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§l.Introduction.

1.1. What is this paper about. Let 9Jl der 9JlIP
2
(2; -1; k) be the Inoduli space of J-l-stable torsion

free eohcrent sheaves F with rk (F) = 2, Cl (F) = -1, Cz (F) = k on IPz = IPz(C). 9Jl is a Sillooth
4(k - l)-dimensional projeetive variety and there exists the universal rank 2 torsion free sheaf :F
on IPz x 9Jl defined uniquely up to thc twisting by thc puH-back of an invertible sheaf on 9J1 (see,
for example, [12, eh.lI, §4]).

V'Je fix thc standard notations for the projections

and put Q der Rl 7r.:F. The sheaf 9 is 10caHy free anel rkQ = (k -1). The tibers of 9 at the closeel
points FE 9J1 are isomorphie to H 1(JPz; F). Vve caH Q the universal bundle on 9Jl.

Let gEB4 ~ QEBQEBQEBQ. The sequence of the topological constants ak der Ctop(QEB4) = C4k_4(QEM),
where k E N, appears as the correlation function in thc N = 2, NI = 4 supersymmetrie \rang-Mills
theories with 50(3) gauge group.

Namely, consider X = CIPz as real smooth 4-manifold equipped with some Riemann llletric 9 anc!
the stanclart SpinC-structure c = 3h. Also let F -+ X be a smooth complex 2-dimensional vector
bundle with Cl (F) = -1, c2(F) = k equipped with a 50(3)-connection a anel thc corresponding
twisted Dirac operator Da: COO(F 0 \/V+) ---+ COO(F 0 W-), where Vll± are the spinor bundles

presented by Spine-structurc c.

1e-mail: gorodOium.ips.ras.ru
2 e-mail: leensonOium.ips.ras.ru
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It is easy to check that the correlation functions in the QFT with foul' Rawers, i. e. with four
spinor fields

cPi: X ----t F 0 W+ , i = 1,2,3,4 ,

can be calculated correctly on the classical level, because the ß-function of this theory vanishes.
Absolute minima of the Yang-Mills Lagrangian are achieved exactly on the (a, 'ljJi) that satisfy the
equations

{
F: = it/ <Pi 0 !f>i)OO (1-2)

Da 1>i = 0, i = 1, 2, 3, 4

where Fa+: HO(F) ----t HO(fl2+ @F) is the Hodge-selfdual part of the curvature of a. The SI-action
on each of thc couplcel spinor fields can be killeel by the same normalisation of the detnninalltal
connections as in [16, n° 2.2}. So, for general lnetric g on X the equations (1-2) have only a finite
(up to 80(3) gauge) number of solutions. This number ak (where k = c2(E)) does not depencl on
a choice of llletric (if the choice is general enough).

To apply the geometry for the calculation of constants ak, we have to use the Fubini-Study
mctric g. It is not general: all spinor fields <Pi, which satisfy (1-2) must be zero in this case, because
of positive scalar curvature of g. Hence, the equations (1-2) take the fonn F: = 0, i. e. define
the usual instantons (antiselfdual connections on F). By Donaldson's theorem, the instantons
(considered up to SO(3) gauge) are in 1-1 correspondense with holomorphic J.l-stable structures on
F, anel henee, they are paralnetrized by the Zarisski open subset of VJl(2, -1, k), which consists of
all locally free stable sheaves. So, in order to calculate the actual values of ak in terms of 9J1, we
havc to consider an obstruction bundle. Since the obstruction spaces for the existence of non-zero
spinor 1> E ker Da Coillsides with cokel' Da = H1(F), the obstruction bundle is exactly the universal
bundle 9 on 9)1(2, -1, k) and the number of solutions of (1-2) for general metric equals ctop(9 EB4 )

(i. e. the number of points where foul' general obstructions vanish simultaniously).
Constants ak play an important role in physic and the sum j(q) = L akqk is waitcd by physicists

to bc equal to thc q-dceomposition of a Inodular fonn, because of the physical S-duality conjecture
(see [17, 18]). To check such kind of statements mathematically, we have to find a clear anel not
too hard way for the caiculatioll of the constauts-ak' Such a way is presented in this paper.

1.2. Approach and results. In §2 we give a direct geonlctrical construction of thc mocluli space
9J1IP

2
(2; -1; k). In particular , this reduces the calculation of ak to thc problein that cau be solved

principally by thc Schubert ca1culus ovcr a ring, which is given by SOlne explicit generators and
relations. For this abn we use the approach of G.Ellingsrud anel S.A.Str0mlne from [5]. vVc extcnd
this approach to the more general helices on IP2 anel adapt it for the sheaf 9.

Namely, consider the Kronecker moduli space ')1 = ')1(3; k, k - 1) clefined as the space of the
stable orbits (i.c. the geometrie factor) of the natural reprcsentation of the reductive group

(GLk(C) X GLk - l (C)) jC· {leI x lcl}

in the vectol' space C* k 0 C 3 ® C(k-l). The variety ')1 was studied in [3] and its ehow ring has
been calculatecl via generators anel relations in [6J. There exists the universal Kronecker rnodule
U; @C3 @U2 over ')1, where U1 and U2 are the natural universal vector bundles on ')1 with rkUl = k
and rkU2 = (k - 1) (theil' Chern c1asses are thc ring generators for A·(')1), see [6]).

Denote by <5 = Gr( k - 1, (:3 ® U1 ) ~ ')1 the relative Grassmann parametrizing all (k - 1)­

subbundles in the bUlldle C3 ®Ul on 91. Let S be thc universal subbundle on <5. The next theoreln
follows froln what we prove in §2.
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1.2.1. THEOREM. Tl1e nloduli space 9J1 = 9J1(2; -1; k) is isomorpbie to the subvariety 3 C Q) defined
as the zero scheIne oE a section oE the bundle C3 ® S* ® pr*U2 on (5. Under this isomorphism tlw
universal bundle 9 on 9J1 is identified with the restrietion oE the universal bundle U2 onto 3.

In §3 we study an action of the maximal torus T C PGL3 (C) on 9Jt. This action comes frOl11 a
toric variety structure on IP'2 and thc fixed points E E 9J1T of this action are represented by the toric
sheaves on IP'2. Using general technique of A.A.Klyachko ([14, 15]), we enurnerate all connected
components Y C DJ1T in some combinatorial tenns.

Nmnely (see details in §3), each connecteel cornponent Y C DJ1T is given by

- an ordereel collection of three non-negative integers do, dI , d2 such that thc surn d = do+dI +d2

is bounded by 0 :::; d < c2(E),
- an orelered collection of three positive integers ao, al, a2, which satisfy three triangle inequal­

ities ai < aj + ak anel the equality (-ao + al + a2? - 4ala2 = 1 - 4(C2(E) - d),
- an ordered collection of three pictures like shown in (3-6) on the page 18 (i-th picture,

i = 0,1,2, is obtained from a pair of Young diagraIns (Ail J-Li) such that IAil + IJ-Lil = di; the
diagrallls are shifted with respect to each other by aj cells in the horizontal (lirection and by
ak cells in the vertical direction).

Two such data leads to the same Y iff they have the same tripies of numbers di , ai anel the satne (up
to a parallel translation) tripies of pictures. The figure contained between two polygonal boundaries
of the Young diagrarns Ai, J-Li in (3-6) splits iuto eonnected cornponents. Let Ni be the nUInber of
thc eomponents, whieh are strietly contained inside thc intersection of two dotted right angles and
let N = No + NI + N2 · Then the number of Young diagram pair's tri pies {(Ai, J-Li) h=O,I,2 leading to
the same tripie of pietures is 2N allel the corresponding eomponent Y C 9JtT, is isomorphie to

IP'I X IP'I X ... X IP'I ,
, v I

N

where the 1l1ultipliers IP'I are in the natural 1-1 correspondence with the conneeted piees betwecn
the Yong diagraIll boundaries described abo'.'e.

Using geometrical eonstruction of DJ1 prescnted in §2 we fix some torie structure on the universal
bundle 9 over 9J1 and get the corresponding farnilies of toric structures on E runing through any
connected component Y C DJ1T. This let us describe the toric character decotnposition of all
restrictions 9!y (see n° 3.5.2).

In §4 we explain how to apply the Bott residue formula for the caleulation of thc consitsnts
ak. Unfortunately, we do not get any general closed answer, whieh express all ak directly in

tenns of k and/or sülne recursive rules, because the combinatorial data required to cvahlate thc
denominator in the Bott formula is too complicated. But we present an explicit deseription of this
data sufficient for the numerical calculation ak by a eOInputer. The first valucs of flk (with respcct
to the norrnalizations of 9 anel 9J1 given in Th.1.2.1) are the following3:

k 1 2 3 4 5 6 7
ak 0 0 0 13 729 85026 15650066

1.3. About the helices on IP'2' All what we need about the helices on IP'2 ean be read in [9, 11].
",.,re will use the ternlinology anel the notations from these papers. Everybody who is interesting

3they are calculated using MAPLE V.3
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only in thc above numbers ean suppose withollt any loss that the helix Joundations {Eo, EI, E z}
and {XEzl xE1 , XEo}, whieh will be used in what follows , are cqual to the tripIes

and {O, 0(1), O(2)}

of sheaves on lFz.
Thc more detailed review of the helix theory and the list of rcferenees ean be fOllnded in [10].

1.4. Ahout toric varieties and toric hundles. All torie things what we need (with a lot of
further referenees) can be founded in [14, 15]. Dur terminology and notatiolls will be very closed
to the Olles used in these papers. For convenience of readers we recall some basic facts adapted for
our framework at the bcginning of §3.

1.5. Acknowledgements. We are gratcful to A. N. Tyurin who draws our attention to this
subject and explancs a lot of physical things, and also to S. A. Kuleshov for very useful reInarks
alld iInprovemcnts.

This paper was finisheel when thc first of authors was staying at Max-Planck Institute für
i\1athematik in Bonn anel he would like to express here his gratitude for the hospitality.

§2. Geometrical description of moduli space.

