Max-Planck-Institut fur Mathematik
Bonn

Combinatorics and large genus asymptotics of the
Brézin-Gross-Witten numbers

by

Jindong Guo
Paul Norbury
Di Yang
Don Zagier

Max-Planck-Institut fir Mathematik
Preprint Series 2024 (38)

Date of submission: December 31, 2024



Combinatorics and large genus asymptotics
of the Brézin-Gross-Witten numbers

by

Jindong Guo
Paul Norbury
Di Yang
Don Zagier

Max-Planck-Institut fir Mathematik School of Mathematical Sciences

Vivatsgasse 7 University of Science and Technology of China
53111 Bonn 230026 Hefei

Germany P. R. China

School of Mathematics and Statistics
University of Melbourne

VIC 3010 Melbourne

Australia

International Centre for Theoretical Physics

34151 Trieste
Italy

MPIM 24-38



COMBINATORICS AND LARGE GENUS ASYMPTOTICS OF THE

BREZIN-GROSS-WITTEN NUMBERS
JINDONG GUO, PAUL NORBURY, DI YANG, DON ZAGIER

ABSTRACT. In this paper, we study combinatorial and asymptotic properties of some
interesting rational numbers called the Brézin-Gross—Witten (BGW) numbers, which
can be represented as the intersection numbers of psi and Theta classes on the moduli
space of stable algebraic curves. In particular, we discover and prove the uniform large
genus asymptotics of certain normalized BGW numbers, and give a new proof of the
polynomiality phenomenon for the large genus. We also propose several new conjec-
tures including monotonicity and integrality on the BGW numbers. Applications to
the Painlevé II hierarchy and to the BGW-kappa numbers are given.
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In this paper, we study some interesting and important rational numbers called
the Brézin—Gross—Witten (BGW) numbers [2), 5], 6, 14, 17, 23]. Originally, the BGW
numbers were defined via matrix models [6l 23], and specifically are proportional to the
Taylor coefficients with respect to the so-called Miwa variables (cf. [3] 6, 22} 23] [30]) of

the logarithm of the integral
/ Bt (ITU+IUN) iU .

(1)

where dU denotes the normalized Haar measure on the unitary group U,, and J and J'
are arbitrary n x n matrices. Later, alternative definitions and properties of the BGW
numbers were given in a number of further papers (cf. [2, 5] [7, [14] 17 29, 36, 37, [42]).
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2 JINDONG GUO, PAUL NORBURY, DI YANG, DON ZAGIER

As customary in the literature, denote by (7y4, ... Tdn>? the BGW numbers, where g > 1
(genus), n > 1 and dy, ..., d, > 0 satisfy

i+ ...+d, = g—1 (2)
(see e.g. [2 14} [42]).
For a long time, no topological or combinatorial meaning for the BGW numbers was

known, but recently, two ways were found to define these numbers topologically. First
of all, they are equal to the following integrals on the moduli space of stable curves:

(a0 ) = [ 0, 3
g

as it was conjectured in [37] with later a complete proof given in [7]. Here M, ,, denotes
the Deligne-Mumford moduli space of stable algebraic curves of genus g with n distinct
marked points, 1; denotes the first Chern class of the jth cotangent line bundle, and
©g4,n denotes the Theta-class introduced by the second author of the present paper [37]
(cf. [7, 29, [41]). This definition, which is the reason for the notation we use, is in
exact analogy with Witten’s notation for his intersection numbers [40] and elucidate
simply as the degree-dimension counting. Secondly, it was proved in [42] that the BGW
numbers can be given by an ELSV-like formula

0 —1)41g
(Ta Td >9 = S / A<_1)2A(%) exp(zdzl(l)?lidd)
R [ di! Mo, [T, (1 + 2457 ) ’

where A(z) denotes the Chern polynomial of the Hodge bundle. Two efficient algorithms
of computing the BGW numbers will be reviewed in Section

(4)

The first few BGW numbers are given by

1 3 63 15
o_ 1 o _ 2,0 _ o _
<7'0>1 R <7'1>2 7128 , <71>3 7512 , <7'2>3 71024 , (5)
7221 8625 525
3,0 _ o _ o_ ‘
(M)d = o5z (M7 = 350650 ()1 = 39063

(Here we have omitted the numbers containing 7y except for (r5)$ because of equa-
tion below.) From these and many further examples, we observe that the BGW
numbers (74, '--Tdn>g), di,...,d, > 0, are integral away from the prime 2, and we
conjecture that this is true in general. We call this the Integrality Conjecture. Further-
more, they seem to have many small factors, e.g., (T273)§ equals 2721325273103, and
<T§’T§T4T5>2@2 is divisible by 2771315272112, A precise conjecture that at least partially
explains these factorizations will be given in Section 4] (see Conjecture [3)).
To proceed, let us introduce the normalized BGW numbers C(d) by

220( =1 TP (2d; + 1)!!

C(d) = (X(d) — 1)| Tdy *- 'Tdn>g®(d) ) (6)
where d = (dy,...,dy) € (Z>0)", g(d) = |d| + 1 with |d| :=d; + --- + d,,, and
X(d) = > (2d;+1) = 2g(d) —2+n. (7)
j=1

Obviously, C'(0) = 1/4. Using a relation given in Section (see (45)), we know that
Cc(d) = C(0,d). (8)
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This property would of course also be true without the factor 229(d)—1 ip @, but the
normalization given here will make the asymptotic properties of the numbers nicer.

Because of (8), in the study of C(d), it is sufficient to consider the case when

di,...,d, are all positive, in other words, when d is a partition. From now on, we
will usually restrict to this case. In particular, we do this in the following table, which
gives the values of the normalized BGW numbers for g = 2,...,7.

From Table [I| we observe that the normalized BGW numbers C(d) for partitions of
g — 1 with 2 < g < 7 all lie between the values for the crudest and finest partitions
(g—1) and (1971) of g— 1. (Here we use the standard convention of writing d™ to mean
that the argument d is repeated m times.) By a computer program using an algorithm
given in Section [2.1] we also checked that this is true up to g = 40. For example, for
g = 40, all values lie between the two numbers

C(39) = 0.316326705 - - -, C(1%%) = 0.316963758 - - - . (9)
The following conjecture states that this nesting property holds for all g.
Conjecture 1. We have C(g — 1) < C(d) < C(1971) for any partition d of g — 1.

But in fact much more is true. We denote by ¢(d) the length of a partition d and
for any fixed ¢ > 1 we define an ordering for all partitions of g — 1 first by increasing
length and then lexicographically for a given length, i.e., d < d’ if either ¢(d) < ¢(d’)
or ¢(d) = ¢(d’) and d; < d}, where the non-zero entries of both d and d’ are arranged
in increasing order and i is the first index for which d; # d}. Purely by chance—simply
because the calculations of tables of C'(d) up to g = 40 using the recursion were
done using the software package GP-PARI, which happens to order partitions in the
way just described—we noticed empirically the following

Conjecture 2. The functiond — C(d) from partitions of g—1 to Q is strictly monotone
increasing with respect to the above ordering for every g.

To make this property more visible, we have given the numbers C(d) in Table |I| both
as rational numbers and as real numbers to 6 significant digits. For ease of reading, we
have also listed the smallest common denominator D = D, of these numbers for each g
and then tabulated the integers D C'(d) in the last column.

From the numerical tables we see a different property: the values of the normalized
BGW numbers for a fixed g are very close to each other, e.g. the minimum and maximum
values for g = 40 given in @ differ by less than a third of a percent. In view of the
nesting property, we can concentrate on only the two values C(g — 1) and C(1971), and
indeed we can verify that these two numbers are close to each other for all g. On one
hand, the value of C(g — 1) is given by the explicit formula [I7, [5]

2 3

g (29-1 (29 — D!
Cg—1) = = >1 10
00 = g (U0 = G ez o)

which by Stirling’s formula has the asymptotics
1 1 1 1 )

Clg—1 ~f<1ff - ) o0, 11
(9=1) ~ 2 1g T 322 T 12845 204847 g (11)

On the other hand, as we will see in Section |§|, the value of C(1971) is given by
397 1(g—1)!

C(lg_l) = W Yg

(12)
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g=2 D=32 |
(1) 2 0.281250 9|
g=3, D=1280 |
(2) 52 0.292969 375
(1,1) 189 0.295313 378
g=4, D = 143360 |
(3) 22 0.299072 42875
(1,2) sz 10.300816 43125
(1,1,1) 21663 0.302218 43326
g=>5, D =378470400
(4) 19848 0.302811 114604875
(1,3) Tores | 0.304057 115076500
(2,2) 200> 10304122 115101250
(1,1,2) | 0.305132 115483500
(1,1,1,1) A2 1 0.306030 115823304
g=6, D =91842150400
(5) A 10.305334 | 28042539525
(1,4) ATo0205 10.306252 | 28126814625
(2,3) oeo2s10.306294 | 28130716250
(1,1,3) s 10.307059 | 28200945500
(1,2,2) Lo8025 1 0.307080 | 28203743750
(1,1,1,2) DTe8625. 1 0.307770 | 28266262500
(1,1,1,1,1) | 2889 | 0.308382 28322493912
g=1, D =37471597363200
(6) 1288257 1 0.307152 | 11509459436475
(1,5) 392923 10.307851 | 11535653017350
(2,4) 182029612 1 0.307876 | 11536609447125
(3,3 Tooo805 10.307879 | 11536700556500
(1,1,4) s | 0.308473 | 11558985180750
(1,2,3) fo2oro0e. 1 0.308494 | 11559750499500
(2,2,2) foasiooras. 1 0.308512 | 11560424298750
(1,1,1,3) 2308071 0.309030 | 11579851705800
(1,1,2,2) 2270671053 1 0.309045 | 11580422380500
(1,1,1,1,2) | H3E66L | (309529 | 11598559342200
(1,1,1,1,1,1) | 25088138731 (309970 | 11615054261328

TABLE 1. Numerical data for C(d) with g <7
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where the y, are defined by requiring that the generating series

1 9 1323 108315 62737623
Y = x1-39 — 1
DY 1X2 T 4x5 T 16x® T 16X T Gaxu (13)

921
satisfies the following third-order nonlinear ODE:
d
Y" +6YY —2Y - XY' =0 = —. 14
- ; = (14)
This equation can be referred to as the Painlevé XXXIV equation (cf. [5], Ol 201 26]).
From and we know that the coefficients y, satisfy the recursion
g—1
vy = 39 =2)Bg—Dyg-1 + —= > Bh=Dynyg—n  (922) (15)
9=
with the initial value y; = 1/4, and from this one can obtain the large g asymptotics
(3g — 2)! <_i_ T4 1789 n )
39-1 (g —1)! 6g T72¢%>  432¢°  10368¢* ’
where A is some positive constant. The determination of this constant is difficult. With
the help of the relationship between the Painlevé XXXIV equation and the Painlevé II
equation [9, 20] and a method given in [§], one can obtain, by employing a deep result
of Fokas—Its—Kapaev—Novokshenov [21], that A = 1/7. Now using we get

1 1 7 41 1789
c (191 Nf(1——— - - ) . ar
(175 6g 7247 4324°  103634" g—o0.  (I7)

T
We now note that Conjecture (1] together with formulas and implies that

Yg (16)

1 1 1 1 1 1
T A4mg(d) + O(g(d)2> s Cld) = T 6rg(d) + O(g(d)2> (18)

as ¢g(d) tends to infinity. The following theorem, which will be proved in Section
gives a slight weakening of this, with an unspecified (though effective) O-constant.

