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Mathematisches Institut
der Universitdat Bonn

Programm der Mathematischen Arbeitstagung 1981 (I)

P+ 2 - R i - £

Freitag, den 12.6.:

17.00 - 18.00 Uhr: M.F. Atiyah: Convexity and commuting Hamiltonians

Samstag, den 13.6.

10.00 - 11.00 Uhr: B. Mazur: Abelian extensions of Q

12.00 - 13.00 Uhr: 0. De Turck: "Manifold" of Riceci curvatures

17.00 - 18.00 Uhr: B. Malgrange: Vanishing cohomology and Bernstein polynomials

Sonntag, den 14.6.:

10.00 - 11.00 Uhr: D. Mostow: Complex reflection groups

12.00 - 13.00 Uhr: W. Fulton: Complex projective geometry (varieties of small
codimension)

16.45 -~ 17.00 Uhr: Festlegung der nidchsten Vortrage

17.00 - 18.00 Uhr: R. MacPherson: Intersection homology and nilpotent orbits

Die Vortrdge finden alle im "GroBen H&6rsaal" (Wegelerstr. 10) statt. Erfrischungs-
pausen mit Tee: Samstag und Sonntag 11.15-12.00 Uhr vor dem GroBen Hdrsaal, nach-
mittags ab 15.30 Uhr im Diskussionsraum Beringstrafie 1. Die Post liegt wdhrend
der Teepausen aus. Tischtennis im Keller des Hauses BeringstraBe 4. Den Tagungs-
beitrag bitte an Frau Gerber (SFB-Blro BeringstraBe 4) bezahlen. Alle Teilnehmer
mwégen sich bitte in die Teilnehmerlisten eintragen. Teilnehmerlisten und andere
Informationen liegen vor dem Diskussionsraum Beringstrafle 1 aus.

Alle Tagungsteilnehmer mit ihren Damen oder Herren sind herzlich zum Empfang des
Rektors eingeladen. 2Zeit: Montag, 15.6., 20.30 Uhr. Ort: Festsaal der Universitat,
Hauptgebdude; Eingang von der Strafe "Am Hof" durch das Tor gegeniber Buchhandlung
Réhrscheid, '



Mathematisches Institut
der Universitit Bonn

- Programm der Mathematischen Arbeitstagung 1981 (II)

— —————

Montag, den 15.6.:

10.00 - 11.00 Uhr: J. Tate: Stark's conjecﬁure about L-series at s=0
12.00 - 13.00 Uhr: W. Meyer: Gromov's work on Betti numbers
17.00 - 18.00 Uhr: K. Diederich: Complete K&hler domains

Dienstag, den 16.6.:

10.05 - 10.20 Uhr: Festlegung der restlichen Vortrige

10.20 - 11.20 Uhr: W.D. Neumann: Thurston's work

12.45 - can 21.00 Uhr: BAusflug nach Andernach. Abfahrt panktlich um 12.45 Uhr
mit Motorschiff "Carmen Silva" am Alten Zoll.

Die Vortrége finden alle im "GroBen HSrsaal" (WegelerstraBe 10) statt.

Erfrischungspausen mit Tee: Montag vormittags 11.45-12.00 Uhr vor dem GroBen
Hérsaal, nachmittags ab 15.30 Uhr im Diskussionsraum Beringstrafe 1.

Die Post liegt wihrend der Teepausen aus. Tischtennis im Keller des Hauses
BeringstraBe 4. Den Tagungsbeitrag bitte an Frau Gerber (SFB-Bliro, Beringstr. 4)
bezahlen. Alle Teilnehmer mdgen sich bitte in die Teilnehmerlisten eintragen.
Teilnehmerlisten und andere Informationen liegen vor dem Diskussionsraum Bering-
straBe 1 aus.

Alle Tagungsteilnehmer mit ihren Damen oder Herren sind herzlich zum Empfang
des Rektors eingeladen. Zeit: Montag, 15.6., 20.30 Uhr. Ort: Festsaal der
Universitdt (Hauptgebdude), Eingang von der StraBe "Am Hof" durch das Tor
gegeniiber Buchhandlung R&hrscheid.



