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Mathematisches Institut
der Universitdt Bonn

Programm der Mathematischen Arbeitstagung 1978 (I)

Freitag, den 16.6.:

17.15 - 18.15 Uhr: M.F. Atiyah: Yang-Mills instantons and algebraic geometry

Samstag, den 17.6,:

) 10.00 - %1.00 Unr: E. Calabi: SU(n)- and Sp(n)-manifolds
12.00 - 13.00 Uhr: H. Jacquet: From GL(2) to GL(3)

17.00 - 18.00 Uhr: J.-P. Bourguignon: Differential-geometry of the
Yang-Mills equation

Sonntag, den 18.6.:

NS T TS s e e PR . ) A

10.00 - 10.15 Uhr: — Festlegung der nédchsten Vortrége ag
10.15 - 11,15 Uhr: J. Eells: Holomorphic and harmonic maps of surfaces fi

R
12.00 - 13.0Q Uhr: J. Steenbrink: Non-rationality of the quartic threefold . I%
17.00 - 18.00 Uhr: B. Gross: The Chowla-Selberg formula ¥

- Die Vortrdge finden alle im "GroBen HOrsaal" (WegelerstraBe 10) statt. - ;

Erfrischungspausen mit Tee: Samstag und Sonntag vormittags von 11.15-12.00 Unr
vor dem GroRBen HOrsaal, nachmittags ab 15.30 Uhr im Diskussionsraum Beringstir. 1. -

Die Post liegt wihrend der Vormittags-Teepausen aus.
Tischtennis im Keller des Hauses BeringstraBe k.

Den Tagungsbeitrag-bitte an Frau Gerber (SFB-Biiro Beringstr. 4) bezehlen.

Alle Teilnehmer mégen sich bitte in die Teilnehmerliste eintragen. Teilnehmerlisten
urd andere Informationen liegen vor dem Diskussionsraum Beringstrale 1 aus.

Alle Tegungsteilnehmer mit ihren Damen oder Herren sind herzlich zum ¥mpfang =~
des Rektors eingeladen. Zeit: Montag, den 19.6., 20.00 Uhr. Ort: Festsaal der
Universitidt {Hauptgebdude), Eingang von der StraBe "Am Hof" durch das Tor gegen- |
Uber Buchhandlung Rohrscheid. it




Mathematisches Institut
der Universitat Bonn

Montag, den 19.6.:
10.00 - 11.00 Uur: B. Mazur: Rational points on elliptic curves and
congruences of L-series .

12.00 - 13.00 Uhr: D. Burghelea: Computation of homotopy groups of
diffeomorphism groups of compact manifolds

17.00 - 18.00 Uhr: P. Schweitzer: Residues of real foliation singularities

Dienstag, den 20.6.:

8.15 - ca. 9.15 Unr: 7. Banchoff: The fourth dimension and computex
{Sondervortrag) animated geometry

9.45 - 10.00 Unhr: Festlegung der restlichen Vortrige

10.00 - 11.00 Uhr: J. Milnor: Volume of hyperbolic manifolds

12.30 - ca, 20.00 Unr: Dampferfahrt auf dem Rhein nach Leutesdorf; )
Abfahrt am "Alten Zoll" mit Motorschiff "Carmen Silva"

Mittwoch, den 21.6.:

10.00 - 11.00 Uhr: K. Ueno: Birational geometry of fibre spaces

Die Vortrége finden slle im "GroRen Hérsaal™ (WegelerstraBe 10) statt.
Erfrischungspausen mit Tee: Montag vormittag von 11, 15-12,.00 Uhr vor dem
GroBen HOrseal, nachmittags ab 15.30 Uhr im Diskussionsraum Beringstrale 1,
Mittwoch vormittag von 11.15-12.00 Uhr vor dem GroRen lérsaal. Die Post liegt
wihrend der Vormittags-Teepausen Bus. mischtennis im Keller des Hauses Bering-
straBe 4. Den Tagungsbeitrag bitte an Frau Gerbver (SFB-Biiro BeringstraBe L)
bezahlen. Alle Teilnehmer mdgen sich bitte in die.Teilnehmerliste eintragen.
Alle Informationen und die Teilnehmerliste liegen wahrend der Teepausen aus.

