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ENDOMORPHISM ALGEBRAS AND AUTOMORPHISM
GROUPS OF CERTAIN COMPLEX TORI

YURI G. ZARHIN

ABSTRACT. We study the endomorphism algebra and automorphism
groups of complex tori, whose second rational cohomology group enjoys
a certain Hodge property introduced by F. Campana.

1. INTRODUCTION

Let X be a connected compact complex Kéahler manifold of dimension > 2,
H?(X, Q) its second rational cohomology group equipped with the canonical
rational Hodge structure, i.e., there is the Hodge decomposition

H2(X, Q) 9 € = H2(X,C) = H**(X) & H () & H2°(X)

where H2?(X) = Q2(X) is the space of holomorphic 2-forms on X, H?(X)
is the “complex-conjugate” of H??(X) and H"!(X) coincides with its own
“complex-conjugate” (see [7, Sections 2.1-2.2], [10, Ch. VI-VII])). The fol-
lowing property of X was introduced and studied by F. Campana [5, Defi-
nition 3.3]. (Recently, it was used in the study of coisotropic and lagrangian
submanifolds of symplectic manifolds [1].)

Definition 1.1. A manifold X is irreducible in weight 2 (irréductible en
poids 2) if it enjoys the following property.
Let H be a rational Hodge substructure of H2(X, Q) such that

He nH*(X) # {0}

where H¢ := H ®¢ C.
Then Hc contains the whole H29(X).

Our aim is to study complex tori 7" that enjoy this property.

1.2. Let T'= V/A be a complex torus of positive dimension g where V is
a g-dimensional complex vector space, and A is a discrete lattice of rank 2g
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2 YURI G. ZARHIN
in V. One may naturally identify A with the first integral homology group
Hi(T,Z) of T and

Ap=A®Q={veV|3IneZ\{0} such that nv € A}

with the first rational homology group H; (7, Q) of T'. There are also natural
isomorphisms of real vector spaces

AR=Ag®R =V, A@r—rA

that may be viewed as isomorphisms related to the first real cohomology
group H; (T, R) of T*

Hi(T,R)=H(T,Z) ® R = H(T,Q) ® R — V.
In particular, there is a canonical isomorphism of real vector spaces
Hy(T,R) = V, 1)
and a canonical isomorphism of complex vector spaces
Hi(T,C) =Hi(T,Q) g C=H(T\R) ®r C =V @r C =: V¢ (2)

where H; (T, C) is the first complex homology group of 7.
There are natural isomorphisms of R-algebras

Endz(A) @ R 2 Endr(V), u® 7 — ru,
Endg(Ag) ® R = Endg(V), u®r +— ru,
which give rise to the natural ring embeddings
Endz(A) € Endg(Ag) € Endr(V) C Endg(V) ®g C = Endc(Ve).  (3)

Here the structure of an 2¢g-dimensional complex vector space on V¢ is de-
fined by

2v@s)=vRzsVoseVerC=1V, z€C.

If u € Endg (V') then we write uc for the corresponding C-linear operator in
Ve, ie.,
uc(v®z) =ulv)®zVueV,zeC,o®z e V. (4)

Remark 1.3. Sometimes, we will identify Endg (V') with its image Endr(V)®
1 € End¢(Ve) and write u instead of uc, slightly abusing notation.

As usual, one may naturally extend the complex conjugation z — Z on C
to the C-antilinear involution

Ve—=- Vo, w— w0, v02—1R02=0Q Z,

which is usually called the complex conjugation on V. Clearly,

uc(w) = u(w) Yu € Endgr(V),w € V. (5)
This implies easily that the set of fixed points of the involution is
V=V®I1c.

Let End(T") be the endomorphism ring of the complex commutative Lie
group T and End®(T) = End(T) ® Q the corresponding endomorphism
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algebra, which is a finite-dimensional algebra over the field Q of rational
numbers, see [8, 4, 2]. Then it is well known that there are canonical iso-
morphisms

End(T) = Endz(A) NEndc(V), End®(T) = Endg(Ag) N Endg (V).

