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NEW PERSPECTIVES ON CATEGORICAL TORELLI THEOREMS
FOR DEL PEZZO THREEFOLDS

SOHEYLA FEYZBAKHSH, ZHIYU LIU AND SHIZHUO ZHANG

ABSTRACT. Let Yy be a del Pezzo threefold of Picard rank one and degree d > 2. In this paper, we apply
two different viewpoints to study Yy via a particular admissible subcategory of its bounded derived
category, called the Kuznetsov component:

(i) Brill-Noether reconstruction. We show that Y, can be uniquely recovered as a Brill-Noether locus
of Bridgeland stable objects in its Kuznetsov component.

(ii) Exact equivalences. We prove that, up to composing with an explicit auto-equivalence, any
Fourier—Mukai type exact equivalence of Kuznetsov components of two del Pezzo threefolds of degree
2 < d < 4 can be lifted to an equivalence of their bounded derived categories. As a result, we obtain a
complete description of the group of exact auto-equivalences of Kuznetsov component of Yy of Fourier—
Mukai type.

In an appendix, we classify instanton sheaves on quartic double solids, generalizing a result of Druel.
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1. INTRODUCTION

Let Y be a del Pezzo threefold of Picard rank one, which is an index two prime Fano threefold. By
[Isk77], it belongs to one of the five families of threefolds classified by their degree 1 < d < 5, see Section 2.
By a series of papers of Bondal-Orlov and Kuznetsov, the bounded derived category D®(Y) of these Fano
threefolds admit a semiorthogonal decomposition

D’(Y) = (Ku(Y), Oy, Oy (1)) = (Ku(Y), Qy, Oy),

where Qy = Lo, Oy (1)[—1] is a rank d + 1 vector bundle for d > 2. This paper aims to employ two
different viewpoints to extract the critical information of Y from its admissible subcategory Ku(Y'), called
the Kuznetsov component.

I. Brill-Noether reconstruction. In [BBF™20, APR22], authors apply stability conditions on Ku(Y")
for degree d = 2,3 to show that one can uniquely recover Y as a subscheme of a moduli space of stable
objects in Ku(Y). The following Theorem shows that we can describe this subscheme explicitly as a
Brill-Noether locus. This generalises the classical picture for degree d = 4, as discussed in Section 6.1.
We denote by i: Ku(Y) < D’(Y) the inclusion functor with the right and left adjoints ' and *,
respectively. By [PY20], [FP21] and [JLLZ21], there is a unique Serre-invariant stability condition on

2010 Mathematics Subject Classification. Primary 14F05; secondary 14J45, 14D20, 14D23.
Key words and phrases. Derived categories, Brill-Noether locus, Bridgeland moduli spaces, Kuznetsov components,
Categorical Torelli theorems, Fano threefolds, Auto-equivalences.
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2 SOHEYLA FEYZBAKHSH, ZHIYU LIU AND SHIZHUO ZHANG

—+
Ku(Y) up to the action of GL, (R) for d > 2, see Section 2. Denote by M, (Ku(Y),v) the moduli space’
of stable objects of a numerical class v € A (Ku(Y)) in the Kuznetsov component Ku(Y') with respect to
a stability condition o.

Theorem 1.1 (Theorem 6.2). Let Y be a del Pezzo threefold of Picard rank one and degree d > 2, and let
o be a Serre-invarinat stability condition on Ku(Y). Then Y is isomorphic to the Brill-Noether locus”

BNy = {F € M,(Ku(Y),[i* Op]) : 3k € Z such that dim¢ Hom(F[k], i'Qy) >d + 1}
where Oy, is the skyscraper sheaf supported at a pointp € Y.

This means that these del Pezzo threefolds are uniquely determined by their Kuznetsov components
and the object i' Qy. But we know they are determined by their Kuznetsov components already (known as
Categorical Torelli Theorem), which suggests that the distinguished object i' Qy is intrinsically determined
by Ku(Y). The next step is to show this is indeed the case.

Denote by rotation functor O the auto-equivalence of Ku(Y') sending E € Ku(Y) to Lo, (E® Oy (H)).

Theorem 1.2 (Theorem 7.1). Let Y and Y’ be del Pezzo threefolds of Picard rank one and degree
2<d<4, and ®: Ku(Y) = Ku(Y’) be an ezact equivalence.

(i) If 2 < d < 3, there exist a unique pair of integers my,ma € Z with 0 < my < 3 when d = 2 and
0 <mq <5 when d =3, so that

B(i' Qy) = O™ (i Qy ) [ma].

(i) If d = 4, there exists a unique pair of integers mi,ma and a unique auto-equivalence Ty, €
Aut®(Ku(Y")) (see Section 7.3 for definition) so that

B(i'Qy) = 0™ o Ty, (i Q) [ma).
Here i': Ku(Y') < D®(Y") is the inclusion functor.

To prove degree d = 2,3 cases, we identify the object i'Qy via certain unique property of it. Up to
rotations and shifts, we can assume any exact equivalence ®: Ku(Y) = Ku(Y”’) acts trivially on the
numerical Grothendieck group. Take a stable object E in Ku(Y") of the same class as i'Qy, then we show
RHom(i* O,, E) is a two-term complex for all points p € Y if and only if £ 2 i'Qy. Combining it with
analysis of the moduli space of stable objects in Ku(Y") of class [¢* O] gives Theorem 1.2. For degree
d = 4 case, we use the classical notion of the second Raynaud bundles.

By [PY20], Serre-invarint stability conditions on Ku(Y") for degree d > 2 are O-invariant as well. Thus
combining Theorem 1.1 and 1.2 we give a new proof for Categorical Torelli Theorem when 2 < d < 4.

Corollary 1.3 (Corollary 7.10). Let Y and Y’ be del Pezzo threefolds of Picard rank one and degree
2 <d <4 such that Ku(Y) = Ku(Y"'), then Y 2 Y.

II. Exact equivalences. The second viewpoint is to combine the categorical techniques developed in
[LNSZ21] with geometric analysis of stable objects in Ku(Y) to show that any Fourier—Mukai type exact
equivalence of Kuznetsov components of two del Pezzo threefolds of degree 2 < d < 4 can be lifted to an
equivalence of their bounded derived categories.

Theorem 1.4 (Theorem 7.1). Let Y and Y’ be del Pezzo threefolds of Picard rank one and degree
2 < d <4, and let ®: Ku(Y) = Ku(Y') be an exact equivalence of Fourier—-Mukai type such that
®(i'Qy) =" Qys. Then ® = Jelkuy) for a unique isomorphism f:Y — Y'.

Clearly, combining Theorem 1.2 with Theorem 1.4 provides an alternative proof of Categorical Torelli
theorem for del Pezzo threefold of degree 2 < d < 4. Furthermore, we obtain a complete description of
the group Autpym (Ku(Y)) of exact auto-equivalences of Ku(Y') of Fourier—-Mukai type. For a group G and
a subset S C G, we denote by (S) the subgroup of G generated by S.

Corollary 1.5 (Corollary 8.4). IfY is a del Pezzo threefolds of Picard rank one and degree d. Then we
have®

et o = (Z,.A), then up to a shift we may assume Im[Z(v)] > 0, then we only consider stable objects in the heart A to
define the moduli space Ms(Ku(Y),v)

°Note that for any F € My (Ku(Y), [i* 0Op)), we prove RHom(F,i' Qy) = C4[k + 1] @ C4tI[k] where § is either zero or
one. Hence there exists at most one k € Z so that dim¢ Hom(F[k], i* Qy) > d + 1.

3By [LPZ22, Theorem 1.3], any exact equivalence between Kuznetsov components of quartic double solids is of Fourier—
Mukai type. The same also holds for del Pezzo threefolds of degree d = 4 as Ku(Y) =~ D?(C) for a smooth curve C.
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(1) Autpy(Ku(Y)) = (Aut(Y), O, [1]) when 2 < d < 3, and
(2) Autpy (Ku(Y)) = (Aut(Y), Aut® (Ku(Y)), O, [1]) when d = 4.
Here the subgroup Aut®(Ku(Y)) is defined in Section 7.5.

We may write elements of Autpy (Ku(Y)) in a more explicit way, see Corollary 8.4.

Related work. Here is the list of relevant results for del Pezzo threefolds Y, of degree d:

d =2. In [BT16] and [APR22], the categorical Torelli theorem (Corollary 1.3) has been proved for generic
quartic double solids. It has been proved for non-generic cases in [BP22] via Hodge theory for K3
categories. But in Theorem 1.1, we give an explicit expression for Y as a Brill-Noether locus of
stable objects in KLu(Y2), and so provide a new proof for the categorical Torelli theorem.

d = 3. In [BMMS12] and [PY20], the categorical Torelli theorem has been proved for cubic threefolds by
reducing it to classical Torelli theorem. In [Liu23], the author computes group of auto-equivalences
of Kuznetsov component of cubic threefolds of Fourier-Mukai type via a completely different
method and provides a new proof of categorical Torelli theorem for cubic threefold by construct-
ing a Hodge isometry between cubic threefolds. In [BBFT20], the cubic threefold Y3 has been
described geometrically as a sub-locus of a moduli space of stable objects in Ku(Y3). Theorem
1.1 gives a point-wise description of it as a Brill-Noether locus.

d = 4. We know Y} is the intersection of two quadrics in P?, and by [New68], it can be reconstructed as
the moduli space M of stable vector bundles of rank two with fix determinant of odd degree over
the associated genus two curve Co. We have Ku(Yy) =~ D?(Cy). As discussed in Section 6.1, our
categorical Brill-Noether locus in Theorem 1.1 matches with the classical moduli space M.

Other than del Pezzo threefolds, various versions of categorical Torelli theorems are also obtained, see
[PS22] for recent development. In particular, in [J1.Z22] the authors provide a Brill-Noether reconstruction
for index one prime Fano threefolds, and as a result, the refined categorical Torelli theorem is proved.

In [Dru00, Qin21a, Qin21b, 1.Z22], a classification of rank two instanton sheaves and the corresponding
moduli space in the Kuznetsov component have been discussed for del Pezzo threefolds of degree d > 3.
In Appendix A, we discuss degree d = 2 case.

Organization of the article. In Section 2, we recall the basic definitions and properties of (weak) stabil-
ity conditions on del Pezzo threefolds of Picard rank one Yy of degree d and their Kuznetsov components
Ku(Yy). In particular, we introduce Serre-invariant stability conditions on Ku(Yy) and describe Ku(Yy)
for each d > 2. In Section 3, we collect results of general wall-crossing for del Pezzo threefolds which will
be used in later sections. In Section 4, we describe the moduli space of o-stable objects of the same class
as twice of ideal sheaf of lines in the Kuznetsov component of a quartic double solid. In Section 5 we
classify o-stable objects of the same class as three times of ideal sheaf of line in the Kuznetsov component
of a cubic threefold. In Section 6 we prove Theorem 1.2. In Section 7 we provide a Brill-Noether recon-
struction for del Pezzo threefold of Picard rank one Yy with repsect to Ku(Yy) and its gluing object i' Qy,,
proving Theorem 1.1. Then we prove categorical Torelli theorem 1.3. In Section 8 we prove Corollary 1.5.
In Appendix A we classify semistable sheaves of rank two, ¢; = 0, ¢o = 2,¢3 = 0 on quartic double solids.
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SRC postdoctoral fellowship EP/T018658/1. The third author is supported by ERC Consolidator Grant
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GSSCU2021092. The second author would like to thank Institute for Advanced Study in Mathematics at
Zhejiang University for financial support and wonderful research environment. Part of the work was fin-
ished when the third author is visiting Max-Planck institute for mathematics, IASM-Zhejiang University,
Sichuan University and MCM—-China Academy of Science. He is grateful for excellent working condition
and hospitality.

2. BACKGROUND: (WEAK) BRIDGELAND STABILITY CONDITIONS

In this section, we briefly review the notion of (weak) stability condition on D?(Y") and Ku(Y) when
Y =Y} is a del Pezzo threefold of Picard rank one and degree d. By [Isk77], every del Pezzo threefold of
Picard rank one belongs to following five families, indexed by their degree d := H® € {1,2,3,4,5}:
o Y5 =P°NGr(2,5) is a codimension 3 linear section of Grassmannian Gr(2,5).
e Y, =QnNQ is intersection of two quadric hypersurfaces in P°.
e Y3 C P* is cubic threefold.
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e Y5 is a quartic double solid, i.e. a double cover of P? with smooth branch divisor R € | Ops(4)|.
e Y] is a degree 6 hypersurface of weighted projective space P(1,1,1,2, 3).

2.1. Weak stability conditions on D?(Y). For any b € R, consider the full subcatgeory of complexes

Coh’(Y) = {E™" L E® ¢ uf(kerd) <b, pj(cokerd) > b} C DP(Y) (1)

Then Coh®(Y) is the heart of a bounded t-structure on DP(Y) by [Bri08, Lemma 6.1]. For any pair
(b,w) € R?, we define a group homomorphism Z, ,,: K(Y) — C by

Zpw(E) := —chy(E)H 4 wcho(E)H? + b(H?ch, (E) — bH?chy(E)) +i<H2ch1(E) - bH3chO(E)). (2)

In [Li19], the author defined an open region U C R? as the set of points (b,w) € R? above the curve

w = 1b%> — 2 and above tangent lines of the curve w = b2 at (k, %) for all k € Z.

Chg,H
> choH3
A
U
I(Oy(—H)) (Oy (H))
> b chl.H;
—0.5 0.5 ? choH

FiGURE 1. The space U when d < 3

IOy (-H = (Oy (H))

» b ch; .H?

‘ ) choH3
1—y/4
3
\ ad

FiGUure 2. The space U when d = 4,5

In Figures, we plot the (b, w)-plane simultaneously with the image of the projection map
II: K(Y)\{E:cho(E)=0} — R?

chy (E).H? cho(E).H
E (chlo(E)H3 : chj(E)H3)
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Proposition 2.1 ([BMS16, Proposition B.2]). There is a continuous family of weak stability conditions
on DY(Y) parametrized by U C R2, given by

(byw) €U — (Coh’(Y), Zpuw).

Re[Zy,w (£)]

Tl Zr e (B)] for objects E € Coh®(Y) gives

We now expand upon the above statements. The function —
the same ordering as

chiH (E).H?

