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CYLINDER COUNTS AND SPIN REFINEMENT OF AREA
SIEGEL-VEECH CONSTANTS

JAN-WILLEM VAN ITTERSUM AND ADRIEN SAUVAGET

ABSTRACT. We study the area Siegel-Veech constants of components of strata
of abelian differentials with even or odd spin parity. We prove that these con-
stants may be computed using either: (I) quasimodular forms, or (II) intersec-
tion theory. These results refine the main theorems of [CMZ18] and [CMSZ20)]
which described the area Siegel-Veech constants of the full strata. Along the
proof of (II), we establish a new identity for Siegel-Veech constants of cylin-

ders.
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1. INTRODUCTION

1.1. Relations between cylinder Siegel-Veech constants. Let g,n be non-
negative integers satisfying 2g — 2 + n> 0. Let M, and M,, be the moduli
spaces of smooth and stable complex curves of genus ¢ with n distinct markings.
We denote by p : ﬂg,n — Mg,n the Hodge bundle, i.e., the vector bundle whose fiber
at the point (C,z = {z1,...,2,}) is the space H°(C,w¢) of abelian differentials

on C. If = (my,...,my,) is a vector of positive integers satisfying
def o
ul = Y mi=2g—2+n,
i=1

then we denote by H(u) the stratum of abelian differentials of type p, i.e., the sub-
space of H,, ,, of differentials (C, z,n) satisfying: C'is smooth, and ord,, (n) = m;—1
for all 1 < ¢ < n. This space is equipped with a canonical measure v, called the
Masur—Veech measure. If X is a component of H(u), then we denote by

Vol(X) = (49 — 2+ 2n) XV{(C,(E,n) € X, s.t. %/ 77/\77<1}7
c
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2 JAN-WILLEM VAN ITTERSUM AND ADRIEN SAUVAGET

the Masur—Veech volume of X. This volume is finite and rational up to a power
of ™ by [Mas82], [Vee82], [EO01], and [EOP08].

Let (C,z,n) be a differential of type u. The differential 7 defines a flat metric
with trivial holonomy on C'\ {z1,...,2,}. Each z; is a conical singularity of this
metric with angle m;(27). The union of closed geodesics of a given homotopy type
in this open surface forms a cylinder Z whose width w(Z) is the length of any
geodesics in the homotopy class. This cylinder is bounded on each side by at least
one singularity. We denote

area(Z)

N@nLo = 3 DO
Z st w(Z)<L

1

NCaLew = 3 o

Z s.t. w(Z)<L

Here we consider a refinement of the count of cylinders: for all 1 < i < n, we denote

N(Cyn,L)i = % > afe;(zé)

Z s.t. w(Z)<L

where f;(Z) = 0,1, or 2 if 2; bounds Z on 0, 1, or 2 sides. For a connected compo-
nent X of H(p), there exist constants co(X), ceyi(X), c1(X), ..., cn(X) satistying

N(C,n,L); o ¢i(X) - wL?

for almost all abelian differentials in X [Vee98, EMZ03]. These constants are el-
ements of 772Q and may be expressed as ratios between volumes of connected
components of strata (see Section 4). In [Vor05] Vorobets showed the following
identity holds:

ceyt(X) = (29 — 2+ n)cop(X).
Our first theorem is a refinement of this identity.
Theorem 1.1. For all 1 <i < n, we have ¢;(X) = m; - co(X).

Example 1.2. A standard class of abelian differentials is provided by coverings of
the square torus ramified above a single point — square-tiled surfaces. The differen-
tial on the covering surface is the pull-back of the unique (up to scalar) differential
on the torus, and its singularities are determined by the orders of ramification. The
polygon of Figure 1 is a square-tiled surface in #(4,2): the surface is obtained by
identifying the edges of the polygon with the same labels. The red/blue vertices
of the polygon are identified along this process to produce conical singularities of
angles 87 and 47 respectively. In this example, the red cylinder is bounded twice
by the red singularity, while the green one is bounded once by each singularity.

FIGURE 1. Square-tiled surface in H(4,2).
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Theorem 1.1 implies that if we choose a random boundary of a cylinder of large
width for a generic deformation of this square-tiled surface, then the probability
that it contains the red singularity is approximately %

1.2. Spin parity of abelian differentials. Here we assume that the entries of p
are all odd. An element (C,z,n) in H(u) determines a canonical spin structure,
i.e. a line bundle L — C such that L®? ~ we. This line bundle is defined as
L = O¢ (mlelxl + ...+ m"Tflxn) The sign—or Arf invariant—of an abelian
differential in H(u) equals (—1)hO(C’L). By classical results of Mumford and Atiyah,
this sign is constant in connected families of spin structures [Mum?71, Ati71]. Thus
we denote by H(u)*/H (i)~ the components of H(u) of even/odd differentials.

Remark 1.3. The components H(u)" and H ()~ may be disconnected. Indeed,
when p = (29 — 1) or (g, g), then H(u) contains a connected component of abelian
differentials supported on hyperelliptic curves. This connected component may be
included in the even or odd component depending on the value of g (see [KZ03]).
Hence, the space H(u) may have up to 3 connected components. As Theorem 1.1
holds trivially on hyperelliptic components, it suffices to study ¢;(X) for X = H(u)™
and X = H(u)™.

If X is a union of components of H(u), and 0 <4 < n, then ¢;(X) stands for the
average of the Siegel-Veech constants of its connected components (weighted by
the Masur—Veech volume). We denote by ¢; (1) the Siegel-Veech constants of H ().
Moreover, we write

Vol(p) = Vol(H(y)), Vol (1) = Vol (H(u)*) — Vol (H(1)~) ,
ci(p) = Vol(H(u)), (1) =ci (H(w)™) — e (H(w) ™) -
The functions Vol, ¢y, and Vol* may be expressed either:

(I) As the value ¢ — 1 of the g-expansion of quasimodular forms (see [EO01],
[CMZ18], and [EOPO08]);

(IT) As intersection numbers on PH(p), the Zariski closure of the projectiviza-
tion of H(p) in the projectivized Hodge bundle (see [CMSZ20]).

We extend these two results to the function ¢ in Theorems 2.23 and 3.2 respec-
tively.

Remark 1.4. Several results for the function ¢y may be transposed to c(ﬂf with
parallel arguments. However, certain ingredients were missing in the previous works
to obtain the complete description of cg. We emphasize two arguments that play
an important role:

e The quasimodular forms approach relies on the description of the character
table of the Sergreev group (Propositions 2.16 and 2.18), while the com-
putation of Vol* only relied on the description of the irreducible spin su-
perrepresentations. As a result, the expression of the differential opera-
tor Jo appearing in Theorem 2.23 is different from the conjectural expression
of [CMSZ20, Section 10.3].

e The geometric counterpart relies on the original description of cylinder con-
figurations by Eskin—-Masur—Zorich. We show that the expression of the area
Siegel-Veech constants as intersection numbers is essentially equivalent to the
statement of Theorem 1.1 above. It is interesting to remark that this approach
also recovers the result of [CMSZ20] on ¢y without using quasimodular forms.
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This remark is essential as it paves the way for an expression of area Siegel—
Veech constants (and sums of Lyapunov exponents) in terms of intersection
numbers for (more) general affine invariant manifolds. Indeed, this new ap-
proach only relies on the expression of volumes as intersection numbers and
could extend the present results to affine invariants manifolds where the ex-
pression of volumes as integrals of tautological classes is proved or conjectured.

Acknowledgements. The authors thank Elise Goujard, Martin Moéller, Don Za-
gier, and Anton Zorich for interesting discussions on the topic. The second author is
especially grateful to Dawei Chen for explaining the correspondence between cylin-
der configurations of Eskin, Masur, and Zorich and twisted graphs. This project
grew out of discussions on spin Hurwitz numbers started in a reading group pro-
posed by Martijn Kool at Utrecht University.

2. WEIGHTED SPIN HURWITZ NUMBERS AND QUASIMODULAR FORMS

We compute cOi as the limit of weighted spin Hurwitz numbers of the torus of
large degree. By the work of [EOP08] generating series of spin Hurwitz numbers
can be expressed in terms of quasimodular forms. We extend the approach of
[CMZ18] for ¢y to compute ci as the limiting value ¢ — 1 in the g-expansion of a
quasimodular form, or, more precisely, as the leading term of the growth polynomial
associated to a quasimodular form. We proceed as follows:

e In Section 2.1 we introduce the spin g-bracket and the symmetric functions py.
These functions serve as an analogue of both the shifted symmetric func-
tions @ and the hook-length moments 7). In particular, its brackets are
quasimodular forms and the action of the p; inside strict brackets can be
encoded by differential operators.

e In Section 2.2 we recall the growth polynomials of quasimodular forms and
relate this growth to the aforementioned differential operators.

e In Section 2.3 we recall the representation theory of the spin symmetric group,
and explain the representation theory of the so-called Sergeev group.

e In Section 2.4 we refine the aforementioned result of [EOP08]. More precisely,
we compute the generating series of weighted spin Hurwitz numbers. Here,
we extensively make use of the character table of the Sergeev group. We find
that strict brackets of the pi compute weighted Hurwitz numbers.

e In Section 2.5 we take all these results together to prove the evaluation of
coi(u) as the value ¢ = 1 of the g-expansion of quasimodular forms.

2.1. Spin bracket and quasimodular forms. Denote by SP the set of all strict
partitions of integers (i.e., partitions where all part sizes are different) and by OP
the set of all odd partitions (i.e., partitions where all part sizes are odd). For
f:SP — C, denote the spin g-bracket (f) € C[q] by

<f> L ZAESP (_I)Z(A) f()‘) q‘)\l
. ZAGSP(_l)Z(A) g

where |A| := )", A\; denotes the size of A\. The denominator is given by

S ()N = TTa—gm.

AESP m>1
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For a partition A and a positive integer m, we denote by r,,(A) the number of
parts of A equal to m. Observe that for strict partitions A we have r,,(A) € {0,1}.
Moreover, we let

pe(A) = DA = Y mF (), (ke€Z)
% m=1
pr = —5C(—k) + pi (k € Z>o)

be the symmetric power sums (with an additional constant). Note that this con-
stant equals —3((—k) = ?Jfﬁ) with By the (k + 1)th Bernoulli number. Write
A = C[p1,P3, Ps, - - -] for the symmetric algebra and assign to p; weight ¢+ 1. Then,
for all f € A, the spin bracket (f) is known to be a quasimodular form [EOP08, Sec-
tion 3.2.2], which is made precise in the following result. Recall that the Fisenstein
series Gy, given by

(1) Gy, = + > omF g (k> 2 even),

m,r>1

is an example of a quasimodular form of weight k, and that every quasimodular
form is a polynomial in these series: the space of quasimodular forms M (for the
full modular group SL2(Z)) is given by M = Q[G2, G4, Gg]. For an introduction to
quasimodular forms, see [Zag08].

In order to state this result we introduce connected brackets, following [CMZ18,
Section 11]. The connected spin q-bracket is the multilinear map (CSP)®" — Clq],
defined by

@) il 1) = 3 wte) TT(I )

a€ll(n) A€ca ‘acA

where TI(n) is the set of set partitions of [1,n] := {1,...,n}, and p is the cor-
responding Mobius function u(a) = (—=1)4®)=1(¢(a) — 1)! with £(a) the length
(cardinality) of the partition «. Let uj,us, ... be formal variables and for p € OP,
write u, = [[,u,,. Similarly, write p, = [[, p,,. We introduce the generating
series U (and ¥°) of (connected) brackets of symmetric power sums by

U(ug,ug,...) = <exp(2pk uk)> Z p Z (pe, - ) Ugy U,

£y,

Ve (ur,ug,...) = Z Z (Pey| - [Pe,) wey -,
n>0 lq,..
where the sum is over all odd integers k, and odd ¢4, ..., ¢, respectively. Then, by

the properties of the connected bracket we have exp ¥° = W, and in this notation
the aforementioned result of [EOPO08] is as follows.