Let g > 2 and
2
H(T,Q) = A\(Ae, Q)
Q
be the second rational cohomology group of T', which carries the natural
structure of a rational Hodge structure of weight two:

H(T,Q) = H*(T, Q) ®q C = H*(7) & H"(T) & H"*(T)

where H?9(T) = Q%(T) is the g(g — 1)/2-dimensional space of holomorphic
2-forms on 7.

Definition 1.4. Let ¢ = dim(7T") > 2. We say that T is 2-simple if it is
irreducible of weight 2, i.e., enjoys the following property.
Let H be a rational Hodge substructure of H2(T, Q) such that

He NH*%(T) # {0}

where H¢ := H ®¢ C.
Then Hc contains the whole H29(T).

Remark 1.5. We call such complex tori 2-simple, because they are simple
in the usual meaning of this word if g > 2, see Theorem 1.7(i) below.

Example 1.6. (See [5, Example 3.4(2)].) If g = 2 then dimc(H*%(T)) = 1.
This implies that (in the notation of Definition 1.4) if Hc N H>0(T) # {0}
then Hc contains the whole H*?(T'). Hence, every 2-dimensional complex
torus is 2-simple.

In what follows we write Aut(7") = End(7T")* for the automorphism group
of the complex Lie group T
Our main result is the following assertion.

Theorem 1.7. Let T be a complex torus of dimension g > 3. Suppose that
T is 2-simple.
Then T enjoys the following properties.
(i) T is simple.
(ii) If E is any subfield of End’(T) then it is a number field, whose degree
over Q is either 1 or g or 2g.
(ii) End®(T) is a number field E such that its degree [E : Q] is either 1
(i.e., End®(T) = Q, End(T) = Z) or g or 2g.
(iv) If End(T) = Z then Aut(T) = {£1}.
(v) If [E : Q] = 2g then E is a purely imaginary number field and
Aut(T) =2 {£1} x 2971
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(vi) Suppose that [E : Q] = g. Then Aut(T) = Z¢ x {+1} where the
integer d satisfies § —1<d<g—1.
In addition, if T is a complex abelian variety then E is a totally
real number field and d = g — 1.

Remark 1.8. (i) It is well known (and can be easily checked) that T is
simple if and only if the rational Hodge structure on Ag = H1(T',Q)
is irreducible. !

(i) We may view H2(T,Q) as the Q-vector subspace H?(T,Q) ® 1 of
H?(T,Q) ®g C = H?(T,C). Let us consider the Q-vector (sub)space

HYY(T, Q) := HX(T,Q) n HM(T)

of 2-dimensional Hodge cycles on T'. Notice that the irreducibility of
the rational Hodge structure on Ag implies the complete reducibility

of the rational Hodge structure on H*(T,Q) = Homg (/\(2@ Ag, Q).

(It follows from the reductiveness of the Mumford-Tate group of a
simple torus [6, Sect. 2.2].) In light of (i) and Theorem 1.7(i), a
complex torus 7' of dimension > 2 is 2-simple if and only if it is
simple and H?(T,Q) splits into a direct sum of H!(7,Q) and an
irreducible rational Hodge substructure.

We prove Theorem 1.7 in Section 3, using explicit constructions related
to the Hodge structure on Ag that will be discussed in Section 2.

This paper may be viewed as a follow up of [8] and [2].

I am grateful to Frédéric Campana and Ekaterina Amerik for interesting
stimulating questions.

2. HODGE STRUCTURES

2.1. It is well known that Ag = H; (T, Q) carries the natural structure of a
rational Hodge structure of weight —1. Let us recall the construction. Let
J : V. — V be the multiplication by i = v/—1, which is viewed as a certain
element of Endg (V') such that

J? = —1.