Am Montag um 20.00 Unr ist der Empfang des Rektors im Festsaal der Universitét
(Hauptgebdude). Alle Tagungsteilnehmer mit ihren Damen oder Herren sind
) herzlich dazu eingeladen.
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Methematisches Institut
der Universitédt Bonn
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Mittwoch, den 21.6.:

12,00 - 13.00 Uhr: F. Adams: Finite H-spaces and elgebras over the
Steenrod Algebra '

17.00 ~ 18.00 Unr: N. Hitchin: Twistor spaces

Donnerstag, den 22.6.:

10.00 - 11.00 Unr: A. Todorov: Surfaces with Pg = 1 and K2 = 1

12.00 - 13.00 Unr: P. Baum: K-homology and Riemann—-Roch

17.00 -— 18.00 Uhr: J. Briining: Representations of compact Lie groups
and elliptic operators o

Freitag, den 23.6.:

10.00 - 11.00 Unr: I. Piatetski-Shapiro: Automorphic forms on the
metaplectic group

12.00 - 13.00 Unr: F. Waldheusen: Algebraic K-theory of topological spaces

Die Vortrége finden slle im "Grofen Horsesal" (WegelerstraBe 10) statt.

Erfrischungspausen mit Tee: Mittwoch, Donnerstag und Freitag vormittags von

11.15 Uhr - 12.00 Uhr vor dem groBen Horsaal, Mittwoch und Donnerstag nach-
mittegs ab 15.30 Uhr im Diskussionsraum Beringstrafe 1.

Die Post liegt wahrend der Vormittags—Teepausen &aus.

Die Referenten werden nochmals gebeten, ihre Kurzfessungen mdglichst bald
bei Herrn Kraft sbzugeben, da wir den Tagungsbericht allen Teilnehmern noch
vor ihrer Avbreise aushéndigen mdchten.
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Let (M,g) be a compact oriented Riemannian manifold.
Let G ©Te & compact Lie group and (% its Lie algebra.

We will be interested in flndlng adapted connections to

-3 vectorvbundle T : E—»M with structure group 9 . We deno-
te by R the curvature of the connection V ( R is a

{}F—valued two-~form on M where I%E is the bundle of Lie
algebras of infinitesimal automorphlsms of E ). It is glas-—
sical that with respect to the exterlo; glfferential d = of
vector-valued forms defined by V , = 0 (this is the
Bianchi identity). :

We denote the affine space of G-connections over E Dby
{? . This space is acted upon by the gaugé group (group of
sections of the bundle of G-automorphisms of E ).

The Yang-Mills functional 'lé'm on "& is defined as :

JMHRVHQ . It is invariant under the gauge group,;
(cf ‘?])- ‘ ‘

A eritical point for‘gm , called a Yang-Mills connec-
tion, satisfies BVRV = 0 , where BV is the adjoint of ‘dv
in other words Rv is harmonic.

This can also be written as d (Ro*) = 0 , making the
case dim M = bk special, since there Rv splits into RV *
and Rv_ which turn out to be both harmonic. In this case
appears also a constraint : the Pontrjagin number p(E) . The
absolute minimum of '%Tﬂ is then .achieved by I self dual con

nections dependlngTwhether p(E) is positive or negative.

By using a Weitzenbdck formula (which compares the La-

. Ve¥ V.V .
placian 4 $+ba to the Laplacian Y7 ), one can prove

the following

— — — @
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THEOREM.- {cf [1]). 0n 8" ( n» 3 ) a Yang-Mills field
which is uniformly small is zero (more precisely if at each

. point ][RV”2<1/2 (g), in fact R-v =0 ).

which can be refined in dimension 4 to-

Y

2 , 7 | ,
; } + CogE
: THEOREM.- (cf [1]). on S’ , if HRV !|2<3 , then R ~— = 0

‘As a corollary of this, we prove that an explicit ¢®-neigh
boorhood of - self dual Yang-Mills connections does not con-

¢ tain other Yang-Mills connections.

One can derive more information from the operator of
{1 the second variational formula which is, as expected, an el-
liptic self-adjoint second order differentiasl operator.

A critical point ¥ 1is called stable {resp. weakly sta-

ible) if at V the second variation is positive (resp. non-

fnegative). , ]

Then we have the folleowing

a ]

THEOREM (J. Simons).- On 8" ( n»5 ) , there is no weakly
tstable Yang-Mills field ‘

THEOREM.,~ fcf D]L,lﬁ the structure group of the bundle %g

8U, or sU, , any weakly stable Yang~Mills field on §

is * self-dual,

For other groups the situation 1is more subtle : for SOh
for example,the Euler number appears as a new constraint and
the usual notion od self-duality must be refined. With this
new notion analogous results can be obtained. This seems to
be especially interesting since a lot of seven-dimensional
jexotic spheres can be obtained as total spaces of sphere

y
bundles of SOh~bundles over Sh . .
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Let X Tbe an imégiﬁary quadratic field of

discriminent =-d and class number h. Let Ww ©be the

and let £ be the

which corresponds to

number of roots of unity in Kk,

! Diriechlet character modulo 4

L this quadratic extension. Define the number
w4k

k O(t\-c.cl.
Chowla and Selberg L1l prove that, up to algebraic

numbers, b, gives the periods of any elliptic

function field with algebraic coefficients and a non-

trivial multiplier in k.