Theorem 1. Ford € (Z>o)", we have

o) = © + 0<g(1d)) (19)

uniformly as the genus g(d) = |d| + 1 goes to co.

Explicitly, this theorem says that there exists an absolute constant K such that

‘C(d) - %‘ < gf{d) for all d € (Zso)". (20)
We note that the proof of Theorem [1| does not use the fact that the constant A in
equals 1/7 and therefore provides a new proof of this fact, independent of [21].

The monotonicity conjecture (Conjecture [2|) says in particular that the normalized
numbers C(d) with partitions d of a fixed length are smaller than those of greater
length, so if I, ,, denotes the smallest interval containing the normalized BGW numbers
of length n for a given g, then I, lies strictly to the left of I, ;1. The numerical data
(up to g = 40) shows that much more is true. The following picture shows all 31185
normalized BGW numbers with g = 40. At this resolution, what one sees are just 39
intervals that look like points, meaning that the normalized BGW numbers of length n
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0.3163 0.317

are much closer to each other than to those of length n — 1 or n 4+ 1. More precisely,
we find that each interval I,, has length O(g™3), even though the gaps between the
intervals have an average length of the order O(g~2) (because these g — 1 intervals lie
in an interval of total length O(1/g) by Theorem . A conjectural statement giving a
much more precise result is stated at the end of Section [6]

From the numerical data we observe for some small values of n that C(d)/C(g(d)—1)
is a rational function of d,, if dy,...,d,—1 > 1 are fixed. In fact this is always true, as
we will prove in Section Equation and Theorem (1| then imply that C(d) for
d = (d’,d,) withd' = (dy,...,d,—1) fixed has an asymptotic expansion of the form

1 o= Ag(d
C(d>NngIZ<(:l)k)’ dp — 00, (21)
k=0

where the Ag(d’) are rational numbers with Ay(d’) = 1. Now looking at the explicit
formulas for small n (see Section , we find that as dy,...,d,—1 grow, the asymptotic
expansion of C(d) stabilizes to a well-defined power series in 1/g(d) depending on n.
And then we discover that if we rewrite them as power series in 1/X (d), where X (d) =
2g — 2 4+ n as usual, we get a power series independent of n and beginning

1 <1 1 n 5 11 n 83 143 n ) (22)
7r 2X  8X?2 16X3  128X% 256XP°
We can recognize this power series as the large-X expansion of the function
r(X+1)°
V(X) = G +)) (23)

AT ()

We now find that the difference of C(d) and v(X (d)) is of the order O(X (d)~2mir{di}=2),
and also that C(d) < v(X(d)) in all cases, with strict inequality unless n = 1.

We also find that sometimes two normalized BGW numbers with the same g and n
are extremely close to each other, a numerical example being given the two numbers

C(1,18,20) ~ 0.3163749000332518760707893046 ,

24
C(1,19,19) ~ 0.3163749000332518760707893073, (24)

which agree to 26 significant digits. These phenomena and many others of the same
kind will be discussed in Sections and

We now turn to the second main theme of this paper, which will shed light on all
aspects of the discussion so far.

In the study of Witten’s intersection numbers, two of the authors [25] discovered,
and stated as a conjecture, that for each k the coefficient of 1/¢* in the large genus
asymptotics of normalized Witten’s intersection numbers is a polynomial of n and the
multiplicities in the arguments, and also that only the multiplicities of 0,1, ..., [3k/2]—1
are involved. In the computations for the current paper, we discovered that the same
phenomenon holds also for the normalized BGW numbers C(d), now with the kth
coefficient depending on n and the multiplicities of 0,1,...,[k/2] — 1. Both of these
conjectural statements were proved by Eynard et al [18].
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There is a further discovery. We already know that for each k the coefficient Ay (d’)
in (21), d’ € (Z>1)""!, is a polynomial aj of n and the multiplicities. As we will see
from Section @ the DVV-type relations for BGW numbers (cf. Section imply that
the power series Y ro ax/g" is unchanged by (g9 — g—1, n — n+2). So, if we write this
power series in terms of X ! instead of ¢~ with X = 2g — 2 + n, then the coefficients

are polynomials of the multiplicities of 1,...,[k/2] — 1, independent of n. Namely,
1 = ck(pi(d), .., pryg-1(d))
c(d) ~ — dy, , 25

for some polynomials ¢, where p,.(d’) denotes the multiplicity of r in d’. The first few
polynomials ¢ are given by

co =1 c:—l c:§ c:—E c:§—2—7

L A L T T
The constant terms of ¢; agree (necessarily) with the coefficients of v(X) (cf. (22)).
This makes it very natural to introduce the renormalized BGW numbers C (d) by

C(d) = &7
V(X(d))

Theorem 2. For any fized n and fized d' € (Z>1)""!, the numbers é(d) satisfy

de (Z=1)". (26)

(d) -~ iaf(pl(d,)vlb(d/)?'”) (27)

C dp —
X(d)k ) n o0 )
k=0
whered = (d',d,,), ¢ are universal polynomials of p1,pa, . .. having rational coefficients,
with ¢o = 1 and ¢lp,=0 = 0 (k > 1). Moreover, under the degree assignments
degps = 2d+1 (d>1), (28)
the polynomials ¢y, k > 1, satisfy the degree estimates
deg &, < k—1. (29)

We will give a proof of this theorem, independent of [I§], in Section @

From , we know that ¢ does not depend on pg with d > (k—1)/2. In particular,
¢ =0 for k =1,2,3. We list a few more ¢; below:

N 27 - 27 - 45 1125

Cqy = —gpl, Cs = —Zpl, C6 = _Zpl_ 16

Several more coefficients for both ¢ and ¢ are given in Table [2] of Section [f} We are
also able to give explicit expressions for all /C\k’pb=5b, i see Section m

By Theorem [2| and the above-mentioned result of Eynard et al [18, Theorem 4.3], we

also know that for any fixed L > 1 and fixed n > 1, and for d = (d1,...,d,) € (Z>1)",

b2

L-1

- Ck(pl(d)7p2(d)7"') 1
d) = d
where the implied O-constant only depends on n and L.

Based on an algorithm given in [I5] [16] (see equations (52)—(53) of Section [2.2)
we have computed C(d™) for genera far bigger than 40, from which we also see the
phenomenon that C(d™) rapidly tends to 1 as d — oo. (For example, 1 — C(100%°) is
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roughly 1.8 x 1072%5.) This together with Theorem [2| leads us to the discovery of the
conjectural asymptotic formula

L~ 8@ ~ G)&n,g 4(n—1) <(n—1)nl>2d+1’ a5 d — 00 (31)

mnd nn

More details and generalizations of this will be discussed in Section
We end this section by presenting two applications of Theorem

The first one is an application for the Painlevé II hierarchy. Following [4, O] 12 [34],
define a sequence of polynomials mg = mg(ug, u1,us,...,usq), d > 0, by means of
generating series as follows:

bo?(b) — %8(1))2 —2(A=2up)b* = 2, (32)
where 0 := Zizo u;+10/0u;, and
2d +1 ”md
b(A) = 1+ Z(Adjl. (33)
d>0

The first few my are my = ug, mi1 = %ug + 1—12u2. By the Painlevé II hierarchy we mean
the following family of ODEs:

224=1(2d — 1)!! (3x + 2V) (md—l (V";VZ7 Ca ... )) VX —ag =0, (34)

where d > 1 and «g4 are constants. We will focus on the case when ay = 1/2, d > 1.
In this case, it can be shown that, for each d > 1, there exists a unique formal solution
V(X) to of the form

[e.e]
Vd,n i 1
V(X) = _ZW’ van € C, vdo = 5 - (35)

n=0
In Section [9] we will use Theorem [I] to prove the following theorem.

Theorem 3. For each d > 1, the coefficients vqy of the formal solution V(X) to the
dth member of the Painlevé II hierarchy have the following asymptotics:

1 ((2d+1)n—1)!
7 (2d+ 1)1 (n—1)"

We note that for the particular case when d = 1 the above theorem was proved in [21]
by using a deep Riemann—Hilbert analysis, and we now achieve a new proof. As far as
we know, the cases with d > 2 are new.

The second application that we will present is to use Theorem [1| to study the large
genus asymptotics of the more general integrals, which we call the BGW-kappa numbers,
where the Theta-class is coupled with powers of k1-class as well as psi-classes

I,

By the degree-dimension matching, these numbers vanish unless m+d;+- - -+d,, = g—1.
A small table of these BGW-kappa numbers is provided in Section [I0}

g,n

Bt @kt = (5 [ [ 74,8 - (37)
j=1
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Like the numbers C'(d), we introduce the normalized BGW-kappa numbers as follows:

3m 220~ [T7_ (2d; + 1!
Clm:d) := (X (m;d) — 1])!

(K" Tay - 'Tdn>g® , X(m;d) := X(d) + 3m.
(38)
Obviously, C'(0;d) = C(d). In Section [10| we will use Theorem [1| to prove the following

Proposition 1. For any fixed m > 0, there exists a constant K(m) such that

a1 < o

T
where g(m;d) = g(d) + m = |d| +m + 1.

for all d € (Z>o)", (39)

We also give in Section [L0] an application of Theorem [2| to BGW-kappa numbers.

The paper is organized as follows. In Section [2] we review a recursive definition of
BGW numbers as well as an explicit formula for their n-point generating series. In Sec-
tion 3| we give closed formulas for BGW numbers. In Section 4] we present several results
on structures for BGW numbers. In Section [5] we prove Theorem [I} and in Section [6] we
prove Theorem [2] Further asymptotic formulas and conjectural subexponential asymp-
totics are given in Sections respectively. In Sections [9] [L0] we present applications
of the main theorems.

Acknowledgements The work was partially supported by NSFC No. 12371254, the
CAS No. YSBR-032, the National Key R and D Program of China 2020YFA0713100,
and the China Scholarship Council. Parts of the work of J.G., P.N. and D.Y. were done
during their visits in MPIM, Bonn; they thank MPIM for excellent working conditions.

2. REVIEW OF GENERAL THEORY OF BGW NUMBERS

The definitions for BGW numbers given in Section [I] are not directly calculable since
the integrals over the unitary group or moduli space are not algorithmically defined. In
this section we review two algorithms that can be used to effectively compute the BGW
numbers and that can and have been implemented on a computer.