Hence, Jé = —1in End¢ (V) and we define two mutually complex-conjugate
C-vector subspaces (of the same dimension) H_; o(T") and Ho _1(T) of V¢
as the eigenspaces V(i) and Ve (—i)of Jc attached to eigenvalues i and —i
respectively. Clearly,

Ve =Ve(i) @ Ve(—i) = Ho1o(T) @ Ho 1 (T),

which defines the rational Hodge structure on Ag, in light of Vo = Ag ®g C.
It also follows that both H_;¢(7") and Hp —;(7") have the same dimension

29/2=g.

LA rational Hodge structure H is called irreducible or simple if its only rational Hodge
substructures are H itself and {0} [6, Sect. 2.2].
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Now it’s a time to recall that V is a complex vector space. I claim that
the map

\P:V%Vc(i):H_LQ(T), v~ Jo®l4+ovRi (6)
is an isomorphism of complex vector spaces. Indeed, first, ¥ defines a ho-
momorphism of real vector spaces V' — V. Second, if v € V' then

Jo(Jvel+vei) =Jwel+Jvei=—0@l+Jvei=i(Jvel+vei),
ie, Jo®l+v®ie Ve(i) = Hp—1(T) and therefore the map (6) is defined

correctly. Third, taking into account that J is an automorphism of V' and
Ve =V ®16V ®i, we conclude that V¥ is an injective homomorphism of
real vector spaces and the dimension arguments imply that is is actually an
isomorphism. It remains to check that ¥ is C-linear, i.e.,

U(Jv) =i¥(v).
Let us do it. We have
U(Jv)=J(J)@1l+Jvei=—v®l+Jvi=i(Jv®l+uv®i)=i¥(v).

Hence, V¥ is a C-linear isomorphism and we are done.
Now suppose that u € Endg(V) commutes with J, i.e., u € Endc (V).
Then

Vou=ucoW. (7)
In particular, H_; o(7") is uc-invariant. Indeed, if v € V' then
You(v) = Ju(v)@14u(v)@i = uJ (v)@1+uc(vRi) = uc(J(v)®1)+uc(vRi) = uco¥(v),
which proves our claim.
Similarly, there is an anti-linear isomorphism of complex vector spaces
V — Vc(—i) = Ho,fl(T), v JvRl—v®i.
It is also well known that there is a canonical isomorphism of rational
Hodge structures of weight 2
2

H*(T, Q) = Homg(/\ Hi(T,Q), Q)
Q

where the Hodge components H?4(T') (p,q > 0,p + g = 2) are as follows.
2 2
H*%(T) = Home(/\(H-1,0(T),C), H*(T) = Home(/\ (Ho,1(T),C),
C C
(8)
H"!(T) = Homc(H_1 o(T), C)AHomc (Ho,—1(T), C) = Home(H-1 o(T), C)@cHome (Ho,—1(T), C).
Clearly,

dime (H2(T)) = @.
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3. ENDOMORPHISM FIELDS AND AUTOMORPHISM GROUPS

Proof of Theorem 1.7. Let T be a 2-simple complex torus and
g =dim(T) > 3.

(i) Suppose that T is not simple. This means that there is a proper
complex subtorus S = W/I' where W is a complex vector subspace of V'
with

0 <d=dimc(W) <dimg(V) =g
such that
r=wnA
is a discrete lattice of rank 2d in W. Then the quotient 7'/S is a complex
torus of positive dimension g — d.