Mathematisches Institut
der Universitét Bonn

Programm

der Mathematischen Arbeitstagung 1981 (III)

Mittwoch, den 17.6.:

10.00 - 11.00 Uhr:

12.00 - 13.00 Uhr:

17.00 - 18.00 Uhr:

Donnerstag, den 18.6.:

10.00 - 11.00 Uhr:

12.00 - 13.00 Uhr:

17.00 - 18.00 Uhr:

A. Derdzinski: Einstein metrics
S. Zucker: L2-cohomology of arithmetic groups

A. Wiles: Explicit constructions of class fields

J. Duistermaat: Asymptotics of spherical functions

M-F. Vigneras: Works of Waldspurger (automotphic
forms of halfintegral weight)

R. Schultz: Topological similarity of representations

Die Referenten werden gebeten, ihre Kurzfassungen bis Mittwoch, 16.30 Uhr
bei Herrn Gekeler abzugeben, da wir den Tagungsbericht allen Teilnehmern
noch vor ihrer Abreise aushindigen méchten.

Die Vortrdge finden alle im "GroBen H&rsaal" (WegelerstraBe 10) statt.

Erfrischungspausen mit Tee: Mittwoch und Donnerstag vormittags von 11,15 -

12.00 Uhr vor dem GroBen Horsaal, nachmittags ab 15.30 Uhr im Diskussionsraum

BeringstraBe 1.

Die Post liegt wdhrend der Teepausen aus.

Tischtennis im Keller des Hauses BeringstraBe 4.
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Titel: Abelian extensions of Q I

Autor: B. Mazur

Adresse: Harvard University, 1 Oxford St., Cambridge, Mass.

e S sk

In my talk I described some recent results obtained
in collaboration with Andrew Wiles. I said relatively
little about the techniques which yield these results.,

Briefly, we explicitly construct certain class
fields of cyclotomic number fields as the splitting
fields of certain finite subgroups of jacobians of
modular curves. The construction of these finite sub-
groups is obtained after a close study of the so-called
Eisenstein ideal and the Kubert-Lang cuspidal subgroup.
The idea of obtaining detailed information about class
fields by finding them as splitting fields of finite
subgroups of jacobians of modular curves is due to
Ribet (4 ).

If E;(s) is the Riemann zeta-function, then
for an odd integer k > 1,

SR = By i/ ka1 € Q

where Bn is the n-th Berngylli number. Kummer per-

ceived certain congruences between the SX-k) which have
been expressed by Kubota and Leopoldt in the foilowing
form. Let p be an odd prime number. Then for each i mod
P-1, where 1 is an odd integer i¢ -1 mod p-1, the

numbers (1-pk)}(-k) €0g0, for k=i mod p-1 may |
be "p-adically interpolated" in the sense that there ’
exists a power series with p-adic coefficients:

4 = aéi)+ a{i)T-\~a2(“T2+ ....ezpﬁ_"r-‘q
such that

L) ((wpKy-1) = (1-p%) 3 (~k) (k=1 , k51)
= ' Z
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Ferrero and Washington have shown that, for each i,
at least one of the coefficients of L(i)(T) is a p-adic
unit. Let )}i) be the smallest index for which this is
true. Then L(i)(T) factors uniquely in Z E:le'into the
product of a monic polynomial g(i)(T) ofpdegree }l(i)
and a unit power series u’'"’(T) € zp{iwi}.

Iwasawa provided a conjectural arithmetic interpret-
ation of the zeroes of L(i)(T) in the p-adic unit disk
( equivalently, of the polynomial g(i)(T) ).

Namely, if/kN<:;Q is the group of N-th roots of 1,
let Al denote the p-part of the ideal class group of
the field Q(/“‘n+1)' Let X denote the Pontrjagin dual
of the discrete p-torsion group ng An. By the work
of Iwasawa and Ferrero-Washington, one knows that X
is a free Z_ module of finite rank. There is & nat
ural action of Gal(Q( 4 o) /) = Z; on X. Since 2
admits a canonical splittlng

T ¥

o—>[7_ . > z¥ > IFf _ > 0
where Z;-——? IF>* is reduction mod p, ) is

its unique lifting,:'and where 77 1s topologically
generated by Y= +p , the natural action of Z; on
X is retrievable if one retains the action of IF%
induced by the lifting ¢) , and the (commuting) act-
ion of Y/. Decomposing X as a direct sum of eigen-

spaces for the action of IF:'we' have: X=0x(1)
i

where i runs through integers mod p-1, and where X(cif)
is the subgroup of X consisting of elements such that
the action of IF® is via the character Cbi.

