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HECKE L-VALUES, DEFINITE SHIMURA SETS AND
MOD ¢ NON-VANISHING

ASHAY A. BURUNGALE, WEI HE, SHINICHI KOBAYASHI AND KAZUTO OTA

ABSTRACT. Let A be a self-dual Hecke character over an imaginary quadratic field K of infinity
type (1,0). Let £ and p be primes which are coprime to 6Nk /g(cond”X). We determine the ¢-adic
valuation of Hecke L-values L(1, \x)/S2k as x varies over p-power order anticyclotomic characters
over K. As an application, for p inert in K, we prove the vanishing of the p-invariant of Rubin’s
p-adic L-function, leading to the first results on the p-invariant of imaginary quadratic fields at
non-split primes.

Our approach and results complement the work of Hida and Finis. The approach is rooted in the
arithmetic of a CM form on a definite Shimura set. The application to Rubin’s p-adic L-function
also relies on the proof of his conjecture. Along the way, we present an automorphic view on Rubin’s

theory.
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1. INTRODUCTION

Special values of L-functions mysteriously encode arithmetic. As underlying motives vary in a
family, a basic problem is whether the L-values are generically non-zero. If so, a finer problem:
mod ¢ non-vanishing of algebraic part of the L-values for a fixed prime £. The aim of this paper is
to establish it for central Hecke L-values in self-dual families over imaginary quadratic fields.

The study of mod ¢ non-vanishing of Hecke L-values goes back to the 80’s. The first results are
independently due to Gillard [27] and Schneps [75], who showed the non-vanishing for deformation
of a CM elliptic curve arising from the Coates—Wiles Zj-extension of the CM field K for primes
p split in K. (Throughout the introduction, ¢ and p are prime numbers, not necessarily distinct.)
It is based on Zariski density of torsion points on self-products of the CM elliptic curve modulo
¢. A couple of decades later, Hida initiated and extensively studied [35, 36, 37, 38] the case of
anticyclotomic deformation for primes ¢ split in K. In contrast to the prior work it relies on the
arithmetic of GLo-Eisenstein series, studied via geometry of modular curves and mod ¢ analogue
of the André—Oort conjecture (Chai—-Oort rigidity principle). A few years later, Finis established

Date: August 28, 2024.



[25, 26] the mod £ non-vanishing of central Hecke L-values in self-dual families arising from the Z,-
anticyclotomic deformation of a self-dual Hecke character! for split primes p. His notably different
approach relies on the arithmetic of U (1)-theta functions with complex multiplication, being rooted
in Mumford’s theory of theta functions and a variant of the Manin—-Mumford conjecture.

The aim of this paper is to treat self-dual cases excluded by methods of Hida and Finis, indicated
by * below (cf. Theorems 1.1 and 1.3).

Mod ¢ non-vanishing of p-anticyclotomic Hecke L-values

(¢, p) p split in K p inert in K
£ split in K Hida, Finis *
¢ inert in K Finis *

The results have an application to CM Iwasawa theory: vanishing of the p-invariant of Rubin’s
p-adic L-function and that of K at inert primes p (cf. Theorem 1.5 and Corollary 1.7). These are
the first results on the p-invariant of imaginary quadratic fields at non-split primes.

The paper introduces a new approach to mod ¢ non-vanishing of Hecke L-values, primarily
based on the arithmetic of a CM form on a definite Shimura set. It rests on Ratner’s fundamental
ergodicity of unipotent flows (cf. [70]). To link the arithmetic of definite Shimura set with that of
the imaginary quadratic field, a key is an ¢-integral comparison of quaterionic and CM periods. It
is approached indirectly via local and global tools, the former involving an explicit construction of
f-optimal test vectors for supercuspidal representations. In the £ = p split case this gives a different
proof of results of Hida and Finis.

The vanishing of the p-invariant of Rubin’s p-adic L-function builds on our recent study of Ru-
bin’s supersingular CM Iwasawa theory initiated by the proof of his conjecture (cf. [12, 13, 14, 15]).
While Rubin’s construction of his p-adic L-function relies on elliptic units and his conjecture, we
first construct its automorphic counterpart which lives on the definite Shimura set. An automorphic
perspective on Rubin’s theory is at the heart of the paper.

1.1. Main results.

1.1.1. Setting. Let K be an imaginary quadratic field. Let ng be the associated quadratic character
over Q and hx the class number. Let A be a (conjugate) self-dual Hecke character over K of infinity
type (1,0), that is,

Aoo(z) = 271 and A\ = |- |17 satisfies \*|,x = k. (1.1)
AK Q

For a prime p, let K be the anticyclotomic Zy-extension of K. Put I' = Gal(K/K) and let
=, denote the set of finite order characters of I'. For v € &, note that Av is also self-dual. Put

Eip ={v e )| e(\v) = £1},
where €(Ar) denotes the root number of the Hecke L-function L(s, Av). We normalise the latter so

that s = 1 is the center of the functional equation. If v € E} , note that L(1, Av) = 0.

IThis includes the case of a CM elliptic curve.



In this paper we consider divisibility properties of algebraic part of the central L-values L(1, Av)
for v € E;\"p and p t Dg. If p splits in K, then e¢(Av) = ¢(A). On the other hand, for inert
p12Ng g(cond™ ), Greenberg observed an interesting variation

() = (=1)""e(N),

where the associated local character v, is of conductor p»*t > 1 (cf. [29]). (If p { hk, then
cond’v, = p'»*1 if and only if ord(v) = p'r.)

Let ¢ be a prime and vy the f-adic valuation on Cy so that v,(¢) = 1. Fix embeddings 1o, : Q < C
and tp: Q — C,.

To introduce CM period, consider an elliptic curve F with complex multiplication by O, defined
over a number field M C Q, and a non-vanishing invariant differential w on E. We may extend the
field of definition to C via ¢+, and possibly replacing £ by a Galois conjugate, obtain

Qi € (CX,

uniquely determined up to units in K, such that the period lattice of w on F is given by QxOf.
For a given prime ¢, we normalise the pair (F,w) so that E has good reduction at the ¢-adic place
[ of M determined via ¢y, and w reduces modulo [ to a non-vanishing invariant differential on the
reduced curve E. Fix the pair (F,w) and the resulting period Q.

Hurwitz proved that

L(1,\v)  —
T S Q

A basic problem:
L(1, \v

QK)> vary with v € E;\“’p? (Q)

The following local invariants appear in our non-vanishing results. For a prime g, put pe(\;) =
min{}ceoyx< ve(Ag(z) — 1) and
q

How does vy (

pe(A) = > pe(Ag)- (1.2)

q|Ng /g(cond™A) inert in K

The latter invariant is closely related to the ¢-part of the Tamagawa number associated to A. Its
relevance to the problem (Q) is due to the lower bound

o (H522) 2 i, (13)

as predicted by the Bloch-Kato conjecture (cf. [25]).

1.1.2. (¢,p) non-vanishing. Our first main result is the following.

Theorem 1.1. Let X be a self-dual Hecke character over an imaginary quadratic field K of infinity
type (1,0). Let £ and p be two different primes which are coprime to 2N g(cond' ). If e(A) = —1,
suppose that £ > 5. Then for all but finitely many v € E;\rp we have

NC

In view of the Birch and Swinnerton-Dyer formula for rank zero CM abelian varieties [73, 7],
Theorem 1.1 has the following application.
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Corollary 1.2. Let X be a self-dual Hecke character over an imaginary quadratic field K of infinity
type (1,0) and Ay an associated CM abelian variety over K. Let £ and p be two different primes
which are coprime to 2NK/Q(condr)\). For the Z,-anticyclotomic extension Ko, and a non-negative
integer n, let K, denote its n-th layer. Suppose that the Tate-Shafarevich group UI(Ay)/K,) is
finite for any n. Then there exists a constant ¢ such that for any n, we have

#HUI(AN/K,)[°] < c.
1.1.3. In the £ = p case our main result:

Theorem 1.3. Let )\ be a self-dual Hecke character over an imaginary quadratic field K of infinity
type (1,0). Let p{2Ng g(cond"\) be a prime and pi,(A) be as in (1.2).

(a) Suppose that p splits in K and p the prime of K above p determined via the embedding .
Suppose that e(X\) = +1. Then there exists an integer ¢y > 0 such that for any v € Z, of

order p* > 1 and the local character v, of conductor pt1 we have
L(1, )\V)) e ty +1
Up | ———= | = pp(N) + — — .
p( QK p( ) pt 1(p_1) 2
(b) Suppose that p is inert in K. If e(A) = —1, suppose also that p > 5. Then there exists
an integer cy > 0 such that for any v € E;\rp of order p' > 1 and the local character v, of
conductor p»*t1, we have

o (HG2) = iyt e (X w),

il =1 k=t—1 mod 2
where 1 < k <t-—1.

Theorem 1.3 is a consequence of the existence of certain p-adic L-functions, and determination
of their p-invariants. Our principal result is that the latter equals z, ().

The above asymptotic formulas for p-adic valuation of Hecke L-values have an application to the
variation of Tate—Shafarevich groups analogous to Corollary 1.2 (see Corollary 1.8). The variation
reflects the underlying Iwasawa theory. While the split case illustrates a typical phenomenon at an
ordinary prime, the inert case echoes a peculiar non-ordinary phenomenon. While the shape of the
asymptotic formula in the former case goes back to Katz [51], the latter case recently appeared in
[14]. (In these works an abstract invariant p € Zs>g, instead of the above p,(\), appears.)

Remark 1.4. For Theorem 1.3(a), the hypothesis ¢(\) = +1 is essential as otherwise L(1, A\v) =0
for any v € 5.

1.1.4. Application to CM Iwasawa theory at inert primes. We describe an application to Rubin’s
supersingular CM Iwasawa theory [72].

Let p 1 6hi be a prime inert in the imaginary quadratic field K. Let ® denote the completion
of K at the prime ideal generated by p. Let H denote the Hilbert class field of K. For X\ as above,
suppose that the Hecke character AoNp/x is associated to a Q-curve E over H with good reduction
at primes of H above p (cf. [30]). Without loss of generality, we assume that E has CM by Ok.
Let T denote the p-adic Tate module of E, which is naturally endowed with an Og-action.

Let ¥, be the anticyclotomic Zy-extension of ® and ¥,, the n-th layer. Denote the Iwasawa
cohomology lim HY(U,,, T®"Y(1)) by H!, where T®~! is the Og-dual of T. Since p { hx, we may
identify =, with the set of finite order characters of Gal(Vs/®). For v € E, factoring through
Gal(,,,/®), the dual exponential map for v ® T®~1(1) defines a map

6yt H' — U, (Im ),
4



dependent on a choice of Néron differential. Following Rubin [72], define
HL :={heH'|5,(h)=0 forany v cZ, of order p' with t odd/even}.
Rubin [72] showed that HY is a free A-module of rank one for A := Oy [Gal(V,/®)].
Fix a generator hy of the A-module H1. Let € € {+, —} denote the sign of €(\) and
Lp(N) =L\, Qe he) €A (1.4)
the associated Rubin p-adic L-function [72, §10]. Let v(£,(\)) denote its evaluation at an anticy-
clotomic character v. An interpolation property of the Rubin p-adic L-function is given by

BN = 5 e e\ ) (15)

where the non-vanishing of §,-1(he) is a consequence of Rubin’s conjecture [12].
The Iwasawa p-invariant of Rubin’s p-adic L-function is given by the following.

Theorem 1.5. Let A be a Hecke character over an imaginary quadratic field K of infinity type
(1,0) such that A o Np i is associated to a Q-curve E over H with good reduction at a prime
p1t6hg inert in K. Let Z,(\) be an associated Rubin p-adic L-function. Then

(V) = 0.
The above mod p non-vanishing is based on Theorem 1.3 and the main result of [14].
Remark 1.6. In the setting of Theorem 1.5 the invariant p,(\) vanishes.

Corollary 1.7. For X\ as in Theorem 1.5, let Z-(\) denote the associated signed anticyclotomic
Selmer group [12] and Zi(\) the two-variable strict Selmer group. Then

n(Z=(N) = p(Zst(A)) = 0.
Proof. The assertion for Z:(\) just follows from Theorem 1.5 and signed Iwasawa main conjecture

[12, Thm. 6.1]. In particular, the p-invariant pu(23°(\)) of the anticyclotomic strict Selmer group
vanishes. Therefore, control theorem implies the same for 2 (). O

In combination with [15, Thm. 1.1] we obtain the following.

Corollary 1.8. Let E be a CM elliptic curve over Q, and K the associated CM field. Letp > 5 be a
prime of good supersingular reduction for E, and Ko the anticyclotomic Zy,-extension of K. Then
there exists an integer A\g, € Z>o such that for any sufficiently large n > 0 with (—1)" = ¢(E),
the cokernel of the restriction map

I(E/Kyn—1)[p™] = T(E/Kn)[p™]

1$ finite, and

lengthy, (Coker (IU(E/Kn—1)[p] = 1(E/K,)[p*]) = A

1.1.5. Relation to prior work. The characteristic zero non-vanishing of Hecke L-values as in Theo-
rem 1.1 goes back to Greenberg [29] and Rohrlich [71].

As for (¢, p) non-vanishing in the case ¢ # p, Theorem 1.1 complements the existing results if p
remains inert in K. It is due to Finis [25] if p splits in K. In the £ = p case, Theorem 1.3 is a
new result for inert primes p. The split case is again due to Finis [26], of which our method gives
a different proof.

If ¢ and p are both split in K, then the problem has been studied by Hsieh [40, 41], Ohta [60]
and the second-named author [34], based on Hida’s idea [35, 36, 37]. However, in the ¢ # p case,
the non-vanishing is established? only for infinitely many v € Ej\"p (cf. [38]).

2The results were originally announced for all but finitely many v € Ej’ - However, a few years back, an issue was
found in Hida’s strategy [35, 36]. His present fix [38] only allows infinitely many v € E;p.
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1.2. Strategy. The mod ¢ non-vanishing (Q) concerns the arithmetic of U(1) over K. Via theta

correspondence, we recast it as a problem on a definite unitary group U(2). Since the associated

Shimura set is finite, the framework turns out to be amenable to various tools, as outlined below.
Some of the following notation differs from the rest of the paper.

1.2.1. Definite Shimura set. Given an imaginary quadratic field K, we have a naturally associated
quaternion algebra B over Q such that

6(Bq) = 77Kq(_1)

for any prime ¢g. Note that K embeds into B as a Q-algebra, and we often fix such an embedding.

In our study, B is foundational to the arithmetic of K in the guise of definite Shimura set.
Though the association is natural, the arithmetic seems largely unexplored. As far as we know, the
only other examples are Tian’s work [78, 20, 79] on the congruent number and cube sum problems,
jointly with Cai-Shu and Yuan—Zhang respectively (see also [44]).

1.2.2. Ancillary results. The mod ¢ non-vanishing is based on Theorems 1.9 and 1.10 below, which
concern the arithmetic of the definite Shimura set.

For a self-dual Hecke character A of infinity type (1,0), let ¢ be the associated GLo-theta series
of weight two.

Let ), be the cuspidal automorphic representation of Bg arising from Jacquet—Langlands transfer
of ¢x to B*. Let £{2Ng/g(cond"\) be a prime. Let

P € Ty

be a CM form as in Definition 3.4. It is a test vector in the sense of Gross and Prasad [31], which
is {-primitive and K f-invariant for all primes q|N K/Q (cond*\) non-split in K. We emphasise that

@y is not a newform?.
The period
O\ — 872 (Px, Px)
5 = P TA)
<90)\7 SO)\>
naturally arises while studying Rankin-Selberg L-values L(1/2, 7\ g ® v) for v € =, Here (, ) and
(, ) are Hermitian pairings on the space of GLy and B*-modular forms, and L(s, 7y g ® ) denotes
the Rankin—Selberg L-function associated to the self-dual pair (my,r). We normalise the latter so
that s = 1/2 is the center of the functional equation. In view of explicit Waldspurger formula due
to Cai-Shu-Tian [19] the normalised L-value L(1/2, 7 x ® v)/§2y is (-integral.
We first prove the following (¢, p) non-vanishing.

Theorem 1.9. Let A\ be a self-dual Hecke character over K of infinity type (1,0) and my the
associated cuspidal automorphic representation. Let £ and p be two different primes which are
coprime to QNK/Q(condr)\). Then for all but finitely many v € Ejp, we have

L(1/2,m\k ® )
Vg N =0.

As for the period 2y, note that
0/Q% € Q
since the normalised L-values L(1, \/A¢)/Qy and L(1,\/X°)/Q3% are algebraic and non-zero, where
A= Xoc for ¢ € Gal(K/Q) the non-trivial element.

3In this setting the finite part of the discriminant of B divides Dk. In turn, at primes dividing Dk, newform is
not a test vector under an optimal embedding K — B.
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Theorem 1.10. Let X be a self-dual Hecke character over an imaginary quadratic field K of infinity
type (1,0). Let £12Ng g(cond*A) be a prime. If e(\) = —1, suppose that £ > 5. Then

Vg <g§(> =2pue(N).

The above results yield Theorem 1.1 in light of the factorisation
L(1/2,mx ®@v) = L(1,\W)L(1, 1) (1.6)
of L-values, and the lower bound (1.3).

1.2.3. About Theorem 1.9. The non-vanishing is based on explicit Waldspurger formula and an
equidistribution of special points.

Let Xy be the definite Shimura set associated to B* and an open subgroup U C B* correspond-
ing to the test vector ). An apt choice of embedding ¢« : K — B leads to special points

zn(a) € Xy

for [a] € G, := Gal(Hp»/K) and H,, the ring class field of conductor m € Z>;. By the explicit
Waldspurger formula of Cai-Shu-Tian [19], the mod ¢ non-vanishing of L-values in Theorem 1.9 is
equivalent to ¢-indivisibility of toric periods

Pp(v):= ) v(a)pa(wa(a),

[a]eGn

where v factors through G,,. The generality of [19] is essential in our study since the classical
Heegner hypothesis is not satisfied, more precisely Dy divides the conductor of 7y and B is ramified
at primes dividing D

An idea of Vatsal [81] posits to study the ¢-indivisibility of toric periods P, (v) via equidistri-
bution of images of special points z,(a) in a self-product of the Shimura set Xy as n varies. The
equidistribution is a consequence of Ratner’s seminal ergodicity of unipotent flows (cf. [70]). In
turn it suffices to show that ¢, mod ¢ is non-Eisenstein on certain components of Xy;. The prior
non-Eisenstein argument [81] does not apply.

In fact, a new phenomenon happens: there is a partition Xy = X,‘} L X, where

X;t = {[h] € Xu | N(h) € QQ\QEN(K*)/N(U)},

and for p inert, ) mod £ is non-Eisenstein on exactly one of the subsets Xﬁ depending on €(\).
Our non-Eisenstein argument is indirect: @) mod ¢ is non-zero by definition, and consequently
non-Eisenstein on Xp7. (See Lemma 5.6 which is specific to the CM setting.) So it is non-Eisenstein
on at least one of the subsets X(é] € {X;]r , X7 }. As the above non-vanishing strategy applies on
Xé, it follows that € has the desired parity since L(1/2, 7y x ® v) =0 for v € SH

1.2.4. About Theorem 1.10. The f-integral period relation in Theorem 1.10 - a comparison of au-
tomorphic and motivic periods - is a basic problem (cf. [33, 69, 68, 47]).

For weight two newforms with square-free conductor the comparison is a consequence of Ribet’s
level raising (cf. [69, 68]). It may also be approached via R=T theorems under the square-free-ness
or a Gorenstein hypothesis (cf. [21, 55, 11]). These methods pertain to Hecke eigenforms. However,
our CM setting® is neither semistable nor does it involve an eigenform on the definite Shimura set.

Tt is also excluded by conjectures of Prasanna [68] and Ichino—Prasanna [47] which concern the arithmetic of
ratios of Petersson norms under Jacquet—Langlands correspondence.
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Our roundabout strategy is based on a tenuous link of the f-adic valuation of Q,/Q% with
mod ¢ non-vanishing as in Theorem 1.9. A key observation: if there exists an auxiliary prime
p 120Nk g(cond'\) and a character v € E;\rp such that

L1, \)L(1, v 1)
) 02

) — 2N, (L.7)

then Theorem 1.9 implies® Theorem 1.10!

If €(\) = +1, then we check the above criterion using Finis’ mod ¢ non-vanishing [25]: for any
prime p { 2N /g(cond")) split in K, the main result of [25] provides the existence of v as in (1.7).

