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THREE EMBEDDINGS OF THE KLEIN SIMPLE GROUP
INTO THE CREMONA GROUP OF RANK THREE

IVAN CHELTSOV AND CONSTANTIN SHRAMOV

ABSTRACT. We show that the Cremona group of rank three has at least three non-conjugate
subgroups that are isomorphic to the Klein simple group consisting of 168 elements.

Unless explicitly stated otherwise, varieties are assumed to be projective, normal and complex.

1. INTRODUCTION

The Cremona group of rank n, usually denoted by Cr,(C), is the group of birational auto-
morphisms of the complex projective space P". One easily checks that

Crn((C) = Aut(]P’") — n=1.

The group Cra(C) is well studied (see [9]), but we know little about Cr,(C) for n > 3 (cf. [31]).
Problem 1.1. Describe finite subgroups in the group Cr, (C) up to isomorphism.
Problem 1.2. Describe finite subgroups in the group Cr,(C) up to conjugation.

For Cry(C), the solutions to both Problems 1.1 and 1.2 is given by Platonic solids.
Example 1.3 ([33]). Suppose that G is a finite group. Then

Cr1(C) has a subgroup isomorphic to G <= G € {Zm7Z2 X Zo,Dy, Ay, Sy, A5},

where m > 2 and n > 4. Two finite subgroups in Cr;(C) are conjugate if they are isomorphic.

For the group Crz(C), the solution to Problem 1.1 is very close to being complete (see [9]),
but the solution to Problem 1.2 is known only for some classes of subgroups.

Example 1.4 (]2, Theorem B.2]). Let G be a finite simple non-abelian subgroup. Then
Cry(C) has a subgroup isomorphic to G <= G € {A5, PSLs (IF‘7),A6},
and Crz(C) has 3, 2 and 1 non-conjugate subgroups isomorphic to As, PSLa(FF7), Ag, respectively.
For Cr,(C) and n > 3, it seems hopeless to solve Problems 1.1 and 1.2 in full generality.
Theorem 1.5 ([31, Theorem 1.3]). Suppose that G is a finite simple non-abelian subgroup. Then
Cr3(C) has a subgroup isomorphic to G <= G € {A5, PSL, (IF7),A6, A7, PSLs (Fg),PSU4 (IFQ) }

Arguing as in the proof of [31, Theorem 1.3], one can easily obtain the following result.

Theorem 1.6 ([5, Corollary 1.11]). The group Crs(C) contains 1, 2 and at most 2 non-conjugate
subgroups that are isomorphic to the groups PSLy(Fg), PSU4(F2) and A7, respectively.

So far, nothing is known about the number of non-conjugate subgroups in Cr3(C) that are
isomorphic to the group As. As for the group Ag, we have the following statement.

The authors thank I. Dolgachev, Th. Képpe, A. Kuznetsov and Yu. Prokhorov for their help.
The first author thanks the Max-Planck-Institute fiir Mathematik at Bonn for hospitality.
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Theorem 1.7 ([5]). The group Cr3(C) has at least 5 non-conjugate subgroups isomorphic to Ag.
The main purpose of this paper is to prove the following result.
Theorem 1.8. The group Crs(C) has at least 3 non-conjugate subgroups isomorphic to PSLy(F7).

Let G be a finite group such that G = PSLa(FF7). Then any embedding G — Cr3(C) is arising
from some rational threefold admitting a faithful action of the group G (for details see [9], [31]),
and the first examples of such embeddings are coming from representation theory.

Example 1.9. Up to conjugation, the group Aut(P?) has two subgroups isomorphic to PSLo(IF7):

(I) asubgroup that fixes a point in P2, which arises from a faithful reducible four-dimensional
representation of the group PSLy(F7),
(IT) a subgroup that does not fix any point in P3, which arises from a faithful irreducible
four-dimensional representation of the group SLa(F7) (see [6]).

The next example of an embedding G — Cr3(C) comes from the Klein quartic curve (see [21]),
which is the unique curve of genus 3 that admits a non-trivial action of the group PSLy(F7).

Example 1.10 ([23], [15], [25], [24]). Let € be the quartic curve in P? that is given by
w+yB + 2l =0cCcP? Proj(C[w,y,z]),
put X = VSP(€,6) (see Definition A.3). Then X is a rational smooth Fano threefold such that
Aut(X) = Aut(C) = PSLy(F7),
the group Pic(X) is generated by —Kx, and —K% = 22 (see Section 4, Appendix A, [16]).

Remark 1.11. The Fano variety constructed in Example 1.10 is a compactification of the moduli
space of (1, 7)-polarized abelian surfaces (see [23], [15] and [25] for details).

In Sections 5 and 6, we prove the following two results, which imply Theorem 1.8.

Theorem 1.12. Let G be a subgroup in Aut(P?) such that G = PSLy(F7) is of type (II). Then

e the variety P? is G-birationally rigid (see [2, Definitions A.3]),
e there is a G-equivariant birational non-biregular involution 7 € Crg(C) such that

Bir” (P%) = (G, 1) = PSLy(F7) x Zo.
Theorem 1.13. Let X be the threefold constructed in Example 1.10. Put G = Aut(X). Then
Bir®(X) = Aut(X) = G = PSLy(F7),
and the threefold X is G-birationally rigid (see [2, Definitions A.3]).
Corollary 1.14. Let G and G’ be subgroups in Aut(P?) such that G = G’ = PSLy(F;). Then
G and G’ are conjugate in Cr3(C) <= G and G’ are conjugate in Aut(P?).
As a by-product of the proofs of Theorems 1.12 and 1.13, we obtain the following result.

Theorem 1.15. Let V be either P? or a threefold constructed in Example 1.10. Then

sup{)\EQ

where G is a subgroup in Aut(V) such that G = PSLy(F;), and G is of type (II) if V = P3.
2

the log pair (V, )\D) has log canonical singularities } _

for every G-invariant effective Q-divisor D ~q —Ky



Proof. Note that |— K| contains a G-invariant surface (see Theorem 3.3 and Lemma 4.10). Then

sup{)\eQ

Suppose that the equality we want to prove is wrong. Then there is an effective Q-divisor R on
the variety V' such that R is G-invariant, the log pair (V, R) is not log canonical and R ~g —Ky'.
Let us show that the existence of the divisor R leads to a contradiction. Put

the log pair (V, )\D) has log canonical singularities } 1

for every G-invariant effective Q-divisor D ~g —Ky

[ = sup {e eQ ‘ the log pair (V, ER) is log canonical} <1,

let S be a minimal center of log canonical singularities of the log pair (V, uR) (see [18], [4]), and
let Z be the G-orbit of the subvariety S. Then dim(S) < 1. This is obvious if V' is a threefold
constructed in Example 1.10, and this follows from Theorem 3.5 in the case V = P3.

Take € € Q such that 1 > ¢ > 0. By Lemma 2.13, there is a G-invariant QQ-divisor D such that

D ~qg eR ~g —€eKy,

the singularities of the log pair (V| D) are log canonical, and every minimal center of log canonical
singularities of the log pair (V, D) is an irreducible component of the subvariety Z.
Let Z(V, D) be the multiplier ideal sheaf of the log pair (V, D). Then the sequence

0~ H°(Oy @ I(V, D)) — H(Ov) — H(07) -0

is exact by Theorem 2.2. In particular, we see that Z = S.

The variety V does not contain G-invariant points. This is obvious in the case when V = P3,
and this follows from Theorem 4.8 if V' is a threefold constructed in Example 1.10.

Thus, we see that S must be a curve. Then S is a smooth and rational curve Theorem 2.10,
which is impossible, because the group G cannot act non-trivially on P!, (]

Applying [34, Theorem 2.1], [3, Theorem A.3] and Theorem 1.15, we immediately obtain
the following result (cf. [35, Corollary 1.3], [11, §5.3], [11, Theorem 5.4.3]).

Corollary 1.16. Let X be a threefold constructed in Example 1.10. Then X is K&dhler—Einstein.
Applying [4, Theorem 3.15] and Theorem 1.15, we obtain the following result.

Corollary 1.17. Let G be a subgroup in SL4(C) such that G 2 SLy(F7). Then the quotient sin-
gularity C*/G is weakly-exceptional (see [4, Definition 3.8]).

As a by-product of the proof of Theorem 1.13, we give an example of a smooth K3 surface
admitting a faithful action of the group PSLa(IF7) (see Lemma 4.10), that must be a new example,
since we were not able to find this example in the literature.

Remark 1.18. We do not know whether or not the surface provided by Lemma 4.10 is isomorphic
as a non-polarized smooth K3 surface to one of three smooth K3 surfaces that admit faithful
actions of the group PSLa(FF7) that have been mentioned in [26] and [29].

We organize this paper in the following way:

in Section 2, we recall several well-known preliminary results,

in Section 3, we collect results about the action of the group PSLy(F7) on P3,

in Section 4, we collect results about the threefold constructed in Example 1.10,

in Section 5, we prove Theorem 1.12 using results obtained in Section 3,

in Section 6, we prove Theorem 1.13 using results obtained in Section 4,

in Appendix A, we describe Mukai’s construction of Fano threefolds of degree 22,

in Appendix B, we collect elementary results about the groups PSLo(F7) and SLo(FF7).
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2. PRELIMINARIES

Let X be a variety with at most Kawamata log terminal singularities (see [19, Definition 3.5)),
let Bx be an formal Q-linear combination of prime divisors and mobile linear systems

T S
Bx = ZaiBi + ZC]‘M]‘,
i=1 j=1
where B; and M, are a prime Weil divisor and a linear system on the variety X that has no
fixed components, respectively, and a; € Q>0 3 ¢;. Suppose that Bx is a Q-Cartier divisor.
Definition 2.1. We say that By and (X, Bx) are mobile if ay = ag = ... = a, = 0.

Let m: X — X be a log resolution for the log pair (X, By), let Bi_and M be the proper
transforms of the divisor B; and the linear system M on the variety X, respectively. Then

T m
Kg+ Z%Bz +ZCj./\;lj ~Q F*(KX +Bx) +ZdiEz’7
i= i=1
where FE; is an exceptional divisor of the morphism 7, and d; is a rational number. Put

(X, Bx) = . (Zm:[diwi - ZT:LaiJBZ) :
i=1 i=1
and recall that Z(X, Bx) is known as the multiplier ideal sheaf (see [20, Section 9.2]).
Theorem 2.2 (|20, Theorem 9.4.8]). Let H be a nef and big Q-divisor on X such that
Kx +Bx+H~gD

for some Cartier divisor D on the variety X. Then H(Z(X, Bx) ® D) = 0 for every i > 1.

Let £(X, Bx) be a subscheme given by Z(X, Bx). Put LCS(X, Bx) = Supp(L(X, Bx)).
Remark 2.3. If the log pair (X, Bx) is log canonical, than the subscheme £(X, Bx) is reduced.

Let Z be an irreducible subvariety of the variety X.

Definition 2.4 ([17, Definition 1.3]). The subvariety Z is said to be a center of log canoni-
cal singularities (non-log canonical singularities, respectively) of the log pair (X, By) if

e either a; > 1 (a; > 1, respectively) and Z = B; for some i € {1,...,r},

e or d; < —1 (d; < —1, respectively) and Z = w(FE;) for some ¢ € {1,...,m} and some 7.

let LCS(X, Bx) and NLCS(X, Bx) be the sets of centers of log canonical and non-log canon-
ical singularities of the log pair (X, Bx), respectively. Then NLCS(X, Bx) C LCS(X, Bx).

Theorem 2.5 ([7, Theorem 3.1]). Suppose that dim(X) = 2, the set NLCS(X, Bx) contains
a point P € X \ Sing(X), the boundary Bx is mobile and s = 1. Then
mult p (Ml . M{) >4/,
where M; and M are general curves in the linear system M.
Let us denote by NLCS(X, Bx) the proper subset of the variety X such that
P e NLCS(X,Bx) <= 35 € NLCS(X, Bx) such that P € S.

Definition 2.6 ([3, Definition 2.2]). The subvariety Z is said to be a center of canonical singu-
larities (non-canonical singularities, respectively) of the log pair (X, Bx) if
Z =n(E)
and d; < 0 (d; < 0, respectively) for some ¢ € {1,...,m} and some choice of the morphism 7.
4



Let CS(X, Bx) and NCS(X, Bx) be the sets of centers of canonical and non-canonical singu-
larities of the log pair (X, Bx), respectively. Then NCS(X, Bx) C CS(X, Bx).

Theorem 2.7 ([7, Corollary 3.4]). Suppose that dim(X) = 3, the set NCS(X, Bx) contains
a point P € X \ Sing(X), the boundary Bx is mobile and s = 1. Then

mult p (Ml . M{) >4/,
where My and M/ are general surfaces in the linear system M.
Let us denote by NCS(X, Bx) the proper subset of the variety X such that
P € NCS(X,Bx) <= 35 € NCS(X, Bx) such that P € S.

Lemma 2.8. Suppose that X is smooth at a general point of the subvariety Z. Then

o if Z € CS(X, Bx), then Z € LCS(X,2By),
o if Z € NCS(X, Bx), then Z € NLCS(X, 2Bx).

Proof. This is obvious, because X is smooth at a general point of the subvariety Z. O
Suppose that Z € LCS(X, Bx) and (X, By) is log canonical along the subvariety Z.
Lemma 2.9 ([17, Proposition 1.5]). Let Z’ be a center in LCS(X, Bx) such that Z' # Z and

k
o#£ZNZ =) ZiCZ
=1

where Z; is an irreducible subvariety. Then Z; € LCS(X, Bx) for every i € {1,...,k}.
Suppose that Z is a minimal center in LCS(X, Bx) (see [17], [18], [4, Definition 2.8]).

Theorem 2.10 ([18, Theorem 1]). Let A be an ample Q-Cartier Q-divisor on X. Then

e the variety Z is normal and has at most rational singularities,
e there exists an effective Q-divisor Bz on the variety Z such that

(KX + Bx —I—A)‘Z ~q Kz + Bz,
and (Z, Bz) has Kawamata log terminal singularities.
Let G be a finite subgroup of the group Aut(X).
Lemma 2.11. Let P, C' and S be a point, curve and surface in X, respectively. Suppose that
Sing(X)ZPeCCS
and dim(X) = 3. Suppose that P and C' are G-invariant, and either G = Ay or G = ZyxZ3. Then
mult p (C) >3
and the surface S is singular at the point P € X.