Let f(i)(T) be the characteristic polynomial of
the endomorphism Y-1 acting on X(cDi). Then our main r

2 .1”,'—‘ -




Autor: B. Maur Seite Nr.: 3

theorem asserts that

(T) ——-= g1 (g

g(1)
for odd indices i mod p-1 such thatl%-4, establishing
the conjecture of Iwasawa. '

Prior to our work, Iwasawa had established that

_____ . .
é deg £4) () - E deg g1} (p
| —

i odd i odd

1#£ -1 iz -1

by means of the classical analytic formula. To prove
Iwasawa's conjecture,then, it suffices to show that

g () divides £ (g

for every odd index i ( t# =1). The problem is there-
fore one of constructing enough unramified p-abelian
extensions of Q(K” m) and, at the same time, keeping
track of the beha¥ior of "'their-Galois groups under the
natural action of Gal(Q( m)/Q) )

My talk concluded with apdiscussion of the application
of our work to three classical problems: the "Herbrand-
Ribet" problem, the conjecture of Gras, and the size of
the higher K-groups KZk(Z) where k>1 1s an odd integer.

Reference:
==_ezence

(1) Ribet, K. A modular'construction°of unramified
p-extensions of Q(/Lp). Inv. Math., 34, 151-162 (1976)
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Titel; The "manifold" of Ricci curvatures

Autor: Dennis M. DeTurck

Adresse: (Courant Institute of Math. Sci., New York, NY 10012

Ever since Gauss proved his Theorema Egregium, the
question of precisely determining to what extent the curva-
ture of a manifold determines its geometry has been consi-
dered. A fundamental question is to determine which functions
(tensors) can be curvature functions of Riemannian (or other)
metrics. For scalar curvature, this problem has been almost
completely resolved (see K] and its bibliography). Here,
we examine the corresponding problem for Ricci curvature,
i.e., we consider the question: "Given a symmetric tensor
Rij' can a metric g be found so that R is the Riceci curva-
ture tensor of g?" This question is also of importance in
general relativity. Unlike the situation for scalar curva-
ture, however, even the local version of this problem is
difficult to resolve., The problem boils down to the question
of existence of solutions for the equation

(1) Ric(g) = R

where Ric is the (second-order quasilinear) system of par-
tial differential operators that map metrics to their Ricci
tensors (see {D1]1). So, the system (1) seems determined in
the sense that there are the same number of equations as

unknowns. However, upon examining the linearization of the
Ricci equation:

(2) Ric'(g)h = g—t-Ric(g+th)'t=o = %ALh -8 cm)

one finds that the Ricci operator is degenerate in the
sense that every direction is characteristic for the opera-
tor at every point. In (2),1§L is the Lichnerowicz Laplacian
(an elliptic operator), § is the divergence mapping of sym-
metric tensors to 1-forms, and & is its L2-adjoint (the
symmetrized covariant derivative, see [BE]). The "gravita-
tion operator" G is an invertible self-adjoint algebraic
operator defined by G(h) = h - %(tr h)g. Note that G(Ric(qg))
is the Stress-energy tensor of general relativity.




Autor: D. DeTurck Seite Nr.: 2

The degeneracy of the Ricci operator is related to the
fact that it is invariant under the action of the group of
diffeomorphisms, i.e., that
(3) Ric(p*g) = ¢"Ric(g)

for any diffeomorphism ¢. If'pt is a one-parameter family of
diffeomorphisms with.¢o= identity, then the derivative of
(3) at t=0 yields the Bianchi identity for Ricci curvature:

(4) -5G(Ric(g)) = Ric(g)y . - JzRiC(g):.b =0

If we are to solve equation (1) for a specific R, then a necesj
sary condition on R is that there must exist metrics with
respect to which §G(R)=0. That this is a genuine restriction
on the choices of R can be shown by examples (see [D1,D2]) of
R's for which no such metrics exist, even locally. However,
the following local theorems hold:

Existence theorem. (a) [D2] If Rij is analytic and R exists
in a neighborhood of a point p, then there exists an analytic
metric of any desired signature such that Ric(g)=R in a neigh=-
borhood of p.

(b) D27 1f Rij is smooth and R_1 exists in a neighbor-
hood of a point p, then there exists a smooth Riemannian met-
ric g such that Ric(g)=R in a neighborhood of p.