2.1. The hases used for the representation of sheaves on IPz- Let {Eol EI, Ez} be a helix
foundation on IPz such that Eo = 0(-1) and J-l(Ez) 2:: f-L( F) = -1/2. It follows froIn [11] that the
pair {EI, Ez} in such a foundation is the pair of cOllsequent elements {Xl'" X v+l } in thc infinite
sequence of sheaves {Xv}l~v<oo defined recursively by the relations Xl = 0IP

2
(1), Xz = 0, and

There exists also the natural identification

{
~ for even v

Hom(XVl X v+I ) = V for oeld v

where V* = HO(OIP
2
(1)). Vvc denote the space HOD1(Ei1 Ej ) by l'ij. As we have just explaineel ,

diIn V1Z = 3.
Let {XEZ1 xE1, XEo} be thc left dual Joundation. It consists of thc shcaves xEz = EZ1 xEo =

Eo(3) = 0(2), and

The left dual foundation is uuiquely definecl by thc orthogonality conditions

E t (Z-i) ( xE. E ) = {C for i = j = k
x J 1 k 0 in the other cases .
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If thc pair {EI: E2 } coincides with thc pair {Xv: X V+I } of consequent elements frolll the sequence
{Xv} described above, then the dual pair {XE2 , XE 1 } coincides with thc pair {"-\v+l' X V +2 } [roIn
the same sequence. So, in tenus of Xv, every pair of dual foundatioIls , with is appropriatc for HS:

can be written as
and

and there exists the natural coincidence Horn (..-\v: Xv+d = Hom(Xv+l : X v+2 )*.

2.2. Monad on 1P2 " For i = 0, 1, 2 the inequalities J-L(F) ::; J-L(XEi ) ::; J-L(F(3)) betwcen the
f\1ulnford slopes imply (via the stability and the Serre duality) that

ExtO(XEi , F) = Ext2 (XEi1 F) = 0 .

So, only Ext1(XEi, F) cau be non-zero. We "denote this vector space by Vi and put '/.Li = diIU Vi'
The Beiliuson spectral sequenc~ (see [9D shows that F is the cohomology sheaf of thc mouad

(2-1)

Note that Uo = H1(F( -2)) and Uo = k - 1. In general, it follows from Riemanll-Roch that

where m(XEi ) der (1 + Cl (XE i )2)/rk (XE i ) is an integer (see [lID, which can be called the Markov
chaTactenstic of thc cxceptional vector bundle xEi on IP2 • In particular: for thc silnplest pair of thc
dual foundations {O(-l), OIF

2
(1), CI} and {O, 0(1), 0(2)} we have the dimensions UI = k and

1t2 = k - 1.

2.2.1. Some arithmetical conditions on '/.Li' The dasses {eo, el, e2} of thc sheaves {Eo, EI, E2}
form an integer semiorthonorillal basis of thc Mukai lattice ](o(IP2 ). In terms of this basis, the dass
f of F is decoill posed as

f = -uoeo + UICl - U2 C2 ,

where Ui = X(Xei , f) and thc left dual basis {Xedi=2,I,O satisfy the relations X(Xei , Cj) = (-1)i5ij . Ir
we use this decomposition in order to calcltlate x(eo, f), then we get

and hence,

where the dctenllinant 8(X, Y) ~ rk (X)CI (Y) - rk (Y)Cl (X) coincides by Riemann-Roch with thc

skew-synlIllctric part of !x(X, }').
On the other side, standard aritlllnetical properties of cxceptional pairs on 1P2 (see [11]) hnpI)'

the identities

x(eo, cd = 3o(eo l ed = 3rk (E2 ) .

x(eo, e2) = 38(eo: e2) = 3rk (XEd I

Hence, we have the identity

(2-2)
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Sinee the right side equals 1 for Eo = 0(1), in this case Uo = dirn Uo and Ul = dirn U1 are eoprime.
The other thing (whieh will be used below to study the stability) is that

o(Eo, F) = o(Eo, K) = 1 ,

where !( = ker(~2) is thc kernel of the seeond Inap from the monad 2-1.

2.3. Monad on IP2 x 9J1. Thc machinery for the Beilinson decomposition of eoherent sheaves on
lPn in terms of dual helix foundations has the straightforward extension (see [13]) to the relative
ease, where we consider the projeetivization of a veetor bundle over a base variety (instead of IPn

over a field). In particular, any eoherent sheaf X on IP2 x 9J1 has a natural representation as the
liInit of the following Beilinson spectral sequenee

whcre Ext~(p·(XE2+0J,X) def Rßn/H..om(p·(XE2+0J, X) and P, n are the projections froln (1-1).
So, the universal bundle F on IP2 x 9J1 is the eohomology sheaf of the monad

(2-3)

where we denote by F i the shcaves Ext~(p· (XEi), F) on 9J1. In the fibers at the points of 9J1 the
monad (2-3) induee various Inonads (2-1) on lP2 .

2.4. Universal complex on 9J1. The eomplex of the loeally free shcaves (2-3) is adapted (in the
sense of [8, eh III, n° 6.2]) to calculate the derivcd functor Rn.R'Hom(p· Eo,F), because

R q '1.J (.E • 'L' 10\ .. E) - :F. JO.. Rq '1..J (.E •E ) _ { VOi 0 Ft for q = 0n. nom P 0, n ~i 'öl P i-i '0' n. nom P 0, P i - 0 f -/.. 0
01' q r

Hence, applying the funetor Rn.R1lom( p* E Q , ?) to the complex (2-3), we gct the following eOlnplcx
of locally free sheavcs on 9J1:

(2-4)

This tripie is exact on the left term and has on the nüddle and on the right the cohomology sheaves
&xt~(p·EOl F) and &xt~(p·Eo, F). Both cohomologies can be not loeally free4

.

Note that for tbe simplest tripie {Eo, EIl E2 } = {CJ( -1),0(1), CJ} the sheaf :F2 in the right tenn
of (2-4) is exactly the universal sheaf 9 on 9J1.

Vve are going to construet the closed embedding of 9J1 into the relative Grassmann Q; ovcr thc
Kronecker moduli space. Under this elnbcdding the universal complex (2-4) will eoincide with thc
restriction of some natural universal sequence of bundles on the Grasslnann Q;.

2.5. The map from 9J1 to 91(V01 ; Uo, Ud. Thc surjeetion ~2 from the monad (2-1) gives a
Kronecker module, i. e. a tensor ""F in the space

(2-5)

4Their fibers at the point FE 9J1 are HO(F(l)) and H 1 (F(l)) and these spaces can jump.
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In accordance with J .-M.Drezet's results (see [3, Prop.27]) the tensor K.F is stable with respect
to the natural action of the group

G = GL(Ud x GL(U2)/C·{Id x Iel} ,

if anel only if the corresponding rnap '-2 is surjective anel its kernel 1< frorn the exact tripie

(2-6)

is stable sheaf on I?'2' In order to check that these conditions hold in our case, we use the other
exact tripie induced by the 1l10nad (2-1):

o ---+ U0 ® Eo ---+ K --+ F --+ 0 .

and note that K belongs to the category spanecl by EI anel E2 , i. e. Hom(1(, Eo) = O. So, by
n° 2.2.1 we are in a position to apply the following general lemma.

2.5.1. LEMMA. Let E be a stable loca.l1y free sheaf and F - any sbeaf such tba,t

8(E, F) = rk (E)Cl (F) - rk (F)CI (E) = 1 .

IE an extension K oE the fonn
0--+ \!®E --+ K --+ F --+ 0

satisfy tlle COIldition Horu(1<, E) = 0, then F is Ivfumford-stable iE and oIlly iE 1( iso

PROOF. In terms of an integer 2-elimensional lattice generated by additive functions (rk, cd, the
determinantal conditions o(E, K) = o(E, F) = 1 mean that there are no integer points except for
verticcs in two parallelogranls spaned by the classcs of E and K and by the classes of E and F. In
partieular, any dass X, whieh satisfy the conditions

either 01' {
J-L()C) < p,(F)
rk (X) < rk (F)

havc to satisfy eithcr the inequality J-L(./Y) < IJ,(E) 01' thc system of equalities

{
rk (./Y) = m· rk (E)
Cl(X) = m· cl(E)

for sorne integer m.
Now we consider consequently both iruplieations of the lemma.
Let K be stable. Ir F is not and adnlits a torsion free factor F ---+ Q ---+ O. with 11,(Q) ::; J-L( F)

and rk (Q) < rk (F)} then automatically J1.(Q) :::; J],(E) < J],(K). This is irnpossible} becallse Q is
the factor-sheaf for I< too.

Conversely} let F be stahle anel 1< be not anel let 1( ---+ G --+ 0 bc the Ininirnal stahle torsion
free Hareler-NarasiInhan's factor with p(G) ::; J1.(K) anel rk (G) < rk (1<). If Hom(E} G) = 0 thcn

Honl(F, G) =1= 0 and we get the eontradiction as above. Ir thre exists a non-zero map E ~ G,
then J.l(G) = J-l(E), beeause V ® E is sernistable. Since E is stahle, loeally free} and has the salne

slope as G, the non-zero map E ~ G is an isolnorphism. So} there exists a non-zero map froln
]( to E. This contradicts to the last assumption of the lenlma.
D
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2.5.2. COROLLARY. Taking F 1----+ K,F, we define a Eamily oE stable G-orbits oE tlle [(ronecker
lI1odules. Since tlle falnily is paralnetrized by tlle points of 9Jl, this gives an algebraie lllorpllism

K,: 9J1 -----1 ')1, wllere ')1 ~ ')1(V12 ; U1, U2 ) is tl1e spaee oE stable orbits (i.e. tl1e geometrie fc:'letor) oE
tlle natural representatioll oE tll€ group G {roln (2-6) in the veetor spaee (2-5).

D

Since tbe dimensions Ul = dirn VI and U2 = dirn U2 are coprime, all semistable tensors in (2-5)
are stable (see [3]), the action of G on tbe set of stahle tensors is free (see [6]), and the spaces

and (2-7)

adIllit the natural strllctures of G-modules (if IJl anel IJ2 are such that VI Ul + IJ2U2 = 1). Hence, 91
is a SIllooth projeetive variety and G-modules (2-7) induce some vector bundles on ')1. \~Te denote
these bundlcs by U1 and U2 . Note tbat by the construction we have thc natural line bundle's
iSOIllorphisIll detUI = detU2 .

