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WREATH MACDONALD OPERATORS

DANIEL ORR, MARK SHIMOZONO, AND JOSHUA JEISHING WEN

ABSTRACT. We construct a novel family of difference-permutation operators and prove that they are di-
agonalized by the wreath Macdonald P-polynomials; the eigenvalues are written in terms of elementary
symmetric polynomials of arbitrary degree. Our operators arise from integral formulas for the action of
the horizontal Heisenberg subalgebra in the vertex representation of the corresponding quantum toroidal
algebra.

1. INTRODUCTION

Let Xy = {x1,...,2n} be a set of variables. The Macdonald polynomials {Py[Xn;q,t]} are a basis of
the ring of (g, t)-deformed symmetric polynomials Q(q,t)[Xx]®" that have appeared in a remarkably broad
collection of mathematical fields. They can be characterized as eigenfunctions of a commuting family of
difference operators, the Macdonald operators: for 1 <n < N,

(1.1) D.(Xniq,t):=t"5" Y Hm%;’ [7...

i ,
1c{1,...,.N} \iel el
M\

(1.2) Dn(Xniq. ) PA[XNiq, 1] = en (Mt 1 gtV 2 V) PA[X N g, 1]

Here, T, 5, is the g-shift operator
Tywity = 4"
and e, is the nth elementary symmetric polynomial. The Macdonald operators are themselves distinguished

as Hamiltonians of the quantum trigonometric Ruijsenaars-Schneider integrable system.
This paper is concerned with the wreath Macdonald polynomials, a generalization of the Macdonald

polynomials proposed by Haiman [HI]. Fix an integer » > 0 and partition the variables z1,...,zy into r
subsets:
r—1 )
Xn, = {:c(z)} ={zy,...,x
N. J?J) U S, {z1,... 2N}

where Z::_Ol N; = N. We call the index 7 the color of xl(i), and it will be helpful to view it as an element of
I :=7Z/rZ. The number of variables is recorded by the vector No := (Np, ..., N,_1) and we set |Nq| := N.
Consider the action of the product of symmetric groups

GN. = H 6]\[1.
iel
on the polynomial ring Q(g,t) [Xn,] wherein Gy, only permutes the variables of color i. The wreath
Macdonald polynomials can be viewed as a set of color-symmetric polynomials that are again indexed by a
single partition:
PAlXn.ia,1] € Q. 1) [Xn, ]9

The combinatorics of r-cores and r-quotients play a key role in this subject, which we review in Section [2]
below. When we restrict A to range over partitions with a fixed r-core and ¢(A) < |N,|, we obtain a basis
of color-symmetric polynomials. For reasons that seem technical at first, the r-core and N, must satisfy a
compatibility condition (see . The original Macdonald polynomials are the case r = 1.

Haiman’s proposed definition characterizes Py[Xn,;q,t] using a pair of triangularity conditions. In con-
trast with the usual Macdonald theory, we a priori do not have an analogous characterization as the joint

Date: November 8, 2022.



2 DANIEL ORR, MARK SHIMOZONO, AND JOSHUA JEISHING WEN

eigenfunction of an explicit family of difference operators. The present work remedies this situation: we
produce a novel family of difference-permutation operators that are diagonalized by the wreath Macdon-
ald polynomials and whose eigenvalues are written in terms of the elementary symmetric polynomials. In
addition to the degree n, they also carry a color parameter p € I:

_
T, (gt h)

n(n—1)
2

Dp,n(XN. 14, t) :

NP
(p—1) (p)
(i)
W (r—1) =1
T (p)
— -1 |la| lz z; €|J‘Za
i ; 1:[1 (1=at™) x(p) Np
(1.3) JeSh (Xn,) O~ J, 11 (l,(Jpa) _ xl(p))
=1
ofP |3 <
N (g ) 4Ty o)

q
x H 11 @ _ 0 , 11 G 0 T,
ienfp} =t 0 \Taa T ieda\{p} \Ts, ~ LT,

931(7 #x '(%

The notation used in this formula is outlined in Our main result is the following:

Theorem (see Theorem [5.11)). For A having r-core compatible with Ny and £(X) < |N|, P\[Xn,;q,1]
satisfies the eigenfunction equation

[No|
(14) Dp,n(XN.;%t)P)\[XN.;%t] = €n Z qAbth.‘_b P)\[XN.§Q7t]'
bf/\bEbp:Jrllmod r

For the eigenvalues, we have used plethystic notation—we merely mean the elementary symmetric function
e, evaluated at the characters appearing in the summation. In earlier work [OS1], the first two authors
constructed the first order dual operators D} ; and their eigenfunction equation in Theorem [5.11

Our operators are much more complicated than the original Macdonald operators (1.1). In the
case r = 1, we do indeed obtain after some simplification (see Remark . When r > 1, the
vanilla g-shift operator Ty ., is replaced with what we call a cyclic-shift operator T, , which cyclically
permutes variables of different colors in a addition to multiplying by a power of q. Because of this extra
permutation, the cyclic-shift operators might not commute. Note now the ordered product in —We
expect the formula to simplify meaningfully after taking to account the (non)commutativity of the constituent
cyclic-shift operators. Moving beyond the intricacies of our formula, let us now highlight some nice conceptual
aspects of our operators.

1.1. Integral formulas. Our strategy for deriving and establishing the eigenfunction equation uses
work of the third author [W]. Namely, we study the wreath Macdonald polynomials using the quantum
toroidal algebra Uq o (sl,) and its vertex representation W. The aforementioned work proves that infinite-
variable wreath Macdonald polynomials can be naturally embedded inside W such that they diagonalize a
large commutative subalgebra of Uq’b(snlr), the horizontal Heisenberg subalgebra. This alone is insufficient
for obtaining explicit formulas—we also need work of Negut [N] realizing Uy o(sl,) in terms of a shuffle
algebra. The shuffle algebra is a space of rational functions endowed with an exotic product structure, and
it is isomorphic to a part of Ug (E;.[T) via a map that is morally (but not precisely) an integration map.
Writing its action on W and then specializing from infinite to finite variables, we obtain actual integral
formulas. Finally, to pin down the eigenvalues, we use the (twisted) isomorphism established by Tsymbaliuk
[T] between the vertex representation and the Fock representation.

We apply this process to the shuffle realizations of well-chosen elements of the horizontal Heisenberg
subalgebra which were found in [W]. Our operators are the highest degree parts (see Lemma [5.8)), and we
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can write their action as follows: for a factored element

F=T1# (58) € Clat) [Xn, ]

i€l
n(n SIEYCES _ n N; (i)
(1—qt? tw; q —
P7 (XN.aqa f f (].—qat a HHH z)
i€l a=11=1 \Wit+l,a — I
% H (wp,a — Wp,p) (wp,a - qt_lwp,b>
1<a<b<n (wpp =t wpr1,a) (Wp—1,0 — 1wy )
o (Wi,a — Wip) (wi,a - qt_lwi,b)

ieI\{p} (Wit1,a — qwip) (Wi—1,0 =t wip)

n
% H {( wWo,a > ( Wp+1,a >
et Wp+1,a Wp,a =t Wpi1a
% H ( Wi a ) ( Wi41,a )
4 Wia —t M Wit1,0 ) \Witl,a — QWia

ieI\{p}
1 d 1,a
s [leuzqu zwzm]nwzw”

where for each variable w; 4, the cycle C only encloses poles of the form (w;q — qw;—1p) and (w;, —
x;—1,). Explicit evaluation of this integral leads to . We also carry this out for its dual counterpart in
Theorem [5.111

Using other shuffle elements from [W], we obtain similar integral formulas for wreath analogues of the
Noumi-Sano operators [NSa], although we are only able to evaluate the integral and obtain formulas for the
operators in degree n = 1. We note that our approach is similar to [FHHSY] in the » = 1 case, although
our a priori knowledge and endgoals are different. In [FHHSY], the authors use the well-known Macdonald
operators to study the action of certain shuffle elements, whereas we use r > 1 analogues of their shuffle
elements to discover new operators. In [T2], Tsymbaliuk has also produced difference operators out of
Uq,a(sulr) through very different means. The relation between Tsymbaliuk’s operators to wreath Macdonald
theory does not seem straightforward but could be interesting.

1.2. Towards bispectral duality. In the case r = 1, the eigenfunction equation ([1.2]) is particularly
interesting when juxtaposed with the Pieri rules [Mac]. To make this apparent, introduce a continuous
extension of the discrete parameters A = (Ag,..., An):

S; = q)‘itN_i, SN = {81, ey SN}.

We call the variables Xy the position variables and Sy the spectral variables. Note that applying the g¢-
shift T, s, Px\[Xn; ¢, t] amounts to adding a box to row ¢ of the partition A\. For a certain renormalization
Py [Xn;q,t] of PA\[Xn;,q,t], we can write the Pieri rules as

- n(n—1) ts; —
(1.5) en(rr,on)PiXnig )=t 30 [T = | T s PaXns a1,
Ic{1,...,N} \ i€l 81 iel
|I|=n JE1

The fact that no shift operator T} s, appears more than once enforces the well known support condition of
the Pieri rules: the ]5# [Xn;q,t] that appear on the right hand side of are such that p\\ contains no
horizontally adjacent boxes. On the other hand, we can view the eigenfunction equation as describing
multiplication by e, (s1, ..., sn). The similarity between and is reflective of a symmetry Xy < Sy.

This symmetry is the subject of many beautiful works in Macdonald theory. A totalizing perspective on
this was given by Noumi and Shiraishi [NS], who produced an explicit function fy(s1,...,sn|T1,...,2ZN)
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satisfying
(@Y 2N T2 A e ay) = PaX N g ]
fn(sty..oysnlt, .. an) = fn(1, .. NS, .-y SN).
Discretizing the x-variables as well, we obtain the well-known evaluation duality [Mac]:
Py(qmtN =t gtV =2 gty = P (MNPt TR ).

The evaluation duality is also a consequence of the Cherednik-Macdonald-Mehta formula [C], which can be
regarded as a remarkable statement about the quantum toroidal algebra Uq7t(g"[1) and its Miki automorphism.
The Xy ¢ Sy symmetry has also been extended by Etingof and Varchenko [EV] to the much broader context
of traces of intertwiners for quantum groups, although we note that in their setting, finding explicit formulas
is difficult. Finally, the symmetry is also a case of 3d mirror symmetry as proposed by Okounkov [AQ].

For the wreath case r > 1, the spectral variables should also have color. We assign sl(z) to some b such
that b — Ay =i+ 1 mod r:

Sl(i) — q)\bt|N-|—b_

Here, we point out a natural motivation for imposing our compatibility condition between core, () and No—

it forces there to also be N; spectral variables of color . The eigenfunction equation (|1.4)) then describes

multiplication by ey, (s (p ), ., )) Note that adding a box to a row will not only contribute a ¢-shift but

also change the color, and that is precisely what the cyclic-shift operators T); do. Work of the third author
[W] provides one constraint on the support of the wreath Pieri rules. Namely, for a box (a,b), if we call the
class of b — a mod r its color, then P,[Xy,;q,t| appears as a summand of

en(Tp 1, TN, ) PA[X N, ¢, ]

only if p\A consists of n boxes of each color such that no boxes of color p and p + 1 are horizontally
adjacent One can check that the combinations of Ty appearing in (1.3|) enforce this condition after swapping

( ) & 31 . Computer calculations done by the second author also confirm a wreath analogue of evaluation
duahty Whlle we are still a long way from establishing a wreath analogue of the Xy <+ Sy symmetry, our
strange operators seem to go out of their way to say it must be true. Generalizing any of the aforementioned
perspectives for understanding this symmetry must surely lead to interesting mathematics.

1.3. Outline. Section [2]introduces the wreath Macdonald polynomials. It includes a review of the combina-
torics of r-cores and r-quotients. Section [3| focuses on the quantum toroidal algebra and its representations.
We derive eigenvalues for the infinite-variable analogues of our operators. Section [d] moves onto the shuffle
algebra. We write the action of a shuffle element on the vertex representation as the constant term of a
series. Section [] is the technical heart of the paper. We derive integral formulas for our operators and
compute the integral. Some additional efforts are needed to go from the infinite-variable eigenvalues to
their finite-variable versions. Finally, in the Appendix, we derive integral formulas for wreath analogues of
Noumi-Sano operators. Unfortunately, for these operators, we were only able to evaluate the integrals for
degree n = 1. Throughout, we present examples following the derivation of each of our operators.

1.4. Acknowledgements. We thank Mark Haiman, Andrei Negut, and Alexander Tsymbaliuk for helpful
conversations. D.O. gratefully acknowledges support from the Simons Foundation (Collaboration Grant
for Mathematicians, 638577) and the Max Planck Institute for Mathematics (MPIM Bonn). J.J'W. was
supported by NSF-RTG grant “Algebraic Geometry and Representation Theory at Northeastern University”
(DMS-1645877).

2. WREATH MACDONALD FUNCTIONS
Fix a positive integer r and let I = Z/rZ.
2.1. Partitions. Let Y be the set of all integer partitions. We define the diagram of a partition p =

(11, 2, - ) € Y to be D(p) = {(a,b) € (Z>0)* : 0 < a < ppy1}. The residue of (a,b) € Z2 is the element
b—acZ/rL.
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FIGURE 1. The shape of an edge sequence

2.2. Edge sequences and partitions. A function b : Z — {0,1} can be viewed as an infinite indexed
binary word - - - b(1)b(0)b(—1) - - - ; notice that in writing such a word we index the positions in reverse order.
An inversion of b is a pair of integers ¢ > j such that (i) > b(j), a 1 to the left of a 0. An edge sequence
is a function b : Z — {0,1} such that b(i) = 0 for ¢ > 0 and b(z) = 1 for ¢ < 0, that is, b has finitely
many inversions. Let ES denote the set of edge sequences. The shape of b is the partition whose French
partition diagram has boundary traced out by the values of b from northwest to southeast where 0 (resp.
1) indicates a vertical (resp. horizontal) unit segment; see Figure Its parts are given by the number of
1’s to the left of each 0 in the edge sequence. The charge of b is the index of the segment that touches the
main diagonal from the northwest, or equivalently the index of the last 0 in the edge sequence of the form

-++0011--- obtained from b by repeatedly swapping adjacent pairs 10 to 01 until none remain. There is a
bijection

ES—7ZxY
(2.1)

b — (charge(b), shape(b)).
Ezample 2.1. An edge sequence b and its charge and shape are pictured in Figure

2.3. Cores and quotients. Our goal is to define the bijection

Y=C xY"

(2.2) A = (core,(A), quot,.()))

where core, is the r-core and quot,. is the r-quotient map.
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In the following diagram all horizontal maps are bijections and vertical maps are inclusions.