Let H C H?(T,Q) be the image of the canonical injective homomor-
phism of rational Hodge structures H2(T'/S, Q) — H?(T, Q) induced by the
quotient map 7" — T'/S of complex tori. Clearly, H is a rational Hodge
substructure of H%(T, Q) and its (2,0)-component

H*? C He

has C-dimension

(g—d)(g—d—1) <g(g*1)

dime (H*?) = dime(H*(T/S))) = 5 2

— dime (H2(T)).
In light of 2-simplicity of T',
dim¢(H*?) = 0,

which implies that

g—d=1.
On the other hand, let H be the kernel of the canonical surjective homo-
morphism of rational Hodge structures H?(T,Q) — H2(S,Q) induced by
the inclusion map S C T of complex tori. Clearly, H is a rational Hodge
substructure of H2(T, Q). Notice that the induced homomorphism of (2, 0)-
components H*?(T) — H20(9) is also surjective, because every holomorphic
2-form on S obviously extends to a holomorphic 2-form on 7. This implies
that the (2,0)-component

H*° ¢ He
of H has C-dimension

dime (29) = dime(H20(T)) — dime(H20(5))) = 29—1) _ 41

0.
2 2

In light of 2-simplicity of T,

dime(H2) = dime(H20(7))) = 99— 1).

which implies that d(dgl) =0, i.e., d = 1. Taking into account that g—d = 1,

we get ¢ = 1+ 1 = 2, which is not true. The obtained contradiction proves
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that T is simple and (i) is proven. In particular, End(T) is a division
algebra over Q.

In order to handle (ii), let us assume that F is a subfield of End®(T"). The
simplicity of T" implies that 1 € FE is the identity automorphism of 7. Then
Ag becomes a faithful F-module. This implies that E is a number field and
Aq is an E-vector space of finite positive dimension

This implies that Vo = Ag®qgC is a free E®gC-module of rank dg. Clearly,
both H_1o(T") and Hy _1(T") are E ®g C-submodules of its direct sum V.
Let

trp/Q : E—-Q
bet the trace map attached to the field extension E/Q of finite degree. Let
2

HomE(/\ Ag, E)
E

be the %—dimensional FE-vector space of alternating E-bilinear forms
on Ag that carries the natural structure of a rational Hodge structure of

Q-dimension [E : Q] - %. There is the natural embedding of rational
Hodge structures

2 2

HomE (/\AQ7E> — HomQ(/\AQ7Q) = HQ(Tv Q)v ¢E —> ¢ = tI'E/QOd)E,
E Q

(9)

(b()\l, )\2) = trE/Q (QbE()\l; )\2)) VA1, A € AQ. (10)

The image of Hompg (/\2}3 Ag, E) in Homg (/\é2 Ag, Q> = H%(T, Q) coincides
with the Q-vector subspace

ie.,

2
Hp :={¢ € Homg | \ Ag, Q | | ¢(ud1,As) = ¢(A1,uda) Yu € E, A1, Xy € Ag}.

Q
(11)
Indeed, it is obvious that the image lies in Hg. In order to check that the
image coincide with the whole subspace Hg, let us construct the inverse

map
2

Hp — Hompg (/\A@,E> b op
E
to (9) as follows. If Ay, Ay € Ag then there is a Q-linear map
D E—Q, urs d(udi, A2) = d(A1, ud2) = —d(udz, A1) = —d(A2, ulr).
(12)
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The properties of trace map imply that there exists precisely one § € E
such that
P(u) = trg/g(uf) Yu € E.
Let us put
op(A1, A2) = 0.

It follows from (12) that ¢p € Hompg (/\2E AQ,E). In addition,

trg/(@r(M, A2)) = trg/o(B) = tre/p(l - 8) = (1) = ¢(A1, A2),

which proves that ¢ — ¢p is indeed the inverse map, in light of (10).

Clearly, Hg is a rational Hodge substructure of H?(T, Q).

By 2-simplicity of T', the C-dimension of the (2,0)-component Hg’o) of
Hp is either 0 or g(g — 1)/2. Let us express this dimension explicitly in
terms of g and [E : Q).

