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Abstract

Let G be a reductive group over a non-archimedean local field k. We provide neces-
sary conditions and sufficient conditions for all tori of G to split over a tamely ramified
extension of k. We then show the existence of good semisimple elements in every
Moy–Prasad filtration coset of the group G(k) and its Lie algebra, assuming the above
sufficient conditions are met.
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1 Introduction

Many important results in the representation theory of reductive groups over non-archimedean
local fields, as well as related topics, rely crucially on the existence of particularly nice
semisimple elements in the Lie algebra or in the group itself that were called “good” by
Adler ([Adl98]), or on the corresponding notion of “genericity” introduced by Yu ([Yu01])
for the dual of the Lie algebra. More precisely, a common assumption is that all tori of
the reductive group split over a tamely ramified extension and that every Moy–Prasad fil-
tration coset of (the Lie algebra of) such a torus contains a good element. However, it has
been unclear under what conditions these assumptions are satisfied. In the present paper,
we obtain sufficient conditions and necessary conditions on the reductive group G and the
residual characteristic p for the assumption to be satisfied. In particular, we provide a crite-
rion for the existence of good semisimple elements in all Moy–Prasad filtration cosets of the
group and of its Lie algebra. While this question in the Lie algebra setting has previously
been considered under more restrictive hypotheses by Adler and Roche ([AR00]), to our
knowledge the present paper presents the first result about the existence of good semisimple
elements in all positive depth Moy–Prasad filtration cosets of the group. Good elements in
the Lie algebra and their analogue in the dual of the Lie algebra are important ingredients in
the constructions of supercuspidal representations by Adler and Yu. The goodness property
is also used in the study of inclusion of Bruhat–Tits buildings of Levi subgroups, for the
existence of good minimal K-types, and for the study of characters and orbital integrals as
well as Hecke algebras, to name a few examples.

To explain our results in more detail, let us assume in the introduction that G is an absolutely
simple reductive group over a non-archimedean local field k. General reductive groups are
treated in the main part of the paper.

It is an easy exercise to show that if p does not divide the order of the Weyl group W of
G, then all tori of G split over a tamely ramified field extension of k, see Proposition 2.1.
However, it seemed unknown if this condition is also necessary. In Theorem 2.4 we show
that this condition is necessary unless G is a non-split inner form of type An (n ≥ 2), Dl (l
a prime greater 4), or E6. In these cases we provide an optimal upper bound for the set of
primes p for which all tori of G are tamely ramified, and we prove that this upper bound is
achieved for some inner form, see Theorem 2.4 Part 2. This is done in Section 2.

In Section 3 we show that the condition p - |W| is also sufficient for the existence of sufficiently
many good semisimple elements in the following sense. If T is a maximal torus of G with
Lie algebra t, then we denote its Moy–Prasad filtration indexed by a discrete subset of the
rational numbers . . . , r−1, r0, r1, r2, . . . by

. . . ) tr−1 ) tr0 ) tr1 ) tr2 ) . . . .

Suppose T splits over a tamely ramified extension of k. Then, for n ∈ Z, we call an element
X in trn a good element if all roots of G with respect to T that do not vanish at X have
valuation rn (when evaluated on X). The assumption frequently used in the representation
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theory of and harmonic analysis on the group G(k) is that for every integer n, every coset in
trn/trn+1 contains a good element. In Theorem 3.3 we prove that this is always true under
the assumption that p - |W|. In Theorem 3.6 we prove the analogous statement in the group
setting.

As mentioned above, the Lie algebra setting has already been studied earlier by Adler and
Roche under more restrictive hypotheses, see [AR00, Section 5]. For example, they assume
that p > 113, 373 or 1291 if G is of type E6, E7 or E8, respectively, while we only require
p > 5, 7 or 7 in these cases. However, their proof for general reductive groups (i.e. the proof
of [AR00, Lemma 5.12]) seems to contain a mistake that led us to providing this new, more
general proof.

Notation. Throughout the paper k denotes a non-archimedean local field of arbitrary
characteristic, and k∗ = k−{0}. We denote by ks a separable closure of k, and all separable
extensions of k are viewed inside ks. We let P be the maximal ideal of the ring of integers O
of k, and Pks the maximal ideal of the ring of integers of ks. We write val : k → Z∪{∞} for
the discrete valuation on k with image Z∪ {∞}, and we also denote by val : ks → Q∪ {∞}
its extension to ks. We denote the characteristic of the residue field O/P by p and its
cardinality by q.

Unless mentioned otherwise, G denotes a reductive group over k, and we use the convention
that all reductive groups are connected.

If S is a torus of G, we denote by NG(S) and ZG(S) the normalizer and centralizer of S
in G, respectively, and we write Z(G) for the center of G. If T is a maximal torus of
GE := G×kE for some extension E of k, then Φ(G, T ) denotes the roots of GE with respect
to T , and we might abbreviate Φ(G, Tks) by Φ(G) if the choice of torus does not matter.
We write W for the Weyl group of G(ks), i.e. W ' NG(T (ks))/T (ks) for some maximal
torus T of Gks . If T is a torus defined over some field E (usually a finite extension of k,
or ks), then we write X∗(T ) = HomE(Gm, T ) for the group of cocharacters and X∗(T ) =
HomE(T,Gm) for the group of characters of T defined over E. For a subset Φ of X∗(T )⊗ZR
(or X∗(T ) ⊗Z R) and R a subring of R, we denote by RΦ the smallest R-submodule of
X∗(T ) ⊗Z R (or X∗(T ) ⊗Z R, respectively) that contains Φ. For χ ∈ X∗(T ), we denote by
dχ ∈ HomE(Lie(T ),Lie(Gm)) the induced morphism of Lie algebras. If T is split, we use the
notation 〈·, ·〉 : X∗(T ) × X∗(T ) → Z for the standard pairing. If Φ is a root system, then
we denote by Φ̌ the dual root system, and for α ∈ Φ, we let α̌ be the corresponding dual
root and ω̌α the fundamental coweight, i.e. ω̌α(β) = δα,β for β ∈ Φ (as usual, the expression
δa,b denotes the number one if a = b and zero otherwise.). Moreover, we denote by sα the
reflection corresponding to α in the Weyl group associated to Φ, e.g. in W if Φ = Φ(G). If
T is a split maximal torus of GE defined over an extension E of k, then for α ∈ Φ(G, T ), we
set Hα = dα̌(1) ∈ Lie(T )(E).

In addition, we use the following common notation: If E is an extension of k, then OE
denotes the ring of integers in E. As already used above, the base change of a scheme S
over k to E is denoted by SE. If E and F are extensions of k, then we denote by EF the
composite field. We write Z(p) for the integers localized away from the prime ideal (p), and
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Sn for the symmetric group on n letters for n ∈ Z>0. If w is an element of a finite group
W , then CentW (w) denotes the centralizer of w in W . In addition, if H is a group scheme
over k, then we write H1(k,H) for the Galois cohomology set H1(Gal(ks/k), H(ks)), and
Hom(A,B)/∼ denotes the set of group homomorphisms from a group A to a group B up to
conjugation by elements of B.