2.1. Recursive definition of the BGW numbers. It is known from [14}[36] (cf. also [2,
7,137]) that the partition function Z of the BGW numbers, defined by

zzexp(zzi, 3 <Td1...7dn>§tdl...tdn> (40)

g>1n>1 " dp,..,dn>0
dy+--4dn=g—1

cf. ), is a particular tau-function for the celebrated KdV hierarchy. In particular,
u = 9%log Z/0}, satisfies the KdV hierarchy

utd = 8I(md(ua ux)ul‘x)"'aUQdm))a d Z 07 (41)

with g = x, where my is defined in , . It is also known that Z satisfies the
following infinite set of linear equations called the Virasoro constraints:

LnZ =0, m>0, (42)



10 JINDONG GUO, PAUL NORBURY, DI YANG, DON ZAGIER

where L,,, m > 0, are operators defined by

d (2d + 2m + 1)!! 0
L = —(2m+ 1
R T Dha v S | TRLE o
d>0
1 0? 1
- 20+ 1)1 (2 b S 4
+3 > (a+)(b+)8t8tb+85’0 (43)

a+b=m—1

See [2, 14, 22, 36] (cf. also [3, 5, 7, 7, 37]).
Forn>1,d = (d1,...,d,) € (Z>p)", it is convenient to denote

B(d) = (14, - Tdn ﬁ 2d; +1)! (44)
7j=1

where we recall that g(d) = |d| + 1. Using the m = 0 case of (42)), we obtain
B(0,d) = (2¢9(d)+n—2)B(d), 2g(d)—2+n>0. (45)
In general, a recursion for the BGW numbers that is equivalent to the Virasoro con-

straints was derived in [14] by Do and the second author of the present paper:

n

B(d,d) = Z(2di+1)B(d1,...,di+d,...,dn)
=1 (46)

S (Blabd) + X Blo{dikier) B {dihes)).

a+b=d—-1 IuJ={1,...,n}

_|_

| =

where d > 0. We refer to as the DVV-type relation (here “DVV” stands for
Dijkgraaf—Verlinde—Verlinde), because it is analogous to the DVV relation for Witten’s
intersection numbers [I3]. It is also closely related to the topological recursion [14. [19].
Note that originally the DVV-type relation for BGW numbers was written in another
normalization, denoted Uy (2d1 + 1,...,2d, + 1) [14], which is related to B(d) by

Ugn(2d1 +1,...,2d, + 1) = B(d) / [ (2d; +1).
=1

By induction on the sum ;" | (2d; + 1) = 2¢(d) + n — 2, we know that the numbers
B(d) can be uniquely determined by along with the initial value

B(0) = - (47)

(see (5), (44)). However, it is not at all obvious from that B is symmetric in its
arguments. In other words, if we force this symmetry by defining B as a function on
unordered multisets, then is an overdetermined system because we can choose any
of the n + 1 arguments of B(dy,...,dn+1) as the “d” of and it is non-trivial that
the right-hand side will be independent of this choice.

Using the DVV-type relation , we can in principle compute the numbers C(d)
for partitions d = (dy,...,d,) of g— 1 for any g, and we have done so for all g up to 40.
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2.2. Explicit formulas of n-point generating series. Following [4, 5, [17], consider
the following n-point generating series of the BGW numbers:

B(dy,...,dy)
d1yeeeydn >0 1 n
Using the matrix-resolvent method [4], an explicit formula for F,,(A,...,\,) was ob-
tained in [I7] (see [5] for a different proof)
(2d +1)13 1
F = 4
1) Z 84+1(d + 1)!(2d+1) Ad+T (49)
M(As(n))) AL+ Ao
()‘17"'7 = - _5n,273 7122,
0%5; H ( o(i+1) — Aa(z)) ()‘1 - )‘2)2
(50)
where
(%-1)!!)3 ( k(k+1) k41 A~k
M) = ( 31002 ) (51)
k;§1 ok _ 8k +12/7;:5 tktl (g 41) ) (k+ 1)
with the usual conventions (—1)!! =1 and (—3)!! = —1.

There is a useful variant of formulas like given by Dubrovin and the third author
of the present paper (see [15, Proposition 3.2.3]). A special case of the variant gives the
numbers (7, . . Tdn> efficiently when all but at most two of the d’s are equal. Indeed,
define a sequence of traceless 2 x 2 matrix-valued functions M,, 4(\) (m > 0) by setting
Moy a(X) = M(X) as above (independent of d) and then inductively defining

1 _
Mna(\) = — > [(XM;a(V) ™, Mja(V)] (52)

i+j=m—1

for m > 1, where A(A)~ denotes the sum of the terms with strictly negative exponents of
a Laurent series A(A) in 1/A. Then we have the following generating function formula:

(A1 — Ap)? B(a,b,d™
— > Xlﬂrl)\gﬂ Ztr My a(M) My k,a(A2)) = Omo - (53)
4,60

This formula allows us to calculate all of the numbers C(a,b,d"~?), and in particular
the numbers C(d"), quite efficiently even when the genus is large, in which case the
recursive formula would be useless because it requires one to have computed and
stored the BGW numbers for all smaller genera. Using it, we computed the rational
numbers C'(d") for 1 < d < 100 and 1 < n < 10. This computation took about 20 hours
on a relatively fast desktop computer, which sounds like a lot until one realizes that,
for example, the numerator and denominator of the rational number C(100'°) each has
3020 digits.

3. EXACT FORMULAS FOR n-POINT BGW NUMBERS

For n > 2, expanding the right-hand side of in the region |A1| > -+ > |\, >0,
one gets a formula for n-point BGW numbers which is similar to a formula for Witten’s
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intersection numbers given in [25]. For o € S, introduce the notation
St ={1<r<n|or+1)>0()}, S; = {1<r<n|o(r+1)<o(r)}.

Here o is considered to be cyclic, so that we have the convention o(n + 1) = o(1). For
ki,...,k, > —1, introduce the notation

Ay, = (A, - Ag,), (54)
where Ay := f(k)R(k), k > —1, with

2k — 1)!13 k(k+1 kE+1
f(k) = Ma R(k) = (_8163—(}—121%2-%211@—&-1 —k:(/:+ 1)> ; (55)

and we make the convention that ay, . x, = 0 if any of the k; is less than or equal to —2.
Note that Ay, is just the coefficient of A=* in the Laurent series M () defined in (5I)).

Proposition 2. Forn >2 andd = (di,...,dy) € (Z>0)", we have

+
B(d) = Y (-1 > Uy 1y -1 =Ty () +- T —T—1. (56)
U?’S)S:nn JE(ZJF%)n

{1<q<n|Jy>0}=55
Proof. In the region [A;| > --- > |\,| > 0, we have the Laurent expansion

. 1 + N JoaGa)=Jogm1Ga1)—1
H X — (_1)|Sg‘ Z H}\U(ZIQ)(JQ) ,q 1(]q 1) ’ (57)

J1sesjn>0g=1

where for ¢

I
l—‘
E

Js o(q) > o(qg+1).
Expanding both sides of and using , we get

Sa|+1
B(d) = Z (_1)| |+ Z adg(1)+JU,1(jl)_Ja,n(jn)7---7dg(n)+Ja,n(jn)_Jg,n—l(jn—l)'

0€Sn JE(Z>o)™
o(n)=n -

Toali) = { —j =1, olg) <olg+1),

(59)

For each o € S,, with o(n) = n, by changing the variable J, = %JrJa,q(jq), g=1,...,n,
we obtain formula . 0

Proposition [2| could be rewritten in a more elegant way as follows:

Proposition 3. Forn >2 and d = (di,...,dy) € (Z>0)", we have

n
B(d) = Y (-1 > Ay ... o W,k 5 (60)
0ESH ki1yeoskn>—1
o(n)=n k14 +kn=d1++dn

where the numbers wq ok have the following explicit expression

Waok = max{O, min {i(da(q) - kq)} + min {i(kq - do.(q))}}. (61)

resSy =1 reSy =1
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Proof. For each o € S,, with o(n) = n we change the variable k; = d,(g) + Jo4(jq) —
Jog—1(Jg-1), ¢ =1,...,n, in formula and we get

Bd) = ) (~1)lse > Ay ... o W, 5 (62)

ocESnh ki,eoskn>—1
U(n):n ki+-Akn=d14+dn

where the numbers wq sk are the number of solutions j € (ZZO)H for the linear equa-
tions:
da(q) + Joq(lg) = Joq-10Jg-1) = kg, q¢=1,...,n. (63)

Now it suffices to prove that these numbers wq 5 have the expression . Indeed, by
using , equations can be solved in terms of j, by

_5 T _ +

D e A (o4
Jn + qul(kq - da(q))v re Sa .

Here we use o(n) = n to obtain J, (jn) = jn. Therefore, wq K is equal to the number

of jn € Z>q such that j, > 0 in for all r =1,...,n — 1, and hence is equal to the
right-hand side of . This finishes the proof. O

We note that when n > 3 and some of d; are less than zero, then formula or
formula still holds true (where both sides are 0), since both sides are the coefficients
of )\fdrl - A 9 =Lin the power series Fy, ()1, ..., \,) defined in .

Let us give some examples for Proposition [3| First we introduce the following nota-
tion: for n > 1 and e € Z", write

M(e) = max{0, 121£n{6i}} (65)
which can be written in terms of a generating function by
1
e M ey, en) = . (66)
61,.220 1 " Y A [T (1 - )
For n = 2, Proposition [3| reads that
B(dy,ds) = Z M(dy — k1) ag, ks (67)
k1+ko=d1+d2
where ay, 1, can be explicitly given as follows:
ks = —F (k1) f (k) (((B1 — ka)? + B5E2) (kg + 1) (ky + 1) — Bited2)
with f(k) defined in (55)). Actually, we also have a simpler formula for B(d, ds):
dy
1 2h — 1113
B(dy,dy) = p > (g—2h)FyFy_p,  where Fj, := (23hh| . (68)
h=0

The equivalence of (67)) and can be proved as in [24]. Since Y7 _ (g —2h) Fy Fy_y,
vanishes by antisymmetry, we see the RHS of is indeed symmetric in d; and ds.
We also note that formula also holds for dy = —1, do > 1 and do = —1, d; > 1
(where both sides are 0). With the normalization C'(d) the above formula becomes

229 U
C(dy,dz) = 29)! Z(g —2h) Fyp Fyp - (69)
h=0
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For n = 3, Proposition [3] reads
B(dy,dy,d3) = —2 > Ay kg ks M (dy =k, dy +da — by — k2), - (70)

k1+k2+ks=d1+d2+d3
where ay, , k, can be given more explicitly by
Ay ooy = f(k1) fk2) f(ks) (k1 —ka) (k2 —k3) (ks —k1) (k1 +1) (k2 +1) (k3 +1)+5) . (71)
For n = 4, Proposition [3| reads that
B(dy,dz,ds,dy) = 2 Z Ak k2 ,k3,ka
k1+ko+k3+ka=d1+da+d3+ds
X (M(dl —k1,dy +dy — ki — ko, ka — dy)
— M (dy — ko, dy + do — ko — k3, dy + d3 — k1 — ko, ks — dy)
— M(dy =k, dy — ki, by — d, oy — da) ) (72)

where we have used the fact that Oy ko kg ks = Ak k3 ka k1 = Ok ky ks ko-

4. RATIONAL FUNCTIONS, ASYMPTOTICS AND INTEGRALITY

In this section we consider the numbers C(\, g — 1 — |A|), where A is a given fixed
partition and we allow g to vary.

When |)| = 0, the formula for C(g — 1) is known; see (10). Based on the DVV-type
relation (46]), we can find that for |A| = 1,2, 3 the quotient of C (X, g—1—|A|) by C(g—1)
is a rational function of g. Explicitly,

Cl,g—2)  g-1

CAhg—=3) _  (9—-1)(g—2) B

Olg—1) — (29— 1329 —ap @ W=2.

Chg—4) _ (g—D(g—2)(g—3) B
Clo—1) ~ g+ 12— 17— g5y A9 =3

where
Qi(9) = 8¢° —4g+3,
Q1,1(g9) = 649" —192¢° + 2244 — 144g + 117,
Q2(g) = 64g* — 192¢° 4 2169° — 108g + 135,
Q1.1.1(9) = 102497 — 7168¢5 4+ 19072¢° — 242564 + 18832¢° — 155209 + 11418¢ + 14823,
Q12(9) = 1024¢" — 7168¢° + 18944¢° — 23040g* + 14056g° — 6272¢° + 5411g + 16365
Qs(g) = 1024g" — 7168¢° + 18816¢° — 21952¢* + 10360g> + 1125¢ + 875

The general situation is described in the following two propositions.
Proposition 4. Forn > 1 and for a given fized partition A = (A1, ..., A\n—1), we have

C()‘)g —1- |)‘|) _ @A(g) (73)

Clg—1) (29 — 2|A\ = 2)aaam TIX (20 — 20+ 1)2




COMBINATORICS AND ASYMPTOTICS OF BGW NUMBERS 15

where Qx(g) € Z[1/2][g] is a polynomial, and (a), := a(a+1)---(a+b— 1) denotes the
ordinary Pochhammer symbol.