The universal Kronecker module U~ ® V12 ® U2 has the tautological global section, which ean
be considercd a..~ tbe homoIllorphism U1 -r V12 ® U2 . This homomorphism induces the map

whicb can bc cOIllposed with the multiplication nutp

Denote tbe resulting nlap by
(2-8)

Thc next corollary follows iInInediately from the construction.

2.5.3. COROLLARY. The llomolnorpllism Val ®F1 -r V02 ®F2 fronl (2-4) coincidcs with thc inverse
ünage of (2-8) via. the map K,: 9J1 -----1 ')1 from Or1.2.5.2

o
The corollary explains why the map K,: 9J1 -----1 ')1 is not an isomorphism: the kernel of tbe

homonlorphism Val ® F 1 -r V 02 ® F2 from (2-4) nlllst contain the subbundle :Fa c Vl2 ® :F1 . Ta
take this inta account we have to lift (2-8) on the Grasslllann parametrizing aH tbe subbundles in
question.

2.6. The embedding 9Jl y Q;. Let Q; ~ Gr( Uo l VOI 0 Ut ) ~ ')1 be the relative Grassmann
paraIlletrizing thc rank Uo = diIl1 Uo = rk:Fo subbunclles in thc vector bundle Fot ®UI on ')1. Denote
by

.0 -r S -l..t Vt2 ® pr*U1

the canonical indusion of the universal subbundle S on Q;. Let 3 c Q; be the zero scheme of the
CODlposition

. pr' (i)
S -.l.-r Val ® pr*U1 ) V02 ® pr*U2 (2-9)

2.6.1. LEMMA. The map K,: 9J1 -----1 91 from Or1.2.5.2 lifts to a c10sed embedding k: 9Jl -----1 <8,
wllich Il1apS 9J1 isomorphicaly onto 3. Under this map the complex (2-4) 011 001 is identified witll
the restrietion of tbe sequence (2-9) onto 3.
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-In particular, for the siJIlplest tripie {Eo, EI, E2 } = {O( -1), 0(1), O} the restrietion of tlle
bundle pr*U2 onto 3 coincides witll the universal bundle :;:2 = 9 .

PROOF. It is sufficient to prove that the fiber of the tripie (2-9) over any closed point of 3 induces
on lP2 a Inonad of the form (2-1) with a l.i-stable coholnology sheaf.

Ir we denote thc fibers of thc bundles S, pr·Uo, and pr·U1 by Uo, U1 , and U2 , then for any closed
point of 3 the maps j and pr*(i) give two Kronecker modules

and

which induce the sequence of sheaf honlomrphislns on lP2 :

(2-10)

Certainly, we have 1'2'''1 = 0, becausc this eornposition eonsidered as a tensor from Vo2 ®Hom(Uo, U2)

coincides with the COlllposition

Uo~ Ul 0 VOI ~20Id) U2 0 Vl2 0 VOl Id0Jl) U2 ,

whieh vanishes over 3 by the construetion. Further, the seeond Kroneekel' module K.2 is stable.
Heuee, by J .-M.Drezet [3, Prop.27] it incltlees thc exact tripie

(2-11)

on IP2 anel the kernel K of this tripie is stahle. So, as soon as we prove that ~l is an monomorphism
we get that the conlplex (2-10) is a monad and its homology sheaf is stahle by LeIll.2.5.1.

Since J{ and Eo are stable and <5 (Eo, J{) = 1, the image I = im ( Uo® Eo ....':L-t J( ) is semi-stable

and has the saIlle slope as Eo. Hence, a11 Jordan-Hölder factors of I are equal to Eo allel I is a direct
surn of some copies of Eo, because Eo is exceptional. In other words, ker(~d = i/V 0 Eo for sorne
suhspace W c Uo. Since the first Kronecker Inoelule K.l is injective, we cau draw the commutativc
diagram shown on (2-12). The right column of this diagram is thc canonical exact tripie 5:

o -+ Et -+ HOln(Eol Ez) ® Eo~ EI -+ 0 ,

tensored by the vector space Ul . The bottom row is induced by the rest part of the eliagralll anel
shows that VV = 0, becallse Hom(Eo,Er) = o. So, ker(/,z) = 0 and the proof is finished.
o

2.7. How to calculate ak via Schubert. Extracting dirn 9J1 from the scalar square of any dass
jE!(0(IP2) cOll1ing frorn FErol (see n02.2.1), we get

where h ij = diln lJij. Since diIll 91 = hOl uOUl - U6 - ui + 1 = dirn 9J1 + U2 (h02Uo - h12Ul + U2), wc
have

diIn 18 = u2(h12Ul - U2) + diIn 91 = dirn 9J1 + h 02 7.loU2 ,

1. e. the codirnension of 9J1 = 3 in 18

d~ h02Uo'U2 = 3rk (XEz) = 3(k - l)(ulrk (Eo) - 1) .

firn the terminology of the helix theory, this tripie define the left mutation of EI by Eo.
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K10Id
-_. Hom(Eo, U1 @Ed®Eo

o

(2-12)

is equal to thc rank of the bundle 1iom( S, V02 ® pr*U2 ). Heuce, 3 localizes the top ehern dass
of this bundle (see [7, Prop.14.1)). Since the rational and llumerical equivalences of cycles on 9J1
coincide to each other (see [4]), we have A*(9J1) = Cd . A*(0), where Cd E A*(<B) is the top ehern
dass of the bundle 5* ® V02 @ pr*U2. Hence, the constants ak can be calculated inside the ring
A*(Q)). For the siznplest helix foundation we get in this way the formula:

ak = C(k-l)2 (5)3 . Ck-l (U2)4 .

The ring A*(Q)) is the Schubert calculus (see [7, §14.7]) over the ring A*(~). An explicit description
of the last one via generators allel relations can be found in [6, Th.(6.9)].

2.8. Normalization of the universal bundle 9. Note that the iclentification of thc bundles
F l1 F 2 on 9J1 with tbe bundles U11 U2 via the enlbeddind 9J1 y Q) gives us a normalization of the
universal bundle, i. e. it fixes the det 9 E Pic(9J1) uniquely. In fact, if we multiply thc universal
sheaf:F on IP2 x 9J1 by rr* L, where L E Pic(9J1) , then det.1"1 alld det.1"2 are shiftecl in Pic(9J1) by
[/3)u1 and by L®u2 respectively. Since Ul and U2 are copriIne, there is at most Olle shift, which leads
to thc identity det..1"1 = det ..1"2. But we have det F 1 = detUI = det U2 = det F2 by thc construction.

If we take different basic helix foundations {Eo, EI, E2 } = {O( -1), Xv, X v+1 }, then we get a
sequence of different normalizations of the universal bundle on 9J1. Numerical experiInents show
that these normalizations leads to the different values for the constants ak' In the calculations,
which will be prescnt in the following two paragraphs, we will always suppose that thc universal
bundle 9 is normalized via the simplest foundation {Eo, EI, E 2 } = {(](-1), n(1), O}.

§3. Torus action on 9J1(-1,2,k).
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3.1. Toric structure on IPz. Let us fix sonle hOlnogeneous coordinates (Xo: Xl: xz) on IPz and
consider IP2 as a toric variety with respect to thc action of thc diagonal subtorus T C PGL3 (C) on
this coordinates. vVe will represent elements of the torus by Inatrices of the form

and often we will use (ml' 7n2) as thc Cartcsian coordinates on the torus character's lattice A(T).
It is convenient to introduce the following three one-parailleter subgroups Ti E A(T)*:

TO(t) = (1 r' r')' T,(t) = (1 t 1)' T2(t) = (1 1t)

and use sometimes the trigonal coordinates (mO.ml l mz) on A(T), where

Of course, here (7nl' m2) are the same as above anel mo + ml + m2 = O.
Standard affine card Ui = {Xi =1= O} C IP2 coincides with SpecC[od, where 0i E A(T) are sOlne

angles such that in Cartesian coordinates (mI, mz)

00 generated by the eharacters (1,0) and (0,1)

°I generated by thc charactcrs (-1, 0) anel (-1, 1)

02 generated by the characters (-1,1) anel (0, -1) ,

Characters, which are regular on Uij der Ui n Uj , fonn thc following halfplanes Oij E A(T):

012 {(d 1, d2 ) E A(T): mo = -mi - m2 2: O}
0"02 {(dI1 d2 ) E A(T): ml 2: O}
001 {(d1, dz) E A(T): '1n2 ~ O}

vVe will always identify the torus T with the open dcnse orbit UOl2 der UOnul nU2 = Spec(C{A(T)])
by puting tET into tpE UOI2 , where p = (1: 1: 1) E UOIZ •

3.2. Torus action on sheaves. The torus T acts on thc set of classes of isomorphie torsion frce
sheaves on IP2 via

t: F --+ t. (F) . (3-1)

So, we have a torus action on VJ1 = VJ1(2, -1, k) and also on thc set of sheaves on 9.11. \Ve are going
to apply to this action thc Bott residue fonnula (see [2]). In order to do this, we have to describe
the connected components of the fixed point locus DJlT C 9Jl anel to fix a toric structure on the
universal bundle g.

3.2.1. Toric structures. A sheaf E rcpresent a point of 9.11T iff thcre exists a a collection of
isolTIorphisms

rpt: t* (E) --+ E for every t E T .
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Such a colleetion Cf} is ea11ed a tone strueture on a sheaf E if it satisfy the fo11owing additional
eondition: V8, t E T the natural diagram

is eOInmutative. A sheaf equipped with a torie strueture is ea11ed a tone sheaf.
The obstruction to the commutativity of thc above diagram is represented by a eoeycle on T

with values in Hom(E, E) (see [1]). In our case this eoeycle vanishes, beeause E is stable (and
HOIn(E, E) = C). So, every sheaf E, which represents a point of 9J1T, admits a toric strueture.