Acknowledgments. The author thanks Jeffrey Adler, Stephen DeBacker, Tasho Kaletha,
Ju-Lee Kim and Alan Roche for discussions related to this paper and Beth Romano for
feedback on an earlier version of this paper. The author also thanks the Max-Planck-Institut
für Mathematik and the Institute for Advanced Study for their hospitality and wonderful
research environment. While at the Institute for Advanced Study the author was supported
by the National Science Foundation under Grant No. DMS - 1638352. The author also
appreciates earlier support by a postdoctoral fellowship of the German Academic Exchange
Service (DAAD).

2 Condition for tame tori

We begin with the case that G is an absolutely simple reductive group, and recall the
following most likely well known result.

Proposition 2.1. Let G be an absolutely simple reductive group defined over a non-archimedean
local field k of residual characteristic p. If p does not divide |W|, the order of the Weyl group
W of G(ks), then every torus of G splits over a (finite) tamely ramified field extension of k.

Proof. Let T be a torus of G, and assume p - |W|. Since every torus is contained in a
maximal torus that is also a maximal torus over ks, we may assume that Tks is a maximal
torus of Gks . Then the Gal(ks/k)-action on Tks factors through W o Aut(Dyn), where
Aut(Dyn) denotes the automorphisms of the Dynkin diagram corresponding to Φ(G). Thus,
since p - |W| and Aut(Dyn) | |W|, hence p - |W o Aut(Dyn)|, the Gal(ks/k)-action factors
through the action of Gal(E/k) for some finite tamely ramified field extension E of k, and
T splits over E.

In order to address the reverse direction, which turns out to be true as well except for some
non-split inner forms of split groups of type An, Dn and E6, we begin with two lemmata. The
first lemma shows the existence of certain Galois extensions of k that will be used to construct
tori that do no split over any tamely ramified extension of k when certain conditions are
met.

Lemma 2.2. Let k be a non-archimedean local field of residual characteristic p.

(1) Let N be an integer divisible by p. Then there exists a wildly ramified Galois extension
E of k with Galois group Z/NZ.

(2) Suppose F is a finite Galois extension of k with Galois group Z/1Z,Z/2Z,Z/3Z or S3.
Then there exists a Galois extension E of k of degree 2 such that E ∩ F = k, hence
Gal(EF/k) = Gal(E/k)×Gal(F/k).
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Proof. By local class field theory Galois extensions of k with cyclic Galois group Γ corre-
spond to open subgroups U of k∗ such that k∗/U ' Γ. Since k has precisely one unramified
extension of degree N , it suffices to observe that k∗ has at least two open subgroups U such
that k∗/U ' Z/NZ to prove (1). This follows from the following isomorphisms of topological
groups ([Neu99, Chapter II. (5.7.) Proposition]): If k has characteristic zero, then

k∗ ' Z⊕ Z/(q − 1)Z⊕ Z/paZ⊕ Zdp
for some a ≥ 0 and d = [k : Qp], and if k has characteristic p, then

k∗ ' Z⊕ Z/(q − 1)Z⊕ ZN
p .

More precisely, the unramified extension of degree N corresponds to the subgroup NZ in
the first summand, and an example of a wildly ramified Galois extension of k with Galois
group Z/NZ is provided by taking the one corresponding to the subgroup given by Np′Z in
the first summand, NpZp in the last summand and all the full remaining summands, where
N = Np′Np with p - Np′ and Np is a power of p.

In order to prove (2), first consider the case that F is either unramified or totally ramified.
In this case we can take E to be a degree two totally ramified or unramified extension of k,
respectively, which exists by considerations as in the proof of (1) (note that q − 1 is even
if p 6= 2). Then E ∩ F = k, as desired. If F is neither unramified nor totally ramified,
then Gal(E/k) ' S3. The group S3 contains a unique order three normal subgroup, which
corresponds to a degree two Galois extension E ′ of k contained in E. If E ′ is unramified,
then we choose F to be a degree two totally ramified Galois extension, and otherwise we let
F be the degree two unramified extension of k. In both cases E ∩ F = E ′ ∩ F = k.

For the second lemma, we allow G to be any (connected) reductive group over k. We fix
a maximal torus T of G and let WT = NG(T )/T . If T ′ is any torus of G, then there
exists g ∈ G(ks) such that T ′ = gTg−1, and the map Gal(ks/k) → NG(T )(ks) given by
σ 7→ g−1σ(g) defines a cocycle whose image in H1(k,NG(T )) is independent of the choice of
g. On the other hand, any cocycle σ 7→ nσ in H1(k,NG(T )) that maps to the trivial cocycle
in H1(k,G) gives rise to a (conjugacy class of a) torus T ′ in G as follows. Write nσ = g−1σ(g)
for some g ∈ G(ks) and set T ′ = gTg−1. Then for all σ ∈ Gal(ks/k) we have

σ(T ′) = σ(g)σ(T )σ(g−1) = gnσTn
−1
σ g−1 = gTg−1 = T ′,

hence the tours T ′ is defined over k. Moreover, a different choice g′ ∈ G(ks) with nσ =
(g′)−1σ(g′) yields a torus that is G(k)-conjugate to T ′. Raghunathan proved in [Rag04,
Main Theorem 1.1] that the map

H1(k,NG(T ))→ H1(k,WT )

induced by the quotient map NG(T )→ WT = NG(T )/T is surjective and that if G is quasi-
split and T is the centralizer of a maximal split torus, then every element of H1(k,WT ) lifts
to an element in ker(H1(k,NG(T )) → H1(k,G)). A similar result was obtained around the
same time by Gille ([Gil04]). As a consequence we obtain the following lemma, for which an
alternative proof is given by Kaletha in [Kal16, Lemma 3.2.2].
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Lemma 2.3. Let G be a (connected) reductive group defined over a non-archimedean local
field k, and let G′ be its quasi-split inner form. If T is a maximal torus of G, then T is
isomorphic to a maximal torus of G′.

Proof.
Let π : G → Gad = G/Z(G) be the adjoint quotient of G. Then the maximal tori of G
are in one to one correspondence with maximal tori in Gad via T 7→ π(T ) (with inverse
T 7→ π−1(T )). Since the action of Gal(ks/k) on tori is determined the action on the center
of G, which is the same for all inner forms, and by the permutation of root groups, it suffices
to treat the case of G being adjoint.

Let T be a maximal torus of G and T ′ the centralizer of a maximal split torus of G′.
Let φ : G′ks → Gks be an isomorphic that sends T ′ to T . Then for σ ∈ Gal(ks/k), the
automorphism φ−1 ◦ σ(φ) corresponds to conjugation by an element nσ ∈ NG(T )(ks), which
yields a cocycle σ 7→ nσ in H1(k,NG(T )). By [Rag04, Main Theorem 1.1] there exists a
cocycle σ 7→ n′σ ∈ H1(k,NG(T )) whose image in H1(k,G) is trivial and whose image in
H1(k,W ) agrees with the image of σ 7→ nσ. Let g ∈ G(ks) such that n′σ = g−1σ(g) for
all σ ∈ Gal(ks/k). Then T ′′ = gT ′g−1 is a maximal torus of G′ that is defined over k and
is isomorphic to T , because the image of σ → nσ and σ → n′σ under H1(k,NG(T ′)) →
H1(k,WT ′)→ H1(k,WT ′)→ H1(k,Aut(T ′)) agree.