Now suppose that e(A\) = —1. Proceeding as above, one may seek to choose a prime p 1
2{Ng g(cond"\) inert in K. (If p splits, then L(1,\v) = 0.) However, Finis’ work [25] excludes
inert primes.

The decisive idea is to bootstrap the problem by choosing an auxiliary v € =, such that
€(Ag) = +1 and apply the prior non-vanishing strategy to Avp.

We begin by showing a variant of Theorem 1.9, which allows p to divide the conductor (Note
that p|Ng /g(cond"Arp)), and obtain

; L(1/2, Tk @ V) _0 (18)
¢ N - :

Ao

{r}

for inert p and all but finitely many v € Ej\rp. This non-vanishing involves a different period €y,

arising from an /-primitive test vector gof\];i which is new at p and the same as ¢),, at other primes.

We emphasise that ¢),, itself does not work in the strategy as pr—invariant vectors in my,, are
not test vectors for self-dual pairs (my,,, ).

Now, to utilise (1.8), it suffices to determine w(Qiﬁ/Q%). Since ¢ > 5 and p is auxiliary in
regards to Theorem 1.10, it maybe assumed that ¢ { p(p? — 1) and log,(p + 1) > 5. Then our

principle result:
Qgp} N
Vy o = Uy < VO) = 2/1[()\). (19)
( @ 0%
In light of (1.9) and (1.8) it follows that

o (B2

for all but finitely many v € E;\ﬁp. Therefore (1.7) holds, concluding the proof of Theorem 1.10.
We now outline the period relation (1.9). Its’ second equality just follows from the aforementioned
root number +1 case since €(Arg) = +1. As for the first, the strategy is based on yet another variant
of Theorem 1.9 for a different prime ¢!
Let g 1 2p{Ng /g(cond"\) be a prime inert in K. We show that

L(1/2, Tk @X) |
vy ( o =0 (1.10)

Avg

for all but finitely many y € E;\”‘ . Since

(L2 mune®0)Y
¢ Q)\Vg

5This relies on a key property of px: it is a universal test vector for primes p { Ng g(cond”)) i.e. a test vector for
self-dual pairs (mx, v) for any such p and v € Z,,.
8



by Theorem 1.9, the desired period relation (1.9) follows.

Besides equidistribution of special points, the non-vanishing (1.10) rests on a new result on
explicit construction of Z-optimal test vectors for supercuspidal representations, which is the content
of the next subsection.

1.2.5. Newforms as {-optimal test vectors for supercuspidal representations. Given an irreducible
admissible representation 7m of PGL2(Q,) and a separable quadratic extension K/Qq, a natural
question: whether newform is a test vector for Homyx (7, C). This local problem is linked with
global arithmetic in view of Waldspurger and Gross—Zagier formulas (cf. [78, 45]).

Now suppose that ¢ is odd and K/Q, the unramified quadratic extension. Let X be a character
of K* of exponential conductor m > 2 such that )\|qu = 1k, where ng is the quadratic character®
of qu corresponding to K. Let m = m) be the associated supercuspidal representation of PGL2(Qy)
and

fe i
a newform for R the standard Eichler order of discriminant ¢?™. Note that (7, 1) is a self-dual pair.
We consider K *-toric period of f under a family of optimal embeddings ¢ : Ox ¢n» — R, param-

eterized by a trace zero unit § € K and u € Z such that u*0* — 1 € Z)? (see §7.1.1). Let (, ) be
a PGL2(Qg)-invariant non-degenerate Hermitian pairing on 7. Define the toric period

1
vol(K* /Qq)(f, f)

Theorem 1.11. Let the setting be as above.

You =

| e
K> /Qq

(a) Given 0, there exists u € Z; as above such that the newform f is a test vector for the
self-dual pair (m,1), that is,

Y6,u 7'é 0.

(b) Let ¢ # q be a prime. Suppose that log,(q+ 1) > 5 if m is odd. Then given 0, there exists
u € Zg as above such that

ve((q* — 1)vp,u) = 0.

In fact, we obtain an explicit formula for vy, in terms of A (see Theorem 7.1).

The Kirillov model is central to the proof. We first interpret the toric period as a linear com-
bination of epsilon factors of twists of m). This relies on harmonic analysis in the framework of
Kirillov model and action of Atkin—Lehner operators on twists of newforms. Then, being in the
supercuspidal case, the epsilon factor of a GL2(Q,)-representation equals that of the associated
character of K*. In turn, we relate the linear of combination of epsilon factors with values of X via
an explicit epsilon factor formula and analysis of Jacobi sums. This builds on the work of Murase
and Sugano [59] on local primitive theta functions.

The test vector problem has been studied in the literature in special cases. For instance, the
m = 1 case of Theorem 1.11(a) is due to Vastal (cf. [82, Thm. 7.2]). His notably different approach
is based on representation theory of GLy(F,) and ideas from Deligne-Lusztig theory (cf. [65]). For
m > 2, the test vector problem eluded prior methods. The reader may refer to [82, Ch. 7] for an
overview (see also [83]).

6In this local setting we still use the prior global notation such as K and A.
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1.2.6. About Theorems 1.8 and 1.5. Suppose that p { 6Ng g(cond'A) is inert in K. Then p is a
prime of non-ordinary reduction for my.
Based on the principle of non-ordinary Iwasawa theory [66, 54], we introduce a plus/minus p-adic
L-function
Zp(my) =2, (mx) € Mo
for a finite extension O of Og with Ap := O[I'] ~ O[T and € the sign of ¢(\), such that

L(1/2,7T)\7K & l/)
95

Here v € E;\rp is of order pt, @7, denotes a half cyclotomic polynomial and = an equality up to

v(Lp(mn)) = (D)) -

p-units independent of v. The construction of ., (7)) relies on an explicit Waldspurger formula on
the definite Shimura set X and the recipe in [66, 52]. In the case e(\) = —1 it slightly differs from
loc. cit. (cf. Definition 4.12).

Recall that the work of Pollack [66], the third-named author [52] and Lei [56] concerns Iwasawa
theory of Z,-cyclotomic deformation of an elliptic newform f at supersingular primes p for which
ap(f) = 0. Its relevance to anticyclotomic deformations over an imaginary quadratic field K was
first noticed by Darmon and Iovita [24]. While they assume p to be split in K, the inert case appears
in recent study of the first-named author with Buyukboduk and Lei [4, 5] (see also [10]). The prior
anticyclotomic studies exclude the case that f has CM by K, basically due to complications with
explicit Waldspurger formula, which we analyse via the work of Cai-Shu—Tian [19].

The (¢, p) non-vanishing strategy outlined in §1.2.3 also applies to the p-adic L-function .Z,(my),
leading to

W Z(my)) = 0. (1.11)
Then Theorem 1.3(b) just follows from the comparison of periods as in Theorem 1.10.

As for Rubin’s p-adic L-function, in light of p-adic Artin formalism and (1.6) one may expect a
factorisation
Q)
3
of p-adic L-functions up to an element in Aj, where ¢ denotes the involution of Ao arising from in-
version on I'. These p-adic L-functions live in distant worlds: Z),(7y) being automorphic and -Z,(\)
an incarnation of a zeta element (elliptic unit). Moreover, local invariants in their interpolation
formulas also differ, primarily due to which the factorisation remains open.

We still prove an identity of u-invariants

W(Zym)) + vy (32) — 2u(Z(N) (1.13)

mirroring (1.12). It is based on the main result of [14], which determines the p-adic valuation
of generalised Gauss sum 6, (v+) appearing in the interpolation formula (1.5) of Rubin’s p-adic
L-function. The latter employs ramification theory and builds on the proof of Rubin’s conjecture.
Finally, in light of (1.11), (1.13), and Remark 1.6, Theorem 1.10 concludes the proof of Theorem 1.5.

While the latter involves only a given prime p, a salient feature of our method is that it relies on
(¢, p) non-vanishing for auxiliary primes ¢ # p.

Lp(m) gz = LML, (V) (1.12)

P

1.2.7. Further remarks on the work of Hida and Finis. This paper is independent from Hida’s
approach [35, 36, 37, 38, 40, 34]. The latter begins with translation of the non-vanishing problem
(Q) in terms of (-indivisibility of toric periods of a GLo-Eisenstein series, and studies it via Chai’s
theory of Hecke-stable subvarieties of a mod ¢ Shimura variety (cf. [18]). A crucial hypothesis is
that £ splits in K so that elliptic curve with CM by Ok have ordinary reduction at ¢. The approach
is flexible and applies to non self-dual Hecke characters A.
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Finis’ method [25, 26] connects the non-vanishing (Q) to ¢-indivisibility of a linear functional on
the space of U(1)-theta functions with complex multiplication, and studies it via a Manin—-Mumford
conjecture in the context of Mumford’s theory of theta functions. A key hypothesis is that p splits
in K. In contrast, our definite U(2)-setting first relates the non-anishing to ¢-indivisibility of toric
periods of a CM form on a Shimura set, and an f-integral comparison of periods. While the former
is independent from Finis’ work, the latter relies on his (¢, p) non-vanishing [25] for a particular
prime p = po split in K. As a byproduct of our method, the non-vanishing holds for all other
primes p { 2po N /g(cond" ), including the missing case of inert primes p!

1.3. Organisation. We begin with the framework of definite Shimura sets in section 2. Then
sections 3 and 4 present explicit Waldspurger formulas and construction of Rankin—Selberg p-adic
L-functions, respectively. These sections treat general self-dual pairs, following which the CM
hypothesis ensues. Section 5 constitutes the technical core of the paper, showing mod ¢ non-
vanishing of Rankin—Selberg L-values in the CM case. Then section 6 establishes the desired mod
£ non-vanishing of Hecke L-values. It rests on an explicit construction of -optimal test vectors for
supercuspidal representations, which is the content of section 7. This last section is purely local
and may be of independent interest.

1.4. Vistas. Our method generalises to self-dual Hecke characters over ¢-ordinary CM fields. Such
an (¢, p) non-vanishing appears to be essential for completion of Eisenstein congruence divisibility
[42] towards the CM main conjecture’ and will be presented in a sequel [9].

For imaginary quadratic fields, we hope to consider the mysterious case of ramified primes £ in the
near future. Another natural problem is to generalise main results of this paper to self-dual Hecke
characters of general infinity type. The sought after factorisation (1.12) will also be investigated.
The approach to f-optimal test vectors for supercuspidal representations appears to generalise.

The automorphic view on Rubin’s theory may manifest to self-dual deformations.

1.5. Notation.

1.5.1. Global fields. Let F' be a number field. Let O denote its integer ring, Ar the adeles and
Ap ¢ C Ap the finite part. In the text we fix an imaginary quadratic field K. Let nx denote the
associated quadratic character over Q.

Put A = Ag.

Fix an embedding (s : Q < C and an isomorphism C ~ C, for a prime ¢q. Let ¢, : Q= C, be
their composition. Let vy : C; — QU {oo} be the g-adic valuation so that v,(¢) = 1. We regard L

as a subfield of C (resp. C,) via too (resp. ¢q) and Hom(L, Q) = Hom(L, C).

Denote by Z the finite completion of Z. For an abelian group G, put G = G ®z, Z.
Write

M=M"M"
for M+ and M~ divisible only by the split and non-split primes in K respectively, and further
M~ = MgM,

for M the square-free part of M~ so that (M, M; ) = 1.

For an algebraic group G over Q and ¢ a prime, denote by G, the group of its Q4-points.

1.5.2. L-functions.

"Due to Hida’s weakening [38] of the (£, p) non-vanishing results [35, 36], Hsieh’s work on the CM main conjecture
is incomplete at present. In [42] the non-vanishing [40] was crucially used: that it holds for all but finitely many
twists was decisive, which is currently an open problem.
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Local. Let F' = Qg or R.

Let o be an irreducible admissible representation of GLa(F'). Let L(s,o) and €(s,o,9¥r) be
the associated L-function and epsilon factor respectively (cf. [48, Thm.2.18 (iv)]), where ¢ is a
non-trivial additive character of F'.

Let K be a quadratic extension of F', and ok the base change of . Let xy : K* — C* be a
character. Let L(s,0x ® x) be the Rankin—Selberg L-function as in [49, §20].

For an irreducible admissible representation of GLy(F') with trivial central character, we will
simply denote €(1/2,0,v¢r) by €(0), since it does not depend on the choice of ). We adopt similar
convention for representations of GLg(K') with trivial central character.

Global. We consider Rankin—Selberg L-functions over Q.

Let o be an irreducible cuspidal automorphic representation of GLg(A). Let K be a separable
quadratic extension of Q and x : Ax — C* an algebraic Hecke character. For o the base change
of o to K, we have the associated Rankin—Selberg L-function defined by

L(s,0r ® x) = H L(s, 0k, ® Xq)-
q<oco
The automorphic L-function L(s,ox ® x) satisfies the functional equation
L(Sv 0K @ X) = 6(87 0K @ X)L(l - S, aK' & X_1)7
where €(s,0x ® x) = [[, €(s, 0k, ® Xq,¥k,)- If (0,X) is self-dual in the sense that wyx|ax = 1,
where w, is the central character, then the functional equation becomes
L(s,0x @ x) = €(s,0x @ X)L(1 — 5,05 @ X).

Let e(ocx ® x) = €(1/2,0K ® x) denote the associated root number.

For ¥ a finite set of finite places of Q, let L(E)(S, ok ® X) denote the incomplete L-function with
Euler factors at XU {oo} removed. In this article we simply denote L(®) (s, 75 ®x) by L(s, mx @ x).
We use the same convention for Hecke L-functions.

Acknowledgements. We thank Matthias Flach, Haruzo Hida, Chris Skinner, Ye Tian and Wei
Zhang for helpful discussions.

We are grateful to Karl Rubin for his inspiring theory and p-adic L-function [72], which sparked
this voyage.
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grants JP22H00096, JP17K14173, JP21K13774. During the preparation of the preprint, the first
and the third-named authors were in residence at the Max Planck Institute for Mathematics, Bonn,
and acknowledge its support.

2. DEFINITE SHIMURA SETS
The section introduces definite quaternion algebras, associated Shimura sets and modular forms.
2.1. Set-up.

2.1.1. Imaginary quadratic field. Let K be an imaginary quadratic field and —Dg < 0 the discrim-

inant. Put 6 = /—Dk.
Write z — Z for the complex conjugation on K. Define 8 € K by
:D,+(5 D — Dy ifQJ[DK,
2 Dg/2 if2]| Dk.

6

Then O = Z + Z - 0 and 60 is a local uniformizer of primes that are ramified in K.
Let ¢ € Gal(K/Q) be the non-trivial element. For a Hecke character A over K, put \* = Ao c.
12



2.1.2. Definite quaternion algebra. Let B be a definite quaternion algebra over Q and Sp the set
of finite places at which it ramifies. Let Dp =[] g4esy 4 be the discriminant of B.

Write T and N for the reduced trace and norm of B respectively. Let G = B* be an algebraic
group over Q. Note that Z = Q* is the center of G.
Fix a prime p ¢ Sp. Let S be a finite set of places containing Sp and ¢ ¢ S be a prime, which
may equal p. Let p be the prime of K above p induced by the embedding ¢, : K < C,,.
Suppose that
e K can be embedded into B,
« —1€Qy is amnorm of K for any q ¢ Sp.
We often fix an embedding ¢ : K < B, and then choose a basis {1, J} of B as a K-algebra such
that
¢« J2=pcQ* withf<0and Jt=1%J forallt € K,
e B e (Z))? for all g € {p,£} US\Sp.
The existence of J may be seen as follows: recall that B, splits if and only if 3 € N(K). Take
k € K* such that —N (k)N (J) € Z;? for all ¢ € {p, £} US\Sp. Then replacing J by Jk the second
property holds.
Let /B € Q be a square root of 3.

Fix an isomorphism

i=]Tig: B ~ Mp(al’™) (2.1)

as follows. For g € {p,{} U S\Sp, define i, : By ~ M>(Qq) by

. T(#) —N(0 . -1 T(#

o= ("0 ) =vE- (3 ") Waezp. 22)
For a finite place ¢ ¢ {p,¢} U S, choose iq : By ~ M3(Qq) such that

i(OK ® Zy) C Ma(Zy). (2.3)

We further choose iq so that ig(J) € iq(K)GL2(Z,) for all ¢ ¢ S.
From now, we often identify B, with M(Q,) via i, for finite ¢ ¢ Sp, and in turn G, with
GL2(Qy).

2.2. Modular forms.

2.2.1. Classical modular forms. Let A C C be a Z-algebra and U C B* an open compact subgroup.
Let M3(U, A) be the space of modular forms of weight 2, trivial central character defined over

A, which consists of functions f : B* — A such that

f(zygu) = f(g) for v € G(Q), u € U, z € Q*.
Via right translation, My(A) := ling, M>(U, A) is an admissible G(Af)-representation. The space

M;(C) can be identified with automorphic forms on G(A) on which Q* Gos acts trivially.

2.2.2. l-adic modular forms. Let £{ S be a prime as in §2.1. B

Let A C Q be a Zy-algebra. We regard it as a subalgebra of @, via the fixed embedding
tw:Q — Qp For f € My(U,A), we refer to f = 1o f € My(U,Qy) as the f-adic avatar of
f € My(U, A), often simply denoted by f.

2.3. Special points. This subsection describes an analogue of CM points in the definite setting,
which arises from the Z,-anticyclotomic extension of K.
Let ST C S (resp. S~ C S) be a subset consisting of primes that are split (resp. non-split) in
K. Note that ST NS = () since K < B. For ¢ € S*, choose a prime w of K above q.
13



2.3.1. Toric embedding. We identify G(A;SB)) with GLQ(AECSB)) as in (2.1). For g,h € B, put
tn(g) = h~"gh.
For a finite place ¢ { p, define ¢, € G(Q,) by
§q =1 lf qupS—i—v

g . (2.4
Sq = (f f) € GLy(Ky) = GL2(Qy) if g € ST. )
If ge ST\ {p} and t = (t1,t2) € K, := K ®g Qq = Ky ® Ky, note that
t1 O
L, (1) = (01 t2) : (2.5)
For a non-negative integer n, define gz()n) € G(Qp) as follows. If p splits in K as (p) = pp, then
(0 =1\ [p* 0
o = <1 0 > <% 1> € Glallty) = GlalQy). 20

If p is non-split in K, then

o) =<_01 é) (%" (1)> (2.7)

The above local embeddings lead to a family of embeddings ¢ ) : K — B.

2.3.2. Quaternionic order. We introduce an order in the definite quaternion algebra, with respect
to which special points will be introduced in the next subsection.
Let R C B be an order such that

o For g ¢ SU{p}, Rqg = Ma(Zy);

o For g € Sp, Ry contains ¢, Ok, ;

o For ¢ € S\({p} U SB), Ry N1, OF, is a fixed order in ¢, Of,;
e R, is the standard Eichler order

a b
M)y ={ (4 1) € Malz) | 7l
of discriminant p® for an integer s > 0.
In view of the last property and the choice of g,(,n) in (2.6) and (2.7), we have
R,N ch(?n) K, = ch()n)OKp,pn

for n > s, where Of, yn is the order of O, of conductor p".
Suppose that

RN Lg<n>f( = le(n) 6K,pnc
for n > s, the latter being order of conductor p™c.
2.3.3. Special points. Define z,, . : Ajr — G(A) by
Tnela) =a-¢™ (M .= gl()") H Sq)- (2.8)
q#p

This gives a family of special points {z,(a)},¢ AL

For ¢ = 1, we denote x,, -(a) just by z,(a).
14



3. ExXprLIicIT WALDSPURGER FORMULA

This section presents explicit Waldspurger formulas in a general context. It is based on the work
of Cai-Shu-Tian [19] to which we refer for an introduction. The main results are anticyclotomic
twist family versions of the formula which involve a fixed test vector (cf. Theorems 3.12 and 3.15).

3.1. Backdrop.

3.1.1. Setting. Let K be an imaginary quadratic field.
Let o be a unitary irreducible cuspidal automorphic representation of GLo(A) with trivial central
character and conductor IV such that

(H1) The archimedean component o, is the discrete series of weight 2;
(H2) e(ox) = +1.

Here €(ok) denotes the root number of the base change o.
The following example will be of particular interest for the paper.

Ezample 1. Let A be a self-dual Hecke character over K of infinity type (1,0) in the sense of
(1.1). Then the automorphic representation generated by the associated theta series ¢, satisfies
the hypotheses (H1) and (H2).