Proof. Write the left-hand side of as @) (g). In terms of ®,(g), recursion reads

n—1
- o+l ~ 24+ 2\ +n— 1y ~
& =N T G (1 - ) &
ax(9) ; S RS SER VL (9) + - A(9)
89(g —1) 3
+ > 5 PapAlg—1)
oz 29 +n—2)(29 - 1)
a,b>0

+ Y 2(X(aA) — 1)IC(a+ A]) Ba, (a +1+ |>\1|) By, (g “1—a— |\
uJ={1,...,n—1}

x (9= a =MD asrapg 9= 1= 0= Pil)oripp ] (74)
(2047 =2 = X(a,A1)) yunyyes (0= 5 == MiDasroipg)

N—

Note that ®y(g) = 1. Then Proposition 4| is proved by induction in |A|. Indeed, using
the induction assumption, one can show that each term in the right-hand side of

multiplying the factor (2g —2|A| —2d —2)g)\|4-2d4+n+1 Hli'fd(Qg —2i+41)? is a polynomial

in Z[1/2][g] . This finishes the proof. O
Proposition 5. Forn > 1 and for a given fized partition A = (A1, ..., A\n—1), we have
Al .
Chg—1—-[A) _  Qx9) 29 —2i
C - n—3 . H ; 37 (75)
(g—1) [T/=0 (29 +4) ;= 29 —2i+1)
where Qx(g) € Z[1/2][g] are polynomials.
Proof. For n = 1 we have Qy(g) = 1. Assume that n > 3 and n is odd. Write
d=(\g—1—|)\|). From Proposition |3| we know that
(29 +n — 3)! +
T 921 c(d) = Z (—1)lse i+t Z Aky,....kn Wd,ok 5 (76)
oESy k1yeoykn>—1
o(n)=n kit +kp=di++dn

where ay, ..k, is defined in , and wq ¢k is defined in . By the definition of
Ak, ... kn > We know that

8k1+...+kn (kn + 1)' akl,...,k‘n

Z11/2][k,] .
Ty € 2012 (77)
Now we claim that all nonzero summands in the RHS of correspond to
-3
9=\ < ko < g4 (78)

Indeed, one can show that k, < g—|A| implies wq s = 0, and that &k, > g+ "Tf?’ implies
Qk, ...k, = 0. Therefore, we obtain from and that

891 (g + 51! S |+1
UESn k‘l,.‘.,knzfl

o(n)=n k1t-+kn=di++dyn
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Moreover, we notice that the polynomial has zeros at g = |A|,|A\| — 1,..., —”T_l,
(since at these points, g — 1 — |\| is a negative integer and the polynomials equals 0
by the discussion in Section , so we obtain that

(29 +n—3)!871(g— |\ +1)!
229—1 (29 — 2|A| — )18
Using and the one-point formula , we deduce for n > 3 odd. For n even

and n > 4, the proof is similar and for n = 2, the proof is based on the fact that
C(dy,da) = C(0,dy,ds). O

C(d) € Z[1/2][g]. (80)

We note that the above two propositions are analogous to results of Liu—Xu [33] on
Witten’s intersection numbers, and that in [25] we used the matrix-resolvent formula to
prove rationality for Witten’s intersection numbers.

We make one further remark. In the formulas given before Proposition [4] we see that
the polynomials @y(g) occurring for different A of the same length m are very close
for g large, e.g., the three polynomials Q(g) for m = 3 all start 1024¢” — 71684°, and
even their g° coefficients are near each other. We will return to this point in more detail
later.

It will be convenient to write the polynomials @ (g) as polynomials of the variable X,
ie., Qa(g9) = PA\(X), X =2g — 2+ n. For example,

Pl(X) = X2_X+g’

2 2 1
P(X) = Xt ooxd 4 2z 2y 150

2 2 )

4 3 2 273

Pii(X) = X*—10X° 4 38X7 — 68X + ==,

1
Py(X) = X0 —15X° + ;le _ 260X3 + 33875X2 B 33875X+ 7?;57
PLQ(X) = X6 —21X5—|—179X4 _795X3+%X2 _ 23247)(4— 4111621,
Praa(X) = X7 —28X° + %X"’ —~ 41209)(4 + 30361 Y3 _ 33281 x4 1708757 Y 8248167'

The statement of Proposition [5| can then be written equivalently as

Chg—1-|A)  P\(2g+n-—2) ﬁ' 29 — 2
1(

Clo-1 TI[52e+7) iy Qe-2i+ 1%
where Py (X) € Z[1/2][X] is a monic polynomial.
By using formula and formula we arrive at the following proposition.

Proposition 6. For any fized n > 2, fized A = (A1,..., \n—1) € (Z>1)""L, and for d,
being an indeterminate, we have

1 (2d,, + 1)13

C(\.dy) =
(A dn) XA\, dp)on2 (X (N, dy) — 1)l 2dnF1 4,1

where P\(X) € Z[1/2][X] is a monic polynomial of degree Z?;f(?)\j +1)+0p2—2.
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We observe from the above examples that the polynomials Py(X) for |A| = 1,2 are
irreducible over Q, and we have checked that it is still true for |A\| = 3,...,9. We
expect that this irreducibility holds for all partitions A, and this is consistent with an
observation that the BGW numbers often contain large prime factors.

Remark 1. For d’ = (dy,...,d,—1) € (Z>o)"* fixed and d,, an indeterminate, write
d = (d’,d,). Then from Proposition [f| and (8) we have
1 2d, + 1)I13
c() = B PO pa(x(a)), (53)

X(d)one (X(d) — 1)1 2dn+1d,,!
Here Py/(X) is defined via
Poa(X) = (X —1)!m2Pg(X - 1), d € (Zso)" ", (84)

Formula (or Proposition @ implies the following corollary, which is similar to a
result of Liu—Xu [31], B3] for Witten’s intersection numbers.

Corollary 1. For g,n>1, dy,...,d, > 0 satisfying d1 + -+ +d, = g — 1, we have

5.0 dn! T (24, + 1)U
2d, + 1)1

(Tay -~ 7a,)g € Z[1/2]. (85)

In the introduction we formulated the “Integrality Conjecture” that the numbers
(Tdy - Td,)g are integral away from 2, and also made the observation that they are
often highly factorized. Corollary [I| does not imply the Integrality Conjecture, but does
give both some bounds on the denominators of (74, - - - 74, )4 and nice information about
prime factors of (g, - - - 74, )4. The following statement, based on the numerical data up
to genus 40, gives a stronger version of the Integrality Conjecture.

Conjecture 3. Forn >1 and d = (d1,...,d,) € (Z>0)", we have both

H?:l d;!
249

)

<Td1"‘Tdn>g S Z (86)

and

maxi<j<n{(2d; + D!} [L50, . (@)>1(Pr(d) = 1)!
24g

(Ta, "+ 7a,)y € Z, (87)

where g = |d| + 1, and p,(d) denotes the multiplicity of r in d.

We notice that none of , , imply either of the others, and also that each
is weaker than the best possible factorization. For instance,

(remramis)y = 271031851 7511213317119%223229%31237% 101 M,

where M has no prime factors less than 1000, whereas formula implies the divis-
ibility of (r¢T778718)$) (away from 2) by 37113725271192232292312372, formula
implies the divisibility by 3'4567411113'17!, and formula implies the divisibility
by 325573112131 171191 231291 311 371,
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5. UNIFORM LARGE GENUS ASYMPTOTICS

In this section, we prove Theorem [I| Our proof will mainly use the recursion ,
and techniques introduced by Aggarwal [1] in the study of the large genus asymptotics
of Witten’s intersection numbers. Before entering into the details, it is convenient to
rewrite the DVV-type relation in terms of C(d) as follows:

n

_ 2d; +1 '
cld) = jZQX(d)—lc(dQ’“"dJ +diy. . dy)
2
iy [x.'(cn—lcw’dzy---,dn)
a,b>0
a+b=d;—1
(X(a,d;) — D!(X(b,dy) —1)!

> (X(d) - 1)! Cla,dr) C(b,dJ)| (88)

IuJ={2,...,n}

where n > 1,d = (di,...,dy) € (Z>0)", and X(-) is as in (7).

5.1. Lower bound. Let us first show the following lemma on positivity of C(d).

Lemma 1. For everyn > 1 and every d = (d1,...,dy) € (Z>0)", we have
C(d) > 0. (89)
Proof. By using the DVV-type relation and by recalling that C'(0) = 1/4. O

Now we give in the following lemma a better lower bound for C(d).
Lemma 2. For everyn > 1 and every d = (dy,...,dy) € (Z>0)", we have

C(d) = ¢(|d]). (90)

Proof. Noticing that the statement is trivial when n = 1 and the fact that C(d) is
unchanged by removing 0’s in d, we can assume n > 2 and dy,...,d, > 1. Because of
the symmetry of C'(d) in its arguments, we can also assume that d; is the smallest of
the d;’s. We now do mathematical induction with respect to X(d) = 2|d| +n > 3. For
X(d) = 3, from Table |If we see that is true. By Lemma [I| and by the induction
hypothesis we get

c(d) -c(dl-1)  ,_ C)C(d[-1)

Cld) = cld) = =24 =g (X(d) - D(X(d) 2"

(91)
Using formula , we can write the right-hand side of as
2\ Xd)—-2 |[d|(d|+1)) X(d)—1"

which is positive because d; < % and n > 2. This finishes the proof. O
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5.2. Upper bound. To give an upper bound of C(d), we first give in the follow-
ing lemma an estimate related to the quadratic-in-C' terms of , analogous to [I}
Lemma 3.1].