Now we are ready to prove the reverse direction to Proposition 2.1 and characterize the set
of primes p for which G contains only tame tori.

Theorem 2.4. Let G be an absolutely simple reductive group defined over a non-archimedean
local field k of residual characteristic p.

1. If G is not of one of the following forms

• a non-split inner form of a split group of type An for some positive integer n ≥ 2,

• a non-split inner form of a split group of type Dl for some prime number l ≥ 4,

• a non-split inner form of a split group of type E6,

then the following two statements are equivalent

(i) Every torus of G splits over a (finite) tamely ramified field extension of k.

(ii) p does not divide |W|.

2. If G is

• an inner form of a split group of type An for some positive integer n ≥ 2, or

• an inner form of a split group of type Dl for some prime number l ≥ 4, or

• an inner form of a split group of type E6,
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then the set of primes SG for which every torus of G splits over a tamely ramified field
extension of k is not the same for all inner forms of G.

More precisely, denote by S−G the set of all primes p with p - |W|, and

(a) if G is an inner form of a split group of type An, then let S+
G be the set of all

primes p that do not divide n+ 1,

(b) if G is an inner form of a split group of type Dl, then let S+
G be the set of all

primes p that do not divide |W| /l = 2l−1(l − 1)!,

(c) if G is an inner form of a split group of type E6, then let S+
G be the set of all

primes p that do not divide |W| /5 = 27 · 34.

Then we have S−G ⊆ SG ⊆ S
+
G , and there exist inner forms G− and G+ of G such that

S−G = SG− and S+
G = SG+.

Remark 2.5. In the case of G being an inner form of a split group of type An, Dl or E6,
we do not state which set of primes has to be excluded for which inner forms. However,
the interested reader might use the methods employed in the following proof to work out a
classification.

For the readers convenience, we list the order of the irreducible Weyl groups in Table 1
([Bou02, VI.4.5-VI.4.13]).

type An (n ≥ 1) Bn, Cn (n ≥ 2) Dn (n ≥ 3) E6 E7 E8 F4 G2

|W| (n + 1)! 2n · n! 2n−1 · n! 27 · 34 · 5 210 · 34 · 5 · 7 214 · 35 · 52 · 7 27 · 32 22 · 3

Table 1: Order of irreducible Weyl groups ([Bou02, VI.4.5-VI.4.13])

Proof of Theorem 2.4.
Proof or Part 1. By Proposition 2.1 it suffices to show that if (ii) is not satisfied, than (i)
is not true either, so let us assume that p divides |W|. Recall that over a non-archimedean
local field every anisotropic maximal torus transfers to all inner forms (see [Kot86, §10] and
[Kal16, Lemma 3.2.1]). Hence it suffices to exhibit an anisotropic maximal torus that does
not split over a tamely ramified extension for the case when G is quasi-split, so we assume
that G is quasi-split for the remainder of the proof of Part 1. Let T be a maximal torus of
G contained in a Borel subgroup B of G (that is defined over k). Let W = NG(T )/T , hence
W = W (ks). We distinguish three cases.

Case 1: W is not of type An, D2n+1 or E6 with n ∈ Z≥2. In other words, W contains the
element -1 when viewed as a reflection subgroup acting on X∗(Tks)⊗Z R for some maximal
torus T of G. The equivalence of these two conditions follows from [Hum90, 3.19 Corollary]
combined with [Hum90, Table 3.1].

If T is split, then W = W (k). If T is not split, then W is of type D2n for some n ≥ 2, and
W (k) =WGal(ks/k), where the Gal(ks/k)-action factors through the group of automorphism
ofW induced by a Dynkin diagram automorphisms. If the Gal(ks/k)-action factors through
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an order two automorphism ofW , then, by [Ste68, Theorem 32 and p. 175], the group W (k)
is a Weyl group of type B2n−1. Thus, if p | |W| = 2n−1(2n)!, then p | |W (k)| = 2n−1(2n−1)!.
If the Gal(ks/k)-action on W does not factor through an order two automorphism, then
n = 2, and it has to factor through the action of S3, and the normal subgroup A3 of order
three has to act non-trivially. By [Ste68, Theorem 32 and p. 176], the fixed subgroup of W
under the action of A3 is a Weyl group of type G2, which is generated by s3 and s1s2s4,
where s1, s2, s3, s4 denotes a set of simple reflections of W (determined by a Borel subgroup
containing T ) such that A3 permutes the commuting elements s1, s2, s4. Since S3 acts by
permuting {s1, s2, s4} and fixing s3, we have WA3 = WS3 = W (k). Hence, p | |W| = 23 · 4!
implies that p | |W (k)| = 22 · 3. Thus, in all cases p | |W (k)|, and we choose an element w
of order p in W (k).

In addition, we have −1 ∈ W (k) =WGal(ks/k), because the Galois action preserves the center
of W , which only consists of 1 and -1 ([Hum90, 6.3 Proposition (d)]).

Let E1 be a minimal Galois extension of k over which T splits. We assume that E1 is tamely
ramified over k because otherwise we are done. Note that we observed above that Gal(E1/k)
is isomorphic to Z/1Z, Z/2Z, Z/3Z or S3. Let E2 be a degree two Galois extension of k
such that E1 ∩E2 = k, which exists by Lemma 2.2(2). If E2 is tamely ramified over k, then
let E3 be a totally, wildly ramified Galois extension of k of degree p, which exists by Lemma
2.2(1), otherwise let E3 = k. Then we have E1E2 ∩ E3 = k, and hence Gal(E1E2E3/k) '
Gal(E1/k) × Gal(E2/k) × Gal(E3/k). Note that Gal(E2/k) × Gal(E3/k) acts trivially on
W and Gal(ks/k) acts trivially on W (k) = WGal(ks/k). This allows us to define a cocycle
f : Gal(ks/k)→W by requiring that it factors through Gal(E2E3/k) ' Z/2Z×Z/[E3 : k]Z
and satisfies f((a, b)) = (−1)a ·w

p
[E3:k]

·b
for (a, b) ∈ Z/2Z×Z/[E3 : k]Z ' Gal(E2E3/k). This

is a well defined cocycle by the above discussion and it has nontrivial image in H1(k,W ),
which lifts to a cocycle σ 7→ nσ in H1(k,NG(T )) that maps to the trivial class in H1(k,G)
by [Rag04, Main Theorem 1.1]. Thus there exists g ∈ G(ks) such that nσ = g−1σ(g) for all
σ ∈ Gal(ks/k), and T ′ = gTg−1 is defined over k. Moreover, since the nontrivial element of
Gal(E2/k) acts via -1 on X∗(T

′
ks), the maximal torus T ′ is anisotropic. It remains to show

that T ′ does not split over a tamely ramified extension. Suppose T ′ split over a tamely
ramified extension F , and let E be the composite E1F . Then the image of σ 7→ nσ in
H1(E,NG(T )) would be the trivial class, hence (the image of) f would represent the trivial
class in H1(E,W ) = Hom(Gal(ks/E),W (E))/∼. This would contradict the fact that the
image of Gal(ks/E) under (the image of) f in Hom(Gal(ks/E),W (E)) contains the nontriv-
ial element w (if E3 6= k) or -1 (if E3 = k).

