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Mittwoch den 6.6.:

17.OO - 18.OO Uhr: J. Tits: On Leech's lattice and sporadic grouPs

Donnerstaq, den 7.6.:

IO.OO - 11.c)o Uhr: F. Adans: G. Segalrs Burnside rinq conJecture

L2.oo - 13,oO Uhr: F. Bogomolov: Converse Galols problems for some

Chevalley groups

l7.OO - 18.OO Uhr: !{ang Yuan: Goldbach problem
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10.oo -

10.15 -

10.15 Uhr:
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Festlegung der nåchsten Vortråge

D. Vogan: Size of rePresentations

11.30 - L2.15 Uhr¡ L. Berard-Bergery: A nel, example of Einstein manifolds
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der Beringstr. 1 nach Koblenz. Abfahrt ca. 13.30 mit Motor-
schiff "Carmen Silva" ab Koblenz ca. 13'30 Uhr'

Samstaq, den 9.6.2

lo.oo - 11.OO Uhr: V. Kac: Infinite dimensional Lie algebras

Die Vorträge finden alle im "Gro]qgnHörsqg!" (Wegelrerstraße 19) statt'
pausen mit ree: Mittwoctr una-oõffig-11.ß:l2.oo IJhr vor de¡n Große

ñffiab15.3oUhrimDiskussionsraumBeringstraße1.DiePosq
der Teepausen aus. Tischtennis |m Keller des Hauses Beringstraße 4'
beitraq bitte an frailêlEer (SpB-Büro Berinqstr. 4) bezahlen' Alle T

ñéffi-mogen sicn-ffiGãie Teilqehmertiste eintragen. Teilnehmerl
andere Informationen liegen vor dem5iskussionsraum BerÍngstraße 1 aus

! AIIe Tagungsteilnehner mtt ihren Damen oder Herren sind herzlich zum EmPfeng des

t Rektors eiigeladen. Zeit: Donnerstag, den 7.6., 2O.OO Uhr. Ort: Festsaal der Univer-
!. sitåt, (Hauptgebäude), Eingang von dár Straße 'An Hof" durch das Tor gegenüber Buch-

t handlung Röhrscheid.

Erfrischunqs-
n Hörsaal 'Iiegt während
Den Bg.ungs-_
agungsteil-
isten und



Mathematisches Institut
der Universität Bcnn

Samstag, den 9.6.:

12.oo - 13.oo uhr:

1 
',7 

. OO - 18. OO Uhr:

Sonntag, den 10.6.:

10.OO - 10.15 Uhr:

10.15 * 11.15 Uhr:

L2.oO - 13.oo Uhr:

17.oO - 1B.oo Uhr:
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G. l{ostow: New negatively curved surfaces

G. Lusztig: Representations of Hecke algebras

Festlegung der restlichen Vortråge

B. Gross: Conjectures of Stark and Tate

!{u-chung Hsiang: Topological space form problems

E. Looijenga: Singularities and generalised root systetns

Montag, den tL.6.

1O.OO - 11.OO Uhr Parshin Zet.a functions and K-theory

Die Vorträge finden alle im "Große n Hörsaal" (Wectelerstraße 1o) staLb'

Erfrischungspausen mit Tee: Samstag, Sonntag und Montag 11.15-12.OO lthr vor
dem Großen Hörsaal, nachmiLtags ab 15.30 Uhr im Diskussionsraum Beringst-::aße 1

Die Post liegt während der Teepausen ausî.

Tischtennis im Keller des Hauses Beringstraße 4.

Þen Taqunrfsbeltrag bitte an Frau Gerber (SFB-Büro, Beringstraße 4) bezahle¡r

AIle Tagungsteilnehmer mögen sich bitte in die TeilnehmerlisFe eintragen'
Teilnehmerlisten und andere Informationen llegen vor dem Diskussionsraum
Beringstraße 1 aus.
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Additional lecture: Sonnt-ag, 10.6., 15.oo - 15r30 Uhr:

M.-I'. Vigneras: Isospectral but not isometric Riemannian
surfaces

Montag, den 11.6.:

12.oo - 13.oo Uhr: Min-Oo: Curvature deformations relating to the Yang-Mllls
fields

17.OO - 18.OO Uhr: G. llarder: Cohomology and values of L-functions

Dfenslaq, den L2.6.2

10.15 - L1,.15 Uhr:

12.OO - 13.OO Uhr:

17.oo - IB.OO Uhr:

A. Todorov: l4oduli of Kåhlerian K3-surfaces

R.P. Langlands: On orbital integrals for real groups

J.-P. Serre: The monster game

Die Referenten werden nochmals gebeten, ihre Kurzfassungen bis Morrtag, 70.oo Uhr
bei Herren Schwermer abzugeben, da wir den Tagungsbericht allen Teilnehmern
noch vor ihrer Abreise aushändigen möchten.