Lemma 3. Forn >1 and ford = (dy,...,d,) € (Zzl)n, we have

(X(a,dr) — 1)1 (X(b,dy) —1)! 4
a,%zzo IUJ—%:,‘..,n} (X(d) —1)! = (X(d) - 1)(X(d) —2) (93)
a+b=d;—1

Proof. For n = 1, the inequality is trivial. Assume that n > 2. For each a,b,1,.J
satisfying a +b =dy — 1l and T UJ = {2,...,n}, weset ny = |I|, g1 = a + 1+ |d;],
ng = |J], g2 =b+ 14 |ds|. Then X(a,dr) =2g1 +n1 —1 and X (b,dy) = 2g2 +na — 1.
By counting the number of 4-tuples (a,b, I, J) with given values of n; and g;, we find

y oy Xed)- DGy 1)

(X(d) —1)!

a,b>0  TUJ={2,...,n}
a+b=d;—1

n—1Y\ (291 +n1 — 2)! (291 + na — 2)!
< 2 Z( > CE@ o

ni+ns=n—1 g1,g2>1
9g1+g92=g

o n—1 nq! (X(d)—n1—3 2914—’[21—2) (291—1—7@—2)!
= 2 <n)(2 (X(d) - t 2 X(d) - 1) >

ni+ngz=n—1 g1,92>2
g1+g92=9

(94)

where g = g(d) = |d| + 1 as usual. We estimate the two terms on the right-hand side
of separately. For the first term we have

n—1\n!(X(d)—ny —3)! 2 Tl on—j
2 2 (n) @ - x@-nx@-2 2= Ux@—2—;

ni+ng=n—1 n1=0j5=1

2 < /1\™ 3
< <X<d>1><X<d>2>Z_<3> RSN R

where in the inequality we used the fact that n < @ (implied by d € (Z>1)"). For
the second term we have

n—1Y\ (291 + n1 — 2)! (292 + ny — 2)!
2 Z( ) 1 I(X(d)—l)!

ni+nz2=n—1 g1,92>2

91+g92=9
(22gg1__42)_1 n (g _ 3) (29;4)—1 )
: Z (X(d) ~ D(X(d)~2) = (X(d) ~ )X (d)~2) = (X(d) 1) (X(d) ~2)"
gi+g92=9g

nit+ns=n—1
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where for the first inequality we used the fact that X (d) = (2¢1 +n1—2) + (292 +n2 — 2)

and that
ai\ (a2 ai +ag
< ) 97
<b1> (bz> - <b1 +b2> &7
and for the last inequality we used g > 3 and n < g — 1. Combining , , , we
obtain the lemma. O

Following Aggarwal [1], for X, n > 1, introduce
6 = ax (C(d). 98
Xn 1= Hax (d) (98)

X(d)=X

Before continuing, we introduce a number-theoretic function f(X,n), defined through
the recursion

Yn>3,X>8,
(99)

2 1
f(X,n) = gf(X—l,n—l)—i-gf(X—l,n-i-l)-F X_Dx_2)"

together with the initial data f(X,n) = 1/7 for 1 < X < 7 or n = 1,2. By induction,
we know that f(X,n) is monotone increasing with respect to n, and

. 4
X < = —_ . 100
k=8
Hence f(X,n) is bounded by 1. Let us also prove the following lemma.
Lemma 4. For X > 1, and for 1 <n < i, we have the uniform estimate
f(x,n) 1+0(1) X — (101)
n) = — — Q.
9 7_(_ X b

Proof. Tt is not difficult to show, either directly or using generating function, that the
solution of the recursion with the given initial condition, is given for n > 2 and
X > 7 by

X
f(x,n) = % + m —~ kzzg gE::BP(n, X —k), (102)

where the coefficients P(n, j) are defined by

(3—* v9—8t2>”—2 _ i P(n.j)

5 (103)

J=0

These coefficients can be estimated by the residue theorem:

1 , — /9 — 82\ "2 4
P(n,j) =./ i1 (32 VI8 dt < 1.0577 x 123772,
2mi Jo 2t



COMBINATORICS AND ASYMPTOTICS OF BGW NUMBERS 21

where we have taken the contour C' to be the circle |t| = 1.05 < 1/9/8, on which we

have |3=v)=8 V29t_8t2 < 1.23. Let us now estimate the right-hand side of (102)):

X X X—M-1
2(k—=17) 2(k—17) 2(M —6) ,
—~P(n, X —-k) > —Pn,X—-k) > ———= P

k=8 k=M+1 §=0
(104)
for any 7 < M < X. Taking M = [0.1X] and using n < %, we have
o
> Pn,§) <14 x 1.05- ¥ 5 1.23" < 14 x 09987 . (105)
j=X—M

By using Z;‘;O P(n,j) =1 and concluding formula (102]) and the estimates ((104)), (105)),
we finish the proof of the lemma. O

The significance of the function f(X,n) is given by the following important lemma.
Lemma 5. Forn > 1, X > 1, the numbers 0x , have the upper bound
O < J(X,m). (106)

Proof. For 1 < X < 7, we check from Table [1| that inequality (106) holds. For n = 1,
inequality (106) is implied by . Forn=21let 0 <dy <dyand g =dy +ds+ 1.
Using we get

C 20§ Fy F
(dlﬁ d2) - (29)| hzzo(g - 2h> h L' g—h
2% (-1 -2 (169> =239 +9)T(g — 3)* _ 1
< (9, + SR, = e DTG S & (107

where in the first inequality we used that Fy,q/Fy is monotone increasing for d > 0.

Now consider the case that n > 3, X > 8. Let us prove inequality by induction
on X. For every d = (di,...,dy) € (Z>0)" satisfying X(d) = X, assume d € (ZZ&H
and without loss of generality assume d; = min{d;}. Then by applying Lemmato (188)
and by induction, we obtain

2dq 2d, 4
< _ _ _ _
@) < (1 X_l)f(x L= )b g A = Lk )+
(108)
where we have used the fact that f(X',n) is bounded by 1. This gives
2 1
< = — — — — =
c(d) < 3f(/lf' 1,n 1)+3f(./\’ 1’n+1)+(2\f—1)()(—2) f(X,n),

where we have used n > 3, di < % = %, and the fact that the function f(X,n) is
increasing with respect to n. For the case that some of d; equal zero, by and by

induction we have
C(d) < f(X_Ln_l)’ (109)

where the right-hand side is less than f(&X', n) because of (99)) and again the monotonicity
of f(X,n). Combining both cases, we finish the proof of ({106 O
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We are ready to prove Theorem
Proof of Theorem[1. By Lemma [2| and , we have the lower and upper bound

C(ld]) < C(d) < Oxayn> (110)
for everyn > 1,d € (Z>0)". We know from that the lower bound equals %—FO(ﬁ)
with an absolute constant in O(ﬁ). For the upper bound, we know from Lemma

we know that when n < %d), O is bounded by 1 + O(4) with an absolute constant

in O(%). Consider the case that d € (Z>()" with @ <n< @. Assumed € (Z>1)".
Then there must exist some j such that d; = 1. Assuming that d; equals 1, then
recursion ([88)) reads

C(lyda,... dy) =S )?Zg;f_ll(7(d2,...,dj-+-1,...,dn)
j=2
2 (X(0,d;) —1)! (X(0,d,) —1)!
+ @ 1 C(dy,. .. dy) + qu—%:,‘..,n} X ) C(d;) C(dy).
(111)

By applying Lemma [3| and by taking maximum in both sides of (111)), we get
4

C(d) < Ox@)-1,n-1+ . (112)
T (X (d) - DX () - 2)
When some d; is 0, the inequality (112) is still true according to , so we get
4
0 <Oy_1p_ 113
Xmn S Ux—1n 1+(X—1)(X—2)’ (113)
for every % <n< % Writing this as
Oxn+ 1 <46 + 4 (114)
X.n X _1-— X—-1n—-1 XY _9’

and iterating ¢ times we find
4 4 4 4
— < f(X—t,n—t -

pos il e par iR AR L A O B e et
for any t < [%] Applying this with ¢ = | and using Lemma || we obtain
that fx ,, is bounded by %—1—0(%) uniformly when % <n< % This together with (110
implies that formula holds for @ <n< @. For n > %d), we have Ox(q), =
Ox(d)—1,n—1 (indeed, since C(d) is unchanged by removing any 0 argument, we have
by definition 0x , = Ox_1 -1 for n > %), which implies that formula (19)) still holds.
Combining all three cases, we obtain the statement of Theorem [I] O

HX,n < QX—t;n,—t + 115)

M]
4

Remark 2. Although our proof for BGW numbers is similar to Aggarwal’s for Witten’s
intersection numbers [I], we have made several improvements and simplifications. For
examples, the technique of random walks used in [I] is avoid here, and our estimates
are completely uniform instead of requiring n = o(y/g) in [I]. Actually, as it was
shown in [I0], it is not possible to extend the asymptotics of the normalized Witten’s
intersection numbers [T} 10} 11} 25] beyond the range n = o(/g). We hope to generalize
Theorem [I] to Witten’s intersection numbers with a better normalization.
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6. POLYNOMIALITY IN LARGE GENUS
In this section, we prove Theorem [2| by using the recursion (88)).

Proof of Theorem[3 We first allow the fixed d’ = (dy,...,dn—1) € (Z>o)" . Write
d = (d’,d,) with d,, > 0. By using and Stirling’s formula we have

C(d) = %Z f{’f(gg C asd, oo, (116)
=0

where C), are functions of d’. By using the recursion and by performing Laurent
expansions, we obtain

k—1
Cula.d) - cu@) = =S -0 ()2 ailaa)
=1

n—1

+ ) (2d; + 1) (Cror(dy, ... dj +d,... dny) — Cry(d))
j=1
k—2
+ Z Ck 1 a,b, d) Ckfl(d/» + Z Z a(a,d})’k,l Cl<b, df])] ,
a,b>0 IuJj={1,...,n—1} 1=0
a+b=d—1
(117)
where d > 0 and ay, ;; are numbers defined by
k—2 1
Qs = D <4IW|+1 <z B > X(w)" 'Sk —u—1,X(w)) B(W)> .
u=l

Here B(w) is defined in and S(n, k) denotes the Stirling number of the second
kind. Write

Cr(d) =: é(po(d),p1(d),...), (118)

where p,(d’) denotes the multiplicity of r in d’. This defines functions ¢x(p), k > 0,
where p = (po, p1,p2, ... ). Then formula ) becomes

k(P +eq) — c(p Z (l_ll>él(p—|—ed)

=1
+ Z(Zi + 1) pi (Gr—1(P — € + €i44) — Ck—1(P))

>0
k—1
+ Z 2 (6k_1(p +e,+e) — ék_l(p))
a,b> =0
a+b=d—

+ Z kiz( —t+eb)at+ea,k1H< ))], d>0, (119)

E(t+eq)<k—11=0 i>0
0<t-<pr,r>0

where £(t) = 3772 (27+1)t), at k1 = a(gto1t122...) 1,1, and eg denotes (0, ..., 0,1,0,0,...)
with “1” appearing in the (d + 1)th place.
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Let us now prove by induction that é(p), & > 0, belong to Q[po, p1, . ..]| and satisfy
the degree estimates

deg ¢p(p) < k-1, k>1, (120)

under the degree assignments degpy = 2d + 1, d > 0. For k = 0, by using Theorem
we know that éy(p) = 1. Assume that for 1 <1 < k-1, ¢(p) € Qpo,p1,...] are
polynomials satisfying deg ¢;(p) <1 —1 (I > 1). Then for k and for every d > 0, the
RHS of equation are polynomials in po, . .., pjx—3)/2]- Moreover, by the inductive
assumption these polynomials are independent of d for every d > k + 1, i.e.,

i i D). A<k,
G(p+e) — u(p) = | TP Plte=/2) (121)
9(Po, - - P|(k—3)/2))5 d>k+1

for some f; (d < k), g belonging to Q[po, - .., p|k-3)/2]- The compatibility of (121)
implies that g(po,...,p[k—3)/21) = A is a constant. Solving (121)) we obtain that ¢
have the form

ér(p) = h(po,...,pr) + An'(p), (122)

where h € Q[po, - .., px] and n'(p) := ;5o pi- Now we aim to show that A = 0. Con-
sider equation (119) with & replaced by &+ 1. Using a similar analysis and using ({122)),
we obtain that for every d > 2k + 2,

Crr1(P +€q) — Crp1(p) =4 Ad+ A'n'(p) + g(po, - - -, Pk)- (123)

where A’ € Q is a constant, and ¢(po, . . .,px) is some polynomial in Q[po, ..., px]. This
contradicts with unless A = 0. Therefore,

cx(p) € Qlpo, - - -, pr)- (124)

