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REGULATOR OF MODULAR UNITS AND MAHLER MEASURES
WADIM ZUDILIN

ABSTRACT. We present a proof of the formula, due to Mellit and Brunault, which
evaluates an integral of the regulator of two modular units to the value of the L-
series of a modular form of weight 2 at s = 2. Applications of the formula to
computing Mahler measures are discussed.

1. INTRODUCTION

The work of C. Deninger [6], D. Boyd [2], F. Rodriguez-Villegas [12] and others
provided us with a natural link between the (logarithmic) Mahler measures

dz; dz,,
P(xy,... o log |[P(z1, ..., . T
(P, 1) = o P(ar, .. va)| 2
|~’01| =lzm|=1
of certain (Laurent) polynomials P(xl, ..., Tpy), higher regulators and Beilinson’s

conjectures, though it took a while for those original ideas to become proofs of
some conjectural evaluations of Mahler measures. In this note we mainly discuss
a recent general formula for the regulator of two modular units due to A. Mellit
and F. Brunault, its consequences for 2-variable Mahler measures and some related
problems.

For a smooth projective curve C given as the zero locus of a polynomial P(z,y) €
Clx,y] and two rational non-constant functions g and h on C, define the 1-form

1(g, h) :=log|g|darg h —log |h| darg g; (1)
here darg g is globally defined as Im(dg/g). The form (1) is a real 1-form defined
and infinitely many times differentiable on C'\ S, where S is the set of zeros and poles
of g and h. Furthermore, it is not hard to verify that the form (1) is antisymmetric,
bi-additive and closed; the latter fact follows from

dg  dh
d h)=Im[—A— | =0
o) =tm (LA 5H) =0,

as the curve C' has dimension 1. In turn, the closedness of (1) implies that, for a
closed path « in C'\ S, the regulator map

mmw»vH/w%m (2)
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2 WADIM ZUDILIN

only depends on the homology class [y] of v in H,(C '\ S,Z).
Factorising P(z,y) as a polynomial in y with coefficients from Clz],

P(x,y) = ao(x) [ [ (v — y;(=
7j=1

and applying Jensen’s formula, we can write [5, 9, 12, 13] the Mahler measure of P
in the form

m(P(r,y)) = m(ao(x)) + o r({r. v} (b)), Q

where

n

vi= @ y@) el =1 Jy@) 21} = {(z,y) € C:fa| =1, [y 21} (4)

j=1

is the union of at most n closed paths in C'\ S.
In case the curve C': P(x,y) = 0 admits a parameterisation by means of modular
um'ts z(7) and y(7), where the modular parameter 7 belongs to the upper halfplane
= {r € C:Im7 > 0}, one can change to the variable 7 in the integral (2) for
({x y}); the class [y] in this case [4] becomes a union of paths joining certain cusps
of the modular functions z(7) and y(7). The following general result completes the
computation of the Mahler measure in the case when z(7) and y(7) are given as
quotients/products of modular units

Gu(7) =" ] =¢n) ] (1—=¢"), g¢=expmir), (5)

n>1 n>1
n=a mod N n=—a mod N
where B(z) = By(x) := {z}® — {2} + ¢.
Theorem 1 (Mellit-Brunault [11]). For a, b and c integral, with ac and bc not
divsible by N,

o) = 5 LU () = i0),2), (©
¢/N ™

where the weight 2 modular form f(7) = fap.c(T) is given by
fa,b;c ‘= €a,bc€h,—ac — €a,—bcCb,ac

and

1/1 vl 4 —(am+bn )
6a,b<7-) = 5 (1 i_ §g+1 i_ gb:[f) + Z ( X{m-}—bn_gN( +b ))qmn’ Cy = exp(27i/N),
(7)

m,n>1

are weight 1 level N? FEisenstein series.
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The L-value on the right-hand side of (6) is well defined because of subtracting
the constant term

_ T+ 1+¢% 1+ 1+
f(ZOO):_ b bc a ac
2\1 - 1—-C¢¥ 1-C%1-C¥
1 tﬂ'b t7Tbc t7ra twac
= ——|[ cot — cot — — cot — cot —
2 N N N N

in the g-expansion f(7) = f(ioco) +_, -, ¢x¢". Furthermore, if a linear combination

f(T) - Z /\a,b,cfa,b;c(T)a /\a,b,c S C?

(a,b,c)eM

happens to be a cusp form (and this corresponds to application of Theorem 1 to
Mabhler measures), then formula (6) produces the evaluation

100

> e [ i) = 4= LUG).2).