Die Vortråge finden alle irn "Großen Hörsaal" (Wegelerstraße 1O) statt.

Erfrischungspausel] qi_!fçe, Montag und Dienstag vormittags von 11.15 - 12.oo Uhr
vor dem großen Hörsaal, nachmittags ab 15. 30 Uhr in Diskussionsraum Beringstr:. I

Die Post liegt während der Teepausen aus.

Tischtennis im Keller des Hauses Beringstraße 4.
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Tftel: Converse Galois problems over eyclotcmíc fields

Àdresse; Moscow, USSR, Meth. Inst. of the Acaderry of Science.
V-t\t ul. Vavilova 42. Dept. of Aþebra

Autor: F. Bogorrrlov

Thís report is devoted to the results of G. Bely [1J m the tfeon

Galois prcblemrf of cmstructing an exter¡sion Kt of a nr¡rber field
K with a given Galois group B Of cowse the case K = Q is the

one vÍe reallJ want. Br¡t is much easier to deal with the maxj¡na1

abelian extensÍcnr 0ú of the field 0

the constructim of such extensions of
follorir¡g list of Ctrevalley grloups:

1) Gl.,(nrq) , SL(nrq), PSL(n,q)

2) SO(en+i,q), q odd

t) CSp(Znrq), Sp(nrq), PSp(2n,q) r e odd and ql9 if n Ls even

4) U(n,q), SU(nrq), PSU(n,q), q odd and ql81 if n is even.

In fact, in ltl a specific finite abelian extensicn Lc of 0 is
descrlbed over ¡¡t¡ich the Galois grCIup G can be realized.

lle describe the main steps of the proof arrd also scme other ideas

of Be\r. !{e start with a general constnrction. Consider the field Q(t
of rational furrctÍons of one variable t over A ard the maxi¡na}

exbensÍon K of this field which is rarnified only at t=0, 1r ' . The

fÍeld K includes õttl ar¡d is a Galois extension of Q(t). lrle

ötain the follcr¡ing exact sequence for Gf = Gal(K/A(t)) :

(1) 1+F ') Gf ') Ga1(0/0) + !.
the group F is the rrgeøretricalil Galois gr"oup of all finite coverings

of 11 ra¡nified only at orlr- . Tt¡erefore F is the ecrnpletion

of th¡e fbee group on two generators nr(P1-{or1r-}) in the topology
jnduced by the subgt"oups of finite index in Í1. The exact çequence

(1) is constn¡cted by npans of a hørrcrnorpFrism t:Gal(ô/Q) -¡Aut F/Inn F

wt¡ere Inn F is the subgnoup of inner autororphisms of F . If we

denote the natr¡nal cyclic deccnrposition subgroups of F at the points

O, 1, - by <x>r <I>¡ <)S>¡ respeebively, then the rna:i¡ pr"operty of
the i¡r¡age r(o) for o e car(õ/Q) is that .xdt ".xto .yot .', <y> ,
.(ry)ol t<)cy> whene t nealls cor¡iugatim. So if we define A as the

subgnoup of elerûente g e Aut F satisfying
i) g(x) =. xc , o rû+ (W, coçletion of Z, û' = inverbible e

. Tl¡e main result of [1] is
Qaþ for gr.oups frsr¡ the

)

ii) g(y) = r¡you-l with u e[F,Fl , iii) e()ry) ,u (xy)o ,

t
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then A fllnn F = 1 and r fact<¡ns throwh AcAub F + Aut Fr'I¡rn F .

We cbtain the follor¡¡ing theorern.

Lheor"emj¡ Tl¡e group GX is the secrúdírect product of Ca1(Q/A) and F
constructed by nþans of a hcrncnr¡rpfiism i: gal(õ/Q) * A . Tt¡e

i is a roncmorphism.

Coniectr.¡re (G. tsely): the funge of I is not too far fþcrn A (maþe a

subgroup of finite index, or even all of A ).
T'here ie also a geonetrical result about the subfielde of K .

Theonem 2: Iff the eu-rve X is defined. over a finite exteneion of o

thene exists a morphism tp:X *P1 defined over 0 and ranified only
over the poÍnts O, 1, -.

This npans that any field L(X), [t:Q] ( - r is a subfield of K .