Case 2: W is of type An, D2n+1 or E6 with n ∈ Z≥2 and G is not split. We assume T splits
over a tamely ramified extension as otherwise we are done. Then the action of Gal(ks/k)
on T factors through a tamely ramified quadratic Galois extension E1/k. We denote the
induced action of the non-trivial element ρ ∈ Gal(E1/k) on X∗(Tks) by τ . Then τ is the
automorphism induced by the non-trivial Dynkin-diagram automorphism (for the set of
simple roots ∆ determined by the Borel subgroup B). Let w0 be the longest element in

8



Tame tori and good elements Jessica Fintzen

W (with respect to ∆). Then w0(∆) = −∆ and w2
0 = 1. For α ∈ ∆, denote by sα the

corresponding simple reflection inW . Then w0sαw0 = s−w0(α), and hence the automorphism
of W obtained by conjugation by w0 stabilizes the set of simple reflections of W , i.e. arises
from an automorphism of the Dynkin diagram. Since −1 6∈ W , we have w0 6= −1, and
therefore w0 = −τ .

Let E3 be a totally, wildly ramified Galois extension of k of degree p, which exists by Lemma
2.2(1), and let w ∈ W be an element of order p. We define f : Gal(ks/k)→W by requiring
that it factors through Gal(E1E3/k) ' Z/2Z × Z/pZ and satisfies f((a, b)) = wb · wa0 for
(a, b) ∈ Z/2Z× Z/pZ ' Gal(E1E3/k). Since Gal(ks/E1E3) acts trivially on W , and

f((a, b) + (c, d)) = wb+d · wa+c
0 = wb · wa0 · (wa0(wd · wc0)wa0) = f((a, b)) · ρa(f((c, d)))

for (a, b) and (c, d) in Z/2Z×Z/pZ ' 〈ρ〉×Z/pZ ' Gal(E1E3/k), the map f is a cocycle that
defines an element in H1(k,W ). As in Case 1, by [Rag04, Main Theorem 1.1] this element of
H1(k,W ) lifts to a cocycle σ 7→ g−1σ(g) inH1(k,NG(T )) for some g ∈ G(ks), and T ′ = gTg−1

is a torus defined over k. Let ρ′ ∈ Gal(ks/k) be a preimage of (ρ, 0) ∈ Gal(E1/k)× Z/pZ '
Gal(E1/k) × Gal(E3/k). Then ρ′ acts on X∗(T

′
ks) via w0τ = w0(−w0) = −1, and hence T ′

is anisotropic. Moreover, T ′ does not split over a tamely ramified extension by construction
(and the same argument as in Case 1), and therefore (i) does not hold, which we needed to
show.

Case 3: W is of type An, D2n+1 or E6 with n ∈ Z≥2 and G is split. If 2n+ 1 is not a prime
number, then all primes p dividing |W| = 22n(2n + 1)! for W of type D2n+1 also divide
|W| /(2n + 1) = 22n(2n)!, and hence the first paragraph of the proof of Part 2(b) (which
applies to l = 2n + 1 not being a prime number as well) together with Proposition 2.1 will
show that (i) and (ii) are equivalent. Hence, by the theorem statement, the remaining cases
to treat are those for which G splits. Therefore it suffices to exhibit a torus T ′ ⊂ G that
does not split over a tamely ramified extension. Let E be a degree p totally ramified Galois
extension of k, and let w ∈ W be an element of order p. Then we can define a cocycle
f : Gal(ks/k) → W by requiring that it factors through Gal(E/k) and sends a generator
of Gal(E/k) to w. This yields an element of H1(k,W ), which can be lifted to a cocycle
σ 7→ g−1σ(g) ∈ H1(k,NG(T )) for some g ∈ G(ks) by [Rag04, Main Theorem 1.1], and
T ′ = gTg−1 is a desired torus (by the same reasoning as in Case 1).

Proof of Part 2.
Note that S−G ⊆ SG by Proposition 2.1, and if G− denotes the split inner form of G, then
S−G = SG− by Part 1. In order to show that SG ⊆ S+

G and that S+
G = SG+ for some inner

form G+ of G, we treat the three cases (a), (b) and (c) separately.

(a) Let G be an inner form of a split group of type An for some positive integer n ≥ 2, and
let π : Gsc → G be the map from the simply connected cover of G to G. Then the maximal
tori of Gsc are in one to one correspondence with the maximal tori in G via T 7→ π(T ).
Since the action of Gal(ks/k) on tori is determined by the permutation of root groups, the

9
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splitting fields of T and π(T ) coincide. Therefore it suffices to treat the case when G is
simply connected, i.e. G is an inner form of SLn+1.

The anisotropic maximal tori of SLn+1 are isomorphic to the norm-one subtori of ResE/kGm

for a degree-(n + 1) separable extensions E/k. Hence, if p | n + 1, then we can choose a
degree-(n+1) wildly ramified Galois extension E of k by Lemma 2.2(1). Then the norm-one
subtorus of ResE/kGm is an anisotropic maximal torus of SLn+1, hence transfers to G, and
does not split over a tame extension of k. Thus, if every torus of G splits over a tamely
ramified field extension of k, then p - n+ 1.

On the other hand, consider the case that G is an anisotropic inner form of SLn+1. Then
all tori in G are anisotropic, and by Lemma 2.3 isomorphic to tori of SLn+1. In addition,
if p - n + 1, then any degree-(n + 1) separable extension of k is tame and contained in a
tamely ramified Galois extension of k over which ResE/kGm (and its norm-one subtorus)
splits. Hence all tori of G split over a tamely ramified extension of k if p - n+ 1.

(b) Let G be an inner form of a split group of type Dl for some prime number l ≥ 4.
By [Car72, Proposition 25] together with [Car72, Table 3] for 1 ≤ i ≤ l−1

2
there exists an

element wi inW whose characteristic polynomial is given by (tl−i + 1)(ti + 1) (when viewing
W as acting on X∗(Tks) ⊗Z R for some maximal torus T of G). Thus wi is elliptic, i.e.
(X∗(Tks)⊗Z R)wi = {0}, and the order Ni of wi is the least common multiple of 2(l− i) and
2i. Thus for p | |W| /l = 2l−1(l − 1)!, i.e. p < l, we can choose 1 ≤ i ≤ l−1

2
so that p | Ni.