Then taking d > k + 1 in equation (119) gives

k—1
<l—11> + ; 2’l+1 p, (Ck 1(p—ez~) _ék—l(p))

3
2

I,

a=0 E(t4eq)<k—11=0 i>0
0<t,<pr,7>0
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Using ([125)) and (| -, we obtain

k-1

) BV SN | ]
Apin(p) = — (1) l<l_ NECED SEERIFRCRTETS
=1 >0
d-1 [(k—3)/2]
+2Y A,A,, L Ga(p) — 4 Z Ap.éra(
a=0
d—1 k—2

+ <Apd—1 C1(P = t) Qe H <pl>>

>0

n Z (5 —t) aren it || <pl)> d>0. (126)

a=d E(t+eq)<k—1 >0
0<t,-<pr (r>0)

We find that each term of the RHS of (126 is of degree less than or equal to k —2 —2d
for every d > 0, which implies deg¢y < k — 1. In particular, ¢; is a polynomial that
only depends on po, ..., p[/2]-1

Now restrict to the case when d’ is a fixed partition. From ((116]), we know that

o A
dp, — o0, (127)
k=0
where O}, are functions of d’ with Cy = 1. Define cr(p1,p2,-..) € Qlp1,p2,...], k>0,
via
i/c\kplp2 i5k0p1p2 2)
9 b ) ) , (128)
k=0 k=0

where the left-hand side is understood as a power series in X!, It then follows from
degcr < k — 1 that deger, < k — 1. Using (127)), (116)), (118]), we know that

Ci(d) = @(pr(d), pa(d),...), (129)
for all d’. The statement that ¢;(0,0,...) = 0 follows from the fact that C(d) =
v(2d 4 1). This finishes the proof of Theorem O

Remark 3. Formula (117)) is analogous to a formula given in [33 Corollary 3.6].

For d = (dy,...,dy) € (Z>0)", we extend the definition of C'(d) in by
A C(d)
c(d) := .
D= X @ - @)
Then the following corollary easily follows from Theorem
Corollary 2. For any fited n > 1 and fired d' = (dy,...,dn—1) € (Z>0)" ", we have
o C(p1(d), p2(d), - .
d) ~ . X(d) = oo, 131
@~ 2 K@ - @ @ (3

where d = (d',d,,), and ¢x(p1,p2,...) are the same polynomials as those in Theorem @

(130)

Q)
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We note that, since for fixed n > 1 and fixed dy,...,d,—1 > 0, C(d)/C(|d]) is a
rational function of X (d) whose asymptotic expansion is convergent, the polynomials
¢k(p1,p2,--.) , k>0, contain all information of BGW numbers. We provide in Table
some explicit values of ¢;(p1,p2,--.), ck(p1,p2,---)-

k ck(p1,p2,--.) ck(p1,p2,---)

0 1 1

1 -1 0

2 2 0

3 -5 0

4 B2 —2Tpy

5 —322 -8 —2Ip

6 S5 039, U2, — 2 — B2y,

7 — 1843 1 20583, _ 10012 19125, 83 py — 10 2 10125 ),

TABLE 2. Expressions for cx(p1,p2,...) and ¢x(p1,p2,...) with £ <7

Similar to (30)), for fixed L > 0 and fixed n > 1, and for d = (d1,. .., dy,) € (Z>0)",

YN cx(p1(d),p2(d),...) 1
G(d) = kZO D)~ ) +O((X(ol)—pomlwﬂ)’ 9(d) =00, (132)

where the implied O-constant only depends on n and L.

Remark 4. We have the following conjectural statement, which is stronger than ((132)),
that for any fixed L > 0,

L1 R
. B ck(p1(d),p2(d), .. .) cr(p1(d),pa(d),...) .
‘= kZ:O (X(d) — po(d))* * O( (X(d) — po(d))L ) , g(d) = oo, (133)

where the implied constant only depends on L. In terms of C'(d), this conjecture states
that for any fixed L > 0,

L—-1

1 & oarlpa(d), pa(d), - ) cr(pi(d), p2(d), . . .)
CW = 2~ X - @) +O< (X(d) — po(d))F > (134)

as g(d) — oo, where the implied constant only depends on L.

k=0

We end this section by giving some information about the interval I,,, defined in
the introduction. Denote by m(g,n) and M(g,n) its endpoints, i.e., the minimum and
maximum of all C(d) with d € (Z>1)" and g = |d| + 1. Conjecture [2| implies that
m(g,n) = C(1",g — 1 — n) and M(g,n) = C(d’(d + 1)""P), where d = [9%1] and
p=(d+1)n—g+1. Using (133)), we then find the conjectural asymptotic formulas

27Tn 1
29 — 2 — m(g,n) = o<f>, 135
2d +1)!13 d+1)n — 1
(2d+1) (d+1)n—g 0( >’ (136)
2d+1 (d + 1)! (29 -2+ n)2d+2 92d+2

(29 —2+n) — M(g,n) =
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where d = [£<1] and both O-constants are absolute. In particular M(g,n) differs from

n
v(2g — 2 4+ n) by a quantity of the order of ¢g72%~!. These two formulas are only to
leading order in 1/X, but the full analysis gives several more terms. These statements,
which greatly refine Theorem [1| are still only conjectural, but we are currently trying

to prove some version of them and hope to return to this in a later publication.

7. FURTHER ASYMPTOTIC FORMULAS

In this section, we will give asymptotic formulas of another type for BGW numbers,
including and based on a closed asymptotic formula for two-point BGW numbers.

For every d > 1, define the power series Wy(X) € X ~24=2Q[[X ~!]] by the formula
1-C0(d, ¥ —1-d) ~ Wy(X), asX —oo. (137)

(The fact that W4(X) is well defined is because of Theorem [2|) In terms of the polyno-
mials ¢x(p), we have

Wa(X) = — 3 E’“)(;d). (138)
k=2d+2

Formula implies that, for every d > 2,
(2d — 1)1 (¥ —20) (X2) (X4 — a)°
8¢ dl r(X+1)°n(X+1-d)

Wa-1(X) = Wa(X) = ; (139)

where the right-hand side is interpreted as a power series of X! by Stirling’s formula.
Together with the limiting condition W (X) = 0, formula (139) determines Wy(X),
d > 1, completely, the first few terms being

(2d + 1)!13 ( 1 (2d —1)(d + 1)

Wa(X) =

201 (4 + 1)1 \ X2+2 X 2d+3
2d 4 3)(d +1)(6d® + 7d* — 8d + 1
6(d + 2) X2d+4
In the following proposition, we give an explicit formula for Wy(X).
Proposition 7. The power series Wy(X) for any fized d > 1 is given by

(2d + 1)1 1
X) = . 141
WalX) 24+ ! Z d + J (X =2d—j+ 1)ad42; (141)

Here the inverse Pochhammer symbols 1/( —2d—j+1)2442; are interpreted as elements
of Q[[1/X]], and A;j(d) (j > 1) are polynomials defined by the asymptotic formula

i TCS 0T (X 3 Aj(d)

DN

FF+2r(F -ar)) 5 2 Dag

(142)

in which both sides are interpreted as power series of X ~*. More explicitly,

A = G-y Y B G @r g

o<I<[ZE
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Proof. Tt is easy to verify that the left-hand side of (142)) (as a power series in X 1) is
invariant under X — 2d — 3 — X, so A;(d) is well defined from ((142]).

Let us first use the mathematical induction to prove the following equality:
Aldi+d2+2) (94 4 ddy + 7) (dy + 1) Fyy 11 Fyyin
(2d1 + 2dy + 5)' ’)/(2d1 + 2dy + 4) ’
with Fy and v(X) given by and (23)), respectively. Denote by G(di,ds) the right-
hand side of (144)). For d; = 0, (144]) follows directly from . If we assume that ((144])
is true for d; = k — 1, then for d; = k
C(k,dy+1) = C(k,ds) = (C(k—1,d3+2) = C(k—1,dy+1))
+ (C(k,dy 4+ 1) — C(k — 1,dy + 2)) — (C(k,d2) — C(k — 1,dz + 1))
4Rrdet2 (dy 4 2 — k) Fy Fyyro 4542 (dy +1 — k) Fy Fyyq

— Gk —1,dy +1 -
(k=1dz+1)+ 2k 1 2d5 1 4)! 2k 1 2d5 1 2)!

a(dl,dg + 1) — a(dl,dg) =

(144)

= G(k,d2),
where for the second equality we used formula (69). This completes the proof of ((144)).
By (137 and (144]) we find the identity
Iwgil_deKXﬁg

2d + 1)I13
(2d +1) (X —d+3) 2 2

S U TR - a)

Wa(X) = Wy(X +2) =

(145)

where the right-hand side is understood as its asymptotic expansion in X ! as X — oc.
This formula together with Wy(X) € X~24-2 Q[[X ~!]] uniquely determines Wy(X). It
is easy to verify that the right-hand side of (141]), with A;(d) defined by (142), has the
same recursive property. Hence the first statement of Proposition [7]is proved.

Let us now prove (143). Denote by 74(X) € Q[[X ~!]] the asymptotic expansion of
the left-hand side of (142). Using the property I'(z + 1) = 2I'(z), we see that

(X —2d — 1) rg1(X) = (X —2d) rg(X). (146)
From and (146]), we obtain the following two recursions for A;(d):
Agir(d+1) = Ajia(d) = 2(d+j+1)(2d +j +2) A(d)
—((2d+37 +3)(2d+3) + %) Aj(d + 1), (147)
— A d+1)+ (2d— 7 +3)Ajp(d+1) — (2d+j+3) Ajp1(d) = 0. (148)

Here j > 0, and we make the convention that Ag(d) = 0. Notice that equations (147)—
(148), together with the initial value A;(d) = 1, uniquely determine all A;(d). It is easy

to verify that the right-hand side of ([143)) satisfies (147)—(148) and takes value 1 when
j = 1. This completes the proof of ((143)) O

It follows from ([138)) and ({141 - ) that

(5]—d k—2d—2j
N (a4 "3 ) E—1 N ,

(149)
where S(n, k) are the Stirling numbers of the second kind.
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It is interesting to notice that the polynomial A;(d) is the product of (d + 3/2);/2)
and a polynomial of degree [(j7 — 1)/2], which can be easily proved by using (143). For
the reader’s convenience we provide the first few A;(d):

Ad) = 1, Ag(d) = —%(2d+3), As(d) = é(2d+3)(10d+21),

Ay(d) = —13—6(2d +3)(2d+5) (14d + 31).
We also remark that although W;(X) is defined as the asymptotics of two-point BGW
numbers it also gives information about multi-point BGW numbers. Indeed, from ((127))
and Theorem [2| we can deduce that for a given n > 2 and for d = (dy,...,d,) with

1<d; <-- < dyy fixed,

n—1
C(d) =1 - Wy (X(d)+O0(X(d)2h72=3) - d, — o0, (150)
j=1
Similar to (137), for n > 1, A = (A1,..., An_1), define W) (X) € Q[[X Y]] via
Chdn) ~ = > Wy(X(\dy), dy— o0, (151)
Ic{1,...,n—1}

with Wy(X) = —1. Then we have the following proposition.
Proposition 8. We have

Zaﬁj) - - Z>OW1q1,2q2,,,,(X) H(p> (152)

k>0 g1,d2, > =1 \9i

where both sides are understood as elements in Q[p1, p2, ...][[X1]]. Moreover, the power
series Wy (X) € X 21 Q[ x 1.