Z/b,w(E) =
400 if cht?(E).H? =0,

c .H—wc! 3 :
{ he(B).H —weho (B)HZ 3¢ opbH (F) H2 +£ 0, (3)

where ch? (E) := exp(—bH).ch(E).

Definition 2.2. Fix a pair (b,w) € U. We say E € D*(Y) is v,,-(semi)stable if and only if
e E[k] € Coh®(Y) for some k € Z, and
e Upu(F) (<) vy,w(E[K]/F) for all non-trivial subobjects F' < E[k] in Coh’(Y).

Here (<) denotes < for stability and < for semistability.

The image II(E) of v ,-semistable objects E with cho(E) # 0 is outside U by [Li19, Proposition 3.2], so
in particular,
Ap(E) = (chl(E).H2)2 — 2(cho(E)H?)(chyo(E).H) > 0. (4)
Proposition 2.3 (Wall and chamber structure). Fiz v € K(Y) with Ag(v) > 0 and ch<a(v) # 0.
There exists a set of lines {{;}icr in R? such that the segments £; N U (called “walls of instability ) are
locally finite and satisfy
(a) If cho(v) # 0 then all lines £; pass through II(v).

(b) If cho(v) = 0 then all lines £; are parallel of slope %

(¢) The vp-(semi)stability of any E € D(Y) of class v is unchanged as (b,w) varies within any
connected component (called a “chamber”) of U \ Uier bi-
(d) For any wall ¢; NU, there is an integer k; and a map f: F — E[k;] in D*(Y) such that
— for any (b,w) € £; N [7, the objects Ek;], F lie in the heart Cohb(X),

— E is vp-semistable of class v with vpw(E) = vpw(F) = slope (¢;) constant on the wall
;N [7, and

— [ is an injection F — El[k;] in Coh®(Y)) which strictly destabilises E[k;] for (b,w) in one of
the two chambers adjacent to the wall ¢;. O

2.2. Kuznetsov component. The Kuznetsov component Ku(Y) is the right orthogonal complement of
the exceptional collection Oy, Oy (1) in D*(Y) sitting in the semiorthogonal decomposition
D*(Y) = (Ku(Y), Oy, Oy (H)) = (Ku(Y), Qy, Oy),

where Qy := Lo, Oy (1)[—1]is a rank d+1 vector bundle for d > 2 (see Section 3.2 for more details). We
can identify the numerical Grothendieck group N (Ku(Y)) of Ku(Y) with the image of Chern character
map

ch: K(Ku(Y)) - H*(X,Q).

It is a rank 2 lattice spanned by the classes

1 1 11
v = (1, 0, —gHZ, o) and w= (o, H, —§H2, (6 - d) H3>.

With respect to this basis, the Euler form on N (Ku(Y)) is represented by the matrix

(l_ld _(11) - (5)

Consider any admissible subcategory i: C < D?(Y"). It has left and right adjoints i* and i'. Similarly,
the embedding I: C+ < D®(Y) and r: +C < D?(Y) has left and right adjoints. We know that any object
E € D*(Y) lies in the exact triangles

ror'(E) = E—ioi*(E) , ioi'(E)—=E—=Ilol*(E).

4We replaced the pair (o, ) with (w= %az + %62, b=2).
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We define the right mutation along C to be the functor
Re =ror': DY) = r(*C)
and the left mutation along C to be
Le = £{of*: DY(Y) = I(Ch).
By [Kuz04, Propostion 3.8], we know Lc|,.1¢) and Relyc1) are mutually inverse equivalence between the
two orthogonal *C — €+ and C*+ — *C. Moreover,
(Le)lrrey = SpryoroSigort  (Re)lyer) = ng(y) oloSpLol*.
Here St denotes the Serre functor of a triangulated category 7 (if it exists).

Let E € D*(Y) be an exceptional object. Then the triangulated subcategory (F) generated by F is an
admissible subcategory. The embedding functor i: (F) — T has the left and right adjoints

i* = E®RHom(F, E)*, 4 (F)=E ® RHom(E, F).

We will abuse notations and write R and L for the corresponding right and left mutations, respectively.
We finish this section by defining the rotation functor. [Kuz04, Lemma 4.1, Lemma 4.2] implies that
the functor

0:D"(Y) = D(Y), O(-) = Lo, (- ® Oy(H)) (6)
is an auto-equivalence of Ku(Y'), called rotation functor. By [[Kuz04, Lemma 4.1], we have
Sa(y) = 0%[-3].

The rotation functor O induces an auto-isometry of numerical Grothendieck group N (Ku(Yy)) for each
d. In particular for d = 3, we have

v 92, 72v+wi>vfwi>v.

And for d = 2, we have
v L> —V+w L> —V.

2.3. Bridgeland stability conditions on Ku(Y). For any pair (b,w) € U, consider the tilted heart
Cohg’w(Y) = (Fowll], To.w) where Fy oy (Tpw) is the subcategory of objects in Cohb(X) with ugfw <b

( ¥ > b). By [BLMSI7, Proposition 2.14], the pair oy, = (Coh(b]’w(X),Z,?’w) is a weak stability
condition on D°(Y), where Zl?)w = —iZyp . We denote the corresponding slope function by
Re[Zp.,(-)]

0
W) =
" Im(Z},(=)]
Lemma 2.4 ([FP21, Proposition 4.1]). Any Ug)w—(semi)stable object £ € Cohg)w(Y) iS Up - (semi)stable
if it does not lie in an ezxact triangle of the form
Fl] - E—=>T

where F' € Fpqy 05 Vp-(semi)stable and T € Cohg(X). Conversely, take a vy ,-(semi)stable object E
such that either

(1) E € Ty and Hom(Coho(X),E) =0, o
(2) E € Fp . and Hom(Cohy(X), E[1]) = 0.
Then E is oy ,-(semi)stable.

By restricting weak stability conditions O’&w to the Kuznetsov component Ku(Y'), we obtain stability
conditions on it.

Theorem 2.5 ([BLMS17, Theorem 6.8]). For every pair (b, w) in the subset
~ 1 1 1 ~
V::{(b,w)eU: —§gb<o, w< b or —1<b<—§7 w§b2+b+2} c U,

the pair o(b,w) = (A(b,w), Z(b,w)) is a Bridgeland stability condition on Ku(Yy) where
A(b,w) = Cohgﬂﬂ(Yd) N Ku(Yy) and Z(b,w) = Z ylicu(va)-
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Proof. Applying the same argument as in the proof of [BLMS17, Theorem 6.8] shows that o(b,w) is a
Bridgeland stability condition on Ku(Yy) if —1 < b < 0 and

Vb, (Oy, (—2H)[1]) < vp,0(Oy, (—H)[1]) < b < 15,0(Oy,) < vpw(Oy, (H)).
a

On the stability manifold which we denote by Stab(u(Y")) we have:

(1) a right action of the universal covering space (/}VL;(R) of GLJ (R): for a stability condition o =
(P,Z) € Stab(Ku(Y)) and g = (g, M) € (/}‘i;r(R), where g : R — R is an increasing function
such that g(¢ +1) = g(¢) + 1 and M € GLJ (R), we define o - § to be the stability condition
o' =(P',Z") with Z' = M~' o Z and P'(¢) = P(g(¢)) (see [Bri09, Lemma 8.2]).

(2) a left action of the group of exact auto-equivalences Aut(Ku(Y')) of Ku(Y): for & € Aut(Ku(Y))
and o € Stab(Ku(Y)), we define ® - 0 = (®(P),Z o &, !), where &, is the automorphism of
K(Ku(Y)) induced by ®.

Remark 2.6. Note that all stability conditions o (b, w) for (b,w) € V lie in the same orbit with respect

to the action of G‘E;(R) by [PY20, Proposition 3.5] °. Hence if E € Ku(Yy) is o(b, w)-(semi)stable with
respect to some (b, w) € V, then it is (b, w)-(semi)stable with respect to any (b,w) € V.

We now give a case by case investigation of the category Ku(Yy) when d > 2:

d=5. Y5 is a linear section of codimension 3 of Gr(2,5). Let U be the restriction of the tautological
rank 2 subbundle from Gr(2,5) to Y3, and let U+ = ker(Oy ® Hom(Oy,U*) — U*), then [Kuzl2,
Lemma 4.1] gives

Ku(Ys) = U, U*).

d = 4. Y, is an intersection of 2 quadrics in P5. By [Kuz12, Theorem 5.1], there exists a curve C of
genus 2 such that we have an equivalence Ku(Yy) = D?(Cs). Hence, there is a unique Bridgeland
stability condition on Ku(Yy) up to the action of CEi; (R) by [Mac07].

d = 3. Y3 is a cubic 3-fold, and Ku(Y3) is a fractional Calabi—Yau category of dimension %, ie S

K:’U,(Yg)
[5]. Note that by [Kuz04, Lemma 4.1, Lemma 4.2], we have S}Ei(yg) = 0?[—3]. In this case, we

only consider Serre-invariant stability conditions on Ku(Y3), i.e. those o € Stab(Ku(Y3)) so that

Sikcu(ys)-0 = 0.g for some g € éi;(R) By [PY20], all stability conditions constructed in Theorem
2.5 are Serre-invariant. And it is proved in [FP21, Sections 4 & 5] and [JL.I.Z21, Theorem 4.25]
that all Serre-invariant stability conditions on Ku(Y3) lie in the same orbit with respect to the
action of @i;(R)

d=2. Y, is a double cover of P? ramified in a quartic surface. By [Kuz19, Corollary 4.6], the Serre
functor of Ku(Y2) is Siu(yv,) = 7[2] where 7 is the auto-equivalence of Ku(Y2) induced by the
involution 7 of the double covering. As the involution 7 preserves Coh(X) and Chern characters,
the stability conditions o (b, w) constructed in Theorem 2.5 are Serre-invariant, see [PY20, Lemma
6.1]. Moreover, [FP21, Theorem 3.2 & Remark 3.8] and [JLLZ21, Theorem 4.25] implies that all
Serre-invariant stability conditions on Ku(Y3) lie in the same orbit with respect to action of

~+
GL, (R).
3. DEL PEZZO THREEFOLDS OF PICARD RANK ONE
In this section, we gather all results which are valid for del Pezzo threefold Y of Picard rank one and
degree d. By [Kuz09], for any E € D*(Y), we know
d+3
x(Oy, E) = chy(E) + H%hl(E)?Tl + Hchy(E) + ch3(E).

3.1. Instanton bundles and their acyclic extensions. An instanton of charge n on Y is a Gieseker-
stable vector bundle E with ch<2(E) = (2,0, —nHTz) satisfying instanton condition H(Y, E(—1)) = 0.
By [Kuz12, Lemma 3.5], for each instanton bundle E, we have h'(E) = n — 2, thus there exists a unique
short exact sequence

0=E—E—-0%2%50

5This is proved for V N U, but the same proof is valid for V.
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such that E is acylic, i.e. H (Y, E) =0 for any i. Note that E = Lo, E and is of Chern character

H2
= O —NnN—: O .
nv (n, s n a4 >

Moreover, it is v ,-semistable for b < 0 and w > 0.

Let £4 be the line passing through II(nv) = (0,—%) and H(Oy( H)) = (-1,1), so it is of equation
w = ,Mb — <. If d = 2, then ¢, coincides with the boundary of U and if d > 3, then it intersects ou
at two pomts Wlth b-values b < bg so that
2

b(lig—l and —m:

bg. (7)

Lemma 3.1. Take a class o € K(X) with ch<s(a) =n (1,0, —HTQ) such that n < d+ 1. Then there is

no wall for class a above £yq. In particular, an object E € Cohb(Y) of Chern character o which s v 4 -
semistable for b < 0 and w > 0 satisfies RHom(Oy, E) = Hom(Oy, E[1])[—1] and hence chs(E) < 0.

Proof. Suppose for a contradiction that there is such a wall £ for class o above {4 with the destabilising
sequence 1 — E — E5. Let by < by be the intersection points of ¢ with the boundary OU. Then for
i=1,2,

ph(HHE)) < b and by < pp(HO(E:)).
Let (r,cH) = ch<y (H™Y(E1)) + ch<1 (K1 (E2)), then (r +n,cH) = ch<1 (H°(E1)) + ch<1 (H°(Es)), so

bao(r+n)<c < byr. (8)

Note that if rk(#~(E;)) = 0, then H1(E;) = 0. If d = 2, then £, lies on the boundary dU, so we have
b < —% and —% < ba, so (8) gives —7(7“ +n)<ec< —77“ which has no solution for n < 3. If d > 3, then
combining (7) and (8) gives — d+2 (r+n)<c<-—r Wthh is not possible for k < d+ 1.

For the second claim, we know F is semistable at the large volume limit, so Hom(QOy, E) = 0. Also the
first part implies that E is v ,,-semistable for all (b,w) € U over £4. Since the line segment connecting
II(E) and II(Oy (—2)) is above £4, we have Hom(E, Oy (—2H)[1]) = Hom(Oy, E[2]) = 0. And we know
that Hom(Oy, E[i]) = Hom(F, Oy (—2)[3 —i]) = 0 for ¢ # 1. Thus x(F) = —hom(Oy, E[1]) = ch3(F) <
0, which gives chz(FE) < 0. ]

As a result of the above lemma, we may identity Gieseker stable sheaves with the large volume limit
stable ones.

Lemma 3.2. Let E be an object of class ch(E) = nv where 1 <n < d+ 2. Then E is vy ,-(semi)stable
forb <0 and w > 0 (or equivalently, 2-Gieseker-(semi)stable) if and only if E is a Gieseker-(semi)stable
sheaf.

Proof. By [BBF 20, Proposition 4.8], the 2-Gieseker-(semi)stability for E coincides with vy, ,,-(semi)stability
for b < 0 and w > 0. Then in the following we will show 2-Gieseker-(semi)stability for E coincides with
Gieseker-(semi)stability

It is clear that if E is 2-Gieseker-stable, then F is Gieseker-stable. Conversely, if E is Gieseker-stable
but strictly 2-Gieseker-semistable, then we can find an exact sequence 0 — F; — E — FE; — 0 such
that E; are 2-Gieseker-semistable of classes ch(E;) = (k;, 0, %Hz, m;), where 1 <k; <n—1<d+1 and
m; € Z<o. By the stability of E;, we have m; < 0 for any ¢ from Lemma 3.1. Since m; + mgo = 0, we
have ch(E;) = k;v and contradicts the Gieseker-stability of E.