(c) [D3] Under the hypotheses of (b), the Cauchy problem
(initial value problem) for Ric(g)=R with Lorentz g is solva-
ble locally in time, provided the initial data satisfy certain
necessary compatibility conditions.

In the above, "smooth" means Ck’a or H®.

Reqularity theorem. [DK] If g is a Riemannian metric such that
Ric(g)=R is ok (analytic) and R™! exists, then g is ck*
(analytic).

There also are special local theorems for Einstein metrics
(i.e., metrics for which Ric(g)=cg for some constant c.)
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Einstein metric theorem. (a) (Existence [G]) Given the 2-jet
of a metric g at p such that Ric(g)=cg at p, we can find an
analytic Einstein metric in a neighborhood of p with this
2-jet.

(b) (Regularity [DK]) In appropriately choser. coordinate
systems, Einstein metrics are real analytic. -

These last results indicate that the Bianchi identity is the
only obstruction to local solvability of equation (1), since
§G(cqg) is necessarily zero. A main ingredient in the proofs

of the first two theorems is the observation that the system

(5) Ric(q) - §*r™15G(R) = R

is elliptic. Moreover, equation (1) implies equation (5), by
the Bianchi identity (4). Since elliptic equations are easier
(not impossible) to deal with analytically, we search for
conditions under which equation (5) implies equation (1).

Perturbation lemma. Suppose Ric(go)=R0 on a compact manifold
M with b, (M)=0, and Ra
to 9o and R to RO’ equation (5) implies equation (1).

exists. Then, for g sufficiently close

To prove this, we take §G of both sides of (5), noting that
the 1-form u=R” '§G(R) satisfies a perturbation of the Hodge-
deRham Laplace equation. This equation will not have O as an
eigenvalue if R and g are close enough to Ro and 99° Thus,
u must be zero.

A consequence of the perturbation lemma is that on mani-
folds with b1(M)=o, we can use elliptic PDE theory to analyze
the local structure of the image of Ric (i.e., the Banach

manifold of Ricci curvatures). In particular, we have a smooth

manifold structure if the linearization of (5) (which is essen]
tially %AL) is nice. As an example, we can use techniques from
bifurcation theory to prove the following:

Proposition. The manifold of Ricci curvatures on SP in a neighyt

borhood of the Ricci curvature of the canonical metric is a
codimension-one hypersurface.
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Thus, not every Riccl candidate near the standard Ricci curv-
ature on S" is the Ricci curvature of a metric near the stan-
dard one. The normal direction is given (at the canonical
curvature) by the canonical metric.

To conclude, we remark that similar techniques can be
used to analyze the equations

Ric(g) = T + fg

where £ is8 a scalar function either of x¢M or else of x and
tr T, as in the Einstein equations of general relativity.
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H.Grauert asked in 1956, [([3] , for the first time the
question how it is possible to characterize Stein manifolds
by means of complete Kihler metrics., He proved:

Theorem 1. Let X be a Stein manifold and AcX a closed com-
plex-analytic variety. Then X‘\A carries a complete Kihler
metric.

Remark., Since XN A is not Stein for codimension A = 2, this
shows that the existence of a complete Kdhler metric an a
domain in € does not imply that this domain is Stein.

But H.Grauert also proved:

Theorem 2, Let Dc €™ be a domain with smooth, real-analytic
boundary. If there exists a complete Kihler metric in D,
then D is Stein.

After a brief report on further important results in this
direction, especially on the theorems of R.E.Greene and H,
Wu, the most recent progress in this field was discussed,

S.Y.Cheng and S,T.Yau announced the following very strong
existence statement:

Theorem 3. On any bounded domain of holomorphy in ¢” there
is a complete Kihler-kinstein metric.

The sufficiency statement for this additional curvature
condition was recently announced by Mok:

Theorem 4, Any bounded domain of holomorphy in C" with a
complete Kdhler-Einstein metric is Stein.