In [4] we prove the following generalization:




T

Theorem 1. Let A 'be an abelian variety of dimension

n which is defined over Q. Assume that A has
complex multiplicafion-by k and that the represen-
tatioh'of X on DLie(A) decomposes as p copies
Cof one embedding and . q = n-p coﬁiqs_qfvphe
conjugate embedding. g

Then there is a sub-Hodge structure M of
#%(A) of renk 2, type (p;q)f(q,p); with bbmplex
multiplication' by k. One has MQ‘-‘-W/\:H.I(A,Q.);' if
w e MP?2 ana Ve M are forms of pure type

defined over 5, then
(Periods of wo) nr(bk)p'(evzi/bk)q
(Periods of ~J ) ~ (bk)q (27Ci/bk)p

where a~b means that a/b is an algebraic number,

When - n=1, A& is an elliptiec curve Wiﬁh complex
multip;ication by k, and this is just a restatement
of the result of Chowla and Selberg. When p=q it
is useful in the enalysis of certain"exceptiongl
Hodge c¢lasses. The theorem is proved by first making
a specific calcﬁlgtion oh the Jacobian of the Fermat
curve (using results of Rohrlich {47 and Weil [51)
and then transferring this result to other abelian
varieties in a Shimura family, using the existence
of two global sections of the middle cohomology which
are horizontal for the Gauss-Manin connection.

By a powerful extension of these methods,

Deligne [2] has recently obtained: :

Theorem 2. Let A be an abelian variety whiech is

defined over E, end M a sub-Hodge structure of
rank 1 of H2P(A) (a Hodge cless). If w € MPP g i

defined over 5, then

(Periods of & ) ~ (271i)®,

As a corollary, he shows that the period conjecture

RE A 2 TRTR YT T TR 4T fr-ﬁ

—of [47 is true for abelian varieties. For the
relation between this conjecture and the special
values of Hecke L-~series, see the papers of

Deligne L33 and Weil Lsl .
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- In the following, by an algebraic variety Vkﬁe meén
that V is irfeducible, complete and defined over €. A non-
singular algebraic variety is called an algebraic manifold.
A complex variety is,by definition, a reduced irreducible
compact complex space.

12 M, are 7
birationally (bimeromorphically) equivalent, if there exists-
a rationaﬂ(meromorphic) mappirgf‘: M1~f—? M2 such that there

exists the inverse f_l:'M2———? Ml' Such a mapping is called

a birational (bimeromorphic) mapping. By virtue of the

By definition, two complex varieties M

Hironaka theorem, each birationally eguivalent class of
complex varieties (resp. algebraic varieties) contains a
compact complex manifold(resp. projective manifold). For
each birationally equivalent class, we can construct three
different fibre spaces.

The meromorphic function field €(M) of a complex
variety M 1is an algebraic function field, that is, there 1is
a projective manifold W such that C(M)> €{(W). Hence there

exists a rational mapping ¢ : M—» W whidt induces the iso-.
morphis of the function fields. Taking a suitable birational @
equivalent model, we have a morphis ?ﬁ: Nﬁ———? W which is

called the algebraic reduction.




a{M) = tr. degC(M) is called the alpebraic dimension of M.

This is a birational invariant. ,

_ Let KM be the canonical bundle of a compact complex
manifold M. The_m—genus_Pm(M) h (M ﬁgm) is a birational
invariant for any p051t1ve integer m. Put W(M) {:n)»OI P (M)
:>O;}}"If[N(M) i @, for meN(M), we let {?O,.....,‘?H} be
a basis of H‘(M,Kﬁm). We have a rational mapplng;(m th ccnon1éal
mapping}-

& . ) < N
g M W o= ﬁmK(M) IE_’ o
Z : _ —> ( ?O: ceenst ?N).

The Kodaira dimension k(M) of M is defined by

"max dim w , IF MM £ @,
melNM) . .

k(M) = o S

‘ -, if N(M) = @.
This is also a birational invariant. For sufficient large me
W(M), tak1n3 suitable blratlonally equivalent models of M and
wm, we obtain a morphism ¢ : M W which is called the '
pluricanonical fibration. '

The third fibration is constructed by means of the
Albanese mapping. For a compact complex manlfold M, we have
the Albanese mapping < : M — A(M) which is characterized by
certain universal properties. A(M) is a cgplex torus and t(M)
= dim A{M) ia called the Albanese dimension. This is a biratiofal
invariant. As ,in general, < : M——> (M) has no connectcd

flbres, ‘we take the Stein factorization oo ]

M—-—i—*—?d(l"l),
(-*Kl %
W

B : M—> W is called the fibre space associated with the
Albanese mapping. '
The following table gives the important infomations

on these fibre spaces. The detailed discussions can be found
in the above references.
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In ordef_tq understand the homotopy types of diffeomorff
phism spaces 'and homeomorphism spaces one needs,; besides sur-

gery, an understanding of concordance spaces. The algebraic

K-theory of spaces is a functor which is helpful for this un-

braic') in order to avoid confusion with topological K-theory
with whieh it has little to do. The functor is part of an ela-j
borate machine and admits many variations, some of which are ?
useful. Also useful are its connections with other functoré,'

particularly the algebraic K-theory of Quillen.