And it is clear that if FE is Gieseker-semistable, then E is 2-Gieseker-semistable. Now assume that
FE is 2-Gieseker-semistable but not Gieseker-semistable. Then the maximal destabilizing subsheaf E; of
E with respect to Gieseker-semistability has class ch(E;) = (kq,0, —%H 2 my) where 1 < k; < n and
m; € Z~g. But this contradicts Lemma 3.1 as well. a

3.2. The bundle 9y and its projection. For any smooth Fano threefold Y of index 2 and degree
d > 2, we define the sheaf Qy to be the kernel of the following evaluation map

0— Qv — Oy ®H0m(0y70y(1)) RN Oy(l) — 0. (9)

We have
1 1
ch(Qy) = <d+ 1, —H, —§H2, —6H3). (10)
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Lemma 3.3. The sheaf Qy is a ug-stable locally-free sheaf.

Proof. When the degree d of Y satisfies d > 2, Oy (1) has no base-point by [Isk99, Theorem 2.4.5.(i)],

hence Qy is a bundle of rank d + 1. If it is not pug-stable, there is a stable reflexive sheaf Q' C Qy of
0

bigger or equal slope, thus pm(Q’) > 0. Since it is also a subsheaf of O?h (©¥ () and all stable factors of

the latter are direct sum of Oy, we get Q' is a direct sum of Oy which is not possible as h®(Qy) = 0 by
the definition. a

Consider the semiorthogonal decomposition D*(Y) = (Ku(Y), Oy, Oy (H)). We know Qy = Lo, Oy (1)[-1].
Consider the embedding i: Ku(Y) < D(Y). We know Qy € (Oy(—H),Ku(Y)), thus it lies in the exact
triangle

Z'!Qy = ROy(—H)(QY) — Qy — Oy(—H) ® RHOIn(Qy, Oy(—H))V.
The pp-stability of Qy implies that Hom(Qy, Oy (—H)[i]) = 0. Taking Hom(Oy (H), —) from the exact
sequence (9) implies that hom(Qy, Oy (—H)[1]) = hom(Oy (H), Qy[2]) = 0. Thus

hom(Qy, Oy (—H)[2]) = x(Qy,Oy(-H)) = 1. (11)
Hence 7' Qy is a two-term complex lying in the exact triangle
Oy (-H)[1] = i'Qy — Qy (12)

which is of Chern character ch(i'Qy) = dv. In Sections 4 and 5 we show that if d = 2 and d = 3, the
object i'Qy is Bridgeland-stable in Ku(Y) and it is the only such object which is not Gieseker-stable.

4. MODULI SPACES ON QUARTIC DOUBLE SOLIDS

In this section, we always fix Y to be a del Pezzo threefold of degree two, i.e. a quartic double solid.
We aim to classify Bridgeland semistable objects of class 2v in Ku(Y") as described in the following,.

Proposition 4.1. Let o be a Serre-invariant stability condition on Ku(Y) and E € Ku(Y) be a o-
(semi)stable object of class 2v. Then up to a shift, E is either a Gieseker-(semi)stable sheaf ori'Qy .

Proof. By the uniqueness of Serre-invariant stability condition, we can assume that E € A(b,w) is a
o (b, w)-(semi)stable object of class® —2v. We divide the proof into several cases.
Step 1. First we assume that E is crl?o’wo—semistable for some (b, wp) € V. Then by Lemma 2.4, we

have an exact sequence in Coh?mw0 Y)
Fl] = E—T,

where F' € Coh™(Y) with V;hw() (F) < band T = 0 or supported on points. Now by the O’?mwo-
semistability of I, we know that F' is vy, ,-semistable. By Lemma 3.1, F' is vy, ,,-semistable for w > 0
and ch3(F) < 0, which implies T = 0 and F[1] = E. Thus E[—1] is v ,-semistable for w > 0, which
implies that F[—1] is a Gieseker-semistable sheaf by Lemma 3.2.

Step 2. Now we assume that E is not Ug’w—semistable for any (b,w) € V. By [BMT14, Proposition
2.2.2], we can assume that there is an open ball U’ C R? containing the point (b, w) = (—1, 3) such that
for any (b,w) € U_; 1 = U' NV, we have E € A(b,w) and the Harder-Narasimhan filtration of E with

respect to oy, is constant,
Let B be the destabilizing quotient object of E with minimum slope and A — E — B be the destabi-
lizing sequence of E with respect to oy, for (b,w) € U_y,1. Hence A, B € Coh?)w(Y), which gives
Im(Z,,,(B)) > Im(Zy,,(B)) > 0, 1m(Zy,,(E)) > Im(Z;,,(4)) > 0 (13)
forall (b,w) € U_; 1. Since Im(Z°, , (E)) = 0, by the continuity, we have Im(Z° | , (4)) = Im(Z° ,(B)) =
; 5 2 2
0. Therefore, if we assume that ch<a(B) = (z,yH, 3H?) for x,y,z € Z, from Im(Z°  , (B)) = 0 we get
= 2
z = —x — 2y. Thus we have

ChSQ(B) = (.’E, yH7 _J;2—2yH2) ) ChSQ(A) = (_2 - Z, _yH7 x—i_22y—~_2H2> (14)
and by (13) we get
1—26% + 2w = Im(Z0 . (E)) > Im(Z0,(B)) = (2b> — 2w — 1)% —(b+ 1)y >0 (15)

6We put the shifted class —2v to get sure Im[Z (b, w)] > 0 for (b,w) € V.
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for all (b,w) € U_; 1. Moreover, by definition we have 1. (E) > ug’w(B) for any (b,w) € U_, 1 where
Re[Z}) ., ()]

119 (=) = TmlZY, ()]’ thus
—2b 0 0 (bz —y)
—_ = E B) = . 1
Ta g aw M) > B = T (16)
Now by (15), b < 0 and (16), we have
—2b>br —y. (17)

On the other hand, from [BLMS17, Remark 5.12], we have

() (B) = 10, (B) = min{pg (), 1150, (Oy), iy (Oy (1)}
for any (b,w) € V. Note that “31,%(03’) = -2, /.t(ilé(Oy(l)) = —land iy ,(E) > 0 when (b,w) € Us
as Re[Z} ,(E)] = 2b < 0, thus uy,,(B) > —2. By taking the limit b — —1 and w — 1 and combining
with (17), we get
2> —x—y>0.
Case 1. —x —y = 0. Then (16) for —y = z gives
—2b (b+1)
1212 42w (202 —2w—1)5 + (b+1)’

which has no solution for (b,w) € V.

Case 2. —z —y = 1. Then ch<y(B) = (z,(—z — 1)H, (£ + 1)H?). Since B is Ug,w—Semistauble7 Lemma
2.4 implies that ch<y(B) is a possible class for ch<y of a 14, ,,-semistable object B'[1] where B’ € Coh”(Y).
By [Li19, Proposition 3.2], the only possible cases are z = +1 and +2. Using (16), we get x = —2 and
other cases are ruled out. Then we see ch<a(B’) = (=2, H,0). But then v, ,-semistability of B’ for
(byw) € U_l)% and wall and chamber structure described in Proposition 2.3 implies that B’ is vp—_1 -
semistable when % <w < % + €. Since there is no wall for B’ crossing the vertical line b = —1, we get
B’ is vy—_1 4 -semistable for w > 0. Thus B’ is a py-stable sheaf which is not possible by the folowing
Lemma 4.2.

Case 3. —z —y = 2. Then we have ch<y(B) = (2,(—z — 2)H, (% + 2)H?). By [Lil9, Proposition
3.2], we have |z| < 3. Using (16), we get * = —3 and other cases are ruled out. Then ch<s(B) =
(-3,H, %Hz) We claim that RHom(QOy, B) = 0, which implies ch(B) = (-3, H, %Hz, %H3) Indeed,
since Oy, Oy (—2)[2] € Cohgyw(X), by Serre duality we have Hom(Oy, B[i]) = Hom(B, Oy (—2)[3—1i]) =0
for i #0,1. We know lim(b,w)ﬁ(fl’%) ugw (B) = 400, so by shrinking the open ball U’, we may assume

(th )~ (A) > 13,0y (B) > 0, (O (=2)[2]) (18)
Then o} ,-semistability of B and Oy (—2)[2] implies that Hom(Oy, B[1]) = Hom(B,Oy(-2)[2]) = 0
Moreover, using E € Ku(Y'), we have Hom(Oy, B) = Hom(Oy, A[1]). Then (18) gives Hom(Oy, A[1]
Hom(A, Oy (—2)[2]) = 0, so the claim follows. Then Lemma 4.3 implies that B = Qy[1] = Lo, Oy (1).
We know ch(4) = ch(Oy(-1)[2]), so lim, ) ,(~1,1) Z,,(A) = 0, thus if A is not o} ,-semistable for
any (b, w) € U', then the destabilising factors 4; all satisfy limy ) ,(_1,1) Im[Z}) ,(A;)] = 0. Since by (18),
we know yp ,,(A;) > 0, we have Re[Zy) ,(A;)] < 0 for all i. This implies that Hm g ) (-1,2) RelZ},](Ai) =
0, and so ch<a(A4;) is a multiple of ch<2(Oy (—1)) which is not possible. Thus A is ag,w—semistable with
Hom(A, Oy (—1)[2]) = Hom(Oy (1), A[1]) = Hom(Oy (1), B) # 0.

This shows that A = Oy (—1)[2] and so E = i'Qy[1] as Hom(Qy[1], Oy (—1)[3]) = 1 by (11). Finally
Lemma 4.4 completes the proof.

m]

Lemma 4.2. Let F be a slope stable sheaf with ch<o(F) = (2,—H,sH? tH®). Then s < —. And if

2
s = —%, then t < % Moreover, when s = —+ and t = L, F is locally free.

2 ’
5 2], we have s = 0. Thus ch<s(F) = ch<a(FVV)
and we can assume that F' is reflexive. Since chj (F) = 1, there is no wall for F intersects with

b = —1. Since the line segment connecting II(F) and II(Oy (—2)) intersects with b = —1 inside U, we
have Hom(F, Oy (—2)[1]) = H?(F) = 0. And by the upy-stability we have H°(F) = 0, which implies

1
3
Proof. Assume that s > —1. By [Lil9, Proposition 3.
H
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Xx(F) = ‘w;i < 0. However, since F' is reflexive and has rank two, we get c3(F) > 0 by [Harg0,
Proposition 2.6] *, which makes a contradiction.

Now we assume that s = —2. Since there is no wall for F intersects with b = —1 and the line
segment, connecting ITI(F) and IT(Oy (—2)) intersects with b = —1 inside U, we have Hom(F, Oy (—2)[1])
H?(F) = 0. Hence by H°(F) = 0, we see x(F) = 2t — 2 < 0, which implies ¢ < }.

Finally, when s = —% and t = %, we know F is reflexive. By c3(F) =0, F is locally free. O
Lemma 4.3. Let F be a py-stable sheaf of class ch<o(F) = (3,—H,sH?), then s < —%. When s =
—3, we have ch3(F) < —}H®. Moreover, s = —3 and ch3(F) = —;H® if and only if F = Qy =
Lo, Oy (1)[-1].

_1
Proof. We know s < —% from Lemma [Li19, Proposition 3.2]. When s = —%, since ch, *(F) = %,
and the line segment connecting II(F) and II(Oy(—2)) intersects b = —3 inside U, we know that

Hom(F, Oy (—2)[1])) = H?(F) = 0. Since H°(F) = 0 by the py-stability of F, we see x(F) < 0,
which implies chg(F) < —g H®.
1

Now assume that s = —5 and ch3(F) = —%H 3. Then F is reflexive by the previous results. Thus

F[1] is vy w-semistable for any w > 0. Since the line segment connecting II(F') and II(Oy(2)) intersects
with b = 0 inside U, we see Hom(Oy (2), F[1]) = Hom(F, Oy[2]) = 0. Thus from x(F,Oy) = 4, we see
hom(F, Oy) > 4. Pick four sections and consider the corresponding extension

0¥t - G — F[1]

Let ¢ be the line connecting II(F') and II(Oy). We know G is v, ,,-semistable for (b, w) € (nU as F[1] and
Oy are v ,-stable of the same slope. Moreover, Hom(Oy, F[1]) = 0. Since ch(G) = ch(Oy (1)), [BBF 20,
Proposition 4.20] implies that G = Oy (1). Thus F = Qy as h%(G) = 4 and Hom(Oy, F[1]) = 0. Note
that the pg-stability of Qy follows from Lemma 3.3.

a

Lemma 4.4. Let o be a Serre-invariant stability condition on Ku(Y). Then i'Qy is o-stable.

Proof. We can assume that o = o(—3, w) for some 1 > w > 0. As ch ™ (Qy[1]) = ch 1Oy (-1)[1]) = i

is minimal, both Qy and Oy (—1)[1] are v,_ -stable for any w > 0. Then Lemma 2.4 implies that
Qy[l],Oy(—l)[ﬂ S Cohg:_%

A(—%,w). Suppose for a contradiction that i'Qy[1] is not o(—%,w)-semistable, and let F be the desta-

bilizing quotient object of minimum slope. We can write the class [F] = av 4+ yw for x,y € Z. Then by
taking w = one can check the only integers z, y satisfying

1
—5,Ww

and both are oy ,-stable. Thus by the exact sequence (12), i'Qy[1] €

,W

5%
(2%, ('Qy (1)) = m(2y ,(F) >0

and
Ngéyw(QY[l]) < Mgéyw(F) < ﬂgéyw(i!QY[l]) (19)

are (z,y) = (—1,1). The left-hand inequality in (19) comes from the short exact sequence (12) and the
fact that p) . (Qy[l]) < p)__, (Oy(-1)[2]) for any w > 0. By [PY20, Theorem 1.1], we know
=1 -

2,W

that F fits into a triangle Oy (—1)[1] = F — O(—1) for a line [ C Y. However Hom(i'Qy[1], F) =
Hom(i'Qy [1], 0;(—1)) = 0, which makes a contradiction. |

Remark 4.5. Note that i'Qy[1] is not stable in double tilted heart Cohgz_%ﬂu. In fact it is destablized

by Oy (—1)[2]. There is no wall in the (b,w)-plane which would make i'Qy[1] stable. The objects F
fitting in a triangle Qy[1] — E[1] — Oy (—1)[2] are obtained from triangle 12 as all possible extensions
in the other direction. This corresponds to a blow up at the point [i'Qy] in the Bridgeland moduli space
M, (Ku(Y'),2v) of o-stable objects of class 2v in Ku(Y) with the exceptional locus parametrizing those
semistable sheaves of rank two, ¢; = 0,¢2 = 2 and ¢3 = 0 not in Ku(Y"). For more details, see Section A.