What can be said without imposing further curvature conditiohs?
After T.Ohsawa generalized in [57 Grauert's theorem 2 to
the case of domains with smooth Cq-boundaries, th. author
showed together with P.Pflug
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Theorem 5. Suppose D is a complete K&dhler domain on a complex
manifold X. Put A:= D ~D. Then one has:

'\ 4

N - B e = ~ g ~ AN AYvrA ™
a) If D is locally Stein at all peA, then D is everywhere

4

locally Stein.

b) If A is a removable singularity set for &(D), then D is
locally Stein. '

Remark, Notice tEat it follows in “he situation of a) resp.
b) that D resp. D is Stein if X 1is known to he Stein,

An int-:re nin SEv o

Py R N 1
Cl}Jl.JLzGJ_ L 1L

ct
n

ting question 1s whnich

Cail
671
4

Theorem 6, Let D and A be as in theorem 5., If A is a Cq-sub—
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manitold of real codimension 2 then A is complex-analylic.
For the case of higher codimensions it is proved in [2.7]

Theorem 7. Let D and A be as in thm, 5., If A is a real-ana-

m
MVard 2 s arm e d o rd 1 g i
lytic variety of real codimension & 2, then A is com

lytic.

Surprisingly, the assumptlon of real- andlyClClty in Coulmeu—

sion 2 3% in germral cannot be weakvned to C because one
has, [2.']

Theorem 8. Iet d = 3 be any integer. Then there is a closed
Cc”-submanifold A of a ball B with codimension d, which is
not complex-analytic and for which there is a complete
Kihler metric on B ™A,

The nature of these non-complex-anz lytic examples is not
yet clear. But it can be proved:

Theorem 9. let A< B < € be a CT-submanifold with €T A =
¢? for all p€A. Then B NA does not carry a complete Kahler
metric.

Re feences
1, Diederich, K., Pflug, P.: Uber Gebiete mit 'ollsténdiger
Kdhlermetrik. To appear in Math.Ann..

2, Diederich, K., Fornaess, J.E.,: Thin complemencs of com-
plete Kahler domains, xreprlnt 1981,
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Let G be a real connected semisimple Lie group
with finite center and G = K.A.N 1its Iwasawa decomposition.
Let be the Lie algebra of A. Then the "Iwasawa
projection" H: G —> ot is defined by

1) X € K.exp H(x).N .

We wanted to study the asymptotic behaviour
of oscillatory integrals of the type

2) Tp - /I; elCH(ak), 87y ak (a € 1),

as § > o in o, Here g€ C™(K); examples are the

elementary spherical functions, where g(k) = exp -(H(ak),p?,

and more generally the matrix coefficients of the

principal series representations of G. The famous

asymptotics of Harish-Chandra is the one for a — oo

in a* (the positive Weyl chamber in Aa), keeping §

fixed. It was based on the fact that these functions

are the restrictions to A of the common elgenfunctions

of all G-invariant differential operators on the

symmetric space K\G ( g represents the eigenValues).

For the elementary spherical functions and for a € A+,

a careful study of Harish-Chandra's methods also yields

the desired asymptotics for E-otx . However, following

L.Cohn's approach to the asymptotics of c-functions,

we preferred a direct study of the integrals 2),

because it leads to more general results and the proof

is much simpler. More importantly, it lead us also to
some surprising insights in the geometric properties

B —————————————————— i
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of the Iwasawa projection itself.

To start with, let us consider the radial

asymptotics, that is we replsce g by aa.g and let

(O~> o . It is well-known *hen that the contributions
to the asymptotic expansion only come from the

critical points of the phase function Fa;g on K,
where

3) F,,plk) = <hfak), £ .

This may be considered as testing the Iwasawa projection
of the X-orbit {Kak ; k € Ki of the point Ka in
the symmetric space K\G , by a linear form. The fibers
of the Iwasawa projection are the N-orbits in the

symmetric space, which are also called the horospheres.

Theorem 1. If a = exp X, X,L Cot, then the critical

——

set of Fa,@ is equal to

= I } }c‘ L

4) L3 o WK
X,@ wWewW X §

Here K resp. Kﬁ denotes the centralizer of X,

x’
resp. i in K. Furthermore, W is the Weyl group =
the normalizer of ot in K modulo the centralizer M

of ou in K. So the notation w K; makes sense

— = o
because Kg:>M. Morecver Kx : M'KX and KS Kg.M

(component problems come from M), 4) can be written
as a disjoint union over w € 1J£\1J/t% and finally

., —orbit Kx w Kz has

¢

each component of the KX X K

the same dimension:

. z
5) dim(Ky w x,;)_ dim M+ T, dim o) .

o(g) ,w‘ek (X\ =C
In particular, Kx ¢ depends only on the
’ .
set of roots o vanishing on X, resp. Z . So testing

the Iwasawa projection of the K-orbit with varying




Autor:

J.J.Duistermaat Seite Nr.: 3

linear forms, the critical sets do not move, they

only, when more roots vanish on g » suddenly change
into higher dimensional manifolds, and there are

only finitely many choices. The critical values are
equal to <w_1(x),f> r WEW , and a little reflection
makes it plausible that H(aK) must be equal to the
convex hull of the finitely many points w-1(X), welw,
this is Kostant's convexity theorem. For completing
the above proof one only needs the additional informa-
tion that Fa, has only one local maximum, resp.

local minimum, this follows from the description

of the Hessilans of Fa,g given below. This proof has
been carried out in detail in the thesis of Heckman
(Leiden), which contains many more interesting convex-
ity results.