Let B be the quaternion algebra over Q such that the Tunnell-Saito condition
c(ok,q) = €(By) (3.1)

holds for any place ¢, where €(ox ) denotes the local base change root number and e(By) is the
Hasse invariant of B,. It is a definite quaternion algebra.

Lemma 3.1. Suppose that
(H3) e(oq) = =1 for q(Dk, Ng).
Then we have Ny | Dp | N™.

Proof. Let q be a prime divisor of Ny . It follows from [76, Prop. 3.1.2] that the condition (H3)
is equivalent to o4 = xo ® St for xo quadratic so that xo o Ng, /g, is trivial. Thus the result is a

consequence of [19, Lem. 3.1].
U

Lemma 3.2. Suppose that m has CM by K. Then
Dp = H q.
i (—1)=-1

Proof. Suppose that o is generated by ¢, as in Example 1. For each ¢, let 1, be a non-trivial
character of Qg and Y, = ¢q o trgc, /g, Then

6(‘7Kq7 ¢Kq) :e(aw wq)ﬁ(aq ® an7¢q)an(_1)
=e(\s, vk, )2 (A, (V) 1K, (—1))
=e(\h, vk,)?
=Nk, (—1).

9

Here \j = Ag - |- |}</qz denotes unitarisation of \;, the second equality follows from [48, Thm. 4.7],
and the last from
(N ¥r,) =e((Ag) vk, ) - (A TH(=1)
=N ¥r,) - e, (—1)
=€(Ag> VK,) - e, (—1).
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In view of (3.1) the proof concludes. O

Let G = B* be the algebraic group over Q. Let m = ®7, denote the Jacquet-Langlands transfer
of o to G(A), which exists by Tunnell-Saito theorem [80, 74] and the condition (3.1). It is a unitary
irreducible cuspidal automorphic representation with trivial central character such that

e Ty 18 the trivial representation of G,
o For q | Ny, m, is an unramified one dimensional representation of G,.
« If ¢t N, then my = 04 is an unramified principal series 7(fiq, u;l) of G4 = GL2(Qy).

Now let .S be the set of prime divisors of N.

Let p{ Dp be a prime. Let K be the anticyclotomic Z,-extension of K and I' = Gal(K/K).
Let =, be the set of characters x : I' = C* of finite order.

Lemma 3.3. For any x € E, with cond'x, > p»N) | we have e(mr ® x) = +1.

Proof. By the Tunnell-Saito theorem [80, 74], we have
dimc HomAIx( (m,C) <1, (3.2)

and the equality is equivalent to the condition (3.1).

Let ¢ be a prime. If ¢ = p, then B, is split, and so Hoprx (FP,X;I) # 0 by [19, Lem. 3.1]
since cond"y, > p?r) . Now consider the case g # p. If ¢ is split in K, then B, is split and so
Hom K (7q, Xq_l) # 0 by Tunnell-Saito. Lastly, if ¢ is non-split in K, then x, is trivial and hence
Hom - (7rq,xq_1) = Hom (mq,C) # 0 by (3.2).

It follows that dim¢ Hom AL (m,x~1) = 1, concluding the proof.

]

3.2. Test vectors. For a self-dual pair (m, ), the Waldspurger formula [84] links the Rankin-
Selberg L-value L(1,mx ® x) with K*-toric period of a test vector on G.

Recall that, following Gross and Prasad [31], a form in 7 is called a test vector if its image under
a basis of Hom K (m,x 1) is non-zero with respect to a suitable embedding Ay < By. Let pt Dp
be a prime. This subsection describes a choice of the test vector which is uniform for any x € 5,

with conductor at least p?r(V).

In the rest of this section we suppose that the hypotheses (H1)-(H3) hold.

3.2.1. Test vector. Fix a prime p { Dp. For My(q"), = {(Z Z) € My (Zg) | q"\c} the Eichler of
discriminant ¢", let Up(q")q = Mo(q")q N GL2(Zy).

Definition 3.4. For a place q, define a non-zero vector ¢, € my as follows.
(a) For q| Ng, ¢q is a basis of the one dimensional representation mq of Gy.
(b) For q| N, , ¢4 is invariant under the action of K if ¢ # p and p;, is fived by Uo(pvrM)),,.
(c) For gt N™, @q is fized by Uo(q'“q(N))q.
(d) For q =00, pq is a non-zero element of the trivial representation mo.

Remark 3.5. The above choice of ¢, is as in [19, §3].

Definition 3.6. Let R C B be an order of discriminant N satisfying the following.
(a) For q|Nj;, R, C By is maximal.
(b) For q|N, , Ry C By so that Ry N1, Ky = 1,0k, if ¢ # p, and R, is the Eichler order
Mo(p»™)),, if ¢ = p.
(c) For q|N*, R, C B, is the Eichler order My(q"+™),.
(d) For ¢t N, Ry = Mx(Zy).
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Lemma 3.7.

(i) For any q, an order R, C B, with discriminant q"s\N) as in Definition 3.6 exists and is
unique up to K -conjugation. Moreover, if q|N~ and q 1 p, then it is unique.
(ii) If gt p, then Ry N1, Ky = 1,0k, and if ¢ = p,

Rp N Lg]gn)OKp = Lg;")OvaP"
for n > vy(N).

Proof. For the existence and uniqueness of Ry, see [19, Lem. 3.3] and [19, Lem. 3.4] respectively.
The second part just follows from the definition of ¢; and the choice of R,. U

Note that R satisfies the properties in §2.3.2 for .S consisting of prime factors of N.

Lemma 3.8.
(i) For any q, there exists pq € Ty as in Definition 3.4. Moreover, it is unique up to scalars.

(ii) For any q, we have p, € (m,)f .

Proof.

(i) It suffices to consider the cases (b) and (c¢). For (c¢) or (b) with ¢ = p, the assertion is a
simple consequence of the newform theory. As for the remaining case, in view of (3.1) it
follows from the Tunnell-Saito theorem [80, 74].

(ii) This is a special case of [19, Prop. 3.8].

Remark 3.9. Note that ¢, is a newform besides the case (b).
Definition 3.10 (Test vector). Define ¢ € m by

P = Rqpq
for g as in Definition 3.4.

Note that for any prime p f N~ the test vector ¢ does not depend on p. On the other hand, if
p| N, , the test vector is new at p, and we use the notation go{p} to emphasise the dependence.
The following preliminary will be used in our later arguments.

Lemma 3.11. Suppose that vy(N) > vy(Dr) for any prime q|Dx. Then N(R)X) = N(Oy ) for
any prime 7.

Proof. Let r { pDk be a prime. Then we have Ok, C R,. Since N : O — Z) is surjective for
71 D, it follows that N(R)) = N(Ox ).

For r = p, note that B, split and R, = My(p*»N)),, is an Eichler order, and so N(R)) — Z, is
surjective.

Now consider the remaining case, namely r is ramified in K. Note that R, is of the form
Ok, +@" 10p,, where @w € K, is a uniformiser, n = v,(N) and Op_ the maximal order of B,. We
have

Op, = Ox, + wUT(DB)*vr(DK)OKT(l +J),
where N(J) € Z) and for r = 2, further choose
J?=1 (mod Dg, /7)

to not lie in the norm of K. In this case, v,(N) > v,(Dk, ), thus R, = Ok, + w"*”T(DKr)OKTJ.
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For a € Ok, and b € wOk,, we have

N(a +bJ) =(a+bJ)(@+ Jb)
=N(a) + N(b)N(J)
=N(a) (mod Dg,).

It follows that N(R)) = N(Ox. ). O

3.2.2. p-stabilization. Let R C B be an order as in §2.3.2 that is maximal outside V.
We first suppose that p { N. Note that G is split at p and 7, is an unramified principal series

(fips 11, ). Put

-1/2

ap = (D), 2, By = 1y ()bl

, ap = ap + Bp. (3.3)
The p-stabilization f1:= f;rtp of f € My(R,C)[n] with respect to ay, is defined by
1 1 0
o — . ) 3.4
A R L (3.9

Since the Up-operator is given by

Uph(g) = ) hig (g 3{))

T€EL/pL

note that ffis an Up-eigenform with eigenvalue a,.
If p| N and p { Dp, then we simply put fT = f.
In either case we have

fT (xn,c(’yau)) :fT (xn,C(af))

~ ~ 3.5
(v € K™, a=(ac,ay) € C* x K, u € O ). (35)

3.2.3. Normalised test vectors. The following normalisation of test vectors will appear throughout
the paper.

Let £1 N be a prime as in §2.1. Let Q(m) be the Hecke field of 7, and O, C C; the completion
of the ring of integers with respect to the prime [|¢ determined via the embedding ¢,.

Let ¢ € My(R*,Q()) be an f-optimally normalised test vector, i.e. ¢ is a test vector as in
Definition 3.10 such that

v € My(R*,0r4)
and
¢ #0 (mod ).

The above normalisation is crucial in ¢-integrality of certain Rankin—Selberg L-values as well as
construction of ¢-adic L-functions.

3.3. Explicit Waldspurger formulas. The aim of this subsection is to explicitly link Rankin—
Selberg L-values with toric periods of the test vector introduced in Section 3.2 or its variants.
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3.3.1. Setting. We begin with generalities regarding Waldspurger formula, and then specialise to
the prior setting.

Let B be a quaternion algebra over Q. Let m be an irreducible cuspidal automorphic represen-
tation of By and o its base change to GL2(A). Let K be an quadratic field with an embedding
K — B and x a Hecke character over K such that

X’AX Wy = 1

for w, the central character of w. Suppose that
Hom (m,x~ 1) #0.

Then the Waldspurger formula [84, 85] connects the toric periods
PH= [ xofwd e
KXAX\AX

with the Rankin-Selberg L-value L(1/2, 7k ® x).

Now let the setting, and in particular B and 7, be as in §3.1.1. Let x € E, be a finite order
anticyclotomic Hecke character. Let R C B be an order as in Definition 3.6, and pick a test vector
© as in Definition 3.10.

Let X5, be the Shimura set B X\LA? x/ EX, whose elements may be chosen as a set of representa-

tives in BX = G(Ay). For ¢ € Wﬁx, define the inner product of ¢ by
1 S
(pp)i= Do —ple)’ wi=[BXngRg " 27 (3.6)
lg:)€Xpx
For ¢ the newform of level I'g(N) associated to m, the Petersson norm is defined by

dxdy

0o = [ P

To(N)\H Yy
with z = x + iy.

For x € E, of conductor p* so that s > v,(N), we have RN Lg(s)ﬁK = Lg(s)a]{ms. For n =

max{1, s}, the toric period P, (m(¢™)p") with respect to embedding ¢ is essentially given by

P™,0fx) = > x(a)¢!(za(a)),

[a]eGn

where G,, = KX\I?X//O\XW” (cf. [19, Lem. 2.3]).
The following p-adic multiplier will also appear in Waldspurger formulas:

1 if x, is ramified;
ep(m,x) = (1 — o, 'x(p))(1 — a, 'x(P))  if xp is unramified, p = pp is split;

1—o;? if x, is unramified, p = p is inert.

P
3.3.2. Ezxplicit Waldspurger formula I. The main result of this subsection is the following Wald-
spurger formula.

Theorem 3.12. Let (m,x) be a self-dual pair as in §3.3.1 with © of conductor N and x € Z,. Let

@ be an associated test vector as in Definition 3.10, and @' its ap-stabilization if pt N, and else
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put ol = . Suppose that the p-local character associated to x is of conductor p® with s > vp(N),
and put n = max{1,s}. Then we have

) <907 ©) D LN (L

E(W) #3 )L vp(N)>1ors>1,
9 D (J't
E(ﬂ'p) XS+\{p}( ) ep(ﬂ" X)QOZZQ,, ’Up(N) =0,s=0.

Here Ny is the factor of N, precisely divisible by the ramified primes and Xp the set of prime
diwvisors of (Dk,N) coprime to p, ST = {q | q/N*t}, Nt = 0NN+ with wN* for ¢ = ww, and
XT = quT Xq-

The above result is a consequence of a general explicit Waldspurger formula [19, Thm. 1.8] as we

now describe. In loc. cit. absolute value square of toric period appears, and the following analysis
relates it to square of the toric period.

Lemma 3.13. For x € =, of conductor p® with s > v,(N) and n = max{1, s}, we have

e(m)
e(mp)
Proof. Let S be a set of primes as in §2.1.2 given by prime factors of V.
If ¢ ¢ S, note that J € K[ GL2(Z4) and ¢; = 1, and so the Hecke action of J at g does not
change the toric period. For ¢ € ST\{p},

P(Js™7,00, x) = P(™ T, X)

gq_lquﬂ)@q = Wr,Pq = €(mg) Py
1
where wr, = <qvq(N) > € GL2(Qy) is the Atkin-Lehner operator (cf. [76, Thm. 3.2.2]). If ¢|N~
and ¢ 1 p, we have x, = 1 and Hoqux (mq,C) # 0. Let P, be a basis. Then J acts on P, by
€(mq)e(By) [67, Thm. 4]. Thus

Py(Jsqpq) = €(mq)e(Bq) Py(Sqpq)-

Now consider the case ¢ = p. Then gl()n)’flg] gz(,") stabilises ng.

Therefore
P(Is™r, 0t x) = ] elm)e(By)P(s"™, 9", x),
q€S5,q9#p
and the result then follows from the fact that Hq|s7q¢p e(mg)e(By) = % O
Proof of Theorem 3.12. The following is based on [19, Thm. 1.8].
Taking f in ibid. to be g(s)cp, we have
2
P(s), 0,x) 5, (9P p*Na)
%:2#13— Dy LW a*ﬂ'@ 3.7
0%+ 2] 520 D V| KON 7
where ( , ), 5« is Hermitian invariant pairing of level R*. Indeed, this follows from [19, Thm. 1.8]
since

<()017 @2>H,RX = <9017¢2>7
Pl ) = P(, 0,x),
Coo = 473, 210(¢°, %) 15y () = (&, D)1 (w)» and vps = [legps : Z*] in our setting, the notation being

as in [19].
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Put
N+
r= ( 1) e J] GL2Q,) C GLa(ay).
q|N*,qlp

Then in view of the S-version of Waldspurger formula [19, Thm. 1.9] we have

P, 0, x)P(c®7, 5, x ) B 2 90>H,§><
P[0k s 1 Z7]? 872(d, d) ()

We now analyse the left hand side. Since 7 = 7, by multiplicity one of ¢ (cf. Lemma 3.8), note
that ¢ = C'p for a non-zero constant C' € C.

Case 1. Suppose that v,(N) > 1.
Then by definition, ¢ = ¢. So we have

P, 0. )P, 07 P, 0 ) P70, x )

(0,9) g x (¢, ¥R
P, 0, 0)P(Js¥ 7,0, %)
(¢, )R
_e(m) P, 0,x) P, ¢, x)
e(mp) (¢, )R
_e(m) P(<W,9,x)
e(mp)  {p,0)r

Here the first equality follows from the multiplicity one of ¢ (cf. Lemma 3.8), and the second from
automorphy of ¢ and the fact # = J~'t.J.
Therefore, noting that [O% . : Z*] =1 for n > 1, the result is a consequence of (3.7).

s 1
VIDk xsn\ (V)20 - LU (2, e @ x).

(Lemma 3.13)

Case II. Suppose that v,(N) = 0.
Then we similarly have

P(M, ot x)P(s™M, SOLMXA) _e(m) P(s™, ol x)?
(0,9) b i e(m) (v, @R

(3.8)

where the only difference in this case is that go};p = Cp' (recall that ! := chp). In the following
we consider these toric periods.

Henceforth, without loss of generality, we suppose that L(1/2, 7 ® x) # 0. By the Waldspurger
formula and multiplicity one of Hom A% (m,x~'), we then have

P(s™, o, ) P(™M7, 0l x7)
(G, : Gg)?

ot -1
. / (b (Dep 25, p )0 () / (et () 2ps 2p)Xp (1) )
K /QX (¢ps Pp) K /QX (¢ps ¥p)

where the local invariant pairings are Hermitian. Here

P 0 x) = > x(a)p(z(a)

[a]eGs

= P(s“), 0, x\)P(s“) 7,5, x 1)

(3.9)

with G, = KX\K* /O ..
21



By [21, Prop. 3.12],
1/2

([’ (s) (t)g@ 7@ ) DK C 9 s = 0)
/ S P> ¥p Xp(t)dxt — | |€/2 P -
Ky /Qp (@p,@p) |DK|p CPL(1777Kp) p-, s> Oa

where
o L(27 lQp)L(1/27 TKy ® Xp)

P L, ke, ) L(1, 7, ad)
Recall that for normalised spherical Whittaker functional Wy so that W (1) = 1, we have
L(1,7,ad)L(1, 1Qp)
L(2,1g,)
for (, ) the standard Hermitian pairing on the Whittaker model (cf. [19, Prop. 3.11]). In combi-

nation with [21, Prop. 3.10], which is an explicit toric period formula for stabilized newforms with
respect to the Hermitian pairing, we have

(L(m) (t)(prvp7 @Iap,p)X(t)dXt B 1/2 o Jep(m x)?azp™® if s =0,
= [Dklp“ep - L(L,1m1,)" - :
KX /Qx (¢ps Pp) D if s > 0.

(Wﬂ'p’ Wﬂ'p) =

Note that 1

O : Ofﬂp]'
Therefore, in view of the previous paragraph and (3.7), (3.8), (3.9), the proof concludes.

[G1 : Go]L(1,mk,)p~ " =

0

3.3.3. Explicit Waldspurger formula II. In this subsection we consider a choice of test vector for
self-dual pairs (7, y) which differs from §3.2.1. Specifically, newform is a test vector at certain
primes ¢ so that 7, is supercuspidal and x, = 1, as shown in section 7. This choice will be a key
to subsequent applications.

Setting. We consider self-dual pairs (7, x) for x € =, as in §3.3.1. Let ¢ # p be a prime such that
e ¢ is an odd prime inert in K,
o By split and 7y = 7y is the CM lifting of a character A of K¢ with conductor ¢"™ for m > 2
such that )\\Q; = 1K,

Definition 3.14. A test vector ¢ = @y, for (m,x) is chosen to be the following:
o If a prime 11 q, then @, = ¢, is as in §3.2.1.
o If r =gq, let Ry be the Eichler order Mo(q2m)q of discriminant ¢*™ under the identification
iqg as in §2.1.2. Let ¢4 € Wfq be a newform.

That @, is a test vector for the pair (my,1) is the main result of section 7, which is a new
contribution to explicit construction of test vectors.

For a prime r # ¢, let gﬁn) be as in §2.3. If r = ¢, we choose ¢; so that
RN, Kg = te,OKcyqm-
Let 0 € K be a unit so that # = —6, where - denotes the action of non-trivial element in Gal(K/Q,).
Let u € Z; be such that u?g? —1¢ ZqX2. Choose ¢, such that

o= ()6 0D )

For s > v,(N), we have

R N Lg(s) OK == Lg(s) OKypsq'm .
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Define CM points z,, 4= (a) as in §2.3.
For n = max{1, s}, consider

P, x) = D0 (g (@)x(o),
[a}eGn,q

where G, 4 = Kx\kx/5§7pnqm.
Result.

Theorem 3.15. Let (7, x) be as in §3.3.1 with x € E,. Suppose that the p-local character associated
to x is of conductor p® with s > v,(N), and put n = max{1,s}. Then we have

N , N
p=t - P, Gt )2 _ (e Drl Lo (L 1wy

8m2(, ¢) 2
() ux n 5 1, vp(N)>1ors>1"
S 227D NT) - [Gnyg: Gn ,
6(7Tp) XS+\{p}( ) .q ] Yq ep(ﬂ', X)Qa?p Up(N) =0,s=0,

where Ny is the factor of N, precisely divisible by the ramified primes, Xp the set of prime divisors
of (Di, N) coprime to p, ST ={q | ¢gINT}, Nt =N with w|N" for ¢ = ww, x7 = [[,er Xt
and g 1= Ygu @5 as in Theorem 7.1. Moreover, the following holds.
(a) Given X\ and 0, there exists an u such that g, # 0.
(b) Let £t q be a prime. Suppose that log,(q+ 1) > 5 if m is odd. Then given 0, exists u such
that

ve((q* — 1)vp,u) = 0.

