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VERONESE SUBALGEBRAS AND VERONESE MORPHISMS FOR A CLASS OF
YANG-BAXTER ALGEBRAS

TATIANA GATEVA-IVANOVA

ABSTRACT. We study d-Veronese subalgebras A(?) of quadratic algebras Ax = A(k, X, r) related to
finite nondegenerate involutive set-theoretic solutions (X, r) of the Yang-Baxter equation, where k is
a field and d > 2 is an integer. We find an explicit presentation of the d-Veronese A in terms
of one-generators and quadratic relations. We introduce the notion of a d-Veronese solution (Y,ry),
canonically associated to (X, r) and use its Yang-Baxter algebra Ay = A(k, Y, ry) to define a Veronese
morphism v, 4 : Ay — Ax. We prove that the image of v,, 4 is the d-Veronese subalgebra A - and
find explicitly a minimal set of generators for its kernel. The results agree with their classical analogues
in the commutative case, which corresponds to the case when (X, r) is the trivial solution. Finally, we
show that the Yang-Baxter algebra A(k, X,r) is a PBW algebra if and only if (X,r) is a square-free
solution. In this case the d-Veronese A(4) is also a PBW algebra.

1. INTRODUCTION

It was established in the last three decades that solutions of the linear braid or Yang-Baxter equations
(YBE)

12T23T12 23,1223

r =r*rr

on a vector space of the form V®3 lead to remarkable algebraic structures. Here r : V@V — V @V,
r'?2 = r ®id, r*® = id ® r is a notation and structures include coquasitriangular bialgebras A(r), their
quantum group (Hopf algebra) quotients, quantum planes and associated objects, at least in the case of
specific standard solutions, see [?, ?]. On the other hand, the variety of all solutions on vector spaces
of a given dimension has remained rather elusive in any degree of generality. It was proposed by V.G.
Drinfeld [?], to consider the same equations in the category of sets, and in this setting numerous results
were found. It is clear that a set-theoretic solution extends to a linear one, but more important than
this is that set-theoretic solutions lead to their own remarkable algebraic and combinatoric structures,
only somewhat analogous to quantum group constructions. In the present paper we continue our study
of set-theoretic solutions and the associated quadratic algebras and monoids that they generate.

In this paper ”a solution” means ”a nondegenerate involutive set-theoretic solution of YBE”, see
Definition ?7.

The Yang-Baxter algebras Ax = A(k, X, r) related to solutions (X,r) of finite order n will play a
central role in the paper. It was proven in [?] and [?] that these are quadratic algebras with remarkable
algebraic, homological and combinatorial properties: they are noncommutative, but preserve the good
properties of the commutative polynomial rings k[x1,--- ,z,]. Each such an algebra Ax has finite global
dimension and polynomial growth, it is Koszul and a Noetherian domain. In the special case when (X, )
is square-free, Ax is a PBW algebra (has a basis of Poincaré-Birkhoff-Witt type) with respect to some
enumeration X = {x1,...,2,}, of X. More precisely, Ax is a binomial skew polynomial ring in the sense
of [?] which implies its good combinatorial and computational properties (the use of noncommutative
Grobner bases). Conversely, every binomial skew polynomial ring in the sense of [?] defines via its
quadratic relations a square-free solutions (X,r) of YBE. The algebras Ax = A(k, X,r) associated
to multipermutation (square-free) solutions of level two were stdudied in [?], we referred to them as
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'quantum spaces’. In this special case a first stage of noncommutative geometry on Ax = A(k, X,r)
was proposed, see [?], Section 6. It will be interesting to find more analogues coming from commutative
algebra and algebraic geometry.

Given a finitely presented quadratic algebra A it is a classical problem to find presentations of its
Veronese subalgebras in terms of generators and relations. This problem was solved in [?] for a class of
particular quadratic PBW algebra called ”noncommutative projective spaces”, and analogues of Veronese
morphisms between noncommutative projective spaces were introduced and studied. In the present paper
we consider the following problem.

Problem 1.1. (1) Given a finite nondegenerate symmetric set (X,r) of order n and an integer
d > 2, find a presentation of the d-Veronese A(? of the Yang-Baxter algebra A = A(k, X,7) in
terms of one-generators and quadratic relations.

(2) Introduce analogues of Veronese maps for the class of Yang-Baxter algebras of finite nondegen-
erate symmetric sets. In particular, study the special case when (X, r) is a square-free solution.

The problem is solved completely. Our approach is entirely algebraic and combinatorial. Our main
results are Theorem 7?7, Theorem 77 and Theorem ?7. Theorem ?7 shows that the Yang-Baxter algebra
Ax = A(k,X,r) of a finite solution (X,r) is PBW if and only if (X,r) is a square-free solution.
In Theorem ?? we find a presentation of the d-Veronese A(® in terms of explicit one-generators and
quadratic relations. We introduce an analogue of Veronese morphisms for quantum spaces related to
finite nondegenerate symmetric sets. Theorem ?7 shows that the image of the Veronese map v, 4 is the
d-Veronese subalgebra Ag?) and describes explicitly a minimal set of generators for its kernel. Moreover,
it follows from Theorem ?? and Corollary 77 that analogues of Veronese morphisms between Yang-Baxter
algebras related to square-free solutions are not possible.

The paper is organized as follows. In Section 2 we recall basic definitions and facts used throughout
the paper. In Section ?? we consider the quadratic algebra A(k, X, r) of a finite nondegenerate symmetric
set (X, r). We fix the main settings and conventions and collect some of the most important properties of
the Yang-Baxter algebras Ax = A(k, X, r) used throughout the paper. We prove one of the main results
of the paper Theorem ?7. Proposition ?? gives more information on a special case of PBW quadratic
algebras. In Section ?? we study the d-Veronese A@ of Ax = A(k, X,r). We use the fact that the
algebra A and its Veronese subalgebras are intimately connected with the braided monoid S(X,r).
To solve the main problem we introduce successively three isomorphic solutions associated naturally to
(X, r), and involved in the proof of our results. The first and the most natural of the three is the monomial
d-Veronese solution (Sq,7q) associated with (X,r). It is induced from the graded braided monoid (S, rg)
and depends only on the map r and on d. The monomial d-Veronese solution is intimately connected with
the d-Veronese A(® and its quadratic relations, but it is not convenient for an explicit description of the
relations. We define the normalized d-Veronese solution (Ng, pq) isomorphic to (Sg,74), see Definition
?7?, we use it to describe the relations of the d-Veronese A and prove Theorem ??. In Section ?? we
introduce and study analogues of Veronese maps between Yang-Baxter algebras of finite solutions and
prove Theorem ??7. In Section ?7 we consider two special cases of solutions. We consider Yang-Baxter
algebras A(k, X, r) of square-free solutions (X, r) and their Veronese subalgebras. In this case A is a
binomial skew polynomial ring and has an explicit k- basis- the set of ordered monomials (terms) in n
variables. Then for every d > 2 the d-Veronese subalgebra A is also a PBW algebra with an explicitly
given standard finite presentation in terms of generators and quadratic relations, see Corollary ?7?. The
important result in this section is Theorem ?? which shows that if (X, ) is a finite square-free solution
and d > 2, then the monomial d-Veronese solution (Sg,r4) is square-free if and only if (X, ) is a trivial
solution. This implies that the notion of Veronese morphisms for the class of Yang-Baxter algebras of
finite solutions can not be restricted to the subclass of algebras associated to finite square-free solutions.
Finally we consider the particular case when (X,r) is a finite permutation solution. In Section ?? we
present two examples which illustrate the results of the paper.
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2. PRELIMINARIES

Let X be a non-empty set, and let k be a field. We denote by (X) the free monoid generated by
X, where the unit is the empty word denoted by 1, and by k(X)-the unital free associative k-algebra
generated by X. For a non-empty set F' C k(X), (F) denotes the two sided ideal of k(X) generated
by F. When the set X is finite, with |X| = n, and ordered, we write X = {z1,...,z,}, and fix the
degree-lexicographic order < on (X), where we set 1 < --- < x,. As usual, N denotes the set of all
positive integers, and Ny is the set of all non-negative integers.

We shall consider associative graded k-algebras. Suppose A = GamENo Ay, is a graded k-algebra such
that Ag = k, Ap,Aq C Apiq,p,q € No, and such that A is finitely generated by elements of positive
degree. Recall that its Hilbert function is ha(m) = dim A,, and its Hilbert series is the formal series
Ha(t) =), e, ha(m)t™. In particular, the algebra k[X,,] of commutative polynomials satisfies

n+d—1 n+d—1 1
h d) = = -
i@ = (") = ( o
We shall use the natural grading by length on the free associative algebra k(X). For m > 1, X™ will
denote the set of all words of length m in (X), where the length of u = x;, - --x;,, € X™ will be denoted
by |u| = m. Then

> and Hk[Xn] = (21)

n—1

(X)= || Xx™ X°={1}, and X*X™C XM,
m&ENy
so the free monoid (X) is naturally graded by length.
Similarly, the free associative algebra k(X) is also graded by length:

k(X)= P k(X)m, where k(X), =kX™.

m&ENy

A polynomial f € k(X) is homogeneous of degree m if f € kX™. We denote by
T=TX):={z"--2p"€(X) | a; € Ng,i € {1,...,n}}

the set of ordered monomials (terms) in (X) and by

Ta=T(X)q:= {z‘flxg" eT| Zai:d}
i=1

the set of ordered monomials of length d. It is well known that the cardinality |7(X)4| is given by the
Hilbert function hy(x)(d) of the (commutative) polynomial ring in the variables x1,-- -, 2y:

n+d—1
0= (") = @ (22
2.1. Grobner bases for ideals in the free associative algebra. In this subsection X = {x1,...,x,}.

Suppose f € k(X) is anonzero polynomial. Itsleading monomial with respect to the degree-lexicographic
order < will be denoted by LM(f). One has LM(f) = uwif f =cu+>",.,,, citi, where ¢,¢; €k, ¢ # 0
and u > u; in (X), for every i € {1,...,m}. Given a set F' C k(X) of non-commutative polynomials,
LM(F') denotes the set

LM(F) ={LM(f) | f € F}.
A monomial u € (X) is normal modulo F if it does not contain any of the monomials LM(f), f € F as
a subword. The set of all normal monomials modulo F' is denoted by N(F).

Let I be a two sided graded ideal in K (X) and let I,, = INkX™. We shall assume that I is generated
by homogeneous polynomials of degree > 2 and I = @, <5 Im. Then the quotient algebra A = k(X)/I is
finitely generated and inherits its grading A = @, cx, Ay, from k(X). We shall work with the so-called
normal k-basis of A. We say that a monomial u € (X) is normal modulo I if it is normal modulo LM(I).
We set

N(I):= N(LM(I)).
In particular, the free monoid (X) splits as a disjoint union
(X)=N{I)uLM). (2.3)
3



The free associative algebra k(X splits as a direct sum of k-vector subspaces
k(X) ~ Span, N(I) ® I,

and there is an isomorphism of vector spaces A ~ Span, N (I).
It follows that every f € k(X) can be written uniquely as f = h + fo, where h € I and fo € kN(I).
The element fy is called the normal form of f (modulo I) and denoted by Nor(f) We define

N(I)m = {u € N(I) | u has length m}.

Then A,, ~ Span, N(I),, for every m € Ny.
A subset G C I of monic polynomials is a Grébner basis of I (with respect to the ordering <) if

(1) G generates I as a two-sided ideal, and
(2) for every f € I there exists g € G such that LM(g) is a subword of LM(f), that is LM(f) =
aLM(g)b, for some a,b € (X).

A Grébner basis G of I is reduced if (i) the set G\ {f} is not a Grébner basis of I, whenever f € G; (ii)
each f € G is a linear combination of normal monomials modulo G\ {f}.

It is well-known that every ideal I of k(X) has a unique reduced Grobuner basis Go = Go(I) with
respect to <. However, Gy may be infinite. For more details, we refer the reader to [?, ?, ?].