In order to do that, let us consider the [E : Q]-element set X g of all field
embedding ¢ : F — C. We have

Ec = E®qC = ®yex,;C; where C, = E®p, C=C, (13)
which gives us the splitting of E¢-modules
Ve = @oenp Vo = Goeny (Ho10(1)o © Ho,—1(T)s) (14)

where for all o € X we define
H 10(T)y := CoH 10(T) = {z € H_1o(T) | ucr = o(u)z Vu € E} C H_1o(T);
Ng = dimc(Hfl,o(T)g);

Ho—1(T)y := CoHo—1(T) = {z € Hy—1(T) | ucz = o(u)x Vu € E} C Ho_1(T);
me := dimc(Ho—1(7T")s);

Vo=Co=C,Ve={xeVe|ucx=0(u)zVuec E} =H_;o(T)s®Ho1(T)s

Since H_1 o(T)®Hp,—1(T') = V¢ is a free Ec-module of rank d, its direct
summand V is a C, = C-vector space of dimension dg and therefore

Ne + My = dg Yo € Xg. (15)

Since H_1 o(T") and Hp —1(T") are mutually complex-conjugate subspaces
of Vg, it follows from (5) that

me = ng where ¢ : E — C, u%m
is the complex-conjugate of o. Therefore, in light of (15),
ne +nz = dg Vo. (16)
We have

Z Ng = Z dime(H-10(T)o) = dime(H-1,0(T)) = g (17)

O'EZE O'EEE
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Let us consider the complexification of Hg

2 2 2
Hg ¢ := Hp®gC C Homg (/\ AQ,Q) ®qC = Homc¢ (/\(AQ Qg (C),(C) = Hom¢ </\ V@,C) .

C
In light of (11),

2
Hpc = {¢ € Homc (/\ V(C,(C> | p(ucw,y) = ¢(x,ucy) Vu € E,;z,y € V}

(18)
2

= {¢ € Homc (/\ Vc,C> | p(ucz,y) = d(z,ucy) Yu € Eg;z,y € Vet

In particular, if o, 7 € X are distinct field embeddings then for all ¢ € Hg ¢

¢(Vaa VT) = ¢(V77 Vo) = {O}
This implies that

2
HE,(C = BgoexpHome (/\ Voa(c> (19)
C
2
= @JGZEHOHI(C(/\ (H—l,O(T)U S3] HO,—I(T)U) 7(C)
C
In light of (8), the (2,0)-Hodge component of Hg ¢

2

HEO & s, Home ( A H_LO(T)U,C> and dime(HEY) = 30 ”a(";—l)
c oEXE
(20)

This implies that dimC(Hg’O)) = 0 if and only if all n, € {0,1}. If this is
the case then, in light of (16), dg € {1,2}, i.e., [E: Q] = 2g or g.

On the other hand, it follows from (17) combined with the second formula
in (20) that dim(c(Hg’O)) = g(g — 1)/2 if and only if there is precisely one
o with n, = ¢g (and all the other multiplicities n, are 0). This implies that
either dg = 29 and £ = Q or dg = ¢ and F an imaginary quadratic field
with the pair of the field embeddings

0,06 : FE—:C
such that
ne =g, ng = 0.

Let us assume that dp = g. Then FE is an imaginary quadratic field; in

addition,
u € E C Endg(Ag) C Endgr(V)

then uc acts on H_1o(7") as multiplication by o(u) € C. In light of (5),
uc acts on the complex-conjugate subspace Ho _1(T") as multiplication by
o(u) = a(u) € C. Since F is an imaginary quadratic field, there are a
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positive integer D and o € E such that a? = —D and E = Q(«). It follows
that o(a) = #iv/D. Replacing if necessary a by —a, we may and will
assume that
o(a) =iVD
and therefore ac acts on H_; o(7) as multiplication by iv/'D. Hence, ac
acts on Hy _1(7") as multiplication by iv'D = —ivD. Since
Ve =H_10(T) ®Ho_1(T),
we get ac = v/ DJc and therefore
a=+VDJ.

This implies that the centralizer End’(T) of J in Endg(Ag) coincides with
the centralizer of o in Endg(Ag), which, in turn, coincides with the central-
izer Endg(Ag) of E in Endg(Ag), i.e.,

End’(T) = Endg(Ag) = Maty, (F).