Let E be a wildly ramified Galois extension of k with Galois group Z/NiZ, which exists by
Lemma 2.2 (1). Then we can define a cocycle f : Gal(ks/k)→W by requiring that f factors
through Gal(E/k) and sends a generator of Gal(E/k) to wi. Analogous to Part 1 this yields
an anisotropic torus in the split inner form of G that therefore transfers to G and that does
not split over a tamely ramified extension.

It remains to show that for p = l there exists an inner form G of every split group of type
Dl for which all tori split over a tamely ramified extension. We consider the inner form G
corresponding to the symbol 1D

(2)
p,(p−3)/2 using the notation of [Tit66]. This group has the

name 4Dp in [Tit79], and it has split rank p−3
2

. Let S be a maximal split torus of G. From
the index in Figure 1 provided by [Tit66, page 56], we see that the root system of ZG(S)×kks
is of type A

(p−3)/2
1 × A3.

· · ·
α1 α2 α3 α4 αp−4 αp−3 αp−2

αp−1

αp

Figure 1: Index for 1D
(2)

p, p−3
2

([Tit66, page 56])

Suppose there exists a maximal torus T of G that does not split over a tamely ramified
extension of k. By Lemma 2.3 we can identify T with a maximal torus of the split in-
ner form G′ of G, which yields a cocycle f in H1(k,WT ′) ' Hom(Gal(ks/k),W)/∼, where

10
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WT ′ = NG′(T
′)/T ′ for some split maximal torus T ′ of G′. Let E be a Galois extension of

k such that Gal(ks/E) is the kernel of (a representative of) f ∈ Hom(Gal(ks/k),W), and
let Et be the maximal tamely ramified extension of k contained in E. Then Gal(E/k) is
isomorphic to a subgroup of W , and hence the normal p-subgroup Gal(E/Et) is isomorphic
to Z/pZ. Without loss of generality (since all order-p subgroups of W are conjugate), we
may assume that the image of Gal(E/Et) is generated by w = sα1sα2 . . . sαp−1 for simple
roots α1, α2, . . . , αp as in Figure 1. This means w is a Coxeter element in the subgroup
Sp /W of type Ap−1 generated by sα1 , . . . , sαp−1 . In other words, w corresponds to a cycle
of length p in Sp. Suppose w′ is another element in the image of Gal(E/k) in W . Then w′

normalizes 〈w〉, i.e. conjugation by w′ sends the cycle w of length p in Sp to another cycle
of length p in Sp. Hence there exists w′′ ∈ Sp /W such that w′w′′ centralizes w. Thus the
element w′w′′w has order a multiple of p. However, W does not contain any elements of
oder Np for N > 1 (see, e.g., [Car72, Proposition 25]). Thus w′w′′ ∈ 〈w〉, hence w′ ∈ Sp,
and the image of Gal(ks/k) in W is contained in Sp =

〈
sα1 , . . . , sαp−1

〉
. Note that since w

is a Coxeter element of Sp, it has only 0 as fixed point when restricted to the subspace of
X∗(Tks)⊗R spanned by α̌1, . . . , α̌p−1. Hence (X∗(Tks)⊗R)Gal(ks/k) = R · ω̌αp , and T has split
rank one. If we denote by ST the maximal split subtorus of T , then by [Ste75, 2.14 Lemma]
the group ZG(ST ) ×k ks is a reductive group whose root system consists of all the roots of
Φ(G, Tks) that are a linear combination of α1, α2, . . . , αp−1, hence it is of type Ap−1. On the
other hand, all maximal split tori of G are conjugated over k, i.e. without loss of generality
ST is contained in S. This implies that the split group ZG(ST )×k ks of type Ap−1 contains

the split group ZG(S)×k ks of type A
(p−3)/2
1 × A3 as a Levi subgroup, which is not possible

looking at their Dynkin diagrams. Hence all tori of G split over a tamely ramified extension
of k.

(c) Let G be an inner form of a split group of type E6. We proceed in the same spirit as in
(b). Let w ∈ W be a Coxeter element. Then w has order 12, and (X∗(Tks) ⊗ R)w = {0}.
Thus, if p | |W|

5
= 27 ·34, we can choose a wildly ramified Galois extension E of k with Galois

group Z/12Z, and define a homomorphism f : Gal(ks/k) → W by requiring that it factors
through Gal(E/k) and sends a generator of Gal(E/k) to w. Analogous to above this yields
an anisotropic maximal torus in the split inner form of G that therefore transfers to G and
that does not split over any tamely ramified extension of k.

It remains to show that for p = 5 there exists an inner form G of every split group of type
E6 for which all tori split over a tamely ramified extension. Consider the inner form G
corresponding to the symbol 1E16

6,2 in [Tit66], which has the name 3E6 in [Tit79]. This group
has split rank two and the connected component of the centralizer ZG(S)×k ks of a maximal
split torus S has type A2×A2, as can be read of from the index in Figure 2 ([Tit66, page 58]).

Suppose there exists a maximal torus T of G that does not split over a tamely ramified
extension, and let f ∈ Hom(Gal(ks/k),W) denote a representative for the resulting cocycle
when T is viewed as a torus of the split inner form of G. Let E be a Galois extension of k
such that Gal(ks/E) is the kernel of f ∈ Hom(Gal(ks/k),W), and let Eur and Et denote
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α1

α2

α3 α4 α5 α6

Figure 2: Index for 1E16
6,2 ([Tit66, page 58])

the maximal unramified extension and maximal tamely ramified extension of k contained in
E, respectively. By the structure of local Galois groups, we have Gal(E/k) ' Gal(E/Et) o
(Gal(Et/Eur) o Gal(Eur)). Let w5 be a generator of f(Gal(E/Et)) ' Z/5Z. Without loss
of generality, w5 = sα1sα3sα4sα2 for the simple roots α1, α2, . . . , α6 as provided by Figure 2,
i.e. w5 corresponds to a Coxeter element in the subgroup S5 /W generated by α1, α2, α3

and α4. Thus, if w′ is the image of a generator of Gal(Et/Eur) ⊂ Gal(E/k) in W (using the
above choice of isomorphism Gal(E/k) ' Gal(E/Et)o (Gal(Et/Eur) o Gal(Eur)) to obtain
the embedding), it normalizes 〈w5〉, and we can write w′ = w′1 · w′2 with w′1 ∈ S5 /W and
w′2 ∈ W such that w′2 commutes with w5. Note that the order of w′2w5 is a multiple of 5. By
[Car72, Table 9] there exist precisely two conjugacy classes in W whose elements have order
divisible by 5, one is the conjugacy class of w5, and the other is the conjugacy class of an
element w10 of order 10 that is the product of w5 = sα1sα3sα4sα2 and w2 := sα6 . Changing
the decomposition w′ = w′1 ·w′2 if necessary (by multiplying w′1 and w′2 with suitable powers
of w5), we may assume that w′2 is either trivial or has order two. If w′2 has order two, then
there exists g ∈ W such that gw5w2g

