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1. Introduction

Let M" be a compact, connected, m-dimensional Riemannian

manifold with boundary oM™

. The bass note A1(Mm) is then
defined as the first eigenvalue of the fixed membrane (Dirich-

let) problem

{1.1) Ay + Ay = 0 ’ ¢y =0 on M,
where A 1is the Laplace operator acting on functions ¢ by
Ay = div(grad y) .

Now assume that M" agmits a minimal isometric immersion
m n n . . . . ,
¢: M" —> N' , where N is an n-dimensional Riemannian

manifold. By abuse of notation we will say that M® is a

compact minimal immersion and write MPcnN® .

The purpose of this paper is to point out a simple method by

which lower and upper bounds for the bass note of M can be

obtained in terms of the exterior size of M in N . 1In
most of our results we control this size by assuming Mt is
immersed into a regular ball in N . We consider two types

of regular balls:

Definition. Let p be a point in N . Then

Bp(p) = {xEN | disty(p,x) :R}

is a regular ball of radius R around p iff Rsw/2/b

and R'=iN(p) . where



-

b = sup {K(w) lw a two-plane in TBR(p)}
5/2/b = » if bsO0, and

iN(p) = injectivity radius of p in N .

n-1

Let V be a totally geodesic hypersurface in N . Then

a regular ball (or tube) of radius R around V is de-

fined similarly by

Bo(V) = {XEN | dist (V,x) = R} ;

where Rs7/2v/b and R<ig(v) .

The following theorem due to Hoffman [6] is of the type mentio-
ned above and is obtained from an isoperimetric inequality to~
gether with a well known estimate of A due to Cheeger (cf.

1
(11).

Theorem A (Hoffman). Let Mmc:BR(p}c:Nn be a compact minimal

immersion into a regular ball in N . If Ky £0 , then
2
m 1 {m
(1.2) A1(M ) =2 vy (~) .

We note, that a slight modification of Hoffman's proof actually

gives

Theorem 1. If again MmczBR(p)c:Nn is compact and minimal

and if now KNsb?.O . then

(1.3) Ay (%) 2 m°b cot?(/BR) .

1
1



These lower bounds are only close to being optimal when m
is large. We now state the main result of the present paper.

(Note: from now on, whenever we write Mc BR we also tacitly

assune M¢:aBR) .

Theorem 2. Let Mmc:BR(p)c:Nn be a compact minimal immer-

sion into a regular ball in any N . Then

(1.4) A (MM 2 m v °
1 4 RZ

Remarks.

i) If dim(M) = ms9 , then (1.4) is always better than
(1.2) and (1.3).

ii) The lower bound in (1.4) is sharp for geodesic segments
Y = M1c:BR(p) and is generally best possible in the follo-

wing sense (which will be made precise in Proposition 10):

If there are sufficiently many compact minimal immersions

AL (ML) = dim(M.) 3
Mjc:BR(p} such that 1( j) im( 3) n2 for all 3j , then

BR(p) is a standard hemisphere of constant curvature
2
= {1
iii) Our method of proof does not apply any isoperimetric in-
equality but relies heavily on a well known beautiful obser-
vation {Theorem C) due to Barta. We also use this observation

to get upper bounds on 11(M) in many cases. It is further -

more possible to give corresponding results for compact



immersions with just a uniform bound on the length of the
mmean curvature vector H . We shall not pursue this further,

but only state the following

Proposition 3. Let MmCZBR(p)c:Nn be a compact immersion in-

to a regular ball. If KN sb2 0 and
He|| s 21/b cot /bR , then
m

2
L

4 R?

(1.5) A, (0 2
iv) In most of our results we may have m=n , in which case
M? is a compact domain in N and the adjective

"minimal" should therefore be suppressed (i.e. o =H=0 and

TqM = TqN in Propos. 8). Cf. Li and Yau [10] and Kasue [9]

for more general results on domains.

If the receiving space N is a space form, one can say much
more much sharper than Theorem 2. Using heat kernel compari-

son theory Cheng, Li and Yau have shown the following result.