The set of leading monomials of the reduced Grébner basis Go = Go(I)

W =A{LM(f) | f € Go(I)} (2.4)

is also called the set of obstructions for A = k(X)/I, in the sense of Anick, [?]. There are equalities of
sets N(I) = N(Gp) = N(W).
Bergman’s Diamond lemma [?, Theorem 1.2] implies the following.

Remark 2.1. Let G C k(X) be a set of noncommutative polynomials. Let I = (G) and let A = k(X)/I.
Then the following conditions are equivalent.

(1) The set G is a Grobner basis of I.
(2) Every element f € k(X) has a unique normal form modulo G, denoted by Norg(f).
(3) There is an equality N(G) = N(I), so there is an isomorphism of vector spaces

K(X) ~ I & kN(G).

(4) The image of N(G) in A is a k-basis of A. In this case A can be identified with the k-vector
space kN (G), made a k-algebra by the multiplication a e b := Nor(ab).

In this paper, we focus on a class of quadratic finitely presented algebras A associated with set-
theoretic nondegenerate involutive solutions (X, ) of finite order n. Following Yuri Manin, [?], we call
them Yang-Baxter algebras.

2.2. Quadratic algebras. A quadratic algebra is an associative graded algebra A = @, A; over a
ground field k determined by a vector space of generators V = A; and a subspace of homogeneous
quadratic relations R = R(A) C V ® V. We assume that A is finitely generated, so dim A; < co. Thus
A =T(V)/(R) inherits its grading from the tensor algebra T'(V).

Following the classical tradition (and a recent trend), we take a combinatorial approach to study A.
The properties of A will be read off a presentation A = k(X)/(R), where by convention X is a fixed
finite set of generators of degree 1, | X| = n, and (R) is the two-sided ideal of relations, generated by a
finite set R of homogeneous polynomials of degree two.

Definition 2.2. A quadratic algebra A is a Poincaré—Birkhoff-Witt type algebra or shortly a PBW
algebra if there exists an enumeration X = {x1,--- ,x,} of X, such that the quadratic relations f form
a (noncommutative) Grobner basis with respect to the degree-lexicographic ordering < on (X). In this
case the set of normal monomials (mod R) forms a k-basis of A called a PBW basis and x1,--- , 2,

(taken exactly with this enumeration) are called PBW-generators of A.
4



The notion of a PBW algebra was introduced by Priddy, [?]. His PBW basis is a generalization of
the classical Poincaré-Birkhoff-Witt basis for the universal enveloping of a finite dimensional Lie algebra.
PBW algebras form an important class of Koszul algebras. The interested reader can find information
on quadratic algebras and, in particular, on Koszul algebras and PBW algebras in [?]. A special class of
PBW algebras important for this paper, are the binomial skew polynomial rings.

The binomial skew polynomial rings were introduced by the author in [?], initially they were called
”skew polynomial rings with binomial relations”. They form a class of quadratic PBW algebras with
remarkable properties: they are noncommutative, but preserve the good algebraic and homological
properties of the commutative polynomial rings k[xy,--- ,x,], each such an algebra A is a Noetherian
Artin-Schelter regular domain, it is Koszul. Moreover, each skew polynomial ring defines via its relation
a solution of the Yang-Baxter equation, see [?], [?], and Fact ??. We recall the definition.

Definition 2.3. [?, ?] A binomial skew polynomial ring is a quadratic algebra A = k(zq, - ,z,)/(Ro)
with precisely (Z) defining relations

Ro = {fﬂ =TT — CijTiy Ty | 1<i1<j5< n} (25)

such that (a) ¢;; € k*; (b) For every pair i,j, 1 <i < j < n, the relation x;z; — ¢;;zixj € Ry, satisfies
j > 1,17 < j'; (c) Every ordered monomial z;x;, with 1 < i < j < n occurs (as a second term) in
some relation in Ry; (d) Ro is the reduced Grobner basis of the two-sided ideal (Ry), with respect to the
degree-lexicographic order < on (X), or equivalently the overlaps zx;z;, with k > j > i do not give rise
to new relations in A.

Note that the leading monomial of each relation in (?7?) satisfy
LM(f;i) =zjz;, 1 <i<j<nm,
so a monomial u is normal modulo the relations $ if and only if u € 7.
Example 2.4. Let A = k(z1, 22,23, 24)/(Ro), where
Ro = {w4me — X123, T4T1 — ToT3, T3To — T1Tg, T3T] — Toly, T4T3 — T3Tg, ToX] — T1To ).

The algebra A is a binomial skew-polynomial ring. It is a PBW algebra with PBW generators X =
{z1, 2, x3,24}. The relations of A define in a natural way a solution of YBE.

2.3. Quadratic sets and their algebraic objects. The notion of a quadratic set was introduced in
[?], see also [?], as a set-theoretic analogue of quadratic algebras.

Definition 2.5. [?] Let X be a nonempty set (possibly infinite) and let r : X x X — X x X be a
bijective map. In this case we use notation (X, r) and refer to it as a quadratic set. The image of (x,y)
under 7 is presented as
r(z,y) = ("y,a").

This formula defines a “left action” £ : X x X — X, and a “right action” R : X x X — X, on
X as: Ly(y) = "y, Ry(zx) = ¥, for all z,y € X. (i) (X,r) is non-degenerate, if the maps £, and
R. are bijective for each z € X. (ii) (X,r) is involutive if r? = idxxx. (iii) (X,r) is square-free if
r(z,z) = (z,z) for all x € X. (iv) (X,r) is a set-theoretic solution of the Yang—Baxter equation (YBE)
if the braid relation

7’127“237”12 — 7"237"127"23

holds in X x X x X, where r!? = 7 x idx, and 723 = idx x r. In this case we refer to (X,r) also as a
braided set. (v) A braided set (X,r) with r involutive is called a symmetric set. (vi) A nondegenerate
symmetric set will be called simply a solution.

(X, r) is the trivial solution on X if r(z,y) = (y,z) for all z,y € X.

Remark 2.6. [?] Let (X, r) be quadratic set. Then r obeys the YBE, that is (X, r) is a braided set iff
the following three conditions hold for all z,y, 2z € X:

I =(v2) ="v(*"2), rl: (@¥)°=(2"*)Y, I3: () = E ).
The map r is involutive iff

inv: "Y(z¥) =z, and (*y)* =y.
5



Convention 2.7. In this paper we shall always assume that (X,r) is nondegenerate. " A solution”
means 7 a non-degenerate symmetric set” (X,r), where X is a set of arbitrary cardinality.

As a notational tool, we shall identify the sets X *™ of ordered m-tuples, m > 2, and X™, the set of
all monomials of length m in the free monoid (X). Sometimes for simplicity we shall write r(zy) instead
of r(z,y).

Definition 2.8. [?, ?] To each quadratic set (X, r) we associate canonically algebraic objects generated
by X and with quadratic relations = R(r) naturally determined as

zy=y'z’ € R(r) iff r(z,y) = (v',2') and (z,y) # (v, 2") hold in X x X.

The monoid S = S(X,r) = (X; R(r)) with a set of generators X and a set of defining relations R(r) is
called the monoid associated with (X,r). The group G = G(X,r) = Gx associated with (X,r) is defined
analogously. For an arbitrary fixed field k, the k-algebra associated with (X,r) is defined as

A=Ak, X,r) =k(X)/(Ro) = k(X; R(r)), where Ry = {zy — 'z’ | zy = ¢y'z’ € R(r)}.

Clearly, A is a quadratic algebra generated by X and with defining relations $y(r), which is isomorphic
to the monoid algebra kS(X,r). When (X, r) is a solution of YBE, following Yuri Manin, [?], the algebra
A=Ak, X,r) is also called an Yang-Bazter algebra, or shortly YB algebra.

Suppose (X, r) is a finite quadratic set. Then A = A(k, X, r) is a connected graded k-algebra (naturally
graded by length), A = 691:20 A;, where Ag = k, and each graded component A; is finite dimensional.
Moreover, the associated monoid S = S(X, ) is naturally graded by length:

S=|]8i where Sy =1, Sy =X, S;={uc S| |ul =i}, 5.5, C Siy;. (2.6)
i>0

In the sequel, by ”a graded monoid S”, we shall mean that S is generated by S; = X and graded by
length. The grading of S induces a canonical grading of its monoid algebra kS(X,r). The isomorphism
A =2 kS(X,r) agrees with the canonical gradings, so there is an isomorphism of vector spaces A, =

SpanySy,.
By [?, Proposition 2.3.] If (X, ) is a nondegenerate involutive quadratic set of finite order |X| = n
then the set R(r) consists of precisely (g) quadratic relations. In this case the associated algebra A =

A(k, X, r) satisfies dim Ay = (’ﬂ;rl)

Remark 2.9. [?] Let (X,r) be an involutive quadratic set, and let S = S(X,r) be the associated
monoid.

(i) By definition, two monomials w,w" € (X) are equal in S iff w can be transformed to w’ by a finite
sequence of replacements each of the form

axyb — ar(xy)b, where z,y € X,a,b € (X).

Clearly, every such replacement preserves monomial length, which therefore descends to S(X,r).
Furthermore, replacements coming from the defining relations are possible only on monomials of length
> 2, hence X C S(X,r) is an inclusion. For monomials of length 2, xy = =zt holds in S(X,r) iff
2t = r(xy) is an equality of words in X2.

(ii) It is convenient for each m > 2 to refer to the subgroup D,, = D,,(r) of the symmetric group
Sym(X™) generated concretely by the maps

il Xm 5 Xt —id i X Xidxym—ic1, i=1,--- ,m — 1. (2.7)
One can also consider the free groups

Din(r) = ge(r™ [i=1,-- ,m—1),
i+l are treated as abstract symbols, as well as various quotients depending on the further
type of r of interest. These free groups and their quotients act on X™ via the actual maps 7**1, so that
the image of D,,(r) in Sym(X™) is D,,(r). In particular, Dao(r) = (r) C Sym(X?) is the cyclic group
generated by r. It follows straightforwardly from part (i) that w,w’ € (X) are equal as words in S(X,r)
6
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iff they have the same length, say m, and belong to the same orbit Op, of D,,(r) in X™. In this case
the equality w = w’ holds in S(X,r) and in the algebra A(k, X, r).

An effective part of our combinatorial approach is the exploration of the action of the group D (r) = (r)
on X2, and the properties of the corresponding orbits. In the literature a Dy (r)-orbit O in X? is often
called ” an r-orbit” and we shall use this terminology.

In notation and assumption as above, let (X, ) be a finite quadratic set with S = S(X,r) graded by
length. Then the order of of each component S,,, in (?7?) equals the number of D, (r)-orbits in X™.

Notation 2.10. [?] Suppose (X,7) is a quadratic set. The element xy € X2 is an r-fived point if
r(x,y) = (z,y). The set of r-fized points in X? will be denoted by F(X,r):

F(X,r) ={zy € X* | r(a,y) = (z,9)}. (2.8)
The following corollary is a consequence of [?, Lemma 3.7

Corollary 2.11. Let (X,r) be a nondegenerate symmetric set of finite order | X| = n.

(1) For every x € X there exists a unique y € X such that r(z,y) = (z,y), so F = F(X,r) =
{z1y1, - s zpyn}. In particular, |F(X,r)| = |X| = n. In the special case, when (X,r) is a
square-free solution, one has F(X,r) = Ag, the diagonal of X2.

(2) The number of non-trivial r-orbits is ezactly (7).

(3) The set X x X splits into (") r-orbits.

3. THE QUADRATIC ALGEBRA A(k, X,7) OF A FINITE NONDEGENERATE SYMMETRIC SET (X, )

It was proven through the years that the Yang-Baxter algebras A(k,X,r) coresponding to finite
nondegenerate symmetric sets have remarkable algebraic and homological properties. They are noncom-
mutative, but have many of the "good” properties of the commutative polynomial ring k[z1, -+ ,zp],
see Facts 77 and ?7?7. This motivates us to look for more analogues coming from commutative algebra
and algebraic geometry.