Fþorn the proof we cân conclude that an even stronger rresult holds: if
f:X *P1 ls any lrxxçhiun whose ramiffcation polntg are algebralc, then
we carì cÌ¡oose a pulyrturúa} g: P1-rP1 such that gf :X*P1 has only
O_. 1-. - as ra¡nification points. Tlre proof i,s cirtaineri b.y using two

induction processes. The first gives us a 0' all of wt¡ose ranification
points in P1 ar¡e rational. The second uses a function of the type

b t a

points Orcr- arrd is ramified at only these J points; usi-ng it we can

i,Je now define two special classes of finite goups.
I) The finite group. B lies in the class lrr iff B has two

genergtors â, b such that if at ar¡d br are two other generators wiLh

ar ¡,ar bt rb, âtbt ¡,ab then there exists an autorncrphism o

tarcing a to ar â¡d b tobr.
ü) B e t if v¡e can choose o to be an inner autolncrphism.

L€t Â(Brarb) be the subgroup of finite index of Z, eonsisting of those

o "2t "ith 
ao.a, ba ¡,b, (ab)a¡, ab in B and let

the fixed field of Â(Bra,b) under ühe'isonorpkrism Gal(Q*/Q) = û,"

h similarly but with the exbra condition ac : a.

") ff B e Ir, then there exists a covering 0:X+P1 ¡'anrifi

b) If B e f, then we can choose ô in such a way that a1)-

of the automorçhisms of the 'rgeometricrr Galois group are defined over

c) If also the center of B is a dírect sunnand of the

Define Iåt
Theor^em J:

behelements

ofB

such that Gal(X/Pl) = B .only at O, 1r - and defined over h
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centralizer of bhe elerent a in B , then these autoûþr?trrisms are

defjned over tå .

Co¡.olla¡ry:. Under tlre assurption b) (reep. c) ), there exísts a normal

exteneion of Qaþ (resp. Id ) with B as Oa1ois group.

Ihe pnoof of the theoren uses standård argunents of the Galois theory
fon 0* and the descriptim of the elenents of A . lhe corcIlarry
foil,ons l¡nnediately ueing ililbert rs i¡r¡educibílity criterlon.

Nqnwe l¡ave to prove tl¡at the groups'frorn the list lie in the cla,ss

llh:is Ís dme using the follovring theorem.

Iheor"em.! (Sufficlent criteria). Sr¡ppose that V is a vector space of
finite dl¡rension over soûre algebraicalþ closed field E (jn or¡r eese,

E wiIIbe,,of cl¡a¡racterÍetic O), D:AutVr H afinitegroupwith
s¡{.

two gpnenatore a and b , and piH + pËan irreducÍble ¡eprnesentatÍon

such that for scme I eE the n¡atríx p(a) -tr.l tras ran¡( ! . Tlren

H e lf . If also the normalizer of p(H) in D is thep:oduct of H

and the centnalizer of H in D, then H e I.
To apply thÍs theorem we have to choose generators for the gnoups in

the list by rneans of their standard en¡bedding in matrix groups, uBir¡g t2l

Fefernences:

t1l G. BelV, On 0alois exbensions of the maxinral cyclotorn:ic field (in
Russian), Izvestíya Atcad. Nauk. USSR (1"97p), vol. 115

I21 R. Steinþerg, 'rlectu¡¡es on Chevalley Gr"oupsit, Iêctune Notee, Yale

University

l( 
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Let G be a topologieal goup. An irreducible unita¡:y represent-
ation of G is a continuous homomorphism of G into the group of
unitarry operators on a Hilbert space, such thab no non-trivial
closed subspace is invariant u¡rder all the operators in the irnge.
Such repr"esentations can often be real-ized in some concrete way; for
exanple if G acts'ín a nice way as auLomorphisms of sone hermitian
vecüor bundle Uon a nranifold M with a neasure, then it acts on the

)
ttilbert space Lt(Mr'lA of square integrable sections of "{, Gelfand

suggested the pnoblem of attaehjng to abstract representatíons sorne

invariants wFrich, for represenbations of this particular kÍnd,
would be just the di¡ensions of M and t/.(mi" mid?t be thought of
as a step tor¿arrl realizing abstract representations in a nice way. )

We discuss here the notion of Gelfand-Kirillov dinrension

for representations of semisJ.nrple Lie groups, and show that ib
has several properties suggested by the precedjng rÐlivation.
tletailed forrnulations of most of the definitions a¡rd results may

be founri in (1) and (4). l{e a|taeh to a representatiort (rr,7*)
of such a group G a finitely generated graded module'for the

s¡rnrretric algebra S(g) of the Lie algebra of G; then the Gelfand*

Itj-rillov dinension d('?f ) and the multipliciby m(r ) are the

transcendence degree and mulfiplicity of this module" Then d(n- )

