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Mathematisches Institur
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Samstag, den 21.6,

)

17.00 -~ 18,00 Uhr: M.F, Atiyah: Algebras of operators in Hilbert space

and K-theory

19.00 -~ 11,00 Uhe: Moser: Isospectral deformations

12.20 ~ 13,00 hy Lusztig: Macdonald's conjecture on discrete sories
of finite Chevalley groups

o

17.00 - 18,99 Uhr: Kostant: The ’n~function formula of Macdonald

Montag, den 23,6.:

9.45 - 10,00 Uhr; Festlegung der nichsten Vortridge

10.00 ~ 11,00 UhriMacPherson: Gelfand's formula for the first

Pontrjagin class

I7.00 - 13.00 Uhr: Ziller® Closed peodesics on howotopy symmetric
spaces '
17.00 ~ 15.9 Uhr; Serre: Lower bounds of discriminants of number fields

Die Vortrige finden alle im "GroBen ddrsnal (Megelerstrafe 10) statt.

Erfrischungspausen mit Teo - Sonntag und “ontag vormittags von 11.15 - 12.00

Uhr vor der GroRen 0rsaal, nachnittags ab 15.20 Uhr im Diskussionsraunm
BeringstraRe 1. 9ie Post liegt wdhrend der Vormittags-Teenausen aus.

Tischtennis im Keller deg ilauscs Beringstrafe 4,

Den Tagungsbaitraec (2 v 10,~) bitte an Frau Gerber bezahlen (vor dem
GroBen Hirsaal, sonntaes und montags vor und nach dom lﬂthr*Vortrag).

Allz Teilnchmer mdgen sich bitte in die Tailrohmerlistoe eintragen.




Mathenatisches Institut
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Programm der Mathematischen Arbeitstagung 1975 (1T)
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Dienstac, den 24.6. .

o
RS

10.90 - 11.70 Uhr? tom Dieck: Burmside ring of a compact Lie gruop

12.30 = ca. 20.70 Uhr: Tampferfahrt auf dem 2hein nach Andernach-

Abfahrt am "Alten 7oll" mit fotorschiff Verona'.

“Mittwoch den 25.6.:

2

s

5 = 17,00 ihr? Festlegung der restlichen Vortrige
19.09 ~ 11.00 Uhr: Jantzen. Modular representations of semi simple grouns
12.00 ~ 13.790 Yhr: Schmid: Blattner's conjecture on the discrate series

of semi simple real Lie groups

17.00 - 15.00 Uhr: Varchenko: Newton diagrams of singularities

Die Vortripge finden alle im Grosen_Hbrsaal” (WegelerstraBe 10) statt.

Trfrischungsnausen mit Tee am “fittwoch, 11.15 Uhr, vor dem GroBen
Bronal und ab 15.30 Uhr im Diskussionsraum der PeringstraBe 1.
Nie Post liegt wihrend der Vormittags-Taepausc aus.

2

Tischt~nnis im Meller des Fauses Boringstrafe 4.

Pie Tagungsgiste, die sich noch nicht in die Teilnehmerliste cingetragen

haben, werden gcbeten, dies nachzuholen. S$ie finden die Liste vor dem

Diskussionsraum Beringstrape |
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Programm der Mathematischen Arbeitstagung 1975 (111)
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Donnerstag, den 26.6.:

10.00 - 11.00 Uhr: Kostrikin: Tanaka~Artin's conjecture on the multipli-
cative group of divisions algebras

12.00 - 13.00 Uhr: Mazur: Rational points on modular curves

17.00 - 18.00 Uhr: Casselman: The 7€ -cohomologiy of representations of semi

simple Lie groups

Freitag, den 27.6.:

102.00 = 11.20 Uhrs Parshin: Residues and symbols
12,00 = 13.00 Uhr: Steenbrink: Mixed Hodge structure on vanishing cycles

17.30 - 18.30 Uhr: E. Calabi: Nearly flat triangulations of Riemannian

K iur
(Xolloquium) manifolds

Die Vortrige finden alle im “GCrofen Vdrsaal” {Wegelerstr. 19) statt.