−1 = w5w
′
2, and raising the equation to the second

and fifth power, we deduce that g ∈ CentW (w5) and w′2 = gw2g
−1. By [Car72, Table 9], the

conjugacy class of w5 inW contains 5184 = 26 ·34 elements, hence |CentW (w5)| = 2 ·5, which
implies that CentW (w5) = 〈w5w2〉. Thus w′2 = w2 in this case. Similarly, if w′′ denotes the
image of a generator of Gal(Eur/k) ⊂ Gal(E/k) in W , then w′′ = w′′1 ·w′′2 with w′′1 ∈ S5 and
w′′2 ∈ {1, w2}.
Hence, we have

〈w5〉 ⊂ f(Gal(ks/k)) ⊂ S5 × 〈w2〉 . (1)

Note that the subgroup S5 of W preservers the subspace V1 of X∗(Tks) ⊗Z R spanned by
α̌1, α̌2, α̌3, α̌4, and acts trivially on the subspace V2 of X∗(Tks) ⊗ R spanned by ω̌α5 and
the subspace V3 of X∗(Tks) ⊗ R spanned by α̌6. In particular, the element w5 acts on the
subspace V1 via a Coxeter element of S5, and acts trivially on the subspace V2 ⊕ V3. On
the other hand, w2 acts trivially on V1 and V2 and acts via the Coxeter element −1 of the
subgroup S2 /W generated by sα6 on the subspace V3. Therefore we have two possibilities

for (X∗(Tks)⊗Z R)Gal(ks/k) = (V1 ⊕ V2 ⊕ V3)Gal(ks/k), which we treat separately.

In the first case, (X∗(Tks)⊗Z R)Gal(ks/k) = R · ω̌α5 ⊕ R · α̌6 = R · ω̌α5 ⊕ R · ω̌α6 , and hence
T has split rank two. If we denote by ST the maximal split subtorus of T , then by [Ste75,
2.14 Lemma] the reductive group ZG(ST ) ×k ks has root system of type A4 (spanned by
α1, α2, α3, α4), which contradicts that ST is conjugate to S and ZG(S)×k ks has root system
of type A2 × A2.

12
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In the second case, (X∗(Tks)⊗Z R)Gal(ks/k) = R · ω̌α5 , hence T has split rank one. If we
denote by ST the maximal split subtorus of T , then by [Ste75, 2.14 Lemma] the reductive
group ZG(ST ) ×k ks has root system of type A4 × A1 (spanned by α1, α2, α3, α4 and α6)
and is supposed to contain a group isomorphic to ZG(S) ×k ks as a Levi subgroup. This is
impossible since the latter has a root system of type A2 × A2.

Thus we obtain a contradiction in all cases and therefore every torus of G splits over a tamely
ramified extension.

Using the result for absolutely simple groups, we can easily deduce the result for arbitrary
reductive groups.

Corollary 2.6. Let G be a (connected) reductive group defined over a non-archimedean local
field k of residual characteristic p.

If G splits over a tamely ramified field extension of k and p - |W|, then every torus of G
splits over a tamely ramified field extension of k.

If Φ(G) does not contain a component of type An for some integer n ≥ 2, Dl for some prime
l ≥ 4 or E6, then the reverse implication holds as well. Otherwise, the reverse direction
might require slight modifications of the conditions on p as described in Theorem 2.4 Part 2.

Proof.
Suppose G splits over a tamely ramified Galois extension E of k, and p - |W|. Let T be a
maximal torus of G, T ′ a maximal split torus of GE, and WT ′ = NGE(T ′)/T ′. Then TE is a
maximal torus of GE, and its isomorphism class is determined by a class of a cocycle in the
image of H1(E,NGE(T ′)) → H1(E,WT ′) ' Hom(E,W)/∼. Since p - W , the class becomes
trivial over a tamely ramified Galois extension E ′ of E, and hence T splits over a tamely
ramified extension of k.

In order to prove the reverse direction, suppose p | |W|, because the case of G not splitting
over a tamely ramified extension is obvious. By taking the preimage, it suffices to exhibit a
non-tame torus in the case that G is adjoint. Then G is a finite product of restrictions of
scalars

∏
1≤i≤r ResEi/kGi for some finite Galois extensions Ei of k and Gi absolutely simple

reductive groups over Ei. If p | |W|, the prime p divides the order of the Weyl group of
Gj ×Ej ks for some 1 ≤ j ≤ r. If Φ(Gj) is not of type An for some integer n with p - n, Dp if
p ≥ 4, or E6 if p = 5, then by Theorem 2.4 there exists a torus Tj in Gj that does not split
over tamely ramified extension of k. Thus we obtain a torus ResEj/k Tj of G that does not
split over a tamely ramified extension of k.

3 Existence of good elements

Let T be a maximal torus defined over k and let E be some finite separable extension of k.
Following Moy–Prasad ([MP94, MP96]) we define a filtration of T (E) index by r ∈ R≥0 as
follows. We let T (E)0 denote the OE-points of the identity component of the Néron lft-model
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of TE, which is a subgroup of finite index in the maximal bounded subgroup of T (E). For
r > 0 we set

T (E)r = {t ∈ T (E)0 | val(χ(t)− 1) ≥ r ∀χ ∈ X∗(Tks)} .

If T splits over a tamely ramified extension of E, then for r > 0

T (E)r = {t ∈ T (E) | val(χ(t)− 1) ≥ r ∀χ ∈ X∗(Tks)} .

[This can be seen as follows: If T is split of rank n over E, then the claim follows from
the observation that the connected component of the Néron lft-model is isomorphic to Gn

m

(over OE). If T splits over a tamely ramified Galois extension E ′ of E, then by [Yu15,
4.6.2 Proposition], we have T (E)r = (T (E ′)r)

Gal(E′/E) = T (E ′)r ∩ T (E), which yields the
desired result using the split case.]

Similarly, we have a Moy–Prasad filtration of the Lie algebra t(E) := Lie(T )(E) given by

t(E)r = {X ∈ t(E) | val(dχ(X)) ≥ r ∀χ ∈ X∗(Tks)}

for r ∈ R.

As commonly done, we set T (E)r+ =
⋃
s>r T (E)s and t(E)r+ =

⋃
s>r t(E)s, and we some-

times abbreviate t(k)r by tr and write t = Lie(T )(k).

Note that different authors use different conventions for the indexing of the Moy–Prasad
filtration. Here we have chosen our indices in such a way that if E/k is tamely ramified
Galois, then tr = t(E)r ∩ t (for r ∈ R) and T (k)r = T (E)r ∩ T (k) (for r > 0).

Let us recall the definition of good elements in the Lie algebra introduced by [Adl98, Defi-
nition 2.2.4].

Definition 3.1. A semisimple element X ∈ g is called good if there exists a maximal torus
T ⊂ G that splits over a finite tamely ramified Galois extension E of k and a real number
r such that X ∈ t(E)r − t(E)r+ and for every α ∈ Φ(G, TE), we have dα(X) = 0 or
val(dα(X)) = r.