7 %Y charge xshape ES ES” c® xquot,. T % YT
(0} x Y ESq (BS )y — @ x Y — X oy
{0} x C, 2 Qxo"

Elements b® = (b°,b!,...,b""1) € ES” are called abaci. We may write them as {0,1,...,r — 1} x Z matrices
with entries in {0, 1} where a 0 is a bead and a 1 is a hole (position with no bead) and the i-th row represents
the edge sequence b’ and is the i-th runner in the abacus.

There is a bijection ES — ES” sending b to (b°,b%,...,b"71) by letting b* select the bits in b indexed by
integers congruent to i« mod 7: b*(j) = b(rj + i) for 0 <i < r and j € Z. The inverse map is given by inter-
leaving the sequences b°,b', ... b"~1. This bijection is charge-additive: charge(b) = Z;;é charge(t/). The
r-fold product of the bijection yields the bijection ES” & Z" x Y". Denote this by b* = (b°,...,b" 1)
((coy---yer—1),A*). We write A* = quot,.(b®); this is the r-quotient. Call (co,...,c.—1) = ¢*(b*) the charge
vector. This indicates the position on each runner where the beads end after pushing all beads to the left.
This defines the bijections going across the top row of the diagram.

We now restrict all these bijections. Let ESy = {b € ES | charge(b) = 0} and (ES")y = {b* € ES" |
Z::_Ol ¢i(b*) = 0}. Then ¢*(b*) can be viewed as an element of the sl. root lattice  (and belongs to the
zero lattice Q = 0 when r = 1). The second row of the diagram (save the last map) is given by suitable
restrictions of the top row of bijections.

An r-core is a partition v which does not have r as a hook length. That is, h, (4, 5) # r for all (4,5) € 7.
We denote by C, C Y the set of r-cores. Let y be a partition and let b € ES be such that shape(b) = .
Then 7 has a box (i,7) € v with hook-length r, that is, h,(¢,j) = r, if and only if there is an index k such
that b(k) = 1 and b(k+7) = 0. This is equivalent to u*) # & where u® = quot, () and we take superscripts
mod r. This proves that v is an r-core if and only if the r-quotient of « is empty: quot,.(y) = (@").

Therefore the bijection {0} x Y 2 @ x Y" restricts to the bijection {0} x C, =2 Q x (@"), that is, C, = Q.
We call this bijection «.

Ezample 2.2. Let b € ESg be as in the previous example. We have A = shape(b) = (4,3,2,2). Set r = 3.
We map b — (b%, b, b%) which are pictured in the matrix below. Reading up the columns of the {0,1,2} x Z
matrix we recover b. Each runner of the abacus is an edge sequence; the corresponding shapes give the
3-quotient of (4, 3,2,2), which is (1,9, 2).

To get the 3-core of A we move all beads to the left in each runner. This produces the second abacus.
Reading up columns we obtain the edge sequence ---0001|1011---. Therefore cores(4,3,2,2) = (2). The
charge sequence is (1,—1,0) € Q.

i 514]3]2]1]of[-1]—-2]-3]—-4]-5]-6
b; ojof1]1 off 1 Tol1]o]1]1
2 1 0 ]-1 -2 -3
lflo 1 o1 1 1
ptjjo o o0 |0 1 1
o o 1 |1 0 1
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— e o e o o o - O
e o o & O O - %]
—o —e o —6o—e—o— - [mm}
—o —e o6 —o—o6—o— - 1
—eo o o o o o - -1
e e @& - O O O - 0
i fl---|51413]2|1(0]||—-1|—-2|-3|—-4]-5|—-6]--- -
core a0 ojojolojolT|[T o011 ]1|1]1

Remark 2.3. Our map quot,. and our definition of charge are the same as in [W], except that we interchange
the roles of black and white dots in our Maya diagrams.

When considering a fixed r, we simply write core = core, and quot = quot,.

2.4. Cores and ribbons. Consider u, A € Y such that 4 C A\. The skew shape A\/u := D(A) — D(u) is a
p-addable and A-removable r-ribbon if |A| — |u| =  and the set of boxes A/p is rookwise connected with at
most one element on each southwest-northeast diagonal. Then an r-core is precisely a partition that has no
removable r-ribbon. One way to obtain core(u) is to repeatedly remove (removable) r-ribbons starting with
w until an r-core is reached; by definition this is core(y). This is well-defined: one obtains the same r-core
independently of the order of removal of r-ribbons. It is the same as moving the beads in the abacus to the
left.

2.5. Cores to root lattice. Recall that @) denotes the s, root lattice (or @ = 0 in the case r = 1), realized
as the zero sum elements in the lattice Z!:

Q= {(Co,...7crl) ez’

}:q=0}.

icl
Let ¢; € Z! be the i-th coordinate vector. Then @ is the spanned by the elements
o = €;_1 — €5, i€ 1.

We realize the simple roots of sl,. as the a; for i # 0.
Another way to compute the bijection k : C — @ is as follows. Define the map s : Y — @Q by

k() = — Z ®g—p-

(p,q)ER

It is not difficult to show that the restriction of x to C is the same as the bijection C = ) constructed above.

Ezample 2.4. Let r = 3 and consider the 3-core (2). We put a4, into the box (p, g):

o]

Thus £((2)) = —(ap + a2) = a1, which agrees with the charge sequence (1,—1,0) € @ computed above.

Define the bijection big : @ x Y/ — Y via the following commutative diagram:

(core,quot)

C xY!

Y ——
(23) v

Q x Y!
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Ezample 2.5. We list the elements u® € Y/ of total size 2 and their images under u® — big(—ay, u®).

[ u | image |

=)

2.6. Symmetric functions. Let A be the algebra of symmetric functions over K = Q(q,t) [Mac, §I.2].
Denote by AT = A®! the I-fold tensor power of A over K, which is a graded K-algebra with grading given
by the sum of degrees in each tensor factor. For f € A, we write f[X (i)] to indicate the element of A’ with
1 in tensor factors j # i and f in factor i. The power sums pg[X ] for i € I and k > 0 generate A as a
K-algebra. We write X for the I-tuple of alphabets (X, ..., X("=1) and often denote by f[X*] a generic
element of Al.

For an I-tuple of partitions A\* = (A XM A0=1) ¢ Y! define the tensor Schur function sye =
Ricrsai = [lier sy [X@W]. Let (—,—) be the Hall pairing on A!, which is given by (sxe,sue) = dxe ye.
For f € AT, we denote by f* be the adjoint under the Hall pairing to the operator of multiplication by f.
Explicitly,

P X O [X D] = 06,,m64,5

For any a € K, define the K-algebra automorphism Pjg_q, -1 of AT by

(2.4) Prd—ax—1 (Px[X D)) = pr[ X W] — a"pi[X 7]

for all i € I and k > 0. (The notation Pj4_g, -1 arises from more general matrix plethysms P4 for A €
Mat;x7(K) defined in [OS2].)

2.7. Wreath Macdonald functions. Let H)[X*®;q,t] be the wreath Macdonald functions [HI], as defined
in [W]H These are characterized by the conditions

(2.5) Pia—gx—1 HAIX®; ¢, 1] € K™ squet(n) + @ KS$quot(v)
LZa 0N

(2.6) Pia—t-1y- 1 HA[X®; ¢, 1] € K squot(n) + @ Ksquot (1)
LA

(2.7) (3(m) [ X V], Hy[X*;q,8]) = 1.

where n = |quot(A)| and < is the (strict) dominance order on partitions [Mad, §I.1].
For any A € Y, the wreath Macdonald P-function Py[X*®;q,t7!] is defined to be the scalar multiple of
Pia—t-1x-1 (HA[X®;¢,t]) in which the coefficient of sque(x) is 1. In particular, Py[X*;q,t7!] satisfies the

n the more general framework of [OS2] (due to Haiman), these are the wreath Macdonald functions attached to translation
elements in the affine Weyl group of type A,_1.
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unitriangularity

P)\[X.; q, til] € Squot()) + @ quuot(u)
v<A
r(v)=r(X\)

For any fixed a € Q, the P\[X*;q,t"!] such that k(\) = « form a homogeneous basis of A!, with
Py[X*;q,t71] having degree |quot()\)].

Our notation Py[X*®;q,t 1] agrees with the usual conventions in the classical 7 = 1 case. For technical
reasons, it is often convenient to work with Py[X®; ¢, ¢~ 1] rather than Py[X*;¢q,t], though we will eventually
switch to the latter.

2.8. Symmetric polynomials. For any Ny = (Ng,...,N,_1) € (ZZO)I, we can consider a finite set of
variables

XN, = {xz(l)}iegllgzvi

and the corresponding restriction map

) 16N,
(2.8) TN, T AT = AL = ®K [x(lz), e ,x%ﬂ
iel
given by the tensor product 7y, = ®;ermn,, where my : A = K[zq, . .. 7a:N]GN is the standard projection to

symmetric polynomials. We also write 7, (f) = f[Xn,].

2.9. Finitization. Our main result will characterize the images P\[Xn,;q,t] :== mn, (PA[X*®;q,t]) as eigen-
functions of explicit g-difference operators. For reasons which are clarified below, we will only consider
variable number vectors N, for P\ which are compatible with core(\) in the following way. If k() = a =

(co,c1y-..,Cr-1), then we stipulate that Py will only be assigned variables Xy, where N, is equivalent to
—£(A) modulo Z(1,...,1), i.e.,
(29) N;—N;,_1 = (h“ KJ()\)) = (hi,a) = Cj—1 — C;, for all i € I,

where h; = ) for all i € I and (—,—) : Q¥ x Q — Z is the standard pairing between sl, root and coroot
lattices. Identifying the lattices QY = @ and realizing Q inside Z! as above, (—, —) becomes the dot product
onZ' and h; =€¢;_1 —e¢; foralli e I.

Example 2.6. In the setting of Example the root lattice element is k(A) = (1,—1,0). The smallest
variable number vector which we allow for A = (4, 3,2, 2) is therefore Ny = (0,2, 1). To this we can add the
vector (1,1,1) any number of times.

Lemma 2.7. Under the compatibility condition (2.9)) between Ny € (Z>0)! and e € Q, we have the following:

(1) The quantity
N =) N
iel
1s divisible by r.
(2) For A € Y with k(\) = a and ¢(\) < |N,|,

Ni=#{1<b<|No|:b—Xy =i+ 1 modr}

where we count A, = 0 if L(\) < b < |N|; in particular, quot(\) = \°® satisfies ((A\D) < N; for all
iel.
(3) For any \* € Y satisfying ((A\D) < N; for all i, the partition X = big(\®, a) satisfies £L(\) < |N,|.

Proof. (1) This follows from the fact that N, and () are congruent modulo Z(1,...,1), and the coordinates
of the latter sum to zero.

(2) This follows from [Madl I.1, Ex. 8] after taking our labeling conventions into account.

(3) For any edge sequence b, the length of shape(b) is precisely the number of 0’s positioned to the right
of at least one 1. Given a € @, our choice of N, ensures that the number of 0’s positioned to the right of
1’s in the interleaved edge sequence defining A will not exceed |N,|. O

An immediate consequence of parts (2) and (3) of Lemma [2.7]is the following:
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Proposition 2.8. Under the compatibility condition [2.9) between Ny € (Z>0)! and o € Q, the wreath
Macdonald polynomials P\[Xn,;q,t] indexed by A € Y satisfying £(A\) < |No| and k(N\) = a form a basis of
AL

3. QUANTUM TOROIDAL ALGEBRA
To ensure compatibility with [W] and [T], we assume that » > 3 from this point 0nE|
3.1. The algebra U, 5(sl,). Let q and 9 be two indeterminates, and set F := C(qz,02).

3.1.1. Generators and relations. For i,5 € I =7Z/rZ, we set
2 j=i
Q5 = -1 ] =141
0  otherwise

{q:l j=it1l

M= 0 otherwise
and we define . )
qiz —
9i,5(2) == W

The quantum toroidal algebra U, u(s"[,a) is a unital associative F-algebra with generators

1 :tf +d :td kEZ
{ezkafzkawzkawzoa’y »q 1 2}1661'

Its relations are described in terms of currents:

z) = Z eiykz*k

kez
)= fiwz "
kez
UE(2) =Yg 4 Y i akz T

k>0
The relations are then
[ (2), w (w)] =0, ~*3 are central,
ViovTs =TIy = gt hgTh = gt =1,
G0 = es(q ), a8 Fi2a = fi(a72), @b = v (a7 ),
q2ei(2)a” " = qei(2), a® fi(z)a™ " = a7 fi(2), 9% (2)a7 % = 0 (2),
91, (YT 2 fw)hf ()95 (w) = g (T 2 w)y (w)gt(2),
ei(z)ej(w) = gi ;07 z/w)e;(w)ei(z),
fi(2) fi(w) = gi j (0™ z/w) ™! f(w) fi(2),
(@ = a7 )lei(2), fi(w)] = 55 (8(vw/2)0f (vhw) = 8z /w7 (v52)),
F(2)es(w) = gz«,jwi%amivfz/w)ej(w)wf(z),
VE(2) fi(w) = g0 5 (Y20 2 fw) T f (w)yE (2)
Sym,, _,lei(21), [ei(Z2)7€ii1( )] lo-r =0, [ei(2), e;(w)] = 0 for j#iiEl,
Sym., ., [fi(21), [fi(22), fix1(w)lqlg—1 = 0, [fi(2), fj(w)] = 0 for j #1,i £ 1,
Here, §(z) denotes the delta function

z) :sz

kez
and for v € F, [a,b], = ab — vba is the v-commutator. Finally, we denote by:

2See Rcmark and Remark for discussion of the cases r = 1, 2.
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o/ U the subalgebra obtained by dropping the generator q
e U’ the subalgebra obtained by dropping the generator qd
e 'U’ the subalgebra obtained by dropping both generators q% and q?

3.1.2. Miki automorphism. We recall that Uy 5 (sl,) contains two copies of the quantum affine algebra Uy (sl,.).
The first, called the vertical copy, is generated by currents where ¢ # 0. This copy is given in the new Drinfeld
presentation. On the other hand, the second copy, called the horizontal copy, is generated by the constant
terms of all the currents. This copy is given in the Drinfeld-Jimbo presentation. We do not go into detail
on these two subalgebras as we will not need them in the sequel. However, we mention them because they
give the ‘two loops’ of the quantum toroidal algebra. Let 7 denote the C(q)-linear antiautomorphism of 'U”
defined by

n(@) =071
(3.1) n(eir) = ei—ks 1(fisr) = firmr 1(hig) = =" hi
n(¥i0) = big, n(77) =7°.
The following beautiful result of Miki gives the ‘S-transformation’ of the torus:

Theorem 3.1 ([M]). There is an algebra automorphism < of 'U’ that sends the horizontal copy of Uq (sl,)

to the vertical copy. Moreover, § satisfies ¢~ = nen.