Theorem B ([4]). Let Mt cB { )c:ﬁn be a compact minimal
=ieorem o r\P

immersion into a regular ball in a space form N . Let

m
Dr
radius R in ©[°

be the totally geodesic disc of dimension m and

Then

m, m
(1.6) A (MY 2 A, (DR)
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and equality occurs if and only if Mm==Dg .

Remark. For comparison of this with Theorems 1 and 2 we note,

that if ¥N%= m" , then 11(D§) = (jk/R)2 , where

jk(«vkrv %xn as m—> o) is the smallest positive zero of

the Bessel function Jk of order ==%(m~2) .
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Institut fir Mathematik, Bonn FRG, for its support and

hospitality.



2. Some preliminary results.

We assume that N° allows a totally geodesic hypersurface

V and consider a regular tube BR(V)c:Nn. In this tube the
distance function n(x) = distN(V,x) is well defined and
smooth outside V . Let T =grad(n) and quBR(V)—V . Then
T(q) = v(n(g)) where v :{[0,n{(qg)] —N is the unique unit
speed minimal geodesic from V to g . Now let X be a unit
vector in TqN and X(s) be the Jécobi vector field along vy
generated in the usual way by X through minimal geodesics

to V such that X{n(qg) X= 0 . Then
(ct. [2] pp. 20-21).

X and X'(0) = V?(O)

i

1]

n
. 2
(2.1) Hess (n) q(x,x: .IY‘X'X’ - j(’ux.T-) ds .
0

where IY is the index form along y. If we define
Xl(s) = X{(s) - <T(s}, X(s)> T(s) ,

so that
7ol % = flogxt)] ? + (zex,12)?

we finally get

202 = -L J. -
{ ) HessN(n) q(X’,X) IY(X X7} for all XETqN

Standard index comparison theory now gives



Proposition 4. If KNsb (respectively KNab) r bER ,

then for every X in the unit bundle ST(BR(V) -V} we

have
(2.3)  Hessg(n) (X,X) 2 (s) £, (n)-(1- <T,%%) ,
where
- /b tan (/b t) if b>0
(2.4) £, (t) = 0 if b=0

+ Y“ptanh(/=bt) - if b <0 .

In the same way we get for the distance function

p(x) = disty (p.%) in a regular ball Bg(p):

Proposition 5. 1If KNsb (respectively KNéb) r beR ,

then for every XEES1(BR(p)—p) we have

(2.5) Hessy (o) (X,X) 2 (s) hy (o)~ (1=<T,%>%)
where
/b cotvb t if b>0
1 . _
(2.6) hy(t) = Y if b=0

Y=b coth/=bt if b<0 .

Remark. In [8] Kasue proved similar comparison theorems for
more general distance functions and showed that in some cases
fhey hold true in a distributional sense across the respective

cut loci (cf. Theorem 18, where we shall use this approach).



The idea is now to restrict suitable modifications of the
functions p and n +to the minimal immersions Mmcan . In

order to do so we need the following lemmata.

Let w:N —>» 1R be any smooth function on N . Then the
restriction % = ulM is a smooth function on M and the

Hessians HeSSN(u) and HessM(ﬂ) are related as follows.
Lemma 6 fcf. [7] p. 713).

(2.7)  Hess (y) (X,X) = Hessg(u) (X,X) +<gradytu), a(X,X)>
for all x € TM" TN  where o 1is the second

fundamental form of M in N .
If we modify u to Fou by a smooth F : R —>1R we get

Lemma 7
(2.8)  Hess(Fow (X,X) = F"(u) <grad (u), X>° + F' () Hess(u) (X,X)

for all x € TND .

In the following we write u=% . Combining (2.7) and (2.8)

we obtain

{2.9) HessM(Fou)(X,X) = F"(u) <grady(¢) , X >2 4

F'(u) Hess (u) (X,X) + <grady(n) , o(X,X)>



Now again restrict attention to a regular ball BR in N

of either type. Assume Mmc:BR and let u be the correspon-
ding distance function in BR . We will always choose F
such that Feoyuy 1is smooth on M . Now grady(u) =T and com-
bining (2.9) with (2.5) and (2.3) we get the following in- -

equalities, where (~)i means either (z2) or (s5) for each

i=1,2,3.