Proof. The assertion is a consequence of Theorem 3.12, S-version of explicit Waldspurger formula
[19, Thm. 1.9], local toric period formula for newform at ¢ as in Theorem 7.1, and Corollary 7.2. O

4. p-ADIC L-FUNCTIONS

We introduce p-adic L-functions interpolating Rankin—Selberg L-values. The main results are
their constructions for general self-dual pairs (cf. Theorems 4.4 and 4.9). In the supersingular CM
inert, we also compare the associated Iwasawa invariants with that of Rubin’s p-adic L-function
(cf. Proposition 4.18).

4.1. Theta elements.

4.1.1. Definition. Let the setting be as in §3.1.1.
Let n > 0 be an integer. Recall that

G = KX\K* /0% .

is the associated Picard group of O ,». We identify G, with the Galois group of the ring class
field of conductor p" over K via geometrically normalised reciprocity law. Denote by

[n : KX = G, a > [a]n

the natural projection map.

Let ¢ € m be the f-optimally normalised test vector as in §3.2.3. For p{ N, recall that ot is the
stabilization of ¢ with respect to a root «,, of the Hecke polynomial at p as in (3.3). We occasionally
adopt the convention that oy, = 1 if p|N.
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Definition 4.1. The n-th theta element
On(m) € O ¢la; V[Cu]
is defined as

" Y Pl@a(@) [al, PN,

O, (m) == a€Gn
=S () - lal, oI,

aEGn

We have the following compatibility.

Lemma 4.2. Suppose that pt N, let 1,0 0 Gng1 — Gy, be the natural quotient map. Forn > 1,
we have

7Tn+1,n(@n+1 (7)) = Op(m).

Proof. The assertion follows from

app! (2n(a)) = Upp'(zn(a)) = > ¢l (@ns1(ua)).

[u]nt1€ker Gry1—Gn

0

4.1.2. Interpolation. Let ¢ € Sa(I'o(N)) be the normalised elliptic newform corresponding to o.
Define a period €2 by
8 2
Q, = T (9.9) (4.1)
(0, 0)
where ¢ € 7 denotes the f-optimally normalised test vector as before.

Let x € 2, be with conductor p®. For n > max{s, 1}, note that

o™ > @l (@n(a)) x(a),  pIN,

1)) = a€Gyp
MO =Y S~ () vl oIV,

aEGn

Proposition 4.3. Let (7, x) be as in §3.1.1. Suppose that x € =, is of conductor p* with s > v,(N).
Then for n > max{s, 1}, we have

LEN) (L @)
(On(m)?) =/[Dx] - e T

2
) vp(N) > 1
.stS+\{p}(m+):((77:)) o#Ep 04525, s>1
b ep(m,x)%, vp(N) =0,s=0.
Proof. This is a simple consequence of Theorem 3.12 . O

4.2. p-adic L-functions: ordinary case. Theta elements readily lead to an integral p-adic L-
function in the ordinary case.
In this subsection we suppose that £ = p{2N. Fix embeddings to : Q < C and ¢, : Q — C,,.
Let Goo := 'mn Gy. Let I ~ Z,, be the maximal Z,-free quotient group of G, and A the torsion
subgroup of Gs. Fix a non-canonical isomorphism

Goo ~@ A xT.
If n > 1, then

G,~AxT,, T »T,:=G,/A.
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Let 1o : A — @X be the trivial branch character. Put
O = Oz ploy], A =0[I]

for O, the completion of integer ring of the Hecke field at the prime above p determined via the
embedding ¢y,.

Put

O, (m,1) = 1a(O, (1)) € O[a;l][Fn]
and
Oco (1) = {On(m)}n € Olay, N[Gocl;  Oco(m, 1) = {On(m, 1)} = 1a(Oo(m)) € Ola, '][T].

The latter are well-defined by Lemma 4.2. In some applications we extend O to contain Ok, for p
the prime of K above p determined via the embedding ¢),.
If the Hecke eigenvalue «, as in (3.3) satisfies

vplay) =0, (ord)
where o, is viewed as an element in C, via ¢,, then
Ouo(m, 1) € A.
If the condition (ord) holds, define the p-adic L-function
Zp(m) = Ouo(m, 1)* € A.
To describe an interpolation property of the theta elements, put
C(m, K) = j:))z#% V/|Dkl|. (4.2)
P

Theorem 4.4. Let x € E, be of conductor p*. We have

LWV (4 g @ ) _
X(G)oo(ﬂa 1)2) = ;2 : ep(ﬂv X)stap % Xs+ (m+)0(7T, K)
In particular, under the condition (ord), the same interpolation formula holds for the p-adic L-
function Z,(m) € A.

The result just follows from Theorem 3.12.

4.3. p-adic L-functions: supersingular case. The section describes a construction of integral
plus/minus p-adic L-functions in the supersingular case. It builds on an idea of Pollack [66].

4.3.1. Setting. Recall that p is an odd prime split or inert in K.
Suppose that a, as in (3.3) satisfies

a, = 0. (ss)
One then has o, = —f3,,.

For e € {a,, Bp}, recall that goi denotes the p-stabilization of p-optimally normalised test vector
¢ with respect to e as in §4.1.1. Let O4(m) be the theta element

O(7) = {On(¥], 1)}n
associated to the pair (m,1).
Lemma 4.5. For e € {ay, B}, the theta element ©4(m) is a (1/2)-admissible distribution on T

Proof. Recall that ¢ is p-integral as in §3.2.3 and e is a square-root of —p. Hence the assertion just
follows from the definition of G4 (7). O
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Fix an isomorphism
A=O0O[I"~0[T], y—1+T

for v a topological generator of I'. For a p-th power root of unity ¢ € @; , let

X
Yo:I'=Q,, v—(
be a character, and ¢ : A — O[] also denote the associated homomorphism. Let Ez‘f C E, and
E, C Ep be subsets of characters corresponding to ¢ of order p! with t even and odd respectively.

Definition 4.6. Let

1o @p20(1+T 1 @21 (1+T
log;(l—l—T):HpQ(p), log;(l—i—T):HIﬁlz())

n=1 n=1

be the half p-adic logarithms of Pollack [66], where ®,m (X)) denotes the p™-th cyclotomic polynomial.
4.3.2. Plus/minus p-adic L-functions.
Proposition 4.7. Let 7 be as in §53.1.1. Suppose that the condition (ss) holds. Then there exist
o*(r) e A

such that

Oq,(m) =logf (1+T) -0~ (n) £ aplog, (1+T) -7 ().
Proof. In the following we proceed as in the proof of [66, Thm. 5.6] and [52, §8] (see also [24, §2]
and [4, §3]). B

Consider theta elements {©,(7)},>0 given by
On(m) = Y @(za(a) - [a]n € O[Gy).
aeGy
If n > 2, we have
Tp1(On (7)) = —&n-1On—2(m)

for mp_y : O[Gy] — O[Gp—1] the projection map and &1 := 3 _,cq, /G, , 0

Consequently, O, (7) is divisible by the half cyclotomic polynomial wf, as defined in [52, p. 10]
for € the parity of (—1)"~1. (These are denoted by G ¢ in [66, p. 544].) For a fixed parity € of n,
factoring out these extra zeros yields a p-integral norm compatible sequence

{65,(7) € OIAIIT]/(wi)}-
Let O, () € O[T]/(wS) denote the image of {OF ()} under the projection G, —» Ly,
Define
O(m) =1lim O5 (7) € O[T] ~ A.
In view of the construction the proof concludes. O

Remark 4.8. While the sign labelling of © () is opposite to [66], it is compatible with [52].

Define
+ e y= 2
L (m) =07 (m)".
An interpolation property:

Theorem 4.9. Let w be as in §3.1.1. Suppose that the condition (ss) holds.
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(a) For x =1 € E; of order pt > 1 and conductor p*, we have

LEM) (L, mic ) .
X(£y (m) =2 T (07 X (O, K)
4 oddm =1

for C(m,K) as in (4.2).
Moreover, if p is inert in K, then

1(©f (7)) = 0.
(b) For x =1 € =, of order pt and conductor p*, we have

L(PsNr) 1 t—1
(g m) =T TEN e T (72 s (00O, K).

even m = 2

Proof. (a) For x = ¢ € E} of order p* > 1, note that
¥c(Oa, (1)) = oy - ¢¢(log, (1 +T))¢c (07 (7))

t—1

1 D,m () n
-y~ 2P (O
ap pOddg:1 . ¢¢(©7 (7))
by [66, Lem. 4.7]. Hence,
1 t—1
¥¢(Oa, (1)?) = . H Oym (€)% e (0T (m)?).
oddm=1

Now the assertion just follows from Theorem 4.4.
As for 1y, if p is inert in K, we have

1O (1) == Y ¢lzi(a)

aeGy

=— > Tpe(xo(a))
a€eGo
=0.

Here the first equality follows from definitions of O(7), golap (cf. §3.2.2) and O (7) (cf. Propo-

sition 4.7), the second from: if p is inert in K, then we have an identity

Z aucV) = ag(O)Tp (mod GL2(Zp))

uEO;ép /O}X(p’p

of Hecke operators for a € K* (see §2.3 for the definition of z,(a)), and the third just

follows from (ss).
(b) One may proceed as in part (a).

Remark 4.10.
(i) The evaluation 1(£, (7)) basically equals L(3,7k). Indeed, we have

1O (7)) = [G1: Go] > ¢(xo(a))

a€Go

whose square equals algebraic part of the central L-value L(%, 7K ) up to explicit factors by

(3.7).
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(i) The vanishing of 1(©" (7)) in Theorem 4.9(a) is intertwined with direct sum decomposition
of local Iwasawa cohomology groups in Rubin’s conjecture (cf. [12, 13]). This phenomenon
does not occur in the cyclotomic setting [52].
Corollary 4.11. Let w be as in §3.1.1. Suppose that the condition (ss) holds.
(a) For e € EF of order p' > 1, we have

L) (5,7 ® x) 20 —p 4 - AT
) _ 4t . 1
Up ( O TR 1) (t+1).
for u* and Xt the Twasawa invariants of L ().
(b) For 1 € 2, of order pt > 1, we have
L(Nr) l’ﬂ- ® 2pt=t — =2 L 2 )N
o (37K ® X) G i totp p) _(t+1).
Q, ptp—1)

for p= and A\~ the Iwasawa invariants of L, ().
Primitive p-adic L-functions. In view of Theorem 4.9 we are led to the following.

Definition 4.12. For o € {+,—}, define

oo (%)2 if p is inert and o = +;
P (m) = £
D ) else.

We expect £ (7) to appear in signed Iwasawa main conjectures (cf. [24, 12, 4, 5]).

Remark 4.13. For p inert in K, an interesting problem: to formulate a conjecture predicting the
value of Z"(7) at the trivial character (cf. [58]). In the CM case, it encodes p-adic logarithm of
rational points on the associated CM abelian variety (cf. [13]).

4.4. CM case. This section considers p-adic L-functions associated to a Hecke character over an
imaginary quadratic field, and links among them.

4.4.1. Rubin’s p-adic L-function. The following is a resume of results of [72, 12, 14].

Let K be an imaginary quadratic field with p inert and H the Hilbert class field of K. Assume

that
p )[ 6h K- (4.3)
Let ® denote the localisation of K at the prime ideal above p.

Let K« be the anticyclotomic Zy-extension of K and K, the n-th layer. In view of (4.3) we
often regard the set =, of anticyclotomic p-power order characters of ® as that of K.

Let A be a self-dual Hecke character of K of infinity type (1,0). Let E be a Q-curve in the sense
of Gross [30] such that the Hecke character Ao Nk is associated to E, and E has good reduction
at each prime of H above p. Let p be the prime of H above p compatible with the embedding
tp- Fix a Weierstrass model of E' over H N Op, which is smooth at p. By considering a Galois
conjugate of F over H, we may assume the existence of a complex period Qx € C* such that

L = OkQk,

where L is the period lattice associated to the model.

Rubin’s p-adic L-function also involves the following local setting.

Let Og be the integer ring of ®. Let .# be a Lubin-Tate formal group over Og for the uniformizing
parameter 7 := —p. For n > 0, write ®,, = ®(.Z[r""1]), the extension of ® in C, generated by the
7" torsion points of .Z. Put @ = Uy>®y, and T = T F.
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Let O, C & be the Zg—extension of ®, U, the anticyclotomic Z,-extension and ¥,, the n-th
layer. Put I' = Gal(Vo/®) = Z,,, Ao, = Os[I'] and fix a topological generator v of I'. Let Uy, be
the group of principal units in ®,,, that is, the group of elements in O;n congruent to one modulo
the maximal ideal.

Put

A
T%"! = Homo, (T,0¢), Vi = (1&1 Un ®z, T®—1) Q0 [Gal(®os /)] NOw»

where A := Gal(® /O ) and the superscript A refers to A-invariants. For a finite character x of
Gal(Voo/P), let 0, be the associated Coates—Wiles logarithmic derivative on V.
Let Z, be the set of finite characters of I' and put
E;{ = {x € &, | order x is an even power of p},
E, = {x € £, | order x is an odd power of p}.

Define
Vit i={veVi|d(v)=0 forevery x € Ergy (4.4)
Rubin showed that V™ is a free Ap,-module of rank one (cf. [72, Prop. 8.1]).
An insight of Rubin is the following existence of a p-adic L-function (cf. [72, §10], [12, §6]).

Theorem 4.14. Let ¢ € {+,—} be the sign of the functional equation of the Hecke L-function
L(\,s). Let ve be a generator of the A-module V3°. Then there exists

L0 Q,0) = Z,(\) € A

such that L
1 L(1, Xx)

X(Zp(N) = o) On

for x € 2,7\ {1}.

Here the non-vanishing of d,(v:) is a consequence of Rubin’s conjecture (cf. [72, Lem. 10.1]).
The main result of [14] is the following.

Theorem 4.15. Let x be a finite character of Gal(¥,,/®) of order p* > 1, and put ¢ = (—1)!71.
Let v, be a generator of Vag". Then we have

t+1 1 1—¢ _
vp(‘sx(va)) == 9 + ptfl(p N 1) 9 + Z (pk _pk 1)
(~1F=

where 1 < k <t —1 such that (—1)F = ¢.

4.4.2. A link with Rankin—Selberg p-adic L-function. Let the setting be as before. In particular, my
denotes the irreducible cuspidal automorphic representation associated to A.
We have a factorisation

L(1/2,m\k ® x) = L(1, Ax)L(1, Ax 1)

of L-values. In light of p-adic Artin formalism, one may expect a factorisation

Zp(ma) = L (ML (V) (4.5)
up to an element in A*. Here
Zp(my) = Z,7°(m) (4.6)

for ¢ the sign of €()\), and ¢ denotes the involution of A arising from v — ~y~!. A difficulty in
realising the factorisation is that interpolation formula for the Rubin p-adic L-function involves the
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local invariant 6, (v.) and the CM period g, whereas that for £, (m)) involves a half cyclotomic
polynomial and the automorphic period ) := Q.

We prove a comparison of Iwasawa invariants predicted by (4.5). We begin with the following
preliminary.

Lemma 4.16. For x of order p' > 1 so that (—1)""1 = ¢, we have

ANZ(m)) = 2M(ZH (V)
2pt~t(p—1)

UP((sX(UE)) - 9 + pt_l(p - 1) 9 + (Dzk_ (p p ) +

1 95
+ 5 (m(Gp(ma) +up(55) — 2u(LH(N) ) -
2 02
Here 1 < k <t — 1 such that (—1)¥ = &, u(-) and \(-) are associated Iwasawa invariants, and

Zp(my) = 2,5 ().

Proof. The following is based on comparison p-adic valuation of L-values interpolated® by the p-
adic L-functions Z,(my) and Z,()\). We consider the case e(A) = —1, and leave the other case to
the interested reader.

In view of Corollary 4.11 and Definition 4.12, for ¢ € E;; of order y = p! > 1, we have

L(3, mx ® X) 2 =P TP A A p = 1)+ AL (M) + 2
; - —(t+1).
Up ( 0y p(Zp(m)) + P1(p—1) (t+1)
On the other hand, by Theorem 4.14,
L(1, M) L(1, )\X_l)> 2L (V)
v =2u(%L(N) + ———=25 + 20, (04 (v_)).
(g ) + 2 20,5, (00)
By comparing the above two, the proof concludes. ]

Remark 4.17. The left hand side of Corollary 4.16 is a local invariant, and Rubin asked for deter-
mination of its p-adic valuation in [72].

Towards the factorisation (4.5) our main result is the following.

Proposition 4.18. Let A be a self-dual Hecke character over an imaginary quadratic field K
of infinity type (1,0) and m the associated cuspidal automorphic representation. For a prime
p 1 6hgcond"\ inert in K, let £)(\) and Zy(my) be the associated Rubin and Rankin-Selberg

p-adic L-functions. Then we have
Q
ML) + 1 (G- ) = 2L ). MGy (m) = AL ).

Proof. In view of Corollary 4.16 and Theorem 4.15 it follows that

AMZp(mr)) = 2M(Z (V) o o Qy
pu— 2 _— J— PR .
pl(p—1) w(Zp(A)) — u(Lp(ma)) UP(Q%{)
Since the numerator is a constant, it vanishes. ]

5. NON-VANISHING OF RANKIN-SELBERG L-VALUES MODULO ¢: CM CASE

The section presents mod £ non-vanishing of Rankin—Selberg L-values in the CM case. The main
results are (¢, p) non-vanishing Theorems 5.9, 5.10, 5.11 and 5.14 for ¢ # p, and Theorems 5.15 and
5.17 which concern p-invariants.

8Note that the interpolated L-values are generically non-zero (cf. §5).
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5.1. Key tools.

5.1.1. Equidistribution of special points. We describe a special case of the main result of [22], which
is based on Ratner’s ergodicity of unipotent flows.

Let the setting be as in §2.1, where we fix a definite quaternion algebra B over @, an odd prime
p with B, split and an embedding ¢ : K — B of an imaginary quadratic field.

We have the ring class group Gy, := gnn G,, of conductor p>®. Let A& be the subgroup of Guo

generated by the image of
Kim= ] K

alDk

Note that A®8 is a (2,--- ,2)-subgroup of A. Let Dy be a set of representatives of A& in KX,
and D; that of A/A%2 in K*. Then D := D;Dy is a set of representatives of A in K*.

Write K © for the closure of K* in K* and B that of BX in BX. Put

CM:= K\B*, X :=B"\B*, Z::@j_\@x.
The group B* acts on these spaces via right multiplication on the first two spaces and via multi-
plication by the norm on the third space. Similarly, there is a left action of the group K* on these
spaces. Let Red : CM — X be the natural quotient map and ¢ : X — Z the one induced by the
reduced norm N : B* — Q*. For g € B*, let [g] denote the image of g in CM. Let U be an open
compact subgroup of B*. Put
X(Dy,U) = [] X/U and Z(D,,U) = [] 2Z/N(U).
TeDq T€Dq

Define

Redp, : CM — X (D1,U), z+— (Red(7-2)U)rep,
and
CDl : X(DlvU) — Z(D].)U)7 (xT)TGDl — (N(ﬁ‘r))TEDl'
The following key result is a special case of [22, Cor. 2.10].
Theorem 5.1. Let H be a B, -orbit in CM and H the image of H in CM/U. Then for all but
finitely many € H, we have
Redp, (O - 7) = ¢, (O - 7),
where T = cp, o Redp, (x).
5.1.2. Non-FEisenstein functions: generalities. Let A be a commutative Z-algebra.

Let U be an open compact subgroup of B*. Recall that Ms(U, A) is the set of functions h :
B*Q*\B* — A such that h is right invariant by U. Let

MQ(A) = hgl MQ(U, A)
UCBx
be the space of smooth A-valued functions on BXQ*\B*. Let p : B* — Aut(M3(A)) denote the
right translation of B*.
Definition 5.2. Let B! = {g € B* | N(g) = 1} be the algebraic group over Q. Let
MQ(A)EiS = {h S MQ(A) | p(gl)h =h for all g1 € Bl(Af)}

and
SQ (A) = MQ(A)/MQ (A)Eis'
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Denote by S2(U, A) the image of Ma(U, A) in S2(A).
A function h € My(A) is called Eisenstein if h € Ma(A)gis. Equivalently, h is Fisenstein if and
only if h(g) = h1(N(g)) for a smooth function h; : QX\Q* — A.

The following properties of non-Eisenstein functions will be used in our non-vanishing arguments.

Lemma 5.3. Let q be a finite place such that By is split and U, = Ug(qk)q for some k. For
B1,-+,Bs € A, define R € End(Mz(A)) by

R = 1+Zﬁi-p<(q 1>>-
i=1
Then R : Sa(U, A) — S2(A) is injective (cf. [21, Lem. 5.5] ).