7Although [Harg0, Proposition 2.6] only states for P3, it is well-known that it also works for any smooth projective
threefold.
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5. MODULI SPACES ON CUBIC THREEFOLDS

In this section, we always fix Y to be a del Pezzo threefold of degree three, i.e. a cubic threefold. The
goal of this section is to prove Proposition 5.5 which classifies Bridgeland semistable objects of class 3v
in Ku(Y) .

Consider the line £;_3 as defined in section 3.1 which passes through II(Oy (—H)) and II(v). It is of

equation

501
= 2y
Y=76" 73

and intersects OU at two points with b-values by = —1 and by = —%. We know by Lemma 3.1 that there is
no wall for an object E of class ch<3(E) = (3,0, —H?) between the large volume limit (b < 0 and w > 0)
and the line ¢3. The following Proposition describes the objects which gets destabilised along the wall /3.

Proposition 5.1. Teke a point (b,w) € lsNU and let E be a strictly vy ,-semistable object of class
ch<s(E) = (3,0,—H?) which is unstable in one side of the wall l3. Then the destabilising sequence is
Ey — E — E5 where one of the factors E; is Oy (—H)[1] and the other one E; is a py-stable sheaf of
class ch<o(E;) = (4, —H,—1H?). In particular, we have ch3(E) < 0.

Proof. Let E; — E — Es be a destabilising sequence along the wall. If the destabilising factors F; and
FE5 are both sheaves, then —% = by < ug(E;) for i = 1,2. Moreover, location of the wall implies that

u(E;) # 0. Thus ch<i(E1) = (3, —H) up to relabeling the factors. Moreover chy(Ey) = —§H? because

II(E;) lies on £3. We know the wall /3 passes through the vertical line b = —2 at a point inside U, thus

Eyis vy -semistable for some w > 0. This implies E; is v;_ —stablezfor any w > 0 by [Fey21,
Lemma 3. 5] and so F is a ug-stable sheaf which is not possible by Lemma .2. Thus E; or Fy are not
both sheaves.

Let (r,cH) = ch<1(H7Y(E1)) + ch<1 (K™ (E»)), then (8) gives

2
—5(r+3) <ec< -

-3 W

Thus either (r, c) is equal to (2,—2) or (1,—1).

Case 1. First assume (r,c) is equal to (2, —2). We know H~!(E;) are torsion-free sheaves. They are
even reflexive, otherwise there is a torsion sheaf T supported in co-dimension at least 2 with embedding
T < H~'(E;)[1] = E; in Coh®(Y). This is not possible as v ,-slope of semistable factors E; ’s are equal
to E which is not +o00. Thus one of the following cases can happen:

(a) chay(H7Y(E:)) = (1,—H) for i =1,2, or
(b) H_I(El) =0 and Ch§1(H_1(E2)) = (2, —2H)
On the other hand, we have
che1 (H(Ey)) + chay (H°(E2)) = (5, —2H).
Since for i = 1,2,

pin (MO (B2)) > i (HO(E) > 2 (20)

the sheaf H°(E;) is torsion supported in dimension at most 1 for either i = 1 or i = 2.
In case (a), we have H™1(E;) = Oy (—H) for i = 1,2. By relabelling of the factors, we may assume
ch’(Ey) is a torsion sheaf. We know IT(Fs) lies on the line £4 and

cheo(Ey) = chep(H(E2)) — chaa(H ' (E2))

= (0,0, cha(H"(E»))) — <1, —H, h;) .

This implies that chy(H°(E2)) = 0, and so
chy(HO(Ey)) = cha(H ™1 (Ey)) + chy(H ' (E2)) + che(E) = 0

which implies ch<o(HO(E;)) = (5,—2H,0). Thus II(H°(E))) lies on the boundary of U which is not
possible by [Li19, Proposition 3.2] as (20) implies that H°(E1) is a py-stable sheaf.

In case (b), we have By = H°(E;). Thus H°(E;) cannot be supported in dimension 1, and so
cha1(E1) = chay(HY(E1)) = (5,—2H). Since II(E;) lies on ¢4, we have chy(FE;) = 0 which is not
again possible by the same argument as in case (a).
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Case II. Now suppose (r,¢) = (1, —1), so by relabelling the factors, we may assume H~!(E;) = 0 and
H~1(Ey) = Oy (—H). Moreover,

1
chcalHO(B1)) + chea () = (4., -3 7). (21)
Let ch<s(E1) = (r1,c1H,s1H?). Since ug(H°(E;)) > —%, we gain
2o .2 .3
1 L s—nts

Thus (r1, ¢1) is equal to (0,0), (1,0), (3,—1), or (4, —1). The first case cannot happen as torsion sheaves
supported in dimension < 1 cannot make a wall. If (r;,¢1) = (1,0), then since II(E;) lies on £4, we have
S1 = —%, thus Eq has the same vy ,-slope as E with respect to any (b, w), thus it cannot make a wall. If
(r1,c1) = (3,—1), then 1 = f%. We know the wall ¢3 passes through the vertical line b = f% at a point
inside ﬁ, thus [Fey21, Lemma 3.5] implies that F; is a pg-stable sheaf which is not possible by Lemma
5.2. Thus we have

cheo(Fy) = (4, ~H, ;H2> : (22)

and H(E») is a skyscraper sheaf. Then [BBF 20, Proposition 4.20] implies that Fy = Oy (—H)[1]. Since
E; is vy 4-semistable on f3, it is Vbzfé,w:%z—semistable. Thus by Lemma 5.3, F; is a pp-stable reflexive
sheaf. Finally, the last statement follows from Lemma 5.4 that chy(E;) < — % H®. o

Lemma 5.2. There is no pg-stable sheaf E of class ch<z(E) = (3,H,sH?) for s > —¢.

Proof. Assume there is such a stable sheaf E. By replacing E with its double dual, we may assume E is
a reflexive sheaf. Consider the line ¢ passing through II(E) and II(E(—2H)) which is of equation

2

s
379

Since s > —%, it crosses the vertical lines b = 0 and b = —% at points inside U. Thus [Fey21, Lemma
3.5] implies that both E and E(—2H)[1] are v ,-stable of the same slope for (b,w) € £NU. This implies
hom(FE, E(—2H)[1]) = hom(E, E[2]) = 0 which is a contradiction as hom(E,F) = 1 and x(E,E) =
1854+ 6 > 3. a

2
=—=b
w 3 +

Lemma 5.3. Let by = —3 and pick w > & (note that the point (bo, %) € UnN/ts). There is no
Vbo,w-semistable object E of class ch<o(E) = (4, —H, sH?) for s > —1. Moreover, if s = —%, then vy, .-
semistablility of E at some w > % implies that it is vy, 4, -stable for any w > % In particular, in this
case, E is a pg-stable reflexive sheaf.

Proof. Let E be a vy, -semistable object of class ch<i(E) = (4, —H) such that chy(E)H > —HTB. We
first claim E is vy, .,-stable for any w > 1—12 If not, there is a wall ¢ for E passing through vy, ,, for some
w > 1—12 Let E; be a destabilising factor of class (r1, ¢; H, s1) such that r; > 0. We have

0 < Im[Z,_ E)]=1.

1o ( 1o (
—3,Wo —3,Wo

1
El)} =c| + 57”1 < Im[Zb:

Thus ¢; + %rl = % If % < —%, then position of the wall implies that TI(F;) lies in U which is not
possible. Thus
2 < a 1 1

57 71 2 27y
which implies (r1,c¢1) is equal to (3,—1), or (5, —2). We know II(F;) lies above or on the line £3. Thus
the first cannot happen by Lemma 5.2. In the latter, s; = 0 and II(E;) lies on the boundary AU which is
not again possible by [Lil9, Proposition 3.2]. Therefore, E is v, -stable for w > % and so a pg-stable
sheaf.

To complete the proof, we only need to show that we cannot have s > —%. Assume otherwise, then we
may assume F is a reflexive sheaf, so E(—2H)[1] is vy ,-stable for b > —2 and w > 0. Since s € +Z, we
have s > —%. We know there is no wall for E(—2H)[1] crossing the vertical line b = —2 for w > 2. Thus
one can check that E and E(—2H)[1] are v, ,,-stable of the same phase for (b, w) € ({NU where ¢ is the line
passing through II(E) and II(E(—2H)). Hence, hom(E, E[2]) = 0 but x(E, E) > 5, a contradiction. O
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Lemma 5.4. Let E be a py-stable sheaf on'Y of class
1
ch(E) = (47 —H, —2H2,5H3> .

Then s < —%. Moreover s = —% if and only if E = Qy = Lo, Oy (1)[-1].

Proof. By pp-stability of E, we have Hom(Oy, E) = 0 = Hom(Oy, E[3]) = Hom(E, Oy (—2)). And since
the line segment connecting II(E) and II(Oy (—2)) intersects b = —1 at a point with w > &, by Lemma
5.3 we have 0 = Hom(E, Oy (—2)[1]) = Hom(Oy, E[2]), which gives x(E) = —hom'(Oy, E) < 0 and
s< —1.

NOV\GI assume that s = f%. Then E is reflexive by Lemma 5.3 and the previous result. Thus its shift
E[1] is vy 4-stable for b > —% and w > 0. We know there is no wall for E[1] passing through the vertical
line b = 0. Therefore hom(E, Oy [2]) = hom(Oy (2H), E[1]) = 0 and so

hom(E,Oy) > x(E,0y) =5
Hence the first wall ¢ for E[1] will be made by Oy[1]. Pick five linearly independent elements from

Hom(E, Oy), and let G be the kernel of the evaluation map in the abelian category of vy ,,-semistable
objects of the same slope as E[1] and Oy [1] for (b,w) € LN U:

G < E[1] - OF[1].
We know ch(G) = ch(Oy (1)), so G = Oy (1) by [BBF 20, Proposition 4.20] and the claim follows. O
Finally, we can describe Bridgeland stable objects with class 3v in Ku(Y).

Proposition 5.5. Let o be a Serre-invariant stability condition on Ku(Y) and E € Ku(Y) be a o-
(semi)stable object of class 3v. Then up to a shift, E is either a Gieseker-(semi)stable sheaf ori'Qy .

Proof. By the uniqueness of Serre-invariant stability conditions on Ku(Y'), we can take o = o(bg, wy),
5 13

where (bo, wo) = (—5, 35). And we can assume E € A(bg,wo) of class —3v. We have chosen the point
(bo,wp) € V so that ,ugoywo(—i’)v) = +oo. Thus E is Ugo’wo—semistable, then Lemma 2.4 implies that E
lies in the exact trinagle
Fll - E—>T

where F € Coh™ (Y) is v, w,-semistable and T € Cohg(X). So we have ch(F) = 3v + ch(T). As the
point (b, wo) lies on £3, either (i) F is strictly v, .,-semistable and unstable above the wall 3, or (ii) it
is semistable above the line /3 and so it’s a large volume limit semistable sheaf by Lemma 3.1.

In case (i), Proposition 5.1 implies that ch3(F) < 0 and so T' = 0. Also combining it with Lemma 5.4

implies that E[—1] = F lies in the non-trivial exact sequence
Oy (-1)[1] = E[-1] = Qy.

Since Hom(Qy, Oy (—1)[2]) = 1 by (11), we get E = 3'Qy[1].
In case (ii), Lemma 3.1 shows that F' is large volume limit semistable and chg(F) < 0, so T'= 0. Hence
E[—1] = F is a Gieseker-semistable sheaf by Lemma 3.2.
O

6. BRILL-NOETHER RECONSTRUCTION

Let Y := Y, be a del Pezzo threefold of Picard rank one of degree d > 2. In this section, we prove
Theorem 1.1 in the introduction in Theorem 6.2.
Let O, be the skyscraper sheaf at any point p € Y. We know Lo, (1) Op = Z,(1)[1], and so
i Op = Loy, (Z,(1))[1]). (23)
We have ch(i* O,) = (d7 —H, —%H2, (é - %)HS) = dv—w. The following proposition characterises stable
objects in Ku(Y) of class dv — w.
Proposition 6.1 ([APR22]). Let F' € Ku(Y) be a o-stable object of class dv —w for a Serre-invarinat
stability condition o. Then up to a shift, F' is either isomorphic to i* O, for a point p € Y, or it is of the
form O (5.T) where T is a Gieseker-stable reflexive sheaf supported on a hyperplane section j: S — Y.
This induces a well-defined map
U:Y — M,(Ku(Y),dv —w) (24)
p= 17O,
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which gives an embedding of Y into the moduli space M, (Ku(Y),dv — w) as a smooth subvariety.

Proof. Since all stability conditions o (b, w) for (b,w) € V lie in the same orbit with respect to the action of

~+
GL, (R) and they are O-invariant, we can consider o (—3,wg) where (b= —2%,wg) € V, and characterise
o (—3,wo)-stable objects of class O Hdv—w)=w.
Take a o (—%,wo)—stable object £ € A (—%710) of class —w. Since u° ; »(E) = +00, we know E is
3

0%,  -semistable. Then by [APR22, Lemma 4.15], E[-1] is v_1 ,, -semistable. By the proof of [APR22,

i 5,W

Prozposition 4.7], the only wall for E[—1] intersecting b = —1 is the line ¢ passing through II(Oy (—1)) of
slope —%. Thus when we move up from the point (—%, wg) along the line b = —%, either

(i) E[-1]is Vy—_ 1 ,-semistable for all w > 0, i.e. it is a Gieseker-stable sheaf, or

(ii) E[—1] gets destabilised along the wall ¢.