In the sequel I shall describe those properties of A(X)[

§ which appear most prominent at the present time, and list somej

icomputations. I start by reviewing background material from
igeometric topology, and more specifically concordance theory;
?references for this material may be found in the articles
;.cited. I have divided the material - somewhat arbitrarily -
%:into four parts:

l. Inputs from geometric topology

2. The space A(¥)

3. The functor A(X) , and general properties

4, Some computations

A Inputs from geometrie topology. The smooth concordancesr«ei
% of a compact smooth manifold M of dimension n is defined :
‘ to be

C'(M) = DIiff(MXI , MXO0 v ¢MxI)

#

*_the space of those diffeomorphisms (with the c¢” topolog

2. a Bourbaki seminar article By J.-L. Loday, exp. 516, Feb.'7§

derstanding. I denote this functor X k> A(X) - ('A' for 'alge-f'




Eof MxI to itself which are the identity on
Let F be a functor from (reasonable) spaces to

2MX1 ; here 1 denotes the unit interval. There is a map, ' _
| | spaces. F will be called connective if it takes n-connected

P e . . Lo T R “ ) e ki - somp . - . | ' - ' " . .
B i i Mx 0 and ‘ ) | i ———— , | | “‘g 3j

what is more

canonical up to homotopy. _
maps to n-connected maps for every n (or,

C' (M) —> C'(MXI) ' | _ ,
o ( ‘ ' appropriate in the present framework, if this is so for eyery

and there is a stability theorem (Hatcher-Burghelea~Lashof) _ n not smaller than 2 ). F will be called strongly connec~
[ which asserts that this map is an isomorphism on T provided tive if in addition it has the following property. For every

that i is in a stabzl;ty range i ‘41 (n) (it is known that pushout diagram of cofibrations ' '

ig(n) = n/6 - 6. will do, but ic is 11ke1y that this is far .

, . - . - , X —> ¥
from best possible). Hence information about the stable con- ) : lf L
cordance space ' ' : VE
' X'—> ¥

-

. k
c(M - 1 T (M x -
(,) s ¢ ¢ ) tal and vertical maps are m-connected and

k - , _ in which the horizon
i i . : n-connected, tespectively the induced map
will translate into information about actual concordance spa- - e 5P !

ces in the stability range. fibre(f) — fibre(g)

must be {(m + n - c)-connected, where ¢ is a constant

{(roughly 3 , in practice).

For example the identity functor is strongly connective

By standard arguments (exhausting a 'réaspnable' space
.Pz finite subspaces, and embedding these in manifolds) ome °

extends to a functor X > C{(X) on the homotopy categoIry, —
ﬁi and by arguments which are (slightly) less standard one pro- j ' (by the homotopy excision theorem). Results of Hatcher say
: duces a canonical double de-loop of C€(X) (this is to avoid ' : that the Whitehead Bpace functors Whniff and WhPL are
a dimension shift with respect to algebraic K-theory). The - strongly connective. '
. nDifE : .
resulting space (x) the differential Whit . i '
’ itehead spaces For any functer F from spaces to spaces one defines

is connected, its fundamental group is the Whitehead group 5
: : its stabilization F to be

ﬁh(nix) , and its double loop space is C(X) .

Fo(x) = lim O fibre( F(SPA (X vx)) —F(x) )

One similarly constructs the piecewise linear and topo-
Ton : : n

logical Whitehead spaces WhPL(X) and WhToP(X) . As the

. PL T . i i
canonical map Wh (X} — Wh °P(x) is a homotopy equivalence,| i
E tdiagrams

s of the homotopy fibres in the

Euhere the maps are the map

A

;one of the two is redundant {(which one is & matter of tas:e -

bl O TS R AR ORT BAT

facts were made explicit by Burghelea-Lashof, they are impli- s
' In view of its definition, F comes