3.1. Basic facts about the YB algebras A(k, X,r) of finite solutions (X,r). Suppose (X,r) is a
finite solution of order n, and let A be its Yang-Baxter algebra. In the case, when (X, ) is square-free
there exists an enumeration X = {z1,---,z,}, so that A is a binomial skew-polynomial ring, see Fact
??, and by convention we shall always fix such an enumeration of X. If (X,r) is not square-free then
the algebra A is not PBW with respect to any enumeration of X, see Theorem ?7?, so by convention
we fix an arbitrary enumeration X = {x1,---,2,}. We extend the fixed enumeration on X to the
degree-lexicographic ordering < on (X).
By definition the Yang-Baxter algebra A = Ax = A(k, X,,,r) is presented as
A=Ak, X,r) =k(X)/(Ro) ~ k(X; R(r)), where

Ro =Ro(r) ={zy —y'2" | r(z,y) = (v, 2),and zy > y'z".}.
Consider the two-sided ideal I = (Ry) of k(X), let G = G(I) be the unique reduced Grébner basis of T
with respect to <. It follows from the shape of the relations Ry that G(I) is finite, or countably infinite,
and consists of homogeneous binomials f; = u; — v;, with LM(f;) = u; > v;, |u;| = |vj].

The set of all normal monomials modulo I is denoted by N. As we mentioned in Section 2, N' =
N(I) = N(G). An element f € k(X) is in normal form (modulo I), if f € Span V. The free monoid
(X) splits as a disjoint union (X) = M ULM(T). The free associative algebra k(X splits as a direct sum
of k-vector subspaces k(X) ~ Span, N & I, and there is an isomorphism of vector spaces A ~ Span, .
We define

(3.1)

N = {u € N(I) | u has length m}. (3.2)

Then A,, ~ Span, N;,, for every m € Ny. In particular dim A, = |Ny,|, Vm > 0.
Note that since Ry consists of a finite set of homogeneous polynomials, the elements of the reduced
Grobner basis G = G(I) of degree < m can be found effectively, (using the standard strategy for
constructing a Grobner basis) and therefore the set of normal monomials N, can be found inductively

for m =1,2,3,--- . Here we do not need an explicit description of the reduced Grobner basis G(I) of I.
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We can also determine the set A, of normal monomials of degree m in a natural (and direct) way
using the discussion in Remark ?? and avoiding the standard Grobner basis techniques. Recall that
in our settings the normal form of a monomial v € (X) is a monomial of the same length, there is an
equality in A (and in S) v = Nor(v) and v > Nor(v), as words in X™. Consider the set of all distinct
Dy (r)-orbits in X™, say O" = Of, |1 <i < p, where p = |S,,| = dim A,,. Each orbit is finite and has
unique minimal element u; € O (w.r.t. <). Then u; € N,,, and every v € O satisfies v > u; (as words),
Nor(v) = u;, and the equality v = u; holds in A (and in S). In particular,

Ny = {u; | u; is a minimal element of O%,1 < i < p}.
The following conventions will be kept in the sequel.

Convention 3.1. Let (X, ) be a finite nondegenerate symmetric set of order n, and Let A = A(k, X, r)
be the associated Yang-Baxter algebra, with presentation (??). (a) If (X, r) is not square-free we fix an

arbitrary enumeration X = {z1,---,2,} on X and extend it to degree-lexicographic ordering < on (X);
(b) If (X, r) is square-free we fix an enumeration such that X = {x1,--- ,2,} is a set of PBW generators
of A.

Let AV be the set of normal monomials modulo the ideal I = (Ry). It follows from Bergman’s Diamond
lemma, [?, Theorem 1.2], that if we consider the spase kA endowed with multiplication defined by

feg:=Nor(fg), forevery f,g € kN

then (kN e) has a well-defined structure of a graded algebra, and there is an isomorphism of graded
algebras
A=Ak, X,, )= (kN,e). (3.3)

By convention we shall identify the algebra A with (kA e). Similarly, we consider an operation e on
the set N, with a b := Nor(ab), for every a,b € N and identify the monoid S = S(X,r) with (N, e),
see [?], Section 6.

In the case when (X, ) is square-free, the set of normal monomials is exactly T, so A is identified
with (k7 ,e) and S(X,r) is identified with (7, e).

A= @ 14mg @ kNm-

meENg meNg
We shall recall some important properties of the Yang-Baxter algebras which will be used in the
sequel, but first we need a lemma.

The identification (??) gives

Lemma 3.2. Suppose (X,r) is a nondegenerate involutive quadratic set (not necessarily finite). Then
the following condition hold

O: Given a,b € X there exist unique ¢,d € X, such that r(c,a) = (d,b). Furthermore, if a = b then
c=d.

In particular, v is 2-cancellative.

Proof. Let (X,r) be a nondegenerate involutive quadratic set (not necessarily finite). Let a,b € X. We
have to find unique pair ¢, d, such that r(c,a) = (d,b). By the nondegeneracy there is unique ¢ € X, such
that ¢* = b. Let d = “a, then r(c,a) = (°a, c*) = (d, b), as desired. It also follows from the nondegeneracy
that the pair ¢,d with this propery is unique. Assume now that @ = b. The equality r(c,a) = (d,a)
implies (°a,c?) = (d,a), so ¢* = a. But r is involutive, thus (¢,a) = 7(d,a) = (%a,d*), and therefore
d® = a. It follows that ¢* = d*, and, by the nondegeneracy, ¢ = d. O

The following results are extracted from [?].

Facts 3.3. Suppose (X,r) is a nondegenerate symmetric set of order n, X = {z1, -+ ,z,}, let S =
S(X,r) be the associated monoid and A = A(k, X, r) the associated Yang-Baxter algebra (A is isomorphic
to the monoid algebra kS). Then the following conditions hold.
(1) S is a semigroup of I-type, that is there is a bijective map v : U — S, where U is the free
n-generated abelian monoid U = [uy, - - , u,] such that v(1) = 1, and such that

{v(ura), - ,v(upa)} = {z1v(a), -+ ,z,v(a)}, for all a € Y.



(2) The Hilbert series of A is Hu(t) =1/(1 —t)™.

(3) [?, Theorem 1.4] (a) A has finite global dimension and polynomial growth; (b) A is Koszul; (c)
A is left and right Noetherian; (d) A satisfies the Auslander condition and is is Cohen-Macaulay,
(e) A is finite over its center.

(4) [?, Corollary 1.5] A is a domain, and in particular the monoid S is cancellative.

Note that (1) is a consequence of Theorem 1.3 in [?] the second part of which states: if (X,r) is an
involutive solution of YBE, which satisfies condition O, see Lemma 77, then S is a semigroup of I-type.
Lemma ?? shows that even weaker assumptions that (X, r) is a nondegenerate and involutive quadratic
set imply the needed condition O, so S is a semigroup of I-type. Part (2) is straightforward from (1).

Corollary 3.4. In notation and convensions as above. Let (X,r) be a nondegenerate symmetric set of
order n. Then for every integer d > 1 there are equalities

dim Ay = ("*3_ 1) = |Nl. (3.4)

We recall some important properties of the square-free solutions, especially interesting is the implica-
tion (??)= (77).

Fact 3.5. [?, Theorem 1.2] Suppose (X,r) is a nondegenerate, square-free, and involutive quadratic
set of order |X| = n, and let A = A(k, X,r) be its quadratic algebra. The following conditions are
equivalent:
(1) (X,r) is a solution of the Yang-Baxter equation.
(2) A is a binomial skew polynomial ring, with respect to an enumeration of X.
(3) A is an Artin—Schelter regular PBW algebra, that is
(a) A has polynomial growth of degree n (equivalently, GKdim A = n);
(b) A has finite global dimension gldim .4 = n;
(c) A is Gorenstein, meaning that Ext% (k, A) = 0 if ¢ # n and Fxt’ (k, A) = k.
(4) The Hilbert series of A is Hu(t) =1/(1 —t)™.

Each of these conditions implies that A is Koszul and a Noetherian domain.

Question 3.6. Suppose (X,r) is a finite non-degenerate symmetric set, and assume that the Yang-
Baxter algebra A = A(k, X,r) is PBW, where X = {z1,z9, -+ ,2,} is a set of PBW generators. Is it
true that (X, r) is square-free?

3.2. Every finite solution (X, r) whose Yang-Baxter algebra A(k, X, r) is PBW is square-free.
In this subsection we give a positive answer to Question 77.

Suppose (X,r) is a finite non-degenerate symmetric set, and assume that the Yang-Baxter algebra
A=Ak, X,r) is PBW, where X = {z1, 22, - ,2,} is a set of PBW generators. Then A = k(X)/(Ry),
where the set of (quadratic) defining relations $y of A coinsides with the reduced Grobner basis of the
ideal (Ry) modulo the degree-lexicographic ordering on (X). Recall that the set of leading monomials

W =A{LM(f) | f € Ro} (3.5)

is called the set of obstructions for A, in the sense of Anick, [?], see (77).

Lemma 3.7. Suppose (X, 1) is a nondegenerate symmetric set of order n, and assume the Yang-Bazter
algebra A = A(k, X,r) is PBW, where X = {x1,x9, - ,x,} is a set of PBW generators. Then there
exists a permutation
Y1 =Tsy, Y2 = Tsy, **, Yn = Ts, Of 1, T2, Tn,
such that the following conditions hold.
(1) The set of obstructions W = {LM(f) | f € Ro} consists of (i) monomials given below

W ={yyi|1<i<j<n} (3.6)
(2) The normal k-basis of A modulo I = (Ry) is the set
N ={y"ys? -y [ @i > 0, for1 <i<n}. (3.7)
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Proof. Let W be the set of obstructions defined via (??) and let Ay be the associated monomial algebra
defined as

Aw = k(X)/(W) (3-8)

It is well known that a word v € (X) is normal modulo I = (Ry) iff u is normal modulo the set of
obstructions W. Therefore the two algebras A and Ay, share the same normal k-basis N' = N (I) =
N(W) and their Hilbert series are equal. By Facts ?7 part (2), The Hilbert series of A is H4(t) =
1/(1 —¢)™, therefore

Hay (t) = Halt) = 1/(1 = t)". (3.9)

Thus the Hilbert series of Ay satisfies condition (5) of [?, Theorem 3.7] (see page 2163), and it follows
from the theorem that there exists a permutation y1 = zs,, Y2 = Ts,, -, Yn = &s, of the generators
X1,Tg,- -+ ,Tp, such that the set of obstructions W satisfies (??). The Diamond Lemma, [?] and the
explicit description (?7) of the obstruction set W imply that the set of normal words A" = N'(I) = N (W)
is described in (?7?). O

It is clear that if the permutation given in the lemma is not trivial there is an inversion, that is a pair
1,7 with 7 < j and y; < y;.

Theorem 3.8. Suppose (X,r) is a nondegenerate symmetric set of order n, and A = A(k, X,r) is its
Yang-Baxter algebra. Then A is a PBW algebra with a set of PBW generators X = {x1,22, - ,Zn}
(enumerated properly) if and only if (X,r) is a square-free solution.

Proof. Tt well known that if (X, r) is square-free then there exists an enumeration X = {z1, - ,z,}, so
that A is a binomial skew-polynomial ring in the sense of [?], and therefore A is PBW, see Fact 77

Assume now that (X,r) is a finite solution of order n whose YB-algebra A = A(k, X,r) is PBW,
where X = {x1, 29, -+ ,z,} is a set of PBW generators. We have to show that (X, r) is square-free that
is r(z,z) = (z,2) , for all x € X.

It follows from our assumptions that in the presentation A = k(X)/(Ry) the set of (quadratic)
defining relations Ry of A is the reduced Grébner basis of the ideal (f9) modulo the degree-lexicographic
ordering on (X). By Lemma ?? there exists exists a permutation y; = Zs,,¥2 = Tsy, - ,Yn = Ts, Of
X1,Ta,- -+ , Ty such that the obstruction set W = {LM(f) | f € Ry} satisfies (??) and the set of normal
monomials A described in (??) is a PBW basis of A.

We use some properties of (X, r) and the relations of A listed below.