In case (ii), the destabilizing sequence is of form A — E[—1] — B, where ch<2(B) = ch<2(Oy) as in the
proof of [APR22, Proposition 4.7]. Hence ch<a(A) = ch<2(Oy (—1)[1]). Since Ay(A) = Ag(B) =0, A
and B are v_; ,-semistable for any w. This proves A = Oy (—1)[1] and B =T, for a point p € Y. Thus

E[—-1] = E,, where E, is the unique extension
Oy(-D)[1] - E, = 1I,. (25)
Thus O(E[-1]) = O(E,) = i* O, as claimed. Hence ¥ is a well-defined map which is the composition of

the embedding ¥ — M, (Ku(Y'), —w) given in [APR22, Lemma 4.8] (which sends p € Y to E,), and the
isomorphism M, (Ku(Y), —w) = M, (Ku(Y),dv —w) given by O. In particular, ¥ is an embedding. O

Note that although in [APR22], Y is assumed to be general, the above results holds for any smooth
Fano threefold Y of index 2 and degree d. Their aim for the generality assumption is to get an explicit
description for Gieseker-stable sheaves of class w using roots on del Pezzo surfaces, which we do not need
in this paper.

Theorem 6.2 (Brill-Noether reconstruction for del Pezzo threefolds). Let o be a Serre-invarinat stability
condition on Ku(Y'). Then the map U defined in (24) induces an isomorphism between Y and the Brill-
Noether locus

BNy = {F € M,(Ku(Y),[i* O,]) : dim¢ Hom(F, i' Qy) >d+ 1}

where O,, is the skyscraper sheaf supported at a pointp € Y.

Proof. Recall that Qy = Lo, Oy (1)[—1] as defined in (9) which is a vector bundle when d > 2. By
adjunction of i* and 7', we have RHom(F, i' Qy) = RHom(F, Qy). Up to a shift, by Proposition 6.1, we
can assume F is either (i) isomorphic to i* O, for a point p € Y, or (ii) of the form O(j,.T) where T is a
Gieseker-stable sheaf supported on a hyperplane section j: S — Y.

In case (i), since RHom(Oy, Qy) = 0, by (23), we only need to compute RHom(Z,(1), Qy). Since Qy
is a bundle of rank d + 1, we get RHom(O,, Qy) = C4*1[-3]. Now applying Hom(—, Qy) to the exact
sequence 0 — Z,(1) — Oy (1) - O, — 0, since RHom(Oy (1), Qy) = C[—1], we see RHom(Z,(1), Qy) =
C[-1] ® C¥*+1[—2]. Hence there exists k € Z, so that ¥(p)[k] € BNy for any point p € Y.

In case (ii), by definition of the rotation functor O in (6), we only need to compute RHom(5,.7'(1), Qy)
as RHom(Oy, Qy) = 0. Clearly Hom(j,T(1), Qy) = 0 and
hom (5. T'(1), Qy [k]) = hom (Qy, j.T(~1)[3 — k]) = homg (Qy s, T(-1)[3 — k) . (26)
Now we apply next Lemma 6.4 to show that the above Hom-spaces vanish for k¥ = 3,1, so we get
RHom(j.T(1), Qy) = C?[-2] as x(j.T(1), Qv) = d.
k = 3: Since S € |H| is irreducible, Lemma 6.4 implies that both j. Og and j,Qg are 2-Gieseker
semistable of classes
H? H3

h '* = ) Ha T T
ch(j. Os) (0 2 6

Since ch<2(j.T(—1)) = (0, H, —%Hz), comparing slopes implies that
Hom(j. Os, j.T(~1)) = 0 = Hom(j. Qs, j.T(—1)).

Thus the short exact sequence (27) implies that Hom(j.Qy s, j.T(—1)) = 0.
k = 1: By Serre-duality on S, we know homg(Qy|s,T(—1)[2]) = homg(T, Qy|s) which vanishes as

Hom(j.T, j« Os) = 0 = Hom(j, T, j. Qs)

) and ch<2(j«Qs) = (0, (d+1)H, —d;SHQ) .
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by comparing slopes.
Totally we get 7. T ¢ BNy and so ¥(Y) = BNy, then the claim follows from Proposition 6.1.

Remark 6.3. The proof of Theorem 6.2 also shows that BA'y can be written as
BNy = {F € M,(Ku(Y),[i* ©,]) : RHom(F, i* Qy) is a two-term complex}.

Lemma 6.4. Let Y be a del Pezzo threefold of Picard rank one of degree d > 2, and let S — Y be a
hyperplane section. Then Qylg fits into an exact sequence

0— 0Og — Qyls = Qs — 0, (27)
where Qg := Loy Og(1)[—1] € Coh(S) is a H|s-pm-semistable bundle on S.
Proof. By the restriction of the exact sequence (9), we get the exact sequence
0— Qyls — 0§42 = 05(1) = 0

on S. This gives RHomg(Og, Qy|s) = C. Take a non-zero section s: Og — Qy|g, then we get the
following commutative diagram with exact rows

0 Os ——— Og 0
0 les O?d+2 — Os(l) — 0.

By taking the cokernel, we get an exact sequence
0 — coker(s) — OF4T — Og(1) — 0. (28)

This implies coker(s) = Qg as RHomg(Og, coker(s)) = 0. To complete the proof, we only need to show
Qs is pup|g-semistable. Assume otherwise, and let F' be a destabilising subsheaf. We may assume F is
pi|s-stable. Then the exact sequence (28) implies that

1

d - MHlS(QS) < MHIS(F) < MH\S(OS) =0.

Since rk(F) < d, we must have pg| (F) = 0. We can assume that F is saturated in Qg, hence is

saturated in O‘éﬂ as well. By the uniqueness of Jordan—Holder factors, we get F' =2 (92‘? ™k E - Thus
Homg(Og, Qg) # 0, which contradicts the construction of Qg. m]

6.1. Classical moduli spaces on curves and Brill-Noether reconstruction. Let Y be a smooth
degree 4 del Pezzo threefold, which is the intersection of two quadrics in P5. There is an FM equivalence

ds: DP(C) =5 Ku(Y) for a genus two curve C. Denote by Mc(2, £1) the moduli space of stable vector
bundle of rank two with fixed determinant £; such that degree d(£1) = 1. By [New(8, Theorem 1] we
know

Y 2 Mo(2,L£4) (29)
Note that S is the the universal spinor bundle on C' x Y. On the other hand, by Theorem 6.2 and action
of inverse of the rotation functor O, we get

Y =20 BNy) ={E € My(Ku(Y),w): dimcHom(F, i* Oy) > 5}.

By [Kuz12, Lemma 5.9], ®5'(i* Oy) = R[1] where R is a second Raynaud bundle, which is a semistable
vector bundle of rank 4 and degree 4 on C. Moreover, it is unique up to a twist by a line bundle of degree
0, see [Kuzl2, Section 5.4]. By [APR22, Section 5.2], the equiavlence ® sends the Bridgeland moduli
space M, (Ku(Y),w) to Mc(2,1). Thus
Y2 {FeM21): dimcHom(F, R[1]) > 5}
~ {F e Mc(2,1): dimeg Hom(F, R) > 1} (30)

as x(F,R) = —4. Comparing (29) and (30) gives the impression that fixing determinant of F' € M¢(2,1)
is equivalent to imposing the Brill-Noether condition.
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Let J(Y) be the intermediate Jacobian of Y. As in [APR22, Section 4.4 & Section 5.2], we consider
the map

U: My (Ku(Y),w) — J()
E — &(E)-H?
where ¢2(E) is the second chern class of E up to rational equivalence. We know ¥(E,) = 0 and we
know ¥~1(0) is isomorphic to Y, thus W(O(T)) # 0 where T is a Giesker-stable sheaf supported on a
hyperplane S.
By [APR22, Section 5.2) ¥~1(0) 2 Y C My(Ku(Y),w) such that Y = {E,,p € Y}(See [APR22,
Proposition 4.7] for definition of E ) Then Y =2 O~ (B N ) BNy.

There is an equivalence ®;: Pic'(C) — J(Y) so that ®;(£;) = 0 and it induces the commutative
diagram [Rei72, Theorem 4.14(c’)]

Mc(2,1) Pic' (C)

\L@s l<1>1
M, (Ku(Y), w) L J(Y).

This shows that we have an isomorphism

Mc(2,£1) = det™(£,) =2 ¥710) = BNy.

7. UNIQUENESS OF THE GLUING OBJECT
In this section, we prove the following Theorem.

Theorem 7.1. Let ®: Ku(Y) =~ Ku(Y') be an ezact equivalence of Kuznetsov components of del Pezzo
threefolds of the same degree d where 2 < d < 4.
(i) If d = 2,3, there exist a unique pair of integers my, mo € Z with 0 < my < 3 when d = 2 and
0 <my <5 when d =3, so that

®(i' Qy) = O™ (i" Qy)[ma).

(ii) If d = 4, there exists a unique pair of integers mi,ma and a unique auto-equivalence Tr, €
Aut®(Ku(Y")) (see Section 7.3 for definition) so that

O(i'Qy) = O™ o T, (i Qy+)[ma).
Here i': Ku(Y') — Db(Y") is the inclusion functor.

Remark 7.2. Theorem 7.1 also holds if we replace i'Qy and i Qy+ by i* Oy and i"* Oy, respectively.
The reason is that O(i' Oy) = i'Qy and the proof only uses the properties of Bridgeland moduli spaces
with respect to Serre-invariant stability conditions and objects in them, which are all preserved by O.

Remark 7.3. The proof of Theorem 7.1 also shows that if ® maps v and w to v/ and w’ respectively,
then (4 Qy) = i"Qy up to shift.

We first discuss the action of equivalences on the numerical Grothendieck groups, and then investigate
each degree separately.

Lemma 7.4. Let Y and Y’ be two del Pezzo threefolds of Picard rank ones of degree d and ® : Ku(Y') —
Ku(Y") an equivalence. Let ¢ : N(Ku(Y)) = N (Ku(Y")) be the induced isometry. Then

(a) If p(mv) =mv' for a non-zero integer m, then ¢(v) = v’ and ¢p(w) =w’.
(b) Up to composing with O and [1], ¢ maps classes v and w to v' and w’, respectively.

Proof. Recall that the numerical Grothendieck group N (Ku(Y’)) has no torsion. In part (a), from
¢(mv) = mv’ we have ¢(v) = v'. Now we assume that ¢p(w) = av’'+bw’ for a,b € Z. Using x(v,w) = —1
and x(w,v) = 1 —d, we get x(v/,av' +bw’) = —1 and x(av’ + bw’,v') = 1 — d. Thus we obtain
—a—b=—1and —a+ (1 —d)b =1—d, which gives (a,b) = (0,1) when d # 2. When d = 2, using
x(w,w) = x(av’ + dbw’,av’ + bw’) = —d, we obtain (a,b) = (0,1) or (2,—1). We claim the latter cannot
happen, otherwise

d(v)=v and o(v—w)=—-(v —w).
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For any line | C Y, we define J; := O '(Z))[1] € Ku(Y) as in [PY20]. Fix two lines l;,ly C Y such
that I3 Ny # @. Then by by [PY20, Remark 4.8], we have Hom(Z;,, J;,) # 0. Since x(Z;,, J1,) = 0 and
Hom(Z;,, J1,[n]) = 0 when n < —1 and n > 2, we get Hom(Z;,, J;,[1]) # 0.

Let o be a Serre-invarinat stability condition on Ku(Y'), then by [PY20, Theorem 1.1] any o-stable
object of class [Z] in Ku(Y) is the shifted ideal sheaf I/ [k] for some line ¢ on Y. The same claim also
holds for objects of class [J;] = —[0™*(Z;)] as o is O-invariant. Recall that there is a unique Serre-

invariant stability condition on Ku(Y") up to (Ei;r (R)-action. Since & commutes with the Serre functor,
®.0 is also a Serre-invariant stability condition on Ku(Y”). Thus up to a shift, we can assume that
®(Zi,) = Ty, and ®(T,) = Ty [k] for lines I3, 15 C Y" and an odd integer k. Thus we get Hom(Zy; , Ty, [k]) =
Hom(Il/1 T, [14+k]) # 0. This implies k = 0 and makes a contradiction which completes the proof of part

(a).

For part (b), we claim that up to composing with O and [1], v maps to v’. Indeed, the image of v is
still a (—1)-class in N (Ku(Y')) since ® is an equivalence. Then the claim for d > 3 follows from [LZ22,
Corollary 4.2]. And up to sign, a (—1)-class is either v/ or v/ — w’ for d = 2, and v/, w’ or v/ — w’ for
d = 1. They are permuted by rotation functor O and the claim follows. Thus the result follows from part
(a) and the claim above. ]

7.1. Degree 2 case. We first consider a del Pezzo threefold Y of degree 2 which is a quartic double
solid. It is a double cover 7 : Y — P3? which is ramified over a smooth surface R C P? of degree 4. The
branch divisor of m maps isomorphic to R, which we also denote by R C Y. The involution on Y given
by the double cover is denoted by 7. The Serre functor of Ku(Y') is Sxyy) = 7[2]. Moreover we have
Oy (R) = Oy (2). The key idea to prove Theorem 7.1 is to investigate the singular locus of a suitable
moduli space in Ku(Y).

Lemma 7.5. Let o be a Serre-invariant stability condition on Ku(Y). Then the singular locus of the
moduli space Mqo(Ku(Y'),2v — w) is at least two dimensional, consists of objects of form i* Op, such
that p € R, and O(j.F) where j: S < Y is a hyperplane section and F is a reflexive sheaf on S with
7(j.F) 2 j.F.

Proof. Since o is O-invariant, the functor O makes an isomorphism M, (Ku(Y), —w) = M, (Ku(Y),2v —
w)). Thus for any F' € M, (Ku(Y),2v —w), there exists E € M, (Ku(Y), —w) so that F' = O(FE). Since
RHom(F, F') = RHom(E, E), we only need to consider the smoothness of [E] in M, (Ku(Y),—w). By
Proposition 6.1 and its proof, there are two possibilities:
Case (i). £ = E, for a point p € Y as defined in (25). Since 7(E,) = E; (), we know that [E] is a singular
point if and only if ExtQ(Ep, E,) = Hom(E,, E; () # 0, which is equivalent to p = 7(p), i.e. p € R.
Case (ii). E = j,F is a reflexive Gieseker-stable sheaf supported on a hyperplane section j: S < Y. Then
by o-stability, Ext*(E, F) = Hom(E,7E) # 0 if and only if 7(j.F) = j. F.

a

The next Proposition analyses further the second case in Lemma 7.5.

Proposition 7.6. Let o be a Serre-invariant stability condition and j. F € Ku(Y') be a o-stable object of
class w, where j: S — Y is a hyperplane section and F is a reflexive sheaf on S. Let E € Ku(Y') be a
Gieseker-stable sheaf of class 2v. Assume that 7(j.F) =2 j. F, then we have

RHom(O(j.F), E) = C*[-2].