(a,b,c)eM ¢/N

Note as well that the theorem allows one to integrate between any cusps ¢/N and
d/N with the help of fc%\jfv = f;;; —f;/o;i,.

Here is a sketch of the proof of Theorem 1; details are given in Section 2. We
parameterise the contour of integration by 7 = ¢/N +it, 0 < t < oo, and note that
the Mobius transformation 7/ := (c7 — (¢ +1)/N)/(NT — ¢) preserves the contour:
7 = ¢/N +i/(N?t). Then the logarithms of g,(7) and g(7), hence their real and
imaginary parts — everything we need for computing the form (1), can be written as
explicit Eisenstein series of weight 0 in powers of exp(—27t) and exp(—27/(N?t)).
Finally, executing the analytical change of variable from [14] the integrand becomes
a linear combination of pairwise products of weight 1 Eisenstein series in powers of

exp(—2mt) integrated against the form ¢ d¢ along the line 0 < ¢ < 0.

Applications of Theorem 1 to Boyd’s and Rodriguez-Villegas’ conjectural eval-
uations of 2-variable Mahler measures are discussed in Section 3, while Section 4
highlights some open problems related to 3-variable Mahler measures.

2. PROOF OF THE MELLIT-BRUNAULT FORMULA

The two auxiliary lemmas indicate particular modular transformations of the
modular functions (5) and the Eisenstein series (7). Lemma 1 also describes the
asymptotic behaviour of the modular functions (5) in a neighbourhood of a cusp
with Re7 = 0; it is used in the form (10) to determine the integration contours (4)
for our applications in Section 3.
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Lemma 1. For a,c integers,
log go(¢/N +it) = micB(a/N) — nt NB(a/N)

acm —acm

— Z exp(—2mmnt) 5% exp(—2mmnt)
m n>1 m,T n>1
‘ B N
= —% + mia(c® + 1)(N — ac) + wicB(ac/N) — %
v 2mrmn §vi 2rmn
2 o) 2 e )

where t > 0.
Proof. First note that definition (5) implies

log go(7) = mit NB(a/N) + Zlog(l —q")+ Z log(1 —¢")

n>1 n>1
n=qa n=—a
qmn qmn
=mit NB(a/N) — — - E —
m m
m,n>1 m,n>1
n=a n=—a

Therefore, the substitution 7 = ¢/N + it, equivalently ¢ = (§ exp(—2nt), results in
the first expansion of the lemma.

Secondly, the modular units (5) are particular cases of the ‘generalized Dedekind
eta functions’ [17, eq. (3)]. Applying [17, Theorem 1] with the choice h = 0 and
v=(¢ *0_2*1) we deduce that

C

o) = (LI

where
Gao(T) = exp(—7i/2 + wia(c® + 1)(N — ac)) gV Blac/N)/2

< I a-&"“DMey I a-a< e,

n>1 n>1
n=ac mod N n=—ac mod N

On the other hand,

T (@ + /N c i

T = _ = _I_ _2’

Nt —c T=c/N+it N N2t

so that
7 i : B(ac/N
1Ogga,c(7-/> = _%Z + ma(02 + 1)(]\[ — (IC) + WZCB(CLC/N) . %
Z CNa(c +1)m+cmn . Qrmn Z Xf(c?_,_l)m-q-cmn S
- P\ - S exp| —
m,n>1 m P N2t i m p Ngt s

n=ac n=—ac
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and it remains to use the congruences n = ac and n = —ac to simplify the exponents
of the roots of unity. O
Lemma 2. For a,b integers not divisible by N

N S R LD SIS D
——eup| —=—=— | = €un(7) = —
N2r P\ TN2p o ¢ 4

m,n>1 m,n>1
m=a, n=b m=—a, n=—b

Proof. In [16, Section 7] the following general Eisenstein series of weight 1 and level
N are introduced:

271
Gac( ) GNl(ca)( ): __</{ac

Z Cam mn/N _ Z C&amqmn/N> ’
m,n>1

m,n>1
n=c mod N n=—c mod N
where

11 S

— o if c=0mod N,
21—

1

c .
5—{]\[} if ¢ # 0 mod N.
B) € SLy(Z) we have

GG,C(VT) = (CT + D>GaD+cB,aC+cA(7—)-

(8)
The partial Fourier transform from [7, Chapter III] applied to G, . results in

N—-1
3 G Gulr) = (”QN ; 1“1‘”)
c=0

—q i

Then for v = (

. @ ( Krm—Hm o <§(am+bn))qmn/N~
m,n>1

On the other hand, taking v = ((1)