3.1.3. Heisenberg subalgebras. We will also work with elements {h;, k}zel defined by
o261 = vifom (360 ) T
k>0

Together with ’yi%, these elements generate a rank r Heisenberg algebra. The relations are
(7" =y M rmailkailg

(@ =gk
*y% is central

(3.2) (i ks hjir] = Ok,—ie

where [n], is the usual quantum number:

o —
Mo = —— =
Because the r x 7 matrix with (i, j) entry given by u=2¥™i [ka; ;]2 is invertible, we can define dual elements

{h; k}k;‘60 characterized by

el
(3.3) (i Pg—w] = Ry i) = 835000 (7" —77F)
for k > 0. We denote by UU° the subalgebra generated by {y¥z} U {hi,k}féo an call it the vertical Heisenberg

subalgebra. In analogy with [3.1.2] we call C(UO) the horizontal Heisenberg subalgebra.

Remark 3.2. In [W], the author defines elements {bf’-k} in terms of a pairing that is not used in this paper.
By comparing the commutator (3.2) to the pairing in loc. cit., we have that

hik = —bi,

2,

3.2. Vertex representation. Uq,a(snlr) directly interacts with the wreath Macdonald polynomials via its
vertex representation, originally constructed by Yoshihisa Saito [S].

3.2.1. Twisted group algebm Recall that @ and Qv denote the sl root and coroot lattices, respectively,

with simple roots {«; };;1, simple coroots {h; }] 1, and canonical pairing (—, —) : Q¥ x Q — Z:
(hi, 05) = ai;j.
Let P denote the sl, weight lattice and {Ap}g;% the fundamental weights. We will also need

r—1

r—1
720@'7 hoifzhj, A() = 0.
j=1

=1
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We have that {as,...,ar_1,A,_1} is a basis of P.
The twisted group algebra F{P} is the F-algebra generated by {e® };;; U {e’r—1} satisfying the relations
e¥et = (—1)(}”’“1)6% e
eVighr=1 = (—1)%ir-1ehr-1g%,

Given a general a € P, we write a = Z;;% mj oy +myA,.—1 and then set

« maQg .

e® — ¢ My 101 My Ay

- e e

For example,

—20 ,—3a3 | —(r—l)ar_lerAr_l

et =e e e

(3.4)

o0 — eaze2a3 . €(T72)a"'7167TA7"1 )
Define F{Q} to be the subalgebra of F{P} generated by {e:}/_}.

3.2.2. Vertex operators. The vertical Heisenberg subalgebra U0 has a Fock representation F;. defined as fol-

lows. Let U 2 denote the subalgebra generated by 7% and {h;, k}fg IO. U ?— has a one-dimensional representation

Fy where fy% acts by q% while h;j acts by 0. F, is then the induced representation
Fr = Indg Fo = Klhi ]2
The vertex representation is defined on the space W := F,. @ F{Q}. For v ® e € W where

V=N gy hiy, —kyv0
r—1

o = ijaj
j=1

we define the operators h; i, e’ Oy,, 2110, and d by

hik(v®e®) = (hiyv) ®e®, P (v@e®) = v ® (fe?),
On, (V@ e%) = (hy,a+ Ap) v ® €,

Hio(y@e) = S(hisathp) g3 0720 (himgag)m g, ® e,
(e, 0) S
dlv®e*) = — (’2 + (e, Ap) + Zzzlkzz> v Qe
Theorem 3.3 ([S]). Let @= (co,...,c,_1) € (FX)". The following formulas endow W with an action of U':
pz(ei(z)) = ciexp Z q hi 2"
= [kl

_k
X exp (— ?k]Q hi’kz_k> ea'izHH“’,

[NE

k>0

—1)r%.0 &
el i) = T e (-3 At

“i =0 [Fla

ot
—k —a; J1—H;,
X exp (Z @hz,kz ) e Yz o,
k>0

pe(ti (2)) = exp (i(q -9 hi,ikszk) 0,

k>0

c(v2) = a2, ppa(a™) = q*.
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3.2.3. Embedding symmetric functions. We can let AT act on F,. via multiplication operators given by
k
—h; k.
[Klq
To obtain an identification W = AT @ F {Q}, we need to embed K into F:

(3.5) pe[X @]

(3.6) g=q0, t=qo "
As operators on A!, we have from (3.3 the identification
pe[X O = khi,.

Now consider transforming the formulas for pz using matrix plethysms on {pi[X?]}. We can obtain an
isomorphic representation as long as we perform a corresponding transformation on {h; ;} to maintain the
commutation relations, using 1) as a guide. First, we define péf by performing the plethysm

Pl X O] s qF <pk[X(“] _ t"“pk[X”_l)]) .

For p}', we will only be interested in the currents {e;(z)}, although we have a representation for the entire
algebra:

Ei(2) i= pt (ea(2)) = ciexp [Z (pX O] =i 7) k]

(3.7) k>0 )
. . z ) .
X exp [Z (_pk[X(z)]L + qfkpk[X(%l)]L) k] iz o,
k>0
Similarly, we define p_ by performing the plethysm
1 _k i i—
PRIX O] o g8 (£p X O] = p[ X O]
Here, we will only be interested in the action of the currents { f;(2)}:
- (=1)roe0 k ; i— ZF
Fi(2) := p= (fi(2)) = ——— (_t x® xG-1) ) z
(2) = pz (fi(2)) o P ];) pr[X ] + p )=

(3.8)

; - P o 1—H;
X exp [Z (qkpk[X(l)]l —Pk[X(Z 1)]l> k} e igt o,
k>0

The following is a consequence of the main result of [W]:
Theorem 3.4. Under both representations p=, <(U°) acts diagonally on {P\[X*;q,t~'] @ "V},

Remark 3.5. The paper [W] is concerned with the transformed wreath Macdonald functions {H,[X*; ¢, t]}.
The plethysms used to define pcjf are both scalar multiples of the plethysm P;q_;-1, -1 which sends H\[X*; ¢q, ]
to a scalar multiple of Py[X®;q,t71].

3.2.4. Normal ordering. Later, we will make use of a particular expression for products of the currents
{E;i(2)} and {F;(z)}. We will need notation for an ordered product or composition of noncommuting oper-
ators ay,...,am:

~
m
I |aj = a1ag Ay,
Jj=1

2
m
Ha]‘ = A Qm—1 * - A1
Jj=1
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Proposition 3.6. Forpe I, we have

HH pti(Zptia) = <(_1)<7 IR 1H01>

a=11i=1 el

H H — Z; b/zz a) (1 - q_lt_lzi’b/ziaa)

x -1
1<a<b<m€[ Zi+1,b/zi,a) (1—q "2im10/%ia)

(3.10) y H Zp.a/Zpila

el (1= q "2p,a/2p+1.0) Hie[\{p+1} (1 =t""%a/2i-1,0)

X HGXP (ZZ (pk[X(i)] — t*’“pk[x(ifl)]) ;:)

iel a=1k>0
—k n
xHeXp<ZZ( XD 4 g X G- ) l;)HHZﬁzO
icl a=1k>0 i€l a=1

where all rational functions are Laurent series expanded assuming

(3.11)

For the F-currents, we have

n
(7‘72)(7*73)

&=
HH p+i Zp+za - 7_11—‘[01

el
H H — Zia/%ip) (1 — qtzia/zip)

X
]- - tzz 1 a/Zz b) (]- - quJrl,a/Zi,b)

1<a<b<n ZEI

(3.12) H Zp+1.a/Zp,a

(1 — 4%p+1,a/%p,a) HiEI\{p} (1 —t2ia/zi+1,0)

xHexp (ZZ( tFpr[ X D] + pr[ X O 1)]) k )

el a=1k>0
x HeXp (iz (qkpk[X( 1t — e [X D) ) ) Hﬁszlo
1€l a=1k>0 i€l a=1

where all rational functions are Laurent series expanded assuming
(3.13) lzial =1, || <1, Jt] < 1.

Proof. The computation is standard. We will only go over the signs and powers of 0. The sign comes from
the commutation of {e®}; in both cases, these factors simplify to +e”. For the E-currents, if p = 0, then

by (3.4),

e — erA,.,lef(rfl)a,.,l . 673043672(12.
Thus,
(r=2)(r=3) —(r— _ _
e %2 ... pOr—1 — (71) 5 erA,,,,le (r—2)ap—1 . e 2a36 az
On the other hand, if p # 0, we have
(r=1)(r—=2) _ _
e¥et = (-1 2 lemaz2 .. gmor

(r=1)(r=2)
1)%4"»7473670‘7‘—1 LT Q2

= (71)w670‘7‘*1 . o 670‘2
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(r=2)(r—3)
2

which also leads to a sign of (—1) . For the F-currents, first consider the case p = 0.

(r=2)(r—3)
e T U1 . T3, T 2 (_1)7"4-#6—20426—3053 . e—(r—l)a,r,lerAT,l

— (_1)7"-‘,—%67’[\7-,16—(7‘—1)0/,7-,1 L. €—3a2 —20&2.

e
If p # 0, then we use that

e~ Ml — (_1)re—a1erAr,le—(r—Q)ozr,l L e—2a36—a2

—2)(r—3
:(—1)T+<T F= gazgaa

Qpr—1

‘e
Finally, note that Fy(z) also has a sign of (—1)". The power of ? comes from the interaction between
{z*Hi0} and {eT}. First observe that when considering F;(2; ,) and E;(z;;) for a # b, the powers of d

from j =i—1and j =i+ 1 cancel out. When a = b, there is a total power of 02 ~1. The case for {F;(z)} is
similar but inverted. g

3.3. Fock representation. While our main focus will be on the vertex representation, we will consider
another representation of Uq 5(sl,), called the Fock representation. Our goal will be gain some knowledge on
the eigenvalues implicit in the statement of Theorem [3.4}

3.3.1. Definition. In order to define the Fock representation, we will need some notation for partitions. For
a partition A, let 0 = (a,b) € D(X\). We set:

(1) xo = ¢* 't*~1, the character of the box;

(2) ¢g =b— a modulo r (its color);

(3) d;(\) the number of elements of D(\) with content equivalent to ¢ modulo r;

(4) A;(N) and R;(X) the addable and removable i-nodes of A, respectively.

Finally, we will abbreviate a = b mod r by simply a = b and use the Kronecker delta function dq—p := 04—s,0-
Let v € F*. The Fock representation F(v) has a basis {|A\}} indexed by partitions.

Theorem 3.7 ([FIMM], cf. [W]). We can define a 'U-action T, on F(v) where the only nonzero matriz
elements of the generators are
II Go-daxm)

(Mes(2)[A 4+ 0) = dopy—i(—0) 1 Mg ( © ) er)

xov H (xo— xm)
WcA;(N)
“Wiu|
H (axo —a " 'xm)
. .sf;iz(])\)
A +0O/f(2)|N) = degmi(—0) 41N ( >
xBY H q(xo— xm)
HcR;(\)
(92 —q” 'xmv) (9712 — qxmv)
AW ()N = W9z —q xmv) (o~ amv)
-elg@) (= xmo) -egu) (z = xmv)

Ay =1, (Alg®2|A) = g~

3.3.2. Tsymbaliuk isomorphism. The representation 7, on F(v) has a cyclic vector |@). On the other hand,
pz and pcjf also have 1® 1 € F,. @ F{Q} as a cyclic vector. Both can be considered vacuum vectors for their
respective representations. The following theorem was proved by Tsymbaliuk:

Theorem 3.8 ([T]). Let

£
(-2)(¢=3) 0~ 2
3.14 v=(—1 2 L
(3.14) (-1) o
The vacuum-to-vacuum map
}'(v)a |®)»—>1®16W

induces an isomorphism between the '"U’ -module Ty and the s-twisted modules pzo g, pzf 0g.
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The Tsymbaliuk isomorphism is only a vacuum-to-vacuum map. In light of Remark the following result
from [W] provides more detail on the Tsymbaliuk isomorphisms:

Theorem 3.9. The Tsymbaliuk isomorphisms (Theorem between T, and p§ send
F|\) — F (PA[X‘; 0.t ® e“()‘)) .

Thus, we can study the eigenvalues of g(U 9) on Py by instead studying the eigenvalues of U° on the basis
{10}
3.3.3. Infinite-variable eigenvalues. From the formulas in Theorem we can see that

<A

)

0 97" (92— q” 'xmv) I 9! (4712 — axmv)
HcR;()\)

Therefore,

exp ( @=a ) h ikZ:Fk>

k>0

i, (z — xmv) (z — xmv)
2ky .tk 12k tk vERFR
=exp Y [ Y. 0—-aFn@"+ > 1-9")xa 7
k>0 \MeA;(\) WeR;(N)

Taking logarithms, we see that for k > 0,

A A Uik[k]q ?k‘ j:k +k :Fk
(Alhi 2k |N) p > q > g

WcA,( McR;(\
(3.15) A Sy
U:tkq$k k
=0 s > oxam— D, (abxm)**
HcA;(\) HcR;(\)

Using 1D we can try to piece together elements of U° whose eigenvalues are analogues of those of
Macdonald operators in infinitely many variables.

Lemma 3.10. Assume |ti1| < 1 (where 4+’ and ‘=’ are separate cases). For p € I, we have
—1 .
Alexp | — Z >io tik(zH)hp—iik qrr(—z)FF )
k>0 (1 —t=kr) Uik[k]q
k
(3.16) —exp |— Z Z gEF R (—%
k>0 b>0
b—Ap=p+1
= H (1 + qi)‘btibz:“)
b>0
b—A\p=p+1

where we set \p =0 for all b > é()\).
Proof. Comparing (3.16) to 7 we need to establish the equality

r—1

1 ,
(3.17) Wztik(l+l) Z X;k_ Z (qtxm)*F | = Z gERAeERD

=0 BMcA, (A WcR,_;(\ b>0
i (V) pi() 20

We note that here, we consider (1 —t**")~! as a geometric series. The summands on the right hand side of
(3.17) are t-shifts of the characters of the boxes immediately to the right of the rows of D(\) whose contents

are congruent to p modulo r. We can account for these coordinates by starting at each addable box of D(A),
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going straight up, and ending the search once we are diagonally adjacent to a removable box. This is exactly
what the left hand side of (3.17) does, although we note that the addable and removable boxes that cancel
each other out need not have the same color. O

4. SHUFFLE ALGEBRA

We will obtain difference operators by computing the action of g(Uo) on the vertex representation. How-
ever, computing the images of elements under ¢ is difficult. The shuffle algebra provides another avatar of
the quantum toroidal algebra with which we can access the horizontal Heisenberg subalgebra.