In the following lemma, let U = R* for an order R of B and q a prime such that B, is a split
quaternion algebra. Let K, C B, be a quadratic subalgebra. Let A be the ring of integers of a
finite extension of Q; and w a uniformizer of A.

Lemma 5.4. Let 7 be a cuspidal automorphic representation and pick a non-zero f € Ma(U, A)|[r].
For a prime q, suppose that K, is a field and By splits. Moreover, for f, the newform, suppose that

e [ Sl
K;/Q4 Vg (frpfq)q
is an l-adic unit, where ( , )q is a non-degenerate GLo(Qq)-invariant bilinear pairing on m, and
Vo= K;NUy.
Assume that €1 q(q?> —1). Then if f (mod w) is non-zero, so is
F = Z 7w(t)f (mod w).
teKy /Qq Vg
Proof. Let R; C R, be a suborder such that R stabilizes F'. Put
F' = Z m(g)F € R
9ERS /Ry
If F’ is non-zero modulo w, then so is F. In the following, we consider F’.

Note that F' € Cf and so I’ = kf for a constant k. Let (, ) be a By -invariant bilinear pairing
on w. We have

)
G 1)

. X /X . <F7 f)

=#E R

=#R; /R'qX .
Here the last equality follows from the uniqueness of B, -invariant bilinear pairing on 7 up to scalars
(cf. [48, Lem. 2.6]). Note that #GLa(Z,)/(1 + ¢"M2(Z,)) is an f-adic unit since £ { g(¢> — 1) and
in turn so is #R; /R;*. Since v is an f-adic unit and f #0 (mod @), the proof concludes. O

5.1.3. Non-FEisenstein functions: CM case. This endoscopic case exhibits peculiar features, which
the subsection describes.
We begin with the setting. Let K C B be an imaginary quadratic field. Let U be an open
compact subgroup of BX and Xy =B X\E * /U the associated Shimura set.
If U is of the form R* for an order R of B with N(U) C QiN(IA(X), then we may write
Xy =X uXy,
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where
X = {[h] € Xy | N(h) € Q\QYN(K*)/N(U)}.

Let A be the ring of integers of some finite extension of @y and w a uniformizer of A. For
f e MyU,A), let f° denote its restriction to X{; for e € {£}.

Henceforth, we suppose that U is of the form R* such that

N(U) € QXN(KX). (5.1)
Then restricting to X7, we define spaces of non-Eisenstein forms So(U, A)¢ and Sa(A)°.
Definition 5.5. We say f € Ms(U, A) has CM by K if

Tyf = aqf

for all but finitely many primes q and aq the Hecke eigenvalue of the theta series associated to a
self-dual Hecke character \ over K of infinity type (1,0).
Lemma 5.6. Suppose that

. ZTQDK7
o f € MyU,A) has CM by K,

e f¢ (mod w) is non-zero.

Then f¢ (mod w) is non-Eisenstein.

Proof. Pick a prime ¢ so that

o g "' q + 1,
o q is inert in K,
o fis T,-eigen.

In view of the first two hypotheses, such a ¢ exists. Note that the T,-eigenvalue is 0 since f has
CM by K.
Now assume that f¢ (mod w) is Eisenstein.

By the hypothesis, f(2) #0 (mod w) for some z € Xf;. Then we consider Tj f <z <1 q1> >
Note that

0=T (1 1)) =0 DI #0 (mod )

where the congruence T, f(z 1 q_1>) = (¢+1)f%(2) (mod w) just follows from T, = qu:ll Ug
for uy € GL2(Q) with N(uy) = ¢, and f¢ (mod w) being Eisenstein. A contradiction. O

Lemma 5.7. Suppose that N(U) C QiN(IA(X). Let q be a prime unramified in K such that
U, = Uo(q¥)y for some k. For a commutative Z-algebra A, let By, -+, Bs € A and R € End(Ma(A))¢
be the endomorphism defined® by

R = 1+§;ﬁi-p((q_% 1))'

Then R : S2(U, A)¢ — Sa(A)€ is injective. Moreover, if q splits in K, then the same holds when 2i
in the definition of R is replaced with i.

9Since ¢ { Dk, it is well defined.
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Proof. Let f¢ € Sy(U, A) be so that Rf¢ € My(A)f;,. In the following we show f € My(U, A)fyq-
(See also the proof of [21, Lem. 5.5].)
Note that N(Z,) C Stab(f€) for N(Z4) the subgroup of upper triangular matrices. Put

()

P) =3 B p(u?2).
=1

Then P € End(M2(A)¢). By the assumption, we have (1 — p(u?)P(u)) f¢ € Ma(A)%;,, and so
(1= p(u)P(u)") f € Ma(A)fys

and

for any n > 1.

Note that (1—p(u?™)P(u)") f¢ and p(u®")P(u)" f€ are fixed by 1 T for x € Q, with ¢*"x € Z,
. _on (1 =\ 9, 1 ¢z c 1 =
since u L= L Thus f€ is fixed by 1 for all x € Q. By smoothness,

-1
the same holds for (1 > for some y € Q. Therefore, f is fixed by wo = (—y Y ), and in

y 1
1 o 1 —y2$ 1
(o) =" )

Hence SL2(Qy) fixes f€ and f¢(tg) = f(g) for all t € B*(Q,). By strong approximation, B! is
dense in BY(AYY), thus f<(tg) = f<(g) for all t € B'(A\"). It follows that f<(tg) = f<(g) for all
t € BY(Ay) and hence f¢(gt) = f<(g) for all t € B1(A), concluding the proof. O

turn by

5.1.4. An independence of CM wvalues. The following consequence of equidistribution of special
points will be a key to our non-vanishing results.
Let z,,(a) be a family of special points for a« € K* as in §2.3.3.

Proposition 5.8. Let A be the ring of integers of a finite extension of Qu and w a uniformizer.
Let (B7)rep, be a sequence in A such that 5, € A* for some 1. Let f € May(U, A) be a CM form
of level U as in (5.1). Assume that f is non-zero modulo w.

(a) Suppose that p is inert in K. Then there exists an integer ng such that for every n > ng of
a fized parity, we have

Z Br - f(zn(at)) #0 (mod w) for some a € KX,
T€D,

b) Suppose that p splits in K, and that f is non-zero on X;.. Then there exists an integer ng
U g
such that for every n > ng, we have

Z Br - f(zn(ar)) £0 (mod w) for some a € K*.
reDy
Proof. Consider a special point
Py:=[9ecMm
for ¢(9 as in §2.3. Note that N(¢(©) e Qi\QiN(R’X). Let H = Py- B, be the B)-orbit of Py. For
integers n > 1, put
P, =P, (pn 1) €. (5.2)

34



Note that the images of (P;,)n—1,2,.. are distinct in Xy. Hence, by Theorem 5.1, there exists ng
such that R
Redp, (OxPn) = cp, (O P,) for every n > no. (5.3)

Since f (mod w) is non-Eisenstein by Lemma 5.6, there exist y, z € Xy such that
fy) #f(z) (mod =)

and c(y) = c(2).
(a) Let n > 1 be an integer. Note that ¢(Red(P,)) = ¢(Red(Pny2)) (mod N(K*)N(U)), and

c(y) = e(2) # c(Red(Py))  (mod N(K*)N(U)) = ¢(y) = e(2) = c(Red(Py41))  (mod N(K*)N(U))
since p in inert in K. It follows that
c(y) = c(z) = ¢(P,) (mod N(K*)N(U)) for n of a fixed parity.

In the following we consider n > ng of that parity.
Replacing Dy by a’'D; for ' € K*, we may assume that

cly) =c(z) =c(P,) (mod N(U)).
Pick (w;)rep, € cl_)i (P,). In view of (5.3) there exist aj,as € 6;( such that

RedD1 (alpn) = (y, Wryy, Wrgy " )7 RedD1 <a2Pn) = (z7 Wryy, Wrgy " )

Hence
Z BT : xn alT Z /87’ : ‘Tn G’QT)) Bﬁ (f(y) - f(z)) E/éo (HlOd w)v
TeDq T€Dq

and the assertion follows. R
(b) Since p splits in K, we have ¢(Red(P,)) = ¢(Red(Pn+1)) (mod N(K*)N(U)).
In view of the assumption we may suppose that
c(y) = c(z) = ¢(Red(P,)) (mod N(U))
and f(y) # f(z) (mod w). Then the assertion follows just as in the proof of part (a).
(Il

5.2. Setting. We introduce set-up for the rest of the section.
Let A be a self-dual Hecke character over K of infinity type (1,0) and ¢ € So(To(N)) the
associated theta series with N = DgNg g(cond")\). Let B the quaternion algebra over Q so that

Dp = H q

NKg(—1)=—1

(cf. Lemma 3.2). Let 7\ be the cuspidal automorphic representation of B} associated to ¢, with
conductor N.

Let £ 2N and p t 2Dp be primes. Let ¢, cp{p} € m) be the f-optimally normalised test vectors
in the cases when pt N~, p|N~ respectively as in §3.2.3. We have the associated periods

2 _

Q/\: 8 @Si’;)7 p'fN )
{p} _ _87°(4,9) -
Q/\p T {plr) pird) p‘N )

The first period does not depends on the choice of p.
In the following subsections we study ¢-indivisibility of the L-value L*8(1/2, m) x ®) via study-
ing /-divisibility of toric periods.

3. (¢,p) non-vanishing. This subsection concerns the case ¢ # p.
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5.3.1. Inert case. Let p be an odd prime inert in K.
As before, let K be the anticyclotomic Zy-extension of K, I' = Gal(K~ /K), and Z, the set of
finite order characters of I. For v € Z,, the pairs (my,v) are self-dual with root number +1.
Put
Eip ={v e )| e(\v) = £1},
where €(Av) denotes the global root number. One may consider non-vanishing of central L-values
L38(1/2, 7\ ® x) modulo £ for v € Ej\r’p, where £ is a fixed prime.

Case L. p t 2N /g(cond™\)

For v € Z,, we have
ew) = (=1)te(N), (5.4)
where the associated local character v, is of conductor p* > 1 (cf. [59, Prop. 3.7]).
Our main result is the following.

Theorem 5.9. Let A be a self-dual Hecke character over K of infinity type (1,0) and my the
associated cuspidal automorphic representation. Letpf2NK/Q(condr)\) be a prime inert in K. Let

€1 2pNg g(cond* ) be a prime. Then for all but finitely many v € Ej\'p, we have
L(1/2
o (Mil2msen)
95
Proof. Choose a finite extension O of Z, in C,; so that O contains Oy, , and «;, and let @ be a

uniformizer of O.
Let F; be the f-adic avatar of the p-stabilization ¢! of ¢ with respect to ap. For R the order in

the definition of ¢, let U = ﬁx, we have p € My(U,O). Put
U = §X7(p)UO(P)pa

where R is the order in the definition of ¢. Then F; (mod w) € Ma(U’,ky) for ks := O/wO.
For each integer n > 0, put

On:= Y Fi(zn(a))-[aln € O[Gy).

[a]neGn

In view of explicit Waldspurger formula (cf. Theorem 3.12 ), it suffices to show that

ve(¥(On)) # 0
for all but finitely many v € Ej »

Recall that G,, = (D1 x Dy) - I';,. Note that elements in Dy are represented by product of
uniformizers of K, for q|Df, it follows from the definition of ¢ that

> w(u(d))Fy = | Dol - Fy. (5.5)
deDg
Let p° be the order of the Sylow p-subgroup of k. Let v : T';, = 1,0 be a character of conductor
p" with n > 2s. Put
Co={velulv() ek/}.
Note that C,, = Ker(G,, — Gy—_s). Let ky(v) be the field generated by the values of v over ky.
Since kg contains py,, d, = [ke(v) : k| is a p-power, and for a p-power root of unity ¢ € ky(v), we
have
0 - C&ky
T =
T, () /e (€) {d,, ek
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It follows from the above that for each a € K X,

Y
T (0 1(8,) (mod @)=|Dufd, 3 Y Flantar) (o %)t (mod )
T7€D1 yeZ/pZ

(5.6)
for a primitive p*-th root of unity ¢, .
Define Fy € Ma(ky(v)) by
1oL
> @y 5 At (mod ) (5.7
YEZL/pSZ
Then Fy € My(U', ky(v)) for U' = {g e U’ | g, = <(1] T) (mod p**)}.
By (5.6), we have
Tri, )/, (V(a™") - v(0r)  (mod @)) = |Doldy - > Fy(an(ar) (5.8)

TE€D,

We next show that ﬁg is non-Eisenstein.
Note that (5.1) holds by Lemma 3.11. Under our assumptions, Fy (mod w) is non-Eisenstein by
Lemmas 5.3 and 5.6. A simple calculation shows that

> p<a 1) Ezps-(l—p‘l%'ﬂ«pl 1>>Fe (mod w).

a€(Z/p°L)*

Therefore ﬁg is non-Eisenstein by Lemma 5.3.
In view of (5.8) and Proposition 5.8, it thus follows that

ve(¥(On)) # 0

for all but finitely many v € Eiop, where gy denotes the sign of (—1)"¢(\) for n the parity arising

from Proposition 5.8 (cf. (5.4)).
If &9 # +, then L(1,Av) # 0 for all but finitely many v € E;p. But the latter L-value vanish

since €(Av) = —1 for any v € =, p- Thus we have ¢g = + and the parity n in Proposition 5.8

satisfies (—1)"€(A) = +1. Moreover, F) e (€M) s non-Eisenstein. O

Case II. p|Ng/g(cond*A)

Let p™ be the conductor of A\, with m > 0. By [59, Prop. 3.7], for v € E, with cond"v,, = p™ > p™,
we have

e(Av) = (=1)"""e(N).
Our main result is the following.

Theorem 5.10. Let A be a self-dual Hecke character over K of infinity type (1,0) and my the
associated cuspidal automorphic representation. Let p | NK/@(condr)\) be an odd prime inert in K.

Let £ 1 2pNg g(cond™\) be a prime. Then for all but finitely many v € E;p, we have

L(1/2,7T>\,K®V) -
Uy < Q{p} ) =0.
A
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Proof. The proof is essentially the same as in the Case I, except we consider F) the f-adic avatar
of the test vector piP}.
Let v : T';, = ppo be a character of conductor p” with n > max{2s,2m}.

Define Fy as in the proof of Theorem 5.9. Then Fy € My(U’, ky(v)) for
(7/ _ {g cU’ ‘ gp = (é I) (mod pmax{2m725})}.

It suffices to show that ﬁg is non-Eisenstein.
Note that Fy (mod w) is non-Eisenstein by Lemma 5.6 and (5.5). We have

~ —1
Z P <a 1> Ey=p°F, —p*'p <<p 1)) Uply (mod w)
a€(Z/psL)*
=p°Fy; (mod w)
since the U),-eigenvalue of a newform is 0 whenever p? divides the conductor of my. Therefore ﬁg is
non-FEisenstein.
O

Variant.

Let p and ¢ as before. Fix an odd prime pg # pf inert in K such that p3|cond®\.
Take ¢ to be the f-optimally normalised test vector as in §3.3.3 with py = ¢ therein. Recall that

© is new at * and pg, where
L_Jp PN,
0, ptN—.

. . Sp{pO} p J(
For p{ N, note that ¢ does not depend on p. We denote ¢ by ’

to emphasise
plppo} p| N

the dependence. Define periods

{po} _ _87°(6:0) B
=Y —m, pt N,
{ppo} __8(6:0) B
C = (prrd plrpol) ptN~.

The following result will be used in section 6 to connect the mod ¢ non-vanishing of Hecke
L-values with an ¢-integral comparison of periods (cf. Theorem 6.4).

Theorem 5.11. Let A be a self-dual Hecke character over K of infinity type (1,0) and 7y the associ-
ated cuspidal automorphic representation. Letp be an odd prime inert in K. Let £ 1 2pNg /g(cond*\)
be a prime. Let py 1 pl be an odd prime inert in K such that pi|cond*\, £ { po(p3 — 1), and
log,(po + 1) > 5 if Ay, has odd exponential conductor. Then for all but finitely many v € E)tp, we
have

L(1/2,m\ g®v) \ _
o (L20g50) o, py-,

LA/2mk@v) ) _ p| N~

Ve Qip,po}

Proof. Let Fy be defined as in Cases I and II by replacing ¢ therein with ¢. Put pj* = cond"\y,

and
F = > TA(tey, (K)) Fe,

k X
€00 /Ot iy
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where g, is the local embedding K}, < Bp, arising from ¢ and u as in the second bullet point of
Theorem 3.15.
For integers n > 0, put

O = Z Fy(xnpp(a)) - [a]n € O[G),
[CL}nGGn
where we use the modified g(”) in subsection 3.3.3 to define CM points. In view of Theorem 3.15

the proof of the ¢-indivisibility of v(©,,) is essentially the same as that of Theorems 5.9 and 5.14:

it suffices to show that the similarly defined F 7 is non-Eisenstein, which is again a consequence of
Lemma 5.4. 0

5.3.2. Restriction of test vector to components of Shimura set. We describe some consequences of
the proof of Theorem 5.9 which will be used in the split case.
Let ¢ € M2(U, Q) be the test vector as in §3.2 associated to .

Proposition 5.12. If ¢(\) = 1, then o= # 0 and T = 0.

Proof. In the following we choose an auxiliary prime £ { 2Ny /g(cond*A) and normalise ¢ to be
{-optimal.
As seen in the proof of Theorem 5.9, for p { 2N /g(cond’A) inert in K, we have

> o (a 1) Fp=p"-(1-p'ay- p(<p1 1>)Fe (mod @).

a€(Z/p°Z)

and

1 —1
Fezso—ap<p 1>s0-
P

vt S oty Rmer (T )¢ tmdm) 59)

a€(Z/p°L)

Therefore,

Put € for the sign of €(\). As seen in the proof of Theorem 5.9, ﬁ[e is Eisenstein but EE is

a

non-Eisenstein. Moreover, ZQE(Z Jpsz)x P 1) E is non-Eisenstein. Therefore the proof shows

a

that Zae(z/psz)x p 1> ﬁ[e is Eisenstein, and in turn Zae(z/psz)x P “

1> F ; non-Eisenstein.
In view of (5.9) and the preceding paragraph, it follows that ¢ (mod w) is non-Eisenstein and
@+ }1?,0 <p_2 1) e =0 (mod w)
by Lemma 5.6. Therefore ¢~ ¢ (mod w) is Eisenstein by Lemma 5.7 and so
¢ =0 (mod w)

by Lemma 5.6 again. If ¢ =€ # 0, then for ¢ sufficiently large ¢ =€ %0 (mod @), so contradiction®’.

O

We now describe an application to the split case. Let p { 2N g(cond" ) be a prime split in K.
As in the inert case (5.7), define Fy.

1OAl‘cernatively, one may apply the same argument modulo powers of £.
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Corollary 5.13. Let £ { 2N g(cond*A) be a prime. If (\) = £1, then ﬁf is non-Eisenstein and
Ff=o0.
¢

Proof. In light of Proposition 5.12, »* (mod @) is non-Eisenstein and ¢F = 0. To see the same
claim for ﬁgi, just note that they are related as in the proof of Theorem 5.9, and then Lemma 5.7
applies.

O

5.3.3. Split case. Let A be a self-dual Hecke character over K of infinity type (1,0) and 7y the
associated cuspidal automorphic representation.
Let p { 2Nk g(cond*A) be a prime split in K. For v € Z of order p" > 1, we have

e(Av) = e(N).
So the pair (my,v) is self-dual with root number +1. One may consider non-vanishing of central
L-values L¥8(1/2, 7y ;¢ ® v) modulo £ whenever €()\) = +1.
Our main result is the following.