Proposition 2.1. We have

Ve (ug,uz,...) = — E , De(p)ilGlpl—f(p)H Up s
peOP
p#0

where D = qa% and Gy, is the Eisenstein series of weight k (see (1)).
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Note that this result determines (f) for all f € A. In particular, if f is of
weight k, the spin bracket (f) is a quasimodular form of weight k.

Two consequences of this result will be important for us: (i) a recursive formula
for spin brackets, and (ii) the definition of a modified g-bracket for functions of
the form p_; f with f € A. This recursive formula should be compared with the
recursive formula for the hook-length moments in [CMZ18, Theorem 16.1] and to a
similar result for symmetric functions in the non-spin setting in [vI21, Proposition

6.2.1].

Corollary 2.2. For alli,j > 0 with ¢ even, the differential operators g; j : A — A
given by

0ij = (Aut H rm(p )
peOP AUt('D) app m>1
p)=j
lpl=i+j

are such that for all odd k > 1 and f € A one has
(prf) = = > (05 (f) DI Gryiga.
4,j=0

Proof. Without loss of generality, we assume that f is a monomial. Then, by
extracting the coefficient of u,, in Proposition 2.1 for some odd partition v containing
a part equal to k, the result follows. (Il

Note that
1 o
j! op]

Following the proof of [CMZ18, Theorem 16.1] in the spin setting, we deduce
that a certain linear combination of brackets involving p_; is quasimodular.

0i,0 = 030 -1d and Qo,j = (4,7 >0).

Corollary 2.3. For all f € Ay, the modified spin g-bracket

()" = 0orf) — o) () — o (Ba()

is a quastmodular form of weight k, where Oy = 001 = 6%1' More precisely, we have

(fyr= Z <QZj(f)>DjGi

i>2,j>0
9
where p} ; = pij + 0i2p0,j+1 and D = U5q-

Proof. By the previous lemma, and as p; o = ;0 - Id, we find that (p_1 f) equals

B
(S mta) + Z<Qo,j(f)>Dj1<214+Gz) 3" (ou, (1) DG,

j=>1 1>2,52>1
= (A1) + 55 62 )+ D> {00 (FDITIG + D {eii(£) DIG;.
jz1 122,521

As (0;,;(f)) is quasimodular of weight k — ¢ — 25 the result follows. a
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2.2. Growth polynomials of quasimodular forms. Following [CMZ18, Sec-
tion 9], there exists a unique algebra homomorphism ev : M — Q[x2][1/h] such
that
F(1) = ev[F](h) +O(e™") (q=e*™™ =e™h)

as h — 0 (ie., ¢ = 1). We call ev[F|(h) the growth polynomial of F—it is a
polynomial in 1/h; for more details see the aforementioned paper by Chen, Moller
and Zagier. In particular, this morphism is characterized by the following three
properties:

(i) ev[F|(h) = ao(f) (%)k for F € My,
() evlG)( = S - o
(iii) ev[DF](h) = —a%ev[F] for F € M.

We will be interested in the leading coefficient of the growth polynomial. For
fi,---, fr € A, we define the h-bracket and its leading term by

il 1 oo = evl(fi |- | £,
il fo)r = -

lim ————— AT

hli% (Qﬂ_i)k,QTJr2<f1 | | f >h
where k is the sum of the weights of the f;. Note that by [CMZ18, Proposition
11.1] this limit is well-defined. By Corollary 2.3 we can extend the notation and
allow an insertion of p_1:

(3) (p=1 [ fil- | fedn = ev[{p=1 | fi || f)l(R),
hk—r+1
(4) (-1 [ fol- | fo)L = %%W@fﬂfﬂ'ﬂfr)m

The behaviour as i — 0 also determines the growth of the first N Fourier coeffi-
cients. That is, the N-bracket, which we define by

N
[fl ‘ ‘ fr]N = Zan(fla~"7f7")a

n=1

where we wrote (fi[ -+ |fr) = 32,50 an(f1,-.., fr) ¢", admits the following growth
[CMZ18, Proposition 9.4].

Proposition 2.4. For f1,..., fr € A of weights ky, ..., k. with k =>_ k; we have
NF=r+1 (97 k=2r+2
(k—r+1)!
NF=r+1 (9 k—2r+2
(k—r+1)!

il fly =(Al- | o + O(N*""logN)

i il fely =(pa [l | o) + O(N*""logN)

as N — oo.

In the rest of this subsection, we will now state two lemmas we need in the sequel.
First of all, as a corollary of Corollary 2.3, we determine the leading terms of p_;
insertions. Secondly, we discuss the relationship between growth polynomials and
differential operators.
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For all £ > 1 odd, we define:

= ;1 £+1 ¢ — k+1
(5) h, := 57 [u"T'] P(u), where P(u) : exp( 12 2p u )
kodd

These functions are the highest weight part of the central characters f; introduced
in (7), i.e., for all odd ¢ > 1 the function h, is homogeneous, and f; — h,/¢ is of
weight less than ¢+ 1 [CMSZ20, Theorem 6.7]. We will be interested in the growth
of the coefficients in the following sequences

U (uy,ug,...) = Z Z (hy, - Y, - ug,
\I/H’o(ul,U3,...) = Z Z hgl |hg">ugl ce Uy,

\I/Ijio(ulau3;"') = Z Z p 1|h51 |h€n>ufl st Uy,

n>0 ", ,E,L
H,o . E : 2 : 2 : J
C—l (ul,ug,...) = 24\I!H ol 8 hgl )>u€1 s Uy, -
n>0 Liyeln 21

By Corollary 2.3, in the spin setting [CMSZ20, Lemma 10.4] reads
Corollary 2.5. The leading terms of W™:° and C7}° agree.

Let the differential operator D : A — A be given by

0
2D = ——— + Z (41 + £2)p€1+€2—1
Ip1 PSS

62
Ope, Ope,

In [CMSZ20, Proof of Proposition 6.10] it was shown that (we correct their formula
by a factor 1)

o(f) = (D(f)
for all f € A, where 0 is the unique derivation on quasimodular forms given by
2(G2) = —3 and o(f) = 0 if f is modular. This operator D is extremely useful
in determining the growth of the coefficients of F' = (f), for f € A. Namely, by
[CMSZ20, Proposition 6.10], for all f € Aj we have

2mri)* -2
© (Fn = ET emi ™2 g
(Be careful that the definition of the Ai-bracket in [CMSZ20, Eq. 34] differs by a
power of 27i of the A-bracket in [CMZ18] and in this work.) Observe that the
evaluation at the partition () of 0 is explicitly given by pi(0) = —1((—k).

Later, we will make use of the following commutation relation, which is the spin

analogue of the commutation relation in [CMSZ20, Lemma 10.5].

Lemma 2.6. The commutation relation
; 0

drocP(f) = XA (= o)

j=>1

holds for all f € A.
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Proof. First, observe that [92, D] = 05. Hence, by induction we find
; _aitl .
[05,D] = 0, (i >0).

Next, again by induction, we show that
i
. il ,
i k ai—k+1
02D = E —k!D 05
k=0

for all ¢ > 0. For ¢ = 0 this is trivial. By assuming the result for ¢ = j, we obtain

|
l

.

0, DI = DroyF D

P?‘

1] )
L‘(Dkﬂay k+1 Y-k 1)Dka%—k+2)

- 10

o

i,
Jk Drgi—k+2 | ]!(]_k+1)pk6§—k+2

R — K

_Z +1 Dka(]-ﬁ-l) kL

Il
M
== |

<o
+ 1l

proving the claim. We conclude that

9o 0el — 282Di _ Z : lpkapkﬂ _ eDZGj 0
2 B il kT2 B 2
i>0 k=

i>0 0o j>1

2.3. Representations of the Sergeev group. The Siegel-Veech constants are
computed as the limit of (weighted) Hurwitz numbers of the torus of large de-
gree. These Hurwitz numbers can be expressed in terms of central characters of
the symmetric group. Analogously, spin Siegel-Veech constants and spin Hurwitz
numbers can be expressed in terms of central characters of the spin-symmetric
group [EOP08, Gunl6, Lee20]. More precisely, spin Siegel-Veech constants can
be expressed in terms of central characters corresponding to representations of the
Sergeev group, which is closely related to the spin symmetric group. Following
[Mor77, HH92, Iva01, GKL21], we recall some results about the representation the-
ory of both groups and explain how they are related. Though most of the results
are not new, the character table of the Sergeev group seems not to be available in
the literature. We explain how to derive this table from the known results in the
literature. _

The spin symmetric group &, is one of the two representation groups of the
symmetric group (for d > 4), meaning that every projective representation of the
symmetric group &y lifts to a (linear) representation of Sa. Explicitly, it is defined
by the central extension

0 Z)27 — &g 5S4 — 1
and can be presented by
Ga=(t1,....ta_r,e | 2 = Lt2 = ¢, (tjtj1)° = &, (tjtp)? = ¢ for [j — k| > 2).

The projection 7 to &4 is given by sending € to the neutral element and ¢; to the
transposition (j,j + 1).
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Note that the element € is central. Hence, ¢ acts by +1 in every representation
of &4. We call representations for which € acts by —1 spin representations. These
correspond to the projective representation of G, whereas representation for which
¢ acts by 41 correspond to ordinary (linear) representations of &,.

Proposition 2.7 (Schur). The irreducible spin representations V3 of éd are para-
metrized by pairs (X, (=1)2¢XN) for strict partitions X. Moreover, the character
values 2 (x) are determined recursively by

(i) an analogue of the Murnaghan—Nakayama rule when w(x) has only odd
cycles in its cycle type;

(i)
A = 5y

when d — £(\) is odd and w(x) has cycle type \;
(ii) @} (x) =0 in all other cases.

The Murnaghan—Nakayama rule for ¢} is [HH92, Theorem 10.1]. There exists
an amusing way to describe the Murnaghan-Nakayama rule uniformly for both &4
and &4, for which we refer to the survey by Morris [Mor77]. Note that in case
d — ¢(X\) is odd, both cases (i) and (ii) contribute one-half to the character inner
product:

Corollary 2.8. For all A € SP(d) with d — £(\) odd

1 A 2 1 1 A 2
=D i@ =5 = ==> _ lei(z)],
o T A = 5 = 2 3 @)
where the first sum is over all x for which w(x) has only odd cycles in its cycle type
and the second over all x for which 7(x) has cycle type .

Proof. This follows from the fact that the character inner product, which is the
sum of the left and right side, is one, and that the conjugacy class of elements for
which 7(z) is of type A is of size 2d!/[] \;. O

The sign of a permutation in the symmetric group determines a Z/2Z-grading
on &4, which lifts to a Z/2Z-grading on &4. Explicitly, deg(c) = 0 and deg(t;) = 1.
The elements of degree 0 in éd form the group :&d, which is a central extension of
the alternating group. Given a partition A, we write e(\) for the parity of d — £()\).

Proposition 2.9 (Schur). The drreducible spin representations of ;&d are para-
metrized by pairs (X, (£1)CNFYY for strict partitions . More precisely, if d—£0(\)
is odd, then Vﬁ and V> are isomorphic irreducible representations of Agq. If d—£(\)
is even, the representation V_ﬁ‘ splits as a sum of two irreducible representations
of Aq. The corresponding characters o) satisfy
(i) ok (x) =26 =1p) (z) when w(x) is of cycle type p € OP and p # A;
(ii)
1 i
ai(x) = 5901(%) + 5 H)\i
when d — £(\) is even and 7(x) has cycle type A;
(ii) o3 (z) = @} (x) = 0 in all other cases.



CYLINDER COUNTS AND SPIN REFINEMENT OF AREA SIEGEL-VEECH CONSTANTS 11

Note that the values of ¢? (z) determined by the Murnaghan-Nakayama rule
are real; hence, ¢} () is real if  is as in case (i) and purely imaginary if z is as in
case (ii) in Proposition 2.7. The analogue of Corollary 2.8 is therefore the following
result.

Corollary 2.10. For all A € SP(d) with d — £(\) even
1 1 \

1
o 2 Read@)? = 5 = == 3 (mad(@)”
d xezd d xEXd
We now return to the spin symmetric group. Spin representations are represen-

tations of the twisted group algebra
Ta = C[64]/(c + 1).