Frfrischungspausen mit Tee: Donmersteg 11.15 Uhr vor dem GroSen Hoérsaal
und ab 15.20 Uhr im Diskussionsraum der BeringstraBe 1; Freitag 11.15 Uhr
vor dem Grofien H8rzaal und nachmittags um 17.00 Uhr ebenfalls vor dem

Grofien Hérsaal. Bie Post liegt wihrend der Vermittags—Teepausen aus.
Tischtennis im Keller des Hauses Beringstr. 4.

Dic Referenten werden nochmals gebeten, ihre Furzfassungen mdglichst bald

bei Horrn Kraft abzugeben, da wir den Tagungsbericht allen Teilnehmern noch
vor ihrer Abreise aushindigen mdchten.
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0o

Investigations involving the power series wix) = WT(4‘X“)
n=1 :

have had a long history in mathematics. We will mention

a few details. One interest arises since if we write
OQ .

(gu\“‘ = 22 P(M~X“ then n P~—>P0ﬂ is the
_ weo .
classical partition function. The expansion
" W= 3n o o '
Gix) = 2 (N x is due to Euler. Arising out_

= -00

of his work on Theta functions Jacobi (circa 1828) obtalned the

expansion :
ni{n4)

(1) b)) = O A" (2ned) x 2

which such a well known combinatorist as Mac Makon has
called"the most remarkable formula in all of pure mathe-:

matics".(I thank N.Verma for this remark.) The function o

z(x) = Z“ W (x) is called the Dedekind '%-functlon.
(More usually as a function of 2z in the upper half-plane
. pATH . :
where we substitute X =¢ heE - . It is then a modular

2 .
function of z). The expansion of ALUJ N has - T) ,

the Ramanujan T-function as coefficient and an expression |
for‘this function has been given by F.Dyson. The expansion
for WOOAO " is due Winquist enabling hin to obtain a

simple proof of Ramanujan's . result that P(41h1+~6)i 0 Vnui4{

The numbers 3, 1o and 24 are the dimensions of the simple

compact Lie groups SU(2), Spin (5) and SU(5).




If K is any compact simply connected simple Lie group

then I.G. Mac Donald has a remarkable formula for 1}x)dlm K

which generalizes the results stated above.

Let 1 = rank K and let TC K be a maximal torus. Let 3

i

be the Lie algebra of T and ﬁf. the pure imaginary dual
for 4 . The character group @ of T is isomorphic to

t mays . . e . ‘ . * oot
Z and ‘be naturally identified with a lattice Z.Q‘a = R

. Let L(Z )Y C Z be the sublattice generated

by the roots 2 of (T,K). Also let h be the Coxeter
number of K. By definition if W is the Weyl group.of
(T,K) and ¢ € W 1is the Coxeter element then h = order o .
For example if K = SU(n)> then W=Sn the symmétric group
fon n-letters and we can take ¢ = (1,2,...n) (the pefmu-

tation with 1 cycle). Thus n=h  for K=SU(n) . Next let

‘Z*_ be a system of positive oots and let (A ,¥Y ) be

. * .

he bilinear form on fﬁ induced by the Killing form.

et D= |Xez|(A,4)2o0 forall e, {  so that by

he Cartan-Weyl theory D, as the highest weights,para-
N

metrizes K , the set of equivalence classes of irreducible

K-modules. In fact for each A& D let

be an irreducible representation of K with highest weight

A . Also let ¢=3 24  and let for ve Z
>0
(o) = elrrs ¥
Aalv) =
= (Q.W) so that by Weyl's formula

e>u

d(} ) = dim VA for ) e D. However for general veéeZ , d(v)

can be zero or negative.
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In case K is simply-laced ((¢,¥) is constant for kel )
then Mac Donald's formula may be written

i (v+ , Ve )
vehL(x)

This formula for n(x)dlm :

is in terms of a sum over a
lattice. One senses here however that there is an under-
lying statement in terms of a sum over the irreducible re-
presentation of K. This is explicit in Jacobi's formula (1).

