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ARITHMETIC PURITY OF THE HARDY-LITTLEWOOD PROPERTY
AND GEOMETRIC SIEVE FOR AFFINE QUADRICS

YANG CAO AND ZHIZHONG HUANG

ABSTRACT. We establish the Hardy-Littlewood property (& la Borovoi-Rudnick) for Zariski open
subsets in affine quadrics of the form ¢(x1,---,z,) = m, where ¢ is a non-degenerate integral
quadratic form in n > 3 variables and m is a non-zero integer. This gives asymptotic formulas for
the density of integral points taking coprime polynomial values, which is a quantitative version of
the arithmetic purity of strong approximation property off infinity for affine quadrics.
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1. INTRODUCTION

1.1. Arithmetic purity of the Hardy-Littlewood property. Let X be a smooth geometrically
integral variety over Q. Assume that X satisfies strong approximation off the real place R. An
open question first raised by Wittenberg (cf. [32, §2.7 Question 2.11]) asks whether all open
subsets U C X also satisfy strong approximation off R, whenever codimy (X —U) > 2. We
say that such X satisfies arithmetic purity of strong approximation ((APSA) for short) off R
(cf. |8, Definition 1.2|). As observed by Minchev (cf. [4, Proposition 2.6]), the condition on the
codimension guarantees that there is no cohomological or topological obstruction for U to satisfy
strong approximation. Recently in [9, 8], Wittenberg’s question was settled in the affirmative for
a wide class of semisimple simply connected linear algebraic groups and their homogeneous spaces
(with connected stabilizers). We refer to the references therein for an account of proven results
towards this question.

In this article, we address an effective and statistic aspect of Wittenberg’s question concerning
the distribution of integral points in adelic spaces. Our starting point is the work of Borovoi-
Rudnick [4]. Now we assume that X C Ay is a smooth quasi-affine geometrically integral variety
whose adelic space X (A) is non-empty. Assume moreover that X (R) has no compact connected
components. We equip the affine space A"(R) = R" with an euclidean norm || - ||. Let B :=
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B x By C X(A) be an adelic neighbourhood with B,, C X (R) a real connected component and
By C X(Ay) a compact open subset. For any 7' > 0, consider the counting function

1) Nx(B;T) = #{X € X(@Q N B: |X] < T}.

We are interested in the varieties X for which an asymptotic formula for Nx(B;T') exists for any
such B. Assume that X satisfies strong approximation off R, then we expect that the leading
constant should be a product of local densities (depending also on || - ||). However there also exist
certain such varieties failing the integral Hasse principle and strong approximation.

To better put forth our qualitative characterization of these varieties, we further assume that X
is equipped with a fixed gauge form wx, i.e. a nowhere zero differential form of top degree. We
associate to wx a normalised Tamagawa measure m* = mX x mf on X(A), where the real part
mZ is a defined on X (R), and the finite part my is defined on X (Ay) (cf. §2.1 for more details).
Let 6x : X(A) — Ry be a locally constant not identically zero function, and let us note

Boo(T) :={X € Bo : [IX[| < T}

We say that X is a (relatively) Hardy-Littlewood variety (with respect to the gauge form wy)
with density dx, after Borovoi-Rudnick [4, Definition 2.2] (see also [11, p. 143]), if for any adelic
neighbourhood B = By, x By as before, we have m% (By (1)) — oo and

[e.9]

(2) NX(B;T)N/ Sxdm”®, T — co.

oo(T)XBf
A Hardy-Littlewood variety X is called strongly Hardy-Littlewood if 6x = 1. That is, for any such
B as before, we have

(3) Nx(B;T) ~ / dm™ = m{ (Bw(T)) m§ (By), T — oc.

Boo(T)x By
We may view the function dx as an effective measure of the failure of strong approximation on
X. If X(Q) = @, then clearly X is Hardy-Littlewood with density dx = 0. We shall henceforth
focus on the case where X(Q) # @. See notably works [11, 13, 14], [4, §6] and more recent ones
[26, 16, 5] for various examples of homogeneous spaces satisfying the Hardy-Littlewood property.
i

The following is a natural extension and refinement of the Hardy-Littlewood property in the
spirit of Wittenberg’s question.

Question 1.1. Assume that X is a Hardy-Littlewood variety with density dx. Are all open subsets
U C X also Hardy-Littlewood (with respect to the gauge form wy|) with density dx |, whenever
codimy (X =U) > 27

Definition 1.2. We say that X satisfies arithmetic purity of the Hardy-Littlewood property with
density dx, abbreviated as (APHL) with density 0x, if X is a Hardy-Littlewood variety with
density dx and Question 1.1 has a positive answer for X.

Similarly, we say that X satisfies arithmetic purity of the strongly Hardy-Littlewood property,
abbreviated as (APSHL), if X satisfies (APHL) with density dx = 1.

It is proved by Borovoi-Rudnick [4, Proposition 2.5| (resp. [4, Proposition 2.4]) that being
relatively (resp. strongly) Hardy-Littlewood implies a weaker version of (resp. the usual) strong
approximation for X and the integral Hasse principle for any integral model of X. In particular,

'In all known examples, the counting function Nx (B;T) behaves like T%(log T)¢ (depending on the embedding
X — A&), where d > 0,e > 0 are rational numbers.
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the condition codimyx (X — U) > 2 is necessary for U to be Hardy-Littlewood. Moreover, we
shall prove that (cf. Proposition 2.1 in §2.1) this condition guarantees that the restriction of the
Tamagawa measure m~ on U is well-defined. To get an instructive idea, let us take X an integral
model of X over Z, and let Z be the Zariski closure of Z := X =U in X and let Y := X' = Z be

~

the integral model of U. For simplicity we assume that U(Z) := [],_ U(Z,) # @. Write

(U, X) = #U(E)

- #X(F,)

We may interpret the quantity 7,(U, X') as the probability that an integral point of X" specializes
to a point in & modulo p. By the Lang-Weil estimate (cf. (9) (10) infra) to both X and Z, we get

(4) 1—Tp(u,X):ii—$Z;:0<m),

where the implied constant is uniform for any prime p. Roughly speaking, we calculate the finite
part measure my |y of U(Z) as being the limit of ([T, 0 UZy) X T1ops X(Zy)) as M — oo.
This turns out to require that infinite product over almost all p of 7,(U, X') is absolutely convergent,
which is true whenever codimy (Z) > 2 thanks to (4).

As removing a proper closed subset does not affect the real volume, we expect in particular that

~

if the counting function Ny (U(R) x U(Z);T) for U is non-zero when 7" — oo, then

~ ~

(5) Ny(U(R) x U(Z); T) ~ cyxNx (X (R) x X(Z): T),

where ¢y x > 0 is related the infinite product of 7,(, X'). On the other hand, we do not expect
that, amongst other reasons (e.g., the existence of non-constant invertible functions, cf. [4, Lemma

~ ~

1.5.2]), Ny(U(R) x U(Z);T) could grow in the same magnitude as Nx(X(R) x X(Z);T) when
codimy (X—U) = 1, as the infinite product over 7,(U, X') would diverge to 0. For related Schinzel-
type conjectures however, see |26, (1.3)—(1.5)].

Integral points of A" lying in such open subsets U satisfy infinitely many congruence conditions.
To derive (2) or (3) for U, this is one difficulty we need to get rid of. For instance, if Z is defined
by two regular functions f,g € Z[X], then U(Z) consists of precisely the points X € X (Z) such
that either p 1 f(X) or p 1 ¢g(X) for any prime p, i.e.

UZ) ={X € X(Z) : ged(f(X), 9(X)) = 1}

1.2. Results on (APHL). Motivated by recent progress |9, 8] on (APSA) for semisimple simply
connected groups, the purpose of this article is to go beyond the affine spaces previously considered
in [12, 27, 3] and provide a positive answer to Question 1.1 for affine quadrics, by developing a
version of geometric sieve for them.

1.2.1. Affine spaces. The geometric sieve was first inaugurated by Ekedahl [12] when dealing with
X = A". Further generalised by Poonen |27, Theorem 3.1] and Bhargava |3, §3], this sieve method
has demonstrated surprising applications on the density of square-free polynomial values in various
circumstances. Their results indeed prove, on plugging-in the classical Chinese remainder theorem:

Theorem 1.3 (Ekedahl, Poonen, Bhargava). Affine spaces satisfy (APSHL).
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1.2.2. Affine quadrics. Let q(x) € Z[xy, -+ ,x,] be a non-degenerate integral quadratic form in
n > 3 variables. Suppose that ¢(x) is indefinite (i.e. isotropic over R). For m € Zg, let us
consider the Z-scheme

(6) Q= (q(x) =m) C Az.
The smooth geometrically integral Q-variety
(7) Q=9 x7QCAy

is called an affine quadric. In particular, Q is an integral model of Q. Recall that affine quadrics
with n > 4 variables satisfy the integral principle and strong approximation, while there is Brauer-
Manin obstruction when n = 3 (cf. |10, §5.6, §5.8]). We shall always assume in this article that
Q(Q) # @. We remark that rational points on an affine quadric form a thin subset of A"(Q).

The variety Q is an affine symmetric space (cf. [4, p. 59|, [5, p. 1045]) under the spin group
G := Spin, (the universal double covering of SO, with the standard almost faithful representation
through SO, in GL,g). Let P € Q(Q) and let H be its stabilizer. Then H = Spin |p. is a
symmetric subgroup of Spin,, where P+ is the orthogonal complement of P. The real locus Q(R)
has no compact connected components. Since n > 3, the group G is always semisimple and
simply connected, so is H if n > 4. Special attention is devoted to the case where n = 3 because
H is isomorphic to a torus. It is anisotropic over Q (hence has no non-trivial Q-characters)
precisely when —m det(q) is not a square, a condition that we shall always assume and denote by
—mdet(q) # O in the sequel. The work of Borovoi-Rudnick proves that (cf. [4, §6.4])

e Affine quadrics with n > 4 variables are strongly Hardy-Littlewood (cf. [4, Theorem 0.3]);
e Affine quadrics with n = 3 variables are Hardy-Littlewood with a locally constant density
function dq : Q(A) — {0,2} (cf. [5, p. 1047-1048], [4, §3], see also §3.2 infra).
We recall the well-known asymptotic growth of integral points on affine quadrics (cf. e.g. [23,
(2.6)], |11, (1.9)] and [5, p. 1047]). For every connected component B,, C Q(R),

0 HXQ@N B IXI<T)~ [ Gqdm@ o T
Boo(T)x Q(Z)
where cg ., > 0 depends on Q, B.
Our main results are the following.

Theorem 1.4. Let Q C Ag be the affine quadric (7) with n > 4 wvariables. Then Q satisfies
(APSHL).

Theorem 1.5. Let Q C A be the affine quadric (7) with n = 3 variables. Suppose that the form
q is anisotropic over Q and that —mdet(q) # 0. Then Q satisfies (APHL) with density dq.

1.3. A general strategy to achieve (APHL). In order to prove Theorems 1.4 and 1.5, we
develop a road-map, i.e. Theorem 3.1, which comes up with a sufficient criterion towards (APHL)
for general affine Hardy-Littlewood varieties X. It consists of two hypotheses. Let us fix X an
affine integral model of X over Z for convenience of exposition.

The first one is called strong effective equidistribution condition. We require finer information
on the error terms of the equivalences (2) and (3) when evaluated at certain family of finite adelic
neighbourhoods Bf (&,1) (cf. (20), which we call congruence neighbourhoods (Definition 2.2))
associated to 1 > 2 and € = (§,)pu € [, X(Qp). If € € [],; X(Z,), then BfF(€,1) can be described

in terms of congruence conditions: for every B,, C X (R),

(Boo X Bf(f,l)) NX(Z)={X € X(Z) N B : forevery p|l,X = &,( mod pvp(l))}_
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The significant feature is that we require the error terms to have polynomial growth on the level
of congruence [, and to be uniform for both [ and £ as well. This formulation is motivated by
recent works on counting integral points with congruence conditions due to Nevo-Sarnak [26, §3],
Gorodnik-Nevo [17, §6 & §7], and Browning-Gorodnik [5, §2|, et al. We utilise this hypothesis
to deduce the density of integral points on X that specialize into an arbitrary subset of residues
(cf. Proposition 2.5), which has applications in two different directions. On the one hand, we can
give an “approximation” of the Tamagawa measure restricted to a given open subset (cf. Corollary
2.6). On the other hand, it turns out to give satisfactory control (cf. Corollary 2.7) for integral
points on X coming from residues in a given closed subset modulo certain primes which are not
of polynomial growth.