(i) (X,r) is 2-cancellative. This follows from Lemma ?7?; (ii) There are exactly n fixed points zy € X2
with 7(z,y) = (z,y). This follows from [?, Lemma 3.7], part (3), since (X,r) is nondegenerate and
2-cancellative. (iii) Every monomial of the shape y;y;, 1 < i < j <n is the leading monomial of some
polynomial f;; € Ro. (It is possible that y; < y; for some j > i.) It follows from [?, Proposition 2.3.]
that for a nondegenerate involutive quadratic set (X,r) of order n the set Ry consists of exactly (g)
relations. (iv) Therefore the algebra A has a presentation

A=k(z1, -, 2,)/(Ro)
with precisely (%) defining relations
Ro={fii =yjvi —ui | 1 <i<j<n} (3.10)

such that
(1) For every pair 4,7, 1 <14 < j < n, the monomial u;; satisfies u;; = y;/y;/, where ¢ < j’, and
y; > yi (since LM(fj:) = y;¥: > yiryjr, and since (X, r) is 2-cancellative);
(2) BEach monomial y;y; with 1 <4 < j <n occurs at most once in Ry (since r is a bijective map).
(3) Ry is the reduced Grobner basis of the two-sided ideal (Ry), with respect to the degree-lexicographic
order < on (X).

In terms of the relations $o our claim that r(x,z) = (z, ), for all z € X, is equivalent to

u;j # xx, where v € X, and1<i<j<n. (3.11)
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So far we know that (X,r) has exactly n fixed points, and each monomial y;y;,1 < i < j < n is not a
fixed point. Therefore it will be enough to show that a monomial y;y;, with 1 <4 < j < n, can not be a
fixed point.

Assume on the contrary, that 7(y;,y;) = (¥i,y;), for some 1 <1i < j < n. We claim that in this case
Ry contains two relations of the shape

(@) YpYq — y;y;, wherep > q,yp, > y;, and (b) ysyr — yiyi, where s > t,ys > y;. (3.12)
Consider the increasing chain of left ideals of A

LCchLCc---Cl, <

)

where for k& > 1, I, is the left ideal
I = a(yiys, it -+ yiyl).

By [?, Theorem 1.4], see also Facts 7?7 (3) the algebra A is left Noetherian hence there exists k > 1, such
that Iy = Iy = Iyy1 = - - -, and therefore yiy}“ € Ir_1. This implies

w e (y;y5) :yiyf eN, forsomer, 1 <r<k-—1, and somew € N, |w|=Fk —r. (3.13)

It follows from (??) that the monomial vy = yly;C can be obtained from the monomial w(y;y}) by
applying a finite sequence of replacements (reductions) in (X). More precisely, there exists a sequence
of monomials
Vo =Yy, v, s vee1, v = w(yiy)) € (X)
and replacements
ok

Vg = Vg1 = - = v = v = iy €N, (3.14)

where each replacement comes from some quadratic relation fpq = ypyq — ugp in (??) and has the shape

alypyqlb — a(ugp)b, where n>p>qg>1, a,be (X).

We have assumed that y;y; is a fixed point, so it can not occur in a relation in (??). Thus the rightmost
replacement in (?7?) is of the form

ur = Yiy YUYl - vs = yivs o Y (uap) oy = vit - i (W5) Y5 = vo
where p, ¢ is a pair with, 1 < ¢ <p < n, ug = y;y; and y, > y;. In other words the set R contains a
relation of type (a) ypyq — y;y;, where p > q,y, > y;.

Analogous argument proves the existence of a relation of the type (b) in (??). This time we con-
sider an increasing chain of right ideals Iy C Iy C --- C I C .-, where [ is the right ideal
I = (v:iy;, Y2y, ,yFy;) .4 and apply the right Noetherian property of A.

Consider now the subset of fixed points

Fo(X,r) ={yiy; € X? such that i < j and r(yi,v5) = (¥i, ¥5) 1

which by our assumtion is not empty. Then Fo(X,r) has cardinality m > 1 and Ry contains at least
m + 1 (distinct) relations of the type

YpYq — xx, where x € X,p > g and y, > x. (3.15)

The set NV of normal monomials of length 2 contains (g) elements of the shape ysy;, 1 < s <t <mn,and

we have assummed that m of them are fixed. Then there are (%) —m distinct monomials y;y; € N2, 1 <
i < j <n, which are not fixed. Each of these monomials occurs in exactly one relation

YsYt — YilYj, where 7(ys,ye) = (Yi, yj), 8 > t, Ys > vi-

n
2

as in (?7?) . Therefore the set of relations has cardinality

n n
> —
ol = (5) =1 (5).
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We have shown that a monomial y;y; with 1 < ¢ < j < n can not be a fixed point, and therefore
occurs in a relation in $g. But (X, ) has exactly n fixed points, so these are the elements of the diagonal
of X2 | x;x;,1 <i < n. It follows that (X,r) is square-free. O

Proposition 3.9. Let (X, r) be a finite non-degenerate involutive quadratic set, and let A = A(k, X,r) =
k(X)/(Ro) be its quadratic algebra. Assume that there is an enumeration X = {x1,22, - ,Zn} of X
such that the set
N ={z{a§? 20 |a; >0 for1 <i<n}

is a normal k-basis of A modulo the ideal I = (Ro). Then A = A(k,X,r) is a« PBW algebra, where
X ={x1,x2, - ,x,} is a set of PBW generators of A and the set of relations Rg is a quadratic Grébner
basis of the two-sided ideal (Ro). The following conditions are equivalent.

(1) The algebra A is left and right Noetherian.

(2) The quadratic set (X,r) is square-free.

(8) (X,r) is a solution of YBE.

(4) A is a binomial skew polymomial ring in the sense of [?].

Proof. The quadratic set (X,r) and the relations of A satisfy conditions similar to those listed in the
proof of Theorem ??. More precisely: (i) (X, r) is 2-cancellative. This follows from Lemma ??; (ii) There
are exactly n fixed points zy € X? with r(z,y) = (x,y). This follows from [?, Lemma 3.7], part (3), since
(X,r) is nondegenerate and 2-cancellative. (iii) It follows from the hypothesis that every monomial of
the shape z;z;,1 <i < j <mn, is not in the normal k -basis N/, and therefore it is the highest monomial
of some polynomial f;; € Ro. [?, Proposition 2.3.] implies that if (X, ) is a nondegenerate involutive
quadratic set of order n then the set Ry consists of exactly (Z) relations. Therefore the algebra A has a
presentation

A=Kk(z1, -, zn)/(Ro)
with precisely (%) defining relations
3?0 = {fﬂ =TTy — Ty Ty | 1<1< j < n} (316)

such that

(a) For every pair ¢,7, 1 <14 < j < n, one has i’ < j', and j > ¢ (since LM(f;;) = zjz; > zyxjr,

and since (X, ) is 2-cancellative);
(b) Each ordered monomial (term) of length 2 occurs at most once in Ry (since r is a bijective map).
(¢) Ro is the reduced Grébner basis of the two-sided ideal (Rp), with respect to the degree-lexicographic

order < on (X), or equivalently the overlaps zyx;z;, with k& > j > i do not give rise to new
relations in A.

We give a sketch of the proof of the equivalence of conditions (1) through (4).

(1) = (2) . The proof is analogous to the proof of Theorem ??. It is enough to show that a monomial
x;x; with 1 <4 < j < n, can not be a fixed point. Assuming the contrary, and applying an argument
similar to the proof of Theorem 7?7, in which we involve the left and right Noetherian properties of A,
we get a contradiction. Thus every monomial z;z; with 1 <14 < j < n occurs in a relation in 3. At the
same time the monomials z;z; with 1 < ¢ < j < n are also involved in the relations ¥y, hence they are
not fixed points. But (X, r) has exactly n fixed points, so these are the elements of the diagonal of X2 |
x;x;, 1 < i <mn. It follows that (X, r) is square-free.

(2) = (4). If (X, r) is square-free then the relations $y given in (?7?) are exactly the defining relations
of a binomial skew polynomial ring, which form a reduced Grobner basis, therefore A is a skew polynomial
ring with binomial relations in the sence of [?].

The implication (4) = (3) follows from [?, Theorem 1.1].

The implication (3) = (1) follows from [?, Theorem 1.4], see also Facts 7?7 (3). O

4. THE d-VERONESE SUBALGEBRA A@ or A(k, X,7), ITS GENERATORS AND RELATIONS

In this section (X, ) is a finite solution (a nondegenerate symmetric set) , d > 2 is an integer. We shall
study the d-Veronese subalgebras A@ of the Yang-Baxter algebra A = A(k, X,r). This is an algebraic
12



construction which mirrors the Veronese embedding. Some of the first results on Veronese subalgebras
of noncommutative graded algebras appeared in [?] and [?]. Our main reference here is [?, Section 3.2].
The main result of this section is Theorem ?? which presents the d-Veronese subalgebra A in terms
of generators and quadratic relations.

4.1. Veronese subalgebras of graded algebras. We recall first some basic definitions and facts about
Veronese subalgebras of general graded algebras.

Definition 4.1. Let A = ®k€No Ay be a graded algebra. For any integer d > 1, the d-Veronese
subalgebra of A is the graded algebra
Al — EB A

keNy

By definition the algebra A(?) is a subalgebra of A. However, the embedding is not a graded algebra
morphism. The Hilbert function of A(® satisfies

haw (t) = dim(AD), = dim(Ayq) = ha(td).

It follows from [?, Proposition 2.2, Chapter 3] that if A is a one-generated quadratic Koszul algebra,
then its Veronese subalgebras are also one-generated quadratic and Koszul.

Corollary 4.2. Let (X,r) be a solution of order n, and let A = A(k,X,r) be its Yang-Baater algebra,
let d > 2 be an integer. (1) The d-Veronese algebra A\? is one-generated, quadratic and Koszul. (2)
A s o Noetherian domain.

Proof. (1) If (X,r) is a solution of order n then, by definition the Yang-Baxter algebra A = A(k, X, r)
is one-generated and quadratic. Moreover, A is Koszul, see Facts 7?7. It follows straightforwardly from
[?, Proposition 2.2, Ch 3] that A9 is one-generated, quadratic and Koszul. (2) The d-Veronese A is
a subalgebra of A which is a domain, see Facts ??. Theorem ?? implies that A a homomorphic image
of the Yang-Baxter algebra Ay = A(k,Y,ry), where (Y, ry) is the d-Veronese solution associated with
(X,r). The algebra Ay is Noetherian, since the solution (Y, ry) is finite, see Facts ?7. O

In the assumptions of Corollary ??, it is clear, that the d-Veronese subalgebra A(? satisfies
AD = B Apa= P kNma (4.1)
m&ENy m€ENy

Moreover, the normal monomials w € Ny of length d are degree one generators of A9, and by Corollary
7?7 there are equalities
INg| =dim Ay =n+d— 1d.

n+d—1
(")

and order the elements of Ny lexicographically:

We set

Ng:i={w; <wy < -+~ <wpn}. (4.2)

The d-Veronese A? is a quadratic algebra (one)-generated by wq,ws, ..., wy. We shall find a minimal
set of quadratic relations for A(@ each of which is a linear combination of products w;w; for some
1,7 € {1,...,N}. The relations are intimately connected with the properties of the braided monoid
S(X,r). As a first step we shall introduce a nondegenerate symmetric set (Sg,74) of order N, induced
in a natural way by the braided monoid S(X,r).

4.2. The braided monoid S = S(X,r) of a braided set. Matched pairs of monoids, M3-monoids
and braided monoids in a most general setting were studied in [?], where the interested reader can find
the necessary definitions and the original results. Here we extract only some facts which will be used in
the paper.

Fact 4.3. ([?], Theor. 3.6, Theor. 3.14.) Let (X,r) be a braided set and let S = S(X,r) be the
associated monoid. Then
13



(1) The left and the right actions ( Jo: X x X — X, and ol ) : X x X — X defined via 7 can
be extended in a unique way to a left and a right action

(Jo:S§x8—8, (a,b) — %b, and ol ):9x 85— 8, (a,b)Hab

which make S a strong graded M3-monoid. In particular, the following equalities hold in S for
all a,b,u,v € S.

MLO: =1, lu=u; MRO : 1“=1, a'=a

ML1: (ab)qy = a(by), MR1: a®) = (a*)v 43
ML2:  “(uwv) = (“u)(““v), MR2: (ab)"=(a"*)(b*) (4:3)
M3 : “vu? = uw.