In fact let X;,...,X, be an orthonormal base of o , s¢

that in the universal enveloping algebra of o ;Z xr': z
124

is the Casimivelement. Thus Taﬁl) is a scalar operator on
VA and one knows the scalar c(}) is given by
C(W\:(ﬁ+g,)+g)—-(&g) . In (1) the exponents ﬂi%gﬂ = ()
where Ta is the 2n+41 dimensional representation of SU(2).
dim K
= At(x)

But now in general dim K -4
However the "strange formula" of Freudenthal-de Vries

dim K
24

summations from h:-L(Z ) to D one can expect

assert that = (9,¢ ) . Thus by changing the

PO K 2 3 g(A) - aim v, XA
AeD

where ¢e(A) .ié‘same, yet to‘ be determined weighting

of the representations ﬁkﬂ=-ﬁ. In SU(2) by Jaéobi'é
formula the weighting ¢(A)=o0 if dim vy is even and
alternating in sign fér the odd dimensional representations.

But this is exactly how the non-trivial element of the Weyl

group operates on the zero weight space of these represen-

tation. Gneralizing the usual action of W on ¢ , for any




[

Ac D we obtain a representation of W
T

B, W—=Aut Y,
on the space YE of T-invariants (to be ignored if
\' T . o). This connection of representations of W and K ,
I think, is interesting. For example if K=SU(n) then there
is a natural set Ai i=1,2..., p(n)e'D such that @%_
L : T Quer g
is irreducible and runsvall the irreducible representations
of W=S_ . Now if one looksat a character-table for S
it is a pluking fact that one always has X(U\E l4,0“4g

when ©0=(1,2,...,n). A generalization of this and also a

generalization of Jacobi's formula is given in

Theorem 1. If K is arbitrary then for any AeD

one always has 4 Qé&)z&o;l where ¢ is the Coxeter

element. Moreover if K is simply laced then the weighting

(M) = tv @A(o'). That is
e K = T by 0.0 - it Vy - x )
AeD A

We introduce two special kinds of elements in K. If

ae K is regular (the centralizer of a in K is
a torus) then the order of Ada is > h. We call an
element a€&K principal if (1) a is regular and (2) the
order of Ad a :hIt is then a fact that any two principal
elements are conjugate. |
Next an element ag XK 1is called principal of type ¢ if

it is conjugate to the (regular) element exp ng ‘where

X € 4- is that element such that ({S,x§> = I (P-E)

for any {lé >,




Remark 1. If K is simply laced then the two notions
are the same. That is a€ K is principal if and only if
it is principal of type g .

Elements of the type introduced have remarkable character

values.

Theorem 2. If a€K is principal then for any A€D one

has X,(a) = 1, -1 or O, where A2 is_the character

of Wy . In fact X(a) = tr G&(@) where o is the

Coxeter element.

Theorem 2.asserts that we may subsitute 'Xa(a) for
+VG%(0) in the formula (Theorem 1) for w(x)dim K. But

more than that is true. If we use a principal element of
type g instead we do not have to assume that K is

simply laced in the formula for g (x)dim £

Theorem 3. Let a¢& K be a principal element of type ¢ .

Then X%a) =1, -1 or o for any A€ D. Furthermore one
)
’xc() .

h ; .
nes @ (x) diw K - X/\(G).c,\nm V)\
AeD

If M is a compact Riemannian manifold and A is the

J Laplace Bertrami operator on M there is a considerable
amount of mathematical activity concerned with the question
as to whether the complex valued function § P—>+V'(A+<A_S
defined on the half plane and extended meromorphically
satisfies a functional equation. Here ¢ is a constant 2> O.