These elements play an important role in the representation theory of p-adic groups and
harmonic analysis on them, and authors commonly assume that all tori split over a tamely
ramified extension and that every coset of tr/tr+ contains a good semisimple element. We
have seen in Section 2 that all tori of an absolutely simple reductive group split over tamely
ramified extension if p - |W|. In order to show that this also guarantees the existence of good
semisimple elements, we will first draw some consequences from the condition that p - |W|.

Lemma 3.2. Let G be a (connected) reductive group over k. Suppose p - |W|. Then

(1) ZΦ/ZΦ0 is p-torsion free for every closed subsystem Φ0 of Φ := Φ(G), i.e. p is not a
bad prime for Φ(G) (in the sense of [SS70, 4.1]),

(2) X∗(Tks)/Z[α |α ∈ Φ] is p-torsion free,
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(3) p does not divide the index of connection of Φ̌0 for any sub-root system Φ0 of Φ that is
generated by a proper subset of a basis of Φ.

Proof.
(1) It suffices to consider the case that Φ = Φ(G) is irreducible. By [SS70, 4.3], the root
system of type An (n ≥ 1) has no bad primes, Bn (n ≥ 2), Cn (n ≥ 2) and Dn (n ≥ 4) have 2
as a bad prime, E6, E7, F4 and G2 have 2 and 3 as bad primes and E8 has 2, 3 and 5 as bad
primes. Comparing this with Table 1, we see that all bad primes divide |W|.

type An (n ≥ 1) Bn, Cn (n ≥ 2) Dn (n ≥ 4) E6 E7 E8 F4 G2

bad primes - 2 2 2, 3 2, 3 2, 3, 5 2, 3 2,3
index of connection n + 1 2 4 3 2 1 1 1

Table 2: Bad primes and index of connection of irreducible root systems

(2) Recall that by [Bou02, VI.2 Proposition 7] the index of connection divides |W|. (For the
reader’s convenience the index of connection is shown in Table 2.) Hence X∗(Tks)/Z[α |α ∈
Φ] is p-torsion free, because the order of the torsion subgroup of X∗(Tks)/Z[α |α ∈ Φ] divides
the index of connection, which is coprime to p.

(3) Note that the Weyl group of Φ̌ and the Weyl group of Φ are isomorphic, and the Weyl
group of Φ̌0 is a subgroup of Φ̌, because a basis of Φ̌0 can be extended to a basis of Φ̌ by
[Bou02, VI.1, Proposition 4 and Proposition 24]. Hence p does not divide the order of the
Weyl group of Φ̌0 and therefore does not divide the index of connection of Φ̌0 either.

The following theorem about the existence of good elements provides an alternative to cor-
recting the proof of the existence of good elements in every Moy–Prasad filtration coset of
the Lie algebra of a tamely ramified maximal torus in [AR00, Lemma 5.12] and, at the same
time, uses much milder hypotheses than those of [AR00] (for general reductive groups). For
general reductive groups Adler and Roche ([AR00]) assumed that p > c(G), while we only
assume p - |W|. For the precise definition of the constant c(G) see [AR00, p. 453]. To
give an example, for E6, E7 and E8, the constant c(G) is ≤ 113, 373, and 1291, respectively
([AR00, Table, p. 452]), while the condition p - |W| is equivalent to p being larger than 5, 7
and 7, respectively.

Theorem 3.3. Let G be a reductive group defined over a non-archimedean local field k of
residual characteristic p. Suppose that p - |W| and G splits over a tamely ramified extension
of k. Then for every maximal torus T of G, and any r ∈ R, every coset of tr/tr+ contains a
good element.

Proof.
Let X + tr+ be a coset of tr/tr+, i.e. pick X ∈ tr. Let Φ0 ⊂ Φ := Φ(G, Tks) be the collection
of roots α for which val(dα(X)) > r. If Φ0 = Φ, then X ⊂ tr+, because X∗(Tks)/Z[α |α ∈ Φ]
is p-torsion free by Lemma 3.2(2). In this case X + tr+ = tr+ contains the good element
0. Thus, for the remainder of the proof we assume that Φ0 6= Φ. Note that Φ0 is a closed
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subsystem of Φ (i.e. ZΦ0 ∩Φ = Φ0). Since p - |W|, we have by Lemma 3.2(1) that ZΦ/ZΦ0

is p-torsion free. Hence we obtain Φ0 = QΦ0 ∩Φ. Moreover, since X and T are defined over
k, the set Φ0 is stable under the action of the absolute Galois group Gal(ks/k). Let ∆0 be a
basis for Φ0. For α ∈ ∆0 we denote by ω̌0

α the element of QΦ̌0 that satisfies 〈ω̌0
α, β〉 = δα,β for

all β ∈ ∆0. Since by Lemma 3.2(3) the prime p does not divide the index of connection of
Φ̌0, i.e. p - |Z[ω̌0

α |α ∈ ∆0]/Z[α̌ |α ∈ ∆0]|, we deduce that ω̌0
α ∈ Z(p)Φ0. Hence, we can write

ω̌0
α =

∑
β∈∆0

nββ̌ with nβ ∈ Z(p), and define Hω̌0
α

=
∑

β∈∆0
nβHβ ∈ tks , where nβ denotes

the image of nβ in Oks (for β ∈ ∆0). Then dβ(Hω̌0
α
) = δα,β for β ∈ ∆0 and dβ(Hω̌0

α
) ∈ Oks

for all β ∈ Φ.

Let Y1 ⊂ tks = Lie(T )(ks) be the ks-subspace spanned by {Hα = dα̌(1) |α ∈ Φ0} (or,
equivalently, by {Hω̌0

α
|α ∈ Φ0}), and define Y2 ⊂ tks by

Y2 = {Z ∈ Lie(T )(ks) | dα(Z) = 0 ∀α ∈ Φ0} .

Then, tks = Y1 ⊕ Y2, and by the above observations about Φ0, the subspaces Y1 and Y2

are Gal(ks/k)-stable. Write X = X1 + X2 with X1 ∈ Y1, X2 ∈ Y2. Since Y1 and Y2 are
Gal(ks/k)-stable, X1 and X2 lie in t. We will show that X2 is a good element in X + tr+.

Note that for α ∈ Φ0, we have dα(X2) = 0. Thus

X1 =
∑
α∈∆0

dα(X)Hω0
α
,

and hence for all β ∈ Φ

val(dβ(X1)) = val

(∑
α∈∆0

dα(X)dβ(Hω0
α
)

)
> r.

Since X∗(Tks)/Z[α |α ∈ Φ] is p-torsion free by Lemma 3.2(2), we obtain X1 ∈ tr+, and
therefore X2 ∈ X + tr+. Moreover, since dα(X2) = 0 for α ∈ Φ0 and val(dα(X2)) = r for
α ∈ Φ− Φ0, the semisimple element X2 is a good element.

Remark 3.4. We did not make full use of the assumption that p - |W|, e.g. when T is tame
it suffices to assume that p is not a bad prime for Φ(G), the quotient X∗(Tks)/Z[α |α ∈ Φ]
is p-torsion free, and that p does not divide the index of connection of Φ̌0 for any Gal(ks/k)-
stable subroot system Φ0 of Φ that is generated by a proper subset of a basis of Φ.