Proof. By Lemma 3.2, E is 2-Gieseker-stable. Thus j*E is a sheaf by the torsion-freeness of E. Since
F € Ku(Y), we see RHom(O(j. F), E) = RHom(j,.F (1), E). It is clear that Hom(j.F(1), E) = 0.

We claim Ext®(j,F(1), E) = Hom(F, j.F(—1)) = 0. If not, there is a nonzero map 7: E — j,F(—1)
with ch<j(ker(w)) = (2,—H) and H.cha(ker(n)) > 1. Thus by [Lil9, Proposition 3.2], ker(w) cannot be
ppr-semistable. But since it is torsion-free, it has a two-term HN filtration F; < ker(w) — FE5. Since E
is a subsheaf of E as well, we have ch<y(E1) = (1,0, 2H?) where a < —2. Thus ch(E;) = (1,—H) and
cho(Es).H = chy(ker(w)).H — a > 3, which is not possible.

Therefore we get — ext'(O(j. F), E) + ext?(0O(j. F), E) = x(O(j.F),E) = 2, so we only need to show
Ext'(O(j,F), E) = 0. Note that

Ext'(O(j,F), E) = Ext' (j.F (1), E) = Homg(F, j*E) = Hom(j, F, j.j*E).

Assume there is a non-zero map s € Homg(F, j*F). Since F is torsion-free of rank one on S, s is injective.
Let G := coker(s).
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Claim: G is a torsion-free sheaf on S. As G has rank one on S, this implies j,G is Gieseker-stable. To
this end, we consider a commutative diagram of exact triangles

0 juF —— j.F

l | |

E —— j.j"F —— E(-1)[1]
By taking cones, we get a commutative diagram with rows and columns exact

0 jF —— j.F

i | |

E —— jj*E —— E(-1)[1]

| l

E—" j.G K[1]

Here K is a sheaf since it is an extension of j,F and E(—1) from the construction. Thus a is surjective
and K = ker(a). Note that ch(K) = 2v — w. We consider two cases:

o If K is uy-stable, by Lemma 4.2 K is locally free. Since E is torsion-free, we get torsion-freeness
of Gon S.

e If K is not puy-semistable, then there is a destabilising sequence K; — K — K5 where both K3
and Ky are rank one pp-stable sheaf. Note that since K is a subsheaf of E, it is torsion-free. The
composition of injections K; — K — E and 2-Gieseker stability of F implies that ch<a(K7) =
(1,0, — 22 H?) where a > 0. Since K is torsion-free with class ch<s(K») = (1, —H, 152 H?), we
get a = 0. Thus Ky = Z,,,(—H) for some points po on Y. We denote W := coker(K; — E). Then
we have a commutative diagram

L L
N
N O
Lol

with rows and columns exact. Since RHom(Oy,j.F) = RHom(Oy,j.j*E) = 0, we get the
vanishing RHom(Oy, j.G) = 0. In particular, G has no zero-dimensional torsion. We know
ch<o(W) = (1,0,0), from 2-Gieseker-stability of E, we see that the torsion part of W is zero-
dimensional, which is not possible as G has no zero-dimensional subsheaf. Thus W = Z,, for some
points p in Y, so the third row in the above diagram gives the short exact sequence Z,,(—H) <
1, —» j«G which implies j.G is pure.
Hence G is torsion-free as claimed. Thus j*F is also torsion-free as F' and G are.
We divide the rest of the proof into two cases.
Case 1. First assume E is not locally free. By Proposition A.4, we have an exact sequence

0+E—08-Q—0,

where @ is supported on a curve. Hence we get a triangle j*E — (9%2 — 7@ on S. Since @ is supported
on a curve, Héoh(s) (7*Q) is at most one-dimensional for each 4 by [[Tuy06, Lemma 3.29]. Using the fact
that j*F is torsion-free, we see j*@Q € Coh(S) and hence j*E C (9?2. Thus F' C O?z, which implies that
Homg (F,Og) = Hom(j. F, j. Og) # 0. Hence Hom(j. F, Oy (—1)[1]) # 0, which contradicts j.F' € Ku(Y).

Case 2. Now assume E is locally free, and so j*E is locally free. Then taking Homg(—, F) from
the short exact sequence F — j*E — G gives Exty(F, F) = Ext%(G,F). By Lemma 7.8, we get
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Exti(G,F) # 0, which implies Ext3(j,G, j.F) # 0 from Lemma 7.7. However, by Serre duality we
get Hom(j. F, j.G(—2)) # 0, which contradicts the Gieseker-stability of j.F and j.G.
m|

Lemma 7.7. Let j: S — Y be a hyperplane section and E,F be two coherent sheaves on S with E
torsion-free. Let n > 2 be the mazimal integer with Exty(E, F) # 0. Then Ext" ™ (j.E, j.F) # 0.

Proof. We first show that any hyperplane section S € |Oy(1)| is normal and Gorenstein. Since Y is
Gorenstein, S is too. Then by Serre’s criterion, to prove the normality of S, we only need to prove S has
only finitely many singular closed points. Note that S = 7~!(P) is a double cover ramified over R N P
for a projective plane P C P3. By the property of double cover, we only need to show RN P has isolated
singularties. This follows from applying [Laz04, Corollary 3.4.19] to R.

Since S is normal, the non-locally free locus of E has codimension two. Thus Exti(E, F) is supported
on points for any i > 0. Now we compute Exts (j. E, j. F) :== H (RHomy (j. E, j. F)). By adjunction, we
have

RHomy (joE, j. F) = j.RHoms(j*j.E, F).
Since H°(j*j.E) = E and H™'(j*j.E) = E(—1), using [Huy06, (3.8)], we have a spectral sequence
convergent to Exth (5% 4. E, F) with EY° = Exth(E, F), EY' = Ext%(E, F)(1) and EY? = 0 for p # 0, 1.
Therefore, we see that Ext%(j* j. E, F) is supported on points for i > 2. Moreover, the term E;L’l survives,
hence E;L’l = E%' # 0 implies that 22t (55, E, F) # 0. Thus Exti (4. F, j. F) is supported on S, and
furthermore supported on points for 7 > 2 with SxtT{,H(j*E,j*F) # 0.
Next, using [Huy06, (3.16)], we have a spectral sequence

EYY = HP(Eatl (. B, j.F)) = Ext?1(j, B, j, F).

By the previous argument, we know that Eg*nﬂ = length(gxtgl,“(j*E,j*F)) # 0. Moreover, from the
dimension of support, we see EY"? =0 for p € {1,2},q > 2 and any p > 3, ¢ € Z. Since n > 2, this implies
BT = EOntl £ 0 which gives Ext"*! (4, B, j, F) # 0. o

Lemma 7.8. Let o be a Serre-invariant stability condition on Ku(Y) and j.F € Ku(Y') be a o-stable
object where j: S — Y is a hyperplane section and F is a reflexive sheaf on S. If 7(j.F) = j.F, or
equivalently Ext?(j,F, j,F) # 0, then Exty(F, F) is non-zero and supported on a single point with length
one.

Proof. Note that by o-stability and Sk, vy = 7[2], we know that Ext?(j, F, j.F) = Hom(j, F,7(j. F)) # 0
if and only if Ext*(j, F, j.F) = Hom(j,F, 7(j«F)) = C.

Since F is reflexive and S is normal, we have Homg(F, F) = Og. Moreover, by Lemma 7.7 and the
vanishing Ext’(j, F,j,F) = 0 when i > 3, we get Exty(F,F) = 0 for i > 2. Therefore, if we compute
Ext? (j.F, j.F) as in Lemma 7.7, we get Homy (j. F, j.F) = j. Os, Ext3-(j. F, j. F) is an extension of
Jx Os(1) with j.Exty(F, F), and Extd (. F, ju F) = j.Exts(F, F)(1). Thus, if we compute Ext’(j.F, j. F)
as in Lemma 7.7, we see Ext?(j. F, j.F) = HO(Ext3 (j.F, j.F)). This implies that ExtL(F, F) is non-zero
and supported on a single point with length one. a

Proof of Theorem, 7.1 for degree d = 2. Note that O* = [2] when d = 2, so by Lemma 7.4 we can assume
that there is a pair of integers my,d with 0 < m; < 3 and § = 0,1 such that O™™! o ®[4] maps classes v
and w on Y to v/ and w’ on Y’, respectively. Moreover, we know such m and ¢ is unique by looking at
the action of O and [1] on N (Ku(Y")) and using the restricted values of m; and §. We may replace ® by
O~ o ®[4].

We know ®(i'Qy) € Mg (Ku(Y’),2v’), so by Proposition 4.1, up to a shift, it is either "' Qy+ or
a Gieseker-stable sheaf E’. Assume for a contradiction that the latter happens. We know ® maps the
singular locus of M, (Ku(Y'),2v — w) to the singular locus of Mg () (Ku(Y’),2v' —w’).

e Assume that ® maps R C M, (Ku(Y),2v — w) to R' C Mg,)(Ku(Y’),2v' — w’). Thus by
Proposition 6.1, we get RHom (®(i* O), ®(i'Qy)) and so RHom (i'* O,/, E') = RHom (O,, E')
are a two-term complex for all p’ € R. But this makes a contradiction since E’ is torsion-free so
the non-locally free locus of E’ has at most dimension one.

e Assume that ® does not map R C My(Ku(Y),2v —w) to R’ C Mg ) (Ku(Y’),2v' —w’'). By
Lemma 7.5, there is a point p € R such that ®(i* O,) = O(j.F) up to shift, where j: S —
Y’ is a hyperplane section and F is a reflexive sheaf on S with 7/(j.F) = j.F. Moreover,
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RHom(i* O,,i'Qy) = RHom(O(j. F), E') is a two-term complex. But this contradicts Proposition
7.6.
Hence in both cases, we get ®(i'Qy) = i"' Qy[ms + §] for a unique my € Z and the claim follows. O

Remark 7.9. [APR22, Lemma 4.4] claims Ext?(j, F, j,F) = 0 for any hyperplane section j: S < Y and
a rank one reflexive sheaf F' on S such that j.F € Ku(Y). However, the proof is valid only for smooth S
via the vanishing of £ actls(F , F'). That is why in this section, we investigated further the singular locus in
order to prove Theorem 7.1.

7.2. Degree three case. Now assume Y is a cubic threefold.

Proof of Theorem 7.1 for degree d = 3. In this case O° = [4], so by Lemma 7.4 there is a unique pair
of integer my,d with 0 < m; < 5 and 6 = 0,1 such that O™ o ®[4] maps classes v and w on Y
to v/ and w’ on Y”, respectively. We replace ® by O~ "' o ®[§]. Then by Proposition 5.5, the object
P(i'Qy) € Ma (o) (Ku(Y'),3v'), up to a shift, is either i"'Qy+ or a Gieseker-semistable sheaf E'. Assume
for a contradiction that the latter happens.

By [BBF 20, Lemma 7.5, Theorem 8.7], BNy is the union of all rational curves in Mg ) (Ku(Y"), 3v'—
w'). Thus ¢(BNy) = BNy-. In other word, for any p € Y we have ®(:* O,,) = i"* O, for a point p’ € Y’
up to shift and vice verse. In particular, RHom(i”* O,, E’) is a two-term complex for all p" € Y’'. But
this contradicts the torsion-freeness of E’. Hence we get ®(i'Qy) = i"' Qy-[mso + 4] for a unique my € Z
as claimed.

a

7.3. Degree four case. Let Y be a del Pezzo threefold of degree 4, then Ku(Y') is equivalent to the
bounded derived category D?(C) of a smooth projective curve C of genus 2. As in [[Xuz12, Section 5], we
fix the Fourier-Mukai equivalence ¥s: D*(C') — Ku(Y") for the universal spinor bundle S on C' x Y, where
we see Y as a moduli space of stable rank 2 bundles on C with fixed determinant & of degree deg(§) = 1.

For any line bundle £ on C, we denote the induced auto-equivalence of Ku(Y') by T, := ¥so(—®L) o
U5t We write Aut”(Ku(Y)) for the subgroup of Aut(Ku(Y)) consists of Tz such that £ € Pic’(C). We
will apply the following two facts about the action of O:

(a) By [Kuzl2, Lemma 5.2], we know that via the equivalence ¥g, the action of O on N (Ku(Y)) is
the same as twisting by a degree —1 line bundle on C, up to sign.

(b) Since any stability condition o on Ku(Y') is O-invariant, (semi)stability of a vector bundle on C'
will be preserved after the action of \Ilgl 000 Vg.

Proof of Theorem 7.1 for degree d = 4. By Lemma 7.4, there exist a pair of integers ms,mo such that
O™ o ®[—my] maps classes v and w to v/ and w’. By the above point (a), such m; is unique. Further-
more, we can take mo uniquely by imposing the condition that ¥5' o (O~ o ®[—my]) 0o Us: D*(C) —
D®(C’) maps bundles to bundles. We replace ® by O~ o ®[—my)].

By [Kuz12, Lemma 5.9], ¥5'(i' Oy) is a second Raynaud bundle® R on C up to a shift. We know
this bundle is unique on C up to tensoring by a line bundle of degree zero. Thus by the above point (b),
USH(O(i Oy)) = U5 (i* Qy) is also unique up to tensoring by a line bundle of degree zero (Indeed, let R
and R’ be two Raynaud bundle, then we can assume R’ = R® L for a degree 0 line bundle Ly, note that
O = f.o(—®L_;) for a degree —1 line bundle L_; up to shift, so that O(R') = O(R® Ly) = f«(R)®L"
a degree —1 line bundle L’ ;. On the other hand, O(R) = f.(R) ® L”, for a degree —1 line bundle L” ;.
Hence O(R) and O(R’) differ by a degree 0 line bundle. This proves there is a unique line bundle £y on
C’ such that

(Ws! o ®(i'Qy)) @ Lt = W5 (" Qyr)
and so the claim follows.
a

7.4. Categorical Torelli theorem. As a result of Theorem 7.1, we show a categorical Torelli theorem
for any del Pezzo threefolds of degree 2 < d < 4.

Corollary 7.10. LetY andY’ be del Pezzo threefolds of degree 2 < d < 4 such that ® : Ku(Y) ~ Ku(Y”)
is an exact equivalence of Kuznetsov components, then Y =Y.