Consider the question when M = K. A natural choice for ¢

from many points of view is (¢,¢ ). But now if Re s >

9&%_5 then (4 + (g,g ))"® is given by convolution by a




function on K which we may identify with the operator
(4+ (¢,8))7°. But then v (4 + (,8))75 = (4 + (§,8 ™%

where e ¢ K 1is the identity. Our next statement is
that if a principal element of type Q 1is substituted for

e then indeed the resulting function of s is holomorphic
and satisfies a functional equation. In fact, since Az(ezulz)
is modular in ¢ with zero constant term then the same is

dim K dim K)(sﬁ

true for AL and hence the Mellin transform M(%

is holomorphic and satisfies a functional equation. But now
by the Peter-Weyl theorem one can sum the right side of the

c(A)

; . -$
formula in Theorem 3 when x is replaced by (c(A)+(g.€)).

Thus one has

Theorem 4: Let a € K be a principal element of type Q

then

Mot Ky (s) = (44 (g, )73 ()

so that the function s 1— (A + (g,g ))"®(a) is everywhere

holomorphic and satisfies a function equation (K here

is arbitrary).

If K is simply-laced there is another statement one can
make which in effect applies to K/T rather than K.

If the Poincaré polynomial of K is written pK(t) =

1
rl-T (1 + t2m5+1))7 m

i=1

< mzé ...éxnl then the integers my

1

Jare called the exponents of K. More generally if X & D

and 1(A) = dim WXT there is a naturally associated se-

| quence of integer mi(A)s ...gml(A)(A) which are called the

{ ceneralized exponents. The terminology is justified in that




fm_ S
mi(W) = m; where Y ¢ D is the highest root of Z . We

recall the definition. Let S denote the ring of complex-
valued polynomial functions on £ and let Si denote the
homogeneous component of S of degree 1. The adjoint action
of K on ﬁ, induces an action of K on S and let J = sk
be the ring of polynomial invariants. On the other hand let

H € S denote the set of harmonic polynomials in the general-
ized sense i.e. all f & S such that aﬁf = 0 wheve ﬁn

is a constant efficient differential operator without constant
term which commutes with the action of X. One knows that

S =J ®H and that H is a K-submodul with finite multi-

w

plicities . 1In fact the multiplicity of y is 1(A).

Indeed if H) CH for A€ D is the primary TA— component
then the m (A\) are defined in that we can write
e(A) .
= ® H
H) 534 \

m,(A) s . i
where H; ¢ S and HA is K 1rredu21ble5

2wi
Now let w = e /h. By results of Coxeter, Coleman and

Steinberg one knows that the eigenvalues of BW(U) are

my
W ° where o & W is the Coxeter element. More genefally we
m_(A)

have proved that the eigenvalues of Gk(c) are W
L=1,..., 1(\) for any A& D. Thus one has for any A& D

o (A A
wmm+h R ): y

0

| (6) e 0, (0) =

Now let [) be the operator on H defined so that 1

lis multiplications by w' on H' = Hn st, Now let ]

e the operator on H defined by the restriction of the




N

Casimir operator to H (via the adjoint action). Thus
corresponds to the’Léplace—Belhami operator on K/T (using
the Killing form to define the metric) since H as a K-
module is isomorphic to the space of K-finite functions on
K/T. If we substitute (6) in Theorem 1, replace Y by Y4
and recall that ?H% = H then one has (convergence is easy
for Re s > dim %/2)

Theorem 5: Assume K is simply connected and let M(%?lm 5

be the Mellin transform of the Dedekind z-function to the

‘dim K power. Then

My Ky(s) = er (e (g N7
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It is a good conjecture that there exist c© many closed geodesics on
any compact manifold. For most manifolds this is proven now by the
combination of the following two theorems:

Here A(M) = § c: st s wu continous | with compact 0pen>£opology,
! Theorem (Gromoll-Meyer 1969): M compact and bi(A(M),Q) unbounded,b

then there exist oo many closed geodesics for any metric on M.

