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POLYA-CARLSON DICHOTOMY FOR COINCIDENCE
REIDEMEISTER ZETA FUNCTIONS VIA PROFINITE
COMPLETIONS

ALEXANDER FEL’SHTYN AND BENJAMIN KLOPSCH

ABSTRACT. We consider coincidence Reidemeister zeta functions for tame endomor-
phism pairs of nilpotent groups of finite rank, shedding new light on the subject by
means of profinite completion techniques.

In particular, we provide a closed formula for coincidence Reidemeister numbers for
iterations of endomorphism pairs of torsion-free nilpotent groups of finite rank, based
on a weak commutativity condition, which derives from simultaneous triangularisabil-
ity on abelian sections. Furthermore, we present results in support of a Pélya—Carlson
dichotomy between rationality and a natural boundary for the analytic behaviour of
the zeta functions in question.

1. INTRODUCTION

In classical topological fixed point theory, Reidemeister numbers arise as homotopy
invariants associated to iterates of a continuous self-map of a connected compact polyhe-
dron. Passing to the fundamental group of the polyhedron, the Reidemeister numbers
admit an algebraic treatment in terms of twisted conjugacy classes; compare [7]. In
this paper we take a group-theoretic point of view, inspired by, but otherwise largely
independent of the topological origins of the subject.

Let G be a group and let p,1: G — G be endomorphisms of G. Elements z,y € G
are said to be (p,)-twisted conjugate to one another if there exists g € G such that
r = (gp) 'y(gy). We observe that this sets up an equivalence relation on G; the
corresponding equivalence classes are called (o, ¥)-twisted conjugacy classes or (p,1))-
coincidence Reidemeister classes. We denote by R(p, ) the set of all (¢, 1))-coincidence
Reidemeister classes of G, and R(p, 1) = |R(p, )| is called the (p,))-coincidence Rei-
demeister number.

We call the pair (¢, 1) of endomorphisms tame if the Reidemeister numbers R(¢", ¢™)
are finite for all n € N. For such a tame pair of endomorphisms we define the (¢,)-
coincidence Reidemeister zeta function

e no,nn

Z%w(s) = exp Z R((Pn/‘b )Sn ,

n=1
where s denotes a complex variable. This zeta function can be regarded as an analogue of
the Hasse—Weil zeta function of an algebraic variety over a finite field or the Artin—-Mazur
zeta function of a continuous self-map of a topological space. For ¢ = idg, we recover
ordinary ¢-twisted conjugacy classes (or p-Reidemeister classes) and the ordinary ¢-
Reidemeister zeta function that were studied, for instance in [6l [7, 19} 2} @, 3], 11} 10].
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2 A. FEL’SHTYN AND B. KLOPSCH

For short, we set R(¢) = R(p,idg) and R(¢) = R(p,idqg); if (¢,idg) is tame, we say
that ¢ is tame and write Z,(s) = Z, 4, (5)-

Remark 1.1. (1) The anti-isomorphism G — G, z + z~! sets up a one-to-one corre-
spondence between (p,1)-twisted and (v, ¢)-twisted conjugacy classes. Consequently,
(p,v) is tame if and only if (¢, ¢) is tame, and Z, ,(s) = Zy ,(s) for tame pairs.

(2) If ¢: G — G is an automorphism, it is easy to check that R(p, ) = R(yp~1p) and
consequently R(p,1) = R(1)"1p). Moreover, if (¢,) is tame and if g1 = ¥ (in some
situations a weak concept of commutativity suffices, as we will see), then ¥~ 1y is tame
and Z, (8) = Zy-1,(5)-

In order to illustrate these concepts by means of a simple example, namely the infinite
cyclic group, and for later use we record the following easy fact.

Lemma 1.2. Let p,v: G — G be endomorphisms of a group G such that the image of
Y is central in G, i.e. G C Z(G). Then Hyy = {(g9¢) " (g¥) | g € G} is a subgroup
of G and R(p,) = Hy y\G; consequently, R(p,v) = |G : Hy .

Example 1.3. Let G = Z be the infinite cyclic group, written additively, and let
p: G =G, x—dyx and VY: G =G, T dyr

for dy,dy, € Z. According to the lemma, for every n € N, we have
|d$ — d(’,}| if dg # dy,
o0 otherwise.

R(Qpnvwn) = {

Consequently, (¢,1)) is tame precisely when |d,| # |dy| and, in this case,

Zpoyp(s) = 1 — 223 where di = max{|d,|, |dy|} and dy = dzdw.
18 1

This simple example (or at least special cases of it) are known. The aim of the current
paper is to generalise this example — as far as possible — to torsion-free nilpotent groups
of finite rank. Our approach via profinite completions sheds new light on the subject.