Certainly, there are many different torie struetures on the sanle sheaf E E 9)1. For examplc,
torie struetures on the strueture sheaf 0 are paraIuctrizcd by thc torus eharacters: the structure
X, whieh eorresponds to thc eharaeter X, takes f E O(t-1U) to Xtf E O(U) defined by

Xtf(x) ~ X(t) . f(t- 1x) .

Tensor multiplieation of a torie sheaf E by the strueture sheaf 0 equipped with a torie strueturc X
is called a shijt 01 a toric strueture on E by the character X. Any two different torie struetllres on
an arbitrary torsion free torie sheaf E ean be obtaincd froIu eaeh other by thc shift by a eharaeter.

3.2.2. Uniformal fixation of the toric structures. First of all, on the sheaves {O, 0(1), 0(2)}
we fix the tautologieal torie struetures eoming from the torie variety strueture on IP2 = IPV. In
these struetures T-modules HO(O), HO(O(l)), and HO(0(2)) coincide with the trivial I-dimensional
T-nlodule C and with the standard representations of T in V* and S2V* respeetively.

Sinee the mutations of exeeptional bundles are T-equivariant, the previous torie structures
induee a torie strueture on eaeh exceptional veetor bundle E on IP2 . In partieular, wc get the toric
struetures on the basic sheaves {O( -1), n(l), O}. The corresponding T-modules

VOl =' HOIU(CJ( -1), n(l))
VI2 Hom(O(l),O)

V02 = HOIn(O(-1),0)

coincide with standard representations of T in the spaces V, V, and A2(V) respectively.
So, we get a natural torus action on a11 geoInetrieal objects used in §2: T acts on the Kronecker

moduli spaee 91(V12 ; U1, U2 ) (because it acts on '(12 ), therc is a natural toric strueture on the
bundles U1 , U2 (indueed by thc trivial torus action on G-Inodules (2-7)), and fina11y, the torus acts
on the Grassmanian G. Thc last action preserves the subvariety 9Jl = 9Jl(2, -1, k) C G and thc
restriction of this action onto 9J1 coincides with the action (3-1). Hence, we have a torie strueture
.on thc universal bundle 9 = U2 1rrn anel this strueture leads to a speeific torie structure on each tode
bundle E on lP2 •

In order to deseribe the last one, reInember that by (2-7) there is T-equivariant isolIlorphisrn
det pr*U2 = det pr*U1• Taking its fiber over E E 9J1T C <5, we see that T-Inodules det H I (E)
and elet H 1(E( -1)) nlllst be isomorphie to each other. In other words, the surn of a11 charactcrs
froIn HI(E) is equal to the sum of all characters from H 1(E(-1)). It is known (see [14, 15])
that after twisting a torie structure on E by a charaeter X both sets of characters H I (E) allel
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H 1(E (-1)) are shifted silnultaneously hy - X inside the lattice A(T). Bince diln H 1(E) = k - 1 and
dirn H 1(E (-1)) = k, there exists a unique shift, which leads to the equali ty betwecIl these SUllIS.

So, to get the correct toric structure on a sheaf E E 9J1T we have to st.art frolll any torie structure
on E, then ca1culate the character decompositions for Hl(E) and Hl(E(-l)), anel then shift thc
toric structure in oreler to have the equality between the sums of these characters. We will make
all these ca1culations in §4.

3.3. Rank 2 torsion free toric sheaves on IP2 • Thc technique elevelopeel by A.K1yachko (see
[14, 15]) presents a description of all toric sheaves up to the isolllorphisluS, which preserve a torie
structure. This description leads to enumeration of all connected components of 9J1T. SO, let us
reinemher some comhinatorial data associateel with a torie structure on a sheaf.

Any sheaf E on IP'2 is uniqllely defineel hy a tripie of the modules E(Ui ) = r(Ui ; E). If E is
toric, then T acts on each E(Ud. Uneler this action t E T maps a section (J: c? ---+ E to thc
eomposi tion

o~ t.(O) t.(u)) t.(E)~ E ,

where i t is the talltologieal toric structure on 0 fixed above. As 800n as we have a torus action
on E(Ui ) we can elecompose E(Vi ) into a e1irect sum of cigenspaces E(Udx paraInetrized by the
torus charaeters. Note that if we multiply an eigenseetion of wcight X E A(T) by a eharaeter ~,

whieh is regular on Ui , then we get a section of weight X -~. So, V ~ E (Ji we bave the inclusion

E(Ui)x y E(Ui)x-~'

3.3.1. TripIe of bifiltrations associated with a toric structure. Denote by V the fiber of E
over the point p = (1: 1: 1) E U012 ' Since any homogcncou8 8cction is uniquely determinatcd by its
value at the point p, each E(Ui)x can be considered as a subspace in V. Denote this subspace by
Vi(X). As we have just seen, these suhspaces form an inductive systelll over the cone -Oi, which
is opposite to 0i C A(T), i. e.

V~EOi .

If we replace the charaeter X in the notation l/i(X) ?y its coordinates mj ~ (Tj, X) and mk def (Tk' X)
with respect to the sides of the angle 0i (,ve always suppose that j < k is the cODIplementary to i
pair of indices) and use the notation Vi(mj, 17~k) instead of Vi(X), then we can say that for i = 0,1,2
the subspaces Vi(mj, mk) form a triplc of bifiltrations of V. These bifiltration have tbe propertics

aneI

and a torie strueture on E is uniquely dcfined by such a tripie of bifiltrations.

3.3.2. TripIe of filtrations associated with a toric structure. Consider now the modules of
sections E(Ujj ) = r(Vi n Vj ; E). As above, we can associate with eaeh of these three IllOdulcs a
collection of subspaces Vij(X) C V paramctrized by torus characters XE A(T). These subspaees
corresponel to homogeneous sections of E over Uij and satisfy the property

\Vritting Vij(m) instead of Vij(X), where m = 112k = (rk' X) (and k is cOlnplementary to (i,j)
index), we get a deereasing filtration
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of V. Certainly, each filtration vij (*) coincides with the limits of the bifiltrations Vi (*, *) and
V j (*,*):

Vi(m,-oo) = Vj(-oo,m) = Vij(m) \:/mEZ, \:/i <j, (i,j) C {0,1,2}. (3-2)

Now we are in a position to fonnulate the following result of A.K1yachko extraeted frolll {15].

3.3.3. THEOREM. The eategory of torie torsion free rank 2 sheaves with the morphisIns, Wllich
preserve a torie strueture, is equiva.lent to tbc eategory of 2-dirnensional vector spaces V equipped
with a tripie of bifiltrations V i ( *, *), i = 0, 1, 2, such that 8ny two of them have the saIne linüts
(3-2) (the morphisrns in this category must preserve a11 bifiltrations).

o

3.4. Toric bundles. Starting [rorn any tripie of filtrations Vi j (*), one ean construct a tripie of
bilfitrations Vi (*, *) defined as

(3-3)

Evidently, this tri pIe satisfy the conditions of Th.3.3.3. Hence, such a tri pie always define a toric
sheaf. It is easy to see that this sheaf is locally [ree. So, we have the following result (see [14]).

3.4.1. THEOREM. The category of 8011 ra,nk 2 vector bundles with the lllorphislns, whieh preserve
the torie structure, is equivalent to tbe category of 2-dimensional vector spaces equipped witll a
tripie of fil tra tions vij (*), i < j I (i, j) C {O, 1, 2} (th e Inorphisms in this category 111 ust preserve
a11 the filtratioIls).

o
Since dirn V = 2, each of the fil tration V j k ( *) ean bc given by the following data:

- 1-diInensional subspace Li C V;

~ a number Si EZ such that Vjk(Si) = V and Vjk(Si + 1) = Li ;

- a number ai E Z, ai ~ °such that ,Vjk(si+ ad = Li and" Vjk(Si + ai + 1) = 0 (in other
words Q.j is tbe nurnber of 1-dirnensional terms of the filtration).

In terms of this data tbe action of isomorphisIns, which preserve a torie structurc, eoincides with
the action of PGk!(V) on a tri pie of lines Li. There is also the very nicc stability criterion (see
[14, 15]):

3.4.2. THEOREM. Loeally [ree J.t-stable rRnk 2 toric sbeaf E is J.L-stable if and only iE tlle corre­
sponding l-diInensional subspaces Li are painvise different and CLi are the side lC11gths of a, triangle
(i. e. they are positive integers satisfying the triangle inequaiitics).

o
Since PGL3 (V) acts transitivelyon the tripies of pairwise different 1-dirnensional subspaces Li,

a stable toric bundle does not depend (up to isoll1orphisrn preserving a toric structure) on thc
choose of the subspaees Li in V. So, a stable toric bundlc E is defined in fact only by six numbcrs
ai, Si. For example, the Chern classes of E can be rceovered from these numbers by the formulas
(see [14])

Cl (E) = 2(80 + 81 + 82) + ao + al + a2

Cl (E)2 - 4C2(E) = (-aa + al + a2)2 - 4ala2
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Moreover, a toric structure on E depends on (and only on!) the nurnbers Si. Namely, if a toric
strueture is twisted by a eharacter X, then the numbers ai remain to be the SaIne and the numbers
Si are shifted by thc rule

Si 1---+ Si - (Ti'X)

(so, we see that the surn So + SI + S2 is not changed tao).
We get

3.4.3. COROLLARY. There is a 1-1 correspondence between the stable tork bundles (collsidereel up
to toric isolnorphisII1S) with (rk, Cl, C2) = (2, -1, k) anel thc collections

such that ao, a1, a2 satisfy tbc triangle inequalitics and the equality

JE a torie strueture on a bundle is cha,nged by twiStÜlg by a character X E i\(T), then the triple
(ao, aI, a2) rClnains to be the same an cl a pair (81, 82) is shifted by the vector wi th coorelinates
(-(Tl, X), -(72' X)).
o

3.5. Non-reflexive toric sheaves. FrOln the eanonical exact tripie

o---7 E ---7 EU ---7 CE ---7 0

it follows that if E is astahle torie sheaf with (rk, Cl, C2) = (2, -1, k), then Eh is astahle torie
bundle with (rk,c1,c2) = (2,-1,k-d), where d = dimHO(CE ). The cokernel CE = EIE*·
splits into direct surn of three torsion torie sheaves Ci with Supp(Ci ) = Pi, where Po = (1: 0: 0),
PI = (0: 1: 0), and P2 = (0: 0: 1) are three fixed points for the torus action on IP2.