4.1. Definition and structures. Let ke = (ko,...,kr—1) € (ZZO)I and consider the function space
Sk. = ]F(Zi,a);glagki.

The product of symmetric groups
Gk. = Gko X+ X Gkr—l

acts on Sg, where the factor Gy, only permutes the variables {Ziﬁa}s’;l. We call ¢ the color of z; ,, so Gy,
acts by color-preserving permutations Finally, let

Sk, = (Sp.) "

S := QB Si. .
k.G(Zzo)I

Unless we say otherwise, an element of S with k; variables of color ¢ for all i is assumed to be in Sy, .

4.1.1. Shuffie product. We endow S with the shuffle product , defined as follows. For i, € I, we define the
mizing terms:

(z—qw) (z—w) ifi=j
— ) (qw—0271z) ifitl=j
w”(z w) : (z—qa w) ifi—1=4j
otherwise.

For F € S;, and G€S;,,let FxG € Sk._H. be defined by

1 1<a<k; ke <b<k;+1;
FxG:= msymk_ﬂ. F ({zi,a}igl = ) G ({Zj7b}j€§ kit ) ]___[ H wi j(Zi,as Z5,b)

ijel  1<a<k;
k; <b<k;+l;

where for ne € (ZZO)I,
ne! = [[ni! = 6. |
iel
and Sym,,, denotes the color symmetrization, i.e. the symmetrization over &,

4.1.2. The shuffle algebra. Consider now for each ko the subspace Si, C Sg, consisting of functions F
satisfying the following two conditions:

(1) Pole conditions: F is of the form

(41) F= f({zi,r})
H H (Zi,r - q2zi,r’)
i€l 1<ry'<k;
r#r!
for a color-symmetric Laurent polynomial f.
(2) Wheel conditions: F has a well-defined finite limit when

T s q0¢ and Zites

Zite,s Zirg

—qo~ ¢

for any choice of 7, r1, ro9, s, and €, where € € {£1}. This is equivalent to specifying that the Laurent
polynomial f in the pole conditions evaluates to zero.
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We set

S = @ Sk, -
ko€(Z20)'

The following is standard:
Proposition 4.1. The shuffle product x defines an associative product on S and S is closed under *.
We call (S, +) the shuffle algebra of type A,_1.
4.1.3. Relation to Uy (sl,). Let

o Ut C Uyo(sl,) be the subalgebra generated by {ei(2)},;c; and

e U™ C Uqo(sl,) be the subalgebra generated by {fi(2)},;-
Correspondingly, we set ST := S and S~ := §°?. The following key structural result was proved by Negut:

Theorem 4.2 ([N]). There are algebra isomorphisms Wy : S* — U+ such that
‘I’Jr(zfﬁ) = €in
\II—(Zinl) = fi,n-

Finally, note that the subalgebras U% are each closed under 5. We will need to understand how the
antiautomorphism 7 is manifested on the shuffle side:

Proposition 4.3. For F € Sfct., we have

() = 0 (F) = P [ L[ (oot sty b2
i€l r=1 o0t
Proof. This clearly agrees on the generators e; ,, and f; ,,. One needs to check that the formula above defines
a C(q)-linear algebra antiautomorphism that inverts . O

4.1.4. Shuffle presentation of horizontal Heisenberg elements. Recall the vertical Heisenberg elements
whose action on F(v) are related to infinite-variable Macdonald operators. Previous work [W] gives us a
better understanding of ¢! of such elements. However, we need ¢ instead, and thus we will apply ¢ = ¢~ !n
(cf. Theorem and Proposition To that end, observe that

Z;:l t:i:k(i—&-l)hp_i,ik qik(_z)q:k
“W%Zm R ) s ]

k>0
e Z:;Ol ik(i+1)<71(hp7i1q:k) q:tk(_z)ﬂFk
" ‘”%&( i) )[m]
+k — k
mﬂquZ(Wm>Wlwmmq%F]
k>0

where in the last line, we use 1} Let § = (1,...,1) € (ZZO)I be the diagonal vector and consider the
elements Epim € S* given by

z —q 1z
+ . p+1l,a p,b
Epn = Sym,,;s H wi i (Zisas Z5,b)

z — tz
1<a<b<n ptla b ier

() 1)

—1
Z — Z.
- p+l,a — 4 D,b
Sp,n = Symn6 | I P —tz | I Wi, j (Zi,m Zj7b)
1<a<b<n ptla pb o ier

n
] [ Zp+l,a  ?p,a ] I
X _— = zZ. .
{(q 20,a ZOa) Za})
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Lemma 4.4. We have

o (_1)nqn(r71)t7n(1 _qfltfl)nr N B 27" 1t_ H—l)h 7](7( Z)k:
U "= —

> v P, (1 — g ata) + (€pn) 2 sexp = (1 t—Fr) kK]

o k>0 k
oo nr—"a_n(r—l)tn(l - qt)nr _ n Z:;l tk(iJrl)h i,k ( Z)k
Z vnq Hﬁ (1 - q_at—ﬂ) v (gpx") Z=Cexp = Z 0(1 — tkr)p k[k] .
=0 k>0 1

Proof. In [W], it was shown that

o —1y-1 —1/7L —k -1 q " (=2)"
exp [(a=a )7 Y (6 ) =t (i ) =

k>0
q)fntnr(l qfltfl)nr N
U, (H,)z"
; " Ha (=gt
and
k —k
- _ _ 7" (—2)
exp[q—q DS (T ) — R () k]
k>0
— ("1 —q)™ -
7 V_(H, )z "
;qnnall_q at— a) P,
where
t™ z z
Hin=Sym,s [ 1 % [T wii (zias 20)
1<a<b<n | 9PPHL0 T Fpa oy
- Zp,a 1%p+la
X t z
T{(22 ) 1)
(4.3)

t~ 1z -z
_ p+1,b p,a
pn = Sy, H - H wij (Zi,a, 2j,b)

Z. — Z
1<a<b<n | TPpFLb = Zpa oy

n
20,a
X t——— — z, .
H{( Zp+1,a Zpﬂ)}g la})

It is helpful to recall Remark - when making comparisons with [W]. The result follows from applying
Proposition |4.3[ to We note that the mixing terms in contribute a power of 9~"("~1) before
inverting 0. ]

H

4.2. Action on the vertex representation. For F € St and G € S, we will present a way to compute
the actions of p} (V4 (F)) and p- (¥_(G)). Our approach was inspired by Lemma 3.2 of [EJM] in the case
r=1.

4.2.1. Matriz elements. The following is a consequence of computations similar to those done for Proposition
1.0l

Proposition 4.5. For vy,vs € W, we have
r{:vl E ( Zq a}1le<la<k ) H H (Zi,a - Zi,b) (Zi,a - q_lt_lzi7b)
€I 1<a<b<k;
4.4 vy Ei(zia) 02> = :
(44) < z];([)al;[l e H (Zo,a *flzr—Lb) H H (Zi,a *q712i+1,b)

1<a<ko ieN\{r—1} 1<a<k;
1<b<kyr—1 1<b<kiqq

for some Laurent polynomial f, where the rational functions are expanded into Laurent series assuming

(4.5) |20l =1, [g] > 1, [t[ > 1.
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On the other hand,

o 9 ({Zi,a}jegfagki) II II o=z (zip — atzia)

Fi(zia = il 1<a<b<k;
(4.6) <U1 gg (%i,a) U2> H (2r—1,b — t20,a) H H (Zip — QZi-1.0)

1<a<lky_1 ieI\{0} 1<b<k;
1<b<ko 1<a<k;—1

for some Laurent polynomial g, where the rational functions are now expanded into Laurent series assuming

(4.7) B

=1, ‘q| <1, |t‘ <1

Notice that wi’iﬂ(z,w)_l and wi’i,l(@w)_l are rational functions that we can also expand according
to (4.5) and . Thus, we can make sense of matrix elements of products of currents multiplied by these
inverted mixing terms. We do not claim that such products yield well-defined series of operators—just that
their matrix elements make sense. The following is a consequence of the toroidal relations:

Proposition 4.6. When computing matriz elements, we have the relations

Ei(z)Eiv1(w) _ Eip1(w)Ei(2)

wi,i+1(27w) Wi—i—l,i(waz)
Fi(z)Fipa(w) _ Fipa(w)Fi(z)
wi,i+1(waz) wi-i—l,i(sz) '

4.2.2. Constant term formula. For F € S,j'. and G € S, consider the rational functions:

N
r—1 k1
F x V1 HHEi(ZiVG) V2
i=0a=1
I II witzia zia) 11 IT wiizia zis)
i€l 1<a<a’<k; 0<i<j<r—1 1<a<k;
1<b<k;
n N
r—1 k‘i
G x V1 HEi(Zi,a) V2
1=0a=1
II II witzieza) I1 [T wisGziarzin)
i€l 1<a<a’<k; 0<i<j<r—1 1<a<k;
1<b<k;

We can expand these rational functions into Laurent series according to the assumptions (4.5) and (4.7)),
respectively. For any Laurent series, we denote by {—}¢ this operation of taking constant terms.

Lemma 4.7. For F' € S,j. and G € 8, we have

Y% (Y%
r—1 k1
1 P T I
i—0 a=1
(4.8) PE(U4(F) = 15 —
!
[T II wiGeza) 11 [T wiiCiazp)
i€l 1<a<a’<k; 0<i<j<r—1 1<a<k;
1262k,
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where the right-hand side is expanded according to and

r—1 k‘i
G x H HFi(Zi,a)
_ 1 i=0 a=1
(4.9) pz (V-(G)) = Tl
I[I II wiiziazia) 11 II wisCzia zis)
i€l 1<a<a’<k; 0<i<j<r—1 1<a<k;
1<b<k

0

where the right-hand side is expanded according to . In particular, the expressions on the right-hand
side are well-defined operators on W.

Proof. A consequence of Theorem and the toroidal relations is that ST are both spanned by shuffle
monomials

n(0,1) n(0, 2) n(0,ko) n(1,1) n(r—1,ky.—1)
20,1 X201 Tk 2o *Z1q1 KK Zaq
since
n(0, 1) n(r—1,kr—1)\ _
v ( 20,1 Kk Z. g = €0,n(0,1) """ Er—1,n(r—1,k._1)

n(0,1 r—1,kr_1
v_ ( 0(1 ) "'*2:6171 )) = fr—tmr—1k_1) " Jon(o,1)-

We will check that the matrix elements coincide for these monomials, from which the lemma follows. For
the ‘+’ case, the proposed formula gives us

ki.! Symy,, HH n(w H wi,i(%ia, Zia) H H Wi j(Zi,as 24,b)

i€l a=1 1<a<a’<k, 0<i<j<r—1 1<a<k;,
1<b<k;
~
r—1 k;
o ([T Ei(zi0)| 02
1=0a=1
X
II Il witieza) [I Il wuGeze
i€l 1<a<a’<k; 0<i<j<r—1 1<a<k;
1<b<k; 0

From the toroidal relations, we have

Ei(zi0)Ei(zip)  Ei(zip)Ei(2ia)

Wi,i(zi,aa va) Wi,i(zi,ba Zm)

Using this to swap variables, we can move both the matrix element and the mixing terms inside the sym-
metrization, where the mixing terms will all cancel out. Notice that taking the constant term is insensitive
to the labeling of the variables, and thus the constant terms of all the summands of the symmetrization are
equal. The end result is

r— 1 Ic
H H Zn(l @) <U1 H HE Zi, a > = <Ul ’P; (eO,n(O,l) T e'rfl,n(rfl,k:,,.,l)) | U2> .

i€l a=1 i=0a=1
0

The ‘-’ case is similar. O
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5. DIFFERENCE OPERATORS

5.1. Setup. Now, we will fix a € @), which also fixes a core. The previous two sections were concerned with
symmetric functions in infinitely many variables. Here, we will shift to working with finitely many variables

(i) | FSIEN

{(El } = XN. .
i€l

We will impose the compatibility (2.9) between o and the vector N, recording the number of variables of

each color. Our approach for finding difference operators is straightforward: we use Lemma [4.7] to compute
the action of pc%(\lfi (£F£,)) on a function f[Xy,]. We assume that n < N; for all i € I.

5.1.1. Finitized vertex operators. Recall that Af\,. denotes the tensor product over ¢ € I of rings of symmetric
polynomials in N; variables and 7y, : AT — A{v. is the natural projection. We will abuse notation and also
denote the map (my, ® 1) : AT @ K{Q} — AL, @ K{Q} by 7y, . Recall Proposition The projection my,
interacts with the operator components of (3.10]) as follows. From the ‘left’ halves, we have

™. (exp Z (pk[X(i)] _ t—kpk[X(i—l)]) Z}:] Ho(f @ ea))

k>0
Ni—l Ni—l i
H (1 PR (z 1)) (271 _ t’lxgl_l))
(5.1) = NN (i () @) = S (v, (f) @ e)
(1 — 2%, ) (zil — xf”)
=1 =1

For this to hold, we will need to impose conditions on |xl(l)| Recall that we have the conditions 1b when
working with {F;(z)}. We extend this to

2l =1, gl > 1, [t > 1, [z < 1
for . to hold. We also point out that the compatibility condition is used to obtain the first equality.