These actions define an associated bijective map
rg:Sx 8 —85x%x8, rg(uv)=_"v,u")

which obeys the Yang-Baxter equation, so (S,7g) is a braided monoid. In particular, (S,rg) is a
set-theoretic solution of YBE, and the associated bijective map rg restricts to r.

(2) The following conditions hold.
(a) (S,rs) is a graded braided monoid, that is the actions agree with the grading of S:

%) = |u| = [u®],¥ a,u € S. (4.4)

(b) (S,rs) is non-degenerate iff (X,r) is non-degenerate.
(¢) (S,rg) is involutive iff (X,r) is involutive.
(d) (S,rs) is square-free iff (X,r) is a trivial solution.

Let (X,r) be a non-degenerate symmetric set, let (S,rg) be the associated graded braided monoid,
where we consider the natural grading by length given in (?7):

S = |_| Sd, So = {1},51 = X, and SkSm Q Sk+mo

deNy

Each of the graded components Sy, d > 1, is rg-invariant, that is rg(Sq x Sq) C Sgq x S4.
Consider the restriction ry = (75)|5,xs,, where rq4 is the map rq : Sg x Sg — S4 x Sg.

Corollary 4.4. In notation as above the following conditions hold.

(1) For every positive integer d > 1, (Sq,74) is a nondegenerate symmetric set. Moreover, if (X,r)
is of finite order n, then (Sq,7rq) s a finite nondegenerate symmetric set of order

15| = (”*j”) — N, (4.5)

(2) The number of fixed points is |F(Sq,r4)| = N.
Definition 4.5. We call (Sg,74) the monomial d-Veronese solution associated with (X,r).

The monomial d-Veronese solution (Sg4,74) depends only on the map r and on d, it is invariant with
respect to the enumeration of X. Although it is intimately connected with the d-Veronese A and its
quadratic relations, this solution is not convenient for an explicit description of the relations. Its rich
structure inherited from the braiding in (S,rg) is used in the proof of Theorem ?7.

The solution (Sg4,r4) induces in a natural way an isomorphic solution (Ny, pg) and the fact that Ny
is ordered lexicographically makes this solution convenient for our description of the relations of A(@.
Note that the set Ny, as a subset of the set of normal monomials A, depends on the initial enumeration
of X. We shall construct (Ny, pg) below.

Remark 4.6. Note that given the monomials ¢ = ajas---a, € X?, and b = b1by - --b; € X9 we can find
effectively the monomials %b € X7 and a” € XP. Indeed, as in [?], we use the conditions (??) to extend
the left and the right actions inductively:
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ob1b

©(byby - - bg) = (¢by ) (" by) -+ - (¢ “Np,)), forallce X

(4.6)
(a1a2"'ap)b = @1 ((”‘2""171)[)).

We proceed similarly with the right action.

Lemma 4.7. Notation as in Remark ??. Suppose a,a; € X?,a; € Op,(a), and b,b; € X?,b; € Op,(b),
(1) The following are equalities of words in the free monoid (X):

Nor(“b;) = Nor(“b), Nor(a;**) = Nor(a?). (4.7

In partricular, if a,a1 € XP and b,by € X? the equalities a = a1 in S and b = by in S imply that
“py = and ab* = a® hold in S.

(2) The following are equalities in the monoid S':
ab = “ba® = Nor(“b)Nor(a®). (4.8)

Proof. By Remark ?? there is an equality a = a; in S iff a1 € Op,(a), in this case Op,(a) = Op,(a1).
At the same time a = a; in S iff Nor(a;) = Nor(a) as words in XP, in particular, Nor(a) € Op,(a).
Similarly, by = bin S iff by € Op,(b), and in this case Nor(b) = Nor(b;) € Op,(b). Part (1) follows from
the properties of the actions in (S,7g) studied in [?], Proposition 3.11.

(2) (S,rg) is an M3- braided monoid, see Fact ??, so condition M3 implies the first equality in (?7?).
Now (?7?) implies the second equality in (77?). O
Definition-Notation 4.8. In notation and conventions as above. Let d > 1 be an integer. Suppose
(X,r) is a solution of order n, A = A(k, X, r), is the associated Yang-Baxter algebra, and (S,rg) is the

associated braided monoid. By convention we identify A with (kA e) and S with (N, e). Define a left
7action” and a right "action” on Ny as follows.

> Ng x Ng — Ny, avb:= Nor(®b) € Ny, Va,be Ny

4.9
4 Ng x Ng — Ny, a<b:= Nor(a®) € Ny, Va,b < Njy. (4.9)
It follows from Lemma ?? (1) that the two actions are well-defined.
Define the map
pa i Nag X Ng — Ny x Ng,  pa(a,b) :== (apb, a<d). (4.10)

For simplicity of notation (when there is no ambiguity) we shall often write (Ny, p), where p = pg.
Definition 4.9. We call (Ny, pg) the normalized d-Veronese solution associated with (X, ).

Proposition 4.10. In assumption and notation as above.

(1) Let pg : Na x Ny — Ng x Ny be the map defined as py(a,b) = (a>b,a<b). Then (N, pa) is a
nondegenerate symmetric set of order N = (”+g_1).
(2) The symmetric sets (Ny, pq) and (Sq,74) are isomorphic.

Proof. (1) By Corollary ?? (Sg,74) is a nondegenerate symmetric set. Thus by Remark ?? the left and
the right actions associated with (Sg,74) satisfy conditions 11, r1, 1Ir3, and inv. Consider the actions >
and < on Ny, given in Definition-Notation ??. It follows from (??) and Lemma ?7 that these actions also
satisfy 11, r1, Ir3 and inv. Therefore, by Remark ?? again, pg obeys YBE, and is involutive, so (Ng, pa)
is a symmetric set. Moreover, the nondegeneracy of (Sg,74) implies that (Ng, pg) is nondegenerate. By
Corollary ?? there are equalities |Ny| = |Sq| = ("T9") = N.

(2) We shall prove that the map Nor : S; — Ny, w — Nor(u) is an isomorphism of solutions. It is
clear that the map is bijective. We have to show that Nor is a homomorphism of solutions, that is

(Nor x Nor) ory = pg o (Nor x Nor). (4.11)
Let (u,v) € Sqg x S4, then the equalities u = Nor(u) and v = Nor(v) hold in Sy, so

Nor(“v) = Nor(Nor(“)Nor(v)), Nor(u") = NOI‘(NOI‘(U)Nor(U))
15



and by by (7?)

(Nor x Nor) org(u,v) = Nor x Nor(“v,u”) = (Nor(*v), Nor(u"))
= (Nor(u)>Nor(v), Nor(u)<aNor(v)) = pqg(Nor(u), Nor(v)).

This implies (77?). O

Recall that the monomials in N are ordered lexicographically, see 7?7, and w; < w; iff i < j,
1<i,j<N.
Notation 4.11. Denote by H(n,d) the set

H(n,d) ={(4,7),1 <1i,j <n| ps(wj,w;) = (wy,w;), where w; > wy holds in (X)}. (4.12)

Equivalently, #(n, d) is the set of all pairs (j,4) such that (w;, w;) € (Ng X Na) \ F(Ng, pa), and w;pw; <
wj. Here F(Ng, pq) is the set of fixed points defined in (??).

Clearly, w; > w; implies that w;w; > wyw; in (X).

Proposition 4.12. In assumption and notation as above. Let (Ny, pq) be the normalized d-Veronese
solution, see Definition ??. Then the Yang-Baxter algebra B = A(k, Ny, pq) is generated by the set Ny
and has (];[) quadratic defining relations given below:

R ={gi = wjwi —wpwy | (4,i) € H(n,d), 1 <i,j <n}. (4.13)
Moreover,
(1) for every pair (a,b) € (Ng x Ng) \ F(Na, pa) the monomial ab occurs exactly once in R;
(it) for every pair (j,i) € H(n,d) the equality LM(g;j;) = wjw; holds in k(X).

Proof. There is a one-to-one correspondence between the set of relations of the algebra B and the set of
nontrivial orbits of pgy. Each nontrivial relation of B corresponds to a nontrivial orbit of pg, say

O = {(wj, wi), pa(ws, wi) = (wir,wjr)} = {(wir, wyr), pa(wir, wjr) = (wj, wi)},
so without loss of generality we may assume that the relation is
wjw; — wywjr, where w;w; > wyw;.

By Lemma ?? (2) the equality w;jw; = wywj holds in S. The monoid S = S(X,r) is cancellative,
see Facts 77. hence an assumption that w; = wy would imply w; = wj/, a contradiction. Therefore
w; > wy, and so (j,1) € H(n,d).

Conversely, for each (j,i) € H(n,d), one has -p(w;, w;) = wywj # wjw; hence g;; is a (nontrivial)
relation of the algebra B = A(k, Ny, pq)-

Clearly, w; > wy implies wjw; > wywj in (X), so LM(g;;) = wjw;, and the number of relations g;;
is exactly |H(n,d)| = (];[), see (77). O

4.3. The d-Veronese A9 presented in terms of generators and relations. We shall need more
notation. For convenience we add in the list some of the notation that are already in use.

Notation 4.13.

-(a,b) = ab, Ya,b € (X),
. (n+d—1
N = (")
N :=N(X) is the set of normal monomials in (X).
Ny ={w; <wy <--- <wn}, the set of normal monomials of length d.
(Na, p) = (Ng, pq) is the normalized d-Veronese solution see Definition 77. (4.14)

H(n,d) ={(j,1), 1 <i,j <n|p(w;, wi) = (wir, wy), where w; > wy in (X)}
P(n,d) = {(6,5) | -(p(wi, w;)) = wiw;, wi, w; € Na}
C(n,d) = {(4,4) € P(n,d) | wiw; € Naa}
MV (n,d) ={(i,§) € P(n,d) | wyw; ¢ Naa}.

Clearly, -p(w;, w;) = wywjs, whenever p(w;,w;) = (wir, wj ).

The following lemma is a generalization of [?, Lemma 4.4].
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Lemma 4.14. In notation 7?7 the following conditions hold.
(1) The map
D : C(TL7 d) — Ngd (’L,j) = WiW;

s bijective. Therefore

+2d—1 +2d—1
|C(n,d)|:Ngd|=<nn_1 >=<n o ) (4.15)

(2) The set of all pairs {(i,7) | 1 < i,j7 < n} splits as a union of disjoint sets:
{(6,9) [ 1 <id,j <n}=™H(n,d)UP(n,d).

Every nontrivial p-orbit has ezactly one element (wj,w;) with (j,1) € H(n,d) and a second
element (wy,wj) = p(wj,w;), with (7', j") € P(n,d). For each one-element p-orbit {(w;, w;) =
p(w;, w;)} one has (i,7) € P(n,d).

(3) The set P(n,d) is a disjoint union

P(n,d) = C(n,d) UMV(n,d).
(4) The following equalities hold:
H(n,d)| = (), |P,a@)="F", and [MV(n,d)|= ") - ("T21). (4.16)

2 n—1
Proof. By Proposition 7?7 (Ng, p) is a nondegenerate symmetric set of order N = ("+3_1).
(1) Given w;,w; € Ny, the word w = w;w; belongs to Nayg if and only if (i, j) € C(n,d), hence ® is
well-defined. Observe that every w € Nog can be written uniquely as

W= T4, ... T,T4 ... 5, where all z;,, 25, € X. (4.17)
It follows that w has a unique presentation as a product w = w;w;, where
w; =Ty, ... 2, € Na, wj = zj, ...2;, € Ny, and (i, ) € C(n,d).

This implies that ® is a bijection, and ( ?7?) holds.

(2) and (3) are clear.