T—léab (—=1/7) = ZC

') in (8) we find that

—ca

27T’l ZC ( { } Z CNcm mn/N Z C]cvmqmn/N>

m n>1 m,n>1
n=—a
_ —27TZ< E : qmn/N . 2 qmn/N>
m,n>1 m,n>1
n=a, m=b

n=—a, m=—>b

Using now G, ,(NT) = —2mie,,(7)/N we obtain the desired transformation

0J
The next two statements are to take care of integrating the constant terms of
auxiliary Eisenstein series
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Lemma 3. For a,b integers not divisible by N,
o , , 14 (% 2ma b
/0 (ea,b(zt) + eq—p(it) — = gg) tdt = ZCIQ( N )B<N)’

Cb(l‘) — Z S I

m2
m>1

where

denotes Clausen’s (dilogarithmic) function.

Proof. The integral under consideration is equal to

/ Z am+bn o (am+bn + Cam bn _ C];(am—bn)) eXp(—Qﬂ'mnt) tdt

myn>1
/ Z — (U™ 4 ¢ exp(—2mmnt) tdt.
m,n>1
On using the Mellin transform
o r
/0 exp(—2rkt)t* 1 dt = (27r()i)ks for Res >0, 9)

the integral of the double sum evaluates to

§5i C am —l—C b 21a cos(2mnb/N)
47T2ZN = Z 5 :;Cb(N)Z n2 :

n>1 n>1
It remains to use
CoSnNT x
> = (5 ).
n>1
and the required evaluation follows. O

Lemma 4. For a,b integers not divisible by N,

<1 V" — ™™ 2mmn
| SN " SN _ _
| i (-8 e
m>1 n>1 n>1
n=b n=->b

2ra\ 14 ¢%
—_iql .
ZCQ(N)l—cﬁ’v

Proof. Performing the change of variable v = 1/(N?t) in the integral, it becomes
equal to

27TN / Z>1 — ™) <; — ; ) nexp(—2mmnu) u du,

n=b n=—>b
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and applying (9) with s — 27 it evaluates to

N sin(2ram/N)
Yyl (23 )

_! 012(2;“) (w1 —zb/N;):_—b@D({b/N})) = - C12<2]7\Tza> “‘)t%b’

where 1 (x) is the logarithmic derivative of the gamma function. It remains to use
cot(mb/N) = —i(1+ %) /(1 — %) O

Proof of Theorem 1. To integrate the 1-form 7(g,, g») along the interval 7 € (¢/N, ic0)
we make the substitution 7 = ¢/N + it, 0 < t < co. It follows from Lemma 1 that

log gu(7)| = ~ TP GN) 2 W T <Z+ Z>exp(——2§;f;”)

m>1 n>1 n>1
n=ac n=—ac

(10)

and

darg g.(7) = — 5 d Z il CNacm (Z Z) exp(—2mmnt)

n>1 n>1
n=a n=—a

1 Cym — ™ 2mmn
deNTN<nzzl_ ;)exp<— e )

This computation implies

N———

_wB( ac/N Cm — ¢ 2rmmn
- (2
n>1 n>1
n=bc n=—bc

C + C ami 2
T Z B (Z 2. ) exp <_ szzltnl)
n11>alc n11>—%zc

< d Z Cbcmg CNbcmg (Z Z ) (2
p(—2mmanst)

n2>1 ’IL2>1
na=b no=-—>b
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7TB mB(bc/N) § i —CN 2mmn
2iNt Z nz;: ; e

C + Cmel ( ) ( 27Tm1n1)

DI >+ 2 el -

42 m1>1 ’rL1>b1 n1>1b N t
ni1=bc ni1=—bc

x d Z Cacm T_Tlfj;ach (Z Z ) exp 27rm2n2t).

ng>1 ng>1
no=a nz=-—a

The terms involving double sums only can be integrated with the help of Lemma 4,
and we obtain

1o i 1+§N 27h ac w1+ (¥ 27a bc
s 1 Bl—=)——= Ll — |B| =
/C/Nn(g %) =51 C2<N N) 2o BN N

_%( D @ G %mZ—CN”m)(Z > )(Z_ Z>

my,me>1 ni1>1 n1>1 na>1 n2>1
ni=ac ni=—ac no=b no=-b
bmy bma acmsa —acma
— 3 GG = ><§:+§)>(Z—Z)>
mi,mg>1 ni>1 ni>1 ng>1 ng>1

ni=bc ni=-—bc ne=a  n2=-—a

ny [ ming
X — 2 t dt.
ml/o exp< 7T( N7 -+ Monsg ))