Note that T4 inherits the grading, and hence is a superalgebra. The irreducible su-
permodules of 7; (i.e., irreducible Z/2Z-graded modules) can easily be determined
in terms of the irreducible modules of &,.

Proposition 2.11. The irreducible supermodules of Ty are given by

N 4 d—L(\) is even
V2e VA d—L()\) is odd.

If we were only to know the supermodules of 7, generalities on superalgebras
(see, e.g., [Kle05, Chapter 12]) would allow us to obtain the irreducible supermod-
ules of éd and Kd. By doing so, we would almost be able to recover Proposition 2.7
and Proposition 2.9. There is, however, an important subtlety: by doing so we lose
information about the characters gog\c and ai at  for which 7(x) has cycle type A,
and it would require more specific information about the supermodules to recover
part (ii) in these results. Soon, we will come across the same subtlety for a different
supermodule.

Instead of working with 7Ty, often it is more convenient to work with the Sergeev
superalgebra. Both algebras capture the same information. Before introducing this
algebra, we introduce two more groups. Let

Cld = {flv' .. 7€da€ | 82 = 17 £z2 =g, 651' = §i€7 glgj = ggjgi for all ¢ 7&.]}
be the Clifford group, which is a central extension of (Z/2Z)¢. Following Sergeev
[Ser84], we define the Sergeev group Seq as the semidirect product

Sed = 6(1 X Cld,

where &, acts on Cl; by permuting the &;. (Some authors define the Sergeev group
slightly differently by setting £2 = 1 instead of ¢2 = e. The representation theory
of these two groups is the same; note, however, that the two Sergeev groups are
non-isomorphic.)

Before we study the representation theory of Seyq, we describe the conjugacy
classes C such that C NeC = (). Namely, if the latter condition is not satisfied,
every spin representation is trivial on C.

Lemma 2.12 ([Ser84, Lemma 5]). Let g = (0,&) € Seq and write § = ™0 &{* - - £on
for a; € {0,1}. Then, g is not conjugate to g if and only if
(1) deg(&) =0, the cycle type of o is in OP, and >
cycles T of o;

jer @ is even for all disjoint
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(2) deg(&) =1, the cycle type of o is A € SP with £(\) odd and >

for all disjoint cycles T of .

jer @j s odd

The first case corresponds to the conjugacy class of a pure permutation (o,1) €
Seq. Note that this conjugacy class only depends on the cycle type p € OP of o;
we denote this conjugacy class by C,. In the second case, we write Cy; for the
corresponding conjugacy class.

On Cl; we introduce the Z/2Z-grading by setting deg¢; = 1. This grading
extends to Sey by additionally letting dego = dege = 0 for 0 € &,4. Define the
corresponding twisted algebras by

Ca := C[Clg]/(e + 1), Xq = C[Seq]/(e + 1),

which both are superalgebras. The following results determine the corresponding
irreducible supermodules. In these results, it is important to recall that the tensor
product of two superalgebras A and B is not the same as the tensor product of two
algebras. Instead, the multiplication is defined by

(a@b)(a @) = (—1)de®desl@) g0y @ (bb')  (a,d’ € A bV € B).

Proposition 2.13. The Clifford superalgebra Cy is irreducible of dimension ol

In particular, the character ¢ corresponding to Cy4 satisfies ((1) = 2l and

C(x)=01if x # 1.
Proposition 2.14. The map g : Tqg ® Cq — Xy given by
1 .
i@ 1— ﬁ(ﬁj = &)+ 1)
1®& =&
is an isomorphism of superalgebras.
We write 6(A\) and e(X) for the parity of £(A) and d — () respectively.

Corollary 2.15. The irreducible supermodules of Xy are given by V) ® Cq, where A
goes over all strict partitions. The corresponding character 6> is given by

) = QM@)‘(/)) x € C, for some p € OP
0 x & Cp,UeC, for some p € OP,

where ©*(p) is the character of Vi evaluated at a permutation of type p € OP.

The structure of supermodules of X; does not directly imply the character table
of the Sergeev group, nor does seem to be contained in the literature. However, the
irreducible representations of Sey were constructed by Maxim Nazarov in [Naz97,
Section 1]. We deduce the following proposition from his result.

Proposition 2.16. The irreducible spin representations of Seq are parametrized
by pairs (\, (£1)*N) for strict partitions . Moreover, the character values X ()
are determined recursively by

(i) X2 (z) =270 (p) if € C,.

(i)
V@) = £260-072 [TT A

when L(A) is odd and x € C) 1.
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(ii) x2(x) =0 in all other cases.

Proof. First of all, observe that by the previous corollary the result holds if £(\) is
even. Namely, in that case, the irreducible representation corresponding to A equals
the superrepresentation corresponding to A. We now follow Nazarov’s construction
in the case £()\) is odd.

First, assume d is even. Write 7‘:>E for the representations corresponding to V£\~
Then the irreducible representation of Sey corresponding the pair (A, ) in the space
Ca@ V9 isgivenby (j=1,...,d—1)

Gitnmie R ont).  ogei,  cm-l

Let = € Seq. Then, as the trace of the Clifford algebra only takes values on the
identity, we find

d

22
X4 (z) = C(@w@i(ﬂ)

where C'(x) denotes the multiplicity of the identity in §o(§1—E2) =~ §0(€x,, —1—6x;,. )€
if we write z = (j1,j51 + 1)+ (Jr, jr + 1)€ and where p is the cycle type of the
projection of x to the symmetric group. Note that this multiplicity takes values in
{~1,0,1}. In case p € OP, we obtain 2 (r) = Z@QOQ\E(p) = 2“5719)‘(/)), which
we could also have deduced directly from Corollary 2.15. More interestingly, if

x € C) 1, we obtain
A(z) = j:2(£()‘)*1)/21\/H)\¢.

That X;\E(m) = 0 in all other cases, now easily follows from the orthogonality rela-
tions, or by a similar computation as above.

Next, suppose d is odd. Note that Cy4, considered as an ordinary module, rather
than a super module, splits as a sum Cq ~ Cj @ C; of irreducible (non-super)

modules Cj of dimension 2. Let I = (Y51) and J = (§ °). Nazarov now

first constructs a reducible representation of Sey corresponding to A in the space

C*®C ® V> by

§ =&+
V2

Write wy for the endomorphism of Vy defined by v + (—1)€(")y. Then, the

+1-eigenspaces with respect to the involution J ® id ® wy form two irreducible
representations corresponding to (A, £). In particular, in this case, we obtain

d—1
27 Jaj(p)+ar(p) degz=0
X:\I: (z) = D(x) i—t() ;\r A B
2758\ ad(p) — ol (p) degz=1
with D(z) the multiplicity of the identity in (§;, — &j,41) - (&, — &x,,4.)8 if We
write x = (j1,51+1) - - (Jr, jr + 1), and where the product (ji,j1+1)--- (jr,jr+1)

is of cycle type p (ie., z € C,€). In other words, if z € C,, we obtain x?% (z) =
206V+D/20% (p) = 2(EFD/20 (p) = 262 (p). Moreover, if x € C) 1, we obtain

X2 (z) = 22007072 [TT . 0

Similar to the spin symmetric group, we conclude that both cases contribute
one-half to the inner product of characters.

G+ =1 @na(t;), & J@E& ®id.
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Corollary 2.17. For all A € SP with £(\) odd
1 1 1
@ Z Z |Xi(33)|2 95 = Sea Z |Xi($)\2

d peOP zeC, z€Cx1

Write Seg for the subgroup of Sey consisting of elements of even degree. Similar
to Proposition 2.16, we obtain the character table.

Proposition 2.18. The irreducible spin representations of Seg are parametrized by
pairs (X, (£1)NFY) for strict partitions X\. Moreover, the character values 12 (x)
are determined recursively by

(i) vi(z) = 302(p) if v € C, and p # A.

@
Vi) = 3600 £ 20 T

when £(A) is even and x € Cl.
(ii) ¥ (z) = 0 in all other cases.

Corollary 2.19. For all A € SP(d) with £(\) even
1 1 1
> Reyd())® =

seil 2y 27 g

Y (myd(2))*.

0
z€Se

Finally, we end our discussion by introducing the central characters associated
to the Sergeev group. Given p € OP(d), the class sum C,, which is the sum of all
permutations in C,, acts by Schur’s lemma as a constant on a supermodule V) ®Cg.
We call this constant the central character and denote it by f,(\). In fact,

o> 3 :
(7) f,(\) = |Cp|dingﬁ6")/\ =1 dfrtl(fc))i N |Cp|dlfm(2)w

where 1? is the average of wi and ¢ (or equal to wf‘r if /() is odd). In particular,
the central characters associated to Seq and Sej agree. (Note that we restricted
ourselves to p € OP in the definition of central characters.)

We extend this notation to all p € OP and A € SP, even if p and A are not of
the same size. Write p ~ p’ if the partitions p and p’ only differ in the number of
parts equal to 1, and set

(8) fp()‘) _ {f/)’()‘) |p| < |/\‘7

0 ol > |Al,

where p ~ p' and |p'| = |\|. Then, by [Iva0l] we have f, € A, where A is the
symmetric algebra introduced before. More concretely, if p = (¢), then by [CMSZ20,
Theorem 6.7]

-1

(f,(N) = ;71[#“] <H(1 — jt) .exp( > %pk(x) (11— (1- Et)k))).

j=1 k>1
kodd
(The central characters in our work agree with those in [EOPO08], but differ by a
factor ¢ of those in [CMSZ20, Theorem 6.7] and in [Iva0l, Definition 6.3].) By
comparing this formula with the definition of hy, we see that f, — h,/¢ is of weight
less than ¢+ 1.
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2.4. Weighted spin Hurwitz numbers. Let IT = (™), ... u(") with () ¢
OP(d). A Hurwitz tuple of degree d and ramification type II is an element

(Oé,67’717 e a’)/'n) S (Gd)n+2

such that [, B]71...7, = 1 and the type of 4; is equivalent to the partition (%)
(i.e., they only differ in the amount of 1’s).

Write Hurg(II) for the set of all Hurwitz tuples h of degree d and ramification
type II. Every such Hurwitz tuple corresponds to a (ramified) covering of the torus,
which, after pulling back the flat metric on the torus, yields a differential of type pu.
This induces a spin parity s : Hur(II) — Z/2Z. By [EOPO08, Theorem 2] the spin
Hurwitz number of degree d and ramification profile II is given by

FRD SRR UCEE YN ST oV

" h€Hur, (1) AESP(d)

where fip = [, £, with £, a central character, defined by (8), and x is the Euler
characteristic of the cover, i.e.,

X = Do (D) — |u).
We generalize this result, by finding the following expression for a weighted count.

Given a Hurwitz tuple h = (o, 8,71,...,7,) and f € A, write f(«) to denote the
value of f applied to the partition corresponding to the conjugacy class of «.

Proposition 2.20. For any f € A we have

2O ) = 22 Y () a(h) 7).

" he€Hur,(1T) AESP(d)

Proof. Given conjugacy classes C1,...,C, in a finite group G, we define a Hurwitz
tuple for G with ramification type C = (Cq,...,Cy) to be an element

(aaﬂavla"'vvn) S Gn+2

such that [o,B]y1- -7, = 1 and ~; € C; for all i. Denote by Hurg(C) the set
of all Hurwitz tuples for G with ramification type C. The sum of all elements
of a conjugacy class C in the group algebra of G acts by Schur’s lemma by a
constant; this constant is the central character fc, which we consider as a function
fc : G — C, where G" denotes the set of irreducible representations of G. We

write fe = [[oee fe. Given an irreducible representation m of G and a class
function f : G — C, we let
1 -
Me(f.m) - |G| > xx(9) xx(9) flg) = @ZHg”Xw(g)Xw(g)Jc(g)a
geG [9]

where the last sum is over all conjugacy classes [g] of G, and with X, the character
of the representation 7 and |[g]| the size of the conjugacy class of g in G.