Next, let f = [,c; fi[X™], where f; € A for all i € I. From the rlght halves, we have
. _ . ka
N (exp [Z (—pR[X O 4+ g py[X V) k] 'f>
k>0
(5.2) =my, | HIXD =2 fia XD 1 g7 [ £
jel
jii—1
:fz[ @ _ —1} fis [ (i~ 1)+q71271} H f]{ EJ)}'
jel
jii—1
Here, (5.2) follows from checking on power sums p[X ] and p,[X =),
For (3.12)), we have

N, (exp [Z (—tkpk[X(i)] +pk[X(i_1)]) Z:} 2 Hio(f® ea)>

k>0
N; N;
H (1 — tle(i)> (z_l — txl(i))
- = NNy (f) @) = 7= (mx, (f) ® €%)
ll;[l (1 za:l(l 1)) 11 (zfl - l"l(i_l))

Here, we extend (3.13) to
2l =1, lgl <1, ]t] < 1, 2] < 1.
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On the other hand, from the right halves appearing in (3.12]), we have

kaz
o ]

k>0

=7n, | AXD 4@ i X0 =27 T #IxY)
jel
jAii—1
=fi [ +qz” } fima [:riifl) - z_l} IT 7 [xﬁj)} :
jel
Jii—1

5.1.2. Applying the constant term formula. Plugging in Ejtn into the formula from Lemma H we can use
the toroidal relations and Proposition [I.6] to reorder the currents in alignment with Proposition We
remind the reader that the formulas for £f  are given by 1) As in the proof of Lemma H we can use

p,m
the toroidal relations to remove the symmetrizations in ngn- Suppose f = [[,c; fil X (¥)]. Taking the result

for £, acting on f ® e®, and then applying 7, gives us:

PN
T " o (r=2)(r—3) 2)(7‘ 3) L 1 1+1a —t 1y ()
TN | (pz oW )(E) ) (f@e®) ) = | (1) Hcv 11 H H —()
icl i€l a=11=1 Zia T
o H 1—q  2p0/2pt1,a (1= zip/zi0) (1 —q 7 20/ 200)
L <asb<n 1 —t2p/%pt1,a i (I —t"1zip1p/2i0) (1 — g 2210/ 2i0)
% ﬁ K 20,a > < Zp+l,a )
a—1 L\#ptla Wpt1,p(Zp+1,a) 2p,a)
Zi,a
X
iel\l{gﬂ} (I —t"'20/2i-1,0) Wi—1,i(Zi—1,as Zi,a)
n n
SIDIELED DR DE M R
el a=1 a=1 0
where all rational functions are expanded as Laurent series assuming
(5.3) lzial = 1, |29 <1, t] > 1, |g] > 1.
For £,,,, we instead have

n

(r=2)(r=3) no Ni o/ =1 400
o (0 0w g e ) = | Sl T {H 11 (fb)
el -

T = Zpi1,0/ 20 (1 —zia/zip) (1 — qtzia/zip)
| I |

t=zpr1a/zpp oy (1= tzicra/zi0) (1 = 4zit1,a/2ip)

X
1<a<b<n

n
% H {(Zp+1,a> ( “*pa )
a1 20,0 Wp+1,p(Zp+1,0) Zp,a)

« v H (1 — l ‘ Zia

I\ p t2i 0/ Zi+1,0) Wiit1(Zia, Zit1,a)

Xl_[fz llel +qz za Z H-la } ®6a
0

i€l
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where all rational functions are expanded into Laurent series assuming.
(5.4) el = 1 J2i | < 1, Jal < 1, Ji] < 1.

In both formulas, we are taking constant terms in the z-variables.
We will slightly modify these equations as follows:

e Using our assignment ¢ = qd, t = q0~!, we have
wiit1(z,w) = qw — vl =0 qw — z)=4q (w — q_lz)
wii—1(z,w) =z — g tw =2z —tw

We will substitute this for the mixing terms.
e Recall the extra constants in Lemma [L4l Let

. (_1)nqn(r—1)t—n(1 _ q—lt—l)nr _ (_1)nr—na—n(r—l)tn(1 _ qt)nr
Cp = _ n a4 — 9 Cp = n a4i—
v [y (1= g7t70) v [Jay (1 —g7t70)
where v = (_1)4(“2)2(%3) q0 "2 (co -+~ cr—1) ' We will instead work with ¢t &F, and ¢, &,

Doing all this, we obtain

_ 1 1 nr i —1,.(4)
55 el (0 o WELIT 9 ) = {HHH(*%)

i€l a=11=1 Zia T

% H [(1 - Zp+1,b/zp+1’a) (1 - q_lt_lzp+1’b/zp+1,a)

1<a<b<n (1 - tzpyb/Zerl,a) (1 - t712p+2,b/zp+1,a)

" H (1= zip/2i0) (1 — a1t 20/ 210)
(1—qgtzim1p/%0) L=t 2iv10/%ia)

ieI\{p+1}

i Zoya 1 )
X
1_[1 {<Zp,a> (1 —t7 1 2pi1.0/%pa

a=

1 1
X
) H (1 — tlzi’a/zil,a> (1 — quil,a/zi,a)

ieI\{p+1}
n n
it [zx St }
el a=1 a=1 0

and

- QC()

icl a=11= _‘xl

% H |:( (1 zpa/zpb)( qtzp,a/zp,b)

1<a<b<n L=t 2110/ 2p0) (L = t2p-1.a/2pp)

« H : (1= 2zia/2ip) (1 — qtzia/zip)

—qZit1,a/%ip) (1 —t2i—1.0/%ip)

n
() (=)
—1 L\?0,a 1 —tzpa/2pt1,a

1 1
X
) H (1 — tZi,a/ZiJrl,a) (1 — qzi+1,a/zi,a)

ieI\{p}
} ® e®.
0

XHfz lZmlz)—quz Zzlﬂa

el
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5.1.3. Integral formula. Regardless of f, the formulas obtained in are constant terms of Laurent series
expansions of some rational function. Note that all poles are simple except for the poles at zero possibly

coming from the plethystic modifications done to f. Thus, it will be advantageous to invert all the z-variables:
let

The right hand side of (5.5 is equal to

n n
6.1 {gpn wen ) [T [z NN SIS
a=1 a=1

} ®ea
0

el
where
n(n—1) 1. n N; (7')
(1) (1= g e Witra — 17!
(5.8) Ipn(Wees XN,) 1= G
P T, (1 - gt 1;[1;[ Wig — ;)

el
(5.9) < 11 (Wpt1,6 = Wpt1,0) (Wps1p — g~ flwp+17a)
1<a<b<n (Wpt1,a =t wpp) (Wpr2p —t 1 Wpy1a)
T w; )

(5.10) % H (Wi — wia) (wip —q

i€\ {p+1} (Wim1,p — ¢ Wi a) (Wit1,p — 7 w; )

n
(5.11) <1 [(w““) < Orila )
a1 L\Wo,a Wptta =t Wpa

W; q Wi—1,a
(5.12) < 1 (w —t~lw,_ 1a> (wz‘—la—q_lwi»a)

ieI\{p+1}

Now, all the poles appearing in (5.7)) are simple. Similarly, the right hand side of (5.6) becomes

} ®ea
0
n(n 1) n(n+1)

t

— — n Wi,q — T l)

a=1

(5.13) {gpn W, .,XN, Hfz [Zzlz +quza sz—i-la

i€l

where

(5.15) x H [ (Wp,a — Wpp) (Wp,a — qtwpp)
1<a<b<n (Wp,b — tWpi1,a) (Wp—1,a — twp,p)

(Wi,a — Wip) (Wi,a — qtw;p)

5.16 X

( ) i\ {p) (Wit1,a — qwip) (Wi1,a — twsp)

(5.17) X ﬁ (woa) H ( Wi,a ) ( Witl,a >
ot | \Wpa —WWpi1a )/, e s \Wia = tWit1.a/ \Wit1a = qWia

Remark 5.1. Without the compatibility condition (2.9 between N, and «, we would have to contend with
an additional Laurent monomial factor in the variables w; , in (5.7)) and (5.13)). This would prevent us from
obtaining a manageable formula due to the presence of non-simple poles at zero.
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Lemma 5.2. We have
. (02 0 B(ELIT @ e))

n

N; n n
— gt (wee X ) ) _ . Ly _ dwia o
foftmssa T et S St 5 o

a1 el ot

We assume _
] < 1, gl > 1, [t > 1
and orient the unit circle |w; o] =1 counter-clockwise. In the ‘—’ case, we have

. (07 0 W)€ (T @ e)

n n

dwi a
w. L] _ ® ea
et ] I1 27/~ 1w; 4

a=1

N; ] n
— %%g;n(w.,oyXN.)Hfz [Zxﬁ)_,_zqw.,o_
=1 a=1 a

i€l

‘wi,alzl

where we now assume ‘
2] <1, Jgl < 1, Jt] < 1
and also orient the unit circle clockwise.

Proof. In case ‘+’, the integrands are given by series in the xl(l) and ¢T1, tT1, with coefficients which are
Laurent polynomials in the w; ,. Under the given assumptions, these series converge uniformly absolutely
on the integration cycle and thus we can exchange the order of summation and integration. This turns the
above integrals into the constant term formulas and . (|

5.1.4. Cyclic-shift operators. To describe the results of our computation, we need to introduce some differ-
ence operators that also permute variables. As before, let Xy, = x(i)};ggm denote our set of variables
compatible with our r-core. Define a shift pattern of Xy, to be a subset of Xy, that contains no more
than one variable of each color. A shift pattern contains color p € I if it contains a variable of color p. Let
Shy(Xn,) denote the set of all shift patterns containing color p.
For a shift pattern J, let J C I denote the colors of the variables in J. We denote the variables in J by
xy), so J = {xf;)}ie(]. To J we associate the following:
(1) Gap labels: For i € I, let i* € J be first element greater than or equal to 7 in the cyclic order.
Similarly, let ¢V € J be the first element less than or equal to 7 in the cyclic order. We stipulate that

0<i® —14,i—1" <r—1. With this set, we define:
x(iz = q(ifiA)ng)
ng =gl )xg ).
To clarify, x(jg = x(jg = xS) if i € J. Thus, while J gives a list of variables colored by J C I, we ‘fill
in the gaps’ for values i € I'\J with certain g-shifts of the elements of J. Note that the ¢-shifts are
negative for ac(iz and positive for a:(i\z
(2) A cyclic-shift operator: For ¢ € J, let i¥ € J be the first element strictly less than ¢ in the cyclic
order. We set 1 < i — i < r, where r occurs if and only if |J| = {i}. We then define the operator
T; on K[Xy,] as the algebra map induced by
i (Fi')x(i') ifi € Jand 2; = 2%
T1<x§>>={q z 1=y

xl(i) otherwise.

Note that this g-shift is positive. If we let i* € J be the first element strictly greater than ¢ in the
cyclic order, then observe that

) { q(ifi‘)i(]il) ifieJand o = xg)

) otherwise



WREATH MACDONALD OPERATORS 27

where as before, we view 1 < 74 — ¢ < r. Finally, we note the following: for ¢ € J
() = g

(5.18) 1 G0y _ 1 (1)

15 (acl)fq Tys

We will also make use of n-tuples of shift patterns. For such an n-tuple J = (J;,...,J,,) and 0 < k < n,
we denote
|l| :l1U"'UlnCXN.
J<x=J,U---UJ, C Xn,
>k =J,U---UJ, C Xn,.

If J is an n-tuple of shift patterns all containing color p, we say J is p-distinct if the p-colored variables Jc(p )

are all distinct. Let Shj[,n] (Xn,) denote the set of all p-distinct n-tuples of shift patterns containing color p.

5.2. Degree one case. We will first compute the integrals from Lemma [5.2] for the case n = 1. In the ‘4’
case, we have:

N; (le 1 — t_lxl(i))

(5.19) t’1<1—q_1t_1)r_1% %HH (w1 — =)

fun 121 €T 1= 1T
w w w; w;—
wo,1 Wpr1,1 — t7 Wy 1 e\ (1) Wi —tT w1 Wi—1,1 —q W41
dw; 1
(5.21) X H fz [Z J)l —w;1+q 1w1+1 1] _
el 27’(\/ —].’LUZ'J
We will first integrate wy 1. Based on (5.3)), the residues within the unit circle |wp 1| = 1 come from the
factors:
1
Np
(wp1 —t " wp-11) (U}PJ - xl(p))
1=1
620
B-19)

We will call the first type of pole a t-pole and the second type an z-pole. For the computations we will
perform later on, we will further restrict our parameters so that

2] < 1, [ql > 1, [t > 1.
We will address how to relax this later on in the proof of Theorem below.

The ‘-’ case is

(g — t2
(5.22) 11— qt)T'_l% . %H v (v - )

(1)
lwi1|=1 iel I=1 (wz‘+1,1 — I

(5 23) % ( wWo,1 ) H ( W;,1 ) ( Wi41,1 )
Wp1 — tWpr11) Wi 1 — twiy11 Wiy1,1 — qW; 1

iel\{p}

dwm
(5.24) < [T [Z 2"+ quiy — wiy, 1] Py T

i€l
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Here, we will instead start by integrating wy11,1. As before, there are z-poles and a t-pole coming from:
1
Npt1

(’U}p+1’1 — tprrQ’l) H (wPJrl,l — xl(p))
=1

(5.23)

G-22)
In this case, we will restrict to

el < 1, lgl < 1, [t < 1.

5.2.1. The t-poles. First consider the ‘+’ case. Here, we begin with the residue wy1 = t"'w,_1 1. Let us
group together the factors

Np_1 (wp,l _ t—lxl(pfl))

Wp,1Wp—1,1
N, p—1
wp,1 (Wp—1,1 — ¢~ wp,1) (Wp,1 =t wp—11) (wp,l - xz(p)> = <wp_1’1 —a ))
1=1
Upon taking taking the residue, this becomes
tNo—1
N, :
(=g ) ] (£ wpa — )
1=1

Because of the additional restriction [¢t| > 1, the poles above will be outside the unit circle |w,_1 1| = 1.
This pattern persists as we continue downwards in cyclic order until we reach w,41,1. Here, we have

Np (’ijq’l — t_lacl(p))

[1

Wp+1,1Wp,1

_+—1 p+l—r
Wpt1,1W0,1 (Wpr1,1 — 7 Twp 1) wo,l*’ti(,y;l)wpﬂ,l P (t7T+1wp+1,1 _ zl(P))
Wp, 1>t Wp41,1
N, —1,.(p)
tP 1 (wp+1,1 i )

P e (t_rﬂwpﬂ,l - l‘l(p)>

The only pole here is the simple pole at wp41,1 = 0. After taking this residue, (5.21) becomes just f[Xn,].
Bringing in the front matter in (5.19)), we are left with

t_p_1_|N0|
(5.25) =/ [Xn.]-
—1
Here, we recall that Ng = (No, ..., N,_1) records the number of z-variables and [No| = >, ; N;.
For the ‘=’ case, recall that we begin at wp;1 and take the residue wp41,1 = twp42. We group together
the factors
N, (p+1)
Wp1,1Wp+2,1 ﬁl (w”“ 1t )
Np

(p+1)
() =1 (wpﬂ,z -
Wy 1,1 (Wpy2,1 — quipprn) (Wppr1 — twpion) [T (wpsin — 2
=1

which upon taking the residue becomes

tVp+1
N, :
(1—qt) H (twp+271 - xl(p))
=1
The remaining poles above lie outside the unit circle |wpi2,1| = 1 because we have assumed |t| < 1. We

continue upwards in cyclic order, yielding similar calculations until we arrive at wy, . Here, we have the
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factors
Np (pr — txl(p))

wo,1—>tPwp 1 — (p)
—t =1 (tr Lwp1 — ;)
Wp+1,11 " Wp,1 ’

w1 fi (wp — taf?)
1= wpa =1 (tr_lwm - xl(p)> .

The only pole within the unit circle |wp 1| = 1 is wp1 = 0. After taking this residue, the final result (after
including the front matter) is

Wo,1

)

wp,1 (Wp,1 — twpi1,1)

tp+1+\N-|

5.26
(5.26) T

XN.].