Theorem 5.14. Let A\ be a self-dual Hecke character over K of infinity type (1,0) and w) the
associated cuspidal automorphic representation. Let p be an odd prime split in K. Let £ be a
prime. Suppose that

(i) €12pNg g(cond'N),
(ii) e(A) = +1.
Then for all but finitely many v € Z,, we have

L(1/2
(R -

Proof. First consider p { 2N /g(cond*A). The argument is similar to the proof of Theorem 5.9,
whose notation will appear below.
Let F; := ¢! be the f-adic avatar of the p-stabilization. For each integer n > 0, put

Oni= Y Fi(zn(a))-[aln € O[Gy).
l[a]ln€Gn

It suffices to show that v,(v(©,)) = 0 for all but finitely many v € Z,.
Recall that

Trie, ()1, V(@) - ¥(O)  (mod @))=|Dold,, - Y Fy(wa(ar) (5.10)
T€Dq

Under the assumption €(\) = +1, F ZF is non-Eisenstein by Corollary 5.13. Therefore, in light of
(5.10) and Proposition 5.8, we conclude that

v(©y) #0

for all but finitely many v € Z,.
Now consider the case p|N g /g(cond*A). Then Fy is the £ adic avatar of ¢. We have

_ -1
Z P <a 1) E=p°F;,—p*'p <<p 1)) Uply (mod w)
a€(Z/p*L)*
and Fy is Up-eigen with eigenvalue +1 if p || Ng g(cond'A) and 0 else. By Lemma 5.7 and Propo-

sition 5.12, ﬁf is non-Eisenstein.
]
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5.4. The vanishing of p-invariants. We consider the p-invariant of Rankin—Selberg p-adic L-
functions in the CM case.

5.4.1. Split case.

Theorem 5.15. Let A be a self-dual Hecke character over K of infinity type (1,0) and my the
associated cuspidal automorphic representation. Suppose that e(\) = +1.
Let p 1 2Nk g(cond™\) be a prime split in K and Z,(my) the associated p-adic L-function. Then

H(gp(wx\)) = 0.

Proof. Let the notation be as in §4.2. The following is a variant of the strategy used for (¢, p)-non-
vanishing in §5.3.

Let F}, be the p-adic avatar of the p-stabilization of the p-primitive test vector ¢ with respect to
ap. Note that

On(mr, 1) (mod @)=|Dola,™ > | Y Fp(an(ur)) | - [uln (mod @).
[uln€ly \7E€D1

For the vanishing of the p-invariant of the theta element O () ), it suffices to show that for
n > 0, there exists a € K* such that

> Fy(an(ar)) #0  (mod w).

T€D1

In turn, it suffices to verify the hypotheses of Proposition 5.8(b) for F;r , which may be seen as

follows. By Proposition 5.12, ¢ (mod @) is non-Eisenstein, and consequently so is F," (mod @)
by Lemma 5.7.
]

Remark 5.16. If A has root number —1, then .Z,(7y) = 0.
5.4.2. Inert case.

Theorem 5.17. Let A be a self-dual Hecke character over K of infinity type (1,0) and m) the
associated cuspidal automorphic representation.
Let p{ 2Nk g(cond*\) be a prime inert in K. Then

w(Zy(m) = 0.
Proof. Let the notation be as in the proof of Proposition 4.7.
Recall that
On(my) = whOS (1), O (1)) = lim OF (7).
for € the parity of n. Note that u(wk) = 0.

In view of Definition 4.12 and (4.6), it suffices to show the vanishing of the p-invariant of ©2°(7y).
By the above discussion, this is equivalent to

1(On(m)) =0

for n > 0 of the same parity as —e. The latter p-indivisibility follows by the same argument as in
the proof of Theorem 5.9. O
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6. NON-VANISHING OF HECKE L-VALUES MODULO /

This section establishes our main results on the non-vanishing of Hecke L-values building on
the Rankin—Selberg results in section 5. The bridge among the two arises from comparison of
quaternionic and CM periods, which constitutes the core of the section.

The main results are Corollary 6.8 on the (¢, p) non-vanishing of Hecke L-values and Theorem

6.10 concerning p-invariant. Along the way we prove the comparison of periods (cf. Theorems 6.4
and 6.7).

6.1. Backdrop.

6.1.1. Setting. Let A be a self-dual Hecke character over an imaginary quadratic field K of infinity
type (1,0). Let ¢ € So(T'g(IV)) be the associated weight 2 theta series associated for

N = DgNg/g(cond'A).

Note that Dg|Ng g(cond' ) by the self-duality.
Let B be the definite quaternion algebra over Q such that

€(Bq) = 1k, (—1)
for any ¢ (cf. Lemma 3.2). Let 7y be the cuspidal irreducible automorphic representation of By

associated to ¢).

Let £ 12N be a prime. Let ¢y € ﬂﬁ?x be the toric vector as in Definition 3.4, which is ¢-primitive
and K ‘-invariant for all ¢|Ng g(cond*A) non-split in K.
Note that for any finite order Hecke character x over K, we have a factorisation

L(1/2,mk @ x) = L(L,AX)L(L, A ). (6.1)
In the context of Ranin—Selberg L-values the period

87% (P, 92)

(s 02
arises naturally. On the other hand, we have a CM period Qx associated to Hecke L-values over
K, which is well defined up to f-adic units (cf. §1). In light of the factorisation (6.1) of L-values
a basic problem is to compare the periods €2, and Q.

For a prime p, recall I' = Gal(K /K) is the Galois group of the anticyclotomic Z,-extension of
K, E, the set of finite order characters of I' and

Ex, = (v € Eple(w) = +1}.

Q=

6.1.2. The subsection describe a lower bound for /-adic valuation of Hecke L-values and of periods
in terms of certain local invariants.
For ¢|Ng/g(cond*\) such that ¢ is non-split in K, put pg(\g) = infmeolx{ ve(Ag(x) — 1).
q

Lemma 6.1. Let A be a self-dual Hecke character over an imaginary quadratic field K of infinity
type (1,0). Let £{2Ng g(cond"A) be a prime. Then

v <L$;(A)) > > pe(Ag)-

q|N g /g(condr\) inert

Proof. This is due to Finis [25, Propositions 3.6 and 3.7]. (For ¢ prime to 2¢, note that s(A\y) =0
if K, is ramified.) O
Remark 6.2. Let ¢ be an inert prime.

« If conductor of \; is ¢ and (¢,p+ 1) = 1, then vy(\,;) = 0.
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« If conductor of ), is at least ¢2, then ue(A,) = 0.

« Consider anticyclotomic p-power order twist Av with p inert and v € =,. If ¢ # p is inert
and divides Ng/g(cond")), then v, is trivial, and so py(Avy) = pe(Ag). If p = ¢, then
pe(Apvp) = 0 for v, so that condv, > max{p,cond"\,}.

Lemma 6.3. Let A\ be a self-dual Hecke character over an imaginary quadratic field K of infinity
type (1,0). Let £{2Ng g(cond"A) be a prime. Then

Qx
Vg ((22) > 2 Z e(Ag)-
K qINg jg(cond® A) inert

Proof. Let p 1 20N g(cond'A) be a prime inert'! in K.
By Theorem 5.9, for all but finitely many v € Eip, we have

o <L(1,Au)££1,ml)> 0

o <L(1,)\y)£%((1,)\y1)> . <g£> .

Therefore Lemma 6.1 concludes the proof. O

Then for such a v,

6.2. Comparison of periods and (¢,p) non-vanishing. This subsection establishes the com-
parison and (¢, p) non-vanishing of Hecke L-values almost simultaneously.

We begin with an outline of the strategy. In light of the (¢, p) non-vanishing result for Rankin—
Selberg L-values established in §5 and the ¢-divisibility lower bound for the Hecke L-values in §6.1.2,
the sought after non-vanishing of Hecke L-values and the comparison of periods are equivalent. Since
the non-vanishing of Hecke L-value in the p split case is known due to Finis [25] and the comparison
of periods essentially does not depend on the prime p, the non-vanishing in the p inert case follows
if ¢(A) = 4+1. To approach the case €(\) = —1 and p inert, we find another link between the non-
vanishing and comparison of periods via an anticyclotomic twist, leading to a connection between
the root number +1 and —1 cases! It turns out that the variant non-vanishing - Theorem 5.11 - is
the key to such a connection (see the proof of Theorem 6.5).

6.2.1. The case e(\) = +1.

Theorem 6.4. Let X\ be a self-dual Hecke character over an imaginary quadratic field K of infinity
type (1,0) with e(A) = +1. Let £1 2Ny g(cond")) be a prime.

(i) We have
Q)
K Ny
qINg g(cond™\) inert
ii) Let pt 2Ny o(cond™\) be a prime. Then for all but finitely many v € 2, we have
/Q Ap

v <L%:/)> = > pe(Ag)-

qINg /g(cond™\) inert

Uye €(A\) = +1, one may use split p in the proof.
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Proof. We first show that without any assumption on €(\), the first assertion and the second
assertion for a fixed prime p { 2{Ng g(cond'A) are equivalent.

By Theorems 5.9 and 5.14, for all but finitely many v € E;\Fp, we have

W(L(“”)é;’“”)—z 3 /Le(/\q)zw<%(>—2 S mb)

qINg /g(cond™ ) inert qINg /g(cond™ ) inert

(6.2)
Note that v, is trivial character for ¢|Ng g(cond")) inert. So in view of Lemma 6.1 and the third
part of Remark 6.2, we have

” <L%2”)> _— <L(1’QA:1)> > S )

q|Ng /g(cond™ ) inert

for all v € Ej\L » such that cond"v, > p?. Therefore the two assertions are equivalent.
Under the condition €(A) = +1, the second assertion for a prime p { 2/Ng g(cond")) split in K

is a result of Finis [25, Thm. 1.1]. The proof concludes.
[l

6.2.2. An intermediate case. To connect the root number +1 and —1 cases, we consider anticyclo-
tomic twist at an auxiliary inert prime as described below. N
For A a self-dual Hecke character over K with infinitely type (1,0) and r|Ng/g(cond"\) an odd

inert prime, let gog} be the (-primitive test vector defined in §3.2.1 which is of Uo((coner)Q)T level
at r. Recall that Cep5 and (Cgog} differ at most at r, where the former is K *-invariant and the
latter a newform at r. Put )
8 (ng? ng)

fry
<30X X )
We present the following variant of Theorem 6.4.

Theorem 6.5. Let A\ be a self-dual Hecke character over K with infinitely type (1,0). Let £ 1
2Ny /g(cond* ) be a prime. Let v be an odd inert prime so that £+ 7(r? — 1) and log,(r + 1) > 5.

(i) For any anticyclotomic x € Z,, we have

ol =
A

Q{T} Q
(o) =u (@) =2 T i e
K K ) 4
q\NK/Q(co?d A) inert
qr
Q
Vg <Q)2;<> =2 Z pe(Aq), if Arxr 1S unramified.

q|Ng qg(cond™A) inert
afr

(ii) For all but finitely many anticyclotomic v € Ejr, we have

(YL ey

q|Ng /g(cond™\) inert
atr

Proof. We first show that the assertion (i) for a given y is equivalent to the assertion (ii). The case
1 N g(cond*Ax) is treated in the proof of Theorem 6.4 (without the assumption £ (r* — 1) and
log,(r +1) > 5).

In the following we show the equivalence for Ay ramified at r if £ r(r? — 1) and log,(r + 1) > 5.
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By Theorem 5.10 for the Z,-anticyclotomic twist family of A for test vector gai;}, for all but
finitely many v € E;\*‘X’T, we have

Qf\;} ., <L(1,)\XV)L(17)‘XV1)> . (6.3)

s

Let p' { 2rNg g(cond'A) be an odd prime inert in K. Applying the non-vanishing results for
{r}

Zy-anticyclotomic twist of A for the test vector ¢y, as in Theorem 5.9 and Piy 88 in Theorem
5.11, under the pertinent hypotheses on ¢ and r, we have

L(1, \xv)L(1, \xxv™1) L(1, \xv)L(1, \xv™1)
Vy 9 =0= Uy 7!
AX Q5

for all but finitely many v € EXX o It follows that

{r}
95 Q5
) <Q%:> =y Q%j . (6.4)

In light of (6.3) and (6.4), the analysis in the proof Theorem 6.4 leads to the desired equivalence.
Since r is inert, we may choose x with cond"y,\. > 72 so that ¢(\x) = +1. Applying Theorem
6.4, the part (i) holds for such a x, concluding the proof. O

Remark 6.6. The result allows r to divide the conductor of A. Moreover, the first part allows A to
vary in its Z,-anticyclotomic twist family and the second holds without the root number condition
(cf. Theorem 6.4).

6.2.3. The case e(\) = —1.

Theorem 6.7. Let )\ be a self-dual Hecke character over an imaginary quadratic field K of infinity
type (1,0) with e(\) = —1. Let £{6Ng g(cond"\) be a prime.
(i) We have

vy <g;) =2 > te(Aq)-

q|Ng/g(cond™ ) inert

(ii) For p{2{Ng g(cond"\) be a prime. Then for all but finitely many v € E)tp, we have

(YL ey

q|Ng /g(cond™\) inert

Proof. The equivalence between the first and the second parts has been shown in the proof of
Theorem 6.4. Now it is enough to establish the second part for a particular prime r.
Let r { 2Nk /g(cond*A) be a prime!? inert in K such that £ 1 r(r? — 1) and log,(r + 1) > 5. By
Theorem 6.5(i) for y = 1, the assertion follows.
O

1214 exists since £ > 3.
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6.2.4. We summarise consequences for Hecke L-values.
Corollary 6.8. Theorem 1.1 holds.

Proof. For p split in K, the result is due to Finis (cf. [25, Thm. 1.1]). The inert case is the content
of Theorems 6.4 and 6.7. 0

Corollary 6.9. Theorem 1.3 holds.

Proof. If p splits in K, then the result follows from the interpolation formula for the p-adic L-
function Z)(my) (cf. Theorem 4.4), the vanishing of its p-invariant (cf. Theorem 5.15) and the
comparison of periods (cf. Theorems 6.4 and 6.7).

Likewise, the inert case follows from Theorems 4.9 and 5.17, and the period comparison. U

6.3. Rubin’s p-adic L-function.

Theorem 6.10. Let \ be a Hecke character over an imaginary quadratic field K of infinity type
(1,0) such that X o Ng i is associated to a Q-curve E over H with good reduction at a prime
p16hg inert in K. Let £,(\) be an associated Rubin p-adic L-function. Then

W Zy(N) =0,
Proof. By Proposition 4.18 and Theorem 5.17,
(Zp(N) = Z tip(Aq)-
q|Ng /g(cond™ ) inert

As explained below, the right hand side vanishes.

We have R
Z tp(Aq) = Z p(Ag)

q|Ng /g(cond™ ) inert q|N g /g(cond™ ) inert
for A the p-adic avatar of A and ,up(xq) = infxeof( vp(xq(a:) —1). Since H/K is unramified,
q
for each ¢|N k/g(cond™A) inert in K and q a prime of H above ¢, the norm map Oflq — le(q is

surjective'®. Thus ,up(xq) = ,up((X o Ny K )q), where the latter is similarly defined.
Note that A o Ny factors through Gal(H(E[p™])/H) C Auto,, (E[p™]) = OIXQJ. Write
Gal(H (E[p>])/H) as Z2 x A, for which p{ #A. Hence, we have

(o Nmi)log, © o Nuyic)la
with order coprime to p. It follows that ,up((//\\ oNy/K)q) = 0. O

7. NEWFORMS AS TEST VECTORS FOR SUPERCUSPIDAL REPRESENTATIONS

In this section we show that newform is a test vector for certain self-dual pairs (7,1) with 7
supercuspidal, and calculate the associated toric period. For a given prime ¢, it is also shown that
the latter is an f-adic unit under some conditions. The main result is Theorem 7.1.

The explicit study of such toric periods is a key to arithmetic applications, such as Theo-
rems 1.1, 1.3 and 1.5 (see also [78, 44, 45, 43]).

The setting and notation of this section are independent from the rest.

7.1. Main result.

131y fact the norm map is identity as g splits completely in H.
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7.1.1. Setting. Let g be an odd prime and K/Q, an unramified quadratic extension. Let nx be the
associated quadratic character of Q.

Let A be a character of K* of exponential conductor m > 2 such that )\|@; =1nk. Let m = m) be
the associated representation of PGL2(Qy), which has exponential conductor n = 2m. Note that
(m,1) is a self-dual pair. Moreover, the Tunnell-Saito condition is satisfied as seen in the proof of
Lemma 3.2. The primary goal of this section is to consider K*-toric period of newforms in 7 with
respect to the following embedding K — M>(Qy).

Put

Mo ={ (& ) € Mala) | e} and Uo(a®) = Mo(™) N GLalZ,)

The following family of embeddings ¢ : K < M(Q,) satisfy ¢ K N My(¢*™) = 1Ok gm for Of gm =
Zq =+ quK-

Let # € K be a unit so that § = —6, where - denotes the action of non-trivial element in
Gal(K/Qq). Pick u € Z; such that!4

w0 — 1€
Define an embedding ¢ : K — M>(Q,) by

()0 D) ()

f c ﬂ_UO(qu)

Let

be a newform in m. Denote by (, ) a PGL2(Qq)-invariant non-degenerate Hermitian pairing on 7.
The primary object of this section is the toric period

1 X
vol(K* /QI)(f, f) /KX/Q; (m(e()f, f)d™t.

You =

7.1.2. Results.
Theorem 7.1. Let the setting be as in §7.1.1 and f € w a newform. Then
e — {(l—qli)qm (2+ )\(9)()\*1(?0 + 0u) + A" (—ap + Gg))) : m even,
’ (o (2q + A0 N (ag + 0u)n(k)V/q + A" (—ag + Hu)n(—k)\/f)) , m odd.
Here ag € (Z/q™Z)* is a solution of 1 + (a? — 6?u®) =0 (mod ¢™), and k € F7 is given by

A (1 m—1 _ 27rik/q.
( ta 2a0(ao+9u)) €

Moreover, ¢* = (—1)(q_1)/2q and n is the non-trivial quadratic character of F.
To discuss non-vanishing of the toric period, consider the decomposition
Of = k(1 + qOk)
with pg C Oj the torsion subgroup and let pr: Of — 1+ ¢Og be the projection map.
Corollary 7.2. Let the setting be as in §7.1.1.

M1t suffices to solve w2602 — 1 = 22 (mod ¢) for u,z € F;. Consider the surjective map IF‘:Z — F z+ uf —

4, > 3,
2? — u?6%. Then z? — u?0? = —1 (mod q) has q + 1 solutions = 4 uf with u,xz € F,, and at most {2 4 3
s q=

solutions with  or v = 0 in F,.
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(i) The newform f is a test vector for the pair (w,1), i.e.

Y,u 7& 07

except in the case that m is even, \|,, quadratic, ag + ub € pg - pr(ker(N)), and A(6(ao +
uf)) = —1. Furthermore, given A and 0, there exists u such that g, # 0.

(ii) Let £t q be a prime. Suppose that log,(q+ 1) > 5 if m is odd. Then given 0, there exists u
such that

ve((¢° — 1)v9.u) = 0.

Proof.
(i) If m is odd, this is evident since A has finite order.

Suppose that m is even, and that the above toric period vanishes. Then A(ag+uf) = £1.
This implies that pr(ag + uf) € ker(A), otherwise, since A|(1440,)/(14+4z,) 18 Primitive with
(1+qO0k)/(1 4+ qZq) ~ Z/q™ 1 Z, M(pr(ap + ub)) would be a non-trivial g-th power root of
unity.

The furthermore part follows from the fact that: As u varies, A\(pr(ag + fu)) can be any
q™ !-th root of unity, m > 2. (Note that here ag is determined by u and 6.)

Indeed, suppose that a? — 6%u? = —1 with a,u € Zy . Then for any norm 1 element «
in O} N (1+qOk), d’ +60u' := (a + Bu)« also satisfies the equation a’? — 0%u?> = —1 with
a’,u' € Z;. On the other hand, the norm map 1+ ¢Ox — 1+ ¢Z, restricted to 14 ¢Z, is
surjective, and then so is Ok N (14 qOk) — (1 + qOk)/(1 + qZ,). Since the map

(a+ 9u)O}< N(1+¢O0k) — (1+qOk)/(1 +qZg)

is surjective and A|1440, is a primitive character on (1 + ¢qOk)/(1+ qZq) ~ Z/q™ Z, the
fact follows.
(ii) Take u and 6 such that A(pr(ap + uf)) # 1. Such an u exists by the analysis in (i).
If m is even, we rely on the following:

Fact 7.3. Let ¢ be a primitive k-th root of unity with k # 2. Then Ng¢)+/o(£2 + ¢ + <)
divides either any odd prime factor of k or divides 2 if k is a power of 2.

Proof. Note that

O ] @+ O = [ @ 14aC+al) = ei(-a)
s€(Z/kT)> sE(Z/KZ)>

I

where ¢ is the Euler function and ®; the k-th cyclotomic polynomial. Therefore,

No@or/oE2 +¢+0)% = ®i(F1)*(£1)*.