Theorem 2. The Hessian of Fa ¢ at each critical point
—_— ’

is non-degenerate transversally to the critical
manifold. At wew it is given by

6) -f 5 af).(1- T2 WX, p
~<Eq"

where F, denotes the orthogonal projection from

to k = (o, 9. 00 k.

A direct application of the method of
stationary phase now gives:

Corollary 3. For to- oo we have the asymptotic expansion

=1 e Zin=
NI = I el (X),§> 55 ~iny-1 1
R w N 1=0 i

with n, = codimension of Kx w K 1in K (cf. 5))
and the leading coefficient is of the form

- L dim
8) Cc = T'T+ |¢x(£” 2 qd ' cW,O .
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Here A; is the set of positive roots which vanish
neither on £ nor on w (X)), c,,o is a constant
which does not depend on ﬁ and can be expressed
explicitly as an integral of g over Kx w Kf' which
manifold does not change as long as the set of roots
vanishing on { remains the same. '

The important thing to observe is that the
order of growth -g:nw jumps up (becomes less negative)
if ¥ enters the intersection of more root hyperplanes
Ker & , this change in asymptotic behaviour is also
reflected by the singular behaviour of the leading
coefficient as € approaches Ker « , cf. 8). This
dependence of the asymptotics on the position of [ in
is an example of so-called caustic behaviour. However

here it is Of &

V]
<I
(]
R

‘<l

caustic set is a union of hyperplanes instead of a
catastrophe set 2 la Thom. Away from the caustics the
expansions are locally uniform in € , and near the
caustics one can estimate from above by what happens
at the caustic. However, it is usually very hard to
write down uniform estimates which are sharp in every
direction, and therefore we are quite proud to present
the following obvious guess as a theorem:

Theorem 4. Fix a compact subset Ay of A. For any
weée w , let lX;(AO) be the set of positive roots
which vanish nowhere on w-1(Ao). Then we can find a
c™norm v on CMK), m = 4 dim N, such that for all

aea,qg €C(K), and all ¢ € o

-1
) 1T, ¢l <vtg. T TT (1 jacgi) 28T G
g welw xedl (A)
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An important tool in the study of Fa € is
(4
its "infinitesimal version"

10) fx,g(k) © o dat Fexp tX, ¥ (k) top = <X, Ad k(£)>.
This can be regarded as testing the Ad K-orbit of f

in the orthogonal complement 4 ("symmetric matrices")
of ’12, in g, by a linear form; because X €or we are
only testing the orthogonal projection of Ad K(€) to oo

by linear forms. The fx 3 have the same qualitative

exp X,% '
automorphism @ of the tangent bundle of K, depending

smoothly on X and not depending on ; , which

properties as the F in fact there is an

maps dfx' to dFexp X, € ° Unfortunately we could
not decide whether there is a diffeomorphism of K
depending smoothly on X and ¢ , which maps fx,f
to Fexp X, E ¢+ Such a reduction to the simpler
function fx’€ would have reduced the complications
in the analysis considerably. For example,the fx,f
are obviously left Kx- and right Kg-invariant.
In contrast, Fexp X, ¢ is left Kx- invariant but
not always right Ky-invariant, although for g in
the closure of the positive Weyl chamber it is right
Kg-invariant: a confusing situation.
The same proof applies to show that

also the orthogonal projection to o of Ad K(§)
is equal to the convex hull of <(§), it is this
convexity theorem (also due to Kostant) -, and moreover
restricted to the case that the group G is complex,
which was cited in the lecture of Atiyah. In fact, if
G is complex,then i0: =1 1s the Lie algebra of a
maximal torus T in K, i4 =&k and ad K(£) can be

identified with the Ad K -orbit if 1§ in k.
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Functions like £ had been considered

X,%
before by Bott for compact (= complex) groups, and
by Takeuchi and Kobayashl for gensral real semisimple G.