Proof. Let v: U — X be a blow up of the threefold X at the point P, let E' be the y-exceptional
divisor, and let C' be the proper transforms of the curve C' on the threefold U. Then
multp(C) > |CNE|.

The group G naturally acts on E = P?. This action comes from a faithfull three-dimensional
representation of the group G, which must be irreducible, because the group GG does not have
two-dimensional irreducible representations and the group G is not abelian. Thus

ICNE| >3,
and the points of the set C' N E are not contained in a single line in £ = P2, which immediately

implies that the surface S must be singular at the point P € X. O
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Suppose that By is G-invariant. Recall that (X, Bx) is log canonical.
Remark 2.12. Let g be an elements in G. Then g(Z) € LCS(X, Bx). By Lemma 2.9, we have
ZNng(Z)+ o <= Z=g(2).
Suppose that Bx is ample. Take an arbitrary rational number € > 1.

Lemma 2.13. There is a G-invariant linear system B on the variety X that has no fixed com-
ponents, and there are rational numbers €; and e such that 1 > e; > 0and 1> e > 0 and

LCS(X, e Bx + e2B) = ( | {g(Z)}) | [NLCS (X, e1Bx + 28),

geG

the log pair (X, e;Bx + €2B) is log canonical along g(Z) for every g € G, the equivalence
e1Bx +eaB ~q eBx
holds, and NLCS(X, e; Bx + e288) = NLCS(X, Bx).
Proof. See the proofs of [17, Theorem 1.10] and [18, Theorem 1]. O

Suppose that X is a smooth irreducible curve in P? of genus g and degree d.
Theorem 2.14 ([14, Theorem 6.4]). If X is not contained in a hyperplane in P3, then

(d—2)?
1
(d—1)(d-3)
1

if d is even,
g <
if d is odd.

Suppose, in addition, that G = PSLg(F7).
Lemma 2.15. Let ¥ be a G-orbit of a point in X. Then |X| € {24,42, 56, 84, 168}.
Proof. This follows from Lemma B.1, since stabilizer subgroups of all points in X are cyclic. [

Lemma 2.16. Suppose that g < 30. Then
g {3,8, 10,15,17,19,22, 24, 29},

and the number of G-orbits in X consisting of 24, 42, 56, 84 points can be described as follows:

genus g | 24 points | 42 points | 56 points | 84 points
3 1 0 1 1
8 0 1 1 0
10 1 1 0 1
15 0 2 1 0
15 0 0 1 3
17 1 0 2 0
19 2 0 0 1
22 0 3 0 0
22 0 1 0 3
24 1 1 1 0
29 0 0 2 2

=]



Proof. Tt follows from the classification of finite subgroups of the group PGLy(C) that g # 0,
and it follows from the non-solvability of the group G that g # 1.
Let I" C G be a stabilizer of a point in X. Then I" = Z for k € {1,2,3,4,7} by Lemma B.1.
Put X = X/G. Then X is a smooth curve of genus §. The Riemann-Hurwitz formula gives

29 — 2 = 168(2g — 2) + 84as + 112a3 + 126a4 + 144az,

where ay is the number of G-orbits in X with a stabilizer of a point isomorphic to Z.
Since ag > 0, one has g = 0, and

29 — 2 = —336 + 84as + 112a3 + 126a4 + 144a7,

which easily implies the required assertions. O

Let L be a G-invariant line bundle on the curve X (see [8, §1]).
Lemma 2.17. If deg(L) < 23 and L is G-linearizable (see [8, §1]), then h®(Ox (L)) & {1,2,4,5}.

Proof. If L is G-linearized, then there is a natural linear action of the group G on H°(Ox (L)),
and the required assertion follows from Lemma 2.15 and Appendix B. U

Theorem 2.18 ([8, Theorem 2.4]). If g = 3, then there is § € Pic(€) such that 26 ~ Kx and
Pic® (X) = (0).
Thus, if g = 3, then deg(L) is even by Theorem 2.18, because we assume that L is G-invariant.
Lemma 2.19. Suppose that ¢ = 8 and L is G-linearizable. Then 7 | deg(L).
Proof. Suppose that 71 deg(L). Then there are integers a and b such that the equality
14a + bdeg(L) = 8

holds. Put D = aKx + bL. Then deg(D) = 8 and D is a G-linearizable line bundle.
By the Riemann-Roch theorem, the Clifford theorem (see [14, Theorem 5.4]) and Lemma 2.17,
we have h®(Ox (D)) = 3. Then h°(Ox(Kx — D)) = 2, which contradicts Lemma 2.17. O

Lemma 2.20. Suppose that g = 10 and L is G-linearizable. Then 3 | deg(L).
Proof. Suppose that 3 1 deg(L). Then there are integers a and b such that the equality
18a + bdeg(L) = 10

holds. Put D = aKx + bL. Then deg(D) = 10 and D is a G-linearizable line bundle.
It follows from Lemma 2.17 that h°(Ox(Kx — D)) # 5. Then

n(0x(D)) =3

by the Riemann—Roch theorem, the Clifford theorem and Lemma 2.17.
By Lemma 2.15, the linear system |D| is base point free.
Let ¢: X — P2 be a morphism that is given by the linear system |D|. Then

deg(o(X)) € {2,5,10},

which is impossible by Lemma B.5 since the action of the group G' on P? comes from an irre-
ducible three-dimensional representation of the group G, and the curve ¢(X) is G-invariant. [
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3. PROJECTIVE SPACE
Let ¢ be a primitive seventh root of unity, let G be a subgroup in SL4(C) such that

1 0 0 O 2 2 2
é:< 0¢ 0 0| 1 [1 ¢+ 4 Gt >
00¢ 0|’y CHE CHt ’
00 0 ¢ Gt ¢+
and let us denote by the symbol Uy the corresponding faithful four-dimensional representa-
tion of the group G (cf. Appendix B). Then G = SLy(F7), and Uy is irreducible (see [22], [6]).
Let ¢: SLy(C) — Aut(P?) be a natural projection. Put G = ¢(G). Then G = PSLy(F7).

Remark 3.1. Tt follows from [1, Chapter VII] that Aut®(P3) = G.

—_ = = =

Lemma 3.2. Let P be a point in P2, and let ¥ be its G-orbit. Suppose that |%| < 41. Then

e cither |X| = 8 and the orbit ¥ is unique,
e or |X| = 24 and the orbit ¥ is unique,
e or |X| = 28 and there are exactly two possibilities for the orbit 3.

Proof. Tt follows from Corollary B.2 that
3| € {7,8,14,21,24, 28},

because the representation Uy is irreducible (so that |3| # 1). Let Gp be a stabilizer subgroup
in G of the point P, and let Gp be the preimage of the subgroup Gp under ¢. If |X| = 21, then

Gp = 2.Dy,

which is impossible by Lemma B.9. If |S| € {7, 14}, then Gp has a subgroup isomorphic to 2.A4,
which is also impossible by Lemma B.9. Thus, we see that |X| € {8, 24, 28}.
Suppose that |X| = 8. Then it follows from Lemmas B.1 and B.7 that

Gp =277 X Zs,

the orbit ¥ does exist, the point P is the unique Gp-invariant point in P2, and ¥ is unique,
since all subgroups of the group G that are 1somorph1c to Z7 x 7.3 are conjugate by Lemma B.1.
Suppose that |X| = 24. Then Gp = Z7 and Gp = 7q4. Take any g € Gp such that Gp = (9),
and let R, be a one-dimensional representation of the group G p such that g acts on R, by multi-
plication by —(™. For a suitable choice of g, we have isomorphism of G p-representations

Us=ZRy® R1 D Ro D Ry,

which implies that P? contains exactly 3 different points besides P € P3, say P;, P, and P, that
are fixed by the group Gp. There is a unique subgroup H C G such that

Z7 X 73 = H D Gp,

and we may assume that the point P; is H-invariant (that is, corresponds to the subrepresenta-
tion Rp). Then its G-orbit consists of eight points. Thus, we see that {P, P, P3} is a H-orbit,
which implies that the orbit ¥ exists and it is unique.

Suppose that |3| = 28. Then Gp = S3. There is a unique point P’ € P? such that

pP+P

and P’ is fixed by Gp by Lemma B.9. But G contains exactly 28 subgroups isomorphic to Sg,

and it easily follows from Lemma B.9 that no two of these subgroups can fix the same point,

which implies that there are exactly two G-orbits in P3 consisting of 28 points. O
8



Let Xg, o4 Aand Y9g # Yhg be G-orbits in P3 consisting of 8, 24 and 28 points, respectively.
The group G naturally acts on Clx1, x2, x3, x4]. Put
a = Tox314,b = T3x3 + T3x4 + 19, ¢ = wiah + xixd 4+ 2323, d = a® + wox + x32] + 2423,
and e = Tab + x§ + 2] + z]. Furthermore, put ®4 = 227 + 6ax; + b and
g = 829 — 20ax3 — 10bx? — 10cz; — 14a® — d,
®g = 2§ — 2025 + ba} + 223 + (60 + d)2? + 2abxy + ac,
O = 2% + 14ax’ — Tbat + 14ca? — 7da? + exy,
D1y = 4821* + 168az ]’ + 308br(” — 1596¢x] + 126(424” + 11d) 2} — 8(37¢ + 490ab)z]+
+196(12ac + 5b*)2f + 196 (15ad — 13bc)z] + 14(182¢* — 86ae — 7bd) 1+
+28(11be — 42cd) i + 14(21d* — 16ce) 7 + 1ddex; — €.

Theorem 3.3 ([22, Theorem 1]). The forms @4, g, Pg, g and Py are G-invariant.

Remark 3.4. There are no G-invariant two-dimensional vector subspaces in C[x1, z2, x3, x4] that
consist of linear, quadratic, cubic, quartic, quintic or sextic forms (see [8, Appendix 1}).

Let F; be a surface in P that is given by the equation
0¥ ($1,1‘2,£C3,x4) =0 c P? = Proj ((C [$1,£L’2,1‘3,$4]>,
and let F} be a surface in P3 that is given by ®(z1, 2,23, 74) = 0.
Theorem 3.5 ([22, Theorem 1]). The following assertions hold:

e there are no G-invariant odd degree surfaces in P3,
e there are no G-invariant quadric surfaces in P3,
e the only G-invariant quartic surface in P3 is the surface Fj.

One can check that the surface Fy is smooth.

Lemma 3.6 (cf. [22, Theorem 1]). The sets FyNFsNEY, FyN FgN Fig, Fy N EF{N Fy4 are finite.
Proof. This follows from explicit computations. O
There is a G-invariant irreducible smooth curve Cg C P3 of genus 3 and degree 6 such that
Yio4 = Cg N Fy,

and Cg is an intersection of cubic surfaces in P? (see [12, page 154], [8, Example 2.8]).

Lemma 3.7. Let C be a G-invariant curve in P? such that deg(C) < 6. Then C = Cg.

Proof. The required assertion must be well-known (cf. [8, §6]). However, we were unable to find
an appropriate reference. So, we decided to give the proof here, which is very easy.

By Corollary B.2, we may assume that the curve C' is irreducible.

If the curve C is singular, then |Sing(C')| > 8 by Lemma 3.2, which easily leads to a contra-
diction by applying Lemma 2.15 to the normalization of the curve C. Then C' is smooth.

Since Uy is an irreducible representation of the group G‘, the curve C' is not contained in
a plane in P3. Then C is a curve of genus 3 and degree 6 by Theorem 2.14 and Lemma 2.16.

By Theorem 2.18, there is a unique G-invariant line bundle of degree 6 on the curve C, which
implies that the embedding C' < P?3 is unique up to the action of the group AutG(P3). But

Awt?(P?) =G
by Remark 3.1, which implies that C' = Cg. U
Note that Cg N YXg = @ by Lemma 2.15.



Lemma 3.8. There is a non-biregular involution 7 € Bir®(P?) such that the diagram

(3.9) 1%

7N

pP3——————>=Pp3
commutes and (G, 7) = G x Zg, where « and [ are blow ups of the curve Cj.
Proof. The existence of (3.9) is well-known (see [8, Remark 6.8]). The isomorphism
(G,7) = PSLy(F7) x Zs
follows from the last three lines of the proof of [8, Lemma 6.4]. O
Let us introduce a G-invariant curve in P3, which has never been mentioned in the literature.

Lemma 3.10. There is a G-invariant irreducible curve C4 C P2 of degree 14 such that g C C14.
Proof. Let € be the genus 3 curve introduced in Example 1.10. Then

Aut (C) ~ @G,
which implies that € admits a natural action of the group G. It follows from Theorem 2.18 that

Pic“(¢) = (0),
where 6 is a G-invariant line bundle of degree 2. By [8, Lemma 6.4], there exists an isomorphism

H(0e(70) ) = Uy @ Us,

where Us is an irreducible eight-dimensional representation of the group G (see Appendix B).
The linear system |70| gives a G-equivariant embedding p: ¢ — P! such that there exist
unique G-invariant linear subspaces II3 and II7 in P!!' of dimensions 3 and 7, respectively. Then

p(@:) NIl =9

by Lemma 2.15. Let ¢+: P! --5 II3 be a G-equivariant projection from I, put Cy = ¢ 0 p(@:),

and identify IT3 with our P3. Then Cy4 C P3 is an irreducible G-invariant curve of degree 14.
Let H be subgroup in G such that H = Z; x Zs3. Then there is a H-invariant subset 3 C €

such that |X3| = 3. Note that X3 is a subset of the G-orbit of length 24, which implies that

Lop(Zg)‘ =1

by Lemma 3.2. Let us show that ¢ o p(X3) consists of a single point.
Let T be a vector subspace in H%(Og(76)) that consists of sections vanishing at the subset 3,
and let L; be a G-subrepresentation in H%(Og(76)) such that L; = U; for i € {4,8}. Then

28 CCM <~

o p(Ss)| =1 += dim(LiNT) =3
by the construction of the map ¢ o p. Let us show that dim(LsNT) = 3.
Take a subgroup H C G such that ¢(H) = H. Then it follows from Lemma B.7 that
L=ViaVie VeV

and Ly = V3®V; as representations of the group H, where Vs, Vg, Vi, V{, V" are different irredu-
cible representations of dimensions 3, 3, 1, 1, 1, respectively. Thus, there is an isomorphism

T=Vie VsV,
because T does not contain one-dimensional H -subrepresentations, since the curve € does not

contain H-invariant subsets consisting of deg(70) — 3 = 11 points. Hence Ly NT = V3. O
10



Let Q be a linear system of quadric surfaces in P? that pass through Y. Put
dg = {Ola 02, 03, 04, 05, 067 07, 08} C [P’3.
Example 3.11. The log pair (P3,2Q) is canonical. But NLCS(P3,4Q) = Yg.