' ' . lef 4 -
or cénvenzence). By contrast the map (%) — whll(x) isg F(s® IA (X v x)) ——"—§'F(D:’\(XL’*))
‘not a homotopyY equivalence, but one knows that its homotopy § I l
] ) 2 |
theoretic fibre as a functor of X is alhomology theory (the E ; l
| graded abelian group of homotopy groups satisfies the Eilen- - F(DE'A(K\JX)) F(Sn,\(XLJ*))
i berg-Steenrod axioms except for the dimension axiom). These é . . £ h i its lower and
§ obtained by decomposition o the n-sphere 1into 18
§

cit in earlier work by Kirby-Siebenmann. upper hemisphere. G .
: equipped with 2 natural transformation F—F . If F 18 |
At this point one can have a certain amount of fum by strongly connective then FS ijs a homology theory (unreduced
turning ones attention to some homotopy properties that £ - . .
tors may or may mot have. Th i 119 i unc version) as one easily checks. !
o zve. ese also allow for neater for - . _ i
mula : i Wthff and WhPL are strongly

tion of later theorems ' : g _ In particular, as
? T T ‘ | connective their stabilizations are homology theories. But é
) J h TR RN R TIAP RIS nid, AL it SRR TR TN



the stabilization wnP S aceually is the trivial theoryT™} - ? At : e = § - ‘“zis
This was shown by Burghelea-Lashof-Rothenberg. Subsequently . fibre of the Ieft vertical map is.mapped by homotopy equi- e
Hatcher - poxn:ed out how it can be derived as an elementary | 7' valence to the homotopy fibre of the middle vertical map.
consequence of Morlet's disjunction lemma. Arguing similarly with the right hand square, and ngt;:g that h

In order to focus attention on a phenomenon that is of _ the homotonggigre of the right vertical map is . (x)

some importance in our context, let us introduce a further £ gince (Wh )®(X) is contractible, the assertion resu}ts-
nocion; If G is a functor from spaces to spaces, let an Any approximation to WhDiff' is also one to Wh
approximation of ¢ consist of a functor F together with - (just compose'with'the map from fhe former to the 1at:er), ut
a2 natural oransformation F —>»C whose homotopy fibre is a : - o the converse need not necessarily be true. So one shouild
homology theory. | expect that approximations to wnPiff  are harder to produce.

For gxamplo it was mentioneo before that Diff._;wh In fact, the follooing showo that whenever one has produced
is an apprﬂ'&matlon in this sense. The following says that the one in a non-triviai way, ome is in for a surprise.
| V'Sfunctor Wh PL is computable, more or less, from any of 1ts‘ _,' ) Lemma 1.3. “f F _H9WhDiff is an qpproximation then there
i : ’approximations. | | : lis a naﬁural splitting ,'

Lemma 1.1. If £: F f—QWhPL iz an approximation then the I F(X) <= 'FS(X) X Whniff(xJ

"coefficients' of the homology theory fibre(f) is the space } ) Proof. Stabilization giVeo a diagram
"FUx) . . L . - , _ . |

Arroor. wllesy g . o P fibre —> F(X) —— whP EE(x)

roof. %) is contractible by the s~cobordism theorem \ : ‘ ‘ ;
and the Alexander trick, and the 'coefficients' are given by l:: l l %
the homotopy fibre of F(X)~9~WhPL(x) s q.e.d. ' - 515,4 ___5ps(x).____>(Whnlff)s(x) :

. - Approximations to whfl  are also relevant for wpP1EE ; .
in which the left hand vertical map is a homotopy equivalence

Yas the following argument szhows which was pointed out by ' lef g
Jahren. The case of the identity approximation leads to an and  (Wh )7(X) 1is contractible, q.e.d.
amusing ob i , y . _
g servation due to Hatcher. , | i An important step to relate the Whitehead spaces to the
1 P . ) ) | . ) - - iy
ELEEEE 1.2. If F — Wh v 18 an approximation then there iz a outside world of non-manifolds was taken by Hatcher. Hatcher's§
“shomotopy fibration of functors ‘ ‘ 5 theorem applxes to the PL Whitehead space. It says that the
b .
Whvlff —>» F —~4>ps ; | 1°°P space -ﬂWh (X) is naturally homotopy equivalent to the
P £. Let the di ' ' E ! =geometr1c realization of the category <$(X) defined as
roof. Le e diagram | - i .
8 ‘ K ! follows. Let us assume X is a polyhedron. Then the objects .
. |
E F(X) —> WhPL(X) —— Wthff(x) ‘ of §(X) are the polyhedra Y containing X as a deforma=- E
| l l l . , : tion retract and satisfying that Cl(Y-X) 1is compact, and E
| S PL. | the morphisms in f(X) are the maps Y-—Y' which restrict
: L - | .
' ' F(X) —> (Wh )S(x) 6""—*(Whnlff)s(x) ' % to the identity map on X and satisfy the condition that

every point in Y' has contractible pre~image in Y .