Hence, the eOlnhinatorial description of an arbitrary torie sheaf eonsists of a non-negative integer
d, which gives "a jump" c2(E) - c2(E**), five integers- (81, 82, ao, a1, a2), whieh give a bundle E**
with c2(E**) = k - d, and a eOInhinatorial description of three 0p2,Pi-modules Ci'

3.5.1. Combinatorial data and moduli of Ci' Suppose E to be given by a tripie of bifiltrations
V i (*, *). Then construct the filtrations \lij (*) defined by (3-2). Then make from them thc new
bifiltrations Vi (*, *) defined by (3-3). It is not difficult to see tbat the vector bundle, which
corresponds to this final bifiltration 's tripie, coincides with E**. Moreover, the canonieal indusion
E y E** eOITesponds to the natural enlbedding

Heuce, each Ci can be decomposed via torus action by tbe formula

This decoInposition can be represented by the foUowing picture. Consider an infinite tablc with
cells indexed by the pairs (mj, mk) and put in each cell the corrcsponding space \li(mj, 1Hk)' Such
a table is divided into sevcral natural ZOlles, whieh eontain the spaees of the saIne ditnension. This
looks like
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0 0 0

1 0 0 0

0

1

0 0

1

2

I
1

a·J

0 0 0

1 0 0

2 1 0

a·J

(3-5)

(3-4)

where the numbers indicate the diInensions of the corresponding spaces. Note that the widths of
I-dimensional zones coincidc with the numbers aj, ak, which define the bundle E** via CrI.3.4.3.
Thc numbers Si define the placelnent of thc picture: upper cells of the horizontal I-dimensional
strip have ffik = Sk + ak and the right ceIls of thc vertical I-dimensional zone have 711,j = Sj + aj.

Sinlilar table for thc bifiltration V i (*, *) is obtaincd from the previous one by changing sorne
dimensions by smaler like in (3-5). An inlportant property of the I-dimensional zone of this table
is that any two cells, which have a COITIlnOn side, have to contain the same I-diInensional spaces.
So, I-dimensional zone splits into maximal connected components: two cells belong to the salne
cOInpoIlent Hf they can be connected inside this cOlnponent by a sequence of cells such that any two
consequent elements of this sequence have a COlnInün side. All cells of each connected cOInponcnt
contain the same I-dimensional subspace.
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Note, that in any ease there arc cxactly two not boundcd componcnts. They contain 1­
dimensional spaces, which conlC froln the previous picture (i.e. frorn E*· ~ corresponding cells
form the bottorn end of the vertical strip and the left end of the horizontal strip). These two
l-diDlensional spaccs Dlust be different, becanse of stability, and we can consider them to be fixed
by sorne torie isomorphisrn.

Other connected components are bounded (therc are 2 such components in (3-5)). There are no
restrietions on the I-dirnensional spaces placed in each of these eOITlpOnents. Henee, each torsion
sheaf Ci defines and is uniquely defined by a table like (3-5) and a point frorn

rl x Ir} x ... x 1f\ '
....

where Ni is the ntunber of bounded connected cornponents in I-dimensional zonc and each IP1

Ir(V) pararnetrize the choice of I-dimensional subspace in V placed in the corresponding connected
component.

So, each connected cornponent Y C ®.T is uniquely clefined by a tripIe of numbers Ui, which
give E·* (thc salne for all E E y'), a tripIe of nUlllbers di = dirn H O

( Ci), and a tripie of pictures like
(3-5). Such a component is isornorphic to the direct product of N = No + NI + N2 projective lines,
which paranletrize the ehoice of subspaces placed in bounded I-dimensional zones of the tables
(3-5).

3.5.2. Character decomposition and eigensubbundles in HO(Ci ). Thc picture, which gives
the character decollIposition for HO(Ci ) follows imrnediately frorn (3-5), (3-4): the character X with
the coordinates 112j = (Tj, X), mk = (Tb X) is present in HO(Ci ) if and only if a subspace placed in
the (rnj, rnk)-cell of (3-5) is srnaler thcn thc one plaeed in the same eell of (3-4). The differenee
between the dimensions of these subspaces equals the llluitiplicity of X.

When E is runnig through a connccted componcnt Y C 9J1T thc eigenspace corresponding to
X fornl a vector bUlldle over Y = Irl X l\ x ... X !PI. This bundle is nontrivial iff X cornes from
a bounded I-dimensional zone of (3-5). In this case it equals thc pull-back of the universal factor
line bundle 0P

1
(1) over the lPI-lnultiplier, whieh corresponds to the bounded I-diInensional zone

of (3-5) what X comes frOln.

3.5.3. Description of HO(Ci ) by a Young diagram's pair. Combinatorially, it is convenient
to represent the charaeter table for HO(Ci) as a surn of two Young diagrains Ai, /-Li filled by 1­
dimensional spaces like in (3-6) (Ai, /-Li are any satisfying the condition IAi I+ IPi I= di = dirn HO(Ci))'
Such a decolnposition is not unique: there are cxactly 2Ni Young diagram 's pairs, which lead to
the salne resulting picture.

Let us collect all above infonnation in

3.5.4. THEOREM. Ever'y connected COII]pOnent Y C 9)1(2, -1, k)T has a fonn

N

Clnd there exists a surjective map fron] the set oE a11 combinatorial data consisting oE:

- ä.Il ordered triple of non-negative intcgers do,d I , d2 sud] that the SUln d = do + d1 + d2 is
bounded b'y 0 ::; d ::; (k - 1),

- a,n ordered tripie oI positive integers ao, al, a2, which satisf'y tllree triangle inequalities alld
tlle equality (-ao + (LI + a2)2 - 4aIa2 = 1 - 4(C2(E) - d),



18 Alexei L. Gorodentsev, MaxiIn I. Leenson

(3-6)

~ an ordered triple oE Yong diagramJs pairs (Ai, /-Li) such tha,t IAil + IJ-Lil = c4
onto tbe set oE a11 cOl1nectcd C0111pOnents Y C 9J1T. For any Y there are exactly 2dim Y combinatorial
data co11ectiol1s, wlJich are mapped into 1.r. Tl1CY a11 ha,ve the same nunlbers aiJ d i and the sa.Jne
tripIes oE picturcs obtained !roln the Young diagrams in tbe way s110wn in (3-6). lP\ -Inultipliers oE
1.r naturally correspond to the bounded l-diInensional ZOlles in three diagrams (3-5).

§4. Some calculations via Bott formula.

4.1. Bott formula in our framework. Suppose that a torus T aets on' a smooth algebraic
variety )(, E is a torie bundle on X, and rk (t') = dim(X). Then the top ehern class of E ean be
evaluated only looking on the restriction ElxT of E onto the fixed points loci X T .

Nanlely, let X T = UY be the decoInposition of ..'yT into connected cOInponents and ,: C* --t T
be a general one-parametric subgroup (such that X, = X T ). For any connected component Y
consider the decompositions

and Nxjy = EB Nf:jy
xEA(T)

E hr = EB EX
xE/\(T)

with respect to the torus action. Let

c(EX) = Il(l + e~) anel c(Ns:jy ) = Il(l + n~)
j

be the fonnal. factorizations of total Chern dasses of eigenbundles EX, NS: jy . It follows from the
general Bott residue fornlula (see [21) that the top Chern dass Ctop(t') can be evaluated by the
following rule
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wbere the integrand expression is eonsidered as an elelnent of the Chow ring A*(Y).
We are going to apply this fonnula to calcll1ate Ctop(Qffi4), where 9 is the universal bundle over

9Jl = oot(2, -1, k). As we have seen in the previous paragraph, eaeh connected fixed locus ),T E 9J1T
is represented by a family of all torsion ffee toric sheaves E on p2, which have a given cOInbinatorial
type and are equipped with some special toric structures induced by the eanonical torie strueture
on 9 (see n° 3.2.2 above). So, we bave to calculate the character's decomposi tion of H 1(E, IP2)
and describe the eorresponding cigensubbundles of Qh' in terms of A*(Y). Then we need to Inake
the SaIne for N9Jl(2,-1,k)/Y, i. e. we have to calculate the character's decoillposition of Ext1(E, E),
factorize it by the zero character cOlnponent, and clescribe the corresponding eigensubbunclles of
Ext~(9,9)ly in ternlS of A*(Y).

4.2. Character's decomposition for 91y. Let E runs through tbe connected cOlnponent Y C

9JtT given in combinatorial terms of Th.3.5.4. Since H 1(E) = Hl(E**) ffi HÜ(CE ), the diagrmTI of
characters, whieh are present in H 1(E), is the SUlll of seven pices: thc diagrain for H 1 (E**) anel
six Young diagrams coming from HO(Ci ), i = 0,1,2 as it was explained in n° 3.5.2 and n° 3.5.3.

(4-1)

The first pice is calculated directly by looking on thc X-component of the Chech c0l11plex
2

associated with the standard affine covering IP2 = U Ui (see [14]). It is easy to see that in terms
i=O

of filtrations Vik (*) described in n° 3.3.2, thc character X appears in BI (E**) iff all three spaces
Vik(X) ((jk) = (01), (02), (12)) are 1-diInensional. The set ofsuch characters is represented in A(T)
by intersection of three strips like in (4-1). The weights of the slanted, horizontal, and vertical strips
are equal to (lo, al, a2 correspondingly. Certainly, all the characters have the multiplicity 1.

Thc same picture for E**( -1) is obtained by thc one step shift of the slanting strip in thc
right- upper direction like

•
Three Young diagram's pairs are placed into three pairs of outward angles of thc above hexagons in
such a way that in nlore symlnetric trigonal coordinates on A(T) we get thc picture shown on (4-2).
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(4-2)

Recall that this picture must be placed iuto A(T) in such a way that the SUITI of all characters from
H 1(E) equals to the sum of all characters from H 1(E (-1 )) .