Now we execute the change of variable u = not/m;, interchange integration and
quadruple summation and use Lemma 2:

ioo i 1+C 2mh ac v 1+C 2ma be
//N Mo 90) = 5 7 cae Ol (N)B(N) 2 1= cur ( N )B<N)

a [ @ G G exp(=2mmiman)

mi,m2>1
2
' (z Ly )(z Z)exp( iy
ny>1 ni>1 na>1 ng>1
ni=ac ni=—ac no=b  no=-b
= Y (GRH GIGE™ = ) exp(—2mmymau)
mi,mg>1
2
. (z Ly )(z_ z>exp<_ me),
ni1>1 n1>1 ng>1 nz>1 u

ni=bc ni1=—bc n2=a nz=-—a
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_mi 1+C 2mb ac 14 Gy 2ma be
-Sitg o(W)e(5) -5 5§ () (3)

Lt o ) (e (5 (N0)) + B0 —ac i/ (V)

™

— 2_Z ; <ea,bc(z’u) — Ga,_bc(iU) 1_ N

— (ebﬂc(z’u) €b,—ac(iu) — ) (ea be(i/(N?u)) + fevaﬁbc(i/(NQu))) du

1-—
w14 2mb mi 1 —|— CoF 2ma be
:21_1\/012( ) ( > Cl?(N)B(N)
+ g /Ooo (6a7bc(iU) Ca,—be(it) — 1 + C ) (€b ac(iu) + €y, ac(zu)) U
1+¢

— <eb7ac(iu) — €p—aciu) — = J(yc> (eapelit) + €q—pe(iv)) udu

N
_mi 1—|—CN 2mb ac uy 1—|—§N 2ma bc
T 21-¢ CI2(N)B<N> 21— P\ )B W
+ 7r/ (ea,bc(z’u)eby,ac(iu) — ea,,bc(iu)eb,ac(iu)) U
0

1+Cac

L=y

1+ ¢y

be
= 3T raiu) + i) -

Y (eapelin) + eq—pe(iu)) ) udu

(we apply Lemma 3)

o 11 1 L1+ 14k
:7r/ (fabc(zu)+ Tok 1A ON = oy +<Z\£> udu,
0

—Ch1-CF 21— LR

and the result follows by appealing to (9). O

3. APPLICATIONS

The modularity theorem guarantees that an elliptic curve C' : P(x,y) = 0 can
be parameterised by modular functions z(7) and y(7), whose level N is necessarily
the conductor of C, such that the pull-back of the canonical differential on C' is
proportional to 2mif(7)dr = f(7)dq/q, where f is (up to an isogeny) a normalised
newform of weight 2 and level N, which automatically happens to be a cusp form
and a Hecke eigenform. Computing the conductor of C' and producing the cusp form
f of this level give one an efficient strategy to determine successively the coefficients
in the g-expansions of z(7) = g1 + .-+ and y(7) = e2¢7 2 + --- subject to
P(z(7),y(r)) = 0, where £, and &y are suitable nonzero constants. The particular
form of g-expansions only fixes a normalisation of x(7) and y(7) up to the action of
the corresponding congruence subgroup I'g(N). Finally, it remains to verify whether
x(7) and y(7) just found are modular units—modular functions whose all zeroes
and poles are at cusps (so that they admit eta-like product expansions); if this is
the case, we can use Theorem 1 to compute the Mahler measure m(P(z,vy)).
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In this section we touch the ‘classical’ family of Mahler measures
1 1
m(zy® + (2% + kz + 1)y + z) :m(k—l—:c—ir;—l—y—i—g), k* € 7\ {0,16},

which goes back to the works [2, 6, 12]. Namely, we will see that Theorem 1 applies
in the cases when the corresponding zero locus

1 1
E:k+z+-—+y+-=0 (11)
x y

can be parameterised by modular units. For this family, equation (3) assumes the
form

mlher o+ Ty ) = ml? o (e ba D) = o r(fnah(B), (2

where ~ is a single closed path on E \ {(0,0)} corresponding to the zero y;(x) of
y? + (k+x + 27 Yy + 1 which satisfies |y, (z)| > 1.