The second hypothesis is called geometric sieve condition in the spirit of Ekedahl’s work [12],
for which our formulation is closer to Bhargava’s (cf. Theorem 4.8). For any fixed closed Z C X
of codimension at least two, let Z := Z C X. Informally speaking, this hypothesis requires that
integral points on X arising from residues of Z of arbitrarily large prime moduli are negligible.
Establishing this hypothesis is often challenging in resolving Question 1.1, as we need to sieve out
integral points satisfying infinitely many congruence conditions in a thin subset if X C A" is not
of degree one.

Then Theorem 3.1 on the whole says that a Hardy-Littlewood variety X satisfies (APHL),
provided that sufficiently many integral models X, of X constructed via “rescaling coordinates by
a € Ny (cf. (24) in §2.2 and (42) in §3) all satisfy these two hypotheses. Inspired by various
results on counting lattice points in homogeneous spaces in a vast literature, we verify the strong
effective equidistribution condition for certain nice homogeneous spaces. This implies that to
achieve (APHL) for such varieties, it remains to show the geometric sieve condition (cf. §3.2).

1.4. A geometric sieve for affine quadrics. The technical core of our paper is the following
extension of Ekedahl’s geometric sieve [12] to affine quadrics, which seems to be the first example
for affine varieties besides affine spaces.

Theorem 1.6. Assume that Q satisfies the hypotheses of Theorems 1.4 and 1.5. Fiz an integral
model Q of Q of the form in (6). For any closed subset Z C Q such that codimg(Z) > 2, let Z
be the Zariski closure of Z in Q. Then for any M > 2, we have

1 1
XeQZ):|X[|<T,I3p>M,Xmodpe Z}=0(T"?2 . . T —
#HX € Q) X < T.3p > M Xmodp € 2} =0 (T (e + g ) )+ T

where the implied constant depends only on Q and Z.

The bound above being uniform for M, Theorem 1.6 thus furnishes a satisfactory control for
integral points on Q specializing into Z modulo any prime larger than arbitrary M (7") which grows
to infinity, compared to the order of growth in (8). We would like to mention that the independent
work of Browning and Heath-Brown [6] dealing with projective quadrics obtains power saving for
the term %:T when n > 5.

Our strategy of proving Theorem 1.6 unifies radically different ideas on estimating integral points
on quadratic hypersurfaces. We start by breaking the prime moduli [M, o] into three subfamilies,
and then analyse each of them separately. Primes between M and T* with a > 0 small enough to
be determined later are dealt with on utilising the effective equidistribution result mentioned in
§1.3 (cf. Theorem 4.1). Primes larger than a power of 7" divided into two parts:

T*<p<T and p=>=T.
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We name them respectively “intermediate primes” and “very large primes”. For the intermediate
primes (cf. Theorem 4.2), we appeal to uniform estimates for integral points of bounded height
on quadrics in [5, §4 §5] developed originally aiming at studying power-free polynomial values
on affine quadrics. This slicing argument can be applied straightforward to the case n > 4 (cf.
Proposition 4.6). However it a priori does not provide a desired power saving for the case n = 3,
as was also encountered in [5, p. 1078]. To overcome this difficulty, we make essential use of the
assumptions that —m det ¢ is non-squared and that the form ¢ is Q-anisotropic in our argument.
A consequence is that (cf. Lemma 4.4) any slice contains no line or parabolic conic (i.e. affine
plane conic of rank one) and thus contributes few integral points (cf. Proposition 4.5). Note that
these assumptions also appear in the results of Liu-Sarnak [23]. For the treatment of very large
primes (cf. Theorem 4.7), we make use of Bhargava’s generalised Ekedahl-type geometric sieve
[3], and we develop a half-dimensional sieve for affine quadrics (cf. §1.5 below). These two sieve
methods are matched together via a fibration argument (cf. §4.3).

1.5. A half-dimensional sieve for affine quadrics. We establish the following auxiliary result
on the density of quadratic polynomial values represented by a binary quadratic form. This is
an application of the half-dimensional sieve due to Friedlander-Iwaniec [19] [15], which may be of
independent interest.

Theorem 1.7. Let Q1(x) € Z[xq,--- ,x1] be a quadratic polynomial in L > 1 variables, and let
Q2(y) € Zly1, ys] be a binary positive-definite non-degenerate quadratic form.

o If L >2, assume that the Q-variety (Q1(x) = 0) C Af is smooth;
o [f L =1, assume that the Q-variety

(Q1(x) = Qa(y) = 0) C AG
is a (smooth) affine quadric, and that it has anisotropic stabilizer.

Then

L
A{X € 2"+ |X]| < T.3(u,v) € 2% Qi(X) = Qalu, 0)} = O ( \/IT?) ,

where the implied constant depends only on Q1, Q.

Remark 1.8. Without the condition that the stabilizer be anisotropic, the estimate in Theorem
1.7 is false, as clearly seen from the example 22 + 1 = 3% + y2. See also Remark 5.3.

It would be interesting to ask whether Theorem 1.5 remains true for affine quadrics of dimension

two with isotropic stabilizers. A different feature is that the singular series Hp oo i’ii(fg)

diverge, and the order of magnitude of Ng(Q(R) X Q(Z);T) can be TlogT instead of T (cf. [11,
p. 146]). We likewise ask whether condition that the form ¢ be Q-anisotropic could be dropped.
On may run into the similar pathological phenomenon as in the projective analogue [22].

can

1.6. Structure of the paper. Section 2 is mostly served for technical preparations. We describe
effective equidistribution of integral points with uniform error terms and its applications. In Section
3 we prove Theorem 3.1, and then we deduce Theorems 1.4 and 1.5 as a consequence. Section 4
is entirely devoted to proving Theorem 1.6, i.e. the treatment of “error terms”. Theorem 1.7 is
proved in Section 5. More layouts are sketched at the beginning of each section.
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1.7. Notation and conventions. Given two real-valued functions f and g with g non-negative,
Vinogradov’s symbol f < ¢ and Landau’s symbol f = O(g) both mean that there exists C' > 0
such that |f| < Cg. The dependence of C' on the variable and on f, g will be specified explicitly.
We use these two symbols interchangeably. If f, g are defined over the real numbers and with g
nowhere zero, the small “0” notation f(z) = o(g(z)) means that lim, % = 0. In this article,
all implied constants are allowed to depend on the embedding X — Af and the chosen euclidean
norm || - ||.

The letter p is always reserved for prime numbers, and £ denotes an arbitrarily small positive
parameter that can be rescaled by constant multiples. We write p¥||n for certain k € N,n € N
if p* | n and p*t! ¥ n. We denote the M&bius function by u(-). We write Q(n) for the number
of prime divisors of n € Ny. We say that an integer [ > 2 is sufficiently divisible if there exists
lo € N4 such that [, | [, where the integer [y depends on the setting.

A wvariety over Q is an integral separated scheme of finite type over Q. We write codimy (Y)
for the codimension of a subvariety Y in X. For X a Q-variety, an integral model of X over 7Z
is a faithfully flat of finite type and separated scheme X over Z endowed with an isomorphism
X X7 Q = X over Q. Such an integral model over Z always exists by |24, Proposition 2.5|. For W
a scheme over Z, we write W(Z) = [ ceo W(Zy).

We frequently use the following version of the Lang-Weil estimate. Let ) be a separated reduced
scheme of finite type of dimension > 0 over Z. Let Vg := )Y Xz Q be the generic fibre, and for any
p, let Vg, := Y xz F,. Since dim(Yr,) = dim()g) for almost all p, we have, uniformly for any p,

(9) #Y(F,) = O(p"m0%).

If there exists Ly € N such that the scheme ) is smooth over Z[1/L,| with geometrically integral
fibres (e.g. when the generic fibre Vg is smooth and geometrically integral), then uniformly for

any p,

(10) #Y(F,) = plime) 4 O(pdim(yQ)*%).
In particular, for almost all p, Y(Z,) # @. Moreover, for any integer [ > 2 with (Lo, [) = 1,
" #Y(Z)]) < 19m),

All implied constants above depend only on ). The estimates of [F,-points follow from the Weil
conjecture |28, Theorem 7.7.1] ignoring finitely many primes. The existence of a Z,-point and the
estimate of Z/I-points follow from Hensel’s Lemma.

2. HARDY-LITTLEWOOD PROPERTY AND EQUIDISTRIBUTION

The Hardy-Littlewood property signifies that the growth of integral points is quantified by
the Tamagawa measure on the adelic space. In §2.1 we first recall the definition of normalised
Tamagawa measures on adelic spaces and their restrictions on open subsets. In §2.2 we prove
Proposition 2.3, which shows that to deduce the (APHL) property for X, it suffices to prove (2)
for congruence neighbourhoods with respect to a specific subfamily of integral models of X. In
§2.3 we prove Proposition 2.5, giving explicit error terms for (2) evaluated at a large family of
adelic neighbourhoods. In §2.4 we exhibit two different applications of Proposition 2.5.

2.1. Normalised Tamagawa measures. We refer to [4, §1.6] and [31, §2] for details.

Let X be a smooth geometrically integral variety over Q such that X(A) # @ (which we assume
throughout this article). A gauge form wx on X is a nowhere zero differential form of degree
dim(X). For any place v of Q, the gauge form wx induces a measure mX on X (Q,) ([31, §2.2]).

(%
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Let X be an integral model of X over Z. By the Lang-Weil estimate (10), we can choose an integer
[ (depending on X') such that prl,p<oo X(Z,) # @. According to [31, Theorem 2.2.5], we have, for
almost all finite places v = p < o0,

X(F,) .
(12) wX (X(Z,)) = /X(Z A = iTi;),z

A set of convergence factors (\,) for (m¥)

the places of Q such that the infinite product

(13) I »'m(x(z,))

pil,p<oco

is a set of strictly positive real numbers indexed by

is absolutely convergent. The Tamagawa measure on the adelic space X(A) corresponding to
(wx, (Ay)) is defined as (|31, §2.3])

(14) m* = H/\Jlmf.

This Tamagawa measure m* is normalized if

(15) Ao X QCILIEOH)\]) =1
p<z

The existence of the limit in (15) (and hence the existence of a normalized Tamagawa measure) is
equivalent to the convergence of the infinite product J[,; .. mX (X(Zyp)), and is independent of
the choice of integral models X of X (cf. [4, §1.6]). Denote by

(16) my = A\ H A m

p<oo

the finite part measure on X (A ;). If m* is normalised with respect to a chosen set of convergence
factors, then a different choice of convergent factors satisfying (15) induces the same measure as
m* (resp. my¥) on X(A) (resp. X(Ay)).

For any dense open subset U C X, for every place v, consider mY := m | the restricted
v-adic Tamagawa measure on U,(Q,). For v = oo, the set (X —U)(R) C X (R) is closed of lower
dimension. Let ¢ : ¥V — X(R) be a local diffeomorphism, where V C RY™X is an open real
neighbourhood. Then for any bounded real neighbourhood Br C X (R), the Lebesgue measure of
¢~ (Bgr N (X =U)(R)) is zero. Therefore m% (Bg N (X =U)(R)) = 0 and

(17) m, (Br) = mY, (Br N U(R)).

The next proposition shows that, the restriction of m* to U is well-defined, provided codim y (X =—
U)=>2.

Proposition 2.1. Suppose that codimx(X=U) > 2. Then (\,) is a set of convergence factors for
(mY), and the product measure mY := [[, A\;* mY is a normalized Tamagawa measure on U(A)

corresponding to (wx|uv, (\y))-

Proof. Let us fix X an integral model of X over Z. Let Z be the Zariski closure of Z := X =U
in X and let U := X — Z be the integral model of U. We fix I" € N, an integer such that X', U

2Although it will not be used in the sequel, the real part mZ is closely related to the real Hardy-Littlewood
density a la Siegel, at least when X is an affine complete intersection. See [4, 0.0.4].
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are smooth over Z[1/l'] and [] . U(Zy) # @. Take My sufficiently large such that, for any
p = My, we have p1[’, and by (12),

(18) m (X (Zy)) = #X(Fp)p~ ™, my (U(Z,) =m] (U(Z,)) = #U(F,)p~ ™Y,
The Lang-Weil estimates (9) (10) show that

#2(E,) !
i) = ()

)
uniformly for all p. Therefore for any p > M,,
F

Ay my (X(Zy))  #X(F,) #Z(F,) _
N ImYUZ,)  #UE,) L uE,) (pcodimx<z>> |

This shows that the infinite product

(19)

Ay (X (Zy))
11 Ayt m(U(Zy))

pil/ . p<co P

is absolutely convergent. Since by construction of (A,), (13) is absolutely convergent, we conclude

that the infinite product
I »'my)@z,))

pfl’ ,p<oo

is also absolutely convergent, which was to be shown. 0

Normalized Tamagawa measures exist on many homogeneous spaces. For instance, let G be
a semisimple and simply connected algebraic group, H C G be a connected reductive closed
subgroup, and assume that X = G/H. Then by [31, p. 24 Corollary|, there exists a G-invariant
gauge form on X. In this case, we can construct a canonical Tamagawa measure m”* on X (A)
corresponding to a canonical choice of convergent factors (\,) such that m¥ is normalised (cf. [4,
§1.6.2]). If H is semisimple, we choose A\, = 1 for all v, and in general, A, are defined in terms of
some Artin L-functions.