Eigensubbundle corrcsponding to thc character X is either trivial 01' the pull-back of VIP} (1).
The last case was explained in UO 3.5.2.

4.3. Character's decomposition for Nm/ y • We compute the character decoillposition of
T9Jl,E = Ext l (E 1 E) usiug the standard spectral sequence associated with the ITIonad (2-1). In
this sequence E~q = Er:; and Efq coincides with the following T-equvariant complex of T-modules

End(Uo)
EB

o ---* End(UI )

$
End(U2)

Hom(BI(Uo,Ud

---* V ® ffi
Hom(H1(UI , U2 )

(4-3)

where Ui = BI (E(i - 2)). This cOlllplex has two cohomology spaces: C in the left tenn and
Ext I (E, E) in thc middle tenn. Hence, it gives the character table für Twt,E. Unfortunately, we
can not represent the answer by a nice picture like in tbc previous section. But the calculation has
the strightforward algorithmization in terms of sct-thcoretical and Minkowski sums of character
tables. Bince we have a full description of all T-modllies froIu (4-3), we can calculate the character
table for Ext1(E, E) by computer. The character decomposition of Nmj}1" can bc extracted from
this tahle inlmediately by omitting the zero character. Moreover, using the formal decomposition
of ehern polynOlnials for eigensubbundles in BI (E(i)) presented in n° 3.5.2, we can extract from
(4-3) not only thc charactcr table hut also thc formal expansions for the denominators in thc Bott
formula. \;Ye can make this last step also only numerically.

Exact nUInerical results obtained by this algoritlun are thc following:

k 1 2 3 4 5 6 7

ak 0 0 0 13 729 85026 15650066
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Name Adresse Tel. u. Zl.-Nr. dienstlicb TeL privat

Abbes. Ahmed Breile Str. 78 MPI 402-240 / Zi.36

(Oastf.) 53111 Bann

Albrecht, Ellen Kölnstr. 129 MPI 402-0 I Zentrale

(WH) 53111 Bann

Albrecht, Manhias Kurt'Orstenstr. 48 MPI 402-216 I Druckerei

(WH) 53115 Bonn

Albrecht. Ursula Kurfürslenstr. 48 MPI 402-273 / Zi.2•
(Verwaltung MPI) 53115 Bann Rheinaustr. 134

AndreaUa. Marco. Prof. Burbankstr. 63 MPI 402-278 / Zi,2()..4

(GastL) 53229 Bann

Askitas. Nikolaos, Dr. Franzstr. 40 MPI 402-240 I Zi.36 0228 / 698260

(Gastf.) 53111 Bonn

aus der FUnten, JUrgen U1rich-Haberland-Str. 33 MPl 402-261 I ZiAO 0228/622909
• (WH) 53121 Bonn

Azad, Hassan. Prof. Hauplstr. 86 MPI 402-245 / Zi.16 02208 I 2081
* 53229 Niederkassel(GastL)

Ballmann. Wemer, Prof. Am Göttgesbach 24 B1 73~7784 / Zi.35 0228 I 254898

* (Univ. Bann) 53125 Bonn

(Wiss.Ausschuß MPI)

Baues. Hans-j" Prof. Nipkowstr. 5 MPI 402-235 I Zi.35 0228 I 255260

* (Wiss.Ang.) 53125 Bann

(Wiss.Ausschuß MPI)

Bäumer, Dörthe. Dipl.~Math. Mirecoul1S1r. 2b MPI 402~261 / Zi.4O 0228 1476874
(WH) 53225 Bann -

Name Adresse Tel. u. ZL·Nr. dlenstlicb Tel. privat

Abbes, Ahmed Breite Str. 78 MPI 402-240 / Zi.36
(Gaslf.) 53111 Bann

AlbrechI, Ellen Kölnstr. 129 MPI 402~0 I Zentrale
(WH) 53111 Bann

AlbrechI., Matthias KurfOrslenstr. 48 MPI 402-216 / Druckerei
(WH) 53115 Bann

• Albrechl. Ursula KurfOrslenslr. 48 MP[ 402-273 / Zi.2
(Verwaltung MPI) 53115 Bann Rheinaustr. 134

Andreatta, Marco, Prof. Burbankstr. 63 MPI 402·278 / Zi.20-4
(Gastf.) 53229 Bann

Askitas. Nikolaos. Dr. Franzstr. 40 MPI 402-240 / Zi.36 0228 I 698260
(Oaslf.) 53111 Bann

aus der FOnlen. lilrgen Ulrich-Haberland~Str. 33 MPI 402·261 I Zi.40 0228/622909• (WH) 53121 Bonn

Azu Hassan, Prof. Hauptstr. 86 MPI 402-245 / Zi.16 02208/2081• (Oaslf.) 53229 Niederkassel

Ballmann, Wemer. Prof. Am Göugesbach 24 BI 73-77&4 / Zi,35 0228 / 254898
• (Univ. Bonn) 53125 Bann

(Wiss.Ausschuß MPI)

Baues. Hans-) .• Prof. NipkowSlr. .5 MPI 402-235 / Zi.35 0228 I 255260
• (Wiss.Ang.) 53125 Bann

(Wiss.Ausschuß MPI)

Bäumer. Dörthe, Dipl.-Math. Mirecourtstr. 2b MPI 402-261 I ZiAO 0228 I 476874
(WH) 53225 Bann



Name Adresse Tel u. ZI.-Nr. dienstUch Tel. prhat

Behrend. Kai. Prof. Konviktstr. 9 MPI 402-263 / Zi.43

(Gasef.) 53113 Bonn

Berkovich, Vladimir, Prof. Am Schildchen 14

(GastL) 53844 Troisdorf

Besser, Amnon. Prof.

(Gastf.)

Bielawski. Roger, Dr.

(Gastf.)

Boisinov, Alexei. Prof. Burbankstr. 63

(GastL) 53229 Bann

BondaI. Alexei. ProL Troschelstr. 1I MPI 402-245 / Zi.19

(Gastf.) 53115 Bann

Bongartz, Irene Clemens-August-Platz 7 MPI402-0

(Zentrale) 53115 Bonn

Borovoi. Mikhail, Prof.

(Gastf.)

Braun. Sigrid. Dipl.-Math. Im Wiesfeld 14 MPI 402-239 / Zi.14

(Wiss.Ang.) 53179 Bonn

*
Brinzanescu, Vasile. Prof. Gmbenslr. 98 MPI 402-264/ Zi.39

(GastL) 53225 Bann

Burghelea, Dan, Prof. Konviktstr. 9 MPI 402-248 / Zi.17

(GastL) 53113 Bonn

Calderbank. David Stockenstr. 9 MPI 402-262 I Zi. 41

(GastL) 53111 Bonn

2
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Name Adresse Tel. u. Zl.-Nr. dienstlich Tel. privat

Behrend. Kai. Prof. Konviktstr. 9 MPI 402-263 I Zi.43

(GastL) 53113 Bonn

Berkovich, Vladimir, Prof. Am Schildchen 14

(GastL) 53844 Troisdorf

Besser, Amnon, Prof.

(Gastf.)

Bielawsk.i, Roger. Dr.

(GaslL)

Boisinov, Alexei. Prof. Burbank.str. 63

(Gastf.) 53229 Bonn

Bondal. Alexei, Prof. Trosche1slr. II MPI 402-245 I ZL19
(Gastf.) 5311.5 Bann

Bongartz. lrene Clemens-August-Platz 7 MPI402-0
(Zentrale) 53115 Bonn

Borovoi. Mikhail, Prof.

(Gaslf.)

Braun. Sigrid. Dipl.-Math. Im Wiesfeld 14 MPI 402-239 I Zi.14
(Wiss.Ang.) 53179 Bonn

• Brinzanescu. Vasile. Prof. Grabe nstr. 98 MPI 402-264 I Zi.39

(Gaslf.) 53225 Bonn

Burghelea. Dan, Prof. KonviklStr. 9 MPI 402-248 I Zi.17

(Gastf.) 53113 Bonn

Calderbank, David Stockenslr. 9 MPI 402-262 I Zi. 41

(Gastf.) 53111 Bonn



Name Adresse Tel. u. ZI.-Nr. dienstlich Tel. privat

Daskalopoulos, G. Prof.

(Gastf.)

Dierkes, V., Hochschuldozenl, Dr. Wilhelm-Levison-Slr. 15 Be 6, 73-3143 1 Zi.5 0228 1 220 113
(Univ.Bonn) 53115 Bonn

(Wiss.AusschuB MPI)

Dostoglou, Starnatis. Dr.

(Gastf.)

Emmanouil, Ioannes

(Gastf.)

Fahings. Gerd. Prof. Finkenbergstr. 59 MPI 402-228 1 Zi.28 0228 1467417
.., Direktor um MPI; 53227 Bonn

Wiss.AusschuB MPl

• Fang. Fuquan. Prof. Graurheindorfer Str. 61 MPI 402-2661 Zi.38 0228 1695673
(Gastf.) 53111 Bonn

Feldlcamp. Immo Reichensteinstr. 49A MPI 402-246 1 Zi.1 S 02241 141490
(EDV) 53844 Troisdorf

Fock. Vladimir. Prof. Azaleenplatz 6 MPI 402-247 1 Zi.12

(Gastf.) 53840 Troisdorf

Fomenko. Anatoly. Prof. Konviktstf. 9

(Gastf.) 53113 Bonn

FUlllsawa, Masaaki. Prof.

(Gastf.)

Gannon, Terry, Prof. Niebuhrstr. 55 MPI402-245 1 Zi.16 0228 1 241805
(Gaslf.) 53113 Bonn

Name Adresse Tel u. Zi.~Nr. dienstlich Tel privat

Daskalopoulos. G. Prof.

(Gastf.)

Dierkes, U., Hochschuldozent, Dr. Wi1he1m-Lev ison-Str. 15 Be 6,73-31431 Zi.5 0228/220113

(Univ.Bonn) 53115 Bonn

(Wiss.Ausschuß MPI)

Dostoglou, Stamatis. Dr. .
(Gastf.)