Let m: U — P be the blow up of the subset ¥g, let E; be the exceptional divisor of the bira-
tional morphism 7 such that m(E;) = O; for every i. Then there is a commutative diagram

(3.12) U

where v is a rational map that is given by O, and 7 is an elliptic fibration.

Lemma 3.13. The following assertions hold:

the curve C4 has an ordinary triple point at every point of the set Xg,
the proper transform of the curve C'14 on the threefold U is smooth,
the curve C4 is smooth outside of the points of the set Xg,

the map v : P3 --» P? induces a birational map C14 --» ¥(C14),

the curve 1(C14) is a smooth curve of genus 3 and degree 4,

the intersection Cg N Cy is empty.

Proof. Let C14 and Q be the proper transforms of the curve C14 and a general surface in Q on
the threefold U, respectively. Then multp,(Ci4) > |C14 N E;| > 3 by Lemma 2.11. Thus

8 8
4>28— 81014 N E;| > 2deg(Ch4) — ZEz Ciy = (F*(H) - ZEi)éM =Q-Ciy >0,
i=1 i=1
which implies that C14 has an ordinary triple point at every point of the set Yg. Moreover,
8 — — —
4= 2deg(Cua) — 24 = (7" (H) = Y Bi)Cua = Q- Cuy,
i=1

which implies that 7(C14) is a smooth curve of genus 3 and degree 4 by Lemma B.5. Therefore
Cra =1(Cha),

which implies that C14 is smooth outside of the points of the set Yg.
Let us show that Cg N C14 = &. Suppose that Cs N C14 # . Then

|C6 N 014‘ > 56
by Lemma 2.16, since X3 ¢ Cg. Let S be a general cubic surface in P? such that Cg C S. Then

42=5.-Cyy = Z multp (S)multo (014) > 50,
0eCgNC1iq
because C14 ¢ S. Thus, the intersection Cg N Cy4 is empty. O

Lemma 3.14. Let C be a G-invariant curve such that deg(C') < 15 and Xg C C. Then C = C1y.
Proof. Let C' and @ be the proper transforms of ‘the curve C' and a general surface in Q on
the threefold U, respectively. Then multp,(C) > |C N E;| > 3 by Lemma 2.11. Then
8 8
6> 30 - 8|C N E| > 2deg(C) = Y B+ C = (7" (H) - Y E)C=Q-C >0,
i=1 i=1

which implies that E; - C = |C N E;| = 3.
11



We may assume that C' is a G-orbit of an irreducible curve I' C P3. Then
8
6 > 2deg(C) — 24 = (" (H) = Y E;)C = Q- C = ddeg(n(C))
i=1

for some positive integer §. We may assume that 6 = 1 if C' is contracted by 7. Thus, we have
deg(C) € {12,13,14,15},

which implies that either deg(I') < 2 or I' = C (see Corollary B.2).
By Lemma B.5, we have deg(¢/(C)) ¢ {1,2,3}. Then deg(C) € {12,14,15} and 6 = 1. But

(3.15) 6 > 2deg(C) — 24 = deg(n(C) ),

which implies that deg (n(C)) € {0,4,6} by Lemma B.5.

Recall that G-invariant quartic curve and sextic curve in P? are irreducible (see Lemma B.5),
which easily implies using (3.15) that either deg(I') = 1 and deg(C) =12, or I = C.

If deg(T") = 1 and deg(C) = 12, then it follows from (3.15) that

n(C)] <12,

which is impossible, since G-orbit of every point in P? consists of at least 21 points by Lemma B.6.
We see that I' = C. Then C is not contracted by 7, since there is no G-invariant point in P2.
Suppose that deg(C) = 15. Then C' = 4(C) and deg(¢)(C)) = 6, which immediately implies

that 1(C) is a smooth curve of genus 10 by Lemma B.5. Then there is a natural monomorphism

Uy = H° (OU (= (H))) — HO (0@ ® Oy (" (H))) ol

which contradicts Lemma 2.15, since SLz(F7) has no irreducible two-dimensional representations.
We see that deg(C') = 14. Thus C' = ¢(C'), which implies that C' is a smooth curve of genus 3.
Arguing as in the proof of Lemma 3.10, we see that C' = ¢(C14) for some o € Aut®(P3). But

Aut?(P?) =G
by Remark 3.1. Hence, we must have C' = C1y, since the curve Cy4 is G-invariant. O

Lemma 3.16. Let D be the linear system of quintic surfaces containing C14. Then

the linear system D is not empty and does not have fixed components,

a general surface in D has a double point in every point of the set Yg.

all curves contained in the base locus of the linear system D are disjoint from C'4,
general surface in D is smooth in a general point of the curve Ciy,

any two general surfaces in D are not tangent to each other along the curve Cy4.

Proof. Let C14 be the proper transform of the curve C4 on the threefold U, and let Z be the ideal
sheaf of the curve Ch4. Put R = n*(5H) — Z?:l E;. Then
1(0u(R) 2 T) = 1°(0u(R)) = 1°(Oc,, © Ou(R)) =48 = 1°(Og,, ® Ou(R) ) =4,

which implies that dim(D) > 3.
Let D be a general surface in D. Then D is irreducible, because the linear system D does not
have fixed components by Theorem 3.5 and D is not composed from a pencil by Remark 3.4.
Let D be its proper transform of the surface D on the threefold U, and let T’ be a general
fiber of the elliptic fibration n. Then

8
20 — Smulto, (D) = (=" (5H) — _ multo, (D) E;) -T = DT >0
=1
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which implies that multo, (D) < 2. Thus multp, (D) = 2 by Lemma 2.11.
Let D' be a general surface in D such that D # D’. Hence there is u € Z~( such that

D-D' =uCyy+B+ 2,

where Z is a curve not contained in the base locus of the linear system D, and B is a curve
contained in the base locus of the linear system D such that Ci4 € Supp(B). Then

25 = deg(D - D') = pdeg(C1a) + deg(B) + deg(Z) = 141 + deg(B) + deg(Z) > 20 + deg(2)

by Lemma 3.7. Thus, we see that = 1 and deg(B) +deg(Z) < 11, which implies, in particular,
that the surfaces D and D’ are not tangent to each other along C14, since pu = 1.

Note that B is G-invariant, because D is G-invariant. Therefore deg(B) > 6 by by Lemma 3.7.

If the base locus of the linear system D consists of the curve C14, then C14 is a scheme-theoretic
intersection of surfaces in D outside some finite subset of the curve C14, because p = 1.

Let Z and B be the proper transforms of the curves Z and B on the threefold U, respectively,
and let @ be a proper transform of a general quadric surface in Q on the threefold U. Then

8 .
0<Q-B=2deg(B) -~ > Ei-B<22- 8’Supp(B) NE;|<22-8x {3 ?f O € Supp(B),
0if O; & Supp(B),

=1

which implies that g N Supp(B) = @. But
3 + multp, (Z) = multp, (6’14) -+ multp, (B) + multp, (Z) = multp, (D1 . D2> > 4,

which implies that ¥g C Supp(Z). Hence
8
2deg(Z) —~8>2deg(Z) — Y E;-Z2=Q - Z >0,
=1
which implies that deg(Z) > 4, and deg(Z) = 4 if and only if Z is contracted by n. But
10 < 6 4 deg(Z) < deg(B) +deg(Z) < 11,

which implies that either deg(B) = 7 and deg(Z) = 4, or deg(B) = 6 and deg(Z) = 5.
If deg(Z) = 4, then D is contracted by the morphism 7 to a curve of degree d, then

D~ d(r*(2H) - iE)
i=1

which is a contradiction. Thus, we see that deg(B) = 6 and deg(Z) = 5.

By Lemma 3.7, we have B = Cg. Therefore Cg N C14 = @ by Lemma 3.13. O

Let us study some properties of the subset Yog C P3, which also hold for Yhs-
Lemma 3.17. Let Z be a G-invariant curve in P? such that o5 C Z. Then

deg(Z) > 16

if the set Yog imposes independent linear conditions on quartic surfaces in P3.

Proof. Suppose that the set Yo imposes independent linear conditions on quartic surfaces in P2,
and suppose that deg(Z) < 15. Let us derive a contradiction.
Without loss of generality, we may assume that Z is a G-orbit of an irreducible curve Z;.
Put Z =3, Z;, where Z; is an irreducible curve in P3 and 7 € Z~g. Then

deg(Z) =) deg(Z;) = rdeg(Z:) < 15,
=1

which implies that r € {1,7,8,14} by Corollary B.2. Thus, if r # 1, then deg(Z;) € {1,2}.
13



If deg(Z1) = 2 and r # 1, then r = 7, which contradicts Lemma 3.2. Hence Z; is a line if r # 1.
Let T" be the stabilizer subgroup in G of the curve Z;. If r = 7, then I' 2 S, which implies that

‘Z1 N 228‘ > 6,

which is impossible, since Y.pg impose independent linear conditions on quartic surfaces.
Let I" be the smallest subgroup of the group G such that ¢(I') = I'. Then
e if r = 8, then I' & 2.(Z7 x Z3), which contradicts Lemma B.7.
e if r = 14, then I' & 2.A4, which contradicts Lemma B.9.
Thus, we see that the curve Z is irreducible.
By Lemma 2.15, the curve Z must be singular at every point of the set Yog, which implies
that Z # C14 by Lemma 3.13. Hence g ¢ Z by Lemma 3.14.
Let A be a point in ¥og. Then there exists a quartic surface S C P3 such that S contain all
points of the set Yog \ {A} and the surface S does not contain the point A. Therefore

ddeg(Z)=8-Z> > multo(Z)> > 2>54,
O€Sa5\{A} O€Xag\{A}
which implies that deg(Z) > 14. Thus, either deg(Z) = 14 or deg(Z) = 15.
If deg(Z) = 15, then Z C Fy N Fs N F{ by Lemma 2.15, since 60, 90 and 120 are not equal to

24n1%—42n2%—56n3%—84n4%—168n5

for any non-negative integers ny, nz, n3, n4 and ns. Then deg(Z) = 14 by Lemma 3.6.
Let Z be the normalization of the curve Z, and let g be the genus of the curve Z. Then

(3.18) g <66 — |Sing(Z)| < 38,

because the projection from a general points of the curve Z gives us a birational isomorphism
between Z and a plane curve of degree 13 with at least |Sing(Z)| singular points.
Note that G naturally acts on both curves Z and Z. Let us show that Z \ Yog is smooth.
Suppose that Sing(Z) # Yag. Let A be a G-orbit of a point in Sing(Z) \ ¥ag. Then

|A| <66 — |Sas| = 38,
by (3.18), and |A| € {24,28} by Lemma 3.2. If A = Cs N Fy, then

42=95-7> multo(S)multo(Z) > 48,
OeA

where S is a general cubic surface such that Cg C S. Thus, we see that |A] # 24 by Lemma 3.2,
which implies that |A| = 28. Therefore, it follows from (3.18) and Lemma 2.16 that

g € {3,8,10},

and the points of the set AUYog must be singular points of the curve Z of multiplicity two, which
implies that Z has at least two G-orbits consisting of 56 points, which contradicts Lemma 2.16.

Thus, we see that Z is smooth outside of the set Yog.

Let B be a sufficiently general point of the curve Z, let M be a linear system consisting of
all quartic surfaces in P3 that contain the set ¥og U B. Then dim(M) > 35 — 29 = 6.

Let M be a general surface in M. If Z ¢ M, then

56 = M - Z > multp(M)multg(Z) + Y multo(M)multo(Z) > 57,
O€Xlag

which is a contradiction. Thus, the curve Z is contained in the base locus of the linear system M,
which implies that the linear system M is G-invariant, because Z is G-invariant.
The linear system M does not have fixed components by Theorem 3.5 and M is not composed
from a pencil by Remark 3.4. This implies, in particular, that the surface M is irreducible.
14



Let M’ be another general surface in the linear system M. Put
M-M =pZ +7,
where p € Z~o, and T is an effective one-cycle such that Z ¢ Supp(Y). Then
16 = deg (M : M’) = 14y + deg(),

which implies that © = 1, and the base locus of the linear system M contain no curves except Z,
because there are no G-invariant lines or conics in P3. Thus multz(M) = 1 and deg(Y) = 2,
which implies, in particular, that the surface M is uniruled.

Let M” be another general surface in the linear system M. Then

MOMNM' =C+YTnM",
which immediately implies that the base locus of the linear system M consists of at most 8 points
outside of the curve Z. Thus, it follows from Lemma 3.2 that

e cither the base locus of the linear system M consists of the curve Z,
e or the base locus of the linear system M consists of the curve Z and the set Xg.

Let @ be a general surface in the linear system Q. If g C M N M’, then
32=Q -M-M =Q-Z+ »_ multo(Q)multo(Y) =28+ > multo(Q)multo(T) > 36,
O€eXg 0€eXg
which implies that Xg ¢ M N M’. Hence Z is the base locus of the linear system M.

By adjunction formula, we see that the singularities of the surface M are not canonical, which
implies that (P3, M) is not canonical by [19, Theorems 4.8.1 and 7.9] (cf. [19, Theorem 7.5]). But
7 ¢ NCS(]P’3,M),

because multz (M) = 1. Thus, the set NCS(IP3, M) contains a point P € Z. Thus
2 if P € g,
3if P ¢ Yoag,
since multp(M) > 2. Let © be the G-orbit of the point P. Then |©] > 28 by Lemma 3.2, and
8=M-M -M'—M"-Z=M"'-Y > multo(M")multo(Y) > 56,
(0]
which is a contradiction. O

multp(T) >4 — multp(Z) = {

Let R be a linear system consisting of all quartic surfaces in P? that pass through Yog.

Lemma 3.19. If the set Yog imposes independent linear conditions on quartic surfaces in P3,
then every curve in the base locus of the linear system R contains no points of the set og.