Proposition 8. Let MchR(V) cN" be an isometric immersion

(not necessarily minimal) into a ball BR(V) with
R < :‘LN(V) . Assume that Fon is smooth on M" and

that F'(~)40 throughout [0,R] .

If Kg(~), b for some constant b€IR , then for

every X E€TMcTN

(2.10) Hess,(Fon) (X,X) (~), (F"(n) =F (n)E_(n)) <T,x>%+

F' (n)( £, (n) +<T,a(X,X) > )

If {X1,..., Xm} is an orthonormal basis of TqMchN ’

we therefore get

MY
A
w3
"54
v
+

Ay (Fom) (~)g (F"=F'£)-(

! 3

(2.11)
B\F'(fb + <T,H(q)>) R

where H{g) is the mean curvature vector of M at g

in N .
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If MmczBR(p)<:Nn we get similarly

(2.12)  Hessy(Fep) (X,X) (~); (F"(p) ~F'(p)h (p)) <T,X> %+

F'(p) (hb(p) + <T, a(X,X) > ) P
and thus

m 2
(v (F"=F'hy)-( I <T,X;>%) +

(2.13) AM(FOQ)
j=1

g

mE! (hb + <T,H{gq) >) .

Clearly (~)3 depends uniquely on (~)1 and (~)2
as follows: Let (2) correspond to +1 and (s5)

correspond to ~1 ; Then (~}3 = —-(~)1-(~)2 .

We can now prove Theorem 1 using only a modification of Hoff-

man's argument.

3. Proof of Theorem 1.

Since MmczBR(p) is minimal, we have H=0 and now choosing

F(t) = 1-cos(/bt) we get F“-—F'hb = 0 . Thus from (2.13)

AM(FOQ) 2 mF'(D)hb(p) = mbcos/bp

Now let X = gradM(FOp) € X (M) and let .. be a domain

in M" with outward pointing unit normal vector § on 3Q .
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Then

»

i

F' (R)vol(3Q) I<X,E> * 1 [divM(X)*1

an L

™

J AM(Fop)* 1 m b cos (vbR) vol () .

Q
Therefore vol(92)/vol(Q) 2z m'bcot(+/bR) ,
so that the Cheeger constant (cf. [11])

h = inf {vol(BQ)/vol(Q) l 2 is a compact domain on

M with nnaM=ﬁ}

satisfies h z m l:cot(/EIi) . The theorem then follows from

Cheeger's inequality.

4. Direct estimates of Aq

A direct two sided bound on A1 of a compact manifold M
is obtained by the following result of Barta {cf. [3])and

Kasue's generalization thereof.

Theorem C (Barta). Let M be a Riemannian manifold with

boundary ©8M . Let ¢ be a smooth function on M

o
which is positive in M and zero on 3M .
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Then
(4.1) inf(-—AM o/ ¢) = A1(M) s sup(-2,0/¢)
and either one of the equalities occurs if and only if
¢ 1is the first eigenfunction.
Theorem D (Kasue, [9]). Let M be a Riemannian manifold with
boundary M . Let ¢ be a continuous function on M
<
which is positive in M (but not necessarily zero on
aM) . If ¢ satisfies
o
(4.2) Ayw + xy £ 0 as a distribution on M
for some constant « , then
{4.3) A1(M) Z K .

If ¢ is smooth on an open dense subset of M , then
equality holds in (4.3) if and only if ¢ is the first

eigenfunction.

Remark. It follows in particular, that the lower bound in

(4.1) is still valid even if ¢ does not vanish on M .

5. Applications to minimal immersions.

We now prove Theorem 2 by establishing the following more

general result.
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Theorem 8. Let MmczBR(p)::Nn be a compact minimal immer-
sion into a regular ball. Assume that KN £sbeER ,

and that M"NB,(p) = § , 0sSr<R . Then

(5.1) Ag (M) 2 k(m,r,R)
s fu X ﬂz
= (m-1)§—§ tan (—2~ ﬁ)hb(r) )
4R
Tl
15.2) 2 m 3
4R
(5.3) z mb

Remark. The inequality (5.2) - which corresponds to Theorem 2

- only depends on ‘b implicitly through the regularity
assumption for BR(p) . It follows from (5.1) by letting

r —>0 . Clearly (5.3) is only interesting if b>0 , in

which case it follows from Rsa/2/b .