Emmanouil, Ioannes
(Gastf.)

Faltings. Gerd, Prof. Finkenbergstr. 59 MPI 402-2281 Zi.28 0228 1 467417
... Direktor am MPI; 53227 Bonn

Wiss.AusschuB MPI

• Fang, Fuquan, Prof. Graurheindorfer Str. 61 MPI 402-2661 Zi.38 0228 1695673
(Gastf.) 53111 Bonn

Feldkamp, Immo Reichensteinstf. 49A MPI 402-2461 Zi.15 02241 141490

(EDV) 53844 Troisdorf

Fock, Vladimir, Prof. Azaleenplatz 6 MPI 402-247 1Zi.t2

(Gastf.) 53840 Troisdorf

Fomenko. Anatoly, Prof. Konviktstr. 9

(Gaslf.) 53113 Bann

Furusawa, Masaaki, Prof.

(Gastf.)

Gannon. Terry, Prof. Niebuhrstr. 55 MPI 402-245 1 Zi.16 0228 1 241805
(Gaslt".) 53113 Bann



Name Adresse Tel. u. ZI.-Nr. dienstlich Tel. privat

Geizier, Ezra, Dr. Wilhelm-Levison-Slr. 18 MPI 402-250/ Zi.19 0228 /225397

(Gaslf.) 53115 Bonn

Gilkey, Peler 8., Prof.

(Gastf.)

Gindikin, Simon, Prof. Mozartstr. 52 MPI 402-256 / ZiA2

(Gastf.) 53115 Bonn

Goncharov, Alexander, Prof. Sebastianstr. 187 MPI 402-264 / Zi,39 0228/611830
* (Gastf.) 53115 Bonn

Gorodentsev, Alexei, Prof. Roisdorfer Weg 15 MPI 402-224 / Zi.24

(Gastf.) 53121 Bonn

Goto, Yasuhiro, Dr. Hauptstr. 86 MPI 402-263 / Zi. 43

(Gastf.) 53229 Niederkassel

Govorov, Valentin. Prof. Mozartstr. 52 MPI 402-269 / Zi.44

(Gastf.) 53115 Bonn

qrossberg, Michael D.• Dr. Rheindorfer Str. 143 MPI 402-268 / ZiA5

(Gastf.) 53225 Bonn

Guha. Parthll, Dr. &::humannstr. 36 MPI 402-238 / Zi.23 0228 / 241880

(Gastf.) 53113 Bonn

Hamb1eton, lan, Prof. Goldbergweg 15 MPI 402-225 I Zi.25 0228 / 327523•
(Gastf.) 53177 Bonn

Hanarnura, Masaki. Dr. Burggartenstr. 4 MPI 402-249 / Zi.18

(Gastf.) 53115 Bann

Harrler. GUnler. Prof. Wegelerstr. 2 B I 73-7786/ Zi.15 0228 / 656152

• Direktor am MPI; 53115 Bonn MPI 402-227 / Zi,27

Wiss.Ausschuß MPI
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Name Adresse Tel. u. ZI.-Nr. dienstllcb Tel. privat

GelZler. Ezfa. Dr. Wi Ihelm-Levison-Str. 18 MPI 402-250 / Zi.19 0228 / 225397
(Gaslf.) 53115 Bann

Gi1key, Peter 8.. Prof.

(Gaslf.)

Gindikin, Simon, Prof. Mozartstr. 52 MPI 402-256/ ZiA2
(Gastf.) 53115 Bonn

• Goncharov, Alexander, Prof. Sebastianstr. 187 MPI 402-264/ Zi,39 0228/611830
(Gastf.) 53115 Bonn

Gorodentsev. Alexei, Prof. Roisdorfer Weg 15 MPI 402-224/ Zi.24
(Gaslf.) 53121 Bonn

Goto, Yasuhiro, Dr. Hauptstr. 86 MPI 402-263 / Zi. 43
(Gastf.) 53229 Niederkassel

Govorov, Valentin, Prof. Mozartstr. 52 MPI 402-269 / Zi,44
(Gastf.) 53115 Bonn

Grossberg, Michael D.. Dr. Rheindorfer Str. 143 MPI 402-268 / ZiA5
(Gastf.) 53225 Bonn

Guha, Partha, Dr. Schumannstr. 36 MPI 402-238/ Zi.23 0228 / 24 1880
(Gastf.) 53113 Bonn

• Hambleton. Ian, Prof. Goldbergweg 15 MPI 402-225 / Zi,25 0228 / 327523
(Gastf.) 53177 Bann

Hanamura, Masaki. Dr. Burggartenstr. 4 MPI 402-249 / ZU8
(Gastf.) 53115 Bonn

Harder, GOnter, Prof. WegeIersir. 2 B 1 73-7786/ Zi.15 0228/656152
• Direklor am MPI; 53115 Bonn MPI 402-227 / Zi,27

Wiss.Ausschuß MPI



Name Adresse Tel. u. ZI.·Nr. dlenstlicb Tel. privat

Hirzebruch, Friedrich, Prof. ThOringer Allee 127 MPI 402-244 1 Zi,54 02241 1 332377

'" (eme r.WisS.Mitgl ied) 53757 Sl. Augustin

Wiss.Ausschuß MP[

'"
Hu. Vi. Prof.
(Gastf.)

Husemöller. Dale. Prof. Moznrtstr. 52 MPI 402-260 / Zi.37

(Gastf.) 53115 Bonn

'"
Huybrechls. Daniel. Dr. Bunsenstr. 8 MPI 402-256 1 Zi,42 ... 0211 /373401

(Wiss.Ang.) 40215 DUsseldorf

Izhboldin. Oleg. Prof. Niebuhrstr. 55 MPI 402·234 1 Zi.34

(Gastf.) 53113 Bann

Jarisch. Dagobert Fockestr. 1 MPI 402-222 / Zi.5 0228 1 255375
(Verw.Leiter MPI) 53125 Bann Rheinaustr. 134

Kabanov. Dr. Niebuhrstr. 55

(Gastf.) 53113 Bann

• Kapranov. Mikhail. Prof. Clemens.August-Str. 2-4 MPI 402-224 / Zi.24 02281 632048
(Gastf.) 53115 Bann

Kaufmann. Ralph. Dipl.-Phys. Hatsehiergasse 13 MPI 402-261 1 Zi.4O 0228 / 656485

(WH) 53111 Bonn

Keslermann. Rainer GOltfried-Claren-Str. 2 MPI 402-239 / Zi.l4 0228 /460453

(Wiss.Ang.) 53225 Bonn

Kimura. Takashi. Prof.
(Gastf.)

Kleinjung. Thorsten. Dipl.-Math. Ippendorfer Allee 23 MPI 402-266 1 Zi.38 0228/284954

(WH) 53127 Bonn

5

Name Adresse TeL u. Zi.·Nr. dienstUch Tel. privat

Hirzebruch. Friedrich. Prof. Thüringer Allee 127 MPI 402-2441 Zi.54 02241 / 332377
• (emer.Wiss.Mitglied) 53757 Sl. Auguslin

Wiss.Ausschuß MPI

'"
Hu. Vi. Prof.
(Gaslf.)

Husemöller. Dale. Prof. Mozllrtstr. 52 MPI 402·260 1 Zi.37
(Gastf.) 53115 Bann

• Huybrechls. Daniel, Dr. Bunsenstr. 8 MPI 402-256 1 Zi.42 0211 /373401
(Wiss.Ang.) 40215 Düsseldorf

Izhboldin. Oleg, Prof. Niebuhrstr. 55 MPI 402-2341 Zi.34
(Gastf.) 53113 Bonn

Jarisch, Dagobert Fockestr. 1 MPI 402-222 / Zi.5 0228 / 255375
(Verw.Leiter MPI) 53125 Bann Rheinaustr. 134

Kabanov, Dr. Niebuhrstr. 55
(Gastf.) 53113 Bann

• Kapranov, Mikhail. Prof. Clemens-August-Str. 2-4 MPI 402-224/ Zi.24 0228 / 632048
(Gastf.) 53115 Bann

Kaufmann. Ralph, Dipt.-Phys. Hatschiergasse 13 MPI 402-261 / Zi.40 0228 1656485
(WH) 53111 Bonn

Kestennann, Rainer Gottfried-Claren-Str. 2 MPI 402-239 / Zi.14 0228 1 460453
(Wiss.Ang.) 53225 Bonn

Kimura. Takashi. Prof.
(Gastf,)

Kleinjung, Thorsten, Dipl.-Math. Ippendorfer Allee 23 MP[ 402-266 / Zi.38 0228 / 284954
(WH) 53127 Bonn



Name Adresse Tel. u. Zi.·Nr. dlenstlicb Tel. privat

Koch, Marian. (WH) Johannesstr. 41 MPI 402·216 1 Druckerei 0228 1 420448
53225 Bonn

Koya, Yoshihiro. Prof. Niebuhrstr. 55 MPI 402·274 1 Zi.2D-2

(Gaslf.) 53113 Bonn

Krämer, Evelyn Slockenslr. 13 MPI 402·239 1 Zi.14
(WH) 53113 Bonn

Lando, Sergei. Prof. Hauptstr. 86 MPI 402·262 1 Zi.41

(Gastf.) 53859 Niederkassel

Lang, Serge, Prof. Hotel Mozart

(Gastf.) Mozartstr. 1

53115 Bann

Le. Hong Van. Dr. Kaiser· Kon rad-Str, 93 MPI 402-268 1 Zi.45 0228 1469304
(Heisenberg-Stip.) 53225 Bonn

Lee, Ronnie, Prof. Rheinauslr. 221 MPI 402·247 1 Zi.l2

(Gastf.) 53225 Bann

Leprevost, Franck. Dr. Eiliger Höhe 13 MPI 402·238 1 Zi.23 0228 1 321492
(Gastf.) 53177 Bann

Levin, Andrey, Dr. Königswinterer Str. 154 MPI 402·278 1 Zi. 204 0228/467665
(Gastf.) 53227 Bonn