Proof. Let C be an irreducible curve in P? such that C'is contained in the base locus of the linear
system R, let Z be the G-orbit of the curve C, let Ry and Ry be general surfaces in R. Put

Rl ' R2 = ,uZ + T?
where p € Z~q, and T is an effective one-cycle such that C' ¢ Supp(Y). Then
16 = deg (Rl : Rg) = pdeg (%) + deg(Y),

which implies that deg(Z) < 15 by Remark 3.4.
It follows from Lemma 3.17 that Yog ¢ Z and C'NXog = @ if the points of the set Yog impose
independent linear conditions on quartic surfaces in P3. O

We do not know whether or not Y98 imposes independent linear conditions on quartic surfaces.
15



4. COMPACTIFIED MODULI SPACE OF (1,7)-POLARIZED ABELIAN SURFACES
Put e = —1/2 +1/=7/2. Let € be a curve in P? that is given by the equation
(4.1) ot 4yttt 36(:62112 + 2222 + y222) =0 C P? = Proj <(C [z,y, z}),
which implies that € is isomorphic to the curve described in Example 1.10 (see [21, page 55]).
Remark 4.2. The Hessian curve of the curve € is a smooth sextic curve (see [10, Example 6.1.1]).
Remark 4.3. The quartic € is not degenerate (see [10, Definition 2.8]).
Put € = —1/2 — v/—7/2. Let : SL3(C) — Aut(P?) = PGL3(C) be a natural projection. Put

-1 0 0 010 01 0 L1 1@
A= 0 0 1), B=(001] C={10 0 |, D=5 ¢ ¢ 0 |,
0 -1 0 100 00 —1 1 1 —¢

put G =¥ ((A,B,C, D)), put X = VSP(&,6) (see Definition A.3). By [21, page 55], we have
Aut(€) = G = (A,B,C,D) = PSLy(F7).
Theorem 4.4 ([23, Theorem 4.4]). The threefold X is a smooth Fano threefold such that
Pic(X) =Z[ — Kx|
and (—Kx)3 = 22.

The action of the group G on the plane P? induces its natural action on the threefold X that
turns the vector space H?(Ox(—Kx)) into a 14-dimensional representation of the group G.

Theorem 4.5. In the notation of Appendix B, one has H*(Ox(—Kx)) = I ® Ws @ Wr.
Proof. We may assume that W = W3. By Theorem A.6, one has

Uy sym3(W3V)/W3 SEAESEAS
where all isomorphisms are isomorphisms of G-representations. Hence, we have

Ui = £3(U7) [ (Wy @ 0y ) 2 3 (we) [ (W @ we) = Uy,
which implies the required assertion by Corollary B.4. U
Corollary 4.6. There is a unique G-invariant surface in | — Kx|.
Let us identify X with its anticanonical image in P13 (see Appendix A).

Lemma 4.7. Let ) C X be a surface swept out by the lines contained in X. Then
Q ~ _2KX>
the surface @ is irreducible, and the surface @ is birational to ¢ x P!

Proof. By [30], the surface @ is reduced and @ ~ —2Kx. By [32, Theorem 6.1], it is birational to

¢ x P!,
where ¢’ is the image of the curve € under the Scorza map. But €' = €, because € is the only
curve of genus 3 that admits a faithful action of the group PSLa(F7). O

In the remaining part of this section we are going to prove the following result.
Theorem 4.8. Let ¥ be a G-orbit of a point in X such that |¥| < 20. Then
%] € {8,14},

and if |X| = 8, then ¥ is unique.
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Remark 4.9. There exist finitely many points in X whose G-orbits consists of 14 points.
Before proving Theorem 4.8, let us use Theorem 4.8 to prove the following result.
Lemma 4.10. Let F be the unique G-invariant surface in | — Kx|. Then F' is smooth.

Proof. The minimal resolution of the surface F' admits a faithful action of the group PSLo(F7),
which implies that F' is smooth by [29, Claim 2.1] if it has at most canonical singularities.

Let us show that F' has at most canonical singularities (Du Val singularities).

It is well-known that F' has canonical singularities if and only if the surface F' has rational sin-
gularities (see [19, Theorem 1.11]). By Theorem 1.15, the log pair (X, F') is log canonical.

Suppose that F' has worse than canonical singularities. Let us derive a contradiction.

Let S be a minimal center in LCS(X, F'). Then

dim(S) € {0,1}

by Theorem 2.10. Let Z be the G-orbit of the subvariety S. Then Z C F.
Choose any € € Q such that 2 > € > 1. Then arguing as in the proof of [17, Theorem 1.10],
we can find a G-invariant Q-divisor D such that

D ~qeF ~qg —€eKx,

the log pair (X, D) is log canonical, and every minimal center in LCS(X, D) is an irreducible
component of the subvariety Z (see Lemma 2.13).

Let H be a sufficiently general hyperplane section of the threefold X, and let Zz be the ideal
sheaf of the subvariety Z. Then there is an exact sequence of G-representations

0~ H(Ox(H) © ;) — H'(Ox(H)) — B(07 0 Ox(H)) — 0
by Theorem 2.2. Put ¢ = h°(Ox(H) ® Zz). One has
(4.11) hO(OZ®OX(H)> —14—q€ {6,713},
because ¢ € {1,7,8} by Theorem 4.5, since Z C F. Hence S is not a point by Theorem 4.8.
We see that S is a curve. Moreover, S is a smooth curve of genus g such that
—KX-S:deg(S) =>2g—1

by Theorem 2.10. By Remark 2.12, the curve Z is a disjoint union of smooth irreducible curves.
Let r be the number of connected components of the curve Z. Put d = deg(.S). Then

(4.12) g<d—g+1<r(d—g+1)=14—-qe {6,7,13}

by (4.11), which implies that d < 13 + g < 27.
Let us show that r = 1.
Suppose that r > 2. Then r > 7 and r # 13 by Corollary B.2 Thus » = 7 and

d—g+1=1

by (4.12), which implies that d = g. But d > 2g — 1, so that d = g = 1, which is absurd.

We see that r = 1. There is a natural faithful action of the group G on the curve S. But
d=13+g—q=>29—1,

by (4.12), which implies that ¢ < 14 — ¢q. Hence g € {3,8,10} by Lemma 2.16.
Let us show that g = 3.
Suppose that g # 3. Then g € {8,10}. It follows from (4.12) that

q<14—g<6,

which implies that ¢ = 1, because ¢ € {1,7,8}. Hence, it follows from (4.12) that d € {20, 22},
which is impossible by Lemmas 2.19 and 2.20.
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Thus, we have g = 3, so that d = 16 — ¢ by (4.12), where ¢ € {1,7,8}.
By Theorem 2.18, there is a G-invariant line bundle 0 € Pic(S) of degree 2 such that

Pic?(S) = (0),

which implies that ¢ = 8 and H|g ~ 2Kg, because d = 16 — q. Thus d = 8.
Let @ be a surface in X that is spanned by lines. Then @ is G-invariant. If S ¢ @, then

|Q N S| < 2deg(S) =16

which is impossible by Lemma 2.15. Thus, we see that S C QN F.
By Lemma 4.7, the surface Q is irreducible, Q@ ~ —2Kx and @ is birational to ¢ x P! .
Let P be a general point in S. There exists a line L C X such that P € L. If L ¢ F, then

1= deg(L) =F-L> multp(F)multp(L) > multS(F) > 2,

which simply means L C F. Since g # 0, the generality of the point P € S implies that
the surface F' is swept out by lines, which is impossible since Q ¢ F. O

Remark 4.13. Let ¥ be a G-invariant subset of the threefold X such that we have || € {8, 14},
and let F' be the unique G-invariant surface in | — Kx|. Then it follows from [36] that

YNF =0,
because F' is smooth by Lemma 4.10. This is easy to prove, since G acts symplectically on F.

Now we are going to prove Theorem 4.8. Put
0= X\{F € Hilbg (IP’Z) ) I' is polar to the curve C’} C Hilbg (IPQ).

Lemma 4.14. Let ¥ be a G-orbit in [J such that || < 20. Then |X| = 8 and X is unique.
Proof. Tt follows from [25, § 2.3] that there exists an effective one-cycle
mili+...+mpLy ~ OIP2 (6)

on P? that corresponds to a point in 3, where L; are lines in P? and m; are positive integers.
Without loss of generality, we may assume that m; > ... > m,. Then

(mas.omp) € {(21,1,1,1), (3,1,1,1), (2,2,1,1), (2,2.2), (4.2) |
by [25, Theorem 1.1] (cf. [24, Theorem A]). Thus, it follows from |3| < 20 that
(ma,...,mp) =(2,2,2),

because the smallest G-invariant subset in P? has at least 21 points by Lemma B.6.
Let us consider the lines L, Lg, Ls as points in the dual projective plane P? with a natural
action of the group G, and let ¢ be the unique G-invariant quartic curve in P2, Then

CN{Li, Ly, L3} # @
by [25, Proposition 3.13], which easily implies that |X| = 8 and ¥ is unique by Lemma 2.16. O
Therefore, to prove Theorem 4.8 it is enough to consider only G-orbits of points in X \ O,
which are points in X that can be represented by polar hexagons to the curve €.

Suppose that the assertion of Theorem 4.8 is false. Let us derive a contradiction.
By Lemmas 4.14 and B.1, there are six lines L1, ..., Lg on P? such that

(4.15) F(z,y,2) = L{(z,y,2) + L3 (z,y, 2) + L3 (2, y, 2) + Li(2,y, 2) + La (2, y, 2) + Lg (2, y, 2),

where L;(x,y,z) is a linear form such that L; is given by L;(z,y,z) = 0, and the stabilizer
subgroup of the hexagon Z?:l L; in the group G is isomorphic either to Z; x Z3 or to S4.
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Remark 4.16. The lines Ly, ..., Lg are different by [10, Theorem 6.12.2] and Remark 4.2.
Lemma 4.17. Let g € G be an element of order 7. Then Z?:l L; is not g-invariant.
Proof. Suppose that Z?:l L; is g-invariant. Then
9(Li) = L;
for every i € {1,...,6}. Take M € SL3(C) such that /(M) = ¢! and M" = 1. Then
Li((x,y, Z)M) = \NL; (az,y,z)

for some \; € C for every i € {1,...,6},i.e. A1,..., \g are eigenvalues of the matrix M.
Since g has order 7, we have )\I =...= )\g = 1. We may assume that A\ = Ay = A3 = Ay = A5,
since Lq,..., Lg are different lines. Then A\g # A; by (4.15). Thus

|L1ﬂL2ﬂLgﬂL4ﬂL5‘ =1
and LN LoNLsNLyN Ls & Lg. Therefore
6 5
ZL?(CL‘,y,Z) = F((ZL’,y,Z)M) = )\éLZGL(xvyvz) +>\ZILZL;1(:L"Z/’ Z)7
i=1 i=1

by (4.15), which easily implies that A\ = A\§ = 1. Hence A\; = \¢ = 1, which is a contradiction.
U

Let T' be a stabilizer subgroup in G of the hexagon Z?:1 L;. Then
res, ~ ¢<<A,B,C’>) > (A,B,C)

by Lemma 4.17. We may assume that I' = ()(A), ¥ (B),¥(C)), because G has two subgroups
isomorphic to S up to a conjugation (see Lemma B.1), which are switched by an outer auto-
morphism in Aut(G) that can be realized as a complex conjugation in appropriate coordinates.

Lemma 4.18. The group I' acts transitively on the lines L, Lo, L3, Ly, L5, Lg.

Proof. Since the action of the group I' on P? comes from an irreducible three-dimensional rep-
resentation of the group I, the I'-orbit of every line in P? contains at least 3 lines. But

zyz = 0 C P? 2 Proj (C[z,y, z]),
gives the only I'-invariant 3-tuple of lines in P2. O
Let © be a stabilizer subgroup in I' of the line L;. Then either 2 22 Zo X Zs or ) =2 Z4.
Lemma 4.19. The group 2 is not isomorphic to Zy.
Proof. Suppose that Q = Z,. Then we may assume that Q is generated )(C'B). One has

0 0 1
ce=| 0 10|,
~1.0 0

and the eigenvalues of the matrix C'B are 1 and ++/—1.
Note that (0,1,0) is the eigenvector of the matrix C'B that corresponds to the eigenvalue 1,
and (Fv/—1,0,1) is its eigenvector that corresponds to the eigenvalue ++/—1. Thus

Ll(x,y,z) = u(:ci \/—712),

where p is a non-zero complex number. The hexagon Z?zl L; is given by

(2= v=12) (o + v=12) (y + v=T1x) (11/9— V=lo) (2 + v=1y) (= - v=1y) =0,



which implies that the quartic form z* + y* + 2% + 3e(22y? + 2222 + 322?) is equal to
[ (m—ﬁz)4+uz (m+ﬁz)4+u3 (y+¢?1x>4+u4 (y—ﬁx) 4+u5 <z+ﬁy) 4+u6 (z—xﬁy)4
for some (11, f12, 113, f14, ii5, i) € CO. In particular, we obtain a system of linear equations
dpg + dpy =1 — /=T,
dpn +dps =1 — /=7,
dps +4pe =1 — V=T,
p1+ p2 + ps 4 pa =1,

which is inconsistent. O
Thus, we see that Q = Zs X Zo.
Lemma 4.20. The subgroup {2 is not contained in a subgroup of the group G isomorphic to Ay.

Proof. Suppose that €2 is contained in a subgroup of the group G that is isomorphic to A4. Then

100 1 0 0 -1 0 0 -1 0 0
Q= o10],{lo -1 0o ), o =1to0o],[ 0o 1 o0 ,
00 1 0 0 -1 0 0 1 0 0 —1

which implies that the G-orbit of the line L, is the curve that is given by
zyz = 0 C P? = Proj ((C[x,y, z]),

which is impossible by Lemma 4.18. O
By Lemma 4.20, we may assume that € is generated by 1)(AB) and ¢ (C'). Therefore
1 00 0 -1 0 01 0 -1 0 O
a=2(o1 0|, =1t 0o o .10 0|, 0o =1o0]},
0 01 0o 0 -1 0 0 -1 0 0 1

and the equation of the hexagon 2?21 L;is

(=) (=) () (v 2) (s +0) (= - 0) =o.

Arguing as in the proof of Lemma 4.19, we obtain a contradiction.
The assertion of Theorem 4.8 is proved.