5.2.2. The z-poles. We will first work out the ‘+’ case. Thus, we have taken the residue of wy, ; at the pole
Wp1 = :cl(p ) for some 1 <1 < N,,. This variable :cl(p ) will be an element of a shift pattern J. Therefore, we

call it a:g)). It will be advantageous to now group together the factors

Np (wp+1,1 — t_lxl(p))

Wp,1Wp+1,1 H ( (p))

wo 1Wp.1 (W —t~lw
0.1Wp,1 (Wpt1,1 p) 1o (wp —

After taking the residue, we leave behind

Wp41,1 ﬁ (wp“’l B t_lxgp))
wo,1 palet (:c(f') _ xl(p))

o 2P =

Next, we consider wp11,1. We group together the factors

Npt1 (40 _ t71x(p+1)
Wp4+1,1Wp42,1 ( p+2,1 l

_ 41 _ a1 1
Wpi1,1 (Wpyo,1 =t wpp11) (Wpy11 — ¢ Wpya) 5 (wp+171—xl(p+ ))

(€]

(2
The only (nonremovable) poles within the unit circle |wp111] = 1 are marked (1) and (2). We thus have two
cases:
(1) Residue at wpy1,1 = q_lwp+271: In this case, (wp+2,1 — t_lwp+1’1) cancels with a wp421 in the
numerator, leaving behind
1 Np+1 (wp+2,1 - t_lxl(pﬂ))

_ =141
(A—g7it7h) (wp+1,1fxl(p+1))

Wpt1,17>q " wpia1

Because |g| > 1, the poles above lie outside the unit circle |wpt21] = 1.

(2) Residue at wpi1,1 = xl(p'H) =: xfjp+1): Here, (wpi2,1 — ¢ 'wpi1,1) cancels with a factor in the

numerator, leaving behind

_ 1
Npt1 (wp+2,1 —t 1$gp+ ))

Wp4-2,1
(5.27) (xg’“) _pq—lwpﬁ’l) H (mf]p+1) _ wl(p+1))

=1
Jil(p+1)¢$if+l>

Again because |g| > 1, the first pole above lies outside the unit circle |wpy2,1]| = 1.
This pattern and dichotomy for residues continues upwards in cyclic order. The z-variables in the type

2) residues constitute a shift pattern J and our gap labels x(lz incorporate the g¢-shifts from the type (1
J

residues. Therefore, w; ; is always evaluated at x(iz Finally, observe that l) becomes Til FIXw]
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The ‘=’ case is similar. Our first variable is wp1,1, for which we take the residue at wy 1,1 = xl(p) =: :cf,p).

We consider the factors
wos ) INI (w,,,1 - tggl(p)>
( (p)

w wy, 1 — tw ’
P11 Pl p+1) 1 (wp+1,1 - )

After taking the residue, the pole from (wy, 1 —twp41,1) cancels with a factor in the numerator, leaving behind

wo,1 lN—i (wpvl - mgp))
xF]P) = (xSp) _ xl(p))

We now proceed downward in cyclic order. For each w; i, we consider the factors
Ni_1 ) _ (=1
Wi 1Wi—1,1 : (wl’lvl by
. . _ . L . i—1
Wi, 1 (wzfl,l twl,l) (wz,l qwzfl,l) =1 (wi,l — .Z‘l(z ))

1)

(2)
Because (w;1 — tw;+1,1) has been canceled at this point, the only poles within the unit circle |w; 1] = 1 are
those marked (1) and (2). The analysis is as before:

(1) Residue at w; 1 = qw;—1,1: This leaves behind
1 N; 1 (wifl,l _ t.%‘l(iil))
(1 - qt) =1 (wm — xl(i_l)

) W4, 1—>qWi—1,1

(2) Residue at wiy =" = xfl): The leftovers are now
(5.28) Wi—1,1 N (wz‘71,1 — txl(i_l)>
' (xifl,l - qw¢71,1) =1 (x(i—l) _ xl(i—l)) :

The z-variables where we have taken residues constitute a shift pattern J and w;; is always evaluated at
xf;;”. Finally, 1' becomes Ty f [Xn,].

5.2.3. Degree one wreath Macdonald operators. As seen from|[5.2.1] taking residues at t-poles yields a constant
times f [Xu,]. On the other hand, taking residues at xz-poles yields a sort of difference operator applied to
f1Xn,]- Notice that in both the ‘+’ and ‘—’ cases, the a-poles always gives a shift pattern containing p. We
record the resulting shift operators below. Let

1 ] fE(IPH)
* . -1y . 2 : —1,—-1 JA
Dp,l(XN.7Q7t ) T 1_q,1t,1 (l_q t ) (0)
JEShp(XnN,) Lo

N; (ta:(jjl) - xl(l))

—1(..(2)
qtTy ' (zy’) 1
A= 7 J \L T
. H (i) (9 _ H (i) _ 71 () J
el 1=1 Tya — X ie\{p} \TJ N (q;i )
I(l);ﬁz(l)
l Jba
1 J xflr\;l)
Dpa(Xniat ™)== 3 (-a) =5
T Jeshy(xny) Ty
N (t’lx(;_l) - xl(l)) =1 (D
EAl q l(ml )
<11 11 II 7.

iel  I=1 (ff]lg - xz(i)) ieJ\{p} (xﬁ) - Ti@?)) B
a2 -
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Observe that when r = 1, Do 1(70,e;¢,t) and Dg 1(20,;q,t) are the first Macdonald and dual Macdonald
operators, respectively.
Theorem 5.3. For generic values of q, t,

N,
(5.29) Dy 1 (Xneia,t) PA[X w5001 = Z:I g Mt N Py Xy, g,
b1

INe|
(5.30) Dp1 (Xn; g, t) PA[Xnesqt] = | Y g tNI"0 | Py[Xv, 50,1,

Xt
Proof. The difference operators we computed in are
= NIDs (X wvasg )

in the ‘+’ case and
tNeID, 1 (Xnyig,t )

in the ‘=’ case. We note that after taking residues, the w-variables in the first halves of (5.27) and ([5.28)
can be rewritten using ({5.18|)

Combining Lemma [3.10] Theorem (5.25)), , and the computations of we have for A € Y
with k(A\) = a and |quot(A)| < | N,

t—P—1—|N0|
<t_IN°|D;,1(XN.;q,t_1)+ 1_¢r )PA (Xnig,t7!] = Y g | P X gt
B b>0
b—Ap=p+1

where we assume |g| > 1, [¢| > 1, and |z;;| < 1. Even here, it is essential that |t| > 1 as we are working
with series in 1. We can do away with this once we notice that since |N| is divisible by r (Proposition

and £()) < ||,

Apy—b P 1IN Gl Aby—b
—Apy— o —Aps—
dooa T | =g X M
b>0 b=1
b—Ap=p+1 b—Ap=p+1

Thus holds under our conditions on |g|, |t], and |xl(l)|.

Finally, we address the genericity of parameters. The equations and are equalities of rational
functions in the space (Xn,,q,t). We have established them over an analytic open subset of (Xn,,q,t).
After subtracting one side to the other, this is equivalent saying a rational function is zero on a codimension
zero subspace, and thus it must be zero. O

The eigenvalues of {Dp1(Xn,;¢,0)},c; on {Px[Xn,;q,t]} are nondegenerate. Therefore, we have

Corollary 5.4. For \ with core k(\) compatible with No (cf. , the line spanned by P\[Xn,;q,t] is
characterized by the eigenfunction equations ranging over all p € I.

Ezample 5.5. Let r =1, p=1, Ny = (2,1,0), and A = (3,1,1). In this case, A is a 3-core and so
P\[Xn,;q,t] = 1.
There are three shift patterns containing 1:
I = {2}
Iy = {55(10)71”51)}
I3 = {xéo)vxgl)}
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The operator D1,1(Xn,;q,t) is then

(1) (0) (1) (0)
gtry’ —x; qtry’ — x4
(5.31) Dii(Xnaia,t) =g s
gt — 2" )\ @al? — 2 )
(1) (0) (1)
B qtry’ — T4 qtzy
(5.32) +(1—qt")g T,
xgo) — xgo) xgo) q zgl)
(1) (0) (1)
3 qtry’ — 13 qtzy
(5.33) +(1—qt™) ( ) ( >T
zgo) zgo) Iéo) q 1751)

The cyclic-shift operators act trivially on Py(Xy,;¢,t). Consolidating (5.32)) and (5.33]) gets us

(L a1 gtz — o ) . gttt — §0> gtV
RONSON R WSORIERE NONSONY R WSO ql,gn

gtzV (qm(%g» _ gtaDa(0 _ 2050 4 40,00 4 2, 0,0 q%y»xw)
=(1—-qt ) 5
(o1 =2t = a2y )(eg” — g2l
. qmu)( gtz + §o>+xgo>_qz$§1>)
=(1—at")a @0 — 220 (@0 _ 25 )
A { (@22 + )z Ve® + gte®20 4 gtz (1)}
=W mat g 0 1 1
(21" = ?ai) (25" — g?at")
1 1 0 1 0 1
(538 = {<Qﬂ+q>“<)<m mPﬁ)+W—fnyﬁ)}
(21" - i) (@l - ¢ai")

On the other hand, (5.31)) becomes

gtz — 2O\ [ gtalV) — 2©
N\ a0 =20 |\ 2,0 —,0
[ @aVah qmu) O _ g0 50 4 50,0
(5.35) = © IV ) :
(1'1 —q? Zq )(552 —q? Zq )

Combining (5.34) and (5.35) gets us
1500 _ g2,0,00 _ 2,00

q-Tq Igo) éO)
Dy (XN g, ) PA[XN, ¢, 1] = q 5 0 :
( (0) qx§))( ()7q2m( ))

_ o )@ — ey
(@ — 2z (@f — g22)
= qP\[XnN,;q,t].

Ezample 5.6. Let r =2, p=0, Ne = (1,1), and A = (1,1). Here,

P Xn,;q,t] = 2V

There are two shift patterns containing 0:

J, = {«{}
Iy = {xgo)a%l)}

We then have

tz(o) — zgl)

1 x(l) txgo)
Do (Xn,54,t) =q ﬁ Ty, +(1—qt™ )~ 20 ﬁ 1y,
4Ty 1 4T
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Observe that
Ty, i) = af"
lexgl) = qxgo).
Altogether then,

taf” —afV\ ) pas (0 tal” (0)
Do1(Xn,:q,t)Pa[XnN,5 0,1 = ¢ —o O | % + (1 —qt™ )W NOERON A
qry - — Iy Ty Tyt — 4T

0 1 0
- (=) 0
- 1

RO

i (=)
- 1

OB
= qPx\[Xn,;q.1].

5.3. Higher degree operators. Now we consider general values of n. In the ‘+’ case, we will start with
taking the constant terms of the p-colored variables {wpo}. There are two kinds of poles inside the unit
circle |wpp| = 1:

() the poles (wp’b — xl(p)) in {i and

(t) the poles (wpp — t™ wp_1,4) for a < b in and .

As in @ we call them z- and t-poles, respectively. We note that evaluating two variables wp, and wp y
at the same pole will result in zero due to the factor (wpp — wp ) in (5.10). Besides that, for r > 1, these

residues can be evaluated independently and we elect to do so. For the '—’ case, we instead start with
{wp+1,e}, for which the relevant poles are now

(x) (prrLa—xl(p)) in (5.14)) and

(t) (Wpt1,0a — twpyayp) for a < bin (5.16) and (5.17).

As in[5.2] we will further restrict our parameters to |g|, |t/ > 1 in the ‘4’ case and |g|, [t| < 1 in the ‘— case.

5.3.1. Only z-poles. As in[5.2] the case where we only start with z-poles yields a new difference operator. In

both the ‘+’ and ‘—’ cases, each of the n variables {xl(f

we set xf]p )= a:l(f ), Furthermore, as these variables must be distinct, we have that the tuple J := (J;,...,J,,)
will be p-distinct. After taking these residues, we will proceed as in for a specific value of a.

First consider the ‘+’ case. To see the effect of taking the residues wy = xf}z ), we group together the

)}3:1 will become part of a shift pattern containing p, so

factors
N, —1 (p))
w —t

<wp,b> wp+1,b H ( p+1,b l

w wyp (W —t~ 1w (p)

06/ Wp,b (Wp+1,b pb) i) (wp,b — 2
1,41
« 1 (Wp,b — Wp,a) (wp-s-l,b —q 't wp+17a)
-1 _ 4+—1 :
H (Wpr1,0 =t wpe) a2 (Wpt1,0 =t wpp)

b<c

Upon taking residues, this becomes

Np
II (wp+17b - flfﬁ}p))
(l)=1
Wpt1,p \ 27 €] —1,—
(5:36) ( ngb ) — I (wprre =0t wpna) -

H (x(lpb) B x};;)) a<b

()
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The next variable we consider is wy41,1. Notice that we have canceled the poles (wy41,1 — t~'wy) for
all b > 1, and consequently, the only two kinds of poles within the unit circle |wpy1,1| = 1 are as before in

We group together the factors

Wp41,1Wp+2,1
w (w —t~lw ) (w —q¢lw )
p+1,1 (Wp+2,1 p+1,1 p+1,1 — d p+2,1

N, -1,.(p+1)
—1,—1 n +1 —
< I1 (Wp16 — Wps1,1) (Wpi2p — ¢~ wpia) 11 - (w”“’b P

w —t~ 1w w —qgtw (p+1)
1<b( p+2,b p+1,1) (Wpt1p — ¢ p+2.1) b=1 I=1 (wp+1,b*$l

The residues are

(1) Residue at wp+11 = ¢ 'wpio1: In this case, the factors in (*) cancel out, leaving behind

1 n Ne+: (wp+2,b - t_lxz(pﬂ))

1—q 't ) 1] (P +D)

b=1 I=1 (wp+1,b -

) Wp41,1q ' wpy21

As in , Wpy1,1 Will ultimately be evaluated at xf]pfl) and the poles above lie outside the unit
J7

circle |wp42,1| = 1 because |g| > 1.