2.2. Hardy-Littlewood property for congruence neighbourhoods of integral models.
Let X C Ag be a quasi-affine, smooth geometrically integral variety with a normalized Tamagawa
measure m~ = mX x m§ as in §2.1. Recall as in the introduction that we equip the affine space
A"(R) = R™ with an euclidean norm || - || in order to define the counting function (1), and we
assume that X (R) has no compact connected components.

Let X C A} be an integral model of X over Z. Let I > 2 be an integer and £ = (&,),; €
[L; X(@Q) C L, Qp. (§,1) be a collection of local points. For each p | I, we define the p-adic

neighbourhood
By (&,1) = X(Qy) N (& +p"VZ;) C Q.
We then define the finite adelic subset
(20) BF (&) : HBXUXHX ) C X(Ay).
pll

Definition 2.2. We say that B}Y (&,1) is a compact congruence finite adelic neighbourhood of X,
or a congruence neighbourhood of X for short, if it is non-empty and compact (by convention).
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Our goal is to show that (cf. Proposition 2.3 below), the validity of formula (2) for all such
congruence neighbourhoods B}Y (&,1) ensures the Hardy-Littlewood property for X.

Note that Bf (£,1) is non-empty if and only if [[ , X(Z,) # @, and Bf(,1) is compact if and
only if BYX(&,1) is closed in &, + p**WZ2 (hence compact) for each p|l because X(Z,) is compact
for any p (cf. the proof of |7, Corollary 3.2]). Any non-empty finite adelic subset Bf(f 1) of X
of the form (20) becomes a congruence neighbourhood upon replacing [ by some of its sufficiently
large powers depending on X and every §,, and leaving { unchanged. Hence the family {BJ;Y &0}
consisting of all congruence neighbourhoods of X' forms a topological base of X (Ay).

In many cases, congruence neighbourhoods can equivalently be defined via congruence condi-
tions. For instance, when both X, X are affine, i.e., both X C A}, X C A7 are closed, then for

any [ > 2,€ € X(Z/1), suppose that there exists ¢ a lift of ¢ in [T X¥(Zy) C I1,, X(Qp), we have
(21) BY(&,1) = {X € X(Z,) : X =E&(mod p»®)}.

Each By (¢,1) is closed. Hence, if Bff (&,1) is non-empty, it is a congruence neighbourhood. We
will make use of this fact in §3.2. In general if X, X are quasi-affine, (21) still holds when [ is
sufficiently divisible (depending on X').
Any a € N4y defines a morphism
Go : A — A7

(22) X — a- X,

and ¢, : Ag — Ag is an isomorphism. Let

(23) Xo = ¢q(X) C Ag.

Then X, is isomorphic to X, and is equipped with the normalised Tamagawa measure m¥Xe =
(¢q)« m*. Now we define an integral model X, of X,. Let X C A%, X C AZ be their corresponding

Zariski closures, and assume that X is defined by a family of polynomials f1,- -, f» € Z[z1, -+ ,z,).
Let &, C A7 be the affine scheme defined by the polynomials
1 1 1 1
adegflfl <_$17 SN _:Un) e 7adegfrfr (_I'].) SR _xn) c Z[x:b e ’xn]’
a a a a
and let
(24) X, =X, = (X=X)CA}?

Then X, is an integral model of X, and, in fact, &} is the Zariski closure of X, in Ay If

X = X—(X = X) (e.g. when both X, X are affine), then ¢, induces an isomorphism X xzZ[1/a]
X, Xz Z[1/a).

Proposition 2.3. Let X be as in the beginning of §2.2 and let 6x : X(A) — Roq be a locally
constant, not identically zero function. Then the following properties are equivalent.

(i) The variety X is Hardy-Littlewood with density dx ;

(i) For any quasi-affine integral model X C Al of X, for any connected component By, C X (R)
and for any congruence neighbourhood ij(f, l) of X, we have

I

(25) Nx(Bo x BY @D ~ Sxdm®, T - oo
Buo(T)xBY (€1)

3The inner bar denotes the Zariski closure in Ag, and the outer bar denotes the closure in A7.
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(iii) There exists a quasi-affine integral model X C Al of X such that, for any connected
component By, C X(R) and for any congruence neighbourhood B;‘(f,l) of X, the formula (25)
holds ;

(iv) There exists a quasi-affine integral model X C Al of X such that, for any connected compo-
nent By, C X(R), and for any sufficiently divisible a € N;,,go (depending on X ) and any congruence

neighbourhood BX“ (&,1) of X, with BX“ (&,1) C X,(Z), we have

X
5Xadm e,

(26) Ny (Guz(Bo) % BI€ST) ~ [ )
¢)a,R(Boo(T)) XBf e (f,l)

where Ox, 1is the locally constant function d0x o o' + X4(A) — Rsp.

Proof. The implications “(ii)=-(iii)” and “(ii)=-(iv)” are evident, and “(i)=-(ii)” just follows from
definition.

For “(iii)=(i)”, we need to show: for any connected component B,, C X(R) and any compact
open subset By C X(Ay), the formula (2) holds. Let X be as in the assumption satisfying (25).
Since By is compact, there exist finitely many congruence neighbourhoods B?‘/ (&, l),1 <i<r
of X such that By = U]_ 1BX (&,1;). We can choose a sufficiently divisible Iy € N (depending
on X and By) with JT;_, l; | lo such that each B (&;,1;) is covered by finitely many congru-
ence neighbourhoods B 7 (fj,lo) of X. Since any two such neighbourhoods B}Y (&,1p) are either
equal or disjoint, therefore we conclude that there exist finitely many congruence neighbourhoods
Bf (&, lo),1 < k < 1’ such that By = T, Bf (& 1o). Hence, assuming that (25) holds for all
adelic neighbourhoods B, % B}Y(fk, lo),1 < k<71’ then as T — oo,

,,J

Nx(Bo % Bj;T) = ZNX(Boo x Bf (&, 10); T)

NZ/ 5)(de

fk lo)

= / 5)( de
B (T)x By

This proves (2), whence X is Hardy-Littlewood with density Jx.

Now we prove “(iv)=-(iii)". Let X be as in the assumption. We may assume X = X = (X — X),
which does not affect the definition of X, (24). Let ay € Ny (depending on &’) be such that
the assumption of (iv) holds for every X, with ay | a. Now for any congruence neighbourhood
BF(&,1) of X, we can find a; € Ny (depending on By (£,1)) with I | a; and ag | a; such that

bq,(§) € Hp”.)(_al( »). Note in particular Hpﬂ_al( Z,) # @ by the definition of B (&,1). Then it
is clear that X, (Z) # @, BX‘” (o, (€), al) C Xy, (Z) is a congruence neighbourhood of X,,, and ¢,

induces an isomorphism B, X Bf (&,1) = ¢, r(Bso) X X“’ (o, (&), ail). Therefore since ag | ay,
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applying (26) to ijal(qﬁal (&), ail), as T — oo, we have

Nx(Bso % BF(€.1);T) = Nx,, (60, 2(Boc) X B} (60,(6), arl); aiT)

~ / X 5Xﬂl deal
(¢al ,]R(Boo))(alT)XBf “ (¢al (f)vall)

= / (SX de .
Boo(T)xBF (€,0)

This proves (25) for the integral model X'. O
We end this subsection by the following lemma which will be helpful later.

Lemma 2.4. Let X be as in the beginning of §2.2. Let §x : X(A) — Rxq be a locally constant
function. Then we have:

i) For any connected component By, C , Ox|Bxx(a,) factors through a locally constan
) F ted t B X(R), dx|B.oxx(a,) factors th h a locall tant
function dp__ : X(As) — Rxg. In particular, for any compact open By C X (Ay), we have

(27) / by dm* = X (Boo(T)) [ 6. dm.
Boo(T)x By

By

(it) Keeping the notation in (i). For anyly > 2 and any compact open subset By C [, X(Qp),
and for any quasi-affine integral model X of X, on writing

(28) B}, = Bo x [[ X(Z,) C X(Ay),
pflo
there exists l; € Ny depending only on Be, By and X with ly | Iy such that, 6300\3550 factors
through the projection By — Bo X [ L, yuy X (Zp).
Proof. (i) is clear because dy is locally constant and B, is connected.
We now prove (ii). By the same arguments for the proof of “(iii)=-(i)” of Proposition 2.3,

there exists an [; € Ny depending only on B, and X with Iy | {; such that, the compact set
By x [y, X(Zp) is a finite union of open subsets of the form Bf (&, 1), and the locally constant

7

function dp,, obtained in (i) is constant on each By (&, l1). Therefore op, | BY, factors through
Bo X [T ptto X (Zyp), whence the statement of (ii). O

2.3. Effective equidistribution with error terms. Let X be as in §2.2 with a fixed integral
model X over Z. Fix ly € N, an integer (depending on &) such that X xz Z[1/ly] is smooth with
geometrically integral fibres over Z[1/ly], and that HWO X(Z,) # @. In the following proposition,
we shall consider (30) as an effective version of the asymptotic formula (25) with an explicit uniform
error term.

Let us first introduce some more notation. For any integer [ > 2 with ged(l,ly) = 1, the residue
map

(29) U= [[*@) = [[x @) = x(2/1)
|l |l pll

is surjective by Hensel’s Lemma. Therefore, for any subset S C X(Z/I), the set ¥, *(S) C
[1, X¥(Zy) is compact.
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Proposition 2.5. Let dx : X(A) — Roq be a locally constant, not identically zero function.
Assume that for By C lelo X(Qyp) a fixred compact open subset and By, C X(R) a fized connected
component, there exist ox = 0 and 0 < By < 1 such that for any congruence neighbourhood

B}Y(ga l) C B}Y,o (cf. (28)), we have
30 Na(Box B - 5 dm® +0(17 mX (Bos(T))~),
o (T) X BF (£,0)

where the implied constant of (30) may depend on Be,, X, By but it is independent of I and . Then
for any integer 1 > 2 with ged(l,1ly) =1 and any subset S C X(Z/1), we have

(31) Nx (B X Bj{o(s,l);T) = / Sx dm™ +O(#S - 17% - m%X (B (T))' P*)
Boo(T)x B (S.0)

where we write
(32) Bf,(S,1) == By x U7 (S) x [ [ X(Z,) € X(Ay),
phlol
and the implied constant may depend on Bs,, X, By, but it is independent of | and S.

Proof. Since By is compact, as in the proof of Proposition 2.3 (see also the discussion after Defi-
nition 2.2), we can choose an integer /; (depending only on By, X') with the same prime factors as
lo and finitely many congruence neighbourhoods (B}Y (&, 11))ier of X such that

(33) By =By )
el p‘lo
Now let us fix [ > 2 with ged(l,ly) = 1 and S C X(Z/l). For every 5 € S, we fix a lift
s € U ({3}) C [1,; X¥(Zy,). Then for such s and any i € I, we have & x s € J[,;,, X(Qp), and

Bf (& x s,111) is a congruence neighbourhood of X'. Moreover, thanks to (33), we have

By (S.)= [ Bf(& xs.hl).

iel,seS

Hence the formula (30) implies

Nx (Boo X BJffO(S, );T)= Z (/ Sx dm™ +O((1,1)7* mfo(Boo(T))l—Bx)>
oo (T) X B¥ (&;x8,111)

i€l,seS
- / Ox dm™ +O@L - 38 + (W)™ mZ(Boo(T))' ),
oo (T)x B (S)0)

Since #1, {1 only depend on By, X', the desired formula (31) then follows, where the implied constant
is only allowed to depend on B, X, By. O

2.4. Two applications of effective equidistribution. Let Z C X be a closed subset with
codimx(Z) > 2, and let U := X — Z be the open subset. Let Z be the Zariski closure of Z in X
as an integral model of Z and let U := & — Z be the integral model of U. By Proposition 2.1, the
restriction mY := m¥ | is well-defined as a normalised Tamagawa measure on U(A).