is half the GK dinension of bhe enveloping algebra U(g) modulo the

lcernel I¡ of Lhe differentiated representaLion, as one would erçect

from the strucure of the algebra of differential operators on a

nrarrifold. Tf Le U(g) is a Laplacian defined with respect to a

positive form on g i¡varinrb under a maxi¡nal- con'pact subgroup, bkren

the eigenval-ues of TT(L) have asyärpLobie properties exactly lixe
those of the eigenvalues of the Laplacian on a conpacl, Riernannian

nranifold of di¡rension d(7i'). Final.]-y, in analogy with the formula

dim(fr ) = tr(r¡"(1))
for finite di¡rensional" representations, the singularity of the

distribution character of iT. at 1 is exac|ly neasured by cl(ff)"
Ttre lecture concluded, following Jo*epll ()), by attaching
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torr a trcl¡aracteristic polyncrrdalt' p(rr) on a Cartan. subaþebra

of g. This polynqnial nreasr¡res an analogue of atn1rfin the setting
of the first paragraph, &d is related to several npre technical
questions in representation theory and. harmonic analysis (prÍmitÍve

ideals in U(g),Founier inversion of ilnipotent orbital íntegrals,
and.possibly t'he Sprinßer comespondenee . )

REF'ERE}ÍCE.S

1. D. Ba¡öasch and D. Vogarr, rfThe loca1 st¡'ucburne of eharacter'srtf

to appear in J. Fcnl. Anal.

2"R. Howe, ttidavefÞont sets of representatior¡srrt pneprint.

J. A. Josephr'rGo1die ranx for envelopir¡g algebras of sernislrple Lie

aþebrasr'r pneprÍnt.
q. l). Vogan, 'fGelfand-Kirillov dimension for Harish-Chandra nodulesorr
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An Einstein n¡anifold is a Riemannian manifold whose Ricci tensor
ie propoffiric.(Notice that, up to horx¡thetiesronly the
slgn of the factgf of proportionality matters, i.e. i, O, - . )

Until r"ecently, very few examples of conpact (or even conplete)
EinsteÍn r¡rar¡ifold.s were ttnown, nare$ :

- manifolds with constant sectional curwatune,
- irreducible Fie¡rnnnian s¡rnretrie spaees,

hn¡? - soûE other hønrgeneous spaces (including a non-car¡or¡ieal
Sar¡Ì'/' due to G. Jer¡sen). Notice tlrat the Einstej-r¡ hønogeneor¡s manifolds
a¡e not cl.assÍfÍed.

Tlre first conpact nonhomogeneorÆí exarples of Einstein nranifolds
carB fl"om the solution of the Calaþi cor¡ieetugl : trif a complex com-
pact nranifold M has a Kähler retric and ci( M ) is zero (resp.
neg¿tive definite), then M has a Kåhler nin*tein netric with zero
(resp. netatÍve) factor (S.T. Yau, T. Aubin) (see [Z] for a sur.',¡ey
of the proofs ar¡d references the6lin). Notice that the analogous cor¡jec-
tr.rrerwith a positive defi¡ite ci'(M)o fails : the conplex surface F4
( CP' wÍth one point blov¡n up) häs ci'(M) positíve definÍbe and no '
I(âhr1er Einstein rrctric (¡cronn'r to E. Cálabi)

Very recent1J, Ðon Page (cf [f] ) nas given ar¡ herrnttian Einstein
retric with positive factor on Fn His proof uses the Kerr-de Sitter
Lorentzian retric and concepts bofrowed from generaL relativity. I
want to give another description of this exanple : there is an aetion
of U(2) on F.i , such that the principal orbÍts are }-spheres wibh
onþ two ?-sphefes as exceptional orbits. So F, may be viewed as
Srr [arb.l with the Nqo coryonents of the boundåry còntracted alor¡g

the Hqpf fibration S'+S' . Morgover, bV U(2)-invariance, the netr'-Lc
on Srrlarb[ must split as d*+dl' vifiere t paranetrizeg [a,b] and o(-
is a U(ã)iinvarÍant nretric on" se . such neirics on sï -aá#na 

upn,"
two parameterg, the sizes f(t) and e(t) respectively of the fiber
and of the basis of the Hopf fibration . Usíne B1 O'Nei11'6 fgrmul-as
(cf [1] for the two $ienuru:rian subryersions : (S7,d*) -.>(S',g'(t).can)
and (g'x)arb[r0l++ dt-) + (Jarbfrdt') , one easi]y finds thaL d,-+ clt'
is Einstein-if'afi¿ onri ir': " 't

(1) relg"-SJgrfi+fJ=o
(2) f gJ g" - fg2g'2* g4¡"- gJg,f, + 4 fgz - A fi = Q "