(2) Residue at wy, 11 = a\PT) = xf,pfl): Here, the factors in (x) cancel with those in (*x) containing

I(prl). We are left with

Npt1 _4—1,.(p+1)
Wp42,1 (wf"“’l i
p+1 _ p+1
(I(Jl "4 1wp+2,1> = (Ip+1,41 — ))
2 oD
N -1 (p+1)>
—1,-1 p+1 w —t 'z
(5.37) x H (wpi2p — ¢ 't wpia1) H ( prb !
: -1
— p+1
] Wi — ¢ Mwpyan) (wp%b — ))

=1
x§p+1)7£x(lp1+1)

Because |g| > 1, the pole (J;S’Trl) — q_lwp+2,1) lies outside the unit circle |wpyo1] = 1. Our key
organizational trick here is that when w42 1 is ultimately evaluated at xfjpfz), then we can use lj
<41

to write (5.37) as

_ 1
n Npt1 (wp+2,b —t 1$l(p+ )>

Tl_ll H H ( (p+1))

1<b 1=1 Wp+1,b — T

since Ty, will only affect x(]p+1).
J J,

This pattern continues upwards in cyclic order for the variables w; ;. The z-variables where we take

residues gives a shift pattern J; containing p and w; 1 is evaluated at xf}% In (5.36]), the term in (f) for

a = 1 can be rewritten as (prJ, — tilT;llacSpl )) Finally, we note that these residues result in T]ll applied
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to f[Xn,].- Thus, we can rewrite the result after taking the residues for a = 1 as:

n(n—1) n(n+1) 11 \r(n— (P+1)
(—1) 2 t (1—q 1t ) ( 1) Z (1_q_1t_1)|ll| lf
n _ q—at—a 0
T (=gt = 29
Np
(p+1) _ 4-1_(p)
I1 (lf -t )
ZZI, N, (x(lzg-l) —t*le”) o (z)

oy WL

=1
o || <1
n
P -1 —1,-1 1
X @®--- T,1 H (prrl,a -t x(lpl)> H (prrl,b —q w((lp-‘r ))
|wi a|=1 a=1 1<a<b<n
NP
H (wpﬂﬂ _y lx(f’)>
g N (w¢+1 a— flo:(l))

H H (Wip — wia)(Wis1p — ¢t wig1,4)

. — t— L wi » — g Lw;
l<a<b<n ZEI\{p} Wi41,b 'L,a)( 2,b q 'L+1,a)

ﬁ (wp+1 a> H Wi,aWi+1,a
s (Wit1,0 — 7 wi0) (Wia — ¢ Wig1,0)

N

n n 3 n d i
Hfz [Zx ;wi,aJrl;q 1wi+1,a‘|> H H%/?ilw%a

iel i€l\{p} a=2

We have written this so that we can repeat the calculation for a =1 for general a in increasing order. Note

that as we do this, we can rewrite factors in (}) of in terms of T'; xp J, using . It is cleaner to
present the end result as a sum of compomtlonb of operators Namely, let

(=1
[Tiea (1= g*7%)

n(n—1)
2

1
Dp (xOanat )

NP
H (m(pﬂ) xl(p))
N —
n (PJFl) (p)lfl‘l”
— gl [ Za o Fllze
Y Moy () e
(5.38) Jeshi (X, ) =1 g4 (m(lz;) _ wl(p))
=1
2P |3 <a
] (i+1) (4) — P
AL (tx - ) thlal(x(lz) 1
<1111 W @ I 505
i€l =1 (Svlé - ) icJa \{p}( -T; (331@))

Here, recall our notation for ordered products/compositions ((3.9).



36 DANIEL ORR, MARK SHIMOZONO, AND JOSHUA JEISHING WEN

The end result of the residue calculation is
fnlN"D;,n(XN.;q,fl)f (Xn.]-
The ‘—’ case is similar. We begin by taking residues of {wp+1 e } and then start instead at x%p ), Afterwards,

we continue downwards in cyclic order until we have taken constant terms of all variables with a = n. We
then continue downwards in a. Let

B 1
Dp,n(XN.;Qat 1) = FM

n(n—1)
2

39
i
3
i
o
=
—
I
A

X
S [l | T ) AR
: L1 (1=a) ® N
(5:39) Jeshy (Xwg) O~ I, [ (wgp) _ xl(i’))

N (Y - ) ML)
(i) _ 0 11 ) Lo

L, (ng -7 ) ieJu\{p} (fci,ia —1y,(2;,)

The end result is then
tnlN.‘Dp,n(XN.;%til)f [XN-] .

Remark 5.7. In contrast with the n =1 case, it is less obvious that these yield the higher order Macdonald
operators with ¢ inverted when r = 1. When r = 1, note that our sum is over ordered n-tuples of distinct shift
operators, whereas the usual formula for the nth Macdonald operator is over unordered n-tuples. Summing
over the orderings for a given n-tuple, the numerator will contain a factor that is antisymmetric, while the
denominator will contain a Vandermonde determinant. The quotient of these two will yield (—t)i%
times the (gt)T!-generating function of lengths of elements in &,,. After consolidating all constants, one is

indeed left with the nth Macdonald operator.

5.3.2. Mixzed poles. In the case where there are ¢t-poles, our goal is to show that the result is a linear combina-
tion of the lower order operators applied to f [Xn,]: Dj ,(Xn,;¢,t7") in the ‘4 case and Dy x(Xn,;¢,t")
in the ‘=’ case, where k < n. Unlike in the case of n = 1, we will not try to compute the coefficients of this
linear combination—we will compute them indirectly in As in all the previous cases, the initial residues
force a string of other residues, and we will first compute these strings that start from the initial ¢-poles.
Once these variables are evaluated, the remaining terms will evaluate like [5.3.1

In the ‘+’ case, let 1 < bf < n be any index where the residue for (N is taken at a t-pole. Denote this
pole by w,, p = t_lwpil’bszl. In contrast to our previous calculations, we will not always cancel out factors
but rather remark on why taking residues at certain poles will result in zero. The poles contributing within
the unit circle |wp_1,b;17_1| =1 are as follows.

(1) (w,_y o1 —q "wpa) fora> W If a < BP, then the factor (wppp —q~ "t~ wp q) in the numerator

of 1) becomes zero when taking this residue. If a = b’fl = bY, then this is a pole at 0, which
cancels with the extra factor of W,y p-t 38 in

(2) (w,_y -1 — xl(p_l)): The factor (wy,y» — t‘lxl(p_l)) in the numerator of 1) will evaluate to zero.
,07 )
(3) (w, bt t~ w,_.4) for a < B These poles possibly yield nonzero residues.
Taking a residue of the third kind, we evaluate Wy, -1 = t’lwp_2 b2 for some bzf72 < b’ffl.
»01 )

This pattern continues downwards in cyclic order, picking out variables w; i where bjf > b’f -1 > > b713+1.
At Wy q e+t the pole of type (3) becomes
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(3) (w,,, bt — t=lwy o) for all a: 1f w, 4 is evaluated at an z-variable xl(p), then as in the factor
(pr T t_lxl(p)) will evaluate to zero upon taking this residue. Thus, only the case where wy, o
is evaluated at a t-pole yields a nonzero residue. For a = bY, this is a pole at Wy, pptt = 0. If
bﬁ’+2 = b{’“, then because of the analogue of case (1), there are no extra powers of Wy 1 pp+t 1O
cancel this pole.
If we take the residue in (3’) at w, , evaluated at a t-pole but a # b, then we set b5 := a. Letting the
t-pole be (w, b — tilwp_l 1) for b’;l < bh, the process is similar to as before. There is just one alteration
; bk
to the poles of type (3):
(37) (w;yy — tlw, bifl): This is a pole at 0, which cancels with the factor £(w;; — w;:) in the
numerator of ((5.9).
Thus, we avoid variables that we have already evaluated. Note that at first glance, the product of factors
in D and 1D involving w; ;; and w,,; may contribute a pole at 0, but in fact, their products have
’ J2Y1
total degree zero and thus become a constant. There is an outlier case of (wp et T t—lwp7b;2>)7 which has
been removed when we take residues, but this can be replaced with (wp F1prtt t’lwp’bf) to restore the

degree zero balance. We continue like this to new indices {b%}icr, {bi}i > ete. until either there are no

more nonzero residues or we finally take the residue at 0 of 241 pP ! for some final value k.
Ok
For 1 <m < m' <k, we note that as in the (m,m’) = (1,2) case, the product of the binomials in (5.9)
and 1} involving one variable from {w;: }ier and another variable from {w i tier has degree zero
provided we make the same adjustment for ¢ = p+ 1 and m’ = m + 1. Thus, these factors turn into a

constant. To consider binomials involving only {w; 4 }icr for one value of m, we note that when we take
the residues, we remove

—— : for i £p+1,
Wibl, =0 " Wig1pift
1
— for1 <m<k.
wPJrl,bfnfrl -t w bfn+1

There is a leftover power of w;y: for i # p from and (5.12)), and as discussed in the pole of type
(1) above, these are only absorbed when bt = b? . These unabsorbed powers turn the entire integral zero

when we take the final residue Wy, 4 q pptt = 0. Thus, we only need to consider the case where for each m,
Ok

= U = e = B = b

In this case, all factors only involving {w; ., }}émgk leave behind a constant. Evidently, the corresponding

terms in (5.11) and (5.12) disappear. The terms involving w;;,, and an z-variable in ([5.8)) leave behind a
power of ¢t when we cancel
N; (wi—i-l [ t_ll‘l(l))

T

-

Finally, the product of terms in (5.9) involving any index 1 < a < n and b,, leave behind a constant when
we evaluate w;p,, = 0 for all ¢ € I. The remaining factors are a scalar multiple of the calculation for &, ,,—.
The ‘—’ case is analyzed similarly. We summarize our findings from this subsection with the following:

Lemma 5.8. Assuming |xl(z)| <1 and |q,|t| > 1, we have

n—1
TN, ((P:f oW )(e ;fg;rn)f> (t nlN'ID; n(Xnggt™h) + Z C;_,k,nD;,k(XN.;Qvtl)> JIXN.]

k=0
for some c € Clg,t). If we assume instead |q|, |t| < 1, we have

n—1
-~ <<pg oW )(er 6 n)f> _ (t”'N-Dp,,xXN.;q,tl) Y c;k,nDp,me.;q,tl)) FIXn]

k=0
for some c, ., € C(q,1).
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5.4. Eigenvalues. To describe the eigenvalues of the operators (5.38: and ([5.39)), we will use the elementary
symmetric functions ej. As in the proof of Theorem Lemma [5.§] gives us

n—1
(t"'N"D;,n(XN. Lt )Y ety D (X tl)) PA[Xn,:q.1]

k=0
(5.40) N
=en | >, M| PA[Xnigt]
b—Nompt1

for |xl(l)| <1,|¢g/|>1, and |¢t| > 1 and

n—1
(t”'“Dp,n(XN.;q,t‘l) +> cM,nDp,k(XN.;q,t—l)> P\ Xn.;q,t7 ]

k=0
(5.41) -
= €n Z q)\btb P)\[XN.;Qa til]
b et

for |xl(l)| <1, |q] < 1, and |t| < 1. Using induction starting with the case n =1 from Theorem we have
that D, ,,(Xn,;¢,t) and Dy, (Xn,;q,t) act diagonally on Py\[Xx,;¢,t] under the appropriate conditions on
variables and parameters. Our goal here is to extract their eigenvalues from and and extend
their validity to generic values.

5.4.1. Spectral variables. Letting A vary over partitions with core(A) compatible with N, and ¢(\) < |N,|,
we note that by Proposition 2.7] the stabilized eigenvalues

o0 o0

én Z ¢t b and e, Z got?

b=1 b=1
b—XA\p=p+1 b—A\p=p+1

depend only on the N, values of b where 1 < b < |[N,| and b — A, = p + 1. We define the color p spectral

(p)

variables {sq”'}, 2, by setting

Sgp) — qz\ba tba

where 1 < b, < |N,| is the ath number where b, — Ay, = p + 1. Using these variables, we can rewrite

s N t—INe|—p—1 Ny -1
en| D eV =en | T T (59’))

b=1 a=1

b—Ap=p+1
where ¢t > 1 and
> t\N.|+p+l
én Z Mt =ep | —— + Z stP)
b— >\b—1p+1

where t < 1. The following is but a slight alteration of Lemma 3.2 from [FHHSY]:

Lemma 5.9. For [t| > 1, we have

npnlNe = (n=k) (p+1) ("5 *)

tIN.\pl -1 Nl -1
b e | TS ) |3 ()
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while for |t| < 1, we have

tIN.\+p+1 nniNel =R @) +r(75Y) | N

(5.43) en Z )| = — en |3t INels®)
a=1 k=0 H trl a=1

Proof. As in loc. cit., it is an easy application of the quantum binomial theorem. O

5.4.2. Spectral shift. By Lemma the stabilized eigenvalues are polynomial in the spectral variables.
Moreover, its degree k part is given by e evaluated at {t*‘N'|s£p)}. We would like to show that the
summations in and correspond in some sense to this decomposition by the degree. The degree
of a homogeneous polynomial can be measured using ¢-shifts. On the other hand, by the definition of the
spectral variables, multiplying s(p ) by ¢ corresponds to adding a node to the end of a row. However, we must
do this in a way that is color-insensitive. This motivates the following:

Proposition 5.10. Let A be a partition with core k(X) compatible with Ny and £(X) < |N,|. Then

(HH"EZ )P,\ XN q,t] = Pyyrinve [XN,5 0, 1]

iel =1
Here, A+ Nl denotes the partition obtained by adding r bozes to the first |Ne| Tows of A.

Proof. By Corollary Py, ive1[XnN,;q,t] is characterized by the eigenvalue equations

[Ne|
Dpa(Xng; @, ) Payrive [ XNy g, 8] = > N P (X 0,1
b—Xopt1

ranging over all p € I. Note that we have used b — A\, = b — A\, + r. Now, for a shift pattern J, it is easy to
see that

(5.44) Ty (Hﬁx§)> —q (Hﬁzﬁ)

i€l =1 i€l =1

from which the proposition follows. (]

5.4.3. Eigenfunction equation. We are now ready to derive the eigenvalues of the higher order wreath Mac-
donald operators.

Theorem 5.11. For \ with core k(\) compatible with No according to (2.9) and £(N\) < |N,|, the wreath
Macdonald polynomial P\[Xn,;q,t] satisfies the equations:

|N|
Dy (Xni o PAX N gt =en | D g MtV Py[Xy, g, 1]

b=1
Lb—Ap=p+1

IN|
Dpn(Xn g )PAX N gt =en | Y ¢t 170 Py[Xn,50.t].

b=1
Lb—Ap=p+1

Here, x;;, q, and t take generic values.