Mutatis mutandis, the proof of [LZ04, Theorem A.1.10] implies that for all class
functions f : G — C, we have that

Hye(G) == |761:| > f ZG fe(m) Ma(f, ),
he€Hurg (C TeGN

where h = (o, 8,71, ---,7n). In the non-spin setting this result for G = &4 suffices
to prove the non-spin variant of this proposition (see [CMZ18, Proposition 6.3]).
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Here, it does not suffice to let G = Seq, as we have to take care of the sign of
the Hurwitz tuple. Hence, we complete the proof along the same lines as [EOPO0S,
§§3.1.6-3.1.10].

Given a group homomorphism ¢ : G’ = G, h € Hurg(C) and a conjugacy class C’
of G’ such that ¢(C") = C, we write Hurg: (h, ¢) = Hurg/(h) for the set of Hurwitz
tuples b’ € Hurg/(C') such that ¢(h') = h. For all d > 1, write By for the group
of signed permutations, obtained by setting ¢ = 1 in Seq. Moreover, write B} and
Seg for the subgroups of even elements with respect to the Z/2Z-grading on Seq.
Note that all these four groups Bd,Bg,Seg and Seg admit a natural projection
homomorphism to &.

Write Hurg(C) for Hurg,(C) and let h € Hurg(C) be given. Now, in terms of
Hurwitz tuples, [EOPO08, Proposition 5] reads

(—1)sm 2X/2<|HurBd(h) ~ [Hurgs (M| [Hurg,, (h)| IHurSeg(h)I)
d! Bal Bal |Sed| Seal /)

Hence, summing over all A € Hury(C) and multiplying by f(«), we obtain

—1)s(h)
S U ) = 22 (Hpe(Ba) — Hye(BY) — Hye(Sea) + Hye(Se).
heHurg(C)
where in Hy ¢(G) the conjugacy class C should be interpreted as the conjugacy class
of pure permutations in G.
Observe that the irreducible representations 7 of Seq such that w(¢) = 1 cor-
respond to the representations of By. In particular, Mg, (f,7) = Mse,(f,7) for
such 7. Hence,

Hye(Seq) — Hpe(Ba) = > fe(m) Mse,(f, ),
mE(Seq)”

where (Seq)” denotes the set of irreducible spin representations of Sey. Similarly,
the results holds after replacing Sey and By with Seg and BY, so that

(=1)*™
> Tf(a) = > fe(m) Mo ( — > fe(m) Mse,(f, 7).

heHurg(C) ’ we(Seh)” mE(Seq)”

At this point, we can no longer follow [EOPO08] closely. Instead, we compute
Mse, (f,7) using Proposition 2.16. First assume that m# = ) is associated to
A € SP and /()) is odd. Then, 7wy only takes values on the conjugacy classes C,
and C,. Both conjugacy classes consist of Zd’e(”)% elements. Hence, we obtain

1 oy d!
Mse,(Fim) = grrg D 2270 ZIa)Pf ()
" peOP(d) P
9—L(p)

= > () f(p) = M(f)(N),

peOP(d) P

where M(f) can be thought of as the spin analogue of the Méller transform in
[CMZ18, Corollary 13.2]. Next, let 7r)\i be associated to A € SP with £(\) odd. By
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Corollary 2.17, we find that
N 1 2=t 1 1
Mo, (f,73) = sfN)+ > — X f(p) =2 5 f(A) + M),

2 peOP(d) P 2

where we now also defined the Moller transform if £()) is odd.
Similarly, we compute Mgeo (f, ) for all € (Se))” using Proposition 2.18. First,

suppose m = 7y and £(\) is odd. As 1/)j\r = Xi, we find

My (fim) = = 30 220 ‘<Pd| (o) PF(p) = M(FN.

pEOP(d)
Finally, let 75 € (Se9)" with £(\) even. By Corollary 2.19, we obtain

9—4(p)

Mg (f.m) = Sf)+2 Y )| 7(0)

pEOP(d)

1 1
= S/ + M.

b

Recall that the central characters corresponding to all representations of Sey
and Seg agree on odd partitions. Hence, we conclude

1)S(h)

>

heHurg(C)

=22 83" () () (M)A = 2(EF ) + M)

AESP(d)

=22 37 (1) g () F(N). O

AeSP(d)

Define the (combinatorial) -weighted spin Siegel-Veech constant c¢(d,II) to be
1 S
ce(d 1) = — > (=1 M py(n),
heHur g (I1)

where py(h) is the £-th Siegel-Veech weight of the Hurwitz tuple h = (a, 8,71, - -, Tn),
which by [CMZ18, Lemma 6.1] is given by py(h) = npe(a).

Corollary 2.21. For all odd ¢

co(d,T) = 22 3 (1) V() pe(N).

A€ESP(d)

2.5. Recursion relation for ¢ (). The symmetric algebra A is canonically iden-
tified with Q[hy,hs,...] (see (5) for the definition of the h;). As in [CMSZ20,
Equation (56)], for all non-empty sets I C N of cardinality n, we define a function
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A; € R[(z:)ic1] as follows:

A{l} = Z;l +Zh25+127:25+17
s>0
A{i,j} = ZlH (ZZ) Z]A (ZJ) — ]., and

Alzj) — A=)

1 1 ko
A= oy X > gAﬁ,s}gA[ffl] (n23).

k>0 I={r,s}UI;U...UI}
E=(by . k)
In the last line, the first sum on the right-hand side is over all vectors of odd
positive integers of length k, while the second sum is over partitions of I into k£ + 1
non-empty sets, and we let
¢ o

iy = g o

and A[Ie] = (2] Ao -
Then for any element h € R we denote by h|h,a, € Q the image of h under the
unique ring morphism A — Q mapping hy to the rational number o defined by:
o -1 L 4 L s+1
oy = Tﬁ[u |P(w)", where P(u):= exp(E:SZI C(—s)u )
Notation 2.22. If X is a connected component of a stratum H(u), the normalized
Masur—Veech volume of X is defined as

vol(X) = (el = D Tiy T yol(X).

We denote vol(u) = vol(H(u)), and vol™ (1) = vol(H (1)) — vol(H(p) ™).

Recall that the leading term (--- ) of the growth polynomial is defined by (4),
the elements h, € A are defined by (5) and recall that 0, = ai'

P1
Theorem 2.23. We have

3.9x/2
+
- 2% _(p i, |- |h,
Co (M) 272 . |M| A VOl(pJ) <p 1‘ 1| | n>L
—9ox/2
- [211’”1 T Z:Lnn} 82An|hp—>ag .

1672 - || - vol ()

Proof. We compute c(jf as the limit of Hurwitz numbers of the torus of large degree:

Lo 3 0 (D)
¢o (p) = lim 7 5D Ne(D)
d=1*Vd

where IT = ((m1,1,...,1),...,(my,1,...,1)), N3(II) is the number of connected

torus covers of degree d with ramification profile I, while ¢° ; (d,II) is the sum over

those covers with —1st Siegel-Veech weight and with sign given by the parity. The

proof of this formula is obtained from a direct transposition of the proof of the
analogue result for co(u) given by Proposition 17.1 of [CMZ18].

By Corollary 2.21 and the inclusion-exclusion principle used to obtain connected

cover counts from possibly disconnected ones, we have:

cg(d, ) = 2X/2[qd] (pelfm, |- - |fmn>’
Ng(I) ~ d"IVol(p),

— 0

)
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where the connected g-brackets were defined by (2). The growth rate of the con-
nected bracket is determined by Proposition 2.4. Note 2 —2g = x = n — |ul.
Therefore,

2X2[p | |- |
cg(u) — i lim [le‘ 1| | n]D
™ Doee 3 dlIVol(u)
ul
_ 3 2Pl b, ) o i (i)
72 Do oo ?;T_‘:llv 1( )

n

= 3 2X/2<p 1€, |- ‘fmn H

2 2| | vol(p -
_ 32X/2<p71|hm1"“| m,,L>L
2 2| | vol (1) ’

where the last equation follows as f; — h,/¢ is of weight less than ¢+ 1. Moreover,
by using Corollary 2.5, (6), and Lemma 2.6, we find

1 o
(p—1by, |- [, ) = Aut(m) [Wmy -+ U, ] \I’I—{i (u)r
1 H,o
= Aut(m) [ umn]c—i (u)L
B S ST ]aQ\IJH( u),
24 Aut(m) Tl W (a)
-1 1 i
T2 Aut(m) [t =14, ] 029 ().
= i [Zinl T Z:Lnn} 82An|hz’—>az )
where Aut(m) denotes the cardinality of the stabilizer of the action of &,, on
(mq, ..., my), and where we took the L-brackets of the sequences \I/fl’lo (u), Cfio(u),
U (1) and UH:°(u) defined in Section 2.2. O

3. TWISTED GRAPHS AND THE BOUNDARY OF THE HODGE BUNDLE

Fix p,g,n as in the introduction. We will consider the following cohomology
classes of the projectivized Hodge bundle:

e the tautological class £ = ¢1(0(1)) € H*(PH, n, Q);
e the Poincaré-dual class of the locus of curves with a non-separating node

50 S H ( g,m» @)
e the Chern class of the cotangent line at the ith marking v¢; € H*(M gn Q)
forall 1 <i<n.

For all 1 < i < n, we denote

9) B =972 [ [ mi- s
J#i
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Let X be a component of H(u). We denote by PX the Zariski closure of the
projectivization of X. In [Saul8|, [CMSZ20], and [CMZ19] it was shown that

vol(X) = Pyﬁi £

for all 1 < i < n (see Notation 2.22 for the definition of vol and VOli). Here, we
will consider the following intersection numbers for all 1 <7 <n

PX
The purpose of the rest of the paper is to prove the following result.

Theorem 3.1. For all connected components X of , and 1 <i < n, we have:
(X)) = . .
ci(X) 472 vol(X)
For all X, the number d;(X) is independent of the choice of i (see [CMSZ20]).
Thus, this theorem directly implies Theorem 1.1 and the following expression for the

area Siegel-Veech (SV) constants of connected components, which is a new check
that the class §; represents the Kontsevich—Zorich cocycle (see [Kon97, EKZ14]).

Theorem 3.2. For all odd p and all 1 < i < n, we have:

1 dE)

oX) = 17 SoIx)

As SV constants of hyperelliptic components are explicit and Theorem 1.1 holds
trivially for these components, we only need to consider the SV constants of strata
and their weighting by their spin sign:

di(p) = di(H(p)), and  df () =d; (H(n)") —di (H(p) ™).
Besides, we will show that Theorem 3.1 holds when we set ¢ = 1 (the general case
follows immediately by permuting the entries of ©). We proceed in two steps:

(1) In the present section we use intersection theory to express the numbers
dy (1) and di (1) in terms of the functions vol, vol* and intersection numbers
in genus 0 (see Proposition 3.11).

(2) In the next section we use arguments of combinatorics to show that Propo-
sition 3.11 may be rewritten as the sum of the contributions of cylinder
configurations in the sense of [EMZ03] thus finishing the proof of Theo-
rem 3.1.

3.1. Twisted graphs. We recall here the definition of twisted graphs of [FP18].
A stable graph is the data of

I'=(V,H,g:V —Zso,0.:H—H,¢: H—V,H ~[1,n]),
where:
e An element v € V is called a vertez. We denote by g(v) the genus of v.
e An element h € H is called an half-edge. We say h is incident to ¢(h), and
write h — v if ¢(h) = v. Moreover, we denote by n(v) the valency of the
vertex v, i.e. the number of half-edges incident to v.

e The function ¢ is an involution. The set E consist of cycles of length 2 for ¢,
which are called edges.
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e The fixed points of ¢ are called legs. We write n for the number of legs, and
identify the set of legs with the set [1,n] :={1,2,...,n}.

e For all vertices v we have 2g(v) — 2 4+ n(v) > 0.

e The graph (V, E) is connected.

The genus of I' is defined as

g@) =h'(T)+ > g(v), with ') =|E|—[V|+1.
veV
An automorphism of I' consists of automorphisms of the sets V and H that leave

invariant the data g,¢ and ¢. A stable graph is said to be of compact type if
hY(T) = 0, i.e., if the graph is a tree.