The above general strategy restricted to the family (11) was identified by Mellit
in [10] and illustrated by him on the example of k = 2i; this is Example 2 below. The
modular functions x and y satisfying (11) are searched in the form z(7) = (eq) '+ - -
and y(7) = —(eq) ™' + - -, where £ € Z[k] is chosen so that k/c is a positive integer.
The condition on the pull-back of the canonical differential on E takes the form

q (dz/dq)
ex(y —1/y)

where f(7) is the corresponding Hecke eigenform of weight 2.

The computational part of the examples below was accomplished in sage and
gp-pari. Below we will have occasional appearance of Dedekind’s eta-function
n(r) == ¢/* 52, (1 — ¢"). We hope that this extra eta notation does not cause
any confusion with (1), as it depends here on a single variable, which is always a
rational multiple of 7 from the upper halfplane.

:f7

Example 1. The most classical example corresponds to the choice £ = 1, when the
elliptic curve in (11) has conductor N = 15 and can be parameterised by modular
units

R B i (R N 1Ca)
x(T) = p }_[0 (1 — @tBnt2)(1 — gi5nt13) —  gy(7)’
_ I =g g ()
v =3 LIO (1 =g (L =g t4)  gi(7)
so that
q (dz/dq)
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and the path of integration «y in (12) corresponds to the range of 7 between the two
cusps —1/5 and 1/5 of F0(15). Therefore, Theorem 1 results in

1 100
m(1+a+ - +y+ 27T/ / 091/ 2. 9/ 91)

:8_L(2f74 3= 2f71.-3 = 2fou—3 +2f21,-3,2)

15

= 4_L(f157 )7

which is precisely Boyd’s conjecture from [2] first proven in [15].
Note that this evaluation implies some other Mahler measures, namely [8, 9]

1 1 1 |
m(5+x+—+y+—>: 6m<1+x+—+y+—)

T y x y

| 1 1 1
m(16+2+ —+y+—) = lm(l+a+—+y+-),

x y x y

. 1 1 1 1
m(3ite+—+y+=)= tm(l+a+t=ty+-),

x y x y

though the corresponding elliptic curves k+x+1/x+y+1/y = 0 for k = 5, 16 and
3i are not parameterised by modular units.

Example 2 ([10]). The modular parameterisation of (11) for k& = 2i (the conductor
of elliptic curve is then N = 40) and the corresponding Mahler measure evaluation

1 1 10
m<22+x+—+y+—> :—2L<f40,2>,
x Y 0

where

folr) = METINA0T)"0(07)" | 1(27) (A7) *n(57)n(407)
o n(57)n(407) n(r)(s7) |

were given in Mellit’s talk [10]. He identifies z(7) and y(7) with infinite products
which are fully expressible by means of Ramanujan’s lambda function

o0

_ /5 () st A= ).
AT)=q E<1 M) =g L[l )
namely,
2(r) = —i A(47) _ 929397913916917918
NOABT) ' 1969s90911014010
y(r) = i A(T)A(27) _ 2-9199911916919
A(87) 939798913917

in the notation (5) with N = 40. The corresponding range of 7 for the path ~ in
(12) is from 1/10 to —2/5.
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Example 3. The elliptic curve (11) for £ = 2 has conductor N = 24 and admits
parameterisation by modular units

91910911 9597
T)="—7" y(r) =—

929597 G911

Theorem 1 applies and produces the evaluation
m(2+x+—+y+—>:—</ _/ )n(91910911’9597)
x Yy 2\ _ys Jigs 929597~ 91911
6
= ;L(f247 2)7

where fou(7) := n(27)n(47)n(67)n(127), conjectured in [2] and established in [14].
Note that another curve (11) with & = 8 of the same conductor N = 24 can be
parameterised by modular units as well: the pair

x(ﬂ:(%){ y(T):_(ﬂ)4

94 91949597911

satisfies 8+x+1/z+y+1/y = 0; however, it is a subtle problem to fix the integration
path ~ for this parameterisation. Note that

1 1 1 1
m(8+o+—+y+—) =dm(2+2+—+y+-)
v y v y

is already known [9].

Example 4. For N = 17, the pair of modular units
- 9298 . Jegr
x(r) = y(r) =1 ="~

—) —— =

91947 g39s

parameterise the elliptic curve ¢ +x 4+ 1/ +y + 1/y = 0. Applying Theorem 1 for
7 ranging from 3/17 to —3/17, we obtain

1 1 17
1’I1<l+flf+ — —l—y—|— —> = —2L<f17,2>,
T Y 27

where

q (dz/dg)

—:q_q2_q4_2q5+4q7+3q8_3q9+2q10
ix(y —1/y)

fir(7) =
—9g" —4g™ — g% 1 g\ 4 O(g™).
This Mahler measure evaluation was conjectured in [12, Table 4].