Theorem ( Sullivan-Vigue 1975): M compact, simply connected. Then

bi(A(M),Q) unbounded s H*(M,Q) generated by more than

one element.
The theorem of Gromoll-Meyer has been generalized by Klingenberg
to hold for bi(A(M),Z ) unbounded, but the methods of Sullivan
are naturally restricted to the rationals. . S
For thr symetric spaces of rank 1 this does not matter, since
bi(A(M),K) is bounded for any field K; but there are symetric
spaces which have H*(M,Q) generated by one element but have more B
22 torsion: .
M= SU(3)/80(3) , SO(n+2)/50(2)x80(n) n o0dd , G,/50(4)

These are actually all such spaces. ‘
One cannot apoly the above theorems to these spaces and it is

therefore of interest to prove the following theorem:

Theorem : M compact symetric with rank(M) 2 2 ( or any space
homotopy eouivalent to such a one ). Then bi(m(M),ZQ) is
unbounded and therefore there exist cc many closed geodesics

in any metric on such a space.

The prove is of geometric nature, it uses Morse Theory for the
energy function on the free loop space A(M). One has to prove

that the critical points, which are the closed geodesics, form

non degenerate critical submanifolds in A(M) and then one

applies Bott's idea of K-cycles for the loop space with fixed

end points to show that the relative homology classes coming




from Morse Theory can actually be completed to non vanishing
cycles of A(M), Using the structure theory of globally symetric
spaces, in particular the lattice generated by the star vectors

of the roots , one can then show, that the Z2 betti numbers

of the free loop space A(M) are unbounded.
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b+t

Let K ©be an algebraic number field of depree nj,

with r, real rlaces and ?r2

n = r1 + 2r2 . Let D = DK denote the absolute value

of the discriminant of. K. Using geometry of numbers,

Minkowski ]ﬁ] proved in 1891 that

comnlex ones, so that

2r,./n -2/n o |
B s ) 2 wBan) o
/ 2r,/
v ) 1 ey 2 4 (1) |
. (n ‘-«;oo)
r1/n 2r2/n
>/ (7-389'0n0) ‘ (50803-.-) o 0(1);

This estimate was later improved by Rogers [SJ and

Mulholland [P] to :
‘ r1/n 2r,/n :
> (38x56Twex) (15.7T5+444)  © + o(1).

They also used georetry of numbers.

D1/n

A completely different method has been introduced recent~f
ly by H.Stark [6] . This method is based on the functio-

nal eaquation of the zeta function §K(s) of K. Stark




—

remarks that one has :
log D = r (logw = ¢(s/2)) + 2r,(lopdr - y(s)) + 2z2(s)
+ 25 Re(1/(s=p)) = 2/5 = 2/(s=1) ,

/
wvhere Z(s) = - EK(S)/CK(S) s w(s) = M(s)/T(s) , and @
runs through the noén trivial zeros of EK (with P and F

collected together in order to have an absolutely conver-

Lo=1/2
=172

gent summation)., Taking s = 1 + , say, gives

i .
= log D > a1r1/n + 2a2r2/n + o(1)

with a, = log W = q(1/2> » 8, = logdr = y(1) ,
hence”n r1/n QrP/n

p'T oz (A () T+ ol1)
With A1’= 22:3R-o. 9 Ae = 11u19.I|’

An improved version of EStark's method is given by 0dly-

" zko B),[}J, who obtains

A, = 5006644 s &, m 19,964 .. ‘ (3]
A, = 55 s A =2 (]
and under the assumption of the generalized Riemann J
conjecture :
A, = 136 , A, = 34,5 .

2

_ Those improved lower bounds are of interest in connection
J vith : o

a) class field towers ,

b) construction of Galois representations of low conduc-

tors (esp.those related to modular forms) .
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Notation :
&5 comPac*'{” Lie qraop

H< & zloaed ’Jubgrou'o

X G - opace

xH = H-fixed point oet = {rexl He=xJ

(H) cm«awc()ovaa 2f ass o.-f, H ' '

Gx' %ohﬁp»g gron OJ(' e X

X (Y) Sder cliavacleviohc of N
Queotion 1. What are the reladiounns c«mous Hee

X(xH)  all He & % -
Simce (H)"_:(IC) fhaph‘f') (X()(H) = X(Xk) wf’Ccm
pm‘ i | |
Ly ertion ’l), Whieh —Fuhc'h‘euo {rom the Oeff Qtﬁ
Cou—(‘u aCy tlaﬂom "1Lo 2 ﬁave *‘Ht(’ v?(ovw

(H) — X [yH)?
We ,F.v»)\) Couo)vuc4 ‘H«(‘ riuj o(/ ” ’JMCL, wfuhdc(kd.