Our first application of Proposition 2.5 consists in comparing the counting function of integral
points on X’ lying in &/ modulo any p < M, p 1 ly, with the Tamagawa measure of the corresponding
adelic neighbourhood of U(A), when M is sufficiently large. We shall make use of this result in
the deduction of (APHL) in Theorem 3.1.
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For any integer | > 2 with ged(l,ly) = 1, recall (29) and take U(Z/l) C X(Z/I). Then
(34) v uUz) = [Juz,

pll
because W (U(Z/p* V) = U(Z,) for every p | 1. * For any M > 2, we note
(35) Puw =[] »
Mlo,p<M
Hence with the notation (32),
Bfo(“(z/mM,lo)7$M7lo) = By x \Ijl_l(u(Z/mMJo)) x H X(Zp)

p=M

=Byx [[ uz,)x[]xz,)

ptlo,p<M p=M

(36)

Corollary 2.6. Under the hypothesis of Proposition 2.5, we assume moreover By C ], U(Qy)
and HMO U(Z,) # 2. Then, for any M > 2 sufficiently large, we have

NX(BOO X B])”fo(u(z/mMJo)?{’BM,lo); T)

— ox+dim(X) X 8 ( ( ))
_/BU(T)XB? Sx|vdmY +0O <q3Mlo m2 (Bao(T))* X+—Mcod1mX(Z) -,
oo 0

where BY, C U(Ay) is defined analogously to (28) in terms of U,
(37) BI(T) = Boo(T) NU(R),
and the implied constant may depend on Bs, Bo,U, X but it is independent of M.

Proof. On applying Lemma 2.4 (i) to dx, let 5 : X(Af) — Ry be the factorisation of x. Using
(27), we then consider

e U(Z/Bars)) = / 5x dm* = m¥ (B (T)) / 55, dm?,
Boo(T)X B o (U(Z/FBar,19):Bar,ig) FoU(Z/Bar10)B,10)

and

(38) ]u Z:/ (Sx|Udm =1m (BU(T))/ 5BOO|Udm§{.
BY(T)xBY, BY,
The formula (17) shows that
m3(Boo(T)) = mi (B (T)).
Our goal is to compare the finite part integral in Ix(U(Z/Bry,)) with the one in Iy.
We apply Lemma 2.4 (ii) to the locally constant function dp_, and let [; > 2 (depending only
on By, By, X) be an integer satisfying (ii) for B, and By. We take M; > 2 (depending only on
By, By, X) such that p > M; = p { [; (for example, we can take M; = [; + 1). Then, for any

M > M, when restricted to B}i‘fo, 0p,., factors through a locally constant function

(39) 0y By =Box [ X(Z)— R,
p<M,pflo
“Indeed, any Z/p’“ﬁ(l)—point, say P, can be lifted to a Z,-point P of X, by Hensel’s lemma. Let P be the image

of P in U(F,). Then since the open set U contains the closed point P of Spec(Z,), U must contain its generic point,
and therefore P € U.
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ie., 0p, |B;c0 is the composition of 3 with projection By, — By, Therefore thanks to (36), on
defining B, := By x Hpﬂop<MU(Z ) C By, we have
Bfo( (Z/Brio)s Bary) = M X H X(Zy), B?,o = B(%{,M X H U(Zy)
p=M p=M
On defining moreover the measures
myy = A H )\;lm;(, and mY, :=m) |y,
p<M

on respectively [],_,, X(Qp) and [],_,, U(Q,), and using (39), we can now compute:

p<M

Le@U(Z/PBus,)) = w2 (BolT)) (/B de>(HA m >>>,

p=M

Iy = Y (BY(T)) ( /. 5Mw|Udm$) (H A;lmngp))).

0,M p=M

and

By definition,

(40) / Sy de—/ o |odmf; .
BY BY

0,M 0,M

It remains to compare the infinite products. According to (19) as in the proof of Proposition 2.1,

it M > My, on writing c, := iigg;’;
1 1
H (1 + CP) = exp Z 10g(1 + cp) =1+0 Z pcodimX(Z) =1+0 Mcodimx (Z2)-1 | °
p=M p=M p=M
We also deduce from (38) that I,y = O(m (B, (T))). Gathering together the computations above,

we obtain that, for any M > max(M,, M),

(41) Le@(Z/Bari)) = I [ [+ ) =1y + 0O (m) +0 (Mgifg)))l) '

p=M

The implied constants above depend only on B, By, U, X.
Finally, we apply Proposition 2.5 with

Ui=Boargy, S =UL/Bo,)-
The Lang-Weil estimate (11) for & implies
#S = #UL/PBarsy) = OBy ).
Therefore using (41), we get,

Nx(Bos % BFoU(Z/Brtso) Barso); T) = Le UL /Barso)) + OB m¥ (B (7)) %)

— I+ 0 (mtd‘m (B (1) + H) |

where the implied constant depends only on B, By,U, X. This finishes the proof. ([l

Our second application is to estimate integral points on & lying in Z modulo any single suffi-
ciently big prime. This is used in Section 4.1 for the treatment of error terms.
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Corollary 2.7. Under the hypothesis of Proposition 2.5, we have, uniformly for any prime pq
sufficiently large,

Nx(Bse x Byo(Z(Fp), po); T) = O (—mi’(B“’(T)) +pg“dimZmX(Bw(T))1—ﬂx> ,

ngdimX(Z) 00
where the implied constant may depend on Bs, By, X, Z, but it is independent of py.

Proof. We keep using the constant M; > 2 (depending only on B, By, X) in the proof of Corol-

lary 2.6 such that, dx|p_ B, is the composition of the locally constant function 63" (39) with

projection Bu, X Bfy — By, -

We also recall the constant M in the proof of Proposition 2.1 depending only on &X', U such that
that (18) holds for any p > M,. Consequently, for any such p, thanks to (34), we compute
m, (U, (2(F,))) = my (X(Z,)) — my (¥, (U(F,))

p p P p p

= m;((X(Zp)) - mX(L{(Zp))

p

_ #X(E,) - #UF,) _ #Z(F,)

pdimX pdimX ’
Therefore, by the Lang-Weil estimates (9) (10),
mff(‘l’;l(Z(Fp))) #Z(Fp> O ( 1 >
p )

- - codimx (Z)

my (X(Z,))  #X(F,)
the implied constant depending only on X, Z.
For any prime py 1 Iy, consider

Ix(Z(F,,)) = Sx dm® = m2 (B, (T)) /BX . )5300 dmjf.
£,0 P )»PO

/ oo (1) % By (Z(Fyy) p0)
Then if py > max(My, M), following the proof of Corollary 2.6 above, we have

Ie(Z(Fy,)) = m (Buo(T)) (/ ) 5%;dmﬁl)( I1 A;1m§<x<zp>>) Ao X (9, (2(F,,))

p=M1,p#po

= m (B (7)) ( |, o dmﬁl) (H A;lm;((X(Zp))> ol (210 )

0,My p=My
) o A (E(F,)
Boo(T)x B X mX (X (Zp,))
[e%S) f.0 Po PO

where the implied constant depends only on B, By, X, Z.
Finally applying Proposition 2.5 to [ := py and using again the Lang-Weil estimate (9) for Z,
we get

Nx(Bso x Byo(2(Fy,y),p0)i T) = Ix(Z(Fy,)) + OF#Z(Fy,) - p* mZ (Buo(T)' ™)

o0

moXo BOO T g im -
=0 ( pco(dimXEZ))) +p0X+d ZmX (BOO(T))l ﬁX) :
0
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This finishes the proof. O

3. (APHL) FOR AFFINE VARIETIES AND HOMOGENEOUS SPACES

The structure of this section is as follows. In §3.1 we prove Theorem 3.1 which outlines hypothe-
ses (i) and (ii) as a sufficient condition for (APHL). Then in §3.2 we show — Theorem 3.4 — the
compatibility of the hypothesis (i) with works on effective equidistribution of integral points on
nice affine homogeneous spaces which are proven to be Hardy-Littlewood (Theorems 3.2 & 3.3),
and we then state (Corollary 3.5) that to show (APHL) for such varieties it remains to establish
the geometric sieve condition. In 3.3 we prove Theorems 1.4 and 1.5.

3.1. A sufficient condition for (APHL). In this subsection, let X C Af be an affine, smooth
geometrically integral variety with a normalized Tamagawa measure m~ = m?% x mff Let 0x :
X(A) — Ry be a locally constant, not identically zero function.

We recall the morphism ¢, (22) and the variety X, (23), together with the measure m*« and

the locally constant function dx, defined on X,(A). We have seen in §2.2 that if

X = Spec (Z[l’l, ,l’n]/(f1<X),"' 7f7‘(X>))

is an affine integral model of X over Z, then the integral model X, “twisted by a € N.y" for
Xa g@ X is

(42) X, = Spec(Z[xy, - -+ ,x,]/ (a8 fi(a7'x), - -+, a8 f.(a7x)).

We observe that the condition X' (Z) # @ implies that X, (Z) # @ for any a € Ny. Note also that,
if X(Q) # @, then for any sufficiently divisible a € N, (depending on &), we have X,(Z) # @.

Theorem 3.1. Suppose that X is an affine Hardy-Littlewood variety with density 0x and X (Q) #
@. Assume that there is an affine integral model X C A}, of X with the following property: for
any sufficiently divisible a € N (depending on X ), the integral model X, (cf. (42)) satisfies:

(i) (Strong effective equidistribution condition) There exist ox, > 0 and 0 < By, < 1 such that,

for any connected component By, C X (R) and for any congruence neighbourhood Bf“ (&1) C Xa(i)
of Xa,

Nx,(¢ar(Bx) x By*(€,1);T)

(43) T — o0,

dx, d m~e +O(17%a mfo(Boo(T))l_ﬁXa),

/<z>a,R(Boo (T))x BF(&,0)

where the implied constant of (43) may depend on Be, X,, but it is independent of I and ;
(i) (Geometric sieve condition) For any closed subset Z C X with codimx(Z) > 2 and 2, :=
Z C AX,, there exist continuous functions fi, fa : Rsg = Rsg such that fi(z) = o(1) as x — oo for
i = 1,2, such that, for every connected component B, C X (R), for every M > 0,

H{X € Xy(Z) : X € du(Buo(T)), Ip > M, X mod p € Z,}

=0 ((i(M) + f2(T)) m(Bx(T))) ,

where the implied constant may depend on By, X, and Z, but it is independent of M.
Then the variety X satisfies (APHL) with density dx.

(44) T — oo,

Remarks.

(1) If X in the theorem above is strongly Hardy-Littlewood, i.e. dx = 1, then X satisfies
(APSHL).
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(2) Our formulation of (44) is compatible with currently known works on geometric sieves

27, 3, 6].

Proof of Theorem 3.1. Step I: Let us fix an open subset U C X with Z := X=U and codimx(Z) >
2. The map

By, + BY := B, NU(R)

is a bijection between connected components of X(R) and U(R), because codimx(Z) > 2. We
henceforth fix a B, from now on, which amounts to fixing a connected component BY of U(R).
Apply Lemma 2.4 (i) to dx and let 6p_ : X(As) — Ry be the resulting locally constant function
for B,,. We may assume that B, N X(Q) # &, because otherwise the assumption that X being
Hardy-Littlewood implies that dp__ is identically zero on X (A), and the formula (1) for U trivially
holds for BY, x BY, where BY C U(Ay) is any compact open subset.

Let X be as in the assumption of the theorem. For any a € Ny, we define the integral model
U, .= X,—7Z C X, for U,, where Z stands for the Zariski closure of Z in X,. Let ao € No be
such that the hypotheses (i) and (ii) hold for every X, with ag | a. Since X (Q) # &, we can find
a; € N4 (depending on X') with ag | a3 such that X, (Z) # @. In particular X,(Z) # @ for every
ar | a. We take ly € Ny with a; | [y depending only on X, U such that X xzZ[1/l,], U xzZ[1]ly] are
smooth with geometrically integral fibres over Z[1/lo], and that [, U(Z,) # @ (by the Lang-Weil
estimate (10)). We want to show that, for any a with Iy | a, the formula (26) holds for the connected
component ¢, r(BY) of U,(R) and for any congruence neighbourhood B?“ (&,1) (20) of U, inside

X,(Z)*. Upon breaking B]Lf" (&,1) into a finite number of smaller congruence neighbourhoods as in
the proof of Proposition 2.3, we may assume a | I (hence o | [), since [], Us(Z,) # @. Granting
this, Theorem 3.1 then follows from Proposition 2.3.

Step II: In the remaining of the proof, we work with a fixed X, with [y | a and a fixed congruence
neighbourhood B]Lf” (&1,0) C Xa(Z) of U, with a | ;. Recall that ¢, induces an isomorphism
Xy Xz Z[1]a] = X xz7Z[1/a] and the same holds for U,. Therefore, X, xz Z[1/l;] and U, X7z Z[1/l;]
are smooth with geometrically integral fibres. By abuse of notation, we shall drop the subscript a
in what follows.

If dx is identically zero on B, X sz?’(&, l1), since dx is locally constant, there exist compact
open subsets B; C X(Ay) such that BY(&,01) C U;B;, and dp,, is identically zero on all B;.
The variety X being Hardy-Littlewood implies that Nx (B, x B;;T) = 0 by (2) and (27), which
means that X(Q) N (Bs x B;) = @ by (1). We henceforth get U(Q) N (BY x BY¥(&,0h)) C
X(Q) N (Us(By x B;)) = @. In this case, the formula (26) trivially holds.