Definition 3.3. A twist on a stable graph I' is a function m : H — Z satisfying
the following conditions:

e For all v € V, we denote by u(v) the vector of twists at half-edges incident
to v. We impose

()| = m(h) = 2g(v) — 2+ n(v).
h—wv
o If e = (h,}’) is an edge of T from v to v/, then we have m(h) = —m(h').
e There exists a partial order > on V such that for all vertices v, v’ connected
by an edge (h,h’) we have (v > v') < (m(h) > 0).

For an edge e = (h, ') from v to v, we call m, = |m(h)| the twist at the edge. If
me = 0 (or, equivalently, if v > v" and v/ > v) then we will say that the edge is
horizontal.

A twisted graph is a pair (I',m), where m is a twist on I'. It is said compatible
with an integral vector u of length n, if the twist at the ¢th leg is equal to m;.

Most of the twisted graphs that will be considered will be in the following set.

Definition 3.4. A twisted graph (I',m) is a graph of rational type if it is of compact
type and there exists a partition of the set of vertices V(I') = R(I")UD(T") satisfying:
e The twists at the legs are non-negative.
e g(v) =0« v e R(I") (the set of rational vertices).
o If v € D(T') (the set of decorations), then all half-edges incident to v have
positive twist.

Remark 3.5. In this definition, the twist and the partition of the set of vertices
are uniquely determined by the underlying stable graph and the twists at the legs
in [1,n]. In particular, an automorphism of I' automatically respects the twist
function. Thus, to keep the notation simple, we denote by I' a graph of rational

type.

Definition 3.6. A twisted graph (I, m) is a bicolored graph if there is a partition
of the set of vertices V(I') = Vp U V_; such that all edges connect a vertex v € V;
to a vertex v/ € V_; with v > v'.

A bicolored graph is a rational backbone graph if it is of compact type, has a
unique vertex in V_; of genus 0 which carries the first marking, and all vertices
of Vp have positive genus (note that a rational backbone graph is of rational type
and satisfies D(I") = Vp and R(I") = V_,).
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3.2. Boundary of strata of differentials. If y is a vector of (not necessarily
positive) integers of length n with |u] = 29 — 2 + n, then we denote by H(u)
the moduli space of objects (C,z,n), where C' is smooth and 7 is a meromorphic
differential with ord,,(n) = m; — 1 for all 1 < ¢ < n. This space is canonically
embedded in the vector bundle

W*wégm,/ﬂgm (pl D1 +...+pp- D")

where 7 : Cy,, — M, is the universal curve, D; is the divisor associated to
the ith marking, and p; is a positive integer bigger than —m,; for all 1 < i < n.
The incidence variety compactification PH(u) is the Zariski closure of PH(u) in
the projectivization of the above vector bundle. The geometry of PH(u) does not
depend on the choice of the p;’s and was described in [BCGT18].

3.2.1. Residue conditions. If y has r non-positive entries then we denote by JR(u)
the subspace of C" with sum equal to 0. If R is a linear subspace of $(u), then we
denote by H(u, R) C H(u) and PH(u, R) C PH(u) the space of differentials with
residues in R (up to a scalar in the projectivized case).

3.2.2. Boundary components of PH(u). We recall that a non-trivial stable graph T’
determines a boundary component of the moduli space of curves

CF :ﬂp = H mg(v),n(v) - mg,”
veV (T)

with ¢ = ¢(I") and n the number of markings. A bicolored graph (I, m) determines
two moduli spaces:

H(F’va)O = HH(M(U)>RU)
veVy

H(F,m,R)—l = H H(/"(”)’Rv>7
veV_y

where for all v the vector space R, is defined by the so-called global residue condition
defined in [BCG™18]. Moreover, it determines a morphism

Coym) : PH(T,m, R)o x PH(T',m, R)_1 — PH(p, R).

Denote by PH(I',m, R) the Zariski closure of the image of this morphism.

Besides, if (I',m) is a twisted graph with exactly one horizontal edge, then we
denote by PH(I',m, R) C PH(u, R) the subspace of differentials whose underlying
curve sits in the image of Mr. With these notations at hand, PH(u, R) is the union
of the PH(T', m, R) for (I, m) bicolored graphs and twisted graphs with exactly one
horizontal edge compatible with .

3.2.3. Generalization of spin parity. If ;1 is odd, then the parity of a point (C, z,n) €
H(p) is the parity of h°(C, (9(”“2_1 +...+ m#_l))

Besides, if p has only odd entries apart from the first two which are equal to
0, and R C PR(u) is the vector space defined by r1 + ro = 0, then the parity
of a point in (C,z,n) € H(p, R) is defined as the parity of the differentials in
the desingularization of the node created by attaching the two poles of order 1
(see [Boilb] for the details of this construction). Then, as in the holomorphic case,
we denote by

[PH (i, R)I = [PH(u, R)]* — [PH(u, R)]
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3.3. Functions defined by intersection numbers in genus 0. Here, we define
three functions f, ¢, and p* as intersection numbers on strata of differentials of
genus 0. We also show how to compute these functions recursively. The results
collected in this section will only be used in Section 4 to manipulate the sums
indexed by different families of graphs of rational type.

3.3.1. The f-function. Let p = (mq,ma,...) € Z™ be vector of length n > 3 such
that: no entry of u is equal to 0, m; and mgy are positive, and |u| = n — 2, where
lu| = >, m;. Then, we define

= m; Vi,
o= [ T v
s.t. m; >0
where {0} stands for the trivial vector space. Note that this definition differs from
the one in [CMSZ20] by a product of the m;.

This function may be computed inductively by using twisted graphs. We fix an
index ¢ in [2,n] \ {3}. We say that a twisted graph T of genus 0 is of type f; if it
has exactly two vertices vg > v_1, one (non-horizontal) edge e and satisfies:

e The legs ¢ and 1 are on one of the vertices, and the leg 3 is on the other one.

e The vertex vy (respectively v_;) has exactly 1 (respectively 2) of the legs with

index in {1,4,3}.
Moreover, write I' F f; to denote that I' is of type f; and compatible with . Then
we set
f@) = flu(v-1)) - f(u(vo)),
where we order the entries of u(v_1) and p(vg) in such a way that the first entries
of p(v_1) are the m;’s for the values j € {1,¢,3} and incident to v_;, while the
first entries of p(vg) are me and m; for the last value j € {1,1, 3}.

The following lemma generalizes Proposition 2.1 of [CMSZ20] (case i = 2 of the

recursion formula).

Lemma 3.7. If m; <0 fori > 2, then we have:

— T

1
f(w) = (n—=3)[t™] Htﬁ
i>2
where [t™2] stands for ma-coefficient in the variable t. Moreover, if msg > 0, then
for all i € [2,n] \ {3} we have the following relation:

f(M) = ms Z f(r)v
T+ f;
where the sum is over all twisted graphs of type f; compatible with .

Proof. We use the same approach as in [CMSZ20]. For all i, we have
7/’3 = Z CFz*(l) € HQ(mg,an)v

£c{l,....,n\{1,i,3}
where I'y; is the graph with one edge and one of the vertices carries the markings in
¥ U {1,i} while the other vertex carries the other markings. Then the intersection
of CFE*(]-) with

i>4
s.t. m; >0
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is non-trivial if and only if the unique structure of twisted graph on the stable graph
defining dy; satisfies the constraints of the type f;. In that case, this intersection is
exactly given by f(I's) (see [CMSZ20]). O

We use this lemma to show another identity satisfied by the function f. For
i € [3,n], we say a twisted graph is of type f! if it satisfies the same conditions as
for the type f;, but interchanging the roles of the markings 2 and 3. Its contribution
is also determined by the same formula as for graphs of type f; by interchanging
the roles of the markings 2 and 3.

Lemma 3.8. If my, mo, mg are positive, then we have:

Z (me + m3) f(F) = Z (me + m2) f(F)

T+ fa T f}
Proof. We have the following identity in H* (Mo n+2,Q):
(M3 —matp2) p. [PH (1, {0})]
= > mpmpPHT,m AN = Y mpr p.[PH(T, m,{0})],
I'eBicy,3 I'eBics,2

where Bic; ;s is the set of bicolored graphs with the leg j incident to a vertex in
V_1 and j’ is incident to a vertex in Vy (see [Saul9, Theorem 6]), and mpr) =
[Tec ) me. We intersect this identity with

H mi ;.
i>4
s.t. m; >0
On the left-hand side, we use Lemma 3.7 as sums over graphs of type fa or f;. On
the right-hand side, only the graphs of type f2 and f} give a non-trivial contribution
on the right-hand side (see [CMSZ20, Section 2.4]. All in all, we obtain the following

expression:
Y omsf(L) = Y ma (L) = Y me f(L) = Y mef(D),

If2 IHf4 T+f3 T+ fo

which is the desired identity. (I

3.3.2. The p-function. Now, let p be a vector of length n + 2 satisfying: m; is
positive, m, 41 and m, 12 are non-positive, no other entry is zero, and |u| = n.
Then, we denote

H(pRi2)  j>9
s.t. m; >0

e(p) :/P I miv,

where R, 2 is the vector space defined by 7,41 + 742 = 0 while all other residues
are equal to 0. Moreover, if all entries of p are odd apart from my,, 11 = my,492 =0,
we denote:

H(p,Ra2)|% 39
s.t. m; >0

+ = m; ;.
sO(M)—/[P [T miv

We will need three types of graphs of rational type of genus 0 to compute ¢
and o inductively (see, also, Fig. 2). A graph of rational type I is of
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Type of twisted graph Contribution
Type fo f
f
e
}
ms ¢
\
my ma2
Type o1 f

Type @2 e
0
Mp1 Mp42
mq mo
Type ¢3

f
¥ +77@+\m52 ¥

—m —m
Mp+1 —@ el 62@7 Mp+2
ma

mi

FIGURE 2. The types of twisted graphs involved in the induction
formulas defining f and . Only the twists at the first legs and
the half-edges of the edge are indicated. Besides, the letters f or
¢ above each vertex indicate which function is used to define the
contribution of the graph.

o Type pq if it has one edge e, the legs 1 and n + 1 are incident to a vertex v_;
which is lower than the vertex vy carrying the leg 2. Then, we set

o) = @(uv-1)) - f(p(vo)),
PprI) = oF(ulv-1)) - flp(vo)),
where p(v—_1) = (mq,...,mpt1, —me) and p(vg) = (M2, Mme, .. .).
o Type ¢} if it has one edge e, the legs 2 and n + 2 are incident to a vertex v_;
which is lower than the vertex vy carrying the legs 1 and n + 1. Then, we set

o) = o(u-1)) - f(u(vo))
where p(v_1) = (ma,...,Mpy2, —m.) and p(vg) = (M1, me,...). (Note that
this configuration may only occur if m, 41 is negative thus we do not need to
define ¢* for such a graph).
o Type o if it has one edge, which is horizontal, the legs 1 and n+1 are incident
to a vertex v; and the legs 2 and n + 2 to the vertex vs. Then, we set

o) = @u(vr)) - p(p(v2)),
eEM) = o (u(vr)) - o™ (u(v2)),
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where p(vi) = (m1,...,mp11,0) and p(vg) = (ma,...,0,Mpy12).

o Type w3 if it has two edges, both not horizontal, and the legs 1 and n+ 1 are
incident to a vertex v, the legs 2 and n + 2 to a vertex vy which are both
connected to an upper vertex vy with edges e; and es. Then, we set

p(l) = (me, +me,) - p(u(v1)) - f(p(vo)) - e(u(v2)),
where p(vy) = (M, ..., Mps1, —Me, ), w(v2) = (Ma,...,—Me,, Myi2) and
,LL(U—l) = (memmezv o )

The function ¢ may be computed by the following lemma.

Lemma 3.9. If m; <0 for all 1 < i <mn, then:
o) = (n—=! [[-mi.  and  oF(u) = —(n— L.
i=2

If my > 0, then we may compute @ and ¢+ recursively:

pp) = ma Y ),

The1,00 902,03

pE() = ma Y (D),
The1,p2
where the sums are over graphs of type p1,¢, p2, or @3 compatible with .