Proof. Using (127)), Theoremand (151]), we obtain (152)). Using f and compar-
ing degrees on both sides of (152), we obtain that Wy(X) € X 2A—N-1Q[x~1]]. O

We list a few examples of Wy (X) below:

1701 | 380295 832815 2935197
Wia(X) = 57+ 64X® T 16x9  sxio T

388125 83804625 1336975875 131751025875

Wi(X) = 16X9  128X10 T 12sx1 T 1ozaxiz T
1754703 245520639 79688662083 615031348329
Wi1a(X) = SX10 T T3ax1 T sloxiz T osex18

779513625 n 21043769625 n 41031922798125
32X12 16X13 1024 X 14

We note that Proposition [§] together with (127)) and Theorem [2| implies (150 and
formulas like

Wii2X) =

n—1
Od) = 1= Y Wa(X(d)— D> Wi, (X(d))+O(X(d) *h22bt)
i=1 1<i<j<n—1

(153)
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form>1,1<d; <---<d,_1 fixed and d,, — oo. Based on numerical experiments, we
conjecture that the leading term of Wy (X) is

2 (2|A] + £(N)! C(N) X 2AI=E =L (154)

8. SUBEXPONENTIAL ASYMPTOTIC TERMS

In Section [1| we have described the discovery of the conjectural asymptotic for-
mula . In this section we study subexponential asymptotics more systematically.

Let us look, for a fixed partition p = (1 < p3 < -+ < pup), at the asymptotics of

~

1—C(d) withd = pd = (ud,...,pund) as d — oo. Similar to (B1]), we find (based
on computations using formula ) the following conjectural asymptotic formulas as
d— oo

~

2u1d+3/2  2uad+3/2
p p

1 2
1 —C(pid, pod) ~ = R ’
2u1d+3/2
C 2P (p2 + M3)2(u2+us)d+5/2 /hm +3/

1 = C(md, pad, pzd) ~

Jrd MEREE ’
2u1d+3/2
- 2y (o + pi + pua) 22 tustua)d7/2 2 ts/

1 — C(d, pod, pad, pad) ~

Vrd | [2leld+11/2

With the help of these formulas and based on more computations, we obtain the fol-
lowing conjectural asymptotic formula: for any fixed n > 2,

. 1\0n2 < 2 X(d) \ " _
1—0(d1,...,dn)~(§) ZWX(d)<2dj+1> . min {d;} oo, (155)

j=1
Since
2 (2d + 1)113
—2d+1)! ~ ————, d
L QA+~ s 47
we can rewrite the conjectural formula (155 equivalently as
~ 1\0n2 o~ (2d; + )13 1
1-C(dy,...,d N(,) J . min {d; .
(da n) 2 ]Z_; 241 (d; + 1) (X(d) — 2d))2d, 19 min {ds} — o0
(156)
Remark 5. Notice that the form % n ([156|) also appears in the leading coeffi-

cents of Wy(X) in , o we obtain from (132) that formula (156]) holds true even if
some d;’s are not large (but requires X (d) — 00). So we guess that

S s (2d 4+ 118 1
1-C(d) = (Z Qd]-—i-f(dj F1)(X(d) — de)de+2> (1+0(1)) (157)

Jj=1

for any fixed n > 3 and for d = (dy,...,dn) € (Z>0)", uniformly as X(d) — co. The
conjectural formula (157)) implies that, for any two partitions d and d’ of the same
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length and the same weight,

~ I (2m + 1)!13 Pm — P
cd)—-cd) = mz>:0 2mH+1 (m 4+ 1)! (X (d) — 2m)2mai2

(I14+0(1)), (158)

as X(d) = X(d') — oo. We note that there is a coherent consistence between for-
mula ([158) and Conjecture Another point is that formula (158)) also explains the
phenomenon (cf. ) described in Section (1} As a further example, we have

6(2, 3,14,19) = 0.99999999969689849693814650552875212296 - - - ,
6(2, 3,15,18) = 0.99999999969689849693814752270899360002 - - - ,

whose difference is about 1.01718 x 10724 and the prediction gives 0.92432 x 10724 with
error less than 10 percent.

Now we compute the subleading terms for the subexponential asymptotics , (1156)).
Based on the numerical experiments, we find that the error between 1 and C(d") for
fixed n > 2 is of the form

¢ m bi(n) | ba(n)
1—C(d)~Yn(d)<1+ 2 +o), dooo, (159)
where
I\on2 [4(n—1) [ (n—1)n= 12!
= (= 1
¥al(d) (2) Tmnd < n" ’ (160)
and by (n),ba(n),... are rational number whose numerical values become a little simpler
if we set
L, = 24log(1+bi(n)x + ba(n)z® +--+), (161)

in which the first few values are given by

—1n? —n+7 14n3 —16n? +n+7 ,
n?—n v 2n(n —1)2
—721n5 + 1803n5 — 1953n" + 901n3 — 243n? + 93n — 31
120n3(n — 1)3 v

Recall the discovery in Section [7|that the asymptotics for two-point BGW numbers are
building blocks for the higher-point numbers, at least when all but one d;’s are fixed.
The following observation generalizes this for the subexponential asymptotics.

Observation. First of all, we find that the ratio of a(d, d,d,d)—1 and a(d, 3d+1)—1,
which are both exponentially small, is asymptotically equal to 4 to all orders in d~'.
Here the number 3d + 1 is chosen such that these two BGW numbers have the same
argument X (d). More generally, we conjecture that the ratio of C(d™)—1 and C'(d,d’)—1
is asymptotically equal to n for n > 3, where d’ is defined by 2d' +1 = (n—1)(2d + 1).
We notice that if n is odd, then d’ is not an integer, but we can still define C(d, d’) by
the two point formula with the definition of Fj, there replaced by
1\3
B, = g(h;ﬁ . (163)
m3/2T(h + 1)

L, =

4o (162)
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Now let us focus on the asymptotics for 1 — 6(d1,d2) again. Recall that if d; is
fixed, this asymptotics is exactly Wy, (X) explicitly given in (141). Another important
observation is that, the right-hand side of (141)) makes sense (i.e. each term has lower
order than the previous one) even if X and d are proportional and are in the region
X — 2d > 0. Note that this property will not be true if we write W;(X) in another
basis, e.g. the powers of X! as in (140) or the basis 1/(X — 1), (k= 1,2,...) used
n [I8]. Therefore, for any fixed integer N > 1, we define a function W(N;d, X) by

N
(2d + 1113 1
W(N;d, X) = 164
(V;d, X) 2d+1d' Zd+] X —2d—j+1)2q425 (164)
where A;(d) are polynomials defined in (143)). We note that W (N;d, X) is well defined

in the region X — 2d > N. According to the previous observations, we conjecture that
— C(d1,dy) = W(N;dy, X(dy,d2)) (14 O(X (dy,da) ™)), X(dy,dy) — 00 (165)

holds for any fixed N > 1 and for d; < dy. Now for general d = (dy,...,d,) of length
n > 3, we have the following conjecture.

Conjecture 4. For any fired n > 3, any fired N > 0 and ford = (di,...,d,) satisfying
mini<;<j<n{di + d;} > N/2, we have the asymptotics:

1-C(d) = En:W(N;di,X(d)) (1+0(Xx(@™™)), X(d)— . (166)
=1

As a consequence of Conjecture [ for fixed n > 0, the asymptotic expansion of
- C (d™) is explicitly given by

~C(d") = nW(N;d,n(2d +1))(1+0d™N)), d— oo, (167)

for any fixed N > 0. This explicitly gives all the numbers b;(n), ba(n),... in (159), and
the first three of them coincide with those in (162]).

9. APPLICATION TO THE PAINLEVE Il HIERARCHY

In this section, we will discuss the connections between the BGW numbers and two
famous Painlevé hierarchies. We begin with the Painlevé XXXIV hierarchy (cf. [5 9]),
by which we mean the following family of ODEs:

2w+t g+ )jt(md< du du d%)) ~ 0 (168)

dt Vdt de2’ T e
where d > 1, and my are the polynomials defined in , . The case with d = 1
agrees with the Painlevé XXXIV equation ([14)).

Lemma 6. For each d > 1, there exists a unique formal solution to equation (168) of
the form

Agn 1
n>0

Proof. If we assign degrees
degu; =1+2, >0, (170)
then the polynomials my are homogeneous of degree 2d 4+ 2. The lemma follows. O
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Lemma 7. The coefficients Aq,, in (169) are related to the BGW correlators by

o (@d+ D01y
dn T gamd+T (24 4 1)117 !

where C(dy,...,dy) is defined in @

C(d), (171)

Proof. As it was done in [5], dividing both sides of the m = 0 case of (42) by Z and
differentiating the resulting equality twice with respect to tg and using (41]), one obtains

2u— (1—to) ugy, + _(2k + 1)t (my;) = 0, (172)
k>1
where we recall that u := 8?0 (log Z). Specializing t = t* = (¢§,t],t5,...) in with
th=1, t;=0(i#0,i#4d), (173)
we find
2u(t™) — (1 — to)ug, (%) + (2d + 1) (ma(u(t™), ug (t*),...)) = 0. (174)

The lemma is proved by noticing that

> O(d™) ((2d + 1)n + 1)! 1 175
22nd+1(1 _ to)(2d+1)n+2(2d + 1)||nn| 8(1 _ t0)2

Ulg=t+ =
n>1

and by putting t = 1 — . 0
It is convenient to work with another normalization of the Painlevé XXXIV hierarchy:
22 (2d + D Ox (mg(Y/2,Yx /2, Yxx/2,...)) = XYx =2Y = 0, d>1, (176)

which is related to by the rescalings

1/(2d — 1)\ /4D (2d — 1)1\ 2/(24+D)
t = | ———— X = 2 —— Y. 177
2( . ) o . (177)
The formal solution of interest (a solution to (176])) now has the form
Ydn o 1
Y(X) = Z:BX(M“)”“ Yao = ;- (178)
n_

Theorem 4. For each d > 1, the coefficients yq, of the unique formal solution Y (X)
given in (178|) to the Painlevé XXXIV hierarchy (176) have the following asymptotics:

1 ((2d + 1n + 1)!
Yan ™ T 2d+ Dl

Proof. By using (171)), (I77) and Theorem [1] we obtain (179). O
Corollary 3. For each d > 1, we have

LU 0 D

n— o0o. (179)

Ydn ~ (n — 00), (180)

n n2

with explicitly computable coefficients ri(d) € Q.
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Proof. Let us first show, without using Theorem [4] that

((2(2;917)2;!1)! (1 T )

n n?
for some nonzero constant A. Using (176)), (178 and using the homogeneity of mg4, we
obtain a recursion that expresses (2d 4 1) ny4, by an element in

Ydn ~ A n — 0o, (181)

k
span@{ > JJW@d+ Dy +2)i; yam) | k= 1,1 € (Zz0)*, il + 2k = 2d + 3} :
ni+-+np=n—1j =1

The leading asymptotics in (181)) of 44, can be deduced from the linear terms
(2d+)nyan — (2d+1)(n —1) +2)2d+1 Ydn—1-

It follows that
k

[ @an, (24 + 1)n; +2);) = O(yd,n
j=1

n! h((2d + 1)nj+1+z'j)!>
((2d+ 1)n—|—1)!j:1 nj!
(182)

foreach £ >0, 41+ -+ i +2k =2d+2and ny +--- +ngx = n — 1. By using the
logarithmic convexity of the function ((2d 4 1)n + 14 14;)!/n!, we obtain the right-hand
side of is O(yqn,n24h=1=26+2) when ny,...,ny <n — h. This shows that up to
any relative power in n~!, the recursion that Ya,n satisfies is linear and of finite order.