From now on, we may assume dx is not identically zero on By, x Bf(&;,11). Then by (17) and

(27)7

(5X\Ude—m§>(Bo)g(T))/ 5Boo’Udeg7

BY (&1,1)

() /
BY(T)xBY (€1,11)

where BY (T) is defined by (37) and the finite part integral fBM(& 1) 9B [ dm{ is non-zero.
f El
We take

(46) By = [[BY(&.h) c [[x@z,) n U@,

pll1 plla plla

SNote that U, = X, = X, in this affine setting, and X, (Z) # @ for any such a.
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so that with the notation (28),
(47) Bf (&, 1) = Bfy = Bo x | [u(z,)
pih
For any M sufficiently large such that p > M = p1{l (e.g. M > 1; + 1), by (36), we have
Ny (B, x BY (&1,10); T)
=# (U(Z) N (B(T) x Bf,))

=Nx(Bo x Bfo(UZ/Bara,), Bary,); T)
OF{X € X(Z)N B : | X[ < T,3p > M,X mod p € Z}),

(48)

where the implied constant is absolute.
Step III. Thanks to the hypothesis (i), the formula (30) in Proposition 2.5 holds for any

B (&,1) € By, = Bo x [T, X(Zp) C X(z) and the assumption of Corollary 2.6 is satisfied for
By (46) above. We therefore apply Corollary 2.6 and obtain

Nx(Bso X BFo(U(Z/Brra,), B, ): T)

. ox+dim(X) X 1-8 ( ( ))
= Ly, Bl 0 (s m (o) + TEE)
oo 7,0

Furthermore, applying the hypothesis (ii) to the error term in (48), we obtain
(49) Ny(BY x BY(&1,0);T) = / Sx |y dmY + Er,
BY (T)x B

where

Br = 0 (5w (B0 4 = Z= T (1,00 + ) kBT,

and the implied constant depends only on B, X', Z as well as By which is in turn determined by
(517 ll) and U.

As we assume that X is Hardy-Littlewood, mX (B (T)) — oo as T' — oo by definition. Take
M = nlog(mX (B (T))) (a fortiori M — oo), where n > 0 depends only on B, X,U, so that

‘Bﬁ:dlm < exp ((O'X + dim(X)) Z logp) < mfo(Boo(T))BTX

p<M

Therefore the hypothesis (ii) implies that

Br—0 (mng(T)y—ﬂf T 10gcodim3?ﬁ§(g§ 23300 Ty U osmX (B (1)) + £(1) m§i<Bm<T>>)
—o(m (B (T))).

Returning to (49) and recalling (47), we obtain finally
No(BY x Bl(e 1) 1) = [ bxly dm +o(m¥ (Bu(T))), T oo,
BY(T)xBY (€1,01)

where the implied constant depends only on B, X, U, (&1,11). Finally taking (45) into account,
we obtain the equivalence (26). The proof of the theorem is thus completed. O
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3.2. Affine homogeneous spaces. In this article we consider homogeneous spaces of the follow-
ing two types.

Type I: nice algebraic groups. By convention, we call G a nice algebraic group if G is a
semisimple simply connected Q-simple linear algebraic group over Q with G(R) non-compact.
We fix faithful representation G — SL, . We consider in this way G as a closed subvariety of
SLn,q C Ag, and we use euclidean norms from A&z. According to [31, §2.2|, G is endowed with
an invariant gauge form, to which we can associate a Tamagawa measure m“ = mg x m§ (with
convergence factors (1)) as a unimodular Haar measure on G(A). The measure m® induces a

(finite) Haar measure m$ on G(A)/G(Q). For every lattice I' of G, i.e., I is a discrete cofinite

r

« on the locally compact

subgroup of G(R), the real part m% induces a (finite) Haar measure m
topological group G(R)/T". Appealing to works |25, 17|, we have

Theorem 3.2. Nice algebraic groups are strongly Hardy-Littlewood.

Proof. Fix any such group G. We firstly infer from [25, Theorem 1| and [17, Theorem 2.7| that
m% ({x € GR) : ||x|| < T}) = oo as T — oo. Y Secondly, |25, Theorem 2| and [17, Theorem 1.2]
show in particular that for any zo € G(Q) and any irreducible lattice T,

1
50 el xp: KT}~ ————
In order to establish the strongly Hardy-Littlewood property, according to Proposition 2.3,
it suffices to prove the formula (25) for G(R) x B?(f,l), where B?(f,l) is a fixed congruence

neighbourhood of a fixed integral model G of G over Z with Q(z) # @ and § = (&) € [],,9(Zy).
Consider the congruence subgroup

Ky (1) = HKp(l) X HQ(Z), where  K,(I) := {n € G(Z,) : n = id( mod p**")},
o

pll

mé({x e GR): x| <T}), T — o0

so that

(51) BY(&,1) = Kp(1) - (¢ x [ ).
pi
We shall follow the strategy of the proof of [4, Theorem 4.2]. Let K(I) := G(R) x K¢(l) and
I'({) == K(I) N G(Q). Then I'(l) is a lattice of G(R). Since G(R) is non-compact, the strong
approximation theorem (cf. e.g. [8, Theorem 1.1]) implies that K (1) - G(Q) = G(A). We therefore
have (cf. [4, 4.5])

mg (G(A)/G(Q)) = mg (K (1) - G(Q)/G(Q)) = m(G(R)/T (1)) m§ (K(1)).

q
The left-hand-side is the Tamagawa number of G, which is proved to be 1 (cf. e.g. [4, p. 58]). We
therefore conclude that

(52) m (G(R)/T (1))~ = mf (K(1)).

Moreover, G(Z) is dense in G(Z). So we can choose zo € G(Z) such that zo = ¢, mod p*® for
every p | [. Since G is Q-simple, the lattice I'(l) is irreducible. We now invoke (50) for I'(), and

6In fact they give asymptotic formulas.
"To obtain this, we can invoke for example the limits in [25, Theorems 1 & 2| and eliminate the term

Ti(logT)® fEnd(V) fd oo
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we obtain
No(G(R) x BJ(&,1);T) = #{y € T(1) - z0 : |7]| < T}
~m O (GR)/T () mE({x € GR) : ||x|| <T})
=mS ({x € G(R) : [|x|| < T}) mf (K,(1))
=mS({x € G(R) : [[x|| < T})mF (BY(E, 1)),
by using (51) and (52). This achieves our goal. O

Type II: nice symmetric spaces. Let G be a connected semisimple simply connected linear
algebraic group over Q such that G(R) has no compact factors. We choose an almost faithful Q-
representation ¢ : G — GL(W), where W = Q" is an n-dimensional Q-vector space, so that ¢(G)
acts on W. In this article, a symmetric space X is isomorphic to a smooth geometrically integral
Zariski closed orbit «(G) - vy of a vector vy € W, whose stabilizer H is symmetric (i.e., there exists
a non-trivial Q-involution o € Aut(G) such that H is the fixed point locus of o), connected, and
has no non-trivial Q-characters (hence reductive). In particular X = G/H and X(Q) # @. We
consider X as a closed subvariety of Af) via X = +(G) - vy C Af. We recall from §2.1 that X is
equipped with a normalised Tamagawa measure m* = mZ x m¥. The non-compactness of every
connected component B,, C X (R) and the unboundness of m%X (B, (7)), T — oo follow from e.g.
[5, Lemma 2.2 & (2.4)].

In [4, §5] Borovoi and Rudnick introduced a locally constant function

where C(H) is the dual group of Pic(H) a la Kottwitz (cf. |4, §3.4]). This function is an indicator
of adelic orbits containing rational points. That is, for every adelic orbit O of X (A) under G(A),
(cf. [4, Theorem 3.6])

5x|gA >0 Oa ﬂX(Q) 7& .

Based on works [11, 13, 14] et al, Borovoi and Rudnick show that

Theorem 3.3 (|4] Theorems 5.3 & 5.4). Symmetric spaces are Hardy-Littlewood with density 0x
(53). They are strongly Hardy-Littlewood provided C(H) = 0.

Remark. The density function dx (53) can equivalently be defined in terms of the orthogonal
locus of the Brauer group Br(X) (cf. [10, Propositions 2.2 and 2.10]). See the work of Wei-Xu
[30] for various explicit formulas in this spirit.

By convention, we say X is a nice symmetric space if either
(1) G is Q-simple;
or
(2) G = SLyg x SLy g and H is the diagonal subgroup.®

For homogeneous spaces of type (I) or (II), works |26, 17, 5] provide explicit uniform error term
estimates for counting integral points with congruence conditions. Based on them, we are now in
a position to show:

Theorem 3.4. Nice algebraic groups and nice homogeneous spaces all satisfy the hypothesis (i)
of Theorem 3.1 with respect to an arbitrary affine integral model over 7 (inside of A%Q or A7
depending on the type).

8The case (2) corresponds to affine quadrics in four variables of signature (2, 2).
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Proof. Let X be such a homogeneous space. Fix X any affine integral model of X over Z as above
and consider for any a € N, the integral model X, of X, over Z (cf. (42), which is also an integral
model of X since X, =g X). As X(Q) # @, then X,(Z) # @ if a is sufficiently divisible. Now fix
any such A,.

Now we fix B;}/“ (&,1) (cf. (20)) a congruence neighbourhood of X, where [ > 2 is an integer and
§ €[], Xa(Zp). Let € = (&), be the image of € in X, (Z/1) [T X,(Z/p*»") under the residue
map U, (29). Since X, is affine, each factor By« (¢, 1) of Bff" (&,1) can equally be defined by means
of the congruence conditions in (21).

Building on the works of Nevo-Sarnak [26, Theorem 3.2| and Gorodnik-Nevo [16, Theorem 6.1]
for Type I varieties (using (51) (52) as in the proof of Theorem 3.2), and Browning-Gorodnik [5,

Corollaries 2.5 & 2.6] for Type II varieties, there exist oy, > 0,0 < fx, < 1 such that, for any
connected component B, C X(R), we have, uniformly for any such (&, 1),

Nx,(¢ar(Boo) X Bf(&,1);T) = #{X € Xa(Z) N ¢ (Bx) : |X|| < T, for any p | [, X =& mod p»®}
= #{X € X(Z) N ¢par(Bx) : |X|| < T,X =€ mod 1}

/ b, A +O(I7% ¥ (6 5(Boo)(T))' %)
$ar(Boo)(T) X BF*(€])

dx, dm™ +O(17% mZ¥ (B (T))' ).

/M(Boo)(T)xBfa &
Therefore this confirms the hypothesis (i) of Theorem 3.1 for the integral model X. O

Corollary 3.5. Assume that a homogeneous space X = G/H in Theorem 3./ satisfies the hypoth-
esis (ii) of Theorem 3.1 with respect to a fixed affine integral model (inside of A%z or A7, depending
on the type). Then X satisfies (APHL) with density 0x (53). If moreover H is simply connected,
then X satisfies (APSHL).

Proof. 1t follows directly from Theorems 3.1, 3.2, 3.3 that X is Hardy-Littlewood with density dx.
Now let X be an affine integral model of X, and let a; € N (depending on X’) be such that
every integral model X, with a; | a satisfies the hypothesis (ii) of Theorem 3.1. By Theorem 3.4,
there exists as € Ny (depending on X') such that every &, with a, | a satisfies the hypothesis (i)
of Theorem 3.1. Therefore, X, satisfies both hypotheses whenever ajay | a, and hence X satisfies
(APHL) with density dx by Theorem 3.1. Moreover, [4, Theorem 0.3, Corollary 0.3.3| shows that
X is strongly Hardy-Littlewood, provided that H is simply connected. 0

3.3. Affine quadrics. Returning to the affine quadric Q (6). We recall that, on fixing P € Q(Q),
Q is a symmetric space under GG = Spin, with stabilizer H = Spin |p.. The group Spin, is always
Q-simple if n > 5 or n = 3, whereas when n = 4, it can happen that Spin, = SLj g x SLy g, which
is the only exceptional case where Spin, can possibly be not Q-simple ([5, Remark 2.4]). In any
case, affine quadrics with n > 3 variables are nice symmetric spaces.

Admitting Theorem 1.6, we can now prove our main theorems stated in the introduction.

Proof of Theorems 1./ and 1.5. Recall that we assume the form ¢(x) defining the affine quadric Q
(7) to be R-isotropic. The real locus Q(R) of Q is a hyperboloid. It is connected if n > 4, and it
can be one sheeted or two sheeted when n = 3 (depending on H). It follows from (8) that for any
connected component B, C Q(R), we have

m® (B (T)) < T" 2.

o0
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On the other hand, we take an integral model Q@ C A7 of the form ¢(x) = m (cf. (6)) satisfying
the hypotheses of Theorems 1.4 and 1.5. Then for any a € N, on recalling (42), the twisted
integral model Q, C A7 is defined by the equation

q(x) = a’m.