Proof of Theorem 9. We only prove (5.1). Let F(t) =cos(kt),

k=7/2R. Then F"(p) - F'(p) hb(g) ¥ 0 for all psR,

and Proposition 8 (2.13) gives

(5-4) AM(FQQ) & (m—‘i) F'(Q)hn(t/) + F"(Q)

s0 that

AM(F°p)-+K(m,r,RJ {(Fop) ¢ {m~1)F'(¢)hb(p) +

{5.5)
F"{p) + «(m,r,R)F(p) 5 O
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for all p€{r,R] . The theorem now follows from Kasue's in-

equality (4.3).

As mentioned in the introduction, we also get a rigidity result:

Proposition 10. Let BR{p) be a regular ball in a Riemannian

manifold N with KN513€]R . Assume that for every

qELaBR(p) there exist compact minimal immersions

my
M) e B (p)-B

i (p) . 0 sr.<R ,

r] ]

such that
T N = span {(aB eNt v Ut M3 }
q R g j q ]

and such that

AT(Mj) = K(mj,rj,R) for all j

Then A1(Mj) = mjb for all Jj and BR(p) is isome-
tric to a standard hemisphere of constant curvature

Kb >0 .

Proof. With the notation of the proof of Theorem 9 we now

have for every Mj that Fep is the first eigenfunction

M,
3
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of AM . In particular the last inequality in (5.5) is an

J
equality for all o E[rj,R] . This is only possible if

b>0 and k=7/2R = /b . But then F" = F'hy = 0 so

that from equalities in (5.4), (2.13) and (2.12) we finally
also have equality in (2.5). This is only possible if the sec~
tional curvature along the Jacobi field from p to X:ZTMj

is identically b . By assumption we can span TqN by such

vectors X . It follows that Ky (p) = b, where R=n1/2/D ,
R

and the proposition is proved.

As a corollary to this proof we also obtain

1

Proposition 11. Let M= ¢:BR(p3-—Br(p}c:Nn be a compact

minimal hyper-immersion such that Mn*1 is everywhere
transversal to the vector field T agrad(distﬁip.‘)) .

Iif KN:5b , and x1(m) = x{n~1,r,R} ,

then A1(M) = {n-1)b and Mn"} is isometric to a com-

pact minimal immersion into a standard hemisphere

Bﬂ/g/B(p) of constant curvature K=b .

If KN is nonpositive it is possible to give a lower bound

for A1 which is better than (5.1) when r is positive and

close to R .
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Proposition 12. Let MmczBR(p)--Br(p)c:Nn be a compact mini-

mal immersion into a regular ball with KNs-&JsO .
Then
(5.6} AT(m) z t{(m,r,R)
- wb cosh (/br) _
cosh (/bR) - cosh (/br)
> mb
cosh(vbR) -1 .
in particular, if b = 0 , then
(5.7) A ) 2 -2
R =-r
Proof. For F we now choose F(t) =cosh(vbR) - cosh{vbt) ,
so that F"-F'h_, = 0 and
AM(FOD)S mF'(p)h~b(p) = - mb cosh/bp
Thus AM(Fop) +1{m,r,R) (Fep) ¢ 0 for all . €[r,R] ,

and the result follows from (4.3).
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Using Barta's Theorem C we obtain an upper bound on l1(M)
in the following somewhat special situation. This result is
also best possible in a sense analoguous to Proposition 10

and 11.

P m o
Proposition 13. Let M ‘:Bn/z/B(P)CZN be a compact mini

mal immersion into N with KN zb -0 . The ball

B“/Z/B need not be regular, but we still assune

1/2/b < i (p),

If aM"c 3B then

/27D !

A

{5.8) A1(M) mb.