This proves ((181). The determination of A = 1/7 follows from Theorem O
Corollary 4. For each d > 1, we have the asymptotic expansion

~ d d

Gy ~ 14+ ald) | a2d) (n — o) (183)

X(dr) ~ X(d")?
with explcitly computable ax(d) € Q , the first three cases being

-~ 9 9 219
camy ~ 1— . .
(") 8@Bn)?  4(3n)t 8@np
~ 225 2025 96075
c@em) ~ 1— - -
2%) 16(5n)y  16(5n)0  128(5n)7 |
~ 55125 275625 3340575
a3 ~ 1

C128(7n)7T  32(Tn)8  32(7n)°

Proof. Formula ((183) is proved by using , (171), (177), (178)), Corollary |3 and
O

Stirling’s formula.

By ([149) and the conjectural formula (134)), one can deduce that for any fixed d > 1,

P (2d + 1)11%(2d — 1)!!
1 _C(d ) ~ 9d+1 (d—f—l)!X(dn)Qd'H

(X(d") = (2d + 1)n) (184)

to leading order as n — oo. This conjectural formula is consistent with Corollary [}
Compare also with the asymptotic formula when n is fixed and d tends to infinity.
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Proof of Theorem[3. According to [9] (cf. [20]), performing the following invertible trans-
formation

Y = VX - V27 (185)
o 22d71(2d_ 1)!!8X(md71(%7YTX7--~)) — Qd (186)
T 242d— Dllmg (3,5, ) - X

on the Painlevé XXXIV hierarchy yields the Painlevé II hierarchy .

We note that in general, oy could be an arbitrary constant. But the particular
solution V(X)) derived by the above transformation of the power series in only
solves the Painlevé II hierarchy for the parameter ag = % This can be seen by comparing
the coefficients of X ~2 on both sides of , and by noticing that V(X) has the leading
term —a/X. So Y(X) defined in corresponds to the formal solution to
with ag = 1/2.

To prove formula , we note that the transformation gives the following

relations between vg, and yg,:
Yin = (2d+1)n+1)vg, — Z Vd,ny Vd,ny - (187)
ni+n2=n

Using the asymptotics (179)) of y4.,, and facts about asymptotics of very rapidly divergent
series (cf. [§]), it is easy to show that vg,, is asymptotically equal to y4,/((2d+1)n—1),
as claimed in . g

Similar to Corollary [3] we have the following

Corollary 5. For each d > 1, the coefficients vq p, of the formal solution to the Painlevé IT
hierarchy has the following asymptotic expansion:

1 ((2d+1)n+1)! si1(d)  sa(d)
L~ 1 ), , 1
Ud, * @d+ Dl ( + - + 2 + ) n — 0o (188)
with explicitly computable coefficients si(d) € Q.
Proof. Similar to the proof of Corollary g

10. APPLICATION TO BGW-KAPPA NUMBERS

For gm >1,n>0,dy,...,d, > 0, define the BGW-kappa numbers by

- ©
<m§"Hrdj>g = /M R T, (189)
j=1

g,n

which vanishes unless m + dy + --- +d, = g — 1. One could of course also include
powers of other kappa’s in , but we will study only the integrals with a power of
k1 and here we use the terminology “BGW-kappa numbers” for convenience. Another
name that can be found in the literature is super JT gravity. According to [38], these
numbers are related to the volumes of moduli spaces of super hyperbolic surfaces, called
Stanford-Witten volumes V.9, (L). This relation is given by

e o (2m%)™ - Lidj
V) = Y 2 [T s
mdysenrdn 20 me L e dge
sdyyendn J
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As proved in [38] (cf. [28, B2, [35]), the BGW-kappa numbers can be expressed in
terms of the BGW numbers as follows:

n m ( 1)m—l m n l €]
o _
o llms = 2 S (" T ) 0o
j=1 =1 ) My seeymy>1 v j=1  i=1 g

mi +-»-+ml_:m

Using we compute a few BGW-kappa numbers in Table [3| It follows from
and the Integrality Conjecture for the BGW numbers that the BGW-kappa numbers
are integral away from powers of 2. We refer to the latter statement as the Integrality
Conjecture for the BGW-kappa numbers.

g=
(11)® = 3~ 2.34 x 102 |

g=
(k171)© = 93 ~ 1.23 x 107! | (53)9 = ML ~1.08x 107!

g=4
(k1 72)© = % ~ 3.53 (k21)® = 13026796181 ~ 3.26
(r172)® = 32 ~ 2,63 x 107! (k3)© = 12993 ~ 2.75

g=>5
(m7)® = ST~ 005 x 107 | (r)® = 008 ~ 151 x 10
<f€1717'2>e = 5322436285 ~ 1.60 x 10 <"°if7'1>® = 1661595931669 R 2,47 x 107
(mms)© = G555 ~ 684 107" | (s)© = FEET ~ 2.04 x 107
(wirf)© = SR ~ 2.79 x 10°

g==56
(r177)® = PEEE ~ 540 x 10* | (sf1172)® = M5 ~ 2.20 x 10°
(R1PTa)® = 005105625 ~ 9 31 x 10% | (k373)© = 15U283T5 799 % 10
(7310 = SIS 1 06 5107 | (wdr)® = B0 1 4 73 104
(mmm)® = BB~ 760 x 10 | (s1m)© = A x 5,00 x 107
(k17a)® = Toror ~ 211 (k11)® = i ~ 408 x 101
(k273)© = 13555541331 5 17 5 104 | (§)© = 09073098483 , 3 39 5 10

TABLE 3. BGW-kappa numbers up to genus 6

We also provide a table (see Table for the normalized BGW-kappa numbers
C(m;d) defined in with ¢ < 7. The data for C'(1;d) is omitted since C(1;d) =
C(1,d). As before, we have listed in Table {4 the smallest common denominator D = D,
of these numbers for each g and then tabulated the integer D C'(m;d) in the last column.
Inspired by Conjecture |2, and based on Table 4| and further numerical experiments, we
also conjecture that the function (m,d) — C(m;d) for partitions (m,d) of g — 1 is
monotone with respect to the ordering that (m,d) < (m/,d’) if m > m’, or m = m/ and
d=<d.

We now give a proof of Proposition [I}
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g=3, D=1280
233 0.260156 | 333
g=4, D =1146880
Sl 0.235908 | 270558
o 0.279657 | 320733
g=5, D = 252313600

38Tl [(.211971 | 53483271
2T 1 (). 256810 | 64796676
I 0.286885 | 72384950
ST | () 989386 | 73016136
g=6, D = 734737203200
S9673098483 1 ().189654 | 139346196966
2433900353 | () 939787 | 171037302471
218942835 | (,265755 | 195259984500
B86376633 | ().269246 | 197824836096
336051 0.291744 | 214355277500
S92621510.293597 | 215716410000
18555541331 | () 295192 | 216888661296
g=7, D =399697038540800

057128386031 1 0.169317 | 67675416744384
1190989298009 1 0.209632 | 83789259964830
103748835085 1 0.242697 | 97005159493605
2202010330133 1 0.246811 | 98649774525852
SASSL 1 0.272388 | 108872620991680
SRS 3895. 1 0.275092 | 109953570894480
S 1 0.277488 | 110911134359952
32401578 10.295279 | 118021963323600
222138208 1 0.296690 | 118586257982080
300002121 1 0.296705 | 118592057691200
C(2;1,1,2) AL 10.297940 | 119085797364600
C(2;1,1,1,1) | {S890388930% | 0.299045 | 119527395662592

TABLE 4. Numerical data for C(m,d) with ¢ <7
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Proof of Proposition [ If follows from (191)) and that

C(m;d) = 3™ g(_?’m—l > (ml,.ﬁ.,mz)

MY yeeesy my>1
mi+---+mp=m

% C(dl,...,dn,ml,...,ml)
(X (m;d) —m 4 Dy TTy (2ms + DI
For fixed m > 0, the summation in the RHS of (192) is finite. The summand corre-
sponding to [ = m, m; = --- = my = 1 contributes the leading term C(d, 1), which
by Theorem (1| equals 1/7m 4+ O(1/g(m;d)) uniformly as g(m;d) — oco. The rest sum-
mands equal O(1/(X (m;d) —m+1),,—;), which also equals O(1/g(m;d)) uniformly as
g(m;d) — oo. This proves the proposition. O

(192)

For the special case when n > 1 and dy,...,d,—1 > 0 are all fixed, Proposition [I] is
analogous to a result given by Liu—Xu [33] for Witten’s intersection numbers.

Remark 6. In another direction, we also study the large-g asymptotics when m is no
longer fixed. In particular, we find that (k["74, - - - 74, )4 has a simple asymptotic formula
when d = (dy,...,d,) € (Z>0)" is fixed and g — oc:
r2ld/+n—2 9g—1-3|d|

"~ 339-5-ldn [17_(2d; + 1)1

with the first four cases being

<R9—1—|d| S)

1 Tdy " Tdn) g (3g—4—|d|+n)!,  (193)

291 72974
g-1e _ Y 97209~ T2 (39 — 4)!
</€1 >g 2 3397% (39 ) 5 </‘il Tl>g 339*2 (39 ) )
3 0g—7 4 9g—7
—3 s 29 -3 T 29
(W{7m)g ~ g Ba =B (TS~ T (Be -4,
. 2 2

as g — 00.

The following proposition generalizes Proposition [6]
Proposition 9. For fited m > 1, fixed n > 2, fized d1,...,d,—1 > 1, and for d, being
an indeterminate, we have
1 (2d, + 1)113
(X (m;d) —1)! 2dntlqg,]

where X (m;d) = X (d)+3m as before and Pp.q, . 4, ,(X) € QX]. Moreover, %

C’(m, d) = Pm;dl,...,dn_1 (X(m7 d)) ) (194)

is a rational function of X (m;d).

Proof. Substituting in , we get ((194). The second statement that % is

a rational function of X (m;d) can then be deduced from (L10)). O

The following proposition generalizes Theorem

Proposition 10. For every m > 0, for fized n > 1, fized d' = (dy,...,dn—1) € (Z>1)",
and d, > 0, we have

Clm;d) ~ %Z fm (X (m:d) = o), (195)
k=0 ’
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where d = (d',d,,), Cx(m;d’) are functions of m,dy,...,d,—1 with Cy = 1. Moreover,
there exist a sequence of polynomials

ck(m;p1,p2,...) € Q[p1,p2,...], k>0, (196)

with co(m; p1,p2,...) =1, such that

Cr(m;d') = cp(m;pi(d’), pa(d’),...), k>0, (197)

Furthermore, under the degree assignments

degpi = 2i+1 (i>1), (198)

the polynomials ci(m;p1,pe,...), k > 1, satisfy the degree estimates

deg cp(m;p1,p2,...) < k—1; (199)

in particular, cp(m;p1,pe,...) does not depend on any pq with d > (k—1)/2.

Proof. Expanding both sides of (192)) with respect to 1/ X (m;d), we obtain

C m7d 7”‘7dn_ = 3m -~ 7
k( 1 1) lz; l‘ Z miy,...,my Hi:l(

2m; + !

k
xch(dh'--adnflamlw-'aml)S(k?—j,m—l—1)’
7=0

where S(n, k) are the Stirling numbers of the second kind. The proposition is then
proved by using Theorem (|
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