In particular —a?m det ¢ # O and hence the hypothesis of Theorem 1.5 is always satisfied for any
a € Nyy. Then Theorem 1.6 implies that the hypothesis (ii) of Theorem 3.1 holds for all Q, with

1 1
fi(z) = 2 fo(x) = NI

Therefore the statements of Theorems 1.4 and 1.5 follow from Corollary 3.5. U

4. A GEOMETRIC SIEVE FOR AFFINE QUADRICS

In this whole section, we are devoted to proving Theorem 1.6. For this purpose, let us fix for
the rest of this section the integral model Q (6) over Z for Q, and a closed subset Z C Q of
codimension at least two. Let Z := Z C Q. For any 0 < N; < N, < oo sufficiently large, let us
define

(54) V(T; N1, Ny) = 44X € Q(Z) : | X|| < T,3p € [Ny, No}, X mod p € Z}.
Thus for any M > 0,
X € Q@) |X| <T,3p> M, X mod p € Z} = V(T; M, ).

According to the range of N, Ny, we separate our discussion into three parts, in which (54) is
treated using different methods. In §4.1 we derive an upper bound for (54) valid for arbitrary
N1, Ny, which is satisfactory if we take N; growing to infinity as 7" — oo and Ny, = T with
a > 0 sufficiently small. In §4.2, on taking Ny = T Ny = T, we deal with the residues coming
from intermediate primes, by employing various Serre-type uniform bounds for integral points on
quadrics. In §4.3 we match together a generalised geometric sieve and our half-dimensional sieve
for affine quadrics so as to derive a satisfactory upper bound for the case Ny =T, Ny = co. In §4.4
we assemble these bounds together and prove Theorem 1.6.

We shall always throughout assume that —mdetq # O if n = 3. And we shall emphasise
uniformity of dependence in the assumption of all statements. Unless expressly stated to the
contrary, all implied constants are only allowed to depend on Q and Z.

4.1. Extension to prime moduli of polynomial growth. The purpose of section is to prove:

™ (n-2)(1-Ba) N
Ncodimq(Z)—l +T N2

Theorem 4.1. For any 1 < N; < Ny < 00, we have
(Bn_2)(n-1) +dimZ+1> .
1

V(T, Nl,Ng) = O (
Proof. Recall from §3.3 that we have Q = G/H, with

dim G = M

Cdimpg = D=2
2 2
Let us fix [y > 2 such that Q is smooth over Z[1/ly]. Thanks to Theorem 3.4, the hypothesis of
Proposition 2.5 is fulfilled for By := ][, Q(Z,) with exponent (cf. [5, Corollary 2.6])

(3n —2)(n — 1).
2

og=dmH +2dimG =
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Applying Corollary 2.7, we conclude that for any connected component B,, C Q(R), any po
sufficiently large with pg 1 lo,

m3 (Bx(T)) B, ox-tdim
Nq(Bso X BE(Z(Fy), po); T) < W + mE (B (T))'~Popgrtam?
0
n—2 n—2)(n—1
o (P
codimgq(Z) ’
Dy
For any p, let us now consider
(55) V(T Z2) =4#{X € Q(Z) : |X|| < T,X mod p € Z}.

Then for N; sufficiently large, summing V,,(T"; Z) over all such py’s lying in [Ny, Ny|, we get the
following upper bound for V(T'; Ny, N):

V(T; NG No) < ) V(T3 2)

N1<po<N2

= > > No(Bw x BS(Z(F,),p0); T)

N1<po<N2 B CQ(R)

Tn—2 Bn=2)(n=1) | 4
— (n—2)(1-Bq) Fdim
o Z o < COdlmQ(Z) T Q Po 2

Ni<po<N2
Tn—2
codimg(Z)—1
Nl

N T(n_2)(1_ﬁQ)N2<3n—2%(n—1>+dim ZH

<
as desired. O

4.2. Intermediate primes of polynomial range. The goal of this section is to show:

Theorem 4.2. Assume moreover that the quadratic form q is anisotropic over Q (and —m det q #

O) if n = 3. Then for any a > 0,
Tnf2
T, 7% T) =0, :
v -0, (i)

Our method of obtaining the estimate in Theorem 4.2 is to break the sum into residue classes.
For any [ > 2,£ € (Z/1)", let us consider

(56) Vi(T:€) == #{X € Q(Z) : |IX|| < T.X = mod I}

We shall separate our discussion into the cases n = 3 and n > 4. It turns out that we need
satisfactory bounds for the quantity (56) with [ = p, which are uniform respect to p and £ € Fy,
and we need to prove that the contribution from summing over all p in this range is still satisfactory,
compared to the order of magnitude 7772, Our argument is inspired by [5, §5|.

4.2.1. Ingredients. We record here a uniform estimate for the growth of integral points on quadratic
hypersurfaces due to Browning-Gorodnik. This result is also useful in §5. For g(x) € Q[z1, -+, xp]
a polynomial of degree two, the quadratic part gy of g is the homogeneous degree two part of g.
Let rk(go) denote the rank of the quadratic form go.
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Theorem 4.3 (|5] Theorem 1.11). For any € > 0, we have, uniformly for any irreducible polyno-
mial g(x) € Z[zy,--- ,xL] of degree two with 1k(go) > 2,

#H{X € Z" - ||X]| < T, g(X) = 0} = O(T" ).
The implied constant is independent of the polynomial g.

The case of L = 3 is a direct consequence of dimension growth bounds obtained by Browning,
Heath-Brown and Salberger (cf. [5, Lemma 4.1]).

4.2.2. Affine quadrics with three variables. We start by the more involved case n = 3. We first
show the following basic fact. Recall that we always assume Q(Q) # .

Lemma 4.4. The condition —mdet ¢ # U is equivalent to that Q does not contain any line over
Q.
Proof. We first note that Pic(Qg) = Z. To see how Pic(Qg) is generated, we recall that a projective

quadric surface S in P? over Q has Picard group Pic(S) = Z2. Any hyperplane section E € |O(1)|
intersects S at a conic curve C' of divisor type (1,1). So that Pic(S=FE) = Z?/Z(1,1) ¥ Z. In
particular, if the conic curve C splits into two lines, then each of them generates Pic(S = FE). See
[18, II. Examples 6.6.1 & 6.6.2].

So if we compactify Q into Q C P? and view Q as the complement of some hyperplane section
in Q, then the class of a Q-line on Q (if any) generates Pic(Q), since any Q-plane through that
line intersects Q at another Q-line. Let d := —mdet ¢ and fix P € Q(Q). Let H = (2> —dy?> = 1)
be the stabilizer of Spin, acting on P (cf. §3.3). The group G = Cal(Q(v/d/Q)) operates on
H= Pic(Qg), so that

Pic(Q) = HE.
On the one hand, if d = OJ, then the tangent plane of Q at P intersects Q at two lines over Q (cf.

[10, p. 333|). On the other hand, if d # O, by [10, p. 331], we have Pic(Q) = 0. So we conclude
that Q contains no Q-lines if and only if d # [J. O

With this at hand, recalling (56), we now show:

Proposition 4.5. Assume that n = 3. Then under the assumption of Theorem 4.2, uniformly for
any 1 < p < T and & € F3, we have

Vo(T;€) <2 (%)E <1 + ]%) .

Proof. We fix 1 < p < T and € € IFI?; in our following arguments. Either V,(T' :€) = 0, for which

the desired estimate is evident, or we can find X, € Q(Z) such that, || X,|| < 7, X, = £ mod p.
On making the change of variables X = X, + py, the new variable y € Z3 satisfies the following
equations:

oT
(57) lyll < PR Vq(X,) + pa(y) = 0.

Since X, is a smooth point of Q, we have Vg(X,) # 0. Moreover p { ged(X,), since otherwise
p | m, which cannot happen for p large enough. Since X, = £ mod p, the second equation of (57)
implies that y lies in the lattice

Fg:: {x€Z:x Vq(€) =0 mod p}
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of determinant >< p, the implied constants depending only on ¢ and m. ? Thus
v p
(58) V(T58) < MY, (T),
where
» » 2T
My d D)=y €Tyl < =5y - Vao) +paly) =07 -

We are led to bounding M} Z<T)'
20>
Choose a minimal basis L = (1;,1,13) of I‘gi such that (cf. [5, (5.3)])
(59) Ml < ol < [sfl, (T l[Iaf[[[s]] ><< p,

so that, on making the non-singular change of variables y — L-z, the new variable z = (21, 29, 23) €
73 satisfies, by (57) and [5, p. 1075],

CZ'T
Pl

(60) |zi| < 1<i<3, q(z)+z-Y,=0,

where ¢; > 0,1 < ¢ < 3 are absolute constants, and
q(z) = q(Lz), Y, =p 'LVg(X,).

Now we slice the second equation of (60) and get for each fixed integer z3 a resulting polynomial
0z € Z[21, 22]. By (60), the total number of z3 is

(61) <1+

pllsl
We first claim that for any z3 = k1 € Q, rk((gx, )o) = 2. Indeed, the quadratic part of g, is

(@1 )o = q(21, 22,0).

The latter, viewed as quadratic form in two varieties, has rank 1 (that is, rk((gs,)o) = 1) if and
only if (z3 = 0) is the tangent plane at certain point defined over Q of the projective quadric
(¢ = 0) C P2. By the assumption that ¢ is Q-anisotropic, we conclude that this is impossible,
which proves the claim.

We further claim that for any 25 = ko € Q, the polynomial g, is irreducible over Q. Indeed, if
the polynomial g, is reducible over Q for certain ko € Q, that is, it splits into the product of two
polynomials fi, fo of degree one, then (z3 = k2) N (f; = 0) defines a Q-line on Q for ¢ = 1,2 (since
the change of variables at each step above is non-singular). This is absurd by Lemma 4.4 as we
always assume that —mdet q # .

Consequently, using (60), Theorem 4.3 shows that the contribution from integral points on each
quadric (¢,, = 0) with z3 € Z is (as we assume p < T')

T
AZ,»(T) = #{(21,22) € Z* 2] < m, 1 <0 <2,q:5(21,22) =0}

=o-(1+ (ug) ) =o((5) )

9n fact det(Fg) = p for p large enough, cf. [5, p. 1076-1077].
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where the implied constant is independent of z3. Therefore, taking (61) into account, we obtain
an upper bound for M} E(T ) as follows:
20>

My (T)< D, AL(T)

e T
|28l < g7

T T\° T\° T
<<£ 1 + X - <<g - 1 + 1 3
pllsl p p p3

because |[13]| > p3 by (59). This finishes the proof, thanks to (58). O

Proof of Theorem 4.2 for the case n = 3. We may assume that Z # &, hence dim Z = 0. We then
have #Z(IF,) < deg Z for every prime p. Employing the estimate (cf. [1, Proposition 10])

(62) E L < —I_U 0<o<l1
g Y o Y
p° log X
p<X

and using Proposition 4.5, we sum over all primes in the interval [7%,T] and we get, for any
171

O<e< min(ﬁ, 50&),

V(T 1)< > > Vy(ThE)

T<p<T ez (7,
TE Tl
<(degZ) Y <—€ +— )
Tagper NP p?
T¢ x T1—# 1 T
S TR = O, .
< logT’ * ’ (log T)

We fix ¢ > 0 small enough in terms of o so that the implied constant above depends only on a.
This proves the desired upper-bound. ([l

4.2.3. Affine quadrics with at least 4 variables. Now we turn to the case n > 4. The analogous
version of Proposition 4.5 as a key input for us is the following estimate obtained by Browning

and Gorodnik.

Proposition 4.6 (|5] Proposition 5.1). Assume n > 4. Then

n—3-+e
V(T €) <. <Z> (1 + 7;)
P pr-1

holds uniformly for any prime 1 < p < T and for any € € Fy.
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Proof of Theorem 4.2 for the case n > 4. Recalling the Lang-Weil estimate (9) for Z, we infer from
Proposition 4.5 and (62) that

V(T;TT) < Y > V(T

Te<p<T gez(Ey)

T n—34¢ T
2 () ()
To<p<T p prt
Tn—3+s Tn—2+e
<e Z ( e + 1+n11+5>

Ta<p<T p
Tlfs o Tnf2
<<€Tn73+5 X — 4 Tnf2+z-: x T a1 Lo ——,
log T log T
for any 0 < ¢ < min(%, ~2-). It remains to fix € > 0 small enough depending only on a to get the
desired dependence for the implied constant. O

4.3. Treatment of very large primes. The goal of this section is to generalise Ekedahl’s geo-
metric sieve [12] to affine quadrics. Our treatment is inspired by a discussion with Tim Browning,
to whom we express our gratitude.