We prove a number of useful results, some of which we summarise already here, after
fixing some basic notation. We write [P the set of all rational primes; for p € P, the field
of p-adic numbers is denoted by Q,, the ring of p-adic integers by Z,, and the p-adic
absolute value (as well as its unique extension to the algebraic closure @,) by |-|,. The
absolute value on C is denoted by |-|so-

Theorem 1.4. Let p,v: G — G be a tame pair of endomorphisms of a torsion-free
nilpotent group G of finite Priifer rank. Let ¢ denote the nilpotency class of G and, for
1<k <gc, let o, Vi G — G denote the induced endomorphisms of the torsion-free
abelian factor groups Gy, = 7(G)/Vpy1(G) of finite rank, d > 1 say, that arise from
the isolated lower central series of G. Then the following hold.

(1) For eachn € N, there is a bijection between the set R(¢", ™) of (¢, v)-coincidence
Reidemeister classes and the cartesian product [[;_y R(¢)r, ¥l); consequently,

R(¢™, ") = H R(pp,vy) for n € N.
k=1

(2) For 1 <k <eg, let
k0 Y0 Gro = Gro
denote the extensions of @y, Yy to the divisible hull G, o = Q ®z Gj, = Q% of Gy,. Sup-
pose that each pair of endomorphisms ¢y g, Yrq is simultaneously triangularisable. Let

Ekts- s &hd, and N1, ..., Mkd, be the eigenvalues of pr.q and Vg in a fived algebraic
closure of the field Q, including multiplicities, ordered so that, for n € N, the eigenvalues
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Of(p]?’(@ - w]:(@ are gkzl - "7;:1, oo 7§£dk _jlgdk Set Lk = Q(gl,k‘a o 7‘5dk,k7 Mky--- 7ndk,k);
for each p € P fiz an embedding Ly — Q,, and choose an embedding Ly — C.
Then there exist subsets I (p) C {1,...,dy}, for p € P, such that the following hold.

(i) For each p € P, the polynomials [];cp, () (X — &ki) and JLicp, (X — ki) have

coefficients in Zy; in particular, |&gilp, [Mkilp < 1 fori € I(p).
(ii) For eachn € N,

(11) (pkﬂ/}k H H |§k1 nkz H‘sz nkz|00 H H ‘sz nkz|P’

pePicly(p) pePig Iy (p)

as this number is a positive integer, &, — ni%lp = 1 for 1 < i < dy for almost
allp € P.

(3) Suppose that, for each k € {1,...,c}, the primes p that contribute non-trivial
factors Hielk(p)|€£i — n£i|p £ 1 to the product on the far right-hand side of form
a finte subset Py, C P and that |k iloo 7# |Mk,iloo for 1 < i < dj.

Then the coincidence Reidemeister zeta function Z, . (s) is either a rational function
or it has a natural boundary at its radius of convergence. Furthermore, the latter occurs
if and only if |&xilp = p for some k€ {1,...,c}, pe Py and i & I1(p).

For a full discussion and several intermediate results, we refer to the main text. The
paper is organised as follows.

Sectionputs results of Roman’kov [16] on Reidemeister classes of finitely generated
torsion-free nilpotent groups in the more general perspective of coincidence Reidemeister
classes of torsion-free nilpotent groups of finite rank. Of particular interest is Proposi-
tion 2.I] In Section [2.2] we establish a natural bijection between the set of coincidence
Reidemeister classes of a pair (¢,1) of endomorphisms of an almost abelian group G

and the corresponding set for the induced pair (@, @Z) of endomorphisms of the profinite
completion @; see Proposition As explained and illustrated there, this closes some
small gaps in the literature.

In Section [3] we derive a closed formula for the sequence of coincidence Reidemeister
numbers for iterations of tame endomorphism pairs of abelian groups of finite rank.
Our approach is via profinite completions and sheds new light on a similar formula of
Miles [13], which was established in a different way, namely based upon techniques from
commutative algebra. Corollary [3.2] provides a reduction to torsion-free groups, which
are then duly dealt with in Proposition

In Section {4 we present, in analogy to work of Bell, Miles and Ward [I], results in
support of a Pélya—Carlson dichotomy between rationality and a natural boundary for
the analytic behaviour of the coincidence Reidemeister zeta functions of torsion-free
nilpotent groups of finite rank. The underlying ideas are already present in the abelian
case which is covered in Theorem [£.3] The simple, but important Example [£.5]illustrates
a new phenomenon that occurs for coincidence Reidemeister zeta functions associated
to non-commuting pairs of endomorphisms. The paper concludes with the proof of
Theorem [I.4] already stated above.

Acknowledgments. The first author is indebted to the Max-Planck-Institute for Math-
ematics(Bonn) and Hausdorff Research Institute for Mathematics(Bonn) for the support
and hospitality and the possibility of the present research during his visits there.

2. NILPOTENT GROUPS AND PROFINITE COMPLETIONS

2.1. Nilpotent groups. A group G has finite (Prifer) rank if there exists an integer
r such that every finitely generated subgroup of G can be generated by r elements; the
least such r is called the (Priifer) rank of G. It is known that G is a torsion-free nilpotent
group of finite rank if and only if there is some integer n such that G is isomorphic to a
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subgroup of Try(n,Q), the group of all upper uni-triangular matrices over Q; compare
[18, Cor. to Thm. 2.5].