This is the matrix algebra, which is not a division algebra, because dg =
g > 1. This contradicts to the simplicity of 7. The obtained contradiction
rules out the case dg = ¢g. This ends the proof of (ii).

In order to prove (iii), recall that End’(T) is a division algebra of Q,
thanks to the simplicity of T' [8]. Hence Ag is a free End®(T)-module of
finite positive rank and therefore

dimg (End®(T)) 29, (21)
because 2g = dimg(Ag). We will apply several times already proven asser-
tion (ii) to various subfields of End®(T).

Suppose that End®(T) is not a field and let Z be its center. Then Z is a

number field and there is an integer d > 1 such that dimz(End%(T)) = d?
and therefore

dimg(End®(T)) = d*- 2 : Q]
divides 2g, thanks to (21). Since Z is a subfield of End’(T), the degree
[Z : Q] is either 1 or g or 2¢g. If [Z : Q] > 1 then 2g is divisible by

d*-[2:Q] > 2%g = 4,

which is nonsense. Hence, [Z : Q] = 1, i.e., Z = Q and End®(T) is a central
division Q-algebra of dimension d? with d?|2g. Then every maximal subfield
E of the division algebra End®(T) has degree d over Q. Hence d € {1,g,2g}.
Since d > 1, we obtain that either d = g and ¢*|2g or d = 2g and (2g)?|2g.
This implies that d = g and g = 1 or 2. Since g > 3, we get a contradiction,
which implies that End®(T) is a field.

It follows from already proven assertion (ii) that the degree dimg(End’(T"))
of the number field End(T) is either 1 or g or 2g. Assertion (iv) is obvious
and was included just for the sake of completeness.

In order to handle the structure of Aut(T'), let us check first that the only
roots of unity in End®(7) are 1 and —1. If this is not the case then the
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field End® (T) contains either v/—1 or a primitive pth root of unity ¢ where
p is a certain odd prime. In the former case End®(T) contains the quadratic
field Q(v/—1), which contradicts (ii). In the latter case End®(T") contains
either the quadratic field Q(\/—p) or the quadratic field Q(,/p): each of
these outcomes contradicts to (ii) as well.

Now recall that End(T) is an order in the number field E = End®(T') and
Aut(T) = End(T)* is its group of units. By Theorem of Dirichlet about
units [3, Ch. II, Sect. 4, Th. 5|, the group of units

Aut(T) =2 Z% x {£1} with d=r+s—1 (22)
where r is the number of real field embeddings F <— R and
[E:Q]—r
—

Let us prove (v). Assume that the number field E := End’(T) has degree
2g. The dimension arguments imply that Ag is a 1-dimensional E-vector
space and V = Ag ®qR is a free Er = E ®gR-module of rank 1. Hence Er
coincides with its own centralizer Endg, (V') in Endg (V). Since J commutes
with End)(T) = E, it also commutes with Eg and therefore

J € EndER(V) = FER.

r+2s=[E:Q], ie, s= (23)

Recall that the R-algebra FpR is isomorphic to a product of copies of R and
C. Since J? = —1, the only copies of C appear in Eg, i.e., E is purely
imaginary, which means that » = 0 and therefore 2g = [E : Q] = 2s. This
proves the first assertion of (v); the second one follows readily from (22)
combined with (23).

Let us prove (vi). Assume that [E : Q] = g. Then the first assertion
follows readily from (22) combined with (23).

Assume now that 7" is a complex abelian variety. By Albert’s classification
[9], E = End®(T) is either a totally real number field or a CM field. If E is a
CM field then it contains a subfield Ey of degree [E : Q]/2 = g/2. Since Ej
is a subfield of End®(T") and 1 < g/2 < g (recall that g > 3), the existence
of Ey contradicts to the already proven assertion (ii). This proves that E
is a totally real number field, i.e., s = 0,7 = g. Now the assertion about
Aut(T) follows from (22). O
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