Proof. Let F(t) = cos(vbt) . Then again F" - F'h =0

and (2.13) now gives

ol
Ty

AM(FOp) 2 an'(p)hbfx) = - mb cosy
so that
AM(Fop) + mb{Fep} - 0 .
Thus we have:
\
Sup("AM(Fop)/(Fap)) s mb o,

and the result follows from Theorem C.
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We now turn attention to compact minimal immersions into
balls (tubes) around totally geodesic hypersurfaces

v T N . For this we first note the following fact.

Propositon 14. Let M BR(V) c N? be a compact minimal

immersion into a regular tube BR(V) in N with

KNS.O . If 3Mc vV, then McV .

Proof. Recall that n=disty(V,*) . Now let F(t) =2t .
Then by Proposition 8 (2.11) , AM(Fon) zm s> 29 which con-
tradicts the existence of an interior maximum of F on M if
we had both dMc V and M¢&V .

Remark. Similarly, if KN> 0 and M= g , then MNV#g .
If V is two~sided in N , then V separates every BR(V)
into two connected components. In such a case we denote either

one of these components by B;(V) .

Proposition 15. Let M e B; {(v) N? be a compact minimal

immersion into a regular (half-) tube such that

IMc Vp M . Assume Kysb .

Then b> 0 and
2

(5.9) A, (M) 5 (m=1)b + “2 )
4R
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Proof. The first claim follows from Propos. 14. Now let
F(t) = sin(kt), k = /2R 2 Yb . Then F“(n)-—F'(n)fb(n) =0
for all ns R and from (2.11)

AM(Fon) z (m-1) F'(n)fb(n) + F"(n)

The proof may now be completed as the proof of Propos. 13.

In a similar way, using F(t) = cos(kt), k = n/2R one obtains:

Proposition 16. Let Mmc:BR(V)c:Nn be a compact minimal
immersion into a {full) tube BR(V) . The tube need
not be regular, but we still assume R £ n/2/b  and

R <« iN(V) . If KN 2 bz 0 and if M c QBR(V) s then

(5.10) l1(M) s

We close this section by establishing corresponding lower
bounds for A1(M) in case of negatively curved {(resp., posi-

tively curved) ambient spaces.

Proposition 17. Let M® < B;(V)-B:(V) c N . 0 £ r <R ,

be a compact minimal immersion into a regular tube

{=annulus) in N . 1If KN < ~-b < 0, then
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sinh (vbr)
sinh(fER)—sinh(/Sr)

(5.11) l1(M) 2 mb

Proof. The proof is more or less a repetition of the proof of

Propos. 12 only now with F(t) = sinh(/bR) - sinh(/bt)

The next result is stated somewhat differently from the pre-
vious ones since it applies to a much more general class of mi-

nimal immersions.

Theorem 18. Let M" ¢ N be a compact minimal immersion (with

or without boundary) into N . Assume that

KN 2 b >0 and that N admits a totally geodesic hy-

persurface V which separates N .

Let Mi be any connected component of M- (MNDV) .

Then
(5.12) x1(ﬁ,) 2 mb .
1

Remark. It should be noted, that the fellowing remains an open

n-1

problem: If M n

1
hypersurface of the standard unit sphere, is it then true that

o 8 is a compact (3aM=@g) embedded minimal

A1(M““1) = n=1 ?

Proof. Following the work of A. Kasue [9] we only have to

o

establish inequality (4.2) in the distributional sense on Mi .
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For the continuous function ¢ :ﬁm —3>» IR we choose

Y = F(n) = sin(/bn) . It then follows from Kasue's arguments
on pp. 325-326 of [8] (suitably restricted to work on MeN) ,
that (2.11) holds for this Fen in the distributional sense.
Thus from F"-—F'fb £ 0 we get AM(Fon) + mb(Fen) s 0 as a

[+]
distribution on M . The result then follows from Theorem D.

6. Some related estimates.

There is no direct relation between the wvolume val(Mm) and
the bass note k1(Mm) except for dimension m=1 where the

relation is always sharp: Let M

be compact with boundary;
then A1(M1) = nz/lengthz(M1) . Thus every estimate in the
previous section corresponds immediately to an upper or lower
bound on the length of geodesic segments in the respective

balls.