Let G be a torsion-free nilpotent group of class ¢ = ¢(G). As usual, let G = 91 (G) >
Y (G) > ... > 7(G) > 7.4+1(G) = 1 denote the lower central series. The elements
of finite order in a nilpotent group form a subgroup, the torsion subgroup of G. For
1 <i < c+1, define 7,(G) to be subgroup of G such that 7,(G)/v;(G) is the torsion
subgroup of G/v;(G). Then it is routine to check that

(2.1) G =71(G) 272(G) 2 ... 27:(G) 271 (G) =1

is a descending central series of fully invariant subgroups of G such that each factor
group 7,;(G)/7,;41(G) is torsion-free, for 1 <i < ec.

For completeness, we sketch the argument. It is straightforward that each 7;(G) is
fully invariant in G and that G = 7,(G) 2 ... 2 7..1(G) = 1. Clearly, each factor
group 7;(G)/%;4+1(G) is torsion-free. It remains to show that 7,(G)/7,;,1(G) is abelian
and, in fact, central in G/7,,1(G). In both cases it is enough to check the assertion
for finitely generated subgroups of G; hence without loss of generality we take G to
be finitely generated. By construction, ¥;(G)/7;,1(G) is central-by-finite; thus Schur’s
theorem [15, §10.1.4] implies that 7;(G)/%;,1(G) is finite-by-abelian, hence abelian.
Now 7;(G)¥;41(G)/¥;+1(G) is central in G/7,,1(G) and of finite index in the finitely
generated torsion-free abelian group %;(G)/7;,1(G). This implies that 7,(G) /7,4 1(G)
is central in G/7;,1(G).

This establishes all claimed properties of the series ; we refer to it as the isolated
lower central series of G. 1If, in addition, G has finite rank then each factor group
¥i(G)/7:41(G) is a torsion-free abelian group of rank d;, say, and hence isomorphic to a
subgroup of the additive vector group Q% that contains a Q-basis.

The following proposition puts results of Roman’kov [16] for twisted conjugacy classes
in nilpotent groups in a more general perspective.

Proposition 2.1. Let G be a torsion-free nilpotent group, of class ¢ and with isolated
lower central series . Let o,¢: G — G be endomorphisms and, for 1 < i < ¢,
let vi, Vi 7;(Q)/¥i11(G) = 7;(G)/¥;11(G) denote the induced endomorphisms of the
torsion-free abelian factor groups arising from (2.1).

(1) Suppose that G has finite rank and that R(p,1) < oco. Then, for 1 < i < ¢, the
coincidence set

Coin(p;, ;) = {$-7¢+1(G) € %:(G)/7i11(G) | ($~7¢+1(G))%’ = ($~7¢+1(G))¢i}

is a singleton, i.e. equal to {1.5;,1(G)}.

(2) Suppose that, for 1 < i < ¢, the coincidence set Coin(p;, ;) is a singleton. Then
there is a bijection between R(p, ) and [[;_; R(ws, ). In particular, R(¢,¢) < oo if
and only if R(p;, ;) < oo for 1 <i<e, and in this case R(p, ) = [1;_1 R(vi, ¢s).

Proof. Tt suffices to check that the arguments developed in [16] can be adapted so that
they work in the more general situation considered here. By induction, we may as-
sume that ¢ > 1 and that the analogous assertions hold for the endomorphisms of
?,v: G/7.(G) = G/7.(G) that are induced by ¢ and .

Clearly, two elements x,y € G can be (p,1)-twisted conjugate only if their images

in G/7.(G) are (g, 1)-twisted conjugate to one another. Furthermore, we observe that,
for any central subgroup A of G,

Lopy(A)={a€ A|3geG:(gp)a=gp} ={ac A|3g€G:a=(g0) ' (99)}
is a subgroup of A. If, in addition, A is ¢- and t-invariant, then
A/Lpy(A) = {la] € R(p,¥) |a € A}, aLlg,py(A) = [d]
is bijective, and hence |{[a] € R(¢,) | a € A}| = |A: Lg,eu(A)|.
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(1) Suppose that G has finite rank and that R(¢, 1) < co. By induction, the coinci-
dence sets Coin(p;, ;) are singletons for 1 < ¢ < ¢ — 1, and consequently

Lapw(A) = Lap.y.(A)  for A=7,(G).

For a contradiction, assume that Coin(p,.) is not a singleton. Then the kernel of the
endomorphism A — A, b~ (bp) ! (b)) is non-trivial, hence its image, viz. L4 . 4, (A),
has strictly smaller rank than A. (After tensoring the Z-module A with Q, we are
reduced to considering a linear endomorphism of the finite dimensional QQ-vector space
Q ®z A.) This implies that

R(p, ) = [{[a] € R(p,¥) |a € A} = [A: Lag, y.(A)] = oo

(2) Suppose that, for 1 < i < ¢, the coincidence set Coin(y;, ;) is a singleton. We
need to investigate how the pre-image of a twisted conjugacy class in G/7,.(G) splits
into twisted conjugacy classes in G. Fix ¢ € G and consider z, 2 € 7.(G) C Z(G). The
elements zz and zZ are (p,1))-twisted conjugate if and only if there exists g € G such
that 271z = (g9) " 1(g¥), where ¥ = 7, and v,: G — G, h — 7 hx denotes the inner
automorphism that corresponds to conjugation by =x.