Theorem 4.7. Let Ny =T, Ny = o0 in (54). Then

V(T;T,00) =0 (Lzl> .
(log T)’

Proof of Theorem 4.7. Up to a change of variables, we may assume that the Z-integral model Q
is defined by a diagonal quadratic form:

(63) S aa? = m.
=1

This may affect (54) via a different choice of equivalent height functions in terms of the form g,
which is clearly negligible. We may assume that a,_; - a,, > 0. By multiplying —1 to the equation
(63) if necessary we can assume that both of them are > 0. We can furthermore assume that
a, = 1, and all other a;’s are square-free integers, and we write from now on a,,_1 = a > 0.

Next, upon enlarging the subvariety Z C Q of codimension at least two, we can assume that

(64) Z=Qn(f=g=0)CA}

where the two polynomials f, g satisty f € Zlxy, - ,z,_1],9 € Z[z1,- -+ ,x,_2]. Consequently,
assuming (64), then there exists [y € N, depending only on Q, f, g such that

Z[l/lg][xl, T ,.Clﬁn]
2?21 aiZL'? —m, f> g

In order to verify (64), let us consider the maps pr; : A" — A" ! pr, : A1 — A"2 and
pry = pryopry, the first (resp. second) being the projection onto the first (n — 1) (resp. (n —2))
coordinates. Since dim(Z) < n — 3, its image pry(Z) has codimension at least one in A 2.
Therefore we can choose g € Z[zy, -+ ,x,_9] such that pry(Z) C 7/ := (¢ = 0) C A&_Q. On
the other hand, since the map pr, |q is affine and finite, the closed subset pr,(Z) C A&’l has
codimension at least two, and pr,(Z) C pry (Z') = Z' x A}, the latter being of codimension one

(65) Z X7 Z[l/lo] ~ SpeC ( ) C Q X7 Z[]_/l()] - A%[l/lo}'
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in A", We can choose f € Z[zy,--- ,2,_1] such that pr,(Z) C (f = 0) Npry'(Z’). This gives
Z CcQn(f=g=0)CAp. Note that this above procedure may also be reformulated using the
classical elimination theory.

Case 1. First of all we recall Bhargava’s [3] quantitative version of Ekedahl’s geometric sieve

[12].

Theorem 4.8 ([3] Lemma 3.1 & Theorem 3.3). Let ¥ C AL be a subscheme such that the generic
fibre Yo C Aé 15 of codimension k. Then for any M >y 1,

(1) #HX e Y(Z) : |X[| < T} = Oy(T*);
(2) #{X € Z" : 3p > M, X mod p € YV} = Oy (T— n TL—k+1).

MFk=1log M

We are going to consider three conditions under which we can reduce the problem to the affine
space A"~? via the fibration pr; |g and adapt Theorem 4.8 to get satisfactory upper bounds. If f
is constant in the variable z,,_1, then Z = (Y] x A?@) N Q where

Vi=(f=9g=0)CAy”

is of codimension two. Otherwise, if f is non-constant in z,_;, denote by h € Z[zy, -, x, 2]
the leading coefficient of f in x,_; and write f = ha¢_; + f’ with ¢ > 0 such that the degree of
f'in x,_4 is strictly less than c. If codimAaa(g = h = 0) = 1, we consider all the irreducible
(reduced) components of (¢ = 0) C A%‘Q, each defined by one of the polynomials g1, -, gk
say. Then either codim%fz(gi =h=0)=2o0r (¢ =0) C (h=0). In the first case we let
Z; = (f = g; = 0)N Q. In the second case we have (f = ¢, = 0) = (f' = ¢g; = 0) C A}, and
we therefore let Z; = (f' = ¢; = 0) N Q. So that Z C UF_,Z; (this amounts to enlarging again
Z). Thus upon replacing f by f’, considering its respective leading coefficient in xz,,_;, and finally
analysing each component Z;, we may assume that the subvariety

Yoi=(g=h=0)C A}

satisfies codim %72()/2) = 2. We then define
(66)
V1 :=Spec (Z[xq, - ,xn-2]/(f,g)) C Ag*, and Y, := Spec (Z[z1,- -+ ,x,_2]/(g9,h)) C A%’2

depending on whether f is constant in x,,_; or not.
We now extract the set B, consisting of X € Z"~? satisfying at least one of the following
conditions:
e g(X)=0;
e the polynomial f is constant in x,_; and there exists p > T, X mod p € Y;
e the polynomial f is non-constant in z,_1, and there exists p > T such that p | g(X), and
f(X,x,_1), as a polynomial in z,,_1, is € pZ[x,_1]. In particular this implies p | h(X) and
thus X mod p € ).

On rearranging the contribution from V (7'; T, 00) by fixing the first n — 2 variables and summing
over integral points on the fibres of pry|g, we introduce the quantity

Vi(T;T,00) 1= #H{X = (X1, , X0n) € Q(Z) : | X[ < T, (X1, -+, Xn2) € B}
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to bound the overall contribution from the subcases above. Then we have

V(T;T,00) < Y Hi(X)

IX[I<T:XeBy

< o1+ > 14 > 1| Hi(X),

XezZ" 2| X||I<T (if f is constant in zp—_1) (if f is non-constant in xn,—1)
9(X)=0 Xez" 2| X||I<T Xez" | X|<T
Ip>2T, X mod pEY: Jp2T, X mod pEY>

where for any X € Z"2,

n—2
Hy(X) = #{(u,v) € Z* : v* + av®* = m — Zain}.
i=1
We have clearly H(X) = O.(7¢) uniformly for any ||X| < 7. As for the three sums in bracket,
one uses Theorem 4.8 ((1) applied to the the closure in A%? of the codimension one subvariety

(9 =0) C A&‘Q for the first sum, and (2) applied to Vi, Y, C AZ"? in the remaining two sums),
and gets

n—2

TlogT

(67) Vi(T;T,00) = O (T“’ + + T”3> x 0.(T%) = O.(T"=3+).

Case 2. Let us consider from now on the set By of X € Z"~2 satisfying all of the conditions
below:

e 9(X) #0;
e for any p > T, f(X,x,_1) mod p is a non-zero polynomial in z,_;.

To give an upper bound for the overall contribution from Case 2, we define the quantity V5(7'; T, 00)
as

HX = (X1, X,) € Q(Z) : |X[| < T 3p =T, p | ged(f(X), 9(X)), (X1, -+, Xn2) € Bo}.

We clearly have
%(T;Ta OO) < Z HQ(X)v

XeB: | X|ILT

Ju,vEZu+avi=m— ?:_12 a; X?

where for any X € Z" 2,

n—2
Hy(X) := Z Z #{2€Z: 2> =m—ay® — Zain}.
pp2T yeZ:|y|<T i=1

plg(X) plf(X,y)
Under the assumption that X € By, we have,
Y 1=0(degy),

p:p=2T
plg(X)#£0



INTEGRAL POINTS ON AFFINE QUADRICS 31

because g(X) # 0, and ¢g(X) < 799, so the number of primes > T dividing g(X) is < degg.
Moreover, uniformly for any p > T,

T
Z:1<@%ﬁ<—+020@%ﬂ
YEL:|yY|<T P

plf(X,y)

because f (X, x,_1) mod p is a non-zero polynomial in z,,_; and hence has at most deg f roots over
F,. Hence all implied constants above depend only on the polynomials f, g, that is, the variety Z.
So

Hy(X) < O(1) x O(1) x O(1) = O(1).
Returning to the error term Vo(7; T, 00). The bound for Hy(X) results in
Va(T'; T, 00) < #C(T') x O(1),

where

n—2

C(T) ={XezZ?:|X||<T.IuveZv’+a’=m-> aX}.
i=1
We are reduced to bounding #C(T"). For this we appeal to Theorem 1.7, whose proof will
be given in the next section, by setting Q(x) = m — S.1— 2 a;2? and Qq(y1,92) = y? + ay3. If
n > 4, then the affine quadric (Q;(x) = 0) C A2 is clearly smooth. When n = 3, the condition
—mdet ¢ # [ is equivalent to the stated one in Theorem 1.7. So all assumptions of Theorem 1.7
are satisfied. We thus obtain
Tn—2

(68) Vo(Ti T, 00) < #C(T) € ———.

(logT)2

Finally, thanks to (65) and the construction of Yy, Y, (66), when T > [y, we obtain the inequality
V(T;T,00) < VI(T;T,00) + Vo(T5T, 00).

Therefore, the bounds obtained in Case 1 (67) and in Case 2 (68) complete the proof. O

4.4. Proof of Theorem 1.6. Keeping the notation in Theorems 4.1, 4.2, 4.7, it suffices to choose
an appropriate parameter o to make these error terms satisfactory. We therefore let a > 0 satisfy

Bq(n —2)

I<ax< ,
B2 4 dim Z 41

so that

(3n —2)(n — 1)
a< )

If M < T, then with the choice Ny = M < Ny =T in Theorem 4.1, we have

+dimZ—|—1)+(n—2)(1—ﬁQ)<n—2.

T2 n—2)(n— )
V(T; M, T*) = Oup (W + Ta((3221>+d1mZ+1)+(n2)(15Q)) .
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Therefore, we finally obtain, since codimg(Z) > 2,
V(T; M,00) <V(T; M, T%) + V(T;T*,T) + V(T; T, 00)

Tn—2 (Bn=2)(n—1) | 1. o -2 T
:O m —+ Ta(f-‘rdlmZ-f—l)_Hn 2)(1-8q) " L 1
e logT" (logT)>

_0 Tnf2 N Tnf2
o M codimq(Z2)—1 (lOg T)% ’

If M > T, then

Tn—2
V(T; M,00) < V(T;T*,T)+ V(T;T,00) = O (—) )

(logT)2
Tn72 Tnf2
M codimq(Z)—1 =0 (log T) % ’

This finishes the proof of Theorem 1.6. 0

This is also satisfactory because

5. A HALF-DIMENSIONAL SIEVE FOR AFFINE QUADRICS

The goal of this section is devoted to proving Theorem 1.7. Our strategy is based on an upper-
bound version of Brun-type half-dimensional sieve, developed in works [19, 15|. This is recorded
in §5.2. Keeping the notation in Theorem 1.7, let us fix throughout this section a quadratic
polynomial Q(x) € Z[z1,- -+ , x|, and a primitive positive-definite non-degenerate quadratic form
Q2(y) € Z[y1,y2]. Let Dg, be the discriminant of the form (3. We have Dg, < —3. In §5.1 we
collect some well-known facts about representation of integers by primitive binary quadratic forms
of negative discriminant. We shall give full details of the proof of Theorem 1.7 for the case L > 2
in §5.3, and we indicate necessary modifications in §5.4 for the case L = 1, which is a classical
result going back to Bernays [2] (see also [15, p. 2 Remarks 2 |).

5.1. Representation by binary quadratic forms. Let us define two arithmetic functions b(-)
and b*(-), characterizing integers represented by the form Qs (u,v). First define

oo (22) -1}

where <5> is the Legendre symbol of modulus p. For n € 7Z, let

1 ifd Zion = :
(70) b(n) = i u,v'e ;= Qa(u,v);
0 otherwise,
and
1 if :
(71) b (n) i Vp [ n,p & Pou;
0 if3dpePg,pln.

Fix n € Nyj. We recall that (see for example [21, Lemmas 1 & 2]), if there exists p € P, such
that n = p**'m, with k € N,m € N, ged(p, m) = 1, then b(n) = 0. So, if b(n) = 1, then for
any p € Pg,,p | n, there exists k € N, such that p?*|[n. We conclude from this analysis that if
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b(n) =1 then b*(n/r) = 1 with certain perfect square r dividing n, whose prime divisors (if any)
are all in Pg,. The function b* is clearly multiplicative, however it is not the case for b in general.

5.2. The half-dimensional sieve. Let A = (a;);c; be a finite sequence of integers indexed by I.
For any r € Ny, let A, be the subsequence consisting of elements of A divisible by . That is,
A, = (a;)ier, with I, = {i € I : 7 | a;}. Let P be a subset of prime numbers. For any z > 1, define
the sifting function

S(A,P,z) :=#{i eI :ged(a, H p) =1}

p:pEP
<z

We will employ the following version of the half-dimensional sieve due to Friedlander and Iwaniec.

Theorem 5.1 ([19] Theorem 1, [15] Lemma 1). There ezists a continuous function G : |0, co[—
R<o such that, for any multiplicative arithmetic function p satisfying

e 0 < p(p) <p for any p € P;
o there exists K > 0 such that

1
(72) Z Mlogp—ﬁlogx <K
mpir P p(p)
p<x

for any x > 2,
we have, for any y,z > 2,

S(AP.) <4 (G 0+ Draliogn) ) TT (1-22) ¢ X anc)

p:pEP p d<y
p<z pld=p<z,peP
where | p
0
= BY N A= D), B = A AN
0g z d

and D, > 0 depends only on K, w.