5. PROOF OF THEOREM 1.12

Throughout this section we use the assumptions and notation of Section 3.
Suppose that Theorem 1.12 is false. Let us derive a contradiction.

Lemma 5.1. There is a G-invariant linear system M without fixed components on P such that
NCS(P?, AM) # 2 # NCS(P?, X'r(M) ),
where A and A are positive rational numbers such that AM ~g N'7(M) ~g Ops(4).
Proof. The required assertion is well-known (see [7], [2, Theorem A.16], [2, Corollary A.22]). O
The assertion of Lemma 5.1 is known as the Noether—Fano inequality.
Lemma 5.2. Either multc, (M) < 1/X or multe, (7(M)) < 1/X.
Proof. This is easy (cf. the proof of [2, Lemma B.15]). O

Without loss of generality, we may assume that multc, (M) < 1/A. Then Cg ¢ NCS(P3, AM).
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Remark 5.3. The set NLCS(P3,2AM) contains every center in NCS(P3, A\M) by Lemma 2.8.
Let H be a sufficiently general hyperplane in P3.

Lemma 5.4. Let A be a union of all curves contained in NLCS(P3,2AM). Then deg(A) < 15.

Proof. Let My and Ms be general surfaces in M. Then

16/\2 = H My My > > multp(M; - My) > deg(A) /3
PeAnH

by Theorem 2.5, which implies that deg(A) < 15. O
Note that NLCS(P3, 2AM) may be non-empty even if NCS(P3, A\M) = & (see Example 3.11).
Lemma 5.5. The set NCS(PP?, A\M) does not contain any point in Xg U Cg.

Proof. Let My and My be general surfaces in M, and let () be a general surface in Q. Then
32/N2=Q-M; My > > multo, (Ml : Mg) — Smulto, (Ml : Mg),
0;€X8

which implies that NCS(PP?, AM) does not contain any point in ¥g by Theorem 2.7.
Suppose that NCS(IP?, A\M) contains a point P € Cg. Put

Ml'M22V06+T,

where 1 is a non-negative integer, and Y is an effective one-cycles such that Cg ¢ Supp(Y). Then
multp (1/014 + T) > 4//\2

by Theorem 2.7. Let © be the G-orbit of the point P. Then |©| > 24 by Lemma 2.15.
Let S be a general cubic surface in P2 such that Cg C S. Then

18/N2 — 180 = ST > > multo(Y) = [Ofmulto (T) > 24(4/A2 ~ v),
0Oco
because Cj is a scheme-theoretic intersection of cubic surfaces in P3. Thus v > 8/A2. But
16/\>=H M, My =vH-Cs+ H-Y >vH - Cs = 6p,
which implies that v < 8/(3A?), which is a contradiction, since v > 8/\2. O
Lemma 5.6. The set NCS(PP?, A\M) does not contain the curve Cyy.
Proof. Suppose that C14 € NCS(P3, AM). Put g = multe,, (M) and m = multp, (M). Then
m = multo, (./\/l) = multp, (./\/l) = ... =multp, (./\/l),

since M is G-invariant. But u > 1/ because C14 € NCS(P3, AM).
Let us find an upper bound for . Let M7 and Ms be general surfaces in M. Then

16/X* = H-My-My> Yy multe,, <M1 : MQ) > 142,
PeCrunH

which implies that y < 1/8/7/\. Thus, we have 1/ < u < \/8/7/\.

Lets us find a lower and an upper bound for m.

Let Ci4 and M be the proper transforms of the curve Cj4 and the linear system M on
the threefold U, respectively, let C be a general conic in By = P? such that C14NE; C C. Then

‘614 N El‘ =3,
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and the points of the set C14N E4 are non-coplanar (see the proof of Lemma 2.11), which implies
that the conic C' is not contained in the base locus of the linear system M. Hence

2m=C-M> Z multp(M) > Z mult@14 (M) = 3u,
PeCi4NE; PeCi4nNEL
which implies that m > 3u/2. Thus, we see that m > 3/(2)), since p > 1/A.
Let us find an upper bound for m (a trivial upper bound m < 2/\ follows by Lemma 5.5).
Let My and M3 be the proper transforms on U of the surfaces M; and Ma, respectively, and
let @@ be the proper transform of a general surface in the linear system Q. Then
32/02 = 8m? = Q My My > Y multe,, (M - M) = dmulte,, (M - M) > 4% > 4/32,
PeC1un@
which implies that m < 1/7/2/A. Thus, we have 3/(2\) < m < /7/2/\.

Let v: W — U be the blow up of the smooth curve Ci4, let F be the v-exceptional divisor,
let M and D be the proper transforms of M and D (see Lemma 3.16) on W, respectively. Then

M ~g (Wov)*<iH> —ng:v*(Ei) — puF,
f)w (7rov (5]—[) —2ZU

Let D be a general surface in D. Then D is nef by Lemma 3.16 and (5.7).
Let M; and M> be the proper transforms on W of the surfaces M7 and Ms, respectively. Then

&Vﬁ-z@nﬂ+mﬁ+@@4A—zmm):D.Myma>a

(5.7)

because D is nef and F3 = —12. Put it = pA and m = mA. One has
1702 + 4m? + 5611 — 24mpa > 40,

8
1< i<y,
i<z
3<ﬁl<\/7
2 SV

which easily leads to a contradiction. O

Lemma 5.8. The set NCS(PP?, A\M) does not contain any point in C14.

Proof. Suppose that NCS(P3, AM) contains a point P € C14. By Lemma 5.5, we have P ¢ Xg,
which implies that P is a smooth point of the curve Ci4, by Lemma 3.13.
Let My and Ms be general surfaces in the linear system M. Put

My - My =puCiy+ 7T +E,

where p is a non-negative integer, and T and = are effective one-cycles such that C14 ¢ Supp(Y),
every irreducible component of the curve Supp(Y) intersects the curve C14 by a non-empty set,
and none of the irreducible components of the curve Supp(Z) intersects C14. Then

multp (/LCM + T) = 4//\2
by Theorem 2.7. On the other hand, we have
1@u%:H.MyA@:uH%CM+EL(T+E)>MHACM:1@%

which implies that u < 8/(7\2).
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Let © be the G-orbit of the point P. Then |0] > 42 by Lemma 2.15.
Let D be a general quintic surface in the linear system D (see Lemma 3.16). Then

80/A% —70u > 80/X* —70u— D - = = > multo(T) = |©]multo(T) > 42(4//\2 —~ u),
Oe€o
which immediately leads to a contradiction. ([

Thus, the set NLCS(P3, 2AM) contains a center that is not contained in Cy4 LI Cg.
Lemma 5.9. Suppose that NLCS(P3,2AM) contains a curve C such that Cg # C # C14. Then
Ci4 & NLCS (1@3, 2>\M),
and if Cg € NLCS(P3, AM), then Cg N C = @ and deg(C) < 9.
Proof. Let Z be a G-orbit of the curve C. If Cy4 € NLCS(P3,2AM), then
deg(Z) + 14 = deg(Z) + deg(C’14) <15

by Lemma 5.4, which is a contradiction, because there are no G-invariant lines in P3.

Suppose that Cg € NLCS(P3, AM). Then deg(C) < deg(Z) < 9 by Lemma 5.4.

To complete the proof, we must show that Cg N Z = &.

Suppose that Cs N Z # @. Then |Cs N Z| > 24 by Lemma 2.15.

Let Z be a proper transform of the curve Z on the threefold V' (see (3.9)), and let S be a proper
transform on V of a general cubic surface in P? that passes through the curve Cg. Then

3> 3deg(Z) — |Con 2] > - Z = deg(8(2)),

which implies that Z is contracted by 3 by Lemma 3.7, since 3(Z) is G-invariant.

The only curves contracted by the morphism 3 are proper transforms of the lines in P3 that
are trisecants of the curve Cg. Then 3(Z) C Cs, the subset 3(Z) is G-invariant and |3(Z)| < 9,
which is impossible by Lemma 2.15. (]

It follows from Lemmas 5.5, 5.6 and 5.8 that the set NLCS(P3, 2AM) contains an irreducible
subvariety that is not contained in Cg U C14. In fact, we can say a little bit more than this.

Lemma 5.10. There are u € Q and S € LCS(P3, uM) such that

the inequalities 0 < g < 2 holds,

the log pair (P3, uM) is log canonical along S,

the subvariety S is a minimal center in LCS(P3, uM),

the subvariety .S is not a point of the set Xg,

the subvariety .S is neither the curve Cg nor the curve Ciy,
exactly one of the following six cases is possible:

(A) the log pair (P3, uM) has log canonical singularities,

(B) NCS(P3, uM) = C14 and S is a point such that S & Cy,

(C) NCS(PS,MM) Ygand SNYg =

(D) NCS(P3, uM) = Cg and S is a curve such that SN Cg = @ and deg(S) < 9,

(E) NCS(P3?, uM) = Cs and S is a point such that S & ¥s,

(F) NCS(P3, uM) = CgUXg and S is a curve such that SN(CgUXg) = & and deg(S) < 9,
(G) NCS(P?, uM) = Cg U Xg and S is a point such that S & Cg U Xg.

Proof. Let us show how to find i and S in several steps. Put
1 = sup {6 eQ ‘ the log pair <IP’3, GM) is log canonical} ,

and let S; be a minimal center in LCS(P?, u3 M). Then py < 2.

If 51 is a curve, then S1NYg = & by Lemmas 3.14 and 5.4, since .57 is smooth by Theorem 2.10.
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If S1NYg =@ and S; # Cg, then we have the case (A) by putting 4 = 1 and S = 5.
To complete the proof, we may assume that either Sy N g # @ or S = Cs.

Let us consider the mutually excluding cases S1 N Xg # & and S; = Cg separately.
Suppose that S; = Cg. Put

Ly = sup {e €eQ ’ the log pair (Pg, e./\/l> is log canonical outside of the curve C’G} <2,

let T be a center in the set LCS(IP3, 19M) such that Ty # Cp, and let So be a minimal center in
the set LCS(P3, uo M) such that Sy C Tp. If Tp is a curve, then deg(7T3) < 9 and

ToNYsg=ToNCe =

by Lemmas 3.14, 5.4 and 5.9, since C14 N Cg = @ by Lemma 3.13 and Cg € NLCS(P?, 2AM).
If T, is a curve and Sy = T3, then we have the case (D) by putting u = g and S = Ss.
If T, is a curve and Ss is a point, then we have the case (E) by putting p = po and S = Ss.
If T, = Sy is a point not in Xg, then we have the case (E) by putting p = pg and S = Ss.
To finish the case S7 = (g, we may assume that Sy = T5 is a point in Xg. Put

143 = sup {6 ceQ ’ the log pair (IP’3, e/\/l) is log canonical outside of the set Cg U Eg} < 2,

let T3 be a center in the set LCS(P3, u3 M) such that T3 ¢ Cg U X, and let S3 be a minimal
center in the set LCS(P3, u3 M) such that S3 C T3. If T3 is a curve, then deg(73) < 9 and

TsNYXg=T35NCg =2

by Lemmas 3.14, 5.4 and 5.9, since C14 N Cg = @ by Lemma 3.13 and Cg € NLCS(P3, 2AM).
If T3 is a curve and S3 = T3, then we have the case (F) by putting p = po and S = Ss.
If Ty is a curve and Sy is a point, then we have the case (G) by putting = po and S = Ss.
If T5 = S5 is a point, then we have the case (G) by putting p = us and S = Ss.
Therefore, the case S1 = Cg is done, and we may assume that S; N Xg # &, which implies
that the subvariety S; is a point in Xg by Theorem 2.10 and Lemmas 3.14 and 5.4. Put

U = sup {6 cQ ‘ the log pair <IP’3, eM) is log canonical outside of the set Eg} < 2A,

let T3 be a center in the set LCS(P?, M) such that Th ¢ Yg, and let S5 be a minimal center in
the set LCS(P3, 5 M) such that S, C Tj. Note that if S} is a point in g, then
Ty # Sy

which implies that Té must be the curve Ci4 by Lemmas 3.14 and 5.4.

If T is a point, then S5 = T3, and we have the case (C) by putting = pf, and S = S5.

To complete the proof, we may assume that 7% is an irreducible curve.

If S, = T7, then S} is a smooth curve such that deg(S%) < 15 by Theorem 2.10 and Lemma 5.4,
which immediately implies that 7% N YXg = & by Lemma 3.14.

If S, = T} # Cg, then we have the case (C) by putting p = pf and S = 5.

If % is a point not in Xg, then we have the case (C) by putting u = p, and S = S5.

To complete the proof, we may assume that either S is a point of the set Xg and T4 = Cl4,
or we have S = T} = Cg. Let us consider these cases separately.

Suppose that S} is a point of the set Xg and T3 = C14. Put

s = sup {6 eQ ‘ the log pair (]P’3, 6M> is log canonical outside of the curve C’14} < 2),

let T4 be a center in the set LCS(IP3, 5 M) such that T4 ¢ C14. Then Ty is a point by Lemma 5.9,
which implies that we have the case (B) by putting u = u5 and S = Tj.
To complete the proof, we may assume that S5 = T3 = Cg. Put

s = sup {e €cQ ‘ the log pair (IP3, eM) is log canonical outside of the set Cg U Eg} <2,
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let T4 be a center in the set LCS(P?3, u4M) such that T4 ¢ CgNYs, and let S5 be a minimal cen-

ter in the set LCS(IP?, u M) such that S5 C TY. Note that C14 ¢ LCS(P3,2AM) by Lemma 5.9.
If T4 is a point, then S§ = T4, and we have the case (G) by putting p = pf and S = SY.
We may assume that 73 is a curve. Then deg(7%') < 9 and

T{NCe =T NYs =0

by Lemmas 3.14, 5.4 and 5.9, since Cg € LCS(P3,2AM) Z C14.
Finally, we put u = p4 and S = S%. Then we have the case (G) if the center SY is a point,
and we have the case (F) if the center SY is a curve, which completes the proof. O

Let € be any rational number such that p < ey < 2X. Then it follows from Lemma 2.13 that
there is a G-invariant linear system B on P? such that B does not have fixed components, and
there are positive rational numbers €; and e such that 1 > €1 > €2 > 0 and

LCS(P*, 1 pM + 28) = ( |_L{g(5)}> | |NLCS (PP, M),

g€
the log pair (P3, e1uM + €2BB) is log canonical at every point of g(Z) for every g € G, and
e1pM + eaB ~q euM.