Again we write A = 7,.(G), and we note that, for 1 < ¢ < ¢, the endomorphism
Vi %(G)/Fi41(G) = 7;(G) /7;41(G) induced by ¥ is equal to ¢;. In particular, the co-
incidence sets Coin(v;, v;), for 1 < i < c—1, are singletons and Lg 9,4(A) = Lag. v (A).
Thus we conclude: the collection of twisted conjugacy classes in G which make up the
pre-image of the twisted conjugacy class of the image of x in G/7,(G) is in bijection to

A/LG7197¢(A) = A/LAﬂ-gc,wc (A) = A/LA#Pc,wc (A) = R(@C? ’lz[)C) |:|

Example 2.2. It is easy to produce a torsion-free abelian group A, not of finite rank,
and an endomorphism ¢: A — A such that R(y) < oo, but with infinite coincidence set
Coin(p,id4) = Fix(p). For instance, consider the Cartesian product A = ], Z and
the shift-map ¢: A — A, (a;)ien — (ai+1)ien. In this case, R(¢) = 1, but Coin(y,id4)
consists of all constant sequences and is thus infinite.

2.2. Profinite completions. Let p,%: G — G be endomorphisms of a group G. This
induces continuous endomorphisms @, : G — G of the profinite completion ¢: G — G,
and a natural map

R(p, ) = R(@,0),  [2lpy = [21] 5

This constellation was already considered in [7, Sec. 5.3.2] and [10].

Lemma 2.3. In the situation described above, the following hold.

(1) Each (@, @)—twisted conjugacy class in G is compact and hence closed in G.

(2) For x € G, the twisted conjugacy class [u]@@ is the closure of [x],pt in G.

(3) If R(p, ) < oo, then the natural map R(p, 1) — R(p, 1) is surjective and each
(P, )-twisted conjugacy class is open in G.

(4) If G is abelian and R(p,1) < oo then the natural map R(p, ) — R(p, ) is

bijective.

Proof. (1) For =z € G, the image of G under the continuous map G — G, g —

(g@)_laz(g@) is compact. -
(2) From (1) we conclude that [z], 4t C [.TL]$ 5+ The reverse inclusion holds, because

((gAgo)*lx(gM/J))L converges to (g(ﬁ)*l(xb)(g{ﬁ\), for any g € G and any net (gx)xea in G
such that (gxt)xea converges to g in G.

(3) Suppose that R(y,1) < oco. Then every y € G is the limit of a net (Zat)reA,
where the elements ) € G all belong to the same (¢, 1)-twisted conjugacy class in G.

The claim follows from (2).
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(4) Suppose that G is abelian and R(y,1) < oo. Then R(p,v) = H,4\G, where
Hy,p = {(9¢) Y (g¥) | g € G} < G is a finite-index subgroup. Also G is abelian and

R(p, ) = H@Z\G’ where H; 5 = {(92) " (g) | g € G} < G equals the closure of Hy oyt

in G and |G : H@Z’ = |G : Hy . The claim follows from (3). O

Example 2.4. For G = Z and ¢ = idg, the natural map R(yp) — R(®) is not surjective.
For G = Q and ¢ = idg, the natural map R(¢) — R(®) is not injective.

The following examples illustrate that an argument given in [7, §5.3.2], intended to
show that every (finitely generated) almost-abelian group contains a fully invariant,
abelian finite-index subgroup, is not quite complete.

Example 2.5. Consider G = (z) X ((a) X (b)) = CyxSym(3), where ord(z) = ord(a) = 2,
ord(h) = 3 and b* = a~!. The 2-Sylow subgroup A = (z,a) = Cy x Cs is abelian and
of index |G : A| = 3. There are two other 2-Sylow subgroups: A’ = (z,ab?) and
AY = (z,ab). Thus the intersection of all subgroups of index 3 in G, namely Z = (z),
is not fully invariant in G; for instance, the endomorphism ¢: G — G given by z — a
and a,b+— 1 does not map Z to itself.

Example 2.6. Consider G = (a, bg) x (b1, b2, ...) = Alt(3) x [ [,y C2, where ord(a) = 3
and ord(by) = ord(b;) = ... = 2, equipped with the endomorphism ¢: G — G given
by ap = bpp = 1 and b;po = b;—1 for i € N. Every @-invariant finite-index subgroup
of G contains by. Consequently, the almost abelian group G has no @-invariant, abelian
finite-index normal subgroup.

The following lemma partly fixes this small gap, in a slightly more general context.

Lemma 2.7. Let G be finitely generated and almost-P, where P is a group-theoretic
property that is inherited by finite-index subgroups. Then G admits a fully invariant
finite-index subgroup satisfying P.