be obtained by stabilization from the upper row. As the homo- ]
! topy fibre of the left map in the upper row is a homology | This theorem is uSegLin showing that the functor A(X) i
: theory already it is unchanged by stabilization. Hence the . is an approximation to Wh "(X) , ;ngfthis in turn is used

in the corresponding result for Wh (X)) . It is an inter-

nIEft hand square is homotopy cartesian. Hence the homotopy
: : _ esting question if there is an alternative route between A(X)g

B T
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.
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o o ' O Diff Eé - : , i N S ienaong e -
and the Whitehead spaces, proceeding directly to Wh 1 (x> . . R _ , B ) ngg

and not using this theorem. . | ' s - X P k : A(Y) o= Z « ( lim B ?f(Q?fs“) )*
2, The space A(%) . This may be considered as a représéﬂfiné ) _ Here,
space for a Grothendieck construction in the homotopy theory . ‘ Q&’S“ « wedge of k sphereﬁ of dimension n

of finite pointedAspaces. As it would be rather technical to : | L N
' 4(..) = the topological monoid of homotopy equivalencep

give prec1se meaning to this statement-1 refra1n here from

doing so. But let me point to the resulting 1nterpretation of B XM = its classifying space, and

‘the space A(¥) as provxdlng a higher order theory of the 7- : - (..)* = the + construction of Quillen which abeli- -

Euler characterxstxc. Specifically, any finite pointed space , : anizes the fundamental group without altering .
b :

represents canonica'ly an element of nbA(*) Z, and the . the homology;'

integer represented is just the (reduced) Eular characteristic

- . rected with this .
b of the space. The nigher homotopy of A(k) is distilled from the factor Z has to be artificially resurrected wvi 18

definition (thls 5s analogous to the situation in algebrazc

asuto-homotopy-equivalences of finite pointed spaces in the
' K-theory where the corresponding construction will fail to

SRbmAEe TR

same sense that the Quillen K-theory of the integers is .
distilled from automorphisms of finitely generated abelian- produce the projective class group).

B groups €all of them, not just the free abelian ones). The - } As the algebraic K-theory of the integers may be
‘notion of (not necessarily split) 'exact sequence' must play : dgﬁined-as
a crucial role in th;s setup. ' ' ) ' K(Z) 2~ Z x ( lim B GLk(Z) )* _ :
‘ There are several ways to actually construct the space 4 ' k l
A{X) . One of them (the one hinted at) involves an extension ( u the map ' E
of the chiner £ il ! - i i ' - ‘
ma y of Quillen's Q=construction to make it apply | ﬂf(ﬂ?‘sn) —>  Aut( Hn(\c/s“) )

‘in non-additive situations., This is one of the main ingre=-
induces a map A(¥) —>K(Z) . (From a more categorical point of

fview, and with suitable definitions of A(X) and K(Z) , this
map may be interpreted as being induced from the functor which;

i whenever it is fed the following data: a category together - i ¢
in homotopy theory induces the Hurewicz map). : i

dients of the theory, it is discussed at some length in both
the rgferences cited. The machine will produce a homotopy type

Ewi:h a pair of subcategories the'mofphisms of which are calleaed ' ’
'cofibrations' and 'weak equivalences', respectively, and iLemma 2.1 The map A{%)-—K(Z) is a rational hemotopy
whieh satisfy certain familiar properties suggested by their - %equivalence

[IT T

names. The homotopy type of A(x) drops out if the machine

it fed the category of finite pointed spaces where 'cofibra- i 4
' tion' has its usual meaning and ‘weak equivalence' means | spheres are fxnxte'abOVE'ﬁegree o

The lemma exploits that the stable homotopy groups of

E fhomotopy equivalence. : The Barratt~Priddy theorem says that
As with the algebraic K-theory of rings, the different 58 =~ Z x ( linm B?((\k/so) y?

k §

constructions of A(k) are on different levels of sophistica-

tion, and the mutual equivalence of any two of them may be a since.ﬂf(ﬁyso) is isomorphic to ZE , the symmetric group

knon=trivial result. The simplest definition of A(*)A\is given on k letters. Consequently one has a map J) s° — A(x) . Its

by ‘ _
B , o : composite with A(¥x)—K(Z) is the usual map from the stable

B ‘ é f homotopy of spheres to the K-theory of the integers.

3 | U ——.

-_‘____ .
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Theorem 2.2. ;ﬂf%w-ua»A(x) is a coretraction, up to homotopy B

1f one considers how the map is defined, this is a
surprising result. The composite map _ﬂ?8w~—>K(Z) ‘does cer=
ﬁainly-not split off as one sees from the induced map

Wg-—*K3(23 whose source is Z/24 and whose target is 7148
(Lee-Sczcarba). The dxst1nct10n suggests the possibility that

the structure of A(%) m;ght be easier to understand than

'j that of K(&) ..