Let Z be the G-orbit of the subvariety S. Then one of the following cases is possible:

(A) LCS(P3, e uM + e2B) = Z,
(B) LCS(P3, e1uM + €2B) = Z L1 Cy4 and Z is finite set,
(C) LCS(P3, e1uM + €2B) = Z LI g,
(D) LCOS(P3, e1uM + e2B) = Z U Cg and Z is a curve such that deg(Z) < 9,
) LCS(P3, e1uM + e2B) = Z 11 Cg and Z is a finite set such that Z N Yg = &,
) LCS(P3, e uM + e283) = Z LU Cg LI Xg and Z is a curve such that and deg(Z) < 9,
(G) LCS(P3, e;uM + €2B) = Z U Cg U Xg and Z is a finite set.
Put D = e;uM+e2B. Let £ be the union of all connected components of the log canonical sin-
gularity subscheme £(IP3, D) whose supports contains no components of the subvariety Z. Then

@ in the case (A),

C14 in the case (B),

Supp(L) = { Xs in the case (C),

Cs in the cases (D) and (E),

Cs U Xg in the cases (F) and (G),

Let Z(P3, D) be the multiplier ideal sheaf of the log pair (P?, D). Then
(5.11) h0(0c © Ops (4) ) + 1007 ® Opa (4) ) = 35 — h°(Oes (4) @ T(P*, D) ) < 35
by Theorem 2.2.
Corollary 5.12. Suppose that Z is a finite set. Then

e the subset Z contains at most 35 points,
e the subset Z imposes independent linear conditions on quartic surfaces in P3.

Lemma 5.13. Suppose that S is a point. Then |Z| # 24.
Proof. Suppose that |Z| = 24. Then Z = Y94 by Lemma 3.2, and there is F' € |Ops(4)| such that

Z\SCF3S
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by Corollary 5.12. Thus, there is a unique point P € Cg such that P # .S and
F| =P+Z\S~F) =12,
C@ Cﬁ
which implies that P ~ S on C§, which is impossible, since Cg is a smooth curve of genus 3. [

Lemma 5.14. The subvariety S is a curve.

Proof. Suppose that S is a point. By Lemmas 3.2 and 5.13 and Corollary 5.12, we have |Z| = 28,
because Z # Yg. Without loss of generality, we may assume that Z = Yos.
Let My and M be general surfaces in M. Put

My My =Z+A,
where Z and A are effective cycles such that Supp(Z) N Supp(A) consists of finitely many points,
and Supp(Z) D Xag ¢ Supp(A). If S € NCS(P3, AM), then multg(Z) > 4/A% by Theorem 2.7.

Let R be a general surface in R (see Lemma 3.19). Then Supp(Z)NR consists of at most finitely
many points by Lemma 3.19 and Corollary 5.12. Thus, we must have

64/X* > 64/X —R-A=R-Z> Y  multp(Z) = 28multg(Z),
PeXog
which implies that mults(Z) < 16/(7A%). So g(S) € NCS(P3, AM) for every g € G.
Note that Yog ¢ Cg LI C14 by Lemma 2.15, since Cj is smooth and Sing(C14) = Xg.
It follows from Lemmas 5.5, 5.6 and 5.8 that the set NLCS(P3, 2AM) contains an irreducible
subvariety that is not contained in Cg U C14 U ¥og. Put

[ = sup {6 €eQ ‘ the log pair <IP’3, e/\/l) is log canonical outside of the set Cg U C14 U Yog } .

The set LCS(IP?, iM) contains every point in Yog. If fi > y, then NLCS(IP?, iM) also contains
every points in Yag. It follows from Lemma 2.8 that i < 2A. Note that g > p.

Let Q be a center LCS(IP3, iM) such that Q ¢ Cg U C14 U Yo9g. Note that Q does exist.
Let us choose a center I' € LCS(P3, iM) in the following way:

e if ) is a point, then we put I' = 2,

e if Q is a curve that is a minimal center in LCS(P?, iM), then we put T = (,

e if ) is a curve that is not a minimal center in LCS(P3, gzM),

then let T’ be a point in  that is also a center in LCS(P3, iM).

Let A be a G-orbit of the center I'. Then ANYXg = ANYsg = & by Lemmas 3.14, 3.17, 5.9, 5.4.

Let € be a rational number such that g < € < 2. Arguing as in the proof of Lemma 2.13,
we obtain a G-invariant linear system B’ on P2 such that B’ does not have fixed components,
and there are positive rational numbers €; and € such that 1 > €, > €5 > 0 and

(WO} U( U (7)) Umes(eam) win

PeXog

( L] {Q(F)}> | |NLCs(P2, am) if o> g

geG

LCS (IP?’, e M + EQB’) _

Put l__? = €1fiM + &B'. Then T is a connected component of the subscheme L(P3, D).
Let £ be the union of all connected components of the subscheme £(P3, D) whose supports
contain no components of the subvariety A. Then h°(O; ® Ops(4)) > 28, since Yag C Supp(L).

Let Z(P3, D) be the multiplier ideal sheaf of the log pair (P3, D). Then
B0 (0 ® Ops(4)) = 35— 1°(Opa (4) @ (P, D) ) — (0 @ Ops(4) ) < 7

by Theorem 2.2, which implies that I" is not a point by Lemma 3.2. We see that A is a curve.
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By Theorem 2.10, the curve A is a smooth curve in P? of degree d and genus g < 2d. Then

deg(A deg(A
degg ((r)) <2d n 1) < degg ((r)) (4d g+ 1) <7,

which gives d < 3. Thus, we have A # T, so that deg(A) > 7deg(T") by Corollary B.2. We have

21 < 7(2d+ 1) < (2d+1) iigg((?)) (2d+ 1) < izgg((?)) (4d—g+1> <7,

which is a contradiction. O

By Theorem 2.10, the curve S is a smooth curve of degree d and genus ¢ such that g < 2d,
which implies, in particular, that the case (B) is not possible by Lemma 5.9.
Let G's be the stabilizer subgroup in G of the subvariety S. Put p = h%(£ ® Ops(4)), put

a=1°(0p (1) ©T(P, D)),
and let  be the number of irreducible components of the curve Z. Then
(5.15) r(dd—g+1)=35—q—p
by (5.11), the Riemann-Roch theorem and Remark 2.12.
Lemma 5.16. The equality » = 1 holds.
Proof. Suppose that r £ 1. Then r > 7 by Corollary B.2, which implies that
P-a—p _

3
4d—g+1=""1"T <5
T

by (5.15). But g < 2d. Then 4d — g+ 1 < 5, which implies that g =p=¢=0,d=1and r = T.
The induced action of the group Gg = S4 on the line S is faithful, which implies that S C Fy,
since (G g-invariant subsets in S have at least 6 points. Then Z C Fj, which contradicts ¢ = 0. [

Therefore, we see that Z = S.
Remark 5.17. Let I be the trivial representation of the group G. By Lemma B.8 we have
H0<(’)P3(4)> =T o WsdWe®Wrd Wy @ Wy,
where W; is an irreducible representation of the group G = PSLy(F7) of dimension 7. Then
p+a¢{23451011,17},
because p is divisible by 8. If S C Fy, then p+ ¢ ¢ {0,2,3,4,5,6,10,11,12,17}.
Note that there is a natural faithful action of the group G on the curve S.
Lemma 5.18. We have g € {3,8,10,15,17,22,24,29}.
Proof. This follows from Lemmas 2.16 and 3.2, because g < 2d < 30 by Lemma 5.4. (]
Lemma 5.19. Suppose that d # 6 and d # 12. Then S C Fj.
Proof. Suppose that S ¢ F,. Then F; NS is union of some G-orbits Aj,...,As. Thus

S
i=1
for some positive integers ni,no, ..., ns.
Using Lemma 2.16, we obtain that d = 14, s =1, ny = 1 and |A;| = 56. Then

g=224+qg+p<2d=28,
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which implies that g = 22 by Lemma 5.18 and Remark 5.17.
By Lemma 2.16, we have |A;| # 56, which is a contradiction. O

Note that d € {6,7,8,9} in the cases (D), (E), (F), (G).
Lemma 5.20. The equality d = 6 is impossible.

Proof. Suppose that d = 6. Then it follows from Lemma 5.18 that
3<g=q+p—10<2d =12,

which implies that g € {3,8,10}. But g < 4 by Theorem 2.14. Then S = Cg by Lemma 3.7,
which is a contradiction, because S # Cg by the choice of the center S € LCS(P?, uM). O

Lemma 5.21. The equality d = 7 is impossible.

Proof. Suppose that d = 7. Then g < 7 by Theorem 2.14 and g = 3 by Lemma 5.18.
By Lemma 5.19, we see that S C Fjy. Arguing as in the proof of Lemma 5.18, we see that
the curve S is contained in the intersection Fy N FgN F14, which is impossible by Lemma 3.6. [

Lemma 5.22. The equality d = 8 is impossible.

Proof. Suppose that d = 8. Then g < 9 by Theorem 2.14 and g € {3,8} by Lemma 5.18.
By Lemma 5.19, we see that S C Fj. Arguing as in the proof of Lemma 5.18, we see that
the curve S is contained in Fy N Fg N F} if g = 8. Then g = 3 by Lemma 3.6. Then

Ops (1)| , ~ 2K

by Theorem 2.18, which is impossible, since the vector space H°(Og(2Kg)) is an irreducible
six-dimensional representation of the group G = PSLy(F7) by Lemma B.8. U

Lemma 5.23. The equality d =9 is impossible.

Proof. Suppose that d = 9. Then g < 12 by Theorem 2.14 and g € {3,8,10} by Lemma 5.18.
By Lemma 5.19, we have S C Fy. Arguing as in the proof of Lemma 5.18, we see that

SCF4ﬂF6ﬂFé,

if g = 8. Similarly, we see that S C Fy N Fgz N Fi4 if g = 3. Thus g = 10 by Lemma 3.6.
The curve S is a complete intersection of two cubic surfaces in P3 (see [14, Example 6.4.3]),
which is impossible, because there are no G-invariant pencils of cubic surfaces by Remark 3.4. [

Thus, the cases (D), (E), (F), (G) are not possible.
Lemma 5.24. The equality d = 10 is impossible.
Proof. Suppose that d = 10. Then p + ¢ € {2,4,11} by Lemma 5.19 and Remark 5.17. But
g=6+q+p<2d=20,

which implies that g € {8,10,15,17} by Lemma 5.18. Thus, we see that ¢ =15 and p+ ¢ = 9.
By Lemma 5.19, we see that S C Fy. Arguing as in the proof of Lemma 5.18, we see that
the curve S is contained in the intersection Fy N Fg N FY, which is impossible by Lemma 3.6. O

Lemma 5.25. The equality d = 11 is impossible.

Proof. Suppose that d = 11. Then p + ¢ € {0, 5,12} by Lemma 5.19 and Remark 5.17. But
g=104+qg+p < 2d =22,

which implies that g € {10,15,17,22} by Lemma 5.18. Thus, we see that g = 17 and p+ ¢ = 7.
By Lemma 5.19, we see that S C Fy. Arguing as in the proof of Lemma 5.18, we see that
the curve S is contained in the intersection Fy N Fg N FY, which is impossible by Lemma 3.6. O
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Lemma 5.26. The equality d = 12 is impossible.
Proof. Suppose that d = 12. Then p+ ¢ € {3,5,10} by Remark 5.17. But
g=14d+q+p<2d=24,

which implies that g € {15,17,22,24} by Lemma 5.18. Thus either g = 15 or g = 22.
Arguing as in the proof of Lemma 5.18 and using Lemma 2.16, we see that

S C FyNFsN F,

which is impossible by Lemma 3.6.

Lemma 5.27. The equality d = 13 is impossible.

Proof. Suppose that d = 13. Then p+ ¢ & {4,6} by Lemma 5.19 and Remark 5.17. But
g=18+q+p < 2d = 26,

which implies that g € {22,24} by Lemma 5.18. Thus p+q € {4,6}, which is a contradiction.

Lemma 5.28. The equality d = 14 is impossible.

Proof. Suppose that d = 14. Then p + ¢ # 0 by Lemma 5.19 and Remark 5.17. But
g=22+q+p<2d=28,

which implies that g = 22 by Lemma 5.18. Thus p = ¢ = 0, which is a contradiction.

By Lemmas 5.20, 5.21, 5.22, 5.23, 5.24, 5.25, 5.26, 5.27, 5.28 and Theorem 2.14, one has d >

O

O

15,

which implies that d = 15 by Lemma 5.4. Then p+¢q # 3 by Lemma 5.19 and Remark 5.17. But

g=26+q+p<2d=30,

which implies that g = 29 by Lemma 5.18. Thus, we have p 4+ ¢ = 3, which is a contradiction.

The assertion of Theorem 1.12 is proved.

6. PROOF OF THEOREM 1.13

Throughout this section we use assumptions and notation of Theorem 1.13, and we identify

the threefold X with its anticanonical image in P'3 (cf. Theorem 4.5).
Suppose that Theorem 1.13 is false. Let us derive a contradiction.

Lemma 6.1. There is a G-invariant linear system M without fixed components on X such that

NCS (X, AM) 4o,
where A is a positive rational number such that —Kx ~g AM.
Proof. The required assertion is well-known (see [7], [2, Corollary A.18]).
Let H be a general surface in the linear system | — Kx|.
Lemma 6.2. Let A be a union of all curves in NLCS(X,2AM). Then deg(A) < 21.

Proof. Let My and Ms be general surfaces in M. By Theorem 2.5, we have
22/\ = H-My-My> Y multp(My-Mp) > (H-A) /)7 = deg(A) /X2,
PEANH

which implies that deg(A) < 21.
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By Lemma 2.8, the set NLCS(X,2AM) contains every center in NCS(X, AM). Put
[l = sup {e O) ‘ the log pair (X, e./\/l) is log canonical} < 2N,

let 3¢ be the unique G-invariant subset of the threefold X consisting of 8 points (see Lemma 6.3),
and let F' be the unique G-invariant surface in the linear system | — Kx| (see Corollary 4.6).

Lemma 6.3. Suppose that g C LCS(X, iM). Then
Sg ¢ NCS(X, AM),
and the set NLCS(X, 2 AM) does not contain curves that pass through a point in Xs.