5.3. Proof of Theorem 1.7 for the case L > 2. With the notation in §5.1, our ultimate goal
is to deduce the desired non-trivial upper bound for

(73) > (X))
Xzl X||<T

via applying Theorem 5.1 to S(A, P, z) with appropriately chosen p, A, P, z. Firstly it is convenient
to deal separately with the X’s with ();(X) = 0, because b(0) = 1 but b*(0) = 0. For this we use
the evident upper bound (Theorem 4.8 (1))

(74 B(T) = #{X € 78+ |X| < T, Q) (X) = 0} < T+,

Now the discussion in §5.1 shows that

(75) db@X)<BD)+Y Y b (QuX)/r),
XeZl:||X|I<T T XezZb | X||<T
r|Q1(X)

where the sum with superscript * means that r is restricted to all non-zero perfect squares whose
prime divisors are all in Pg, (69).
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We consider the sequence
A(T) == {Q1(X) }xezr:x||<7-
For r € N, we define the subsequence
A(T), = {Q1(X)/r}xezrx <1
r|Q1(X)
Consider the arithmetic multiplicative functions w, g, defined for N € N, by

(76) W(N) = #{£ € (Z/NZ)* : Q1(§) =0 mod N}, o(N) := ;‘(f(ﬂ

Then w(N) <. Nt We have, by the Chinese remainder theorem, that for any N € N,
#AT)y = #{X € Z" - |X]| < T.7 | Qu(X)}
= > #yeWn):|y+¢|<T}

¢c(Z/NZ)E
<77> Q1(¢§)=0 mod N

= w(N) (% + 0(1))L .

By assumption, the affine variety (Q; = 0) C Aé. Then there exists ly € Ny such that the affine
scheme Spec (Z[xy,--- ,z1]/(Q1(x))) is smooth over Z[1/ly] with geometrically integral fibres. So
by the Lang-Weil estimate (10), for any p 1 [y, we have

o(p) =1+ 0(p~3).

Let us define

(78) Po, = Pa, —{p: o(p) = p}.

Since there are at most finitely many primes p satisfying o(p) = p, the primes in the set Pg, have
the same density as those in Pg,, namely one half (amongst the prime residues modulo 4Dy, with
Dg, | Dq, such that Dy, is square-free and Dq,/Dq, is a square (cf. [29, VI. Propositions 5 &
14])). With these notions, for any r € N4, A > 0, one has

(79) > b (QiX)/r) < S(AT),, P, T) < S(A(T),, Ph,, T7).
XeZl:|X|<T

We next claim that it sufﬁces to deal with sufficiently small r’s in (75), more precisely r < T
for certain 0 < v < Ay := J-. Whenever there exists r = ¢* | Q1(X) # 0 for some ||X]|| < T, we

always have r < |Q1(X)| < T2 in other words, ¢ < /|Q1(X)| < T, and so by (77),
L
2 T
#HAT) e < w(q”) x ((—) + 1)

¢
T L
< (PHF e x ((—2) + 1)
q
TL
<<€ + q2L—2+e'

q2—5
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Therefore the contribution from all r € [T, T**242] is

(80)
Z Z b*(Q1<X)/T) < Z #A(T)q2 <. TL-3+e _._TLfAL%s < TL—3+e
re[TV, T 241 XeZ || X||<T ge[T? T3 +AL)
7|Q1(X) '

This is satisfactory compared to the expected leading term \/7 Next, for

(81) TWL o p « T? & T2H0 < g < T,

we regard the (L + 1)-tuple (X,q) = (X1, -+, Xz,q) € ZE! as an integral point on the affine
quadric
Qs(x,2) : (Q1(x) — 522 =0) C AMT

where s is an auxiliary integer parameter satisfying 0 # s < T'~22L thanks to the preassigned
bound (81) for ¢ and the fact that if @1(X) = 0 then b*(Q1(X)/r) = 0 for any r € N5. We
want to insert the uniform upper bound estimate in Theorem 4.3 for the quadrics Q4(x, z) with
s # 0. Recall that we assume L > 2, so 1k(Q;)o = 2 whenever s # 0, and moreover the quadratic
polynomial @Q;(x) — sz? is irreducible. Since otherwise Q;(x) — s2% = (812 + A1 (X)) (822 + Aa(x))
and this would imply that Q;(x) = A;(x)As(x), a contradiction to the assumption that (Q; = 0)
is smooth. So the hypotheses of Theorem 4.3 are satisfied. We conclude that the contribution of
such r’s satisfying (81) is
(82)

2. Yo @XM < Y HX g eZ (X g < T.Qu(X, q) = 0}

TIT2AL <rgT? XEZl: || X||KT O0#s<TI—2AL
r1Q1(X)

§ : L+1-2 L—2A
<<e T + +e < T L+€.
S<<Tl—2AL

This is also satisfactory and proves our claim. Gathering together (75) (79), equation (73) now
becomes

(83)
> b(QiX)) < Z > (@ Z > b (QuX)/7)
XeZb:||X|<T r<T7 Xezl:||X||<T r2T7 XeZl: || X||<T
r|Q1(X) r[Q1(X)
ZS T),, Py, T?),
r<TY
where

By(T)=BuT)+ ) Y — b(QuX)/r)=0(T""%%)
r>T7 Xerl X <T
r|Q1(X)
according to (74) (80) (82), and 0 < v < Ap, A > 0 are to be chosen later. Everything now boils
down to the estimation of S(A(T),, Pp,, T*).
Our task is to apply Theorem 5.1 to each A(T'),. For this purpose we fix € Ny If w(r) =0
then the subsequence A(T'), is empty. We therefore assume from now on that w(r) # 0. By taking
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a crude estimate on the error term of (77), we get
(84) A, = #AT), = #(QT)L + Ottt

We define arithmetic functions

wr(N) = on(N) := w.(N) _ o(rN)

=N Q(T’) , NEN;,AO.

Let us now verify that the functions w, and p, are multiplicative. Indeed, for any N € N,, we
factorize N = Ny Ny, r = rire such that ged(r1 Ny, 79No) = 1. Then

7’17"2N1N2) _ (JJ(?"lNl)CU(T'QNQ)
w(rirs) w(r)  w(rg)
_ w(r1Ny)w(rg) w(reNo)w(ry)
w(rw(ry) — w(ra)w(r)
w(rNy) w(rNy)
= = r N r N .
w(r)  w(r) or(NyJuor (V)
By Hensel’s lemma, for any p { Iy and p | 7, one has w(pr) = w(r)p’~!, and by the Chinese
remainder theorem, for any p { r, w(rp) = w(r)w(p). Hence

() (o) = {g(p) itptr;

1 ifp|r.

wp (V) = X

This implies o,(p) =1 + O(p_%) uniformly for any prime p and any r € N, so by Mertens’ first
theorem on arithmetic progressions (cf. e.g. [20, Theorem 2.2]), the hypotheses of Theorem 5.1,
in particular (72), are satisfied for the arithmetic function o, and the set Py, uniformly for any r
(that is, the remainder term K in (72) depends only on @1, Qs and is independent of 7). Next we
need to evaluate, for each d € N, the cardinality of the subsequence A(T),4, using (84) and the
definition of w,., o,:

#A(T)a = 2T+ Ofalar)T)
— “’;(Ld) “;(Z) 2T)" + O((dr)F= et
- Qréd) A, + O((dr) b 1HeThh),
Define
RA(d) = # AT~ E 0,

The above computation shows that
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On applying Theorem 5.1 to o, A(T),, Pé?Q for each perfect square r with all prime divisors in
Pg,, with z =T* y =TF for \, 3 > 0 small enough, we get,

S(A(T),, Plyy, T)
< (G(3/3) + Dasliog Ty H) A, ] (1—Qr(p>>+Z]Rr(d)|

P

. /

13.,’0673§22 d<TB8
p<T

= (6o + Dastiogy ) | 42 T (1-22) | et o, (Z(dr>L—l+eTL—1>,

P

. /

p.pEPQ2 d<T#8
p<T?

where D) g > 0 depends only on A, 5, Q1, Q2. Thanks to (85), the leading term in the last expres-
sion, up to the factor (G(ﬁ/)\) + D, s(log T)*%> (2T)*, can be written as

(-] 1 (D e-9))

pp<T? pp|r
PEPq, PEPq,

We are finally in a position to evaluate the sum in (83) as follows. The series ) _- ¢,, formed

by
e S0 (- ) - T

piplr

pplr
pepbz pep&h
converges, because
L—1+4¢
cr K X rf <, —.
T 15 TL € 7‘1_5
Therefore,
(86)
/ A
E S(A(T),, Pg,, T")
r=0,r<T7
p|r¢p€7’@2

< (G(ﬁ/)\)-FD)\,g(logT)_%)(QT)L H (1—®) Z e | + Z (dr)Etreit

pip<T? p r=0,r<T7 r,d€NLg
PEP,, plr=pEPq, r<T7,d<T?

atl=

log T)

Upon choosing A, 7,5, > 0 small enough, this finishes the proof of Theorem 1.7 for the case
L>2. O

TL
- O%A’B ((— (1 + (log T)_ )) + O%)\75’5(TL_1+(7+5)L+6)'
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Remark 5.2. It would be interesting to ask whether a lower bound of expected magnitude \/ﬁng
exists for (73), just as was established in [15, Theorem 1] for the case L = 1 under some mild

assumptions.

5.4. Sketch of proof of Theorem 1.7 for the case L = 1. In this case it is equivalent to
showing the following. For by, by € Z, assume that —Dg,b1by # 0. Then

(87) #{r€Z:|x| <T:3u,v € Z,biax* + by = Qou,v)} <

T
Vieg T
We may assume that b; > 0, since the set above has finite cardinality if by < 0 and the upper
bound (87) is trivially satisfied. Most reasoning (especially the treatment of error terms) is akin to
§5.3. We choose to only outline how the dominant term comes out, which is the major difference
between these two cases. Let ® be the square-free part of —b;bs.
Let us first assume ©® = 1. Upon change of variables we are reduced to the case where b; = 1
and by = b? = [J, so that the identity inside (87) is written as
(z 4+ b)(x — b) = Q2(u,v).
Since ged(x + b, x — b) | 2b, on defining
Li(z):=x+b, Lo(x):=x-0,
and
1 if‘v’p|np€73A'
P5 =Pg, Uip: 20}, b 2 (n) = ) Q2

then our discussion in §5.1 shows that (75) can be modified correspondingly as

Yo QXD BUT) Y, Y WALUX)) Y Y (LX) /r?),

XeZ:||X||<T r& XeZ:||X||<T r& XeZ:||X||<T
r®|L1(X) r®|L2(X)

where By (T) is the same as (74) and the sums with superscript * are over non-zero squared integers
72 such that p | r® = p € 7932. The remaining argument is identical and thus omitted.
Let us now discuss the case where ® # 1, which means that the polynomial Q) (x) is irreducible

over Q. In particular the Legendre symbol (9) is non-constant. Let us keep using the notation
Po, (69) and w(-), o(-) (76) defined in §5.3. Then for any p { 2b,bo,

w(p) = o(p) = {2 ! <%> :1;

0 otherwise.
Since —Dg,b1bs # [, the map
{p prime : p{2b;bsDg,} — {£1}?

= ((5)-(5))

is surjective. On the one hand if |Dg,®| # 0O, let Dy be the square-free part of Dg,®. Therefore
we have |Dg| # 1, and so primes in exactly one quarter of the residue classes modulo 4|Dy| satisfy

(2)--()--
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On the other hand, if [Dg,®| = [, then in this case primes in exactly one quarter of the residue
classes modulo 4|D| satisfy (88). To summarize, recall Pg,, (78) and let

Péz = Pé?z - {p - p | 2b1b2}

Then by Mertens’ theorem regarding primes in arithmetic progressions, one deduces that

| 1 1
Z o(p) log p ~ 2 E ngNQXZIQg:pzélogfL‘.
ppEP p=op) Doy D Y
p<:r:Q2 p:( P >p:<x(p):1

Therefore g satisfies the condition (72) in the half-dimensional sieve (Theorem 5.1). So the domi-
nant term in (86) takes the desired form:

S T ()
e r(%)=—(3)=

p<T>

Remark 5.3. To further clarify Remark 1.8 at this point, note that if —Dg,b1by = [J, which is

equivalent to D, ® = [, then
D
(_Q) _ e (9) Y
p p
The main term in the sifting function now grows like

M (-2)r ()

p€Pb2 pEPQ
p<T? p<T?
which does not give the log saving.
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