3, The functor A(~) . For any given space X , the space
A(X) may alro be cqnsideted as a representing space for a

Grothendieck construction in a homotopy theory, this time the
equivariant homotopy theory parametrized by X . Apart from

technical distinctions (such as working with simplicial sets

on the one hand, or topological spaces on the other) there are
two ways for setting up this theory which I will descrxbe now

very briefly.

The first setting is essentially that of the Ex-spaces

of James. One works in the category of retractive spaces over

X uwhose'oﬁjecté are the triples (Y,r,s) where r: Y-> X

is a retraction, and 8 is a section of r . There are two

ways to imposing a finiteness condition on these objects. We

may ask that the homotopy fibre of r be finite (up to homo-~
topy). But this is not the correct condition for the con~

struction of A(X) . Rather we must ask that s have finite

8 cofibre, or more precisely, that up to homotopy Y can be

obtained from X by attaching finitely many cells.

In the other setting one replaces a connected X by
any loop group G (a topological group such that there exists;
a principal G-bundle over X with contractible total space)
and works with G-spaces which are pointed (as G-spaces). The
wrong finiteness condition above corresponds here to cansi-
dering homotopy finite spaces on which G acts. The correct
finiteness condition presupposes a freeness condition (the

action must be as free as compatible with the pointing). While

‘this works beautifully in a simplicial context it looks
;awkward in our topological context. A convenxent way to over-
;comgwthe difficulty is to introduce the notion of G- Cw_ggggéggﬂ

TEw T A L AR

o B g sat Dl G SV
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Very little 1mag1natxon is required for this notion: just
interpret 'attaching of a G-cell' as 'attaching of G Xxcell
in an equivariant way', and the elementary theory of CW com-
plexes goes through. In particular it is now easy to arraign7
the finiteness condition. ' | \ R o

- There are good functors back and forth between the two
settings.ﬁlf P is the prznc1pa1 bundle 1n question then one
of the fun;éprs is given by (Y, r.s)r—a r*¥(P)/P while the
other one takes:a pointed G-space to the assocxa;ed sectioned
bundle.

In the framework of é-spaces, the quick ¢efinition of
A(%) adpits an an=logue. It is ' '
A = Z2x (1in B %Y
‘ n, k
where -ﬁb denotes the topologlcal monoid of G-homotopy equi-

st A (Goux) )T

valences. The factor' Z looks art1f1c1a1 here. It comes from

’Eﬁé insistence on a finiteness condition. Had we replaced

this by the condition 'dominated by finite', the factor would

be a projective classe group.

As in the special case X = % it is hard to derive
many properties from this particular definition. By working
with suitable alternative definitions, most of the following
properties are comparatively easy to derive:

1. X+—>A(X) can be a covariant functor; its values are
infinite_loOp spaces;

2. Xr>»A(X) is strongly connective in the sense of
section |, in particular the stabilization AS is a homology
theory;

3. there is a map A(x)-—e-K(}?[ﬁqxj) , this map is a

rational homotopy equivalence if (and only if) X— B X is;
4. there is an external pairing A(X) A A(X') — A(XXX")

5. if X"—>X has homotopy finite fibre then there is 2a
transfer map A(X)— A(X") ; the pairing and the transfer
have the properties one can reasonably expect, and are rela-

ted in the usual way; : 5
k

6. there are A-operations Zk: A(X) — A(X™ X k EZ'k)
&mm PRSI ' . T oL RN




TR o R T : | . . : ........._ 1_,5
i i Xk by Em@@

where 7, denotes a symmetric group acting on

T T

T TTR
'

permutation of the factors, and EZ& a universal Ek-bundle; _ _ Qs i=20 \
the operations satisfy a Cartan formula; their definition is mA e & = Ki(z)ﬁ QR = @, i=5, 9, «oof
an adaption of Segal's definition of the corresponding opera- ) 0 , otherwise N
tions in stable homotopy (which they extend); : . . : _' . - ~
: _ o : The stabilization of A(X) can be mimicked with a
7. there 1s a °a“°“1°a} 1“”91“t1°“ on A(X) 3 in the case stabilization of algebraic K-theory (this requires a framework

X = ¥ it is induced by Spanier Whitehead duality; in the of simplicial rzngs), and the ratlonal homotopy equivalence
general case one manufactutes a version of this duality inm A(x) = K{(2) has a companlon A (x)-—aK (Z2) . “
‘the equlvarxant homotopy theory. ' a

: . Among other thlngs, the algebraxc K-theory of qullen

The followinﬂdtéag up 'A(X) with the material in provides an organizing center for the study of the homology

section 1. of general linear g-ouus, with unthsted coefficients. The

kind of algebralc K-theory involved with the present theory

?BEEEE%L3'*' There ;;;fnatural transformations from A(X) ig also reltated to’ the homology of general linear groups, but
to Wh'"(X) and Wh (X) whose fibres are homology ' . 1 the coefficients are not necessarily untwisted. In particular
theories. - one has the following.
, Aceording to lemma 1.3 the latter signifies that Lemma 4.1 There is a spectral sequence
al | Diff '

ax) == wtie) x A | - @, rE@) = E, CLd, 1@

Theorem 3.2. There is a map 'As(x)-—ilf%“%x\ax) so that lwhere M(2) denotes the essentially finite matrices over )4
' upon which GL(Z) acts by comjugation, and the coefficients ¢}

JUs (xvx) - : : on the left are untwisted.