Proof. The base cases of the lemma are given by Proposition 3.8 and Lemma 4.8
of [CC19]. We use the same strategy to prove the induction formula as the one
used for f. We use the following relation in H2(Mg 12, Q):

Py = Z s € H* (Mo nt2, Q)
BC{3,...,n+2}\{n+1}
where ds = (rs«(1), and T's for the unique graph with one edge and one vertex
carrying the legs in {1,n + 1} UX (while the other one carries the others).

Let ¥ be a set appearing in the expression of 15. The schematic intersection of
s with PH(u, Ry 2) is the union of all divisors of PH(u, R 2) defined by bicolored
graphs or twisted graphs with one horizontal edge and which have an edge which
separates {x1,n+ 1} UX from the other legs. To compute the intersection number

of (52 . []P)ﬁ(,u,RLQ)]) with
1T miv

i>2
s.t. m; >0
we only need to consider the twisted graphs that do not vanish once we push forward
the class [PH(I',m, Ry 2)] along p : PH(u, R12) — Mo ni2. This is the case only
for the types of graphs o1, ¢}, v2 and 3. Namely, as there are exactly two poles
with opposite residues, there may be only two vertices per level. Indeed:

e If (T',m) has a unique horizontal edge, then the two poles n 4+ 1 and n + 2
should be carried by the two distinct vertices. Otherwise, the residue at the
edge would vanish and the graph would define a space of dimension smaller
than dim(Pﬂ(M,RLg)) — 1.

e If (I',m) is a bicolored graph, then V_; may have up to 2 vertices and Vj
only 1. If V_; has two vertices, then necessarily, each vertex carries one of
the poles with non-vanishing residue. This gives the type 1, ¢} and 3.
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The multiplicity of the graphs of type 1,9} and @9 is one as for the graphs
of type f. Thus we only need to show that a graph (I',m) of type @3 contributes
trivially to the function T and with multiplicity me, + me, to .

To do this we choose ¢ = 1 or 2. Then the edge e; determines a set X as: the set
of legs incident to the vertex vy if ¢ = 1, and the set of legs incident to the vertices
v1 and vg if 4 = 2. In both cases we will show that

P [Pﬂ(:uv Rl,Q)] = ms3—; Pﬁ(ra m, Rl,Q)L

while dx - [PH (i, R12)]¥ = 0. Indeed, a generic point y € PH(I',m, Ry ) has
neighborhood in PH (i, Ry 2) given by A x G x U, where U is neighborhood of y in
PH(T',m, R12), G is a discrete set of cardinality gcd(me,,me,), and A is an open
disk of C containing 0 parametrized by some parameter € (see [Saul9, Lemma 5.6]).
Moreover, the neighborhood of the node corresponding to e; in the universal curve
C — A x G xU is given by z x w = e™(mermez)/Me; - Therefore, the intersection
of PH(p, Ry 2) with Jy, is equal to
lem(me, , Me, ) My Mey

ged(me, , Me, ) X e =

i i

which is the expected contribution for the function .
For the function ¢*, we consider the parity of the generic element in

U x{v} < (A\{0})
for an element in v € G. As both vertices have even twists, half of the elements of
G give even or odd parity (see [CSS21, Proposition 5.2]). Therefore the intersection
of 0y, with [PH(u, Ry 2)*] — [PH(p, R12)7] is trivial. O

3.4. Intersection of strata with ;. From now on p is a vector of positive entries.
We recall from [CMSZ20] the following induction formula for the normalized volume
(see Notation 2.22).

Proposition 3.10. Ifn > 2, then we have the following relation:
HeeE(F) Me
vol(p) = Z f(#(”—l))m H vol(u(v)),
T'eBB(u)2 v

Z flp(v=q) Hfféa),;ne H Voli(u(v)),

I'eBB(u)2 veVy

vol™ (u)

where BB(u)2 is the set of rational backbone graphs compatible with p such that the
second leg is incident to the vertex v_1 in V_1, and where pu(v_1) = (m1,ma,...)
is the vector of twists at half-edges incident to v_1.

Here we will prove the following expression of the functions d; and df in terms
of the volume function.

Proposition 3.11. For all u, we have

dw) = Y so(u(v_n)HeeE‘”W Hvol

2 |Aut(T
I'eBB(u)o

ecE(D) Me
di(p) = > ¢F(u(vo) 2|€Au(t H volt (1
reBB ()0
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where BB(u)o is the set of rational backbone graphs compatible with (my, ..., my,0,0)
with the legs n + 1 and n + 2 incident to v_1, and p(v_1) = (mq,...,0,0) is the
vector of twist at half-edges incident to v_1.

Proof.i To prove this proposition we will proceed in two steps: (i) we express
do - [PH(u)] in terms of boundary component of PH(u); (ii) we use the results
of [Saul9] to compute the intersection of £ with these boundary components.

Intersection of strata with &y. Let X be connected component of PH(u). Up to

loci of co-dimension 2, the schematic intersection of PX and d is contained in the
union of the spaces PH (T, m), where (I',m) is either the unique graph with one
non-separating horizontal edge, or a bicolored graph with A*(I") > 0. We will show
that graphs of the second type contribute trivially to the integral of 8 (see (9) for
the definition of ).

Let (I',m) be a bicolored graph with 2'(I') > 0 and let X be a connected
component of H(I',m). We have

Br- [PX] = p. (&7 [PX)) - [ ma ¢ii,
1=2

where p : PH(u) — M, , is the forgetful morphism of the differential. We have
p«(€2972 . [PX]) = 0 by [CMSZ20, Proposition 3.10] (actually the proposition is
given there for the complete stratum PH(u), but the arguments can be transposed
directly for all connected components). Therefore, as dy intersect transversally
along (I'p, mg), the unique graph with one non-separating horizontal edge, we have:

1 - n
di(p) = /Pi Bi = 5/]1;;* §2g QEmi¢i

H(To,mo) H(p+(0,0))

(the factor 1/2 comes from the automorphism group of (I'g,mg)). Moreover, we
also get the spin analogue:

dl(#) = 1

529*2 mi ;.
2/[PH(H+(U’0))]i 1;[2 o

Ezpression of £ on PH(u+ (0,0)). We use [Saul9] to write ¢ as a linear combina-
tion of boundary divisors. Indeed,

& [PH(p+ (0,0))] = [PH(x+ (0,0),{0})] + boundary terms.

However, PH(u + (0,0),{0}) is empty as there can be no pole of order exactly one
with vanishing residue. The boundary terms are supported on all bicolored graphs
(T, m) with the two poles incident to vertices of V_;. We will show that if X is a
connected component of #(I',mn) which is not in BB(u)o, then [ &9 3]/, s
vanishes.

First, if we assume that (I, m) is not a rational backbone graph, then p, (£2973 -

[PX] = 0 by the same arguments used to prove Proposition 3.10 of [CMSZ20].
Thus we choose a rational backbone graph (I',m). Then H(I')_; has dimension



CYLINDER COUNTS AND SPIN REFINEMENT OF AREA SIEGEL-VEECH CONSTANTS 29

n_1, where n_; is the number of legs in [1,n] incident to the vertex of V_;. Thus
its projectivization has dimension n_; — 1, and we obtain

[ e

H(r.m) j=2

unless 1 is incident to the vertex of V. Putting everything together, we obtain the
following result:

S PHu+0,0) = S | [ me| PRI+

TeBB(u)o \ecE(D)

where [, £2972 [, 1 = 0. Moreover, if (F, m) € BB(,[L)Q, then we have

/nmy(r,m) & 3H - |Aut H vol(

This is the desired expression of dy(u). Also, if u is odd, then we have

[ e man = 20D T ooy,
PHTm)E 5 [Aut(I)] 2

Indeed, a backbone graph is of compact type thus the parity of a generic element
of H(T', I) is defined as the product of the parities of the elements in H(u(v), Ry)
for all vertices of T" (see [Cor89]). O

4. CHAINS AND CYLINDER CONFIGURATIONS

In this section we use Proposition 3.11 to express d; (1) and di (i) as sums over
cylinder configuration.

4.1. Chains. Here we define a category of graphs called chains to encode cylinder
configurations in the spirit of [CC19].

Definition 4.1. A chain is a graph of rational type I with n+2 legs and a partition
D(T") = F(T") U P(T") satisfying the following constraints:

e m(n+1) =m(n+2) =0, and the other legs have positive twists. Moreover,
the first leg is incident to the same vertex as the (n + 1)-st.

o If v € F(T') (set of “figure eights” in the terminology of [EMZ03]), then v has
exactly 1 incident edge.

o If v € P(T") (set of “pairs of holes” in the terminology of [EMZ03]), then v
has exactly 2 incident edges.

e Each vertex in R(I") has exactly two of the following half-edges: the leg
(n+ 1) or (n+ 2), or the half-edge of a horizontal edge or of an edge to a
vertex in P(T").

e Each vertex in R(T") has exactly one leg with index in [1,n].

We say a chain T' is odd if all positive twists are odd. Denote by CH(u) and
CH(2)°% the set of (odd) chains compatible with (my,...,m,,0,0).

Observe that each vertex has an even number of incident half-edges with even
twists. As m(n+1) = m(n+2) =0, it follows that each vertex in R(T") has at least
two incident half-edges with even twists. Hence, if I is odd, then P(I') is empty.
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m1:6 m6:2 m2:6

FIGURE 3. Example of chain in CH(6,6,3,2,2,2,2).

Definition 4.2. Let 1 < i < n. A cylinder configuration marked by x1 is the
data of: a cylinder configuration of a stratum of abelian differentials (in the sense
of [EMZ03] or [CC19]), and the choice of a side of one of the cylinders which is
bounded by the marking z;.

The data of a cylinder configurations marked by x; is equivalent to the choice
of: (i) a chain in CH(y), (ii) an order on the vertices in F(T") connected to v for all
v in R(T), (iii) an integer 1 < a. < m, for all edges incident to a vertex in F(T') or
P(T), (iv) a choice of connected component of the space H(u(v)) for all v € F(T)
and P(T"). We use this fact to express the number ¢; (1) as a sum over chains.

Example 4.3. On Figure 3, we represented a chain for p = (6,6,3,2,2,2,2). The
vertices in R(T"), F(T"), and P(T") are of color green, red, and blue respectively.
Using the notation of [EMZ03] (in particular the non-logarithmic convention), the
configurations associated to this graph are of the form:

or = (a1 +(1—0a1),1) = (1,0,2,1) = (0+0) = (as + (1 — as),1) =,
for a; and ay equal to 0 or 1. Here a;; = a; — 1 in our system of notation.
Let T" be a chain. We define the contribution of a vertex v of I" according to the

type of vertex:

o If v € R(T'), then ¢(v) := m; (n(v) — 3)!, where m; is the marking of the
unique leg incident to v;

o If v € F(I'), then ¢(v) := me |u(v)|vol(u(v)), where e is the unique edge
incident to v;

o If v € P(T'), then ¢(v) := |u(v)| vol(u(v)).

Then, we define

cont(I") := el I @w.
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If 1 is odd and I' is odd, then we define EE(’U) = —m,; (n(v) — 3)! for a vertex
v € R(T'), and ¢*(v) = —|u(v)| Voli(,u(v)) for a vertex v € F(I'), and we set:
cont (T) = H p
UGV(F)

Proposition 4.4. The following identity holds

(—47‘(2)71 —
= —— E t(T).
e1(n) 2mq vol(u) cont(T")
TeCH(p)
Moreover, if u is odd, we have
+ (—4r?)~! —t
aqlp) = ———— E cont (T).
2mg vol(p) FeCHTo

Proof. Let T be a chain graph. We choose a connected component X, of H(u(v))
for all vertices in F(T') and P(T"). All the marked cylinder configurations with chain
graph T" and with the same choices of (X, ) have the same Siegel-Veech constant,
given by

ﬁL ITm | < [ T lee)]-vol(x,) | < [ T In)l-vol(X,) | .