Proof. Put d = d(G), the minimal number of generators of G, and let A < G be a
subgroup that has property P and finite index |G : A| < co. Replacing A by its core in G,
we may assume that A < G. Denote by W the set of group words w = w(z1,...,zq), i.€.
elements in the free group on free generators z1, ..., x4, such that w is a law in the finite
group G/A. Then the verbal subgroup B = (w(g1,...,94) | w € W, g1,...,94 € G) is
fully invariant in G and has finte index |G : B| < oo; see [14, Thm. 15.4]. As B < A,
we conclude that B satisfies P. O

The following proposition generalises Lemma (4) and altogether by-passes some of
the apparent difficulties in [7, §5.3.2].

Proposition 2.8. Let p,v: G — G be endomorphisms of an almost abelian group G
such that R(p,¢) < co. Then the natural map R(p, ) — R(P, ) is a bijection.

Proof. Fix z € G. In view of Lemma it suffices to show that the map R(p, ) —

-~

R(p, 1) is injective. For this it suffices to prove that, for every x € G, there exists a finite-
index subgroup H < G such that [z],, 2 xH; indeed, if y € G is such that [z], 4t =
(Y]t then y is (p,1)-twisted conjugate to an element of the open neighbourhood xH
of x € G (in the profinite topology on G, which is not necessarily Hausdorff), hence y
is (¢, ¥)-twisted conjugate to x.

Fix x € G, and let A < G be an abelian finite-index subgroup. We observe that,
for a,a € A, the elements za and za are (¢, )-twisted conjugate if and only if there
exists g € G such that a = (g9)'a(gy), where 9 = 7, and v,: G — G, h +— 27 he
denotes the inner automorphism that corresponds to conjugation by z. Put Ay =
AV~ N AYp~1 N A, a finite-index subgroup of A, and let Y be a right-transversal for Ag
in G with 1 € Y. Writing g = by, with b € Ay and y € Y, we obtain

(2.2) (99)ta(gy) = (y?) =" - a(bd) =" (by) - (yo).
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We observe that B = {(b)~1(by)) | b € A} is a subgroup of A. Furthermore,
shows that xa is (¢, ¥)-twisted conjugate to one of finitely many elements zay, . .., zan,,
where a1, ...,a, € A, if and only if the coset aB contains one of finitely many elements
(y9ai(yp)~, withy € Y and 1 < i < m. Thus R(ip,v) < oo implies that |G : B| = |G :
AJ|A: B| < co. Taking y = 1 in (2.2), we conclude that [z],y 2 [2]pp NzA D 2zB. O

3. AN EXPLICIT FORMULA FOR ABELIAN GROUPS OF FINITE RANK

Using techniques from commutative algebra, Miles derived in [I3] a closed formula
for periodic point counts for ergodic finite-entropy endomorphisms of finite-dimensional
compact abelian groups. This approach was then used in [I] to conjecture a Pdlya—
Carlson dichotomy for the analytic behaviour of dynamical zeta functions of compact
group automorphisms; supportive evidence comes from a certain class of automorphisms
of solenoids (connected finite-dimensional compact abelian groups). Under the Pontrya-
gin duality, finite-dimensional compact abelian groups correspond to abelian groups
of finite rank and, in the more restricted setting, solenoids correspond to torsion-free
abelian groups of finite rank.

Our aim in this section is to consider somewhat more general situations and to ar-
rive at a formula similar to Miles’ by an entirely different route, namely via profinite
completions. We start with a reduction to torsion-free groups.

Lemma 3.1. Let G be an abelian group of finite rank, and let p,7¢: G — G be endo-
morphisms such that R(p,v) < co. Let T < G denote the torsion subgroup of G, and
write p,: G/T — G/T and pg,po: T — T for the induced endomorphisms.

Then R(§07 d}) = R(@? ﬂ))R(SOO) ¢0) and: in particuzan R(Sba ¢)’ R(9007 ¢0) < 0.

Proof. We follow the same ideas as in the proof of Proposition [2.1} Two elements
x,y € G can be (p,1)-twisted conjugate only if their images in G/T are (@, @Z;)—twisted
conjugate to one another. Thus R(p, 1/;) < 00, and Coin(p, 1/;) is a singleton by Propo-
sition We need to investigate how the pre-image of a twisted conjugacy class in
G/T splits into twisted conjugacy classes in G. Fix x € G and consider z,Z € T.
The elements xz and zZ are (¢, 1)-twisted conjugate if and only if there exists g € G
such that 2712 = (g¢) 1(g¢), because in contrast to the proof of Proposition we
can ignore inner automorphisms altogether. Since Coin(@,lﬁ) is trivial, we conclude
that xz and zZ are (p,)-twisted conjugate if and only if there exists g € T' such that
7712 = (9p)~1(gv)), which is to say that z and Z are (o, 1g)-twisted equivalent. O

Corollary 3.2. Let G be an abelian group of finite rank, and let p,v: G — G be
endomorphisms such that (p,1) is tame. Let T < G denote the torsion subgroup of G,
and write 3,1 G/T — G/T and @o,vo: T — T for the induced endomorphisms.