If G is an absolutely simple reductive group all of whose tori split over a tamely ramified
extension, but p | |W|, then G has to be a non-split inner form of type An and p - n + 1,
or Dp and p ≥ 4, or E6 and p = 5. Hence p is not a bad prime for G, see Table 2
([SS70, 4.3]), and X∗(Tks)/Z[α |α ∈ Φ] is p-torsion free, because it divides n + 1 for An, 4
for Dp and 3 for E6 (see Table 2). Hence one might be able to deduce the existence of good
elements by investigating the possibilities of Gal(ks/k)-stable subroot systems in Φ(G) given
the restraint that all tori are tame, which implies that the Gal(ks/k)-action is sufficiently
non-trivial, compare Remark 2.5. Some of these special cases have also already been dealt
with in [AR00, Proposition 5.4].
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An analogous result can be obtained for good elements in the group G(k), which we define
as follows

Definition 3.5. Let r ∈ R≥0. A semisimple element γ ∈ G(k) is called good of depth r if
there exists a maximal torus T ⊂ G that splits over a finite tamely ramified Galois extension
E of k such that γ ∈ T (E)r − T (E)r+ and for every α ∈ Φ(G, TE), we have α(γ) = 1 or
val(α(γ)− 1) = r.

Note that the definition of Adler and Spice ([AS08, Definition 6.1]) only assumes that the
torus T is “tame-modulo-center”. However, our definition is more analogous to the Lie
algebra case and has also been used in applications.

Theorem 3.6. Let G be a reductive group defined over a non-archimedean local field k of
residual characteristic p. Suppose that p - |W| and G splits over a tamely ramified extension
of k. Then, for every maximal torus T of G, and any r ∈ R>0, every non-identity coset of
T (k)r/T (k)r+ contains a good element of depth r.

The proof of this theorem follows the spirit of the proof of Theorem 3.3. However, since some
adjustments are necessary to pass from the Lie algebra to the group setting, we provide the
details below.

Proof of Theorem 3.6.
Let γ ∈ T (k)r − T (k)r+. We consider the coset γ · T (k)r+. Let Φ0 ⊂ Φ := Φ(G, Tks) be the
collection of roots α for which val(α(γ) − 1) > r. Then Φ0 is a closed subsystem of Φ, and
by Lemma 3.2(1) our assumption p - |W| implies that ZΦ/ZΦ0 is p-torsion free. Since r > 0,
we have χ(γ) ∈ 1 +P and val(χ(γ)− 1) = val(χn(γ)− 1) for all characters χ ∈ X∗(Tks) and
positive integers n coprime to p. This implies that Φ0 = QΦ0 ∩Φ. Moreover, since γ and T
are defined over k, the set Φ0 is Gal(ks/k)-stable. Let ∆0 be a basis for Φ0, and denote by
ω̌0
α the element of QΦ̌0 that satisfies 〈ω̌0

α, β〉 = δα,β for all β ∈ ∆0. Since by Lemma 3.2(3)
the prime p does not divide the index of connection of Φ̌0, for every α ∈ ∆0 there exists an
integer nα coprime to p such that (ω̌0

α)nα ∈ ZΦ̌0 ⊂ X∗(Tks). We define

γ1 =
∏
α∈∆0

(ω̌0
α)nα((α(γ))1/nα),

where (α(γ))1/nα denotes the unique element x in 1 + Pks satisfying xnα = α(γ). We will
show that γ2 := γγ−1

1 is a good element of depth r in γ · T (k)r+.

For β ∈ Φ, we have

β(γ1) =
∏
α∈∆0

β
(
(ω̌0

α)nα((α(γ))1/nα)
)

=
∏
α∈∆0

(
(α(γ))1/nα

)nα〈ω̌0
α,β〉 =

∏
α∈∆0

α(γ)〈ω̌0
α,β〉.

Note that since p does not divide the index of connection of Φ̌0, we have 〈ω̌0
α, β〉 ∈ Z(p), and

α(γ)〈ω̌0
α,β〉 makes sense inside 1 + Pks (analogously defined as α(γ)1/nα above). Hence

val(β(γ1)− 1) = val

(∏
α∈∆0

α(γ)〈ω̌0
α,β〉 − 1

)
≥ min {val(α(γ)− 1) |α ∈ ∆0} > r, (2)
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and therefore γ1 ∈ T (ks)r+, because X∗(Tks)/Z[β | β ∈ Φ] is p-torsion free (Lemma 3.2(2)).
In addition, if β ∈ Φ0, then

β(γ1) =
∏
α∈∆0

α(γ)δα,β = β(γ) and hence β(γ2) = 1. (3)

Therefore γ2 is contained in the subgroup

T2 := {t ∈ T (ks) |α(t) = 1 ∀α ∈ Φ0}

of T (ks), and γ1 is by definition contained in the subgroup

T1 :=
〈
χ̌(1 + Pks)) | χ̌ ∈ QΦ̌0 ∩X∗(Tks)

〉
⊂ T (ks).

Since Φ0 is preserved by the Gal(ks/k)-action, the subgroups T1 and T2 are Gal(ks/k)-stable.
We claim that T1∩T2−{1} is empty. Suppose not, and let t ∈ T1∩T2−{1}. Let χ̌1, . . . , χ̌n
be a Z-basis for QΦ̌0 ∩X∗(Tks). Then t = χ̌1(t1) · . . . · χ̌n(tn) for some t1, . . . , tn ∈ 1 + Pks ,
one of which is non-trivial. Assume without loss of generality that t1 6= 1, and let χ1 ∈ QΦ0

such that 〈χ̌i, χ1〉 = δi,1 for 1 ≤ i ≤ n. Then there exists an integer N (coprime to p)
such that Nχ1 =

∑
α∈∆0

aαα with aα ∈ Z for α ∈ ∆0. Hence χ := Nχ1 ∈ X∗(Tks)
with χ(t) =

∏
α∈∆0

α(t)aα = 1 since t ∈ T2. On the other hand, χ(t) = tN1 6= 1, because
t1 ∈ (1 + Pks) − {1}. This is a contradiction, and therefore T1 ∩ T2 = {1}. Thus the
factorization of γ as γ1γ2 with γ1 ∈ T1 and γ2 ∈ T2 is unique, and hence γ1 and γ2 are
contained in T (k).

Since T splits over a tamely ramified extension (by Corollary 2.6), we have γ1 ∈ T (k) ∩
T (ks)r+ = T (k)r+, hence γ2 ∈ γ · T (k)r+. If α ∈ Φ0, then α(γ2) = 1 by Equation (3), and if
α ∈ Φ− Φ0, then we deduce from Inequality (2) that val(α(γ2)− 1) = r. Thus γ2 is a good
element of depth r in the coset γ · T (k)r+.

Remark 3.7. As for Theorem 3.3, we did not make full use of the assumption that p -
|W|. More precisely, Remark 3.4 regarding weaker assumptions also applies to the proof of
Theorem 3.6.
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