Using a suitable Riemannian metric on the flag
manifold K/KiaeAd K(¢), they identified the stable
manifolds for the gradient flow of fX,i with the
Bruhat cells (=Schubert cells), which in turn can be
used to show that fx.f has the minimal number of
critical points when it is Morse. Or, in Kuiper's
terminology, the embedding k —*Ad k(f) of K/Kg in A
is tight. For G = SL(3,R),{smquar , this is the Veronese
embedding of the projective plane, the orthogonal
projection to o, ylelds the equilateral triangle
which appeared in the movie of Banchoff, which he
showed at the International Congress in Helsinki.
Similar results could be obtained for
pscillatory integrals on conjugacy classes in G,
but there is no time left to explain these here.
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The focal point of this report is the following:

THEOREM. Let G be a finite cyclic group of odd
order, and let S,T: G—=GL(n,R) be representations
of G. Then the following are eqmivalent:

(1) There is an invertible n x n matrix A such

that T(g) = AS(g)Aa~! | 211 g € G.

(11) There 1s a homeomorphism A of RM go that
the identity in (i) holds.

Of course, (i) ==> (4i) is trivial. Recently
two somewhat different proofs of the converse were
announced. One is due to W.-C. Hsiang and w,.
Pardon, and the other is due to I. Madsen and M,
Rothenberg.

Standard machinery yilelds the following:

COROLLARY. The conclusion of the Theorem is valid
for (a) finite groups with order not divisible by
four, (b) compact Lie groups with an odd number of
components,provided the representations are contin- r
uous.

Historical Remarks. Equivalence of (i) and (ii)
fad been known in many special cases:

(1) n at most 2 (essentially due to Poincare).

(2) representations for which g # 1 implies g
leaves only 0 fixed. (This follows from the Atiyah-
Bott formula),

(3) P~ groups for p an odd prime (using Sullivan's
orientation class for topological n~plane bundles
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with respect to real K-theory away from 2).

(4) semifree representations~— a vector is either fixed
by all of G or hy no element except 1.
(Hsiang and Pardon, unpublished extension of (2) ).

In contrast, if G is cyclic of order 4k, with k
at least 2, examples of Cappell and Shaneson show that
the statements in the Theorem are NOT egquivalent. One
can combine the Theorem with further results of Cappell
and Shaneson to obtain the following result:

Theorem. Suppose that RTOp(G) is formed from RC(C) by
identifying topologically equivalent representations.
Given a subfield K of the reals, define RK(G) to be the
irreducible representations over K, and let RK map to
RTop in the obvicus way. Then one can find an algebraic
extension of Q such that the composite from RK(G) to
RTop(G) is a raional isomorphism. If G is a 2-group,
thenlbne can take K=0.

Remarks on the proofs of the Theorem stated at the i

beginning.

Both proofs involve a cumbersomne induction in-
volving the stratification of a G-manifold by orbit types
1f one concentrates on the case G = 74+pq, where p and 4

are distinct odd primes,the inductive process can be
mostly bypassed ahd the geometry becomes clearer (this
was the course chosen for the lecture).

The key to the Hsiang-Pardon proof is contained in
the following result (and it is also crucial to the
semifree case):

TNTERMEDIATE THEOREM. Let G be cyclic of odd order, and
let V and W be topoclogically equivalent representations.
Write V = k + V5, where G acts trivially on the first
summand and has 0 for the fixed point set of the
gsecond, and write W likewise. Then there is a PL G-
action on a homotopy sphere H with the following
properties:

(1) The action is combinatorially locally smoothable

(1i) The fixed point set of each subgroup is a
PL sphere.

(1ii) The fixed point set of G consists of two
points,aand the local representations at these points
are a power of two times Vg and Wo.

With this in hand, the proof concludes by estab-
lishing a PL variant of the Atiyah-Bott formula.
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The key idea behind the Madsen-Rothenberg proof is
the construction of an equivariant KO-theoretic
orientation for locally linear G-equivariant n-plane
bundles. Of course, one wants to have the same sorts
of formal properties as one has for Sullivan's orien-
tation in the case where no group action is present.
The construction of the equivariant orientation 1is a
technically nontrivial generalization, and the methods
shed valuable new light on the topological properties
of manifolds with "nice" group actions.