A(Q).D_—-: Set 04 com pacd d‘«F{evequaHe
) G—~manf{old-o //v

where

M~ M ( ) :Fov all HCG X [HH):X/IUH),

H +V C‘((\o\‘)cf‘m’ Union W\ a‘u((") o “n A(Q) &
M xN cavte nian proaluc# e fn A{G)
A(G) becomen a Com vnu“ah‘v.p Vi‘hj W”.L, =D

Definiton, A(s) Rurnnide ring of iy

Py A(€) — 2z M !——)M(MH)
s a ring hene MOV)OLH'OW- B\/ defnh(v'mq oq( /l,(g_)
tHhelv )3V‘00((AC‘J‘ ‘f:(‘ﬁﬁ)' A(G) : ” Z

Ll




in Qh (uJeche i’:‘mﬁ he o imorphiam,
Th eorew 1 A(S) aolah‘wlq‘\,e[\/ —fvee abelian qvevis
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4{_5;,\,'"}@ (A/H noev ha I!‘-’Jf'v cdj H), | '
Proof. @) x"(H) = {xe X/ (6,.) = (’H;ﬁ

X = U)((H) %de" uniey | o
Ko 3 XXy [S) G/, cquctiy i 46)

(H |

Xc Eu'ev CQOV‘QC‘{'CN.’)HC um‘ucj' homc‘o"jy Wt"H«v

Compacy o'uloporf,
(&) Aut_ (S/H) = NH[H  acts freely ouC/H
' h‘euce on alf G[HK. dimg VH/H >0 = 54CNH//~I'
=) {vee T actien  om Q{i-{k:"> %(Q/HK) =0 "")
C/IH=0 i AlS). m
(evollary | & {inte, Hhe.
ring of {inile &~ Dets .
Thee reu -?/4 Zf CIH s<. C/K =
Thew m; 20, (=1, [s], -
Proof, m = X _( (&/H xG/k )(L) /S ) + The

AH &) = clasoical Ruvuaide

S m, S/L o Ale) ]
L) ' -

net  inoide YC() > Finite becayse c/HK
(oh")(‘o'}") OT[ w{:,hg‘}e’\/ man\/ Nk/’( 6?‘)1"}'3. @
- \ s .Z ' v
A (&) o )
L J _ |
. ) (p) 10‘ prime ovr O

A (H, p)= P (p) |

9 (H, /p) in  prime io eal QP Als).

Theorewm 2. Llet g € AMcS) bea prime ideal .
Then +thevre exiala « Unique (H) with

NH JH  finite , S/H ¢ g with

| Y= 9 (H ). |




Remavk, & (H ¢ q(H ) "f’H(G/H') —
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Pree] eﬁTL,i Dreao [2a]) Her & finite,
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Denote by G an almost simple,connected algebraic gropoe ‘ -
an algebraically closed field k ,by T a maximal torus of G,by f
R the root system,by R a positive system of roots,by W the
Weyl group and by ( , ) a scalar product on X @R ,where X is
the igroup of characters of T.Let be x*={%ex | (4,4)20 for all
oeRY] and’g—-'§% &.If V is a (rational,as always) G-module
and/,(eX let ’vf“x be the u weight space {xeV lhx~/A(h)X for all
he’l‘} it is V—~_|__(_V1M Let ZtXa be the group ring of X and e(A)