These equations have nnny solutiora, but j¡ order to get a n'etric
on F.', one needs boundary conditons (rougþþ, the Taylor expansiorr
of g' (resp. f ) at a and b j.s rreven'f (resp. lroCdrr rwith firsL
derivative one)). Then one is left with onþ one solution up bo homoLhe-
ties : this.is Don Pagers metrie.
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Now 1.he .sare rnethocls apply bo other SrotrPS¡ other (ccxiimension
one ) principal orbits and other di¡nensions. Among others' one has
the folLowing results:
1. Ttre compact Einstein A-manifolds with çn isøret6y group of
djnension bigger than or egugl to 4 are St, 0P2r s¿xS', T" with
their r¡sual rebrics, f'Pz#'n-P¿ urith Don Pagets netrie and some of
their diccrete quotients. (No|ice that Fr is topologieally .
Up#lp¿ and also the total space of therunique nontrivial. Sé-
bundle over S2, but this space has Ítar¡y complex structr¡res.)
2. There are hermitian Ricci-flat non-flat U(2)-invariant metrics

lî_f;Ur?]o 
tlre total spacec of the Line bundles OQ), t?t) , CvFz)

J. 'ihere is a fnmi'lrr of her.'rnìtien Tiinsrain rli2\-lnv.ariant metrics
with nesacive raäi;i' ;; r,-i"';å-;it-¿i.ã- ã¿-;j;'
4. There is.an hermitian Einstejn U(n+1)-inva¡'iant netric on
çpn+14 EÞn+l and families of euch¡ metrice on the totaL space of'
line bundles over {XPfl.

trl mN PAGE. A compact rotating gravitational inst,ant,on (prpnrint)

i2] Courbure de Ricei et première classe de Chern; Séminaire
sur Ia preuve de la eor¡jecture de Calabi. Palaiseau 1978
Astén'i scÌlrr n " 58 "

trl B" Orl'lEÏi,r,, The fundamental equations of a subnersion.
tvlichigan ltlathenratical Journal I1 (1966) p. 459'469.

(L'auteur fait partie de rrEquipe de Recherehe Associée au C.N.R.S.
I'Analyse Globalet' de ltUniversite de Nancy 1)
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oimrf* dinf , where G" is a

in G. Much less is lmor^m concerning
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:

T

I

!
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5.TaterJ. On Start(ts co4jecture' (to appear)'

Letkbeanwrberfie]-dandletFbeafiniteGa]-ois

extension of k with group G=Gal(F/k)' Let Vbe a finite

djmensional conplex representation space for G, and l-et l'(Vrs)

be the Artin L-series corresponding to this representation'

Define r(V) and L(V) bY

L(v,s) - l,(v) sr(v) "" s'+ o'

ïf V is bhe trivial representation of G, then L(V,s) = Jn(t),

r(v) = r"+rr-1,, &d t(v) = -hR/w by Dirichletrs class-nr¡nber

formula.

In general, r(V) =

deccmPosition grouP for

t
lÄI



the arithþtical nature of L(V). Starx has conjectwed its value

as the dete¡minant of a mabrix whose entries are linear forms in

logarithrrs of units of F.

To be more precise, let u = ãå be the unit group, 1eb X

be the free abelian group generated by the infinite piaces v of

F, and let Y be üire subgroup of ersnents of degree o in x'

Consider the G-hcxncmorPhism:

UÀ
Í t----t

[ìX = lR@ X

{ toX ({ r rt"

The j:nage of À lies infRY by Nhe product fornn¡}¿; by Di¡'icþIelrs

theorem ,1- induces an iscrnorphrism over IR:

\
NU -d IRY.
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trle nay therefore ehoose a G-isqnorphism of the rat spaees:

I

coniecture (stark-Tate). A(Vrg) is an algebraic nwnber

E generated by the character values of

A(v,3)a = R(vrrq).

This corfecture is lcrovrn to be true when:

1.r(V)=o (Siegel).

2. E = Q (Ono, Lichtenbar.un, Tate).

and define the quantities:

R(V,9) = der ( 1o)q ltV6oY)G)

A(v,q)=L(V)/R(V,9).

I

which lies in the field

V. For all o- e Aut(E) :
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l.Visabelianrk=Q or k = Q(,1ãd) (l(ronecker).

Vilren r(V) = ! this cortiecture suggests an expLicit ana)"ytic

nrethod for the generation of the field F.