1 vol(u) veR(T) veF(T) veP(T)

where, in the first product m; is the twist of the unique leg incident to v € R(T)
(see [EMZ03], Formulas 13.1 and 14.4). Besides, there are

1
TAut(D)] H (n(v) =3)!| x H Me

veR(T) e—veF(T)

such configurations. Indeed the first product accounts for all choices of orders on
the vertices of F(T") connected to the vertices in R(T"), while the second product
accounts for the choice of the a. for edges incident to the vertices in F(T"). Thus
the first identity follows as ¢1(p) is the sum of the Siegel-Veech constants of all
configurations.

To obtain the second identity, we recall that if I' € CH(u) \ CH(u)° then
half of the choices of tuples (ac)e—ver(ry contribute to the even or odd component
(see [EMZ03], Lemma 14.4). Thus the contribution of the odd and even components
compensate and T’ contributes trivially to ¢i (u). Besides, if T € CH()°%9, then
by [EMZ03, Lemma 14.2] the parity of the configuration is the parity of

#RM)+ Y act Y, ¢(X

e—veF(T) veF(T)

where ¢(X,) equals 0 or 1 if X, is an even or odd component respectively. Thus,
for each edge e incident to a vertex in F(I'), we have (a. — 1)/2 terms which give
the same parity while the other (a. +1)/2 produce the inverse parity, thus only one
of these choices of a. contributes. O
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4.2. Expanded chains. Proposition 4.4 provides an expression of ¢; (i) as a sum
over chains in CH(u), while Proposition 3.11 above provides an expression of dj ()
as a sum over backbone graphs. To compare ¢; and di, we introduce a family of
sets of graphs of rational type ECH(u);, the ezpanded chains of complexity i for
i =1,...,n (see Definition 4.7 below). We will also construct maps between the
different sets of graphs of rational type constructed until here:

BB(u)o ~ ECH(u); €2 ECH(p), £ ... £ ECH(u),,

These maps will be used to compare the different expressions of d; (i) by applying
Lemmas 3.7 and 3.9 repeatedly.

Definition 4.5. A pre-expanded chain is a graph of rational type with n + 2 legs
such that there exists a partition R(I') = C(I') U L(T') satisfying the following
constraints:

e m(n+1) =m(n+2) =0, and the other legs have positive twists. Moreover,
the first leg is incident to the same vertex as the (n + 1)-st.

o Let (vg,...,vx) be the shortest path from the vertex vy with the leg n+ 1 to
the vertex vy, with leg n + 2. A vertex is in C(I") (the core) if and only if it
appears in this path. Thus we have an ordering on the vertices of the core.

e A vertex v in C(I') is called a bottom or a top if for all v’ in C(T") connected
to v, we have v < v’ or v > v’ respectively.

o All half-edges with vanishing twists are incident to bottoms of C(I"). In
particular, all horizontal edges are between two bottoms.

e Each vertex in D(T") has exactly one edge.

o Each vertex in L(I') (the set of links), has exactly one edge to a lower vertex
(it may have any number of edges to upper vertices).

e If v is a vertex in L(I") or a vertex in C(I') which is not a top, then v has at
least one leg in [1,n].

Definition 4.6. Let I' be an almost expanded chain. For all vertices of I', we
denote by ind(v) the minimum of the indices of the legs incident to v and +oo if
there are no legs incident to v. Let v be a top in C(T"). It determines a unique
subpath of the core C'(T"):

(Ukuvkﬁ-la .y UN = U, UN+1,y--- 7'Uk'2)

such that v is the unique top of the sequence, and vg, and v, are the only bottoms.
We say that v is admissible if the minimum of ind(v;) for j = k141, ..., ks is reached
for j = N + 1. An almost expanded chain is an ezpanded chain if all tops of C(T")
are admissible.

Definition 4.7. If 1 < i < n, then we denote by ECH(u); the set of expanded
chains of complezity i, i.e. the chains satisfying:
e for all 1 < j <4, we have: if the j-th leg is incident to a vertex v, then v is
not a top of C(T") and either v in D(I") or j = ind(v).
e for all v in R(T"), we have ind(v) < i or v is a top of C(I").
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FIGURE 4. An expanded chain in ECH(6,6, 3,2, 2,2,2); for i =6
or 7.

To compare the different sets of graphs we define the functions Fs, ..., F, and
F (see the above diagram).

4.2.1.  Construction of the maps F;. Let T be a graph in ECH(u);. We construct
the image of I" as follows:

e If the i-th leg is incident to a vertex of D(T"), then F;(T") =T.

o If the i-th leg is incident to a vertex of L(T"), then F;(T")
contracting the unique edge to a lower vertex.

e If the i-th leg is on a vertex v; of C(I') and vj_; is not a top, then F;(T") is
obtained by contracting the edge between v;_; and vj; if v;_;1 is a top, we
also contract the edge between v;_o and v;_1.

Note that F;(T") then satisfies the first condition of elements in ECH;_; by the
admissibility condition, and the second condition because if there is a vertex v in T’
with ind(v) = i, then this vertex is merged with a vertex which has a leg of smaller
index incident to it.

is obtained by

4.2.2.  Construction of the map F. Let ' be a graph in ECH(u),,. The image of
I is defined by contracting all edges which are not incident to at least one bottom
vertex of C(T'), where the genus of a merged vertex is the sum of the genera of the
previous vertices.

Example 4.8. In Figure Fig. 4, we represented an example of an expanded chain
in ECH(6,6,3,2,2,2,2); for i = 6 or 7 (for simplicity we did not put the twist at the
edges as they may be computed from the twists at the legs). The vertices of C(T")
are black dots while the vertex in L(T") is a white dot. Remark that the admissibility
condition is satisfied, as the marking on the vertex following the unique top of C'(T")
has index 3 which is smaller than 5 and 6.

Besides, this expanded chain is mapped to the chain of Example 3 under F. We
have surrounded in green, red, or blue the subgraphs that have to be contracted to
obtain this chain.
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4.2.3. 0dd expanded chains. If p is odd, then an expanded chain I' is odd if the all
positive twists are odd. In particular, C'(T") contains only bottom vertices. Indeed,
each vertex has an even number of incident half-edges with even twists, thus each
vertex of the core has exactly 2 incident half-edges with even twists (the ones
connecting to the previous and next vertex or the legs n+1 and n+2). As all of these
twists are equal to 0, all vertices are bottom and all edges of the core are horizontal.
The functions F; : ECHY (1) — ECH{ (1) and F : ECHY (1) — CH®Y(p) are
defined by restricting the functions F' and F; to the sets of odd expanded chains.

4.3. Contribution of expanded chains. Let I" be an expanded chain. The con-
tribution c¢(v) of a vertex v of T is defined according to the type of vertex:

o If v € D(T'), then c(v) := mevol(u(v)), where m, is the twist at the edge
incident to v and p(v) is the vector of twists of half-edges incident to v.

o If v € L(I), or if v € C(I") is neither a top nor a bottom, then we set
c(v) == mj f(u(v)), where j = ind(v) and p(v) = (m;,me,...) with e the
unique edge to a lower vertex.

e Ifvisatop of C(T'), then ¢(v) := (me+mer) f(u(v)) where m. and m,s are the
twists at the two edges e and €’ to lower vertices, and pu(v) = (me, mer, .. .).

o If v is a bottom of C(I'), then ¢(v) := m; ¢(pn(v)), where j = ind(v), and
p(v) = (mj,...,me, mer), where e and €’ are the edges to the previous and
next vertex in C(T) if there is one, and else, me = 0 or m, = 0 respectively.

Then, we define
1

Ay

veV (T)

cont(T") =

Moreover, if p is odd and I' is an odd expanded chain, and v is a vertex of T,
then we define ¢*(v) and cont™(I') by replacing the function vol by vol* and the
function ¢ by T in the definition of c¢(v) and cont(T').

Proposition 4.9. Let 1 <i<n and let T € ECH(u);—1. We have

cont(T") = Z cont(T).

I'eF, '{r}
Besides, if I is odd, then
cont®(T") = Z cont® (T"),
Ier; I}

where in the last sum we restrict F; to the sets of odd expanded chains.

Proof. Let i > 1 and I' € ECH(u);—;. Any graph in F, '{T'} is obtained by
modifying the vertex v carrying the leg ¢ and not the others. Thus we show that
the proposition holds by studying each possible type of vertex for v.

If v € D(T), then I' € ECH(u); and F;*{T'} = {T'}. Thus, the proposition holds
trivially.

If v is in L(T), then c¢(v) is given in terms of the function f. Using Lemma 3.7,
we may write this function as a sum over all twisted graphs of type fo, i.e. as
all possible ways to split v into 2 vertices (leaving ind(v) and the edge towards a
lower vertex together on the lowest of the created vertices while ¢ is on the upper
one). All the graphs of Fi_l{I‘} are obtained in this way, and we may check that
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the induction formula of Lemma 3.7 gives the right contribution of any element of
F7HTYL

Therefore from now on, we assume that v is in C(I'). First, let us remark that
v cannot be a top of C(I"). Namely, v cannot be the result of contracting the edge
between a top v; and a vertex v;_1, as that would violate the first condition of
expanded chains of complexity i. Moreover, if v is obtained by contracting the edge
between a vertex v;, a top v;_1 and a vertex v;_g, by the admissibility condition,
we know that v is a bottom (and not a top).

If v is neither a top nor a bottom, then its contribution is given by the function f.
Then we apply the recursion of Lemma 3.7 and we write f as a sum over graphs of
type fr where h is the half-edge of the edge that connects v to the previous vertex
of C(T'). Either we obtain two vertices in C'(T"), where the closest to vy carries the
leg ind(v) while the other carries the leg i; or a vertex in C(I") with the leg ind(v)
and a vertex in L(I") carrying the leg . All the graphs of Fi_l{F} are obtained
in this way, and we may check that the induction formula of Lemma 3.7 gives the
right contribution of any element of F,"*{T'}.

If v is a bottom in C(T"), then its contribution is given by the function ¢. Any
graph in Fi_l{F} is obtained by splitting v into 2 or 3 vertices of type 1, ¢}, p2,
or 3. Then the induction formula of Lemma 3.9 shows that the contribution of
I' may be written as the sum of the contributions of F; '{T'} as in the previous
case. (]

4.4. Contribution of chains. The purpose of this section is to show the following
identities.

Proposition 4.10. Let I' € CH(u). We have:
cont(T") = Z cont(T),

'eF-1{I}
and if T' is odd, then
cont (M) =3 cont™(I").
I'eF-1{T}

To prove these identities we need two extra families of combinatorial objects,
called rooted trees and expanded pairs of holes.

Definition 4.11. Let ¥ C [1,n] and p be a positive integer. A rooted tree is a
graph of rational type with 1 + |X| legs indexed by {r} U X, which is either the
trivial graph (i.e., the stable graph with one vertex and no edges) or is such that:
e No edge is horizontal.
e Each vertex in D(T") has exactly one incident edge.
e The vertex with the leg r is called the root. The root has 2 legs and no edges
to lower vertices. All other vertices of R(I') have 1 leg and 1 edge to a lower
vertex (they may have any number of edges to upper vertices).

We denote by RT(u, 3, p) the rooted trees compatible with (p) + (m;):ex.
Definition 4.12. Let ¥ C [2,n], p1,p2 be positive integers and I € R\ X. A
pre-expanded pair of holes is a graph of rational type I' with legs indexed by the
set ¥ U {hy, ha}, and with a partition R(I") = C(T") U L(I") satisfying:

e All legs have positive twists and there are no horizontal edges.
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e Let (vo,...,vg) be the shortest path from the vertex with the leg hy to the
vertex with the leg ho. A vertex is in C(I") if and only if it appears in this
path.

e There is exactly one top in C(T), i.e. there is precisely one vertex v whose
edges to other vertices of v € C(T') satisfy v > v’. No leg in ¥ is incident to
the top.

e Each vertex in D(T") has exactly one edge.

e Each vertex in L(T") (the set of links), has exactly one edge to a lower vertex
(it may have any number of edges to upper vertices).

o If v is a vertex in L(T") or a vertex in C(I') which is not the top, then v has
exactly one leg in X.