(4) Note that the set P(n,d) contains exactly one element of each p-orbit. Indeed, the map p is
involutive, so every non-trivial p - orbit in Ny x Ny consists of two elements: (w;,w;) and p(w;,w;),
where (w;,w;) # p(w;, w;). Without loss of generality we may assume that w;w; < -p(w;,w;) in (X),
in this case (¢,j) € P(n,d). By definition a pair (w;,w;) € F iff it belongs to a one-element p-orbit,
and in this case (¢,5) € P(n,d). Therefore each p - orbit determines unique element (4, j) € P(n, d), and,
conversely, each (i,j) € P(n,d) determines unique p-orbit in Ay x Ny. Hence the order |P(n,d)| equals
the total number of p-orbit in My x M. By Corollary ?7? (3) the set My x M has exactly (NQH) p-orbits,
thus

N 1). (4.18)

o) = ("

The order |H(n,d)| equals the number of nontrivial p-orbit, and since by Corollary ?? there are exactly
N one-element orbits, one has |H(n,d)| = (Ng'l) — N = (g’)
By part (3) P(n,d) = C(n,d) UMV (n, d) is a union of disjoint sets, which together with (??) and (?7)

imply

V()] = [P, - O ) = (V5 1) - 0

n+2d—1
5 )

n—1

Suppose (a,b) € (Ng x Ng) \ F then (a,b) # (*b,a’), and the equality ab = (*b)(a’) holds in A,
In Convention ?? and Notation ??, the following result describes the d-Veronese subalgebra A(® of
the Yang-Baxter algebra A in terms of one-generators and quadratic relations.

Theorem 4.15. Let d > 2 be an integer. Let (X,r) be a finite solution of order n, X = X, =
{z1, + ,xn}, let A= Ak, Xp,r) be the associated quadratic algebra, and let (Ng, p) be the normalized
d-Veronese solution from Definition ?7.
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The d-Veronese subalgebra A C A is a quadratic algebra with N = (”+j_1) one-generators, namely

n-&T—LQ_d—l) linearly independent quadratic

the set Ny of normal monomials of length d, subject to N? — ( 1

relations R described below.

(1) The relations R split into two disjoint subsets R = Ry |J Rs, as follows.
(a) The set R, contains (g) relations corresponding to the non-trivial p-orbits:

Ra = {95 = wjw; — wywjyr | where (§, i) € H(n,d), (wir, wjr) = p(w;, w;), wjw; > wyrw; }. (4.19)

Each monomial w;w;, such that (w;, w;) is in a nontrivial p-orbit occurs exatly once in Rq.
In particular, for each (j,i) € H(n,d), LM(gj;) = wjw; > wywjr.
(b) The set Ry, contains (Ngl) - ("22_’11_1) relations

Ry = {gij = wiw; — wi,wj, | (i,5) € MV(n,d), (io,jo) € C(n,d)}, (4.20)

where for each (i,j) € MV(n,d), w;ywj, = Nor(w;w;) € Nag is the normal form of w;w;.
In particular, LM(g;;) = wsw; > wi,wj, -
(2) The d-Veronese subalgebra AD has a second set of linearly independent quadratic relations, R1,
which splits into two disjoint subsets R1 = Ria|J Ry as follows.
(a) The set Ri, is a reduced version of R, and contains exactly ([;) relations

Ria = {fji = wjw; —wpwjn | (§,1) € H(n,d),(i",5") € C(n,d)}, (4.21)

where wirwjn = Nor(w;jw;), for each (j,i) € H(n,d), LM(f;;) = wjw; > wipw;r € Nog.
(b) The set Ry is given in (77).
(8) The two sets of relations R and Ry are equivalent: R <= R;.

Proof. By Convention ?? we identify the algebra A with (kA e). We know that the d-Veronese subal-
gebra A9 is one-generated and quadratic, see Corollary ??. Moreover, by (?7?)

AD = B Ana= P kNma

mENg mENg

The ordered monomials w € Ny of length d are degree one generators of A, there are equalities

1
dim Ay = [Ny = (n+3 ) = N.

Moreover,

dim(A@D)y = dim(Asg) = dim(kNog) = [Nog| = <n ZQ_d; 1)-

We compare dimensions to find the number of quadratic linearly independent relations for the d-Veronese
A@ _ Suppose R is a set of linearly independent quadratic relations defining A®. Then we must have
|R| + dimA(zd) = N2, s0

+2d—1
Nz (" . 4.22
e (1.22)

We shall prove that the set of quadratic polynomials R = R, |J R, given above consists of relations of
A@ it has order |R| = N? — (”ZQ_dl_ 1), and is linearly independent.

(a) Consider an element g;; € R,, where (j,7) € H(n,d). We have to show that w;w; — wywj =0,
or equivalently, wjw; = wyw; holds in A Since A is a subalgebra of A = kS, it will be
enough to prove that

wjw; = wywjy is an equality in S. (4.23)
Note that N is a subset of (X) and ¢ = b in N is equivalent to a,b € N and a = b as words in
(X). Clearly, each equality of words in (X) holds also in S.
By assumption

p(w;,w;) = (wy,wj) holds in Ny x Ny. (4.24)
By Definition-Notation ??, see (?7) and (?7?) one has
p(wj, w;) = (Nor("/w;), Nor(wj’*)), in Ny x Ny (4.25)
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and comparing (?7?) with (??) we obtain that
Nor(*7w;) = wy/, and Nor(w}") = w; are equalities of words in N C X, (4.26)

The equality v = Nor(u) holds in S and in A, for every u € (X), therefore the following are
equalities in S
Nor(w;w) = Wiy, y l\juor(w;” )w1: wi (4.27)
(Nor("sw;))(Nor(wy™)) = (“9ws)(wi™).
Now (??) and (?7?) imply that

wpwy = ("Yw;)(w;*) holds in S. (4.28)

But S is an M3- braided monoid, so by condition (??) M3, the following is an equality in S :

wjw; = ("Tw;)(wj’). (4.29)

This together with (??) imply the desired equality wjw; = wyw; in S. It follows that g;; =
wjw; — wyw;s is identically 0 in A and therefore in A,

Observe that for every (j,¢) € H(n,d) the leading monomial LM(gj;) is w;w;, so the polyno-
mials g;; are pairwise distinct relations. This together with (??) implies

Rl = ) = (5 ) (430)

(b) Next we consider the elements g;; € Ry, where (i,7) € MV(n,d). Each g;; = wiw; — w; wj, is
a homogeneous polynomial of degree 2d which is identically 0 in A. Indeed, by the description
of MV(n,d) see (??), the monomial w;w; is not in normal form. Clearly, w;w; = Nor(w;w;)
is an identity in A, (and in (kN,e)). The normal form Nor(w;w;) is a monomial of length 2d,
so it can be written as a product Nor(w;w;) = w;,w,,, where w;,,wj, € Ny, moreover, since
w;,wj, € Nag is a normal monomial one has (i, jo) € C(n,d). It follows that

9ij = wiwj — wigwj, =0

holds in A, for every (i,j) € MV(n,d).
Note that all polynomials in R; are pairwise distinct, since they have distinct leading mono-
mials LM(g;;) = w;w,, for every (i,j) € MV(n,d). Thus, using (??) again we obtain

Ry| = MV (n, )| = <N2+ 1) _ (”tidl‘ 1). (4.31)

The sets R, and Ry, are disjoint, since {LM(g) | g € Rao} N{LM(g) | g € Rp} = 0. Therefore there
are equalities:

R = [Ra| + [R| = (];)+(<N;—1> B (n+2d—1)):N2_ (n+2d—1)7 (4.32)

n—1 n—1

hence the set R has exactly the desired number of relations given in (??). It remains to show that R
consits of linearly independent elements of k(X).

Lemma 4.16. Under the hypothesis of Theorem 77, the set of polynomials R C k(X) is linearly inde-
pendent.

Proof. Tt is well known that the set of all words in (X) forms a basis of k(X) (considered as a vector
space), in particular every finite set of distinct words in (X) is linearly independent. All words occurring
in R are elements of X2¢, but some of them occur in more than one relation, e.g. every w;w;, with (¢, j) €
MV (n, d) which is not a fixed point occurs as a second term of a polynomial g,q = wpwy — w;w; € R,
where -p(w;, w;) = wpw, > w;w;, and also as a leading term of g;; € Ry. We shall prove the lemma in
three steps.
(1) The set of polynomials R, C k(X) is linearly independent.
Notice that the polynomials in R, are in 1-to-1 correspondence with the nontrivial p-oprbits

in My x Ng: Each polynomial g;; = wjw; — wyw;: is formed out of the two monomials in the
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nontrivial p-oprbit {(w;,w;), (wi,w;) = p(w;,w;)}. But the p-orbits are disjoint, hence each
monomial -(a,b), with (a,b) # p(a,b) occurs exactly once in R,. A linear relation

Z ag,igji = Z aj.i) (wjw; — wirwj) = 0, where all o ;) € k
(4,1 €H(n,d) (4,5)€H(n,d)
involves only pairwise distinct monomials in X2? and therefore it must be trivial: Gy =
0,Y(4,1) € H(n,d). It follows that R, is linearly independent.
The set Ry C k(X) is linearly independent.
Assume the contrary. Then there exists a nontrivial linear relation for the elements of Ry, :

Z ﬁ(i,j)gij = Z ﬁ(i’j)(wiwj — wiowjo) =0, with B(i,j) ck. (4.33)
(i,5)EMV(n,d) (2,7)EMV (n,d)

Recall that the leading monomials LM(g;;) = w;wj, (4, j) € MV (n,d) are pairwise distionct. Let
gpq be the polynomial with 3, ;) # 0 whose leading monomial is the highest among all leading
monomials of polynomials g;;, with §(; j) # 0, so we have

LM(gpq) = wpwy > LM(gs;), for all (i,j) € MV(n,d), where 3; ;) # 0. (4.34)
We use (??) to find the following equality in k(X):
Bi5)
WpWg = WpoWqy — Z i) Gij-

(i,5)EMV (n,d),LM(gi;) <wpwy ﬁ(p,q)

It follows from (??) that the right-hand side of this equality is a linear combination of monomials
strictly less than wypw,, which is impossible. It follows that the set R, C k(X) is linearly

independent.
The set R C k(X) is linearly independent. Assume the polynomials in R satisfy a linear relation
(4,)EH(n,d) (4,§)EMV (n,d)

This gives the following equality in the free associative algebra k(X):

51 = Z a(j,i)iji = Z oz(j’i)wi/wj/ — Z 5@,;‘)91‘]‘ = SQ. (4.36)

(j,3)eH(n,d) (4,3)EH(n,d) (4,5)EMV (n,d)
The element S1 = 3=, iy ca(n.a) @G, wiw; on the left-hand side of (??) is in the space V' =
SpanBi, where By = {w;w; | (4,7) € H(n,d)} is linearly independent. The element
Sa= Y, agawrwp— D Bajdes)
(J,3)EH(n,d) (4,4)EMV (n,d)

on the right-hand side of the equality is in the space W = SpanB, where
B = {wywj | (4,1) € H(n,d)} U{ww;, wi,wj, | (4,7) € MV(n,d)}.

Take a subset By C B which forms a basis of W. Note that By N B = (), hence B; N By = {.
Moreover each of the sets By, and By consists of pairwise distinct monomials and it is easy to
show that V N W = 0. Thus the equality S; = S, € VNW = 0 implies a linear relation

Si= Y, agawwi=0,
(4,))€H(n,d)
for the set of leading monomials of R, which are pairwise distinct, and therefore independent. It
follows that «; ;) = 0, for all (j,4) € H(n,d). This together with (?7) implies the linear relation

Z Bi,jy9ij = 0,
(i,5)EMV(n,d)
and since by (2) Ry is linearly independent we get again 3(; ;) = 0,V (4,5) € MV(n,d). It follows
that the linear relation (??) must be trivial, and therefore R is a linearly independent set of

polynomials.
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We have proven part (1) of the theorem.
Analogous argument proves part (2). Note that the polynomials of R4, are reduced from R, using
Ryp. It is not difficult to prove the equivalence R <= R;. (]

5. VERONESE MAPS

In this section we shall introduce an analogue of Veronese maps between quantum spaces (Yang-
Baxter algebras) associated to finite solutions of YBE. We keep the notation and all conventions from
the previous sections. As usual, (X,r) is a finite solution of order n, A = A(k, X,r) is the associated

algebra, where we fix an enumeration, X = X,, = {1, - ,z,} as in Convention ??, d > 2 is an integer,
N = ("*jfl), and Ny = {wy < wy < -+ < wy} is the set of all normal monomials of length d in X4

ordered lexicographically, as in (?7).