The prescription for defining a regulator at s:O works

eql¡a11y wel] at any negative integer. At s = -n one replaces

U = K1Û by the group K.nrtÜ, ffid Dirichleb's theorems by the

results of Borel. An interesting case is bo consider is that of

Diríchlet L-series; at s = -1 the coqjecture is true by results

of Bloch. Ore can also define regulators for p-adie Lrseries, but

there one gets essentially different cor¡jectures at s = 0 and

s=1

3
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Zeta - func|ions and K-bheoryTíte1:

A.N.ParshinAuLor:

The tal¡c is devoted to a discussion of the folloWing corÚectwes

about the reLation between algebraic K-groups defined by Qr-rillen

and zeta-functions of aþebraic varieties jntroduced by l¡rleil.Let X be

such variety,proper and smooth,over finite field FO T4I dimension

d.nìs zera-functÍon ï*tr) = z*(t) equats to a produ.tll Pi(t)(-1)

of characteristical polynomials of Frobenius rnap.Introciuee Zarisri

sheaves Ç of Qr¡i]len K-groups.Then we assultÞ that groups nP(Xr!*)

are finite if p(m,finite\y generated if P = m and triviar if p)m

(the last statenient is ,flol^m only).
cor¡ieerure. ¡rrr(on)l= * rf - i(x,5.2.,t¿+i-1), i)ro(n)o)

lp2i-1(qn)F + IId - i(x,ren+d.r 
i-2) :',l(n>o)

Ttris cortiecture is consistent with lhe blowirrgs of'varieties and with

the multiplication of them by Pnô Ib can be proved for d=oi Pr(O)when

d= 1!X4>U and for some surfaces X which is birationally equivalent to

lP, over closure of lFO.The above conjectures gives us a behavior of

lrttl in s=-n.Consider nohi a sibuation in s=o and d=2.Then we have

Cor¡jeclure.
+t u2(x,K2)ror + Ho(x,K2)
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2 llarder, G.

5 Shj¡ru¡ra

The subject of the tali< was to discuss a special case of the fol-

wing general problem. Leb f be an arithmetic subgroup of a reduc-

tive real Lie group Goo . T'hen the arithmetic group I aets on

the sylnretric space f, = q/K . If the quotient space f\X is not

cørpact vfe can construct cohrønoIory classes on f-\X by startirg

from a cohorrclory cUsVat infinity. These classes are represented

by differential forrns E(\Y, s* ) which are Eisenstein serÍes and

which will be called Eisenstein classes. On the other hand one cart

construct honolory cl-asses on F\X. To get honology classes we em-

bed lower dirnensional groups M * into %, such that lM = [-n M.,

is stifl arithrnetic and coeørpact. Then the fundanental cycle

l-* \\n -+ ñI defines a homology class.

Now we ask whether we can construct cases where these cycles and



¿
6¡,r,EiöënsbeÍn class sit inþhe sarne dj¡pnsion. In this c&se we

^can asi( for the value of the Eisenstein elass on the cycle which

aÍþunts to the evahiation of the Ïntegral

Tlris is the general problem. Vrle discussed the special case ïrher€

G = pGL^(0) anO i-is a very special type of cor¡gruence subgroups in
6ré

lfiLZßIi] ). In this case the Eisenslein classes are associated to

certain Grössencl¡arakæ"$of type (1r0) on q [i] . The cycles are

obtalned f?crn the r.¡nifs fur qr.erJratÍc extensiotrs [/QLLJ. Then Lire pe-

rlod íntegrals carl be expressed in tern'rs of ratios

h(T' ToN, t/z)

r
\ u(v'T)
" 

ç,,t \';

Seite Nr.: 2Autor: G. llarder

Lo['J { I 1)

st,atenent we refer to the fol"lowing preprint whieh will appear in

the hpceedings of the 1979 Co).}oc¡uium in Bcrnbay

G. liarder Period Integral-s of cohonology classes which

are represented by Eisenstein Series.

where a D
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The aj¡n of this article is to prove the following theorem:

theorem 1. Every point of so(1,19)/SO(2)xSO(1,19) corresponds to a l{ak¡ler

K-J surface.

Ibcrn theorem 1 and the following theorem proved by E.Looiienga and c.

peters in |'f A n] : Iêt X be a K-J surface and suppose that there exists

a kal¡lerian K-J sr¡rface Xt and a Hodge iscmetry frcr¡r H2 (X' ,7 ) onüo

HZ(X,? ). TJren X and Xt are isor¡¡rphic, in particular, X is kalrlerian'

we obtain bhe fotlowing result: Every K-J surface is a kal¡lerian one'

The proof of Theorem 1.

Definition 1. A K-J surface is a two dimensional cønplex manífold with

the following properties: a) it is sjmply eorurected, b)bhe canonical c

is trivial.
It is well t$ol^rn fact that UZ(X.T ) is a free abelian group of rarü 22'

The cup product defines in H21X,f ) a scalar product with values in Vl'

Definition 2. An Euclidean lattice L we will cal] a free abelian group

L with the scalar Product ín Z ,

So H2(X'Z ) is an Euclidean lattice, which we r^¡il1 denqte ¡y HX" In

[Sn] "f.,^pter 
1O it is proved that for every K-J sqrfate ry is an even

unimodutar lattice with signa|ure (3,19). i"lSJ it is proved that all

sucr¡ lattices are isonrorphic. Let me fixed one of thern and called it L'

Definition 1. A marlred K-l surface is called a pair (X;f), where f, ir-r

a K-3 surface and f :\ã L is an isomorphism of lattices.