Proof. Let ¢y n(X;q,t71) and e;m(/\;q,t_l) be the eigenvalues of D, ,(Xn,;q,¢t"") and D;n(XN.;q,t_l)7
respectively, at Py[Xn,;q,t71]. By (5.40) -, -, and Lemma we can induct on n to show that, as

functions of A, ¢, ,,(A\;q,¢t71) is polynomial in {s. }and ¢, (A;¢,t7 ") is polynomial in {(s&p))*l}. Applying
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(5.44) n times, we have

N; ) N; _
D;’n(XN. .q, t—l) H H ml(Z) _ q—nr H H xll)
i€l l=1 i€l =1
N; _ N; _
Dp,n(XN. :q, t—l) H H le) — an H H xl(z)
el =1 el [=1

It then follows from Proposition that ¢, (X;q,t7") is homogeneous of degree n and ¢}, (X;q,t7"') is
homogeneous of degree —n. By induction, the eigenvalues of the other terms in have strictly higher
degrees and those of the other terms in have strictly lower degrees. It follows that ey , (X\;q,t71) is the
degree —n piece of and e, (A;q,t7") is the degree n piece of . This establishes the eigenvalue

equations under the appropriate conditions 1} and 1) on a:l(i), q, and t. We extend to generic values as
in the proof of O

Remark 5.12. Even though r > 3 was assumed throughout, we have verified experimentally that Theo-
rem [5.11] continues to hold as stated for » = 2. The r = 1 case is discussed in Remark [5.7 above.

Ezample 5.13. Let r =2, p=1, No = (0,2), and A = (1). Because X\ is a 2-core,
Py\[Xn,5q,t] =1
There are only two shift patterns containing 1:
1
Iy ={z}"}
1
Iy = {3},
Note that
14,20 = Paf? 74,60 = 9
Tyl = o) Tyaf) — faf)

Therefore,

—1)(1 — t—l t (1)_ 2,.(1) t (1)_ 2,.(1)
Di11(Xn,;¢,t)PA[Xe; ¢, 1] = (DA —qt™) {q Ly — 4T gtz q° T,

1— q2t72 .’L‘gl) . .’I}gl) xgl) _ xgl)
_ (DA gt (=gt — ¢*)
1— q2t—2
= qtPA[Xn,;q,t].

APPENDIX A. WREATH NOUMI-SANO OPERATORS

In this appendix, we apply our methods to study wreath analogues of the trigonometric Noumi-Sano
operators [NSa]. We obtain explicit formulas for degree n =1 and an integral formula for general n.

A.1. Infinite-variable eigenvalues. Let (z;y)c denote the infinite y-Pochammer symbol:

oo

(@:9)e0 = [J 1 — 2.

=0
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Lemma A.1. Assume |¢F!| < 1 and [t¥1| < 1 (where 4 and ‘—’ are separate cases). For p € I, we have
T kG- +k Tk
Alexp | — Z <Zz—1q ikrp%ik) qikz A\
5>0 (1 —g*Fr) vk k]

ok 4Ny kb k 4Ny kb Z¥k
_ 4T
exp | > 1= gkr Y. g t DO &
k>0 \ i=1 b>0 b>0
(A1) ' b—Xp=p-+i b—Xp=p+i+1

H (qi(xbﬂ)ti(bq)zm;qir)oo

r b>0
_ H b—Ap=p+i+1
+(\p+i) b F1. ir)
i—1 ( t—z
i IT (« )

b>0
b—Xp=p+i

where we set Ay = 0 for all b > £(N).
A.2. Shuffle elements. We rewrite

Z (22—1 qik(i_l)hp+i,ik> q:th:Fk:
— g*hT) [k]q

k>0 (1

B Zz: q:Fk(ZJrl)hp—i,:I:k‘ qikzﬂFk
T l2< (1—g7) r

k>0

_ i PR (hy i) | R
= nexp l Z < (1 _ t:Fk"') [k]q

k>0

sexp [

P k
= nexp l(q - q_l)_l Z ( qik _1(hp q:k) + _1(h$+1,¢k)) Z] :

k>0

Recall the formulas and (| . ) for £F, and HE,. In [W], it was shown that

D, NN
-1 k171 —1/pL 2+
exp [(a—a )7 Y (=g s )+ ()
k>0

Z n7tn7a n (1 q—lt—l)”T \I,+ (8_ )

2, (=gt )

exp

l—l
_Q
|
..Q
,_n
\
[
« |
e
—_

( (hp k)+§71(h;_+1,—k))7
k>0

> Dn qt) N
v_ (& .
nZ:O H 1 1 —q Tt 7") ( P,n)

Applying 1, we get

0 qn(r—l)t—n (1 _ q—lt—l)"r

_ Z:ol G Py k| gk
n v, (H n) = C€X - s _ - _
T;J v [, (1 — g mt") +( 2 ) p [ Z < (1 —qFkr) v=FTk],

k>0
e nry—n(r— n nr r—1 7 —k
Z (_1) 2 n(r Ut (1 — Qt) U_ (H+ ) =qexp | — Z Zi:O qk hp+i,k qu ' .
= vnqn Hr:l (1 _ q—rt—r) p,n = (1 _ qkr> Uk[k]q

A.3. Normal ordering. It will be slightly nicer to reorder our currents differently from Proposition
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Proposition A.2. Forp € I, we have

m N
T TEo+i(pria) = ((—1)“ A= 4ro-3 +1HCZ>

a=11i=1 iel

p— . - p— 71 71 . .
I Tl el
1<a<b<n zEI i+1, b/zz a) ( q Zz—l,b/Zz,a)

Zpt1a/%pa
(1=t 2p41,0/2p,a) Hie[\{p} (1= a7 "2i,0/%i+1,0)

:j:

2k
" Hexp (ZZ (PO =i 7) k)

eI a=1k>0
xHexp(ZZ( —pi[ X D] 4 g7 Fpy [X D] ) w)HHzH
el a=1k>0 i€l a=1

where all rational functions are Laurent series expanded assuming

(A.2)

For the F-currents, we have

n

n T (

al;II EFPH(%HM) = H -

icl

r—2)(r—3 r
1)< (=3 e

— Zia/Zip) (1 — qtzia/zip)

X
H H 1 - tzz 1 a/Zz b) (]- - quJrl,a/Zi,b)

1<a<b<n ZEI

ZP,G/ZPJrl,a
= (U =tzpa/2pi1.a) [lien fpi1y (1 = €Zia/Zi-1.0)

xHexp (ZZ( | X() -|-;Dk[X(Z 1)]> k )

1=

el a=1k>0
n 7k n
Tlesn (X3 (o) i) %2 ) T
el a=1k>0 i€l a=1

where all rational functions are Laurent series expanded assuming

(A.3) l2zial =1, [g] <1, t| < 1.

A.4. Integral formula. Let

n(r—1)g—n (1 _ o141 nr
ay =1 o

(_1)nrafn(rfl)tn (1 _ qt)'m“
v o (T=gmrtr) '

vrgt [l (L= g77t77)
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We have
df V) (H, ay) - D" (g7l %10~ (l)
o (om0t 0) = QU T T (P2
r=1 iel a=11=1 Zia
_ 11
X H (1= 2ps/2p0) (1=t Zpyb/zp’a)
1<a<b<n (1 = a2pt1,6/2p,a) (1 = 4 2p—1,6/2p,a)
v H (1= zip/2ia) (1 — a7 20/ 2i0)
ieI\{p} (1 - qilzi—l,b/zi,a) (1 - tilzi+1,b/zi,a)
Sl 20 1 >
X
al;[l [(Zp+1,a) <1 —q "2p.a/2pt1.a
1 1
X
iejll}p} <1 - qlzi,a/zi+1,a) (1 — tlzi+1,a/zi7a>
<I11 [sz D TR D P } ® ®
i€l a=1 a=1 0
and

n _ nr n N; P —tr 1)
dymx. (oo 0 () 90 ) = S =0 {H 11 <t<>>

i€la=11=1 \%itl,a — L]

1
H |: (1= 2pt1, a/zp+1 p) (1 — qt2Zp+1,a/2p+1,0)
b

X

1<a<b<n (1—-q~ 1Zp a/zp+1 ) (1 — qu—Q,a/Zp+1,b)
< 1 (1= zia/2ip) (1 — qtzia/zip)

i€ {ps1) (1 = qzit1,a/2ip) (L = tzio1,a/2ip)

A2 (=)
et 20,a 1- qZerl,a/Zp,a
1 1
X
, H (1 - qzi,a/zi—l,a> (1 - tZz’—l,a/Zi,a>

iel\{p+1}
}0

fol le(z)Jquzm Zzlﬂa

el

Finally, we make the substitution

-1
Wi,a = Zi,a

and rewrite these formulas in terms of integrals. This gets us

i ((0e0 00) (45,0 9))

n 4
f %Qﬂ w..,XN. Hf’ [lez wa+2q Witl,a H%d\/%v ® e

lwi.a|=1 iel a=1

43
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and
i, (0o 02 (450 0
dw;
| §- fopntwen 00 I zzl +zqw,a zwm . H be | g
| 2 Py 2my/ —1w; o
Wi, a
where
n(n+1) nr
_]_) (1 _ qflt 1 w _ (1)
+ _ ( i+1,a
‘Qp,n(w‘,hXNo) — n(n—1) H H H i
gz Il (=g mt77) licrasiisa Wiq mz(l)
y H (Wp,p — Wp,a) (wp,b —q tilwpya)
1<a<b<n (Wp,a — q_lwp+1,b) (wp—l,b - q_lw;lha)
< I (wip — i) (Wip — g7t w; 4)
i\ {p) (Wim1,p — ¢ Wi q) (Wig1,p — t7 Wi q)
% ﬁ {(wp-&-l,a) ( Wp,a )
a=1 Wo,a Wp,a — qilwp—&-l,a
L () ()
\ wt a—q wz-{-l a wi-‘rl,a - t_lwi,a
and

n(n+1) n(n 1)
2

_ (_ ) q (1—qt) no i w; 1(1_tx(2 Y
Qp n(w' o;Le ') - H;lZI (1 _ qrtr) H H H <1l1)>

i€l a=1 =1 Wi, q xl

% H [(wp+1’a — Wp+1,p) (wp+1,a — qtwpi1p)
1<a<b<n (Wpt1,p — qWp.a) (Wpt2,a — qWpt1p)
H (wiq — Wip) (Wi — qtw;p)

X
(Wit1,a — qwip) (Wi1,q — tw;p)

iel\{p+1}

n
a1 L\Wp+l,a Wp+l,a — qWp,a
H ( Wi, a ) ( Wi—1,a )
X
. Wi q — qWi—1,q Wi—1,qa — Wi q

i€I\{p+1}

A.5. Degree one. We compute the integral and record the resulting action on f when n = 1.
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A.5.1. Difference operators. Let Sh(Xy,) = Sh denote the set of all shift patterns. Define

L) N; (xl(w _ t:cffj”)
* . -1y . _ =11 || =bpes P J
Hyy (Xt == ) (=g ey mee =G | T 11 (o0 —<3))
JeSh Je iel =1 z, L ga
I#2 oV #2)
5 _
<QtTJ1(xE}))) —xff)) e H thil(mg)) -
(») —1(,.(p) i — i J
vy =Ty (xy”) e\ {p} (ﬂ?(i) - Til(x(i)))
LD N, (mlm _ t_lxgi—l))
RS A T =bpes TLY JY
Hp’l(XN"q’t )= Z (1 at) ) gg(P) H H ( (1) _ (z))
JeSh g7 |ier =1 ) —xye
J#T z;l);ézi;% -
5p ;
) <q-1t-1TJ<fo>> —xf}”) - )
: J
'Tg) - Tl(l‘g)) ieJ\{p} (:L'i - Ti(mg)))

Setting r = 1 and inverting ¢, we indeed obtain the first Noumi-Sano operator.

A.5.2. Eigenvalues. For a series f(z) in z, let [2"]f(z) denote the coefficient of 2. Methods similar to those
in [5.4) allow us to establish the following.
Theorem A.3. For |q| > 1, we have

| N |

I1 (q—(Ab+i)t—|N.\+(b—1)Z; q—'r>

I b=1
b—Ap=p+i+1

Hy (XN a, ) PA[Xng; . t] = [7] H A Py[XnN.;q.1].
i=1 H (qf()\b+i)t7|N.\+bz; q—r>
b=1 o
b—)\bEp-'ri

On the other hand, for |q| <1, we have
[N |
H (q/\b+it\N.|—(b—1)Z—1;qr>
o

r b=1
b—Xp=p+it+1

Hy1 (XN ¢ t)PA[X N, ¢, ] = [27] H A PA[ XN, ..
i=1 H (q)‘b+it|N"_bz_1;qr)
b=1 e
b—Ay=p+i

Remark A.4. We have presented the eigenvalues in terms of our original spectral variables ¢**t/N+|=0. How-
ever, we can give a more natural combinatorial expression for the eigenvalues if we forgo this and use instead
the transpose partition A’ [Macl (I.1.3)]. Let

]_ . /
A4 = — — J—14INe|=X}
( ) f)x(qa ) 1— q Zq
Jj=1
It can be viewed as a series or as a rational function since (1 — ¢")f(q,t) is a polynomial. Let I' = Z/rZ

be the cyclic group and let x be the generator of R(I'). Define fip )(q7t) by the following expression in
Q(g,t) ® R(I).

(A.5) Al L) =x Y A7 (@ )X

pel
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Then the eigenvalues are given by

(A.6)
(A7)

Ezxample

patterns:

(Xne @ OPAX N a0 t] = [P (a7 ) P X 0, 8]
Hy1(Xn.: 0 ) PAXna: 0t = £ (g, 8) PA[X w. 5 0, 8)-

A5, Let r =2 and o = 0 (empty core). We use Ny = Ny = 1. There are three nonempty shift
Jy = {xgo)}, Jy = {mgl)}, and J4 = {x§°>,x§1)}. We apply Ho1[Xn.;q,t71] to Py[Xn.;q.t] =1

using summands J;, Js, J5:

We have

[AO]

(€]

[EV]
[FHHSY]

[FIMM]
[FIM]

(H1]
[H2]
[Mac]
[M]

(N]

(0) (1) t_lxg()) q_lt_lqugo) . l'go)

—Ho1(Xnu;q,t™") - Pyl Xngiq t ™' = (1- qt)oq;g%)) x;gn SR N B ()
e O
qry - Ty —qry . Ty — gty
e
S | Ty — 47Ty

B qlqgt™ —1) xgl) - t_lxgo)
1—¢q2 argl) _ qng)

(1 —qt)t1 xgo) - t‘lxgl)
1-— q2 (0) (1)

'Tl —q.Tl
(1—gt)(gt™" = Dgt™!
(1-¢*)?
g1l—1¢2 _
= tjl_iquw[XN.;q,t 1.
1 t2 1—¢t2
t) = — —
fola,t) ¢ 1 ¢ 14
)
folax ™ tx™) = Tt
2
(0) B 1—-1¢
fo (qﬂf)—ql_q2
—2 2
(0) 1 1—-t qgl—t
t Y =¢g——— =—= .
f@ (Q7 ) ql—q2 tgl_qg
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