MeX
with AeX be the canonical basis of it.For all ’AGX set

rx(})~ Zdet(w)e(w(2\+g))/z det(w)e(w(g)) ,For a G-module V
denote by ch(V) the formal character Zdlm(Vﬂ)e/()EZcX:l of V.
For d¢X’ let V(]) be a complex J_:crgi}élble represen’ca’clon
of the corresponding complex group with the highest weight LK

V0

choose V&V(A)(AWGI”G is a unique smallest (resp. grea’cest)
"gdmissible lattice” V(ﬁ) (resp. V(4 )max) such that V('RE‘ZV
(resp. V(?\);ax’;\ =Zv),Then \:(;\)kuV(QZZ@ k is a Ge-module and
has a unique simple quotient Lk(f’,}). |
Theorem(Chevalley) The different L, (A) are not isomorphic;
each simple G-module is 1somorph:1.c to_one Lk(ﬂ) | | |

For all AeX” we have x(A)= ch(V(?\) ) (HoWeyl), therefore |
there are aa,r{\,ei\/ such that - 'X(A) | Z. +2, A'Ch(Lk(ﬁ'))

Aex”
Let WP be the group generated by W and the translations

by py with KeR.
Theorem; If a) (Humphreys) p>h=Coxeter number of R

or if b) (Carter & Iusztig) R_is of type A ,

then aa’a,%o implies that there is chp with ;\'+§-—w(ﬂ+g)
Theorem: Lf tv"peL);éE ,F, and p>h,if a a,yéO ,then there are

é reflectlons,s1,sz,...,s in Wp such that
| Atp> 5, (Aeg) > (5,5, Arg)> 00> (8peee8y s,)(@+g)=7"+g.
| (We define }\z/u by 2-/ueNR )




Tet C be a chamber with respect to the reflection group Wplal

i.e, there are integers ng (xeR') such that

¢ ={ xexeR [ n,p<2(x,0)/ () < (n#1)p  for all iR s

we then set

/CK mfx&X@RlndP <2(x,00) /(K0 £ (n‘x+1 )p for all b((»R*'}.

Theorem: If AeX™,A+p€C, p+¢€XnC and en (T, (W)=

W.;w by WA (B4 0)-g)  Shen Dby Hrlueg)-gl=on(Ty(u)) for
P Mg €CAL pg &0 the P sum is O, .

Theorem: Assume R,/iéX+,}\4g€ C,se‘WP a reflection such that

/Mg:s(('\+g)<((\+v,assumev there are not reflections s1.,;..,sn

in W, (n>1) such that M+g>sq(d+¢)> coo>(8 0 008,) (A4p)=prros
then: a) (Carter & Iusztig) If txpe(R):Anf--? O#HomG(V(/()k,V(N)k).
b) If type(R)#E ,F,,then the multiplicity of Lk(/u) in V(D)

is 1, ,

, ' M _
For all ;\éX"',/ueX let Dbe D;\(/,g)=[V(}\)§aX’/":V(R%3 .Let VP
be the p-adic valuation! V (p™)=n and) (DA)=ZYV (DA(pO)eSpO
i ¢ b ) D =S h ®
in Z¢X7" ;there are ci\,ﬂ such that VP( 3) /“%{+cawc (ka(/«”
If the a, ,, are as above,then: _

D
Propogition: For A#pu we have a, <0 and a,  #0 if and onlw

if 0o
= 02 ’}f
Theorem: If p>h and if type(R)#En,F4 then:

LY b Z_ 2 (A+ . . ).
(%) u%R" O<r<2(A+£,o<)/(K,o<)yP( oy o) KAz

The ch(Lk(A)) have been known for a long time for type .