Definition 4. An admissible Hodge structure on L of type (1r20r1") on L

is defined as a filtration F: H2'O - H2'0 n H1'1 c l¡nO wiLh the following
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, ,-.2.o ..o-2. ¿ ."1^1 -rl- 2 7:Íiproperties:a) (ä-'"+¡¡:-¡ =H" , where Fi-t'=H""., b) w.w=O for wloé

HzrO, uk¡ere w.w is the scalar product in ImC induced frqr¡ L. c) w.t>0,

for w ín H2'0, d) dim H2'o=1 and di¡n T-ñ =22,

It is not difficult to prove that M=SO(3,7g) /SO(2)xSO(1,f9)

all.adnissÍble Hodge structr.¡res on L of type (1r19r1). M we will call the

moduli space of marred K-J sr¡rfaces.

Another interpretation of M.

Fþom the definition of ar¡ admissible Hodge structure it follows that the

Hodge filtration on Lø0 of type (trãOrt)rF, is uniquely determined by

H2'0. Since dim H2,0=1, then H2r0 corresponds to a poÍnt ín F(tm0 )=p ?! 
,

because P 21 paranrebrizes atl one djmensional subspaces Ln Ld. The con-

dition w.Ì¡:o implies that all admissible Hodge structures F rnust l-ie on

a qriadrie Q in p 21 defined by the quadratic form that defines Lhe sca-

lar product in L. Ttre condition w.ñ> o defines an open subcet in Q. Ana-

litically this interpretation of M ean be represented by the following

formulas:

e) "l*r1,"f,-rl,-. 
. . .-,32 =o

Q r) 1zf \r2f+lzr12-lzqt 
2-. .. . > o

It is easy to prove that M parametrizes all two di¡ruensional subspaces in

I¡tR on which the restrietion of Q is strictly positive.

tet (Xrf) be a marl<ed K-l surface, then we put to (Xrf) the admissible

Hodge structwe on t induced by the Hodge structr.¡re or, \ via f.
pFogl: Let y be a point in M, then as it was said before y defines a two

di¡nensional subspace in LøR on which Q is strictly positive. This subspa

for marked K- surfaces

. Since the form Q has signa-

Next will define the

ú't be equar to
I(Ei)*. Notice trrat H],1 is inwe will denote bV EJ. l,et

IÃR. L€t ne denote bV V={ x€Ii;'tl*..)ù



Autor, Andr"ei N. Todorov Seite Nr.: j

tr¡re (1119) on ff]'1 V Ís a disioint union of two cones V+ and V-, where

vlrv-=(o). rêt *"'a"r,otu ov EÍ'1(z )=Hi'l L. Let o=[xe 4"1 x.x='Z\,

For bGD, lgt sO be the reflection of the vector space t$"'

sO: x-l xl (xrb)b

T|¡ese reflections genenate a Coxeter g'oup W operating properly and dis-

continuously on V+. For the proof of this look at P&SLr . The fundamental

domain of W is:

v;= x t{" {*,0) O for every b D

Vf is an open. convex cone in 4". Tt¡e Deharb product of Vfxn; is an

open set in l¡ER. Let q e Vim; be with the follorrir¡g proper{'ies: a) q

has rational coordinates in Lol b) q is not ar¡ eler¡rent of n|. These pro"

penties follow fþcrn the fact that all points with rationat coorrlinates in

the open subset 
"þcEi 

is every where dence subset i" Vþdi. let me deno-

te by E, the tlrree di¡nensional subspace in La8 sparured by Ei and q. Ctear'

Iy Q restricted to En is strictely positive. From this property of Ey it

foltorrys ttrat the projective space e2tfpl in P(LoC) is contaíned in U

defined by the inequalitv (.1)" Fþom this fact it follows that the ra-

tional curve f$=f2{frnC)n Q is contained in M, ¡¡l¡ere Q is a quadric in

P(I¡C) defined by the intersectÍon form Q of L.