8t is a semistable vector bundle of rank 4 and degree 4 on a genus 2 curve so that for any line bundle £ of degree zero
on C, we have Hom(L, R) # 0.
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~

Proof. By Theorem 7.1, we can assume that ®(i'Qy) = i"Qy/. There is an isometry of numerical
Grothendieck group ¢ : N'(Ku(Y)) = N (Ku(Y")) induced by ® : Ku(Y) ~ Ku(Y"'). As ®(i'Qy) =" Qy,
we get ¢(v) = v/ and ¢(w) = w’ by Lemma 7.4. Then the result follows from the uniqueness of Serre-
invariant stability conditions and Theorem 6.2 via the same argument in [JL.Z22  Corollary 6.11]. a

8. AUTO—EQUIVALENCES OF KUZNETSOV COMPONENTS
In this section, we are going to prove Theorem 8.2 and Corollary 8.4. We begin with a lemma.

Lemma 8.1. Let f,g: Y — Y’ be two isomorphisms between del Pezzo threefolds of Picard one. If
Felkcuy) = geluy)y s Ku(Y) = Ku(Y'), then f = g.

Proof. We know f, and g, maps Oy and Oy (1) to Oy: and Oy (1) respectively. For any point p € Y,
we know f,(Op) = Oy and the same for g. Thus we have
f*(’b* Op) = ’L'/* Of(p) and Gx (Z* Op) = i/* Og(p) .

Since filku(y) = gxlku(y), we get i Oppy = i Oy, ie. i Oy and i Oy(y,) correspond to the same
point in the moduli space M, (Ku(Y'),dv —w) by Proposition 6.1. Thus the embedding ¥ in (24) implies
that f(p) = g(p) for any point p € Y. Since both Y and Y’ are smooth, we get f = g. m]

Theorem 8.2. Let Y and Y’ be two del Pezzo threefolds of the same degree d where d = 2,3 or 4, and let
®: Ku(Y) — Ku(Y') be an ezact equivalence of Fourier-Mukai type such that ®(i'Qy) = i" Qy+. Then
® = filkuey) for a unique isomorphism f:Y — Y.

Proof. Since [i'Qy] = dv € N(Ku(Y)), Lemma 7.4 (a) implies that ® maps v and w to v/ and w’,
respectively. Then Theorem 6.2 shows that for any p € Y, there is a point p’ € Y’/ such that
B(i* Op) 2 i Op . (31)
Conversely, for any p’ € Y’, there is p € Y such that the above holds. From Remark 7.2, we also have
®(i' Oy) = i" Oy:. Thus using [LNSZ21, Proposition 2.5 & Remark 2.2], ® can be extended to an
equivalence Oy (1)* = Oy (1)*, denoted again by @, so that ®(Oy) = Oy-. Since i* = Lo, Lo, (1), (31)
implies that (I)(L(Dy(l)(op)) = Loy,(l)(op/).
Let j : Oy(1)* < D¥(Y) and j' : Oy~ (1) < D®(Y’) be the natural inclusions. We know
7' Oy (1) = Ro, (—1)(Oy (1)),
so it lies in the triangle
Oy (—1)[2] = j' Oy (1) = Oy (1). (32)
The next step is to compute i*(j' Oy (1)) = Lo, (' Oy (1)). Using the triangle above, it is easy to see
RHom(Oy, j' Oy (1)) = C¥*2, so we have an triangle
Op**2 = j Oy (1) = Loy (' Oy (1)). (33)
Thus by taking cohomology we obtain
Oy (=1)[2] = Lo, (j' Oy (1)) = Qv [1]

and so Lo, (5' Oy (1)) = i*Qy[1]. Therefore, we know that ®(Le, (' Oy (1))) = Loy,(j’! Oy (1)). Ap-
plying ® to (33) gives a triangle

022 5 (' Oy (1)) — i" Qy[1]. (34)
This implies that H~2(®(j' Oy (1))) = Oy+(—1) and we have the long exact sequence
0— H @' Oy (1) = Qyr — O = HOB(5' Oy (1)) — 0. (35)

Since j' Oy (1) € Oy(1)*, by the adjunction of mutations, we have RHom(Lo,.(1)(O,),j' Oy (1)) =
RHom(O,, j' Oy (1)) for any p € Y. Thus we have
RHom(0y, j' Oy (1)) = RHom(Lo, (1)(0y), j' Oy (1)) = RHom(®(Loy.(1)(0p)), 2(j' Oy (1))
= RHom(Lo,,(1)(Op), @(j' Oy (1))) = RHom(Oy, (' Oy (1)))-

Using (32), we know that RHom(O,,j' Oy (1)) = C[-1] @ C[-3]. Hence RHom(O,/, ®(j' Oy (1))) =
C[-1] @ C[-3] for any p’ € Y'. By Serre-duality, we have

RHom(®(5' Oy (1)),0,) = C® C[-2]. (36)
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Then from [BMO02, Proposition 5.4], ®(j' Oy (1)) is quasi-isomorphic to a complex
A,Q — A,1 i) Ao, (37)

where Ay is a bundle of rank r sitting in degree k in the complex. Note that (37) is a locally-free
resolution of ®(j' Oy (1)). Therefore, we have H°(®(j' Oy (1))) = coker(ar) and by applying Hom(—, O,)
o (37), we have a complex

Hom(Ap, Op) =C™ LN Hom(A_1,0p ) = Hom(A_5, O ).
Since Hom(®(j' Oy (1)), 0,) = C, we get ker(a) = C. But note that @ can be factored as Hom(A4g, O,) —
Hom(im(a), Op) — Hom(A 1, Op) which implies

hom((im(a), Op)) > 19 — 1.

Since p’ € Y is an arbitrary closed points, we have rk(im(a)) > ro — 1. Thus rk(H(®(5' Oy (1)))) < 1.
Since HO(®(5' Oy (1))) sits in an exact sequence (35) and rk(Qy~) = d+1, we have tk(H°(®(j' Oy (1)))) =
1, which implies

rk(H™H(@(j' Oy (1)) =

Since Qy- is torsion-free, we have H~1(®(j' Oy (1))) = 0 and 7-[0( (7' Oy (1)) = Oy+(1) by definition
(9). Thus ®(5' Oy (1)) lies in the exact triangle

Oy (—1)[2] = @(j' Oy (1)) = Oy (1). (38)
Note that Hom(®(j' Oy (1)), ®(j' Oy (1))) = Hom(j' Oy (1), j' Oy (1)) = Hom(j' ( ),0y (1)) = C by
(32), so the exact triangle (38) is non-splitting. Since Hom(Oy (1), Oy/(—1)[3]) = 1, we get

o(j' Oy (1)) = j' Oy:(1).

Then applying again [LNSZ21, Proposition 2.5] shows that the equivalence ®: Oy (1)* — Oy (1) can be

extended to an equivalence ®: DP(Y) = D?(Y”) such that ®(Oy (1)) 2 Oy (1). Then [Huy06, Corollary
5.23] implies that ® is the composition of f, for an isomorphism f:Y — Y’ with the twist by a line
bundle on Y. Since we know ®(Oy) = Oy, we get & = f,. Finally, such isomorphism f is unique by

Lemma 8.1.
a

Remark 8.3. Combing Theorem 7.1 with Theorem 8.2 provides an alternative proof of Categorical Torelli
theorem for del Pezzo threefold of degree 2 < d < 4.

As an application, we obtain a complete description of the group Autpy(Ku(Y)) of exact auto-
equivalences of Lu(Y") of Fourier—Mukai type.

Corollary 8.4. LetY be a del Pezzo threefolds of Picard rank one and degree d, and ® € Autpy (Ku(Y))
be an auto-equivalence of Ku(Y') of Fourier—Mukai type.

(i) If d = 2,3, there exist a unique f € Aut(Y) and unique pair of integers myi,me € Z with
0<my <3 whend=2 and 0 < mq <5 when d = 3, so that

®=0"ofo0 [mQ]

(i) If d = 4, there exists a unique f € Aut(Y) and unique pair of integers myi, ma and a unique
auto-equivalence Ty, € Aut®(Ku(Y)) (see Section 7.3 for definition) so that

O =0" 0Ty, o fxo[ma].
Proof. The result follows from Theorem 7.1 and Theorem 8.2. a
Remark 8.5. Assume Y/ =Y, Then Remark 7.3 and Theorem 8.2 show that the homomorphism
Aut(Y) = Autpm(Ku(Y)), [ = fulcur)

is injective, and its image together with [2] generates the sub-group of auto-equivalences that act trivially
on N (Ku(Y)). This strengthens a result [KPS18, Lemma B.2.3].

Remark 8.6.
(1) One can also show the homomorphism
AUt(X) - AutFM(ICu(X))v f = f* |ICu(X)

is injective for index one prime Fano threefolds of even genus g > 6, which follows from [J1.7Z22,
Theorem 5.14].
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(2) For a del Pezzo threefold Y of degree 5, its Kuznetsov component Ku(Y') is equivalent to the de-
rived category of representations of 3-Kronecker quiver. It is known the group of auto-equivalences
of Ku(Y) is Z x (Z x PGL3(C)) by [MYO01, Theorem 4.3].

Remark 8.7. A semiorthogonal decomposition of an index one prime Fano threefold of even genus g > 6
is given by D?(X) = (Ax,Ox,EY), where Ex is the tautological sub-bundle. Applying techniques in
this section, we can compute group Autpy.Ax of Fourier-Mukai auto-equivalences of Ax. In particular,
for very general Gushel-Mukai threefold, Aut.Ax is generated by involution 7 and shifting functors. For
genus 8 prime Fano threefold, the group AutpmAx = Aut(X) X (Sa,,[1]). As a result, we show the group
Aut(X) of automorphisms of an index one genus 8 prime Fano threefold X is isomorphic to the group
Aut(Y') of automorphisms of the associated Phaffian cubic threefold, where Ku(Y) ~ Ax. Together with
results of the other index one prime Fano threefold, we will provide details in our subsequent paper.

APPENDIX A. MODULI SPACE OF INSTANTON SHEAVES ON QUARTIC DOUBLE SOLIDS

In this section, we fix Y to be a quartic double solid and study the moduli space My (2,0, 2) of semistable
sheaves of rank two, ¢; = 0,¢a = 2, ¢3 = 0 and the Bridgeland moduli space M, (Ku(Y"), 2v) of semistable
objects of class 2v in the Kuznetsov component Ku(Y").

A.1. Classifications. As is shown in Proposition 4.1 that up to shift, the o-stable objects of class 2v in
the Kuznetsov component Ku(Y') of a quartic double solid Y is either a two term complex i'Qy or a a
Gieseker semistable sheaf of rank two, ¢; = 0,co = 2 and ¢5 = 0. Denote by E such a sheaf. It is clear
that H'(Y, E(—1)) = 0 since E € Ku(Y). Then it is an instanton sheaf in the sense of [L.Z22, Definition
6.2]. To study geometric structure and properties of the Bridgeland moduli space M, (Ku(Y),2v), first
we classify sheaves in the moduli space Mi**(2,0,2) of instanton sheaves on Y.

Proposition A.1. Let E € My (2,0,2). Then E ¢ Ku(Y) if and only if it is a locally free sheaf fitting
mnto an exact sequence
0—=0y(-1) - Qy - E—0. (39)
If E € Ku(Y), then E is
(1) either a strictly Gieseker-semistable sheaf, which is an extension of two ideal sheaves of lines,
(2) or a non-locally free sheaf fitting into a short exact sequence
0+E—08-Q—0,
where Q = 0c(1) is the theta characteristic of a smooth conic C, or Q is a sheaf on a codimension
two linear section C' of Y given by
0->0c—Q—R—0,

where R is a zero-dimensional sheaf on C' of length two,
(8) or a pp-stable vector bundle that E(1) is globally generated and fits into the short exact sequence

0—0Oy(-H)— E— Ip(H) =0,

where D is the zero locus of a generic section of H°(E(1)), which is a degree 4 smooth elliptic
curve.

Proof. If E is strictly Gieseker-semistable, then the result follows from applying Lemma 3.1 to Jordan—
Holder factors. If E is Gieseker-stable, the result follows from Proposition A.4, Lemma A.8 and Proposi-
tion A.9 below. a

In the following, we are going to prove the results used in Proposition A.1. We only need to consider
Gieseker-stable one.

Lemma A.2. Let E be a py-semistable reflexive sheaf of rank two, c1(E) = 0 and H°(E)=0. Then E
1s ppr-stable.

Proof. If not, its Jordan—Hdlder filtration with respect to pg-stability has two terms Fy — E — FEs
where Ey and Es are upg-stable sheaves with ch<;(E;) = (1,0). Then EYY = Oy since Pic(Y) = ZH.
Then taking the double dual, we get a non-zero map Oy — EVV = E, which contradicts H°(E) =0. O

Lemma A.3. There is no ug-semistable reflexive sheaf E of classes
(1) ch(E) = (2,0,—2H?, a1 H?),
2) ch(E) = (2,0, —H?, as H?) where as # 0, and
(
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(3) ch(E) = (2,0,0,a3H?) where ag # 0.
Moreover, if ch(E) = 2ch(Oy), then E = O%2.

Proof. Note that being rank two and reflexive implies c3(E) > 0 by [Har80, Proposition 2.6], hence «; > 0.
Then the case (2) follows from Lemma A.2 and Lemma 3.1. And case (3) follows from the same argument
as in [BBEFT20, Proposition 4.20].

So we only need to prove (1). Assume for a contradiction that F is a ppg-semistable reflexive sheaf of
classes ch(E) = (2,0, —3H?, ay H?) with oy > 0. We know that there is no wall for E crossing the vertical
line b = —1, so Hom(E, Oy (—2)[1]) = H*(E) = 0. And by pg-semistability, we get H(E) = H3(E) = 0,
which implies

201 +1 = X(Oy,E) = 7h0m(0y,E[1D <0
which makes a contradiction. If ch(E) = 2ch(Oy ), then
hom(Oy, E) — hom(Oy, E[1]) = 2.
Thus Jordan—Ho6lder factors of F with respect to the pp-stability are all Oy, and the result follows. O

Proposition A.4. Let E € Ku(Y) be a non-reflexive Gieseker-stable sheaf of character 2v, then E fits
into a short exact sequence

0= E— 0% —Q—0,
where Q = 0c(1) is the theta characteristic of a smooth conic C, or Q is a sheaf on a codimension two
linear section C' of Y given by

0—->0c—>0Q—R—0,
where R is a zero-dimensional sheaf on C' of length two.