Proof. Take é € Q such that i < €1 < 2A. By Lemma 2.13, there is a G-invariant linear system
without fixed components B on X, and there are é¢; € QQ 3 é such that 1 > €1 > é; > 0 and

LCS (X, LM + égB) — Y,

the log pair (X, é;4M + éB) is log canonical, and € 1M + éB ~qg éaM. Put D = &1 iM +é&B.
Let Z(X, 15) is the multiplier ideal sheaf of the log pair (X, D) The sequence of groups

0— B°(Ox(H) ® (X, D)) — H(Ox(H)) — H(0s,) — 0

is exact by Theorem 2.2. Then Xg imposes independent linear conditions on surfaces in | — Kx|.
Let D be a linear subsystem of the linear system | — K x| that consists of all surfaces passing
through Yg. Then it follows from Theorem 4.5 that D is the unique five-dimensional G-invariant
linear subsystem of the linear system | — Kx| and F' ¢ D.
It is clear that the base locus of the linear system D does not contain surfaces.
Suppose that the base locus of the linear system D does not contain any curve that passes
through a point in Xg. Let us show that this assumption implies everything we have to prove.
Let My and Ms be general surfaces in the linear system M. Put

My -My ==+ A,
where = and A are effective one-cycles such that

Supp (E) D Xg ¢ Supp (A)
and Supp(Z) N Supp(A) consists of at most finitely many points.
Let D be a general surface in the linear system D. Since |Supp(Z) N D| < +o0, one has

22/X 222/ - D-A=D-E> ) _ multp(Z) = 8multp(3),
PeEg
for every point P € ¥g. Then NCS(X, AM) contains no points in 3g by Theorem 2.7.
Let Z be a G-orbit of an irreducible curve in X such that ¥g C Z. Then

deg(Z) =D -Z> Z multp(D)multp(Z) > Z multp(Z) > 24
Pesg Pexg

by Lemma 2.11. Hence NLCS(X, 2AM) contains no components of the curve Z by Lemma 6.2,
which implies that NLCS(X, 2AM) does not contain curves that pass through a point in Ys.

To complete the proof, we must show that the base locus of the linear system D contains no
curves that contain a point in ¥g. Suppose that this is not true. Let us derive a contradiction.

The base locus of the linear system D contains a curve C' that is a G-orbit of an irreducible
curve such that g C C. Then multp(C') > 3 for every P € Y3 by Lemma 2.11.

Let Q1, Q2, Q3 and Q4 be general points in X, and let H be a linear subsystem in | — K x| that
consists of all surfaces that contain the set {Q1, Q2, @3, Q4}. Then HND is a pencil, and the base

locus of the linear system H contains no curves.
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Let H be a general surface in H, let D1 and Dy be general surfaces in the pencil HND. Then
4
22=H Dy Dy > multg, (H)mult, (Dy)multg, (D2) + |[H N C| >4+ deg(C),
i=1

since deg(C') = |H N C|. Thus, we see that deg(C) < 18.
Note that C' ¢ F, since ¥g ¢ F. Therefore, we have

Z multp(C) < ‘FOC‘ <F.-C= deg(C) < 18,
PeFNC
because C' ¢ F. Applying Theorem 4.8, we see that
deg(C)=F-C=|FnC|=14
and C' is smooth at every point of the set F'N C. Then C' is reducible by Lemma 2.15.

Put C =", C;, where C; is an irreducible curve and r € Z~g. Then r = 14/deg(C1).

By Corollary B.2, either deg(C}) = 1 or deg(C}) = 2. On the other hand, we know that

deg(C’l) +1> ‘01 N g

since ¥g imposes independent linear conditions on surfaces in | — Kx|. Hence, we must have
14 8-3

- r > —_,
deg(C1) |C1 N s
because multp(C) > 3 for every point P € ¥g. Therefore |C1 N Xg| = 1 + deg(C).
Note that deg(C1) # 1. Indeed, if deg(C1) = 1, then |C; N Xg| = 2 and r = 28, because
the group G acts doubly transitive on the set Xg (see [12, p. 173]), which is a contradiction.

Thus, we see that C is an irreducible conic and r = 7, so that |C; N Xg| = 3.
Let I1; be a plane in P! such that C; C II;. Then II; contains 3 lines L%, L% and Li” such that

|L1NSs| =|LInSs| = |L}nSs| =2,

)

and the G-orbit of the line L} consists of 28 different lines, since G' acts doubly transitive on Y.
Now one can easily see that the G-orbit of the plane II; consists of at least 28/3 > 9 planes,
which is impossible since the G-orbit of II; consists of at most » = 7 planes. (]

By Lemma 6.3, the set NLCS(X, 2AM) contains a center that is not contained in 3g. Put
[ = sup {e eQ ’the log pair (X, e./\/l) is log canonical outside of the subset Eg}

in the case when X5 C LCS(X, aM). If Xg ¢ LCS(X, fiM), then put u = fi.

Lemma 6.4. There exist a minimal center in LCS(X, M) that is not a point of the set Xg.

Proof. This immediately follows from Lemma 6.3. U
Let S be a minimal center in LCS(X, uM) such that S ¢ Xg, and let Z be its G-orbit.

Remark 6.5. If Z =5 and S is a curve, then Z N Xg = & by Theorem 2.10 and Lemma 2.15.

Let € be any rational number such that p < ey < 2. Then it follows from Lemma 2.13 that
there exists a G-invariant linear system B on X such that B does not have fixed components,
and there exist positive rational numbers €; and es such that 1 > ¢ > e > 0 and

LCS(X, e1pM + eB) = ( |_C|;{g(5)}> | |NLCS (X, M),

ge
the log pair (X, e;uM + e2B) is log canonical at every point of the subvariety Z, and
eipM + eaB ~q epuM.

Put D = e;uM + ea5. By Lemma 6.4, we may have the following cases:
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(A) LCS(X, D) = Z and the log pair (X, D) is log canonical,
(B) LCS(X,D) = Z U¥g and Z is a finite set,
(C) LCS(X,D) = Z U¥g and Z is a curve.

Let £ be the union of all connected components of the subscheme £(X, D) whose supports
do not contains any component of the subvariety Z. Then

Supp(£) = { %) i1T1 the case (A),
Yg in the cases (B) and (C).
Let Z(X, D) be the multiplier ideal sheaf of the log pair (X, D). Then
(6.6) hO (OZ ® Ox (H)) — 14— 10 (OX (H) ® T(X, D)) —1O(0f) < 14
by Theorem 2.2, since L is at most a zero-dimensional subscheme. We have h%(O,) € {0, 8}.
Corollary 6.7. If Z is a finite set, then
17| < 14,
and the points of Z impose independent linear conditions on surfaces in | — Kx|.
Lemma 6.8. The subvariety S is a curve.

Proof. Suppose that S is not a curve. Then |Z| = 14 by Theorem 4.8 and Corollary 6.7, because
we know that Z # ¥g. Note that Z is not contained in any surface in | — Kx| by Corollary 6.7.
Let R be a linear subsystem of the linear system | —2K x| that consists of all surfaces in | -2K x|
that pass through the set Z. Then its base locus consists of the set Z by [13, Theorem 2].
Let My and Ms be general surfaces in the linear system M. Put

My - My =Z+A,
where = and A are effective one-cycles such that
Supp(E) D7 ¢ Supp(A)
and Supp(Z) N Supp(A) consists of at most finitely many points. If S € NCS(X, AM), then
multg (=) > 4 /)
by Theorem 2.7. Let R be a general surface in the linear system R. Then
4/ > 44/ ~R-A=R-Z> > multp(E) = 14multg(Z),
pPeZ

which implies that ¢(5) ¢ NCS(X, AM) for every g € G.
By Lemma 6.3, the set NLCS(X, 2AM) contains a center not contained in ¥g U Z. Put

[l = sup {6 eQ ‘ the log pair (X, e/\/l) is log canonical outside of the set g U Z} .
Note that g > p and S € LCS(X, pM). Moreover, if i > pu, then
S € NLCS (X, ﬂM),
because S € LCS(X, uM). It follows from Lemma 2.8 that o < 2.
Let I' be a center in LCS(X, zM) such that I' ¢ 3g L Z, and let A be its G-orbit. Then
ANYs =0

by Lemma 6.3. Note that ANZ = @ if I is a point and I' € NLCS(X, 2AM).
Suppose that the set NLCS(X, 2AM) does not contain curves in X that have a non-empty
intersection with the set Z. Let us use this assumption to derive a contradiction.
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Let € be a rational number such that @ < € < 2\. Arguing as in the proof of Lemma 2.13,
we obtain a G-invariant linear system B’ on X such that B’ does not have fixed components,
and there are positive rational numbers €; and € such that 1 > é; > é; > 0 and

( L] {9(F>}) L] ( |_l{g(5)}> | |NLes(X. M) if 7 = g

geG ge

( | ] {g(r)}> |_|N]L<CS<X, ,:Wt) 7>

geG

LCS (X, eLiM + &B) =

Put D = € iM + &B'. Then T is a connected component of the subscheme £(X,D)).
Let £ be the union of all connected components of the subscheme £(X, D) whose supports

do not contains any component of the subvariety A. Then Z C Supp(L), which implies that
W (0p @ Ox (H)) > 14,

because NLCS(X, 2AM) does not contain curves that have a non-empty intersection with Z.
Let Z(X, D) be the multiplier ideal sheaf of the log pair (X, D). Then

0<1°(0a® Ox(H)) =14~ n*(Ox (H) 2 I(X, D)) ~ h°(0; © Ox(H)) <0,

by Theorem 2.2. Thus, we have h°(Ox ® Ox(H)) = 0, which implies that I" is not a point.
It follows from Theorem 2.10 that I' is a smooth curve of genus g such that H -T" > 2g — 1.
By Remark 2.12, the curve A is a disjoint union of smooth curves isomorphic to I'. Then

0=1'(0a® Ox(H)) > H T ~g+1>0,

which is a contradiction.

Thus, there is a curve C; € NLCS(X, 2AM) such that C1 N Z # @.

Let C be the G-orbit of the curve Cy. Then NLCS(X, 2AM) contains every irreducible com-
ponent of the curve C, which implies that deg(C') < 21. Hence, we have Z C C. But

mult p (C) >3
for every P € Yg by Lemma 2.11. Thus, we have
42> 2deg(C) = R-C > Y multp(R)multp(C) > 42,
pPeZ

where R is a general surface in R. Therefore deg(C) = 21 and multp(C) = 3 for every P € Xg.
Note that C' ¢ F, since Z ¢ F. Thus

multp(C)|F N C| < multp(F-C)[FNC| = F-C = deg(C) =21,

for every point P € Z. So the curve C' is smooth at every point of the set F'NC by Theorem 4.8,
which immediately implies that C' is reducible by Lemma 2.15.
Put C =", C;, where C; is an irreducible curve and r € Z~¢. Then deg(C1) € {1,3}. But

deg(C1) +1>|C1nZ|,

because the points of Z impose independent linear conditions on surfaces in | — Kx|. We have
21 14 -3

s Y
deg(Cl) - ‘Cl Nz
because multp(C) > 3 for every point P € Z. Thus deg(Cy) =1, r =21 and |[C1 N Z] = 2.
Since irreducible components of the curve C are lines and mult p(C') = 3 for every point P € Z,
we can easily see that each connected component of the curve C' must have at least 4 components,
so that C' has at most 6 connected components. Then C' is connected by Corollary B.2.
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Let P be a point in Z, let Gp be its stabilizer subgroup in G. Then Gp = A4 by Lemma B.1,
and there are exactly 3 irreducible components of the curve C' containing P, since multp(C') = 3.

Without loss of generality, we may assume that P = C; N Ca N Ch.

The group Gp naturally acts on the set {C7, Cy, Cs}, which implies that there is a subgroup

})CGPgAZL

such that G'p acts trivially on {C, Cy, C3} and G'p> = 7y X Zy. Note that C; is G'p-invariant.
Let P be the point in Z N C such that P # P, let G be its stabilizer subgroup in G. Then

Zig X Ty =2 IPCGpgA%

because ZNCy = {P, P}. But the group G p contains a unique subgroup that is isomorphic to Gp,
which very easily (almost immediately) implies that every point of the set Z is G'p-invariant,
which is impossible, since the group G acts faithfully on Z, because the group G is simple. [J

By Theorem 2.10, the curve S is a smooth curve of genus g such that deg(S) > 29 — 1.
Remark 6.9. By Remark 2.12, the curve Z is a disjoint union of smooth curves isomorphic to S.
Let r be the number of connected components of the curve Z. Put d = deg(.S). Then
(6.10) r(d—g+1) = 14— n°(Ox (H) (X, D)) - h°(0¢)
by (6.6). Note that h’(O,) = 0 if and only if £L(X, D) = Z. Put ¢ = h%(Ox(H) ® Z(X, D)).
Lemma 6.11. One has £(X,D) = Z.
Proof. Suppose that Z C L£(X, D). Then h°(O,) = 8. Tt follows from (6.10) that
r(d—g+1) =6—qg<6,
since h%(Of) # 0. But d — g + 1 > 1, which implies that » = 1. Therefore
g<d—g+1=6-q<6,

which implies that g = 3 by by Lemma 2.16.

If S ¢ F, then |FN S| <21 by Lemma 6.2, which contradicts Lemma 2.15.

We see that S C F. But ¢ < 6, so that ¢ = 1 by Lemmas 4.5. Then d = 7.

There is a natural faithful action of the group G on the curve S such that every G-invariant
divisor on S has even degree by Theorem 2.18. Hence d is even, which is a contradiction. O

In particular, we see that the cases (B) and (C) are impossible.
Lemma 6.12. Suppose that deg(S) = 1. Then r # 7.
Proof. Suppose that r = 7. Then ¢ = 0 by (6.10). In particular, we have S ¢ F. Then
[FNZ|<F-Z=T1,
which contradicts Theorem 4.8, because F' N Z is G-invariant. O
Lemma 6.13. The equality r = 1 holds.