For general dimensions, however, we can use the result of
Theorem 18 to obtain a relation between vol(Mm) and the

transversality T(M,V} , which we now define.

Definition., Let V be a hypersurface in N and McN an

isometric immersion. Then

(6.1) T(M,V) = J cos ¥ (M,v5) x1,

MAV
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where -&(M,VL)(q) is the angle between any normal

£ to V and its projection wM(e) to M at gqEMNV <N .

Theorem 19. Let M" < N be a compact minimal immersion
without boundary. Assume that N is positively
K-pinched by 0<o s KNS § for some constants o,6
and assume that N admits a totally geodesic hypersur-
face V which separates N . If M™ is contained in

a regular ball around V , then

(6.2) vol (M%) > 3——’/-—%‘-%—1—‘5- T(M,V)

Proof. Let Mi be a closed connected component of

M- (MNV) # M . Then from Thm. 18 we have
(6.3) 11(Mi) z2mao .

The minimum principle (cf. [3])gives

A

(6.4) A1(Mi) I {{gradMi.(sin/Er” ll2*-1///j'sin2/5'n *

Mi Mi

§ JCOSngn *1/JSin2/6—n * 1

M, M.
i i

G(VOl(Mi)///Jsinz/Erz * 1) - 8

M,
i

A

1]

Combining this with (6.3) we get



—2 3

A

(6.5) mg +1) jsinzy@n *1 5 vol(M,)
M

Now Schwartz' inequality implies

(6.6) ﬁn% + 1 I sin/s|n| *1 < vol(M,) .

My

On the other hand, if we let F(t) = sin/§t we get

F"(n) - F'(n)fa(n) = 0 so that from Propos. 8 (2.11):

by (Fen) 2 mF'(n)E (n) = -m § sinv3 7
i
Therefore
{(6.7) md jsin/?r; * 1z - IAM {Fon) *1
M, M, T

i i

il

- J< grad (Fen), {”out > w1
oM,
1

it

- JE”(O) <€in,gout> 1
oM,

i

1

+ /8 T(M,,V)

where gin is the unit normal of V pointing towards
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at aMiC:V and ¢ is the outward pointing unit normal

out

vector of M, at M, .
i i

Summing over 1 gives

(6.8) Jsinf%}n{ 1 2 —2— o(M,V) .
M mys

With (6.6) we therefore have

/m % +1 =2 (M, v <vol(M) ,

mys

which is the desired inegquality.

2

Remark. In [5] Choi and Wang show that if M® is a compact

orientable embedded minimal hypersurface of a compact orien-

3 with ’RicN ¥ 20 > 0 , then
vol(Mz) < 8w (g+1)/0 , where g is the genus of u% . con-

table Riemannian 3-manifold N

sequently, if the assumptions of Theorem 19 is also satisfied,
then there is an upper bound on T(Mz,vz) in terms of

g,n and ¢ .

As a final application of the results in section 5 we now prove
the following theorem on minimal immersions into R" which
have their boundaries on parallel hyperplanes (such as a pa-

rallelly truncated catenocid in IR3) .
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Theorem 20. Let M'c R" be a compact minimal immersion with

M™ nju L where L and T, are parallel hyper-

planes in R® with distance L . Assume that

M e BR(p) - Br(p) for some pEJRn, 0sr <R .

Then
(6.9) L2 5 min - {ﬂz(Rz-rz) , SRZ} ,
2n
and
m/2
(6.10) vol(M™) =z 1® iﬁi%——— :

ern

Proof. The situation corresponds to those in Theorem 2, Pro-

position 12 and Proposition 16. Thus we get

2 2
(6.11) max { mnz p 22m2 } < A1(Mm) 2 15 ,
4R R%-r L

and (6.9) follows immediately. The volume bound follows from

(4W)m/2

e vol (M)

/2
(6.12) s (x1(mm)> and x1(yFU < if ,

where the first inequality is a consequence of [4] (Corol~-

lary 4 p. 1057).
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