Then (35,1;) and (po,%0) are tame and

Zoup(s) = Z@J,(S) * Zipo 0 ()
is an additive convolution, in the sense of [8, §1].

Remark 3.3. A similar result for finitely generated abelian groups and additional facts
were established in [8, Thm. 2]. The point here is that we may effectively replace the
data (G, p,1) by the similar data (G/T x T, ¢ X 00, X o) without any change to
the coincidence Reidemeister zeta function. Furthermore, by Proposition the group
T can be replaced by T = T /Tyiy, where Ty, denotes the maximal divisible subgroup
of T', equipped with the induced endomorphisms ¢1,17 of T1: the group T} is of the
form @pep F,, for finite abelian p-groups of uniformly bounded rank, and the profinite

completion of T is T = T| = [L,ep Fp- In the setting of [13], the group F, is trivial
for almost all primes p; thus 77 is finite and its (¢1, 41 )-coincidence Reidemeister zeta
function is easily understood; compare [§].
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We now focus on the torsion-free case and derive a formula similar to the one of
Miles [13], but perhaps more directly accessible by group-theoretic means. For this we
introduce the following notion of ‘weak commutativity’: We say that two endomorphisms
a,B:V — V of a finite-dimensional Q-vector space V are (absolutely) simultaneously
triangularisable, if there is a finite algebraic extension L of Q such that the induced
endomorphisms of the L-vector space L ®g V' simultaneously preserve a complete flag
of subspaces. For this to happen, it suffices that « and S commute; for a more precise
characterisation of the property we refer to [4].

Proposition 3.4. Let G be a torsion-free abelian group of finite rank d > 1, and let
(p,1) be a tame pair of endomorphisms for G. Let pg,¢q: Go — Gg denote the
extensions of ¢, to the divisible hull Gg = Q ®z G = Q% of G, and suppose that the
endomorphisms o, Yq are simultaneously triangularisable. Let &1,...,8q and 01, ..., N4
denote the eigenvalues of pg and g in a fized algebraic closure of the field Q, including
multiplicities, ordered so that, forn € N, the eigenvalues of pg—1bg are &' —ny", ..., §5'—
ng- Set L =0Q(&,. .., &an1,---,14)-

For each p € P, we fix an embedding L — @p, where @p denotes the algebraic clo-
sure of Qp, and we write |-|, for the unique prolongation of the p-adic absolute value
to @p; this is a way of choosing a particular extension of the p-adic absolute value to L.
Likewise, we choose an embedding L — C and denote by ||~ the usual absolute value

on C.
Then there exist subsets I(p) C {1,...,d}, for p € P, such that the following hold.
(1) For each p € P, the polynomials [];c1(,) (X — &) and [];cpq,) (X — ni) have

coefficients in Zy; in particular, &y, |nilp < 1 for i € I(p).
(2) For eachn € N,

(31) QO 1/’” H H |§z 7771 H|§z - ‘OO H H |€z 771'”|p;

pePicl(p) pEP i1 (p)
as this number is a positive integer, |§/* —nl'|, = 1 for 1 < i < d for almost
all p e P.

Proof. Without loss of generality, Z¢ < G < Q% and we use additive notation. Using
Lemma (4), we may pass to the profinite completion.

The profinite completions of the abelian group G and its endomorphisms decompose
as direct products

L:G%@:H@p and @ZH@;, QL\:H@»

peP pEP p€EP

Where for each prime p, the Sylow pro-p subgroup of G constitutes the pro-p completion
X

G of G, equipped with endomorphisms @y, @bp p— G Proposition shows that
H R( cpp , for n € N;
peP

in particular, R(¢",9¢") < co implies that R(p), @ZZ?) = 1 for almost all p € P so that
the product is only formally infinite.

Fix p € P. The pro-p group ép is torsion-free, abelian and of rank at most d, hence
@p = Z;l(p), where d(p) = d(@p) < d. Indeed, we can arrive at @p in the following
way, which is somewhat roundabout but useful for our purposes. We observe that the
group G has the same pro-p completion as Gz, = Z, ®z G, where Z;, denotes the ring of
p-adic integers. The Zy-module Gz, decomposes as a direct sum of its maximal divisible

submodule D = @Ifl ~4P) and a free Zy-module A = Z;l (p ); compare [12, Thm. 20]. Fur-
thermore, the submodule D is invariant under the induced Zj,-module endomorphisms
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¢z,,Vz,: Gz, — Gz,; thus we obtain endomorphisms @Z,,:EZP: Gz,/D — Gz,/D.
Consequently, there is an isomorphism o: ép — Gz, /D of pro-p groups that is compat-
ible with the endomorphism pairs &,, 1, and @ZP,JZP, i.e.

Ppo = 0Py, and Ypo = JEZP.

We conclude that there exist a subset I(p) C {1,...,d} such that the endomorphisms
©p and 1, have eigenvalues &;, i € I(p), and n;, ¢ € I(p). In particular, the polynomials
[Tici(p)(X — &) and [ ;¢ () (X — mi) have coefficients in Z.