Recall that @y, (ac)\xk_i for any proper divisor d|k. Thus if r|k is an odd prime, we have

2d_
(£1)F -1
Dp(£1) | @R —1 |7
If k = 2° with s > 2, then &y (+1)] % | 2. O

The case m even follows from Fact 7.3: we apply it for k£ being the order of A(0)A(ap+ub).
Note that g|k, and the result follows.
Now consider the case m odd. Put

¢ = {A(ao +0u), n(—=1)=+41,

iXag + Ou), n(—1)=-1.
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Then 1 # ¢*9D is a ¢5-th root of unity for some s > 0. Suppose that log,(¢ + 1) > 5.
Then ¢ has order at least 5 in (Z/gZ)* and in turn so does Froby, € Gal(Fy(¢)/Fy).
Suppose that £2,/g + ¢ + ¢ = 0 in Fy(().
This is a contradiction since [F¢(¢) : F¢] > 5. It follows that +2,/g + (¢ + ¢) is an (-adic
unit and then so is (¢* — 1)7p,, since they differ by a power of +,/q.
([l

Remark 7.4. An elementary argument shows the existence of an embedding K — M3(Q,) such that
the toric period associated to (m, 1) is non-zero. In contrast, the above result gives the existence
with respect to which the toric period is an f-adic unit for a given prime £. The latter is crucial for
our application.

7.1.3. Strategy. The Kirillov model is integral to our method.

We first obtain an expression for the matrix coefficients of the newform under toric action in
terms of a linear combination of twist epsilon factors, without assuming supercuspidality (cf. The-
orem 7.9). This relies on the action of Atkin-Lehner operator on twists of the newform (cf. Propo-
sition 7.8). In our supercuspidal case, the epsilon factor of a GLa(Qg)-representation equals that
of the associated character of K* (cf. Lemma 7.24). We explicitly calculate the latter using an
approach of Murase and Sugano [59]. This transforms the toric period into a twisted sum of a
Jacobi sum and values of A (cf. Lemma 7.25). The former turns out to be elementary (cf. Lemma
7.28), leading to an expression for the toric period in terms of values of A\ (cf. Proposition 7.29).

We begin with preliminaries on the Kirillov model in §7.2. Then §7.3 presents the connection
with epsilon factors, and §7.4 of the latter with values of A. The proof of Theorem 7.1 concludes
in §7.4.4.

Remark 7.5.
(i) Our approach perhaps applies to self-dual pairs (, x) over K with cond'x < cond"7.
(ii) For m even, one may also resort to the compact induction model (cf. [45, 43]).

7.2. Preliminaries on Kirillov model.

7.2.1. The model. Let m be an irreducible admissible representation of PGL2(Q,). Let ¢ be a
non-trivial character of Q.

Recall that Kirillov model (7, 1) of m with respect to ¢ is a model of 7 in the space of locally
constant functions such that upon restriction to the upper triangle subgroup B(Q,) the action is
given by

a b
7T< d> f(x) =y(bx/d)f(azx/d), a,d,xz Qb Q.
The space of Schwartz functions is a finite codimensional subspace of K(m, ), and it equals (7, 1)
if and only if 7 is supercuspidal (cf. [48, §2]).

7.2.2. Newforms and twists. Denote by ¢" the conductor of m. Recall that the space of newforms
in 7 is the subspace fixed by Up(¢").

In the following we choose ¥ to be unramified and identify = with its Kirillov model K(m, ),
and assume that n > 2.

We have the following explicit description of newforms (cf. [76, p. 23]).

Lemma 7.6. Suppose that n > 2. Then the space of newform is C - Iqu.
Corollary 7.7. Suppose that n > 2. For k > 1, we have
1 o
S on ( qf> =0
a€Z/qkZ
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In particular, the action of Uy = Zan/qZ (q (11) on newforms is with eigenvalue 0.

Proof. Note that the unipotent action does not change the support of a newform. For x € Z, we

have
> ot 1)@ :aez%zw (%) @

=¥ w((ﬁ) f(@).

a€Z/q* 7
1 %
Here the last equality follows by taking f = 1qu , which also implies that } ., Jqbz T < qlk > flx) =

0 since the sum of the ¢*-th root of unity is zero.

1
4 ) on vectors of

In the following, we consider action of the Atkin-Lehner operator w, = <

the form Xlqu for x a character of Z; .
For f € m, and x a character of Z;, write

Foot) =" Falt",

nez

where f,(x) = fz; x(x) f(¢"x)dx. The action of w := (_1 1) on f is given by

m(w)f(x. 1) = COut) fF(x 1)
for
L1 —s,m®x)e(s, 7@ x 1, 9)
L(s,m@x™1) '
Here x is viewed as a character of Q; by x(¢) =1, L(s, 7 ® x~1) and €(s,m ® x "', %) are the L-
and epsilon-factors associated to m ® x ! respectively. (cf. [48] lines above Corollary 2.19.)

Clx, ¢ %) =

Proposition 7.8. Let x be a character of Q; as above and f, = Xlz; € m. Suppose that cond" (7 ®
Xx) = cond'(7) = ¢", n > 2. Then we have

m(w)fy = €(1/2,m @ X )XTHg" ) g
In particular, 7(wx)fy =™ <<1 —q"> w) f=e1/2,m@x " )x(=1)f1-

Proof. To determine 7(w) fy, it suffices to consider WWX(V, t) for all characters v of Z;.

Since cond* (7 ® x) = cond* (7 ® x~!) > ¢?, the associated local L-factor is just 1. Note that
Clx,¢* V) =e(s,m@x 1 0) =e(1/2, 1@ x ', 1)g 1/2) where we utilise the hypothesis that
cond* (7 ® x 1) = cond*(7) = ¢".

It follows that

— _ )L v=x
w V’t — 1 2, ® 17 t n Y b
m( )fx( ) =e(1/2,m@Xx ",¥) {07 otherwise.

Therefore

— B 6(1/277T®X717w)7 m=-nv=X,
71'(w)fx m(V) = {0’ otherwise.
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The proof concludes. O
Since 7 has trivial central character, we denote €(1/2,7,1) simply by e(r) € {£1}.

7.3. Toric periods and epsilon factors. Let the setting be as in §7.1.1, except that we allow
to be any unitary irreducible admissible representation of PGL2(Q,) with exponential conductor
n=2m, m > 2.

This subsection links the toric period 7y, with twists of epsilon factors.

7.3.1. Main result.
Theorem 7.9. Let f € m be a newform. We have

> (s, ) = TEEADATED g

1
xEOIX(/O}X{’qm

2
IETES mel(UQQQ)e(l/?,ﬂ @ X, (/. f)

XE(Z/7Z)
primitive
2
212§ > O w2 e (S, m odd
+ vel—qmNZ/qL)*? \ (2] qm L)% o
primitive
07 m even.

Here v is viewed as an element in Z/q"Z, 1 the non-trivial quadratic character'® of Zy, and

G(n,¢) = Za@pqx (0 (%) n(a), GOX;¥) = Xpe@jgmzyx ¥ (q%) x(a) are the Gauss sum.

The result is a simple consequence of the following proposition, whose formulation relies on the
fact that O/ O[XQ gm 18 represented by
{a+0|acZ/q"ZyU{1+b0 |beqZ/q"L}.

Here we view an element of Z/q"Z as an element in Zq by choosing a lift, a convention often
followed.
Proposition 7.10. We have the following.

(i)

> (w(at6)f f)=0.
{a€Z/q™Z | qta}
(il) For 1<t <m,
Y. (w(la+0)f 1)

a€q(Z/qm'Z)>
.

0’ m — 2t > 1,
2

2m V23 2 %x%u%)ewz, rOXU)(ff),  m=2+1,
B ,Uelfqm—l(z/qz)XQXe(Z/q/h\Z)x PYq
= primitive

. Gx,v)? _
U Mx Lw202)e(1/2,7 @, ¥)(f, f). m—2t <0,
XE(Z/qm )"
primative

\

15yiewed as character of Qg vian(g) =1
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Here we regard 1 — ¢™ Y(Z/qZ)** C (Z/q™Z)*.
(iii) For1<s<m,

0) 'lfm -S> 17
> (1 +00))f, f) = § LmoEDemelnen) gy g,
{beqZ/q™Z | ¢°||b} fs if m—s=0.

Our approach is based on the Kirillov model, which leads to an explicit formula for matrix
coefficients of a newform under the action of ¢(K*) in terms of twist epsilon factors. Proposition
7.10 is a consequence of Propositions 7.12, 7.13, 7.16, 7.17 and 7.20 below.

Throughout this subsection, identify « with it’s Kirillov model with respect to an unramified
character v of Qg (cf. §7.2). Then we may choose f to be 125 in the Kirillov model since n > 2

(cf. Lemma 7.6).
By Bruhat decomposition

GLa(@) = B(@) (n ) N@)UB@),

where B is the subgroup of upper triangle matrices and N C B the unipotent subgroup. In view of

the Bruhat decomposition and explicit action of B(Q,) on the Kirillov model, it suffices to consider
—m
matrix coefficients of wym = " q > on the twist newforms xZ; in 7. An analysis of the latter

gives rise to twist epsilon factors (cf. Proposition 7.8).

As for the explicit matrix coefficients, we separate the analysis into three cases, which correspond
to the sub cases of Proposition 7.10. We first consider matrix coefficients under the action of ¢(a+6)
with a € Z/¢™Z.

7.3.2. Case I: a + 0 with gt a. We begin with a preliminary.

Lemma 7.11. If a — ub? is a unit, then

1 L q_m 1 M
itar o) = (w1 7Y (0 ) Fem ) 1),

Proof. Consider the Bruhat decomposition

a—0? i Lo\ (] —latPue—u)) (g2
wro= (7)) ) EE) (* )
a—uf?

a—ub? 62
Since a — u#? is a unit, note that ( 62 1> and < _(a2_92)> are in B(Zy). As f is B(Zg)-

a—ub?
invariant, the lemma follows.

O

We separate the analysis into the following sub cases.

The case q|a + u6?

Proposition 7.12. Let 1 <r <m, and C, = {a € Z/q™Z | q" || a + ub?}. Then

| —(a+0?u)(a—us?) 0, ifm—r>1,

q" (a®=6%) —f, ifm—r=1,
aeC; fs if m—r=0.
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In particular,

> (r(cla+0))f, f) = 0.

{a€Z/q™Z | qla+ub?}

Proof. For a € Z/q™Z, put 7 = vy(a + uh?) with 0 < r < m. Write a + ub? = ¢g"v.
Note that the unipotent group action does not change the support of newform f = 1qu. We
have

1 —(a-&f%)(a—um) —zv(a — uh?)
acC;y vE(Z)qm—TT)x
As a runs over Cy, v = (a + u#?)/q" runs over (Z/q™ "Z)*. For a fixed = € Zy , consider
—v(a —ub?) —v(q"v — 2ub?)

(a2 —02)  qv(q"v — 2ub?) + u26* — 62"

Note that § is an isomorphism since a — u6? and a® — #? are units.
Thus

5 (Z)q" L) — (Z)q™TL)*, v

1 w B d(v)x B
Zw( @ )f(z:)— > w(qm_T) f@) (w=24(v))

acCy vE(Z/qm—TL)*

- 2 xw<q"7;u7”> f@).

we(Z/q™ " L)

Since v is an unramified character of Qg, ¥( runs over all ¢~ "-th primitive roots of unity,

L)
quT
concluding the proof. ‘In particular’ part follows from Lemma 7.11. O

The case q|a — u6?

Proposition 7.13. We have
> (w(t(a+0))f, f) = 0.
{a€Z/q™Z | qla—u6?}
Proof. Note that (a+6)™' = = (—a +6). So we have
> (n(e(a+0)f.f) = > (f,m((a+0)"1)f)

{a€Z/q™Z | qla—ub?} {a€Z/q™Z | gla—ub?}

= (f;m(e(a+0))f)-

{a€Z/q™mZ | qla+ub?}

The latter vanishes by Proposition 7.12. O

The case ¢ f a(a® — u?6*)

For this remaining case, the main result is Proposition 7.16 below.
In view of Lemma 7.11 we consider the map
. 9 « —(a + 0%u)(a — uh?) B (uh?)? — 62
k:{a€Z/q"L|a#+ub* (modq)} — (Z/q"Z)", aw— R =2 —1.
For c € {1,---,q — 1} not congruent to +u#? modulo g, its restriction to
Se={a€Z/q"Z | a=c (modq)}
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is given by the following.
Fact 7.14. k(S.) is a fiber of the natural projection map (Z/q™Z)* — (Z/qZ)*.

Proof. Note that x(a) = x(a’) if and only if a® = a’? (mod ¢™), thus s, is injective. Moreover, the
image x(S.) is constant modulo ¢q. Therefore £(S.) is the fiber of the projection map (Z/¢™Z)* —
(Z/qZ)* by comparing the cardinality.

The following fact will also be useful.

Fact 7.15. Let k > 1 be an integer and ¢ a ¢*-th primitive root of unity, and s < k an integer.
Then for a € Z/q"Z,

a+q® a s 0, k> s,
Z catat — ¢ Z (Cq)b:{<a7 k:z.

beZ/qk—sZ beZ/qk—sZ
Proposition 7.16. For each ¢ € {1,--- ,q — 1} not congruent to +uf? modulo q, we have
> (w(la+0)f,f)=0
IIGSC

Proof. In view of Lemma 7.11, it suffices to consider

—(a+02%u)(a—ub?) k(a)
S (1 S ) fa)=Yn (l o ) f(@)

a€S. a€S.
aezsjcw(“(qﬁx>f< )

where z € Z;. The latter vanishes'® by Fact 7.15 since x(S,) is a fiber of the projection map
(Z)q™Z)* — (Z/qZ)* in view of Fact 7.14.
Hence, the assertion follows from Lemma 7.11. O]

7.3.3. Case II: a + 6 with q | a.

Proposition 7.17. For 1 <t < m, we have

Y (w(la+0)f f)
a€qt(Z/qm™ L)

0’ m — 2t > ].,
2

2qm V23 S Ao (S, m= L
B vel—qm~NZ/qL)*? \ (2] qm L) ¥ o
= primitive

— G 9 2 —
eld™ ™) ) Mx NuP0)e(1/2,7 @ x, )(f, ), m =2t < 0.
XE(Z/qm )"
primative

Here we regard 1 — ¢™ Y (Z/qZ)** C (Z/q™Z)*.

We begin with some preliminaries.
First, note that Lemma 7.11 still applies. Put ¢ = v,(a) € {1,--- ,m} and consider the map
B ue? 2 92
ket d (2B @)D, an WL (71)
16hy taking m =k, s = 1 and ¢ = o(z/q™)
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where we regard ¢'(Z/q™'2)* C (Z/q"Z).
Fact 7.18.
(i) Forte {1,---,m} with m < 2t, we have k; = —0%u>.
(ii) Fort € {l,--- ,m} withm >2t+1 andr € {1,--- ,q— 1}, put
St = a'r(L+4Zq) /(14 ¢"'Zq).

(a) If m —2t =1, then ryls,, = % -1

(b) If m > 2t + 1, then
(U92)2 _ 02

ke(Ser) ={y € (Z/q"L)" | y = P2

which is a fiber of the projection map (Z/q™Z)* — (Z/q*T1Z)*. Furthermore, the
function Htlstm is exactly q* to 1.

—1 (mod ¢*)},

Proof. The assertions in parts (i) and (a) are apparent. The following considers (b).
Note that x; can be written as a composite

ri s g (Z)q" 1T B (L)) (2)qD)
2\2_ p2
where the first map j is a — % — 1 and the second natural quotient. It is enough to show
that j restricted to S, is injective and its image is

U92 2 _ 02
{ve@amny 1y="00 0 -1 moa 2 |
q*tr? — 6
which is a fiber of the projective map (Z/q™7Z)* — (Z/q*17)*.
2)2 2
Now we prove the claim. The image of j modulo ¢?*! is the constant % — 1. Note that if

a,a’ € S;, have the same image then a® = a’? (mod ¢™**) and so a = @’ € S;,. Hence j restricted
to S, is injective, and the claim follows by comparing the cardinality.

Lemma 7.19. For 1 <t < m, we have

;

0, m— 2t > 1,

242
1 —u“6-v
m—1)/2 m _
3 D) | JamE 2 ”( g >f’ moE=
| ™ 1 = )x2

v€El—gm~YZ/qZ
a€qt(Z/qm—tZ

1 _u202
(g™ ) q;" f, m — 2t < 0.

Proof. Fix t > 1. As before, we may take f = 125.
For x € Z; and ry as in (7.1),

—(a+6%u)(a—ub?)
Z T (1 ™ (a2—62) > f(fl‘) _ Z w </€t(?ﬂ)x> f(:[‘)
a€qt(Z/qm L) 1 a€qt(Z/qm L) 1

In view of Fact 7.18 the following holds.
(i) If m — 2t <0, the image of

—(a + 0*u)(a — ub?)

¢ (Z/q" L) = (Z)q" L), aw (a2~ 07)

is the constant —6%u2, and the third case follows.
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(ii) If m — 2t = 1, then  on each S;, is the constant!”

(uh?)? — 92 B 1 T2 (u?0% — 1) m
7{]’”_17”2 — 1=-60%%(1—¢q 1794112 (mod ¢™),

where Sy, is as in Fact 7.18.
As r varies in {1,---¢ — 1}, note that % varies over (Z/qZ)*?. Thus,

1 —(a+6%u)(a—ub?) —(a+6%u)(a—ub?)
T qm™(a?—-0?) ™ (a2—02)
T G TE b ol Ll
acqt(Z/qm—tZ)* r=1a€Sy,r
e

q—
Z#Str 77( qm

—02u?v
ey ()
v€l—qm~(Z/qZ)*?

(iii) Suppose that m — 2t > 1. Then the map r; on each S, is ¢' to 1 and the image £ (St ) is
a fiber of the projection (Z/q™Z)* — (Z/q***Z)* by Fact 7.18. Thus it follows from Fact

7.15 that
3 w(“t )f( ) =0

(ZGSt

for each r, concluding the proof of first case.
O

Proof of Proposition 7.17. In light of Lemmas 7.11 and 7.19, it suffices to show: for v € (Z/q™Z)*,

L g ¢ (1 e _ Ghov)?®
(”( 1><qm )( | )ﬂf)— D g X WO/ ©x 0/, f).

X€E(Z/qmL)*
primitive

— 02420 2’[1,21)
(e

1
_ Z G(X ’w)X(_UZGZU)fX

We have

—_ p(g™)

XE(Z/qmL)*

G(x ', v) 22

Z ———=x(—u"0%) fy.
—__ p(g™)

XE(Z/qmL)*

primative
17To see this congruence, note that qm,llrg_gz = —(02+q;ﬂr2) (mod ¢™), where m > 2 and ¢ 'r* — 0% € Z,

and so - 5
(ue ) 0 — 2 2 m—1_2 1 1 m
m—l—— =0T (1 —q" " 55 — g (mod ¢™).
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18

Here the second equality just amounts to Fourier expansion™®, and the last equality follows from

the fact that the Gauss sum

Gx L) = > xTHw(u/d™)

u€(Z/qm™L)*
is non-zero only for primitive x € (Z//qm\Z)X. Similarly,

7r<1 q_’f)f: > Mx(—l)fx-

—_ (g™
XE(Z/qm L)
primative

Now we have

() ) )
(reer (51t 2)1)

—1 —1
= | m(wgm) Z GE;’QZ))X(—“ZQ%)fx’ Z MX(_l)fx

— (¢™) —_ g™
XE(Z/qm L) XE(Z/qm L)
primative primative

2
. me1(u292v)e(1/2,7r®x,w)(f,f)
XE(Z]qmT)

primitive

Here the last equality just follows from Proposition 7.8, and the facts that G(x =1, v)x 1(—1)

G(x,%) and (, ) is a Hermitian pairing on 7.

oo

7.3.4. Case III: 1 + bf. This subsection considers ¢(1 + bf) for b € ¢Z/q™Z.
The main result:

Proposition 7.20. For 1 < s < m, we have

O’ 'Lfm -S> 1,
Yoo (b)), f) = EEUADAEE Gy s =1,
{beqZ/q™Z | ¢°||b} fs if m—s=0.

We begin with some preliminaries.

Lemma 7.21. Let b € qZ/q™Z. Write b = ¢°w with 1 < s <m and w in (Z/q" *Z)*. Then

1 1 —-m 1 0%2w?(1—u262)
(m(e(L+00))f, f) = €e(n) <7r < qmls) (qm 4 ) ( qm‘s(ll—b292)> 7, f) .