Proof. Suppose that r > 2. Then r > 7 by Corollary B.2. If r > 8, then d— g+ 1 = 1 by (6.10),
which implies that ¢ = d > 2g — 1, which leads to a contradiction.
We see that 7 =7, so that 1 <d — g+ 1 <2 by (6.10). Hence

d—g+1=2,

since the equality d — g+ 1 = 1 leads to a contradiction. Therefore, we have g =d —1 > 2g — 2,
which gives g < 2 and d < 3. Therefore g = 0 and d = 1, which is impossible by Lemma 6.12. [
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Thus, there is a natural faithful action of the group G on the curve S. We have
d=134+g—q>29—1,
which implies that ¢ < 14 — g. Note that g < 14 — ¢ < 14. Then g € {3,8,10} by Lemma 2.16.
Lemma 6.14. The curve S is contained in the surface F.
Proof. If S ¢ F, then |F'N S| < 21 by Lemma 6.2, which is impossible by Lemma 2.15. O
Applying Lemmas 4.5 and 6.14, we see that ¢ € {1,7,8}.
Lemma 6.15. The equality g = 3 holds.
Proof. Suppose that g # 3. Then g € {8,10}. It follows from (6.10) that
q<14—-g<6,
which implies that ¢ = 1. Then d € {20, 22}, which is impossible by Lemmas 2.19 and 2.20. O
Thus, we have d = 16 — ¢, where g € {1,7,8}.
Lemma 6.16. The equality d = 8 holds.
Proof. By Theorem 2.18, there is a G-invariant line bundle 6 € Pic(.5) of degree 2 such that
Pic“(S) = (0),
which implies that d is even. But d = 16 — g and ¢ € {1, 7,8}, so that d = 8. O
Let @ be a surface in the threefold X that is swept out by lines. Then
Q~—2Kx
and the surface @ is irreducible by Lemma 4.7. Note that ) is G-invariant.
Lemma 6.17. The curve S is contained in @ N F.
Proof. By Lemma 6.14, we have S C F. If S ¢ @, then
|Q N S| < 2deg(S) =16
which is impossible by Lemma 2.15. Thus, we see that S C QN F. O
The surface F' is a smooth K3 surface by Lemma 4.10. Then S-S = 0 on the surface X. Put
Q‘F =mS + A,
where m € Z~, and A is curve such that S ¢ Supp(A). Then
(6.18) 16 = 2deg(S) = (mS+A) - S=mS-S+A-S=4m+A-S,
which implies that |[A N S| < 12. Hence, it follows from Lemma 2.15 that
Supp(A) ns=a,

since A is G-invariant. Then A = &, because Supp(A) U.S is connected (see [14, Corollary 7.9]).
It follows from (6.18) that m = 4, which immediately leads to a contradiction, since

4=Q -F-H=4H-S =32,

where H is a general surface in | — Kx|.
The obtained contradiction completes the proof of Theorem 1.13.
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APPENDIX A. PRIME FANO THREEFOLDS OF DEGREE 22

In this section we describe Mukai’s constructions of prime Fano threefolds of degree 22.
Let F(z,y, z) be a quartic form, let C be a curve in P? defined by

F(a:,y,z) =0cCP?x Proj((C[x,y, z]),
and let Ly, Lo, L3, L4, L5, Lg be lines in P2.
Definition A.1. We say that Z?:l L; is a hexagon in P2,
Let Li(z,y,z) is a linear form such that the line L; is given by L;(z,y, z) = 0.
Definition A.2 ([10, Definition 4.1]). The hexagon >.°_, L; is polar to the curve C if

6
F(z,y,2) =) Li(z,y,2).
=1

Consider Z?Zl L; as an element of the Hilbert scheme of points in the dual plane P2.

Definition A.3 ([27], [28], [32]). The variety of polar hexagons to the curve C' is

VSP(C,6) = {r € Hilbg (P2) | T'is polar to the curve C} C Hilbg ().

Let H(x,y, z) be the Hessian form of the form F(x,y, z). Put X = VSP(C,6).
Theorem A.4 ([27, Theorem 5], [28, Theorem 11]). Suppose that H(z,y,z) # 0. Then

e the variety X is a normal threefold,
e the divisor —Kx is an ample Cartier divisor such that (—Ky)? = 22,
e if no polar hexagon to C' is a complete quadrangle (see [10, Definition 6.11]), then

Pic(X) = Z[ - Kx]

and X is smooth.

Suppose that H(x,y, z) # 0 (cf. [10, Theorem 6.12.2]). Put W = Spec(C|z, y, z]) = C3. Then

F(m, v, z) € Sym4 (WV>,

and the partial derivatives of the form F(z,y,z) give an embedding ¢: W — Sym?3(WV).

Suppose that C' is not degenerate (see [10, Definition 2.8]). Then every hexagon I' € X defines
a six-dimensional subspace Wr C Sym?3(W") such that ¢(WW) C Wr. This gives a rational map

X --» Gr(3, U7),

where Uz 2 Sym3(WV)/W. The constructed rational map X --» Gr(3,Uz) can be extended to

an embedding X < Gr(3,U7). This gives an embedding X — P(A3(U7)).
There is a natural sequence of maps

A*(W) ® Sym* (W) - (W ® W) ® (Sme(W) ® Sym? (W)) A,

A, Sym?® (W) ® Sym? (W) T, A2 (Sym3 (W)),
and it follows from [10, Section 2.3] that the quartic form F'(z,y, z) defines a natural map

Sym? (W) Or, Sym? (WV)
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Since the quartic C' is not degenerate, the map dp is invertible. Therefore, there is a natural
choice of a non-zero element 5" € Sym*(W) via the natural map

Hom (Sym2 (WV) , Sym? (W)) >~ Sym? (W) ® Sym? (W) £, Sym* (W),
which implies that the composition v o 8 o « gives a map
WY 2 A2(W) = A2 (Sym? (W),
Lemma A.5. Let w be an element in im(¢) considered as a skew form on
Sym? (WV> )
and let T € Sym3(W") be the kernel of the form w. Then im(¢) C II.
Proof. This is a straightforward computation. O
By Lemma A.5, the map ¢ gives us a map WY — A2(UY). Therefore, one has
WY oUy S A2(UY)o Uy 2 A3 (UY)
so that v o ¢ is a monomorphism. Put
UM:A%UQ/QW%Mﬁ)gC%
and consider im(voc) as a 21-dimensional linear system of hyperplanes in P(A3(Uz)) vanishing on
the image of the threefold X. This gives us a natural embedding X — P(Uyy).
Theorem A.6 (cf. [27], [28], [32]). The embedding X < P(Ui4) is the anticanonical embedding.
Note that X is smooth by Theorem A.4 in the case when C' is sufficiently general.

APPENDIX B. REPRESENTATION THEORY
In this section we collect some facts about the groups PSLy(F7) and SLa(F7).

Lemma B.1 ([6]). Let I be a maximal subgroup in PSLy(F7). Then

e cither I' 2 Z7 x Z3 and T is unique up to a conjugation,
e or I' @S, and PSLy(F7) contains two subgroups isomorphic to I up to a conjugation.

Corollary B.2. If PSLy(F7) acts transitively on a finite set ¥ such that |X| < 41, then
13| € {1,7,8,14,21,24, 28}.

The group PSLy(F7) has exactly six non-isomorphic irreducible representations (see [6]), which
we denote by I, W3, W5, Wg, W7, Wg. The values of their characters are listed in the table:

4@ @[0] @)
i 121 56|42 |24 | 24
I 1 1 1 1 1 1
W31 3|—-110 1 € €
wy [3]—-1]o 1] el e
We | 6| 2 0 0 1| -1
Wel7]-111|-1] 0 0
Wg | 8] 0 |—-1]0 1 1

where we use the following notation:

e the first row represents the conjugacy classes in the group PSLo(FF7) such that
— the symbol id denotes the identity element,
— the symbol (n) denotes a class of elements of order n,
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— the symbols (7) and (7') denote two classes of elements of order 7 such that
* if g € (7), then g2 € (7) and g* € (7),
* if g € (7), then g3 € (7'), g° € (7') and ¢° € (7'),
the second row lists the number of elements in each conjugacy class,
the next six rows list the values of the characters of irreducible representations,
the symbol € denotes the complex number —1/2 + /—7/2,
the symbol € denotes the complex conjugate of the number e.

Looking at the above table, one easily obtains the following corollaries.

Corollary B.3. Let I' be a subgroup of the group PSLs(F7) such that I & A4. Then

e the representation W3 is an irreducible I'-representation,
e the representation Wy is a sum of two irreducible three-dimensional I'-representations.

Corollary B.4. The following isomorphisms of the representations of the group PSLy(F7) hold:
N (W3) 2 Wy, A (Wq) = AP(Wr)Y = AP (W), Sym®(Wy) = Wy @& W,
W@ Wy 2 We @ Wr e Ws, A(Wr) XTaWsaWre Wed Wr e Ws.

Let ¢ be a primitive seventh root of unity, let G be a subgroup in SL3(C) such that
X ¢ 0 0 010 1 = - ¢-¢
G_< 0 C2 0 ) 0 01 y T — <2_<5 C_C6 <4_C3 >7
0 0 C4 1 0 0 v-—1 C*CG <47<3 <27<5
and let ¢: SL3(C) — Aut(P?) be a natural projection. Put G = ¢(G). Then G = G = PSLy(F7).
Lemma B.5 ([37, Section 2.10]). Let C be a G-invariant curve in P2. Then
e deg(C) € {1,2,3,5},

e if deg(C') = 4, then C is the quartic curve described in Example 1.10,
e if deg(C') = 6, then C is the Hessian curve of the quartic curve described in Example 1.10.

Lemma B.6. There are no G-invariant subsets in P2 consisting of at most 20 points.

Proof. Restricting W3 to subgroups of the group PSLy(F7), we qbtain the required assertion,
because we may assume that Ws is given by the monomorphism G — SL3(C). U
Let I' be a subgroup in SLy(F7), let 7: SLa(IF7) — PSLa(F7) be a natural epimorphism. Then
I'=2.nx(T)
if 7(T") is isomorphic to PSLa(F7), S4, Ay, Z7 X Z3, Dy, or Ss.

The following table contains the character values of one four-dimensional and one eight-dimen-
sional irreducible representations of the group SLs(7) and some information about its subgroups:

id | —id | (3)3 | (3)6 | ()7 | ()7 | (T)1a | (T)1a | (2)a | (4)s | (4)s

G 1] 1 56|56 | 24|24 24 [ 24 |42 42 42
2.54 1 1 8 8 0 0 0 0 18 6 6
2.A4 1 1 8 8 0 0 0 0 6 0 0
0(Z7xZs)| 1| 1 | 14 | 14| 3 | 3] 3] 3 0] 0] 0
2.Dy 1 1 0 0 0 0 0 0 10 2 2
2.53 1 1 2 2 0 0 0 0 6 0 0
Uy 4| -4 -1 o o —o | —Q 0 0 0
Us §|—s8| -1 1] 11| -1]-1]0]o0]o

where we use the following notations:

e the first row represents the conjugacy classes in SLo(7) such that
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— the symbol id denotes the identity element,

— the symbol —id denotes the element different from id such that 7(—id) € ker(n),

— the symbol (n); denotes elements of order k such that 7((n)x) have order n,
the next six rows list the number of conjugacy class elements that lie in the corresponding
subgroup of the group SLo(7) isomorphic to a group listed in the first cell of the raw,
the next two rows list the values of the characters of two irreducible representations,
the symbol a denotes the complex number —(¢3 + ¢® + ¢9),
the symbol & denotes the complex conjugate of the number «.

Lemma B.7. Suppose that I' = 2.(Z7 x Z3). Then Uy =T @ J and
Us=ToT & J1DJo

as representations of the group I', where J, J; and J; are pairwise non-isomorphic one-dimen-
sional representations, while 7" and T} are irreducible three-dimensional representations.

Proof. Let x4 and xs be the characters of the representations Uy and Ug, respectively. Then
<X47 X4> =2,

which immediately implies that Uy =2 J @& T for some one-dimensional representations J and
some irreducible three-dimensional representation 1" of the group I', because irreducible repre-
sentations of the group I' are either one-dimensional or three-dimensional. Similarly, we have

<X87 X8> = 4a
which implies that Ug = J1 @ Jo @ T1 & T> for some one-dimensional representations J; % Jo
and some irreducible three-dimensional representations 77 2 T» of the group T
We may assume that 75 = T', because there exist exactly two three-dimensional representa-
tions of the group I' with a non-trivial action of its center. But

<X4) X8> = 17
which implies that that neither J; nor Js is isomorphic to J. (]

Note that we can consider PSLy(FF7)-representations also as SLo(IF7)-representations.
Lemma B.8. One has Sym?(Us) & Wy and
Sym*(Us) 2 I & Ws & Ws @ Wy & Wy & Wy
as representations of the group PSLs(F7) or the group SLa(F7).
Proof. This follows from elementary and explicit computations (see also [8, Appendix 1]). O

Lemma B.9. As a representation of the group I', the representation Uy splits as

e a sum of two irreducible two-dimensional subrepresentations if I" & 2.5y,

e a sum of two irreducible two-dimensional subrepresentations if I' 2 2. Ay,

e a sum of two irreducible two-dimensional subrepresentations if I' 2 2.Dy,

e a sum of an irreducible two-dimensional and two non-isomorphic
one-dimensional subrepresentations if I' = 2.S3.

Proof. Let x4 be the character of the representations Uy. If I' = 2.Dy, then

<X47 X4> =2,
which easily implies that Uy splits as a sum of two irreducible two-dimensional subrepresenta-
tions, because 2.D4 has no odd-dimensional non-trivial irreducible representations.

Since all irreducible representations of the group 2.A4 with a non-trivial action of its center
are two-dimensional, the representation Uy splits as a sum of two irreducible two-dimensional
subrepresentations of the group I'if I’ = 2.A4 or I' = 2.5,.
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To complete the proof, we may assume that I' & 2.S3. Then there is an epimorphism I' — Zg4.

Let U be the standard unitary two-dimensional irreducible representation of the group T,
let J and J; be one-dimensional representations of the group I' that arise from the faithful
non-isomorphic one-dimensional representations of the group Z4. Then

u,=2UseJa);

as can be seen from the following table that lists the character values of these representations:

id | —id | 3)s | (3) | (2)4
255 1 1 2 2 6
Usg | 4| —4 1 -1 0
v | 2] -2 -1 1 0
J | 4| —4 1 -1 | /-1
Ji | 4| —4 1 -1 | —/-1
where we used notation similar to the ones used in the table above. U
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