: ' : . '
g// N\ C ' it has been shown by Fgrrell-Hsiang (and probably also E

A(X) —> As(x) ﬁ Borel) that the trace map M(&K) — @ induces an isomorphism - §

Hy (BL(Z), @) 5 B,(CL(D), Q)

 commutes up to heomotopy. : _
' 3 In view of the spectral sequence comparison theorep, therefore

. s oG oo .
In particular, A°(X) &2 J1 S (Xux)X 1?1 . Putting the

, Q@ i w0
: ] . - S . o S . -y A »
two splittings together one obtains a threefold splitting ;A (x) & 6 =~ mk (DO b = g:

0, otherwise

B Ao T T

i Putting thxs together with the rational computat1on of AQK) 3
1 T
szf(*) . oneg

:

Diff 87 00
AX) o2 wnPMPR @) x RS (xux) X 1
' and the homotopy equivalence A(x) ~ aS(x) x wh

B . . .
ut a threefold natural splitting, with no a priori reason for

. . obtains
1;, is a rather unheard of thing. This suggests contemplating
¢ cisqs . . , ! .
e possibility if in fact A(X) might be homotopy equivalent | Theorem 4.2. @, i=5,9, 13, .-
' : 1 : 0, otherwise

As explained in section 1 this implies the rational

4. Some coﬁputations. knowledge of certain concordance spaces in a stable range.

~In view of lemma 2.1 one has, thanks . ) .
' From this 1n turn one obtaing, in view of the fibration

s ,,Mg i ‘ ' Di ff(Dn+l a) —— lef(Dn+1, D ) —_— lef(D 9) - 5

to Borel,

N S T TS T TT - i
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in which the middle term is a concordance space,

Corollafz 4.3. For,every. j and every sufficiently large n

(depending'on j ) the group ' '
" n+l : s n

Ty54q DIEE(DTTT, J) @ ., DIEE(DT, J)

ig infinite.

In low degrees one can state explicit results without
prior rationalization. The known computations in concordance
theory (Hatcher-Wagoner for 1w, and K. Igusa for T ) can

be derived from these. -

‘The firsct dev;ation in the map-. A(X) — K(Z’[nlxj)
occurs as n}fibru ., This can be entirely computed, the com-

putation is given in the first reference.

Let us concentrate now on the particular case X = X.

The next computation depends on a theorem of Dennis to the
st(2)
Using this theorem

effect that Hl of the Steinberg group acting on

integral matrices by conjugationm, is O .

is either 2Z/2 or ‘0 . Thus a

one can show that wafibre

part of the long exact sequence of homotopy groups is:
K4 (2) — 7r3fi‘bre —> ‘:TBA(*) —_— Ka(Z) —> nifibre -— n‘zA(*)
T (Z/2) Z/48 22

The non~trivial element of néfibre is represented by

the non~-trivial element of

m B (ST  (n large) =
The map KS(Z)-—9 Néfibre must be surjective since Ng -
splits off W}A(*) {theorem 2.2) but not 'K3(Z) {Lee~

Sczcarba). Incidentally, this gives a kind of interpretation

Ka(ZQ .

to the exotic element (or rather coset) of

The prospective non-trivial element of TW,fibre is
represented by the non-trivial element of

S

T, B x2(s™) (n large) & T,

It could be zero in whfibre becausé it might have been hit
by a differential originating from an H, (with twisted

coefficients) of what is (essentially) fhe ste;nberg‘group-

I

Xy

& -G

ST o N LT i, A S5

Hence 3 :
TAG) & Ty @ ((Z/2))

where the double bracket means that even if the element sur-
vives to w,fibre , it still might be hit by K,(Z) . As

mA(R) = 'rrg @ TrSWhD:"ff(:k) ® 1

{(theorems 3.1 and,3.2)‘wé have thus recovered_the theorem

vhich K. Igusa proved by entirely different means; namely

that 'W3Whniff(*) . of the snooth

concordance space of the n-disk (n large), is at most of
order 2 . It would be very interesting to know if it is

or what is the same, T,

zero oOor not.
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