Finally, Lemma [1.2] yields

R(@y ) = ldet(=3y + )l = [T l&" =0yt
i€l(p)
Taking the product over all primes p, we arrive at the first formula in (2). Using

the adelic formula |a|e [ eplal, = 1 for a € Q . {0}, we obtain the second formula
in (2). O

4. POLYA—CARLSON DICHOTOMY FOR COINCIDENCE REIDEMEISTER ZETA FUNCTIONS

In this section we present, in analogy to [I], results in support of a Pdlya—Carlson
dichotomy between rationality and a natural boundary for the analytic behaviour of the
coincidence Reidemeister zeta functions for tame pairs of commuting endomorphisms
of a torsion-free nilpotent group of finite rank. The classical Pélya—Carlson theorem,
as discussed in [I7, §6.5], provides the following connection between the arithmetic
properties of the coefficients of a complex power series and its analytic behaviour.

Pélya—Carlson Theorem. A power series with integer coefficients and radius of con-
vergence 1 is either a rational function or has the unit circle as a natural boundary.

Translated to our set-up, Bell, Miles and Ward [I] conjectured that if ¢ is a tame
automorphism of an abelian group G of finite rank then Z,(s) is either rational or admits
a natural boundary at its radius of convergence. They collected substantial evidence for
this conjecture from a certain class of automorphisms of torsion-free abelian groups of
finite rank.

Let G be a group with tame endomorphism pair (¢, ). It is convenient to introduce
a notation

s(8) =D R(GW"N)S" = 5+ Z, 4 (5) ) Zoy (5)
n=1

for the Dirichlet series that enumerates directly the numbers of coincidence Reidemeister
classses. The following lemma is basic: it shows in particular that, if Z:;w(s) has a
natural boundary at its radius of convergence, then so does Z, y(s); compare [I].

Lemma 4.1. If Z,(s) is rational then Z; (s) is rational. If Z,(s) admits analytic
continuation beyond its radius of convergence, then so does Z;w(s).

For the proofs of the main theorems in this section we rely on the following key result
of Bell, Miles and Ward [I, Lem. 17]; one of the ingredients in its proof is the Hadamard
quotient theorem.

Lemma 4.2. Let S be a finite list of places of algebraic number fields and, for eachv € S,
let & be an element of the appropriate number field that is not a unit root and such
that |,y = 1. Then the complex function

F(s) = f(n)s",  where f(n) = []I€} — 1]o forn =1,
n=1 vesS
has the unit circle as a natural boundary.
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First we state and prove our result in the case of abelian groups, in order to illustrate
some of the underlying ideas.

Theorem 4.3. Let p,v: G — G be a tame pair of endomorphisms of a torsion-free
abelian group G of finite rank d > 1. Using the notation from Proposition[3.4], suppose
that g and g are simultaneously triangularisable and, in addition, that the primes
p that contribute non-trivial factors Hig[(p)|£in —n"|p to the product on the far right-
hand side of form a finte subset P C P. For instance, this is the case, when
I(p) = {1,...,d} for almost all p € P, equivalently when G has no elements of infinite
p-height for almost all p € P. Suppose further that |&;|eo # |Mileo for 1 < i < d.

Then the coincidence Reidemeister zeta function Zy, ., (s) is either a rational function
or it has a natural boundary at its radius of convergence. Furthermore, the latter occurs
if and only if |&|p = |nilp for somep e P and i & I(p).

Proof. For p € P we write

Sp)={L,...,d} NI(p) and  S*(p) ={i € S() | [&lp # Inilp};

we remark right away that 7, # 0 for every ¢ € S(p) \ S*(p), because otherwise & =
n; = 0 and ¢g — ¥g would have rank less than d contrary to Lemma We set

b=T1 T maxtlednlndy, o= TI  Inb

pEP ieS*(p) PEP i€S(p)\S*(p)

and, for n € N|

g(n) =" " H|€z — 0" and  fn)=T] I [@&n "1,

pEP icS(p)~S*(p)

From formula (3.1)) in Proposition and using the ultrametric property, we deduce
that, for every n € N,

R(p", ") = H\ﬁz n'lee - [T TI 167 =01

peP i€S(p)
= H\& oo [T I mex{i&ly.malzy- 11 TI 16" ="l
peEP i€5*(p) peEP i€S(p)~S*(p)

_H\g" 7 .b".n".H H \(gmlfl)“—up

pEP ieS(p)~S*(p)
= g(n)f (n).