It is an ezpanded pair of holes in EP (i, X, p1, pe, I) if it is compatible with (m;);ex+
(p1,p2), and the following admissibility condition holds:

e Either the leg ho is incident to the top vertex (i.e. the top is the last vertex
of the core), and I is smaller than all legs incident to vertices in C(T');

e Or the smallest index j of a leg incident to a vertex of C(I") is smaller than
I and is incident to the vertex directly after the top.

Example 4.13. In Figure 4, examples of rooted trees or expanded pairs of holes
are given by the subgraphs surrounded by red or blue lines respectively.

If T is a rooted tree or an expanded pair of holes, and v is a vertex of I', then
the contribution ¢(v) of v is defined as for expanded chains. Here, for rooted trees,
we set R(I") = L(I") and identify m, with p for the root. Also, for expanded pair of
holes, we identify p; and ps with the twists m, and m. at the first and last vertices
of the core respectively. Then we define cont(T) as |Aut(I')|~' [, c¢(v). If p is odd
and T is a rooted tree then we define cont™(I") in the same way.

Lemma 4.14 ([CMSZ20, Section 3.5 and 6.1]). For all positive integers p and
¥ C [2,n], we have

<p+zmi> vol ((p) + (mi)ies) = ) cont(I),

(S>> FeRT(p,3,p)

and if p is odd, then we have:

<p+2mi> vol* ((p) + (mi)ies) = 3. cont™(D).

€S FeRT(p,%,p)
We will show the following analogue result for expanded pair of holes.

Lemma 4.15. For all positive integers p1,p2, ¥ C [2,n] and I € R\ 3, we have:

<p1 +p2+ Zmi> vol ((my)iex + (p1,p2)) = Z cont(T).

i€X TeEP(u,X,p1,p2,1)
Proof. We fix a choice of y, X, p1, pa. We denote by S(I) the sum on the right-hand
side of the identity of the Lemma. This function is locally constant on R\ ¥, thus
to prove the lemma we proceed in two steps: first, we show that it is valid when
I = 0; then we show that S(i —1/2) — S(i+1/2) =0 for all i € X.

The case I = 0. We proceed by induction on the size of ¥. If ¥ is empty, then a
graph in EP(u, X, p1, p2, 0) is a backbone s.t. the legs hy and ho are incident to v_j.
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Thus, we may apply Proposition 3.10 for u = (p1, p2), which implies the lemma in
this case.

If ¥ is non-empty, then the admissibility condition implies that the marking ho
is incident to the top. Then a graph in EP(u, X, p1, pa,0) is determined by:

(1) an element ¢ € X U {hso};

(2) an integer k > 1;

(3) apartition X\ {i} = X1 U...UX, and a partition py +m; —k = pj +...+p)
(where m; = po if i = hg)

(4) a rooted tree in RT (1, ¥;,p}) for 1 < j < k if hy ¢ 3, or an element of
EP(u, ¥4, P}, p2, 0) otherwise.

Indeed, with this datum we construct a graph in EP(u, 3, p1,p2,0) by attaching
the k graphs of the last part of the data to a vertex of genus 0 with the markings
h1 and i. Here, we replace an half-edges with marking p;- by an edge e; with twist
Me; = p;- to this vertex with markings h; and ¢. Using this fact, we may rewrite
the sum defining S(0) as follows:

if(,i’—/,...’_/)
> D (2 T

P€ES TU..USp=(Z\ {4 })U{hz}

k21 pfpph=pitmi—
k
X Z cont(T") | x H Z cont(T")
T€EP(14,%1,p],p2,0) 3=2 \T€RT(1,%;,p})
p k
+ Z Z 21 22) f(pl’]]?!’ e H cont(T")
E>1 SU..US,=% =1 \rerT(as, 2)

pi+...4pL=pi1+p2—k

The first sum accounts for the contribution of graphs where hs is not incident to
the same vertex as h; (thus one of the descendants of the main vertex of genus 0
is distinguished as it carries the leg hs) while the second sum accounts for the
contribution of graphs with h; and hs incident to the same vertex.

Therefore we may compute the sum S(0) recursively by applying Lemma 4.14
and the induction hypothesis to obtain that S(0) is given by

Z Z mif(phml’a];p/la-"a*p;c)

i€>2 Sl USe=(S\{4 })U{hz}

pi+.. +pk—p1+m1

k
x TT {25+ D2 ma | vol((0)) + (mir)ies,)

j=1 iES;

+Z Z (pl +p2)f(plap27_p/17"',_p;g)

k!
k>1 $hU...US =%

T Pt Api=pitp2—k

k
X H 4 Z mi | vol(( P;) + (mi)ves, ),
j=1

i e€X;
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where, again, my, = pa. We apply Proposition 3.11 of [CMSZ20] to deduce that:

S(0) = > (mivol( + (p1,p2))) + (p1 + p2) vol(E + (p1,p2)),
i€X

which is the desired identity.

Crossing an element in 3. We fix ¢ in X. We first remark that the contribution of
an element in the sum defining S(I) does not depend on I. Indeed, the dependence
of S(I) on I is uniquely given by the set of graphs that contribute. Thus we need
to determine which graphs contribute to S(i + 1/2) but not to S(i — 1/2) and
conversely.

We assume that ¢ = min{ind(v) | v € C(T")}. Namely, if this is not the case then
the same graphs contribute to S(i+1/2) and S(i —1/2). Now, A graph contributes
to S(i +1/2) but not to S(¢ — 1/2) if and only if the label i belongs to C(I') and
hs is incident to the top. We denote by S™ the sum of the contributions for graphs
of this type. Conversely, a graph contributes to S(i — 1/2) but not to S(i + 1/2)
if and only if the label 4 is incident to the vertex following the top in C(T"). We
denote by S~ the sum of the contributions for graphs of this type. We will show
that S* = S~ to finish the proof of the lemma.

To do so, we introduce a family of sets of pre-expanded pairs of holes S(,¢)
for all £ > 0. A pre-expanded pair of holes I'e EP(u, X, p1, p2, I) compatible with
(my)iexs + (p1, p2) belongs to S(i,£) if:

e the leg ¢ is incident to a vertex of C'(T') and if a leg i’ € ¥ is incident to a
vertex of C'(T") then i’ > 4.
e if the top vertex is the ¢-th vertex of the core, and the vertex carrying ¢ the
s-th of the core then either: £ > 0 and the top is the last vertex of the core,
OR we havet —s+ 1 = ¢.
In particular with this notation we have S(i,0) = S~, while S(i,¢) = S* if £ is
sufficiently large. Then we show that:

Z cont(I') = Z cont(T")

res(i,e) res(it+1)

for all £ > 0. Indeed, for each graph T' € S(i,£): either the top vertex is the last
vertex and then it belongs to S(i,£41) too, or we apply Lemma 3.8 to the subgraph
made of the top vertex and the next vertex in the C(I"). Then Lemma 3.8 exchange
the roles of these two vertices and thus the difference between the positions of the
top vertex and the vertex carrying the i-th leg is augmented by 1. We thus obtain
a summation on graphs in S(i, ¢+ 1). O

End of the proof of Proposition 4.10. To finish the proof, we simply remark that
the datum of an expanded chain is equivalent to the datum of: (i) a chain T’ (ii) a
rooted tree for each vertex of F(T'); (iii) an expanded pair of holes for each vertex
of P(T"). Moreover, applying Lemmas 4.14 and 4.15 provides the equality between
the contribution of a vertex in F(T") or P(T") and the sum of the contributions of
the rooted trees or expanded pairs of holes associated to this vertex. Note that
the factor m,. in the contribution m.|u(v)|vol(u(v)) of a vertex v € F(T') does not
occur in Lemma 4.14, but does occur in the function ¢(u(v’)) in the contribution
of v/, where v’ is the vertex of the core of the chain connected to v. O
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4.5. End of the proof of Theorem 3.1. An expanded chain in ECH(u); has
only one vertex in R(I"), and thus uniquely determines a backbone graph in BB(u)g.
Moreover, Proposition 3.11 may be rewritten as:

di(p) = QL > cont(I).

mi
PeECH(p);

Thus using Propositions 4.9, 4.10 and 4.4 successively we obtain:

d = — cont(T"
(1) ST FGE%;(H)H I)

- Ly omn)

mi
T'eCH(u)
= (—4n?) s () - vol(p),
which is the first identity stated in Theorem 3.1. If p is odd, then the second

statement of Theorem 3.1 is obtained similarly by applying the spin counterpart of
Propositions 3.11, 4.9, 4.10 and 4.4.

APPENDIX A. CHARACTER TABLES OF THE SPIN SYMMETRIC GROUP AND THE
SERGEEV GROUP FOR d < 5

For d < 5, and G being one the groups éd,gd,Sed and Seg, we compute the
character table of all irreducible spin representations, i.e., we assume the central

element € € G acts by —1. If the characters are x1, X2, - - - and the conjugacy classes
C1,Co, ..., we write

G Cy

G| ¢

x1 | x1(C1)
for the character table of G. Note that x;(eC;) = —xi(C;). Thus, we omit all

conjugacy classes for which C;NeC; # 0, and else pick only one of the two conjugacy
classes C; and €C;. Row and column orthogonality relations are satisfied, i.e.

N7 1 . .
> ICiIxi(C) xi(Cyr) = 5/Gl0, for all j.j'

—_— 1
Z |C]| Xi(cj) Xi! (C]) §|G|6i,i’ for all i, i/.
J
The first factor % appears because we omit half of the conjugacy classes, as explained

before. The second factor % appears because we omit the non-spin representations,
which correspond to representations of the quotient G/e.

d=1

Gile  A~6& Ser [e Cen SeV [ e
2 |1 4 11 1 2 |1
1 [1 1+ |1 + 1 [1
E— -1 =i T
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e (12) As | e
11 2 |1
1 H 2 (1
1 —i -
e C(12)71 €y | €
1 2 8 |1
2 +iv2 2 |2
2 —iV2 o
e (123) (12) As | e (123) (321)
12 3 6 |1 1 1
2 1 0 3+ |1 $+3iV3 S+3iV3
I -1 H 3- |1 +-4iv3 1-1iv3
-1 - 2,11 -1 -1
Ca23) Cazs) Se [e Chaasy Cuhs
8 8 48 |18 6
1 +iv/3 3 |4 1 0
1 —iv3 2,1+ 12 -1  +iv2
-2 0 2,1- 12 -1 —iV2
e (123) (1234) Ay e (123) (321)
18 6 24 |1 4
2 1 +iv/2 4 ]2 1 1
2 1 -iV2 3,14 |2 —3+3iV3 —3+3iV3
4 -1 0 3,1- |2 —+-1iv3 —-1-143
e Crhasy Clzsay Sey [ e Cuzsy(a) Crizs)(b)
1 32 48 48 |1 16 16
8 2 +2i 4 |8 2 2
8 2 —2i 3,14 |8 —1+ivV3 —1+iV3
16 -2 0 3,1- |8 —1—-iV3 —-1-iV3
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d=25
S5 |e (12345) (123) (1234) (123)(45)
240 |1 24 20 30 20
5 4 1 2 0 0
4,1+ (6 -1 0 +iV2 0
41— |6 -1 0 —iv2 0
3,24 |4 1 -1 0 +iV/3
3,2— |4 1 -1 0 —iv3
As [e  (12345)  (54321) (123)
120 | 1 12 12 20
5+ 2 3+3v56 3+3iv5 1
5— 12 1-4iv6 1-4ivE 1
4,116 -1 -1 0
3,2 |4 1 1 -1
Ses € C(12345) C(123) C(12345),1
7680 | 1 384 80 384
5+ |16 1 4 +iv/5
5— |16 1 4 —iv5
4,1 |48 -2 0 0
3,2 | 32 2 4 0
0
Ses € C(12345) C(123) C'(1234) C(123)(45)
3840 | 1 384 80 240 160
5 16 1 4 0 0
4,14 |24 —1 0 12 0
4,1— | 24 —1 0 —2i 0
3,24 | 16 1 -2 0 +iv/6
3,2— | 16 1 -2 0 —iV6
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