5.1. The d-Veronese solution of YBE associated to a finite solution (X,r). We have shown
that the braided monoid (S, rg) associated to (X, r) induces the normalized d-Veronese solution (Ny, pq)
of order N = ("+§l_1), see Definition ?7?. We shall use this construction to introduce the notion of a
d-Veronese solution of YBE associated to (X,r).

Definition-Notation 5.1. In notation as above. Let (X, r) be a finite solution, X = {x1, - ,z,}, let
Nag ={w; <ws < ---wy} be the set of normal monomials of length d, and let (Ny, p) = (N, pa) be the
normalized d-Veronese solution.

Let Y = {y1,y2, -+ ,yn} be an abstract set and consider the quadratic set (Y,ry) , where the map
ry : Y XY — Y xY is defined as

ry (v, vi) = (Wi yy) i plwy,wi) = (wir,wyr), 1<1i,4,7,j" <N. (5.1)

It is straightforward that (Y, ry) is a nondegenerate symmetric set of order N isomorphic to (Ng, pa)-
We shall refer to it as the d-Veronese solution of YBE associated to (X,r).

By Corollary 7?7 the set Y x Y splits into (gf ) two-element ry- orbits and N one-element ry-orbits.

As usual, we consider the degree-lexicographic ordering on the free monoid (Y) extending y; < y2 <
-+ < yn. The Yang-Baxter algebra Ay = A(k,Y,ry) ~ k(Y; Ry) has exactly (1;[) quadratic relations
which can be written explicitly as

Ry ={vi = vy —vweyy | (1) € Hn,d), (i y50) = rv (Y5, 4:)} (5.2)
where H = H(n,d) is the set defined in (??), and each relation corresponds to a non-trivial ry-orbit.
The leading monomials satisfy LM(7;:) = y;¥i > Yiryjr-

5.2. The Veronese map v, 4 and its kernel.

Lemma 5.2. In notation as above. Let (X,r) be a solution of order n, Ax = A(k, X,r), let d > 2, be an
integer, and let N = (”+s_1). Suppose (Y,ry) is the associated d-Veronese solution, Y = {y1, - ,yn},
and Ay = A(k,Y,ry), is the corresponding Yang-Bazter algebra.
The assignment
Y1 — Wi, Y2 +— w2, ..., YN — WN

extends to an algebra homomorphism vy, 4 : Ay — Ax.
Proof. Naturally we set vy q(ys, - ¥i,) = ws, -~ w;,, for all words y;, ---y;, € (Y) and then extend this
map linearly. Note that for each polynomial v;; € Ry one has

Un,a(Vji) = gji € Ra,
where the set R, is a part of the relations of A()?) given in (?7?). Indeed, let v;; € Ry, so (j,%) € H(n,d)
and vj; = y;yi — Yiryj, where (yi,yj) = v (Y5, i), see also (??7). Then

Un,d(Vii) = Vn,a(Yivi — yarysr)
= wjw; — wyrw;, where (w;r, w;) = p(w;, w;),

=gji € R
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We have shown that g;; equals identically 0 in Ax, so the map v, 4 agrees with the relations of the
algebra Ax. It follows that v, 4 : Ay — Ax is a well-defined homomorphism of algebras.

The image of vy, 4 is the subalgebra of Ax generated by the normal monomials Ny, which by Theorem
77 is exactly the d-Veronese Ag?). O

Definition 5.3. We call the map v, 4 from Lemma ?? the (n,d)-Veronese map.

Theorem 5.4. In assumption and notation as above. Let (X, 1) be a solution of order n, with X = X,, =
{z1, - ,zn}, let Ax = A(k, X,,r) be its Yang-Baater algebra. Let d > 2 be an integer, N = ("+3_1),
and suppose that (Y,ry) is the associated d-Veronese solution of YBE with corresponding Yang-Bazxter
algebra Ay = A(k,Y,ry),

Let vy, q 1 Ay — Ax be the Veronese map (homomorphism of algebras) extending the assignment

Y1 wi, Y2 w2, ..., YN > WN.

Then the following conditions hold.

(1) The image of vy q is the d-Veronese subalgebra Ag?) of Ax.
(2) The kernel R := ker(vy, q4) of the Veronese map is generated by the set of (Ng'l) — ("‘:idl_l) linearly
independent quadratic binomials:

R\{’ = {rylj =YY — YioYjo | (Zv.]) € MV(n,d), (7;07.].0) € C(n7d)}7 (53)
where for each pair (i,j) € MV (n,d), w; w;j, = Nor(w;w;) € Nag. In particular,
LM(7ij) = ¥iY; > YioYio-
Proof. (1) The image of v, 4 is the subalgebra of Ax generated by the normal monomials Ny, which by
Theorem ?7 is exactly the d-Veronese subalgebra .Ag?).

Part (2). We have to verify that the set Ry generates & Note first that Ry, C & Indeed, by direct
computation, one shows that v, 4(RY,) = Ry, the set of relations of the d-Veronese (Ax)(® given in
(?7?), so Ry, C R. Moreover, for each pair (7,j) € MV(n,d), the monomial y;y; occurs exactly once in
the set RY,, namely in v;; = viy; — vi,¥j,- Here (ig, jo) € C(n,d), and w;,wj, = Nor(w,w;) € Nag, see
Theorem 77.

The polynomials v;; are pairwise distinct, since they have pairwise distinct highest monomials. There-
fore the cardinality of RY satisfies |RY| = |[MV(n,d)|, and (??) implies

N +1 n+2d—1
Ry | = — . 5.4
myl= () () (5.4
The Yang-Baxter algebra Ay is a quadratic algebra with N generators and (g ) defining quadratic
relations which are linearly independent, so

dim(Ay )y = N? — @f) = (N; 1).

By the First Isomorphism Theorem (Ay /f)s & (AE?))Q = (Ax)24, hence
dim(Ay)z = dlm(ﬁ)g + dim(AX)Qd.
We know that dim(Ax)2q = |Nag| = (”+2d_1), hence

n—1

N+1 . n+2d—1
( 9 )dnn(ﬁ)g—i-( n— 1 >

This together with (??) implies that

. N +1 n+2d—1 v
dlm(ﬁ)gz( ) )—( 01 >=|Ryl-

The set RY, is linearly independent, since v, q(RY) = Rp, and by Lemma ?? the set Ry is linearly
independent. Thus the set Ry is a basis of the graded component R3, and 8 = kRy.. But the ideal 8
is generated by homogeneous polynomials of degree 2, therefore

R=(R) = (Ry)- (5.5)



We have proven that Ry is a minimal set of generators for the kernel K. (]

6. SPECIAL CASES

6.1. Veronese subalgebras of the Yang-Baxter algebra of a square-free solution. In this sub-
section (X,r) is a finite square-free solution of YBE of order n, d > 2 is an integer. We keep the
conventions and notation from the previous sections. We apply Fact ?? and fix an appropriare enu-
meration X = X,, = {x1, -+ ,z,}, such that the algebra the Yang-Baxter algebra A = A(k, X,r) is a
binomial skew polynomial ring. More precisely, A is a PBW algebra A = k(x1,--- ,x,)/(Rg), where

§R0 = §R0(’I‘) = {fji =T;jT; — Ty Ty ‘ 1<i<j < ’fl}, (61)

is such that for every pair i, j, 1 < i < j < n, the relation f;; = x;x; —xyxj € Ry, satisfies j > ¢/, i < j’
and every term x;x;,1 < ¢ < j <n, occurs in some relation in Ry. In particular

LM(fﬂ) =TT, 1<i< j<n. (62)

The set Ry is a quadratic Grobner basis of the ideal I = (o) w.r.t the degree-lexicographic ordering
< on (X). It follows from the shape of the elements of the Grobner basis Ry, and (??) that the set
N = N(I) of normal monomials modulo I = (Ry) coincides with the set T of ordered monomials (terms)
in X,

N=T={z" 2% | a; eNg,i € {0,...,n}}. (6.3)
All definitions, notation, and results from Sections 7?7 and 77 are valid but they can be rephrased in
more explicit terms replacing the abstract sets N' = N(I), Ny, and Naq with the explicit set of ordered
monomials 7 = T(X), Tq, and Taq4.

As usual, we consider the space k7 endowed with multiplication defined by

feg:=Norg,(fg), forevery f,g € kT.
Then there is an isomorphism of graded algebras
A=Ak, X,r) = (kT,e), (6.4)

and we identify the PBW algebra A with (k7 ,e). Similarly, the monoid S(X,r) is identified with (T, e).
We order the elements of 7 lexicographically, so

d—1
Ta={w; = (21)? <wy = (21)" 23 <+ <wy = (x,)"}, Where N = (n +d ) (6.5)
The d-Veronese A@ is a quadratic algebra (one)-generated by wy,ws, ..., wy.
It follows from [?], Proposition 4.3, Ch 4, that if 21, ,z, is a set of PBW generators of a quadratic

algebra A, then the elements of the PBW-basis of degree d , taken in lexicographical order are PBW-
generators of the Veronese subalgebra A(®.

Corollary 6.1. Let (X, r) be a finite square-free solution of ordern, let X = {x1,--- ,x,}, be enumerated
so that the algebra A = A(k, X,r) is a binomial skew polynomial ring. Let d > 2 be an integer, and N =
("+371). The d-Veronese subalgebra A C A is a quadratic PBW algebra with PBW generators the set
of ordered monomials (terms) in X of length d, Tq = {wy = 2%, ,wyn = 22}, ordered lexicographically
and N? — ("f_dl_l) linearly independent quadratic relations R = R, U Ry given in Theorem ?77. Thus
AW has a standard finite presentation

AD ~ k(wy, -, wn)/(R),

where the set of defining relations R forms a Grébner basis of the ideal (R) of k{ws,--- ,wyn) (with
respect to the degree-lexicographic order on (wy, - ,wN)).

For a square-free solution (X, r) as above, the normalized d-Veronese solution is denoted by (7g, p4)-
The d-Veronese solution (Y,ry), associated to (X,r), is defined in Definition-Notation ??. One has
Y ={y1,y2, - ,yn}, and the map ry : Y XY — Y x Y is determined by

TY(ZJj,ZJi) = (yi'ayj/) Zﬁ P(wj,wi) = (wi'ij')v 1<, i/aj, <n. (66)
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By definition (Y, ry) is isomorphic to the solution (7g, pg) . Its Yang-Baxter algebra Ay = A(k,Y,ry)
is needed to define the Veronese homomorphism

Un,d * .Ay — .AX

extending the assignment

Y1 — Wi, Y2 — w2, ..., Yn — WHN.
Theorem 7?7 shows that the image of v, 4 is the d-Veronese subalgebra A@ and determines a minimal
set of generators of its kernel.

Remark 6.2. The finite square-free solutions (X, r) form an important sublcass of the class of all finite
solutions, see for example [?]. It is natural to ask ”can we define analogue of Veronese morphisms between
Yang-Baxter algebras of square-free solutions?” In fact, it is not possible to restrict the defininition of
Veronese maps introduced for Yang-Baxter algebras of finite solutions to the subclass of Yang-Baxter
algebras of finte square-free solutions. Indeed, if we assume that (X,r) is square-free then the algebra
Ay involved in the definition of the map v, 4 is associated with the d-Veronese solution (Y, ry), which,
in general is not square-free, see Corollary ?7.

To prove the following result we work with the monomial d-Veronese solution (Sg, 74) keeping in mind
that it has special "hidden” properties induced by the braided monoid (S, rg).

Theorem 6.3. Let d > 2 be an integer. Suppose (X,r) is a finite square-free solution of order n > 2,
(S,7s) 1is the associated braided monoid, and (Sq,74) is the monomial d-Veronese solution induced by
(S,rs), see Def. 7?7. Then (Sq,rq) is a square-free solution if and only if (X,r) is a trivial solution.