Now we open up the absolute values in the product P(n) = H?Zl 1€/ —n"| 0. Complex
eigenvalues & in the spectrum of g, respectively 7; in the spectrum of g, appear
in pairs with their complex conjugate &;, respectively 7;. Moreover, such pairs can
be lined up with one another in a simultaneous triangularisation. If & and 7; are
both real eigenvalues of pg and g then exactly as in Example above we have

& = n"loc = 01'; — 05;, where 61; = max{[&]oc, [niloc} and d2,; = %T"

Hence we can expand the product P(n), using an appropriate symmetric polynomial,
to obtain an expression of the form

(41) g(n) = chwjn7

jeJ
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where J is a finite index set, ¢; € {—1,1} and {w; | j € J} € C~\ {0}. Consequently,
the coincidence Reidemeister zeta function can be written as

Zpwy(s) = exp Z ¢ Z f(n)(n’lU]S)n

jeJ mn=1

If S(p) = S*(p) for all p € P, then f(n) =1 for all n € N and it follows that Z, ,(s) =
[Ije/(1 —wjs)™% is a rational function.
Now suppose that S(p) # S*(p) for some p € P. By Lemma it suffices to show

that
o
)=y ci Y f(n)(wjs)"
jeJ  n=1
has a natural boundary at its radius of convergence. Moreover, from [I, Lem. 2 and
Lem. 17] (compare Lemma we have lim sup,, ., f(n)/" = 1. Hence, for each j € J,

the series
> F(n)(w;s)"
n=1

has radius of convergence |w;|5}.
As [€i]oo # Miloo for 1 < i < d, there is a dominant term w,, in the expansion (4.1
for which

d
[Winfoo="b"7- Hmax{\ﬁﬂoo, |miloc }
i=1
and |wm|oo> |wjleo for all j € J \ {k}. Thus it suffices to show that Y >, f(n)(wy,s)"
has its circle of convergence as a natural boundary. This is the case, because > " | f(n)s"
has the unit circle as a natural boundary by Lemma [£.2] O

We remark that the special case of Theorem where ¥ = idg and ¢ is an automor-
phism of the abelian group G has been discussed in [II, Thm. 5.8], via methods from
commutative algebra as in [I]. The following example of a coincidence Reidemeister zeta
function with natural boundary comes from a 3-adic extension of the circle doubling map
and is essentially known; see [5].

Example 4.4. Consider the endomorphisms ¢: g — 6g and ¥: g — 3g of the abelian
group Z[%], written additively. A straightforward calculation, in line with Lemma
shows that, for n € N,

R(p",9") = [Coker(p" — ¢")|=[6" — 3"|o0 - [6" — 3"[3 = [2" — 1|o0 - [2" — 1]5.
Hence, the coincidence Reidemeister zeta function is

(o)
3 2 — 1 -2 — 1

n=1

This zeta function was studied in [5]. Their calculations show that the modulus of the
coincidence Reidemeister zeta function satisfies

% 1 1/(299)

1-—s
1-—2s

1 — (25)?
1— 52

1—3 1- 23)2?”

— g2 -39

N

It follows that the series defining the zeta function has zeros at all points of the form
%GQM/ 3" r > 1, whence |s| = % is a natural boundary for the coincidence Reidemeister
zeta function Z, 4 (s).

Zp(8)]oo = \

[e.9] o)
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In the next example we look at a coincidence Reidemeister zeta function for a tame
pair of endomorphisms of G = Z? that cannot be simultaneously triangularised; the
example shows that possible a Pélya—Carlson dichotomy in this generality needs to
allow for new outcomes.

Example 4.5. Consider the automorphisms ¢, 1: Z? — Z? that are given by

(@, y)¢ = (2,y) (é D—(ﬂcaﬂy), (@, 9) = (2,9) G [1)>—(x+y,y)-

Using Lemma it is easy to check that, for n € N,
R(p", ") = |Coker(o" — ¢")|=n®,

Hence, the coincidence Reidemeister zeta function is

Zy(s) = exp (g:l ns") = exp <(1_88)2> .

Clearly, Z, ,(s) is neither a rational function nor does the zeta function have a natural
boundary at its radius of convergence.

Finally we generalise Theorem [£.3] to deduce the main result that was stated in the
introduction.

Proof of Theorem[1.]]. Assertion (1) follows from Proposition and (2) follows from
Proposition Thus it remains to prove (3), and we follow closely the proof of Theo-
rem

For 1 < k < cand p € P we write Sp(p) = {1,...,di} ~ Ix(p) and Si(p) = {i €
Sk(p) | |&k,ilp # kilp}- We set

b=T1 II TII mex{iéeily lmeily,  n=T1 I  TI  Imeiles

k=1pePy icS;(p) k=1p€ePy icSk(p)\S;(p)

and as in the proof of Theorem |4.3| we deduce from (1) and (2) that, for n € N,
R(e™,9") = g(n) - f(n),

where

c di c
g(n) =b"-n"- H H|g£z —Npileo and  f(n) = H H H ‘(gkvin];il)n _ 1}p'

k=1i=1 k=1 pePy, i€ S (p)~S; (p)

As in the proof of Theorem we open up the absolute values in the product P(n) =
ITizy H;";l\gk?i — n%]oo to arrive at an expression of the form

g(n) =Y cjuwl’,
jed

where J is a finite index set, ¢; € {—1,1} and {w; | j € J} € C\ {0}. Consequently,
the coincidence Reidemeister zeta function can be written as

Z,(5) = exp Z ¢ Z W
jeJ n=1

and we conclude the argument along the same line as in the proof of Theorem O
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