Proof. Taking reflexive hull of E gives the exact sequence
E—EYY =Q (40)

where EVV is a reflexive pg-semistable sheaf and @Q is a torsion sheaf supported in dimension at most one.
Applying Lemma A.3 to the exact sequence (40) shows that EVV = (9;'32 and @ is a torsion sheaf of class
ch(Q) = (0,0, H?,0). Since E € Ku(Y) and RHom(Oy (1), EVY) = 0, we know that H°(Q(—1)) = 0.
Then the result follows from Lemma A.7. a

Lemma A.5. Let Z CY be a one-dimensional closed subscheme with H.Z = 1. If Z is pure, then Z is
a line.

Proof. Since H.Z = 1, we see Z is irreducible since it is pure. Then H.Z,.q = 1, which implies that
ker(Oz — Ogz,.,) is zero-dimensional. But this is impossible since Oz is pure. Hence Z is integral,
and 7(Z) C P? is also an integral subscheme of degree one, which is a line. Since Z C 7~ (n(Z2)) is
an irreducible component, 7=!(7(Z)) is reducible. Hence 7~!(7(Z)) is union of two lines on Y, which
implies that Z is a line. a

Lemma A.6. Let C C Y be a pure one-dimensional closed subscheme with H.C = 2 and x(O¢) = 0.
Then C' is irreducible and is the intersection of two hyperplane sections of Y. Moreover, C = 7~ (m(C))
and 7(C) C P? is a line.

Proof. If C' is reducible, then from H.C' = 2, each component is pure-dimensional with degree one, which
is a line by Lemma A.5. Then these two components are either disjoint which implies x(O¢) = 2, or
intersect at a single point, which gives x(O¢) = 1. Hence C is irreducible.

If H.Creq = 2, then C is reduced since O¢ is pure. Then 7(C) is also integral. If the degree of 7(C) is
two, then C' = 7(C) which contradicts [Sanl4, Corollary 1.38] since x(Oc¢) = 0. Thus 7(C) is a line, and
C c 7= Yx(C)). Since 771(n(C)) is also a degree two curve of genus one, we have C = 7~ 1(7(C)).

If HCreq = 1, then Ceq = 1 is a line, and we have an exact sequence 0 — O;(—2) = O¢ — O; — 0.
Thus h°(O¢(1)) = 2. Therefore, we have h®(Zo(1)) > 2 and C is contained in two different hyperplane
sections S, S’ of Y. This implies that C' € SN .S’. Since SN S’ is also a degree two curve of genus one,
we have C' = SN S =7~1(). ]

Lemma A.7. Let Q be a coherent sheaf on'Y of class ch(Q) = (0,0, H2,0) with H°(Q(—1)) =0 on Y.
Then Q is either

(1) an extension of structure sheaves of lines on'Y,
(2) Q =0c(1), where O¢ is the theta characteristic of a smooth conic C on'Y, or
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(8) Q is a sheaf on a codimension two linear section C of Y given by
0—>0c—>Q—R—0,

where R is a zero-dimensional sheaf on C of length two.

Proof. Since x(Q) = 2, we have H°(Q) # 0. Let s: Oy — @ be a non-zero map. Then im(s) = Og,
where Z C Y is a subscheme. Since H°(Q(—1)) = 0, we see H(Oz(—1)) = 0 and hence Z is pure-
dimensional. Note that if H.Z,..q = H.Z, then the kernel of Oz — Oz , is zero-dimensional, which

implies Z = Z,..q by H°(Oz(—1)) = 0. Let R := coker(s).
e Assume that H.Z = 1. Then by Lemma A.5, Z is a line and hence H'(Oz(—1)) = 0. Thus
ch(R) = (0,0 H* 0) and HY(R(—1)) = 0. We claim that R is also the structure sheaf of a line.

Indeed, by X(R)2 = 1, we have a non-zero map s’: Oy — R. By the same argument above, we see
H°(im(s")(—1)) = 0 and hence im(s’) is the structure sheaf of line by Lemma A.5. By the reason
of Chern characters, we see im(s’) = R and the result follows.

e Assume that H.Z = 2. First, we assume that R = 0, hence Oz = Q. If H.Z,.q = 1, then Z,.4 is
a line by Lemma A.5. Thus ker(Oz — Oz, _,) satisfies properties of R in the first case. The same
argument shows that ker(Oz — Oz, _,) is also the structure sheaf of a line. If H.Z,.q = 2, then
the kernel of Oz — O, _, is zero-dimensional, which implies Z = Z,..q by H°(Oz(—1)) = 0. Note
that Z is reducible, otherwise we have h®(Oz) = 1, which contradicts x(Oz) = x(Q) = 2. Hence
by Lemma A.5, each of the irreducible components of Z is a line. Since ch(Oz) = (0,0, H?,0),
we see Z is an extension of structure sheaves of two lines.

Now we assume that R # 0. The same argument as in [Dru00, Lemma 3.3] shows that @ is a

O z-module.

— If Z is reducible, then each component of Z has degree one. Hence H.Z,.q = H.Z = 2. This
implies Z = Z,..q as above since H*(Oz(—1)) = 0. By Lemma A.5, Z is a union of two lines.
And from R # 0, we see these two lines intersect with each other. In other word, Z is a
reducible conic. Now since Z is a conic, the same argument as in [Dru00, Lemma 3.3] shows
that Z is a smooth conic and @ = 02(1).

— If Z is irreducible and H.Z,.q = 2, then we also have Z = Z,..4, which implies that h°(Oz) =
1 and x(Oz) < 1. From [LR22, Lemma 4.3], we see 0 < x(Oz) < 1. When x(0z) =1, Z is
also a conic, hence the same argument as in [Dru00, Lemma 3.3] shows that Z is a smooth
conic and @ = 0;(1). When x(Oz) =0, Z is the intersection of two hyperplane sections by
Lemma A.6 and hence length(R) = 2.

— If Z is irreducible and H.Z..q = 1, then Z,.4 is a line by Lemma A.5. Therefore, we have
an exact sequence 0 — O;(—n) — Oz — O; — 0, where n € Z~(. In particular, we have
h°(Oz) = 1 which implies x(Oz) < 1. From [LR22, Lemma 4.3], we see 0 < x(Oz) < 1.
When x(Oz) = 1, Z is a conic. By [Dru00, Lemma 3.3], Z is smooth and contradicts
H.Zycq =1. When x(Oz) =0, we have length(R) = 2 and the result follows.

red

m]

Now assume E is a Gieseker-semistable reflexive sheaf of class 2v. It follows from [[Har80, Proposition
2.6] that E is a locally free sheaf and it is a slope stable locally free sheaf by Lemma A.2.

Lemma A.8. Let E € My (2,0,2) be a bundle with E € Ku(Y'), then E(1) is globally generated and it
fits into the short exact sequence

0—-0Oy(-H)— E— Ip(H) =0,
where D is a degree 4 smooth elliptic curve as the zero locus of a general section of E(1).

Proof. Note that H3(E(—2)) = H°(EY) = H°(E) = 0 since EV = E. Then from E € Ku(Y), we see
HY(E(1 —1i)) = 0 for i > 0, thus F(1) is globally generated by Castelnuovo-Mumford regularity. Then
the zero locus of a generic section of E(1) is smooth. The remaining statement follows from the Serre
correspondence.

|

On the other hand, the next proposition characterizes a semistable sheaf of rank two, ¢; = 0,¢co =
2, ¢3 = 0, which is not in the Kuznetsov component Ku(Y).

Proposition A.9. Let E € My(2,0,2), then E & Ku(Y) if and only if E is locally free and fits into an
exact sequence of form (39).
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Proof. By Lemma 3.1, we have RHom(Oy, E) = 0. Note that H(E(—1)) = H3(E(-1)) = 0 by Serre du-
ality and stability. Thus from y(E(—1)) = 0, we see E & Ku(Y) if and only if HY(E(—1)) = H*(E(-1)) #
0.

First we assume that F fits into an exact sequence as above. Since Qy is a pug-stable vector bundle
by Lemma 3.3, it is clear that there is a non-zero morphism E — Oy (—1)[1], then Hom(Oy, E(—1)[2]) =
Hom(E, Oy (—1)[1]) # 0 by Serre duality.

Now we assume that H1(E(—1)) # 0. Applying Hom(—, E) to (9) and using RHom(Oy, E) = 0, we
have Hom(Qy,E) = H'(E(-1)) # 0. Let 7 # 0 € Hom(Qy, E). We claim that 7 is surjective and
ker(m) = Oy (—H). Indeed, if rk(im(7)) = 2, then ker(w) is a reflexive torsion-free sheaf of rank one
since Qy is locally free and FE is torsion-free. From the smoothness of Y, we know that ker(w) is a line
bundle. By the pp-semistability of Qy and E, we know that ¢;(im(7)) = 0, i.e. ¢y(ker(m)) = —H and
ker(m) = Oy (—H). Therefore, we only need to show that rk(im(7)) # 1.

To this end, we assume that rk(im (7)) = 1. Then by the up-semistability, we have ¢; (im(7)) = 0. Thus
ch<o(im(m)) = (1,0, —2H?) for a > 1. But we also know that Gieseker-stable implies 2-Gieseker-stable
for E by Lemma 3.2. Thus the only possible case is a > 2. Then ch<s(ker(n)) = (2, —H, %52 H?) with
a —1 > 1. But from the stability of Qy, we know that ker(n) is also pp-stable. This contradicts [Lil9,
Proposition 3.2]. Then the claim is proved.

The only part we remain to show is the locally freeness of E. Assume that F fits into (39). If E is
not reflexive, then as in Proposition A.4, we get EVY = (’)%2. However, using (39) we can compute that
Hom(FE, Oy) = 0, which makes a contradiction. Thus F is reflexive, and by rk(F) = 2 and ¢5(F) = 0, we
see F is locally free. o

A.2. Singularities of moduli spaces. In this section, we study singularities of stable moduli spaces
M3(2,0,2) and M3 (Ku(Y), 2v).

Lemma A.10. We have

(1) RHom(Oy (1), Qy) = C[-1],

(2) RHom(Qy, Qy) = C, and

(3) RHom(Oy (—1), Qy) = C’ & C[-1].
Proof. (1) follows from applying Hom(Oy (1), —) to (9). Note that RHom(Oy, Qy) = 0, then (2) follows
from (1) and applying Hom(—, Qy) to (9).

For (3), recall that 7, Oy = Ops & Ops(—2). Since Qy = m*Qps (1), we have H?(Qy (1)) = H°(Qps (2)®

Qps). Thus h°(Qy (1)) = 6 by the standard result on P2. And by (9), we get H (Qy (1)) = 0 for i > 1.
Then the result follows from x(Qy (1)) = 5. ]

Lemma A.11. We have RHom(i'Qy,i'Qy) = C & C5[-1] @ C[-2].

Proof. By the adjunction of i and ', we have RHom(i'Qy, Qy) = RHom(i'Qy,i'Qy). Then the result
follows from applying Hom(—, Qy) to (12) and using Lemma A.10. a

Lemma A.12. Let E € My (2,0,2) and E ¢ Ku(Y), then RHom(E, E) = C @ C%[—1] ® C[-2].

Proof. Since E is stable, we have Hom(E, E) = C. And by stability we get Ext®(E, F) = Hom(E, E(—2)) =
0. To prove the statement, we only need to show ext?(E, E) = 1.

We compute Ext?(E, E) via the standard spectral sequence (see e.g. [Pir20, Lemma 2.27]) and (39).
We have a spectral sequence with the first page

Eth(Qy,Oy(—l)), p= —1
pa ) ExtY(Oy(-1),0y(-1)) @ Ext!(Qy,Qy), p=0
U ) Ext?(Oy (—1), Qy), p=1
0, p< >2

—4,p
and convergent to Ext?T9(E, E). Then using Lemma A.10, we obtain ext?(F,E) = 1 and the result

follows.

Remark A.13. Denote by M™ the locus of Gieseker-semistable sheaves E € My (2,0,2) but E & Ku(Y).
By Lemma A.12 the locus M™ is everywhere singular. But according to Lemma A.10 and (39), the
reduction M, of such locus is isomorphic to PHom(QOy (—1), Qy) = P5. In the following section A.3, we
show it is contracted to a singular point in the Bridgeland moduli space M, (Ku(Y),2v) via projection

functor *.
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O
A.3. Bridgeland moduli space. Finally, we study the relation between My (2,0, 2) and M, (Ku(Y), 2v).
Lemma A.14. Let E € My (2,0,2) such that E ¢ Ku(Y). Then i*E = i'Qy.

Proof. Note that i* Oy (—1)[1] = i'Qy. Then applying i* to (39), we only need to show i*Qy = 0. By
definition, we get an exact triangle

Oy(1)[-1] & Qy = Lo, 1)Qy,

where s is the unique non-zero map in Hom(Oy (1)[—1], Qy) up to scalar. We claim that the induced
map

LOY (S) LOY Oy(l)[—l} — L(QY QY
is an isomorphism, which implies i*Qy = 0. Indeed, we have an exact triangle

Oy (1)[-1] % Qy — 0F*
which comes from (9). Since Lo, Oy =0, the claim follows. ]

Proposition A.15. Let Y be a quartic double solid and o be a Serre-invariant stability condition on
Ku(Y). Then the projection functor i* induces a morphism

p: My (2,0,2) - M, (Ku(Y),2v)
such that contracts M™ to a singular point represented by i'Qy, and is an isomorphism outside M™.

Proof. Note that up to shift, all strictly o-semistable objects are extensions of two ideal sheaves of lines,
which are exactly all strictly Gieseker-semistable of class 2v by Theorem A.1. Thus i* effects nothing on
the strictly Gieseker-semistable locus. From Lemma 4.4, we also know that i'Qy is o-stable. Then the
result follows from Theorem A.1, Lemma A.14 and Lemma A.11. a

Remark A.16. It looks plausible that for generic quartic double solids Y, the only singular point in
My (Ku(Y),2v) would be the point [i'Qy]. As a result, up to composing with O and [1], any exact
equivalence ® : Ku(Y) ~ Ku(Y’) would send i'Qy to i Qy, then by Theorem 6.2, we can get an
alternative proof of categorical Torelli theorem for generic quartic double solids.
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