 1 (00 (2H) ) =9,
which is impossible by Lemma 3.4. U
Lemma 5.22. Let C be a G-irreducible curve in P? such that deg(C) < 15. Then & ¢ C.

Proof. Suppose that 3 C C'. Let us seek for a contradiction. We have
D1 . DQ =m(C + A,

where m is a non-negative integer, and A is an effective one-cycle on P* such that Supp(A)
does not contain irreducible components of the curve C. Hence, it follows from (5.18)

that
2

(5.23) multo (A) > % —m - multe (C)
for every point O € X. Let H be a plane in P3. Thus

(5.24) n2:H-D1-D2:H-(mC+A) =m-deg(C)+ H-A >=m-deg(C).
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For every r > 2, denote by B, the linear system that consists of surfaces of degree r
in P? containing C. If the base locus of B, does not contain G-irreducible curves different
from C| then it follows from (5.23) that

(5.25) 7’<n2 —-m- deg(C’)) =B, - <D1 mC’)

2
Z multo > |2 (— —m - multp (C)> )

oex

where B, is a sufficiently general surface in the linear system B,.

Suppose that G = G144. By Lemma 5.21 and Theorem 3.22, the curve C is a smooth
irreducible curve of degree 12 and genus 13. In particular, we have |¥| > 24 by Lemma 3.2.
Moreover, it follows from Corollary 3.20 that the base locus of the linear system Bg does
not contain curves different from C. Thus, it follows from (5.25) that

n2

6(n — 12m) > 24(Z . m)

so that 0 > 48m, which is absurd.
We see that G = Ggg. Let us use the notation of §4. By Theorem 4.16, one of the
following cases holds:

e deg(C') =8, and C' is an irreducible smooth curve of genus 5;
e deg(C) =12, and C is an irreducible smooth curve of genus 5;
e deg(C) =10, and C is one of the curves Lyg, L}y, L,

Note that in the former two cases one has |X| > 40 by Lemma 4.3 and Corollary 5.20. Also,
we know from (5.24) that n? > m - deg(C) > 4m. Let us consider the above p0881b111t1es
case by case.

If deg(C') = 8, then the base locus of B, does not contain G-irreducible curves different
from C' by Theorem 4.16. Hence (5.25) gives

2 2
4n* — 32m :4(n2 —8m> > | X (nz —m) > 40(% —m) = 10n* — 40m.

This implies that 6n? < 8m. On the other hand, one has 8m < n? by (5.24), which is
absurd.

If deg(C) = 12, then the base locus of Bg does not contain curves different from C' by
Corollary 4.23. Hence (5.25) gives

2 2
6n? — T2m = 6<n2 - 12m> > |3 ("Z - m) 40 (Z - m) — 1002 — 40m,

which is absurd.

Thus, we see that C' is one of the curves Ly, L, or L7,. In particular, by (5.24) we
have n? > 10m > 8m.

If C =L}, or C =LY, then the base locus of By does not contain G-irreducible curves
different from C' by Lemma 4.10, so that Lemma 4.6 and (5.25) give

2 2
4n? — 40m = 4<n2 . 10m) > |3 (”Z . 2m> > 20 ("Z - 2m) — 502 — 40m,
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which is absurd. Thus, neither C' = £}, nor C' = L], (that is, ¥ is not contained in £,
and in L];). We see that C' = L.

By Lemma 4.10, the base locus of Bg does not contain G-irreducible curves different
from C. If |X| # 20, then Lemma 4.6 implies that |3| > 40, so that (5.25) gives

2 2
6n2 — 60m = 6(n2 . 10m> > |3 (”Z - m) > 40 <”Z - m> — 10n2 — 40m,

which is absurd. We see that C' = £,y and |X| = 20. Then ¥ C £7,U LY, by Lemma 4.6.
However, we just proved that 3 is not contained in £, and L7,. O

Corollary 5.26. One has |X| > 35.

Proof. If G = G144, then |Z| > 35 by Lemma 5.21 and Theorem 3.10. If G = Gy, one
has |X| > 80 by Corollary 4.7, Theorem 4.16, Corollary 5.20 and Lemma 5.22. O

Now we are going to use the multiplication by two trick that was introduced in [7, 8].
Recall that P € ¥ is a center of non-canonical singularities of the log pair (P, %D), SO
that multp(D) > § (see [13, Proposition 5.14]). This immediately implies that P is a
center of non-log canonical singularities of the log pair (P, %D). In particular, the log
pair (P3, %D) is not log canonical at P. Thus, there is a positive rational number p < %
such that (P3, uD) is log canonical at the point P, and it is not Kawamata log terminal
at the point P. Of course, the same holds for every point in ¥, because ¥ is the G-orbit

of the point P, and the linear system D is G-invariant.

Lemma 5.27. The log pair (P, uD) is Kawamata log terminal in a punctured neighbor-
hood of every point in 3.

Proof. Suppose that the required assertion is not true. Then there exists a G-irreducible
curve C' in P3 such that ¥ C C and (P?, uD) is not Kawamata log terminal in every point
of the curve C'. Let D; and D, be two general surfaces in D. Then

Dl'Dlsz+A,

where m is a positive integer, and A is an effective one-cycle on P? such that Supp(A)
does not contain irreducible components of the curve C. By [12, Theorem 3.1], one has

2

S

4>
proo 1

m =

D

Let H be a general plane in P3. Then
2

n2:H-D1-D2:H-<mC+A>:m-deg(C)—i—H-A}m-deg(C’)>?—6-deg(0),

so that deg(C') < 15, which is impossible by Lemma 5.22. O

Let Z be the multiplier ideal sheaf of the log pair (P3, uD). Then the ideal Z is not
trivial, since (P3, uD) is not Kawamata log terminal. Thus, it defines a (non-empty)
subscheme £ of P? such that the support of the subscheme £ contains Y. Since D is
mobile, the subscheme £ has no two-dimensional components. Moreover, the subscheme £
is reduced in a neighborhood of every point in ¥, because the log pair (P?, uD) is log
canonical at every point of Y. Furthermore, every point of 3 is an isolated irreducible
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component of the subscheme £ by Lemma 5.27. On the other hand, it follows from Nadel
vanishing theorem (see [30, Theorem 9.4.8]) that

P (T 0w (4)) =0.
Now using the exact sequence of sheaves
0—Z®Ops(4) — Ops(4) — O @ Ops(4) — 0,
we see that
3 <10 (0c @ Om (4)) < 1°(0ss(4)) = 35,
which is impossible by Corollary 5.26. The obtained contradiction completes the proof of
Propositions 5.11 and 5.13. This in turns completes the proof of Theorems 1.1 and 5.5.
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