18For functions th on a finite abelian group G, let ( , )¢ be the natural Hermitian pairing on G given by
(f,h)e = dec f(g)h(g). Then we have
(f,.x)e
= X-
Z (x:X)e
XEG
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Proof. Consider the Bruhat decomposition

w(1—u262) 1 —-m 02w? (1-u?6?) 1+ b6
L(14b0)wgm = | (1+b0%u) <1 qm_s> < m 1 ) b =a—re) ! 1-6202 | -
1 VAN 1 W(I—u20%)
Note that f is fixed by B(Z,) and 7(wgm)f = €(m) f, concluding the proof. O

In view of Lemma 7.21 we are led to the following.

Lemma 7.22. For 1 < s <m, we have

1 02w (1—u262) 0, ifm—s>1,
Z ™ qus(11,b2.92) f = _f - 77(—1)(;(777 w).ﬂ% me — 5= 17
{beqZ/qmZ | ¢°||b} f if m—s=0.

Here w = b/q® withw € (Z/q™~*)*, n is the non-trivial quadratic character of Z;, and f, = Wqux
in the Kirillov model of .
Proof. For ¢° || b, write b = ¢*w with w € (Z/q™ °Z)*.
We have
2

2. 2(1_.292
1 % w 2 22
T q | flx)=1 (0 = D) ~x0%(1 —u®07) ) f(x).
Since 6%(1 — u?6?) € Z¥, the third case follows.

2,,2(,,202
Suppose that m — s = 1. For z € Z;, put k = %. We have

Loy o
> N fla)y=2 Y ¢<>f(ff)

{beaz/qmZ | g1 |b} KEFI\F 2 1
—xk
=Y v () - nsa)
keFy

== =n(=0)G(n¥)f;.
Here the first equality relies on u?6* — 1 € 22, 6> € Z \ZX* and 1 — b?6* = 1 (mod ¢™) under
the assumption ¢™~! || b and m > 2.

Now suppose that m — s > 2. Consider the map

w2

1 — ¢Zsw262

Note that the map § is 2 to 1 and its image is a disjoint union of fiber of the natural projection
map (Z/q™ *7Z)* — (Z/qZ)*. To see this claim, note that 6(w) = §(w’) if and only if w? = w'? in
(Z/q™*Z)*. On the other hand, the image of the projection map

L

1 — g2sw262

6:(Z)qd" L) = (Z)]q™°L)", ww~s

(Z)q" L) — (Z/qZ)*, w

is IFqXQ. Comparing the cardinality, the claim follows.
If m — s > 1, then the first case follows form the preceding paragraph and Fact 7.15: for each
fiber S of the projection map, we have

w? v
Z w < m—s 25,1202Y $92(1 - u292)> ZQZw ( m—s 3792(1 - u292)> )
wes (s N @PwrtR) = \4
which vanishes by Fact 7.15.
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Proof of Proposition 7.20.

While the first case is just a consequence of Lemmas 7.21 and 7.22, the third follows from Lemmas
7.21, and 7.22 and the fact that
q—m
w (g 7)1 =etor

Now we consider the second case. In view of Lemmas 7.21 and 7.22 it suffices to show that

(7(* %) (g ) s a6, f) = AT (1 gy

By Proposition 7.8,
qu
w(gn ) o= cw o,

1

since n =7~ ", and so

<7r (1 q;l) (qm q_m) (—f - 77(—1)G(77,¢)fn),f> = <7r <1 q?) (—e(m)f — G(n,Y)elr ® 77)f77)7f) _

Note that

Here the last equality follows from the defining action of unipotent elements, and the fact that
summation of the g-th primitive root of unity is —1.
Therefore, we have

(" %) () s s) = (x (10 emr - Gorm e g )

_elm) —an-De(x @)
qg—1

Here the last equality uses G(n,1)? = qn(—1) for n quadratic, concluding the proof of (7.2).

f0)-

0

7.4. Explicit toric period formula. Let the setting be as in §7.1.1. This subsection concludes

the proof of Theorem 7.1 for toric period of newform. It is a consequence of Theorem 7.9 in

combination with Lemma 7.23 and Proposition 7.29 below, the latter being an explicit formula for

twisted epsilon factors appearing in Theorem 7.1. It crucially relies on m = 7y being supercuspidal.
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7.4.1. Epsilon factors.

X

¢ » we have

Lemma 7.23. For n the non-trivial quadratic character of Z
e(mr@n) = —n(=1)e(m).

Proof. Recall that m = 7. Since K and 1 are unramified and ¢ odd,
e(m) = €(1/2,m,¢) = A (P)e(1/2, A, ¥k ) = (=1)"A(0)

Sy i ()b (w)du ,
for Ag(¢) = 2 = 1. Here the second equality follows from [48, Thm. 4.7], and the
[y e (w)(u)du]

last from [59, Prop. 3.7].
In particular, comparing the root number of ¢(7) with e(r ® 1), we have

e(m @n) = n(Ng/q,(0))e(r) = —n(—1)e(m).

Lemma 7.24. For any x € (ZW)X, the character Ax g also has conductor g™ and

G((Axk) ™' vk)
G(A_lv 1/11()

Here xx = x © Ng/g, GV, ¢K) == ZO;{/OX N(x)K (qim) with VY = trg g, and X' a char-

K,q™
acter with conductor ¢™.

€(1/2,m @ x,9) = (=1)"A(0)

Proof. Note that xx has conductor ¢ and that A|;4,m-10, does not factor through norm, and so
Axx has conductor ¢". In particular, G((Axx) !, ¥k ) is well defined and non-zero.
We have m ® x = m\ @ x = Ty, (cf. [48, Thm. 4.7]). As in the proof of Lemma 7.23,

6(1/27 7T)\XK7¢) _ 6(1/27 AXK wK)
e(1/2,m,4) €(1/2, M\, ¢K)

In view of the definition of epsilon factor in terms of Gauss sum (cf. [59, p. 281]) we have

—1
c(1/2,m @ x,¥) = e(1/2,7,7)) G(g(il(l) ¢;{@Z;K) '

Therefore [59, Prop. 3.7] concludes the proof. O

7.4.2. Analysis of twist Gauss sum. In this subsection we obtain explicit formulas for the twist
Gauss sums appearing in Proposition 7.10.

Lemma 7.25. For x € (Z//qm\Z)>< primitive and v € (Z/q™Z)*, we have

G((Axx) k) _
GOt o) = XA 06) QEZ%MZ()\XK) Ya+ 0u)

Gx, ¥) X (u*6%0)

and

Joex) = D, x(@)x(1-=).

z€(Z/qmL)*
Proof. Simply denote fu by . Note that & = —6’, and so
GO ) _ O (o) (5)
GO\ ¢K) G (AL vk (57))
In the following we analyse the Gauss sum in the numerator based on the fact that

Ok =Ly ®Lef' UqLy L0
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a+bo’ b
and trg /q, (ﬁ) =g
To begin G((Axx) ™", ¥k (557)) = I + J, where

= Y Y e a+b9)¢<q?n>

a€(Z/qmZ)* bEL/q™ZL

J= S Y Ow) e+ b (q’;)

a€qL/qmLbE(L/ g™ L) >
ba
o ()
> R (a)y o

a€(Z/q™ZL)

Note that

I= Y (AXK)1(1+59')(

beZ/qmZ

_ _ ba
= Y s [ e (m)) .

be(z/qm )" We (@) !
The last equality follows from: } ¢ 7 /4mz)x X 2(a)y (qb—,i) is non-zero only for b € (Z/¢q™Z)* since

x 2 is still a primitive character modulo ¢"™. Thus

I=G(x %) Y (k) '(1+b0)xk(b)
bE(Z/q™L)>
=G(x %) D k)M +0)
be(Z/q™L)>
=G(x%Y) Y Q)b+ 6.
be(Z/anZ)X
Similarly, we have

J=G(x%v) Y. (Oxx) 'a+0).

a€ql/qmZ
Hence
I+J=Gx%¢) Y, () 'a+0). (7.4)
a€Z/q™L
Note that
GO’ G 9) = "I (x, X) (7.5)

since G(x,¥)? = G(x?,¥)J(x, x) and G(x?,¢¥)G(x2,¢) = ¢™ as x, x* are primitive modulo ¢™.
Now we have

G(x. ¥)*x (u?6%v) G (Mxx) v (577))

GO 01) _ i iy (—aw)

GO vk G (A wx( )
_ X(—4v) ~1(, /
G()\—l’wK(ﬁ))G(Xaw) G(x~ )GGZZ/(I:MZ()‘XK) (a+0)
= (X(4U)J(X7X) > ()‘XK)I(‘I"‘Q/)) :
a€Z/qmL

Here the first equality follows from (7.3), the second from (7.4) and the third from (7.5).
As seen in the proof of [59, Prop. 3.7] G ()\*1, Vi (W)) = ¢, and so the proof concludes. [
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In view of Theorem 7.9 and Lemma 7.25 it is natural to consider the following function on Zg:

Fya)= > x(=40)J(x,x)x '(a®> - 0?) (7.6)

X€(L/qmL)*
primitive

for v € (Z/q™Z)*. Note that F, depends on ¢’ = fu.
To explicitly describe F;,, we recall the following.

Fact 7.26. Let m > 2 be an integer. For a € (Z/q™Z)*,
(¢—1)%¢"2% a=1 (modg™),

Z x(@) =14 —(¢g—1)¢™ 2 a=1 (modg¢g™1),a#1 (modq¢™),
XE(Z[qT) 0, a#1 (mod g™ 1)
primitive

Fact 7.27. Consider a quadratic equation
X2 420X +¢=0 (7.7)
with a,b € Z./¢*Z for an odd prime q and k > 1.
o Ifb? — c is not a square in Z/q"Z, then (7.7) has no solution in Z/q"7Z.
o If b2 —c =2 is a square with v € (Z/q"Z)*, then (7.7) has exactly 2 solutions.
o If b —c =% is a square with g|v, let t = ord,(b*—c) € {1, -k}. Then (7.7) has a solution
if and only if t is even. In such a case put t = 2r with r > 1.
~ If1 <7 and r > k/2, then (7.7) has q*/2) solutions.
— If1 <r <k/2, then (7.7) has 2q" solutions.

Lemma 7.28. Let m > 2 be an integer, v € (Z/q™Z)* withv =1 (mod ¢ 1) and F, a function'®
on Zq as in (7.6). Let ag € Z; be a solution of 1+ (a® — 0%u?) = 0.
(i) If m is even and v =1, then
3m _ 1
Fy=¢2 (¢ = 1)* | laguegnz,) + 1oap(14gmz,) — -1 . (Laatqmzy) + 1odtqmzy))

defao(1+¢™ 1) | 1<u<q—1}
(ii) If m is odd, then
3(m—1)
Fo=q 2z (¢—1) Z (La(r1qmzy) T 1-a(+qmz,))-

de{ao(1+q™ ) | u=0,- ,q—1}
(0 +o(a?—6%u2))

Proof. Simply denote Ou by ¢'. Fix a € Z,.
Note that

Fyla)= ) Y x(w(a® —4z)(a® - 67)7)

ve(Z/0"2) | ye(z]qnE)>
primitive
Thus in view of Fact 7.26 a necessary condition for F;(a) # 0 is that the equation
v(4a® — 4z) = (a® — 0?) (mod ¢™ 1) (7.8)
has a solution x € (Z/¢™Z)* (note that x — 1 € (Z/q™Z)* since a? — 6 is a g-adic unit).

911 view of Theorem 7.9 and Lemma 7.25 the congruence condition suffices for our application.
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Let A be the number of solutions = of
v(4a® — 4z) = (a®* — ) (mod ¢™ 1) (7.9)
in (Z/q™7Z)* and B that of
v(4a® — 4z) = (a®> — )  (mod ¢™) (7.10)
in (Z/q¢™Z)*. By Fact 7.26,
Fy(a) = B(g—1)*¢"* = (A= B)(¢ — 1)¢"*.
Note that the discriminant of (7.8) in Z/q™ 'Z is
16(v? +v(a® — 0%)) = 16(1 + (a* — 0?)) (mod ¢™ 1),
since m > 2 and v =1 (mod ¢™~!). In particular, F,(a) # 0 implies that
1+ (a*> = 6%) (mod q) € Fg.

(i) Suppose that 1+ (a®>—6"?) (mod q) € F?. Then the discriminant of (7.8) is a square and a
unit in Z/¢q™ 'Z. Hence (7.9) has 2 solutions in (Z/¢™ 'Z)* by Fact 7.27 and 2q solutions
in (Z/q™Z)* and exactly two of such x satisfy (7.10) by Fact 7.27 again. So F,(a) = 0.
(ii) Suppose that 1+ (a? — 6?) =0 (mod ¢). Then a is a unit.
— Moreover, suppose that v + v(a? — 0?) = 0 (mod ¢™), and so 1+ (a®> — 0"?) = 0
(mod ¢™~'). Then (7.9) has ¢l(m=1D/2 solutions in (Z/¢™ 'Z)* by Fact 7.27 and
hence ¢ - gLm=1/2 solutions in (Z/¢™Z)*. On the other hand, (7.10) has ¢l™/2
solutions in (Z/q™7Z)* by Fact 7.27. So

B qm/2(q —1)2¢™2, if m is even
Fv(a) - . .
0, if m is odd.

— Suppose that 1+ (a? —0%) =0 (mod ¢™ 1) but v? +v(a? — 0) £0 (mod ¢™). Then
(7.9) has ¢Lm=1/2) solutions in (Z/¢™'Z)* and q-ql(™=1/2] solutions in (Z/q™Z)*.
Note that (7.10) has a solution only if m is 0dd?", and in this case, it has 2¢(m—1)/2
solutions. So

Foa) = —q- qL(mfl)/2J (q — 1)qm*2’ if m is even
v gl m=D/2 (g —1)g™2(2(¢ — 1) — (¢ — 2)), if m is odd.

(iii) Suppose that 1+ (a*—6?) #0 (mod ¢™ 1), and put t = v,(1+ (a® — 0"%)) = vy(v? +v(a® —
02)) € {1,---,m —2}.
— If t is odd, then (7.9) has no solution, and hence F,(a) = 0.
— If t is even with ¢ = 2r, then (7.9) has 2¢" solution in (Z/q™ 'Z) and hence has 2¢" !
solutions in (Z/q™Z) by Fact 7.27.
Note that (7.10) has 2¢" solutions in (Z/¢™Z) by Fact 7.27. Thus F,(a) = 0.

20Only then the discriminant has even g-adic valuation.
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7.4.3. Ezplicit formulas for sum of twist epsilon factors.

Proposition 7.29. In our setting the following holds.

(i)
S Glew) T (W@)e(1/2,7 @ v, v)

XE(Z]qmZ)>
primitive
B q%*l(q —1)A(9) (A_l(ao + 0u)) + A (—ag + Gu)) , if m is even,
T (g - DAO) (A (a0 + Ou) + A N(—ag + 0w)),  if m is odd.

(ii) If m is odd,

> > Gl x T (WP)e(1/2,m @ X, 1)
vE1—qMm—Y(Z/qZ)*?2 XG(Z./q./m.\Z)X
primaitive

:qw(q_l)/\w)(}\ (ap + Ou) (Z Cq) + A7t (—ap + Ou) (Z th)) .

tery? teF ;2

Proof. Simply denote fu by €. We first consider the case (i) for m even.
Note that

> GOev)X T (WP)e(1/2,m @ X, )

X€E(Z/qmL)>
primitive

=(=1)"A(0) Yo xX(HI0ex) YL k) Ha+d)

XE(Z/(]/;"L\Z)X a€Z/qm7Z
primitive

—(~1)"A(0)q (g — 1)°

qg—1
()\_l(ag +0)+ X (—ag+0) - qil ( A Hao(1+¢™ M) +0) + A H—ao(1 + g™ 1) + 9’)))
v=1
=(—1)"A(0)g T (g~ 1) (A Hao + ) + AN (~ag +0"))

Here the first equality follows from Lemmas 7.24, and 7.25, the second from Lemma 7.28, and the
last from:

—1
)\_l(ao(l + qm_lv) +0') + )\_l(fao(l + qm_lv) +0)

Q

— =

_ )\_1( + 9/))\ 1 L9 mflrl) + )\_1(_ + 0/))\—1 1 + ﬂ (711)
N “ ag + 6 %0 —ag+ 0

Qo

[~

=1
- 1(a0+9) )\71(—&04-9/).
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Now consider the case (i) for m odd. Just as above, by Lemmas 7.24, 7.25 and 7.28, we have

S GO X @)e(1/2.7 X, )

XE(Z]qmZ)"
primative
3(m—1) !
=(=1)"A0)g z (q—1)>_ A ao(l+ g™ o) +0) + A (—ap(1+ g™ ) +6'))
v=1

3(m—1)

== (-1)"MO0)q = (a— 1)\ ao+0) + A" (~ag + ).

Finally, we consider the case (ii) for m odd. Again by Lemmas 7.24, 7.25 and 7.28, and an
analysis similar to (7.11), we have

> Yo GOeE) T (WP0P)e(1/2,m ® X, )
v€l—qm~Y(Z/qZ)*? XE(Z/q/ﬁ)X
primaitive
=(=1)"A(0) > > x(=40)J6x) Y, k) Ha+6)
vE€l—qm~N(Z/qZL)*? XG(ZW)X a€Z/q™ZL
primitive
—(—1)"AO)g T (g — 1) > > A Ha+0)+ X H—a+6))

vEl—qm~Y(Z/q2)*2 a€ao(1+q™H(Z/qZ))
g™ (v?4v(a?—0'2))

3(m—1)

=(=D)"A0)¢ = (¢ 1) > (AT by +0) + AT (=by + 9/)))

vel—qm—Y(Z/qZ)*?

where b, € Z; satisfies (v2 +v(b2 — 6?)) =0 (mod ¢™) so that b, = ap (mod ¢™~1!).
Write v = 1 — ¢™ 2, and then

2

2
4t
V=0?—v= a2 <1 +q" 12a(2)> (mod ¢™).

Thus we can take b, = ag (1 + qm_1%> and in turn
0

t2
)\71 1 m—1 " 9/
(o0 (1+057) +7)

t2 —t2
)\71 o 1 m—1 " 6/ — Afl o 9/ )\71 1 m—-1__ v )
( a0< T QC%) i > (a0 +8) T Sag(—ag + 07

t2
)\71 9/ )\71 1 m—1
(a0 +6) ( ta 2a¢(ap + 0")

and
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Let ¢4 be the g-th primitive root of unity given by At (1 + qm*1m>. Then we have

(1) A0)g""7 2 (g — 1) ( 3 (NN by + )+ N H(—by + e’)))

’UEl*(]"Li]‘(Z/qZ)Xz

—(—1)"™AO) T q-1) [ A a0+ ) | S ¢ +at—a+0) | Y G

teFy? teF ;2

7.4.4. Proof of Theorem 7.1. The following is a combination of prior results.
By Lemma 7.23, we have

q—qn(—1)e(m)e(mr ®n 2q

(Dememen) _ 2
qg—1 -

By Proposition 7.29 for m even,

AO) (A Hag + Ou) + A7 (—ag + Ou))

2
4B w1 e ) £ ) =

X€(Z/qmL)*
primitive

and for m odd,

2
4 N 1/ @ ) 1)

XE(Z]qm L)
primitive
. GO,v)?* -
gy S e/ 0 ()
vel—qm=N(Z/42)*? \ e (7] qm ) *

primitive

15145 (g -
_2%q (¢ 1))\(9)(/\_1(a0+9u) +)\_1(—ao+9U))(fv f)

plgm)?
(m—1)/2, 2=
+2q (f m)2 L 1)>\(9) ()\ (ao + Ou) (Z Cq) + A (—ao + Ou) (Z th)>
©w\q tEFX2 tEIF';2

Z%A(e) (A (a0 + ) (Zg ) —ao + 0u) (Z gﬁ)),
4= teF, teF,

where (, is the g-th primitive root of unity A1 (1 + qulm).

So Theorem 7.1 is a consequence of Theorem 7.9, the above equalities and the observation: For
n the non-trivial quadratic character of Fy', (; = ¢ k where ¢ = >/, k € F7, we have

Y=+ (Z TOEDS C’“) = 1+ (n(k? Do+ Ct) =n(k)Vg"

telF, telFy telFy telFy telFy
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