Example 5. Another conjecture in [12, Table 4],

1 1 7
m(ﬂ—i—x—i— —+y+ —> = _QL(f5672)7
T Y 27
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corresponds to k = v/2 in (11) and an elliptic curve over Z of conductor N = 56. It
is parameterised by the couple

1 n(r

1
Vi
02

oy i) (Tr)n(28r?
)2n(87)n(147)%n(567)’

T)n(41)n(147)n(287)

)

1 g0
W)= = Gy

so that
Fro(r) = 2 (dz/dq)

V2z(y —1/y)

= q+2q5 —q7 _ 3q9 —4q11 +2q13 —6q17—|—8q19

_q25+6q29+8q31+0(q34)-

It is not clear whether there are finitely or infinitely many cases of the parameter
k in (11) subject to parameterisation by modular units. A possible approach in
cases when such parameterisation is not available is writing down algebraic rela-
tions between any two standard modular units (5) of a given level N and sieving the
relations which may be used in producing the Mahler measures of 2-variable poly-
nomials which are potentially linked to the wanted Mahler measures by K-theoretic
machinery [5, 8, 9].

Finding what curves C' : P(x,y) = 0 can be parameterised by modular units is
an interesting question itself. F. Brunault notices some heuristics to the fact that
there are only finitely many function fields F of a given genus g over Q which embed
into the function field of a modular curve such that F' can be generated by modular
units; for g > 2 this follows from [1, Conjecture 1.1]. In fact, he recently studied
the following related question: find all the elliptic curves E over Q whose canonical
parameterisation ¢: X;(N) — FE is such that the pre-image of the rational torsion
subgroup consists only of cusps. Brunault shows that there are only finitely many
elliptic curves with this property and produces the list of all them.

4. 3-VARIABLE MAHLER MEASURES

It would be desirable to have an analogue of Theorem 1 for 3-variable Mahler
measures of (Laurent) polynomials P(x,y, z) such that the intersection of the zero
loci P(z,y,2) = 0 and P(1/z,1/y,1/z) = 0 defines an elliptic curve E, and m(P)
is presumably related to the L-series of F evaluated at s = 3. No example of this
type is established, and one of the simplest evaluations is Boyd’s conjecture [3]

m((1+2)(14y) — 2) = 2L/ (B, —1) = %L(Em, 3).

On the surface (14 z)(1+y) — z = 0 we have
cAyNz=xzAyANl+z)1+y)=zAyA(1+z)+zAyA(1+y)
=—acAN1+z) ANy+yAn(l+y) Az
=—(—r)ANA+2)ANy+(—y) N1 +y) Az
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Applying the machinery described in [5, Section 5.2] to the 3-variable polynomial
P(z,y,2) = (1+2)(1 + y) — z we obtain
1

where

1

w(g,h) := D(g) dargh + 2 (log |g dlog[1 — g| = log [1 — g dlog|g]) log || = (13)
and
vi=Ay2) el =yl =l =10 {(,y,2) (T +2)(1+y) —2 =0}
N{(z,y,2): L+ 2)(1+y)z — 2y = 0}.

Note that {(1+2)(14+y) —2=0}N{(1+2)(1+y)z —zy = 0} is the double cover
of an elliptic curve of conductor 15. Indeed, eliminating z we can write (one half of)
its equation as

(I+2D)(A+y5) +z1 =0
in variables r; = \/z, y1 = \/y, or

To+1/T0+y2+1/y2+1=0

in variables xo = x1y1, yo = z1/y1. Using the parameterisation of the latter equation
by the modular units from Example 1 we find out that

1/5
m(P :2—12 (W(X,Y) — w(Y, X))
™ J-1ys
where
_ 94(7)g7(7) _ 2 -1 an o) = 91(7)g7(7) _
D)= g~ TOW) ad Y=o e oW

Also note that

96(7)97(7) - -1 91(7)gs(7) 2
A = Wty T PO VD= ) T O
are modular units.

The problem with integrating the form (13) is that it is, roughly speaking, inte-
grating the product of three modular components: two of them are logarithms of
modular functions (hence of weight 0) and one is the logarithmic derivative of a
modular function (hence of weight 2). On the other hand, the expected data for
applying the method from [14] used in our proof of Theorem 1 in Section 2 would
be integrating a product of two Eisenstein series of weights —1 and 3 (see [18] for
details).
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