Construction of a farn:i of K- swfaces over

t€t Hq ue {xe,I¡o l**=ol. t,et F(Hq) be the projective subspaee in F(LøC)

spanned uy Hq. * [n] *d tTJ it is proved thaü all , points of P(Ho)fì M

correspords to aþebraie K-J surfaces if q has the following properf;ies:

a) q,q) O and D) q is a vector with rational coefficients. Frcxn the eon*

structíon of B, iü fotrlows that vÍe can find qê8, such that q has rati

coordinates and of course q.q> O. Fþcrn the theorem mentioned a.bove it

fopor,vs that the polnt *eF(Hq){ìn} corresponds to a mar¡<ed a1-gebraic K-}



Úr¡rface (Xrfrw*) , where X is an aþebraic K-] sr¡rface, f is an iscûnor-

phÍsm of the lattÍces ry *d L and w* is a form fþc¡n a Hodge metric on X

such that f-l(q)=wX. Of course we mr¡st prove that f-1(q)=wX is defined

by a Hodge metric on X.

l',€rnna 1. w..=f-l(q) ccrnes fron a Hodge metrics on X.

hoof: w*.q=f(w*).f(!üX)3q.q>0. Next we must prove that w*.b )0 t'or all
b€itflHl'l(x) such that b.b=-2. ïf this is proved, then fþcm Moichezon

criteriun it will follow tl'¡ab the Poincare dual of w, will be an ample

dlt d.ivisor 9n X. ftrat the dual of w* is an aþebraÍc curverfollovs from

the fact that w* has rational cooridinates i" ryøB and w* is perpendicu-

lar üo H2t0+H0t2. The last asgertion follows fþcm the aerinftíon of P(Ho)

and the vray vre defined the point x. So if the Pojncare dual of w* is an

ample divisor then it is clear ihat sonB mriJ-tip1e of w* wili be a fqm

obtai¡ed from scne Hodge ¡netrics on X. Suppose tLrat there exÍsts b such

fut this is impossible, because of the lray we cirnstrr.rcted 8.,
J.

' Q'E'D'
-.1Lenma z. {L(8.) defines a triviat subbundle brnlc/¡hitnl. ft¡is

-.-.:.- 
J /r

is l\ *, where Â * is the eigen subbundle correspondirg to the eigen value

i1 of the Hodge operator defined by the Hodge metric xuocmpmdiN which

corresponds to w*.

lroof: It ls clear that By is spanned by f(ne w*(2rO))rf(Tm w*(2r0)) and

q=f(wx). Fþqn the fact that the first Chern èlass of X vanishes it fol
t\:a1 Rar*(zr0) and Im w*(2,0) spanned a tnivial subburdle in n hltnl.
Fþcrn this fac't we geü i¡rrlidiately that the subbundle spanned by Re wr(2,0

Im w*(2ro) an¿ w* is trivial. It is an easy exersize to prove Llrat

Autor. Andrei N. Todorov Seite Wr.: 4

(Or2¡=9, sr fnom hene it foltor¿s that b € (f
course we

)).-t
,b. lnve thatand bt

(2,0).b =0

rlx'
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this trivial bundLe is

Q.E.D

From the recent resul-ts of Yau it fol"10ws Ehat we can find

Ricci fLat matric on X, i.e. a KahLer-Einstein metric whose

form wiLL be in the cohomology class of "x. This Kahler-Einste

ruetriC induces a metric on Â *, with a zeto curvature, soA +

is a f Lat bundle. For the proof of these fact 1<¡ok aE [t,1

I4Ie can regard 

^ 
* as a trivial bundLe of Lie aLgebras of SU(2)

So ¡\ * is spanned by three skevr-symmetric oPerators on the tan

gent bundle IrJr&K with the following Properties: T2'J2'R2*-id

IJ+JI-...-o. so these three parraleL formg define three almo8t

complex structures on X" Note thal aI+bJ+cK is also a complex

structure on X, where ^2*b2*.2 =1. So any form otÄ * after nor

malization defines a complex structure on X. Applying this con

struction first done by N"Ilitchin we geÈ a farnily of K-3 surfa

ces pzZ-ã pl, It is not difficult Eo prove that Z is P(v+).

rn Ia n s] ir is proved that P(V*) is a complex manifol'd if f

the self-dua1 part of the l^leyl Eensor W* is zero, If the metri

is Kahl"er-Einstein on a K-8 surface then it is easy to prove

that w*-0. so z ís'a compl"ex 3dim manífo1d and all lhä f ibres

are Kahler K-3 surf aces. From lemma 2 it f oLlows that if r'te

consider the period map f or pzZl1l in M then the image of P 
t

r¿i1L be Pl. So our theorem is proved'
v

Using theorem I and the

get the foLl"owing theorem:

THE0REM 2. The moduli sPace

A.E,D.

results of Penrose and HiLch in lte

+

n

KahLer-Einstein

space of all Fz

of aLl

to ( the

metricc

in UCP

on

a K-3 sutface is isomorPhíc
2l
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where u is defined by (*l ) on page z)/GxR*, where €-So(3r19;

Z) and R* a::e the prositive real numbers. This moduli space

hag real dimension 58.
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