Proof. Assume (Sg4,74) is a square-free solution. We shall prove that (X, ) is a trivial solution.
Observe that if (Z,rz) is a solution, then (i) (Z,rz) is square-free if and only if

2=z, forall z € Z;
and (ii) (Z,rz) is the trivial solution if and only if
Yr =g, forall x,y € Z.

Let 2,y € X,z # y and consider the monomial a = 2%~ !y € S;. Our assumption that (Sg,74) is
square-free implies that “a = a holds in S;, and therefore in S. It follows from Remark 7?7 that the
words a and “a (considered as elements of X¢) belong to the orbit O = Op,(a) of a = 2%~ 1y in X?¢. We
analyze the orbit O = O(2?~!y) to find that it contains two type of elements:

w=(*"y)b, where b€ X1 (6.7)
and
v=2a'c, where 1 <i<d—1and ce X9 (6.8)
A reader who is familiar with the techniques and properties of square-free solutions such as ”cyclic
conditions” and condition ”Iri” may compute that b = (2¥)4~! and ¢ = ("”d_i_ly)(xy)d’ifl, but these
details are not used in our proof. We use condition ML2, see (??) to yield the following equality in S:

d—1

ag = @) (gd=1y) = (=T ) (@ T gy (@) 2y (6.9)

The word w, considered as an element of X? is in the orbit @, and therefore two cases are possible.
Case 1. The following is an equality of words in X%:

2d—1

DTy = (b, be X9

1

w= (") (T gy

zd*l

Then there is an equality of elements of X:

@)y = 2"y (6.10)

Now we use condition ML1, see (?7?) to obtain
@y, (wd’l)(yx)
which together with (??) gives

@D gy = @y (6.11)
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The nondegeneracy implies that Yo = y. At the same time Yy = y, since (X, r) is square-free, and using
the nondegeneracy again one gets z = y, a contradiction. It follows that Case 1 is impossible, whenever
T #y.

Case 2. The following is an equality of words in X% :

d k=1

w = (I 71yx)((md71y)ml‘) o ((xdfl

) y):xic, where 1 <i<d—1,ce X%

Then
@)y = g (6.12)

At the same time the equality *x = z and condition ML1 imply 2y = x, which together with (?7)
and ML1 (again) gives

md—lx _ (Idily)lf _ wd71(y$).

Thus, by the nondegeneracy again Yz = x. We have shown that Yo = z, for all z,y € X,y # x. But
(X,r) is square-free, so Yy = y for all y € X. It follows that Y2 = x holds for all z,y € X and therefore
(X,r) is the trivial solution. O

By construction the (abstract) d-Veronese solution (Y,ry) associated to (X,r) is isomorphic to the
normalized d-Veronese solution (Ny, pg) and therefore it is isomorphic to the monomial d-Veronese solu-
tion (Sg4,74). Theorem ?? implies straightforwardly the following corollary.

Corollary 6.4. Let d > 2 be an integer, suppose (X,r) is a square-free solution of finite order. Then
the d-Veronese solution (Y,ry) is square-free if and only if (X,r) is a trivial solution.

It follows that the notion of Veronese morphisms introduced for the class of Yang-Baxter algebras of
finite solutions can not be restricted to the subclass of algebras associated to finite square-free solutions.

6.2. Involutive permutation solutions. Recall that a symmetric set (X,r) is an involutive per-
mutation solution of Lyubashenko (or shortly a permutation solution) if there exists a permutation
f € Sym(X), such that r(z,y) = (f(y), f~!(x)). In this case we shall write (X, f,r), see [?], and [?], p.
691.

Proposition 6.5. Suppose (X, f,r) is an involutive permutation solution of finite order n defined as
r(x,y) = (f(y), f1(x)), where f is a permutation of X and let A be the associated Yang-Bazter algebra.

(1) For every integer d > 2 the monomial d-Veronese solution (Sq,74) is an involutive permutation
solution.

(2) If the permutation f has order m then for every integer d divisible by m the monomial d-Veronese
solution (Sq,rq) is the trivial solution and the d-Veronese subalgebra AD of A is a quotient of
the commutative polynomial ring k[y1,ye2, - ,yn|, where N = ("+fil_1).

Proof. (1) The condition ML1 in (??) implies that
“% = fi(t), and t* = f79(¢), for all monomials a € S, and all ¢t € X. (6.13)

Moreover, since S is a graded braided monoid the monomials a, ®a and a® have the same length, therefore

o ="t = fU(t), t°=+"=f9t)forall a€ S, be S, and all t € X. (6.14)

It follows then from (??) ML2 that S acts on itself (on the left and on the right) as automorphisms.
In particular, for a,tits -+ -tg € Sq one has

“tatg - ta) = (“t1)(“t2) -+ (“ta) = fHt1) fU(t2) -+ - f4(ta)-
(titg---ta)* = (1*)(82%) -+~ (ta®) = (1) F~ U (t2) - - f % (ta)-
Therefore (Sg,74) is a permutation solution, (Sg, f4,74), where the permutation fg € Sym(Sy) is defined

as fa(tita - tq) :== fA(t1) f4(t2) -~ f4(ta). One has f; ' (tata - -tq) = f~U(t1) f~Uta) - 4 (ta).
(2) Assume now that d = km for some integer k > 1, then f¢ = idx. It will be enough to prove that
the monomial d-Veronese solution (Sg,r4) is the trivial solution. It follows from (?7?) that if a € S then

(6.15)

a(tth cee td) =t1to - -ty where t; € X, 1< <n. (616)
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This implies b = b for all a,b € Sy. Similarly, a® = a for all a,b € Sy. It follows that (Sg,74) is the
trivial solution. But the associated d-Veronese solution (Y, ry) is isomorphic to (Sg,r4), hence (Y, ry) is
also a trivial solution, and therefore its Yang-Baxter algebra A(k,Y,ry) is the commutative polynomial
ring k[y1,y2, - ,yn]. It follows from Theorem ?? that the d-Veronese subalgebra A@ is isomorphic to
the quotient K[y1,y2, - ,yn]/(R) where R is the kernel of the Veronese map v, 4. O

7. EXAMPLES

We shall present two examples which illustrates the results of the paper. We use the notation of the
previous sections.

Example 7.1. Let n = 3, consider the solution (X,r), where

X ={x1, 29,23},
r(zs,x1) = (x2,23) 7r(w2,23) = (T3,21)
r(zs, xe) = (v1,23) 7(x1,23) = (v3,22)
r(ze,x1) = (z1,22) 7(x1,22) = (T2,21)
r(zi,x;) = (x,2;), 1<i<3.
Then
Ak, X,r) =k(X)/(Ry) where
Ro = Ro(r) = {a322 — T123, 321 — TaX3, ToT1 — T1T2.}.
The algebra A = A(k, X,r) is a PBW algebra with PBW generators X = {x1,z2,z3}, in fact it is a
binomial skew-polynomial algebra.

We first give an explicit presentation of the 2-Veronese A2 in terms of generators and quadratic
relations. In this case N = (*}') = 6 and the 2-Veronese subalgebra A is generated by 7, the
terms of length 2 in k(x1, 9, z3). These are all normal (modulo Rp) monomials of length 2 ordered
lexicographically:

Ty = {w1 =T121, W2 = X1T2, W3 = T1T3, W4 = T2T2, W5 = T2X3, We = 333$3}- (7.1)

Determine the normaized 2-Veronese solution (73, p2) = (T2, p), where p(a,b) = (Nor(?b), Nor(a®)).
An explicit description of p is given below:

(33, w;) «— (Wi, T3x3), 1<i<5

(xoxs, xoxs) «— (T173,T123), (T2w3,Tax2) — (T121, T2x3),

(.%‘2333,.’1?1.1’2) <— (.’1?15(52,.%‘2373), (.T2373,CL’1£E1) <—— (31‘2.232,1‘2.’173)7 (7 2)
(]Jg.’EQ,J?lJ?g) — (xlmg,xla:l), (.132332,331332) — (3311‘2,$2$2), ’
(I2x27xlx1) <— (I1I1,$2$2), (.’,Ell‘g,fEQIQ) — (1311‘1,:1711‘3)7

(1’11’3,1’1$2) <— (mlxg,xlxg), ($1CE2,.’£1(E1) —— ($1$1,$1$2).

The fized points F = F (T2, p2) are the monomials ab determined by the one-element orbits of p, one
has (a,b) = (?b,a’). There are exactly 6 fixed points:

F = {ww, = (z121)(x1201) € Ta, wawy = (2222)(2202) € Ta, wews = (x323)(2373) € Ta,
wowy = (z122)(x122) ¢ Ta, waws = (x123)(T223) ¢ Ta, wsws = (rox3)(x123) ¢ Ta.}-

There are exactly 15 = (1;/ ) nontrivial p-orbits in 73 x T3 determined by (??). These orbits imply the

(7.3)

following equalities in A3):

(r3z3)w; = wi(r3x3) € Ty, 1 <0 <5,

(I2I3)($2I3) = ($11‘3)($11‘3) ¢ 71, (I2$3)(I2$2) = (1711”1)(1321”3) € 7:1,

(wows3)(w122) = (z122)(w223) € T4, (wows)(w11) = (w2w2, T2x3) € T4, (7.4)
(zom2)(w123) = (T123)(2121) & Tay  (w2w2)(2122) = (122)(2222) € T2 ’
(rox2)(x121) = (x121)(T222) € T4, (w123)(2222) = (T121)(2123) € Ta,

(331133)(331332) = (331332)(331333) ¢ 71, (1311‘2)(331$1) = (331331)(331332) €Ty

Note that for every pair (w;, w;) € T2 X T2 \ F the monomial w;w; occurs exactly once in ( 77) .
Six additional quadratic relations of A®) arise from (??), (??), and the obvious equality a = Nor(a) €
T, which hold in A® for every a € X?2. In this case we simply pick up all monomials which occur in
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(?7), or (?7?) but are not in 74 and equalize each of them with its normal form. This way we get the six
relations which determine Ry:

(z172)(T172) = (T121)(T272), (2173)(v273) = (¥171)(2373), (T2x3)(T173) = (T2T2)(T373)

(7.5)
(z123)(2173) = (T122)(2373),  (2222)(2173) = (T122)(T273),  (¥122)(T123) = (¥171)(T223).
The 2-Veronese algebra A®?) has 6 generators wy,--- ,wg written explicitly in (??) and a set of 21
relations presented as a disjoint union R = R, |J R described below.
(1) The relations R, are:
wew; — wiwe, wiwe € Tg, 1 <4 <5,
wsws — waws, waws ¢ Ta, wswy — wiws, wiws € Ta,
WsWa — WaWs, Wows € T, wsw1 — waws, waws € Ta, (7.6)
wawz — wawy, wawy ¢ Ta, Wawe — Wawy, Wowys € Ty,
wawy — wiwy, wiwyg € Ty, wawy — wiw3, wiws € Ty,
wawy — waws, wawsz ¢ Ta, wowy — wiwz, wiws € Ty.
(2) The relations Ry, are:
WaW2 — W1Wy, W3Ws — W1We, W5W3 — WeWe, (7.7)
W3 W3 — WaWe, W3w1 — WawWs, W2W3 — W1 Ws.

The elements of R}, correspond to the generators of the kernel of the Veronese map.
Thus the 2-Veronese A2 of the algebra A is a PBW algebra with a standard finite presentation

AP ~ k(wy, - we)/(R),

where, wy, -+, wg is a set of PBW generators and R = R, URy is a set of defining relations which forms
a quadratic Grobner basis of the ideal (R) in k{wy, -+, weg).
Another standard finite presentation is

A(z) = k<w17 e 7w6>/(R1)5
where R1 = R41 U Ry, and the relations R,y are:

WeW; — WiWe, W;we € Tg, 1 <0 <5,

wsWs — WaWe, Wowg € T, wswy — wiws, wiws € T,

wswy — waws, Waws € T, wswy — waws, waws € T, (7.8)
WawWs — WaWs, Waws € Ty, Waws — WaWy, € T4, '
wawy — wiwg, wiwy € Ty, wawg — wiwz, wiws € Ty,

w3wg — wiws, wiws € T, wowy = wiwsy, wiwy € Ty.
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