A,,Tor type A, they have been determined by B.Braden(1967).
These methods give them for typestB,Bé and'GZ(p#S here).
Example: Let R be of type Gz;the picture on the following
page gives the system of hyperplanes for Wp;let C be the

| chamber indicated by @ - and assume 'AGX+,'}\+§)eC;for all wew,

there is written n X inside the chamber w(C);hereby we leave

Lavay Ox_and write X ing

tead of 1X.hen we -



E ch(V(@ )k)=§%’ n,, ch('l‘:k(w(ﬂ +3)-g)}') provided all w@d+
Wwe

all 2(A+¢ ,X)/ (X ,%) are "sufficient-

#0

b
with n,. are in x*t and
" gmaller

3y N

than p°Lall  xeRt),
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Let N be a positive integer, Let X1(N) and XO(N) denote
the modular curves over Q as in [1] . The arithmetic
structure of these curves is related to the arithmetic
of elliptic curves in two ways (one of which is conject=-

ural):

r, Yo a given pair (E,eN) consisting in an elliptic
curve F and a point of order N in E, defined over a field
K containing Q we may associate a noncuspidal point j(ﬂ,eN)
7 in x1(N) rational over K, For N2> 3, this establishes a
bijection between the K-isomorphism classes of such pairs
and noncuspidal rational points of X1(N) over K,

To a eiven pair (E,CN) consisting in an elliptic
curve B and 2 cyveclic subgroup of order N in E, defined
over a field K containing Q we may associate a noncuspidal
point j(E,CN) in XO(N) rational over K, This establishes
a bijection between the K-rational noncuspidal points of
XO(N) and equivalence classes of pairs (E’CN) over K,
where two pairs are equivalent if they are isomorphic

over some extension field of K,

B, Conjecture of Weil Any elliptic curve E over Q

may be obtained as a quotient (over Q) of J, the jac-

obian of XO(N).




Y

Suppose that N is a prime number., The Hecke algebra

a T is the subring of the ring of endomorphisms of J
generated by the Hecke operators T1 for prime numbers
1 ¥ N, and by the "canonical involution" w, These facts
concerning T are known. T is a commutative algebra,
which as a Z-module is free of rank g = dim J, T®RQ

is isomorphic to a product of totally real number fields

v[‘kj. There is are one:one correspondences

C-simple Q=simple
abelian variety( <—- Jabelian variety
factors of J factors of J

fields k. occurring 4?>{?rreducible componenté}

in the pgoduct de- of Spec T
composition of T®Q

" Since N is a prime number, there are two cusps
0, 0 in XO(N) and these are rational points, The
linear equivalence class of their difference gives
an element ¢ = C1( 0-00) in J(0), It is a theorem
of Ogg that ¢ is a point of order precisely n=num( E%%)
where num means numerator. One can check that n>1 —
if and only if g>» 0, The action of the Hecke operators
J on ¢ is easily computed: T,-c =(1+1)ec ; Wec = =c ,
By the Eisenstein ideal I in T one means the ideal

generated by the elements 1+1-T1 for all prime numbers

1 # N, and by 1+w, Since Ie¢c = O, and c¢ is nontrivial
if g> 0, one sees that T ¥ T whenever g >0,

oS
Ry the Eisenstein quotient J one means a certain

abelian variety over Q, which is a quotient of J, and,

up to isogeny, can be taken to be the product of those

simple abelian variety factors of J which correspond

(under ¥ ) to irreducible components of Spec T which




meet the support of the Eisenstein ideal I,
Three recent theorems were discussed, in the
lecture,

[yy]
THROREM 1. J(@) is finite,

From this result one easily concludes

THEOREM 2, If g>0, then XO(N) has only a finite

number of rational pointse

The third theorem has to do with J = (14w).J which
may be identified with the jacobian of the quotient curve
+
XO(N) = XO(N)/w . |
THEOREM 3, If the genus of xg(N) is greater than 0, then

J+(Q) contains a point of infinite order.

Calculations for low values of W were discussed. In
particular, X0(163) has precisely one noncuspidal rational
point. More generally, using the above methods, one has
a complete determingtion of the set of rational points
of XO(N) for all prime numbers N 250, with five except=-
ions: N = 53, 113, 137, 151, and 227. This has

hasg been carried out with the hélp of A, Ogg, Aand A, Brum-

er and K, Kramer, s
In contrast, I know of no value of N for which XO(N)

has been shown to have only 2 finite number of rational

points.
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