Lieb, [ngo. Prof. Heinrich·Heine·Str. 69 W 1073·22431 Zi.346 0228 1469287

• (Univ.Bonn) 53225 Bann

(Wiss.Ausschuß MPI)

Lieberum, Jens Argelanderslr. 128 MP[ 402·265 1 Zi.38 0228/219751
(Gaslf.) 53115 Bonn

6
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Name Adresse Tel. u. Zl.-Nr. dienstUch Tel. privat

Koch, Marian, (WH) Johannesstr. 41 MPI 402·216 1 Druckerei 0228/420448
53225 Bann

Koya, Yoshihiro, Prof. Niebuhrstr. 5.5 MPI 402-274 1 Zi.2D-2
(Gastf.) 53113 Bann

Krämer, Evelyn Sloc~enstr. 13 MPI 402-2391 Zi.14
(WH) 53113 Bann

Lando, Sergei. Prof. Hauptstr. 86 MPI 402-262 1 Zi.41
(Gaslf.) 53859 Nieder~assel

Lang, Serge, Prof. HOlel Mozart
(Gastf.) Mazartstr. 1

53115 Bonn

Le, Hong Van. Dr. Kaiser-Konract·Str. 93 MPI 402-268 1 Zi.45 0228 1469304
(Heisenberg·Stip. ) 53225 Bann

Lee. Ronnie, Pror. RheinausIr. 221 MPI 402-247 1 Zi.l2
(Gastf.) 53225 Bann

Leprevost, Franck. Dr. Eiliger Höhe 13 MPI 402·238 1 Zi.23 0228/321492
(Gastf.) 53177 Bann

Levin, Andrey, Dr. Königswinterer Sir. 154 MPI 402-2781 Zi. 20-4 0228/467665
(Gaslf.) 53227 Bann

Lieb, Ingo, Prof. Heinrich-Heine·Str. 69 W 1073·22431 Zi.346 0228 1 469287
" (Univ.Bonn) 53225 Bonn

(Wiss.Ausschuß MPI)

Lieberurn, Jens Argelanderstr. 128 MPI 402·265 1 Zi,38 0228/219751
(Gastf.) 53115 Bonn

6



Name Adresse Tel. u. ZI.~Nr. dienstlich Tel. privat

Lin, Vladimir, Prof. Breite Str. 70 MPI 402·267 / Zi.46

(Gastf.) 53111 Bonn

Lott, John, Prof. Auf der Schleide 81 MPI 402-260 / Zi.37 0228 /478706

(Gastf.) 53225 Bonn

LUck. Wolfgang. Dr. MPI 402·245 / Zi .19

(Gastf.)

Lustig, Martin. Priv.Doz., Dr. MPI 402-237 I Zi.22

(Gastf.)

Mäkelli. Marianna Voigte1str. 5 ,MPI 402·229/ Zi.29

(Vorz. Wiss. Mitglieder) 50933 Köln

Manin, Yuri, Prof. Ölidenweg 2 MPI 402·271 I Zi,20-3 0228 / 237407

• Direktor arn MPI; 53129 Bonn

Wiss.Ausschuß MPI

Manolache. Nicolae. Prof. Am Schildchen 14 MPI 402-231 I ZU 1 0228 I 456018•
(Gastf.) 53844 Troisdorf

Maurmann, Sven, DipL·Math, Hausdorffstr. 115 MPI 402·236 I Zi.14

(Wiss.Ang.) 53129 Bonn

Merkulov. Sergej, Prof. Oppelner Str. 132·136

(Gastf.) 53119 Bonn

Mersmann, Gerd, Dipl.-Math. Floremiusgraben 25a MPI 402·261 / Zi.4O 0228/ 653472

(Gast) 53111 Bonn

Mehlach. Melanie Nogemer Platz 4 MPI 402·243 I Zi.53 02241 I 69581

(Vorz. Geschäftsf. Direktor und Prof. 53721 Siegburg

Hirzebruch)

7

t J

Name Adresse Tel. u. ZI.-Nr. dienstlich Tel. privat

Lin, Vladimir, Prof. Breite Str, 70 MPI 402-267 / Zi.46
(Gastf.) 53111 Bann

Lou. John, Prof. Auf der Schleide 81 MPI 402-260 / Zi.37 0228 I 478706
(Gastf.) 53225 Bonn

LUck, Wolfgang. Dr. MPI 402-245 I Zi.19
(Gastf.)

Lustig, Martin. Priv.Doz.• Dr. MPI 402·237 I Zi.22
(Gastf.)

Mäke1ä, Marianna Voigtelstr. 5 MPI 402·229/ Zi.29
(Vorz. Wiss. Mitglieder) 50933 Köln

Manin. Yuri, Prof. Ölidenweg 2 MPI 402-271 / Zi.20-3 0228 I 237407
• Direktor arn MPI; 53129 Bonn

Wiss.Ausschuß MPl

• Manolache, Nicolae. Prof. Am Schildchen 14 MPI 402·231 I Zi.31 0228 I 4560 18
(Gastf.) 53844 Troisdorf

Maurmann, Sven, Dipl.-Math, Hausdorffstr.1 15 MPI 402·236/ Zi.14
(Wiss.Ang.) 53129 Bonn

Merkulov, Sergej. Prof. Oppelner Str. 132-136
(Gastf.) 53119 Bann

Mersmann, Gerd. Dipl.·Math. Florentiusgraben 25a MPI 402·261 I ZiAO 0228/653472
(Gast) 53111 Bann

MettJach, Melanie Nogenter Platz 4 MPI 402-243 I Zi,53 02241 I 69581
(Vorz. Geschäftsf. Direktor und Prof. 53721 Siegburg

Hirzebruch)

7



Name Adresse Tel. u. Zi.-Nr. dienstlich TeL privat

Moree, Pieter, Dr. Hunsrückstr. 4 MPI 402·2791 Zi.2Q..1 0228 1651923
(Wiss. Ang.) 53119 Bonn

Nahm. Wemer, Prof. Robelslf. 28 N 1273-23191 Zi.217 0228 1 627013

• (Uni v.Bonn) 53123 Bonn

(Wiss.Ausschuß MPI)

• Neretin. Yuri, Prof. Troschel sIr. 6 MPI 402·248 1 ZLI7 0228 1 220868
(Gastf.) 53115 Bonn

Netsvetaev, Nikila, Prof.

(Gastf.)

Nippert. Petra Wallen 3 MPI 402-2231 Zi.3 02644 I 1661•
(Verwaltung MPI) 53545 Linz Rheinaustr. 134

Dertel, Ulrich, Prof. Heidebergenstr. 84 MPI 402-237 1 Zi. 22 0228 1 486136
(Gastf.) 53229 Bonn

Olshanetzky, Mikhail. Prof. Eulenweg 15 MPI 402-240 1 Zi.36

(Gastf.) 53129 Bonn

Pearce-Jahrc. Christine MaJt-Bruch-Str. 2 MPI 402-252 1 Zi.2 0228/628117•
(Bibliothek) 53121 Bonn

Pedersen. Erik. Prof. MPI 402-2641 Zi.39

(Gastf.)

Penkov. Iwan. Prof. Mozartstr. 52

(Gastf.) 53115 Bonn

Poletaeva. Elena. Prof.
(Gastf.)

• Pragocz, Piotr, Dr. Herderstr. 57 C 16 MPI 402-269 1 Zi.44 0228 1 351799
(Gastf.) 53173 Bonn
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Name Adresse Tel. lL ZI.-Nr. dienstlich Tel. privat

Moree. Pieter. Dr. HunslÜckstr. 4 MPI 402-2791 Zi.2Q..1 0228 1651923
(Wiss. Ang.) 53119 Bonn

Nahm, Wemer, Prof. Robelstr. 28 N 12 73-23191 Zi.217 0228 1 627013

• (Univ.Bonn) 53123 Bonn

(Wiss.AusschuB MPI)

*
Neretin. Yuri, Prof. Troschelstr. 6 MPI 402-248 1 Zi.17 0228 1 220868
(Gastf.) 53115 Bonn

Netsvetaev, Nikita, Prof.

(Gastf.)

Nippert. Petra Wallen 3 MPI 402-223 1 Zi.3 02644 1 1661•
(Verwaltung MPI) 53545 Linz RheinauSIr. 134

Dertel, Ulrich, Prof. Heidebergenstr. 84 MPI 402-237 1 Zi. 22 0228 1 486136
(Gastf.) 53229 Bonn

Olshanetzky. Mikhail, Prof. Eulenweg 15 MPI 402-240 1 Zi.36

(Gaslf.) 53129 Bonn

*
Pearce-Jahre. Christine Max-Bruch-Str. 2 MPI 402-252 1 Zi.2 0228/628117
(Bibliothek) 53121 Bonn

Pedersen. Erik. Prof. MPI 402-2641 Zi,39

(Gastf.)

Penkov, Iwan, Prof. Mozartstr. 52

(Gaslf.) 53115 Bonn

Poletaeva, Elena, Prof.

(Gastf.)

Pragacz, Piotr, Dr. Herderstr. 57 C 16 MP1402-269 1 Zi.44 0228 1 351799
* (Gustf.) 53173 Bonn



Name Adresse Tel. u. Zi.-Nr. dienstUch Tel. privat

Rabi, Reuben

(Gaslf.)

Rarnero, Lorenzo. Dr. Niebuhrstr. 55 MPI 402-268 / Zi.45

(Gastf.) 53113 Bonn

Rapoport. Michael, Prof. Triebeisheide 52 Malh .Inst.U.W' tal 0202 / 721700

(Univ. Wuppertal) 42111 Wuppertal 0202 / 439-2663

(Wiss.Ausschuß MPI)

Reznikov. Andre. Dr. Konstantinsir. 86 MP[ 402·247 J Zi.12

(Gastf.) 53179 Bonn

Romann. Klaus Königswinterer Str. 391 MPI 402-255 J Zi.4

(Verwaltung MPI) 53227 Bann Rheinaustr. 134

Rose lien. Markus Auf der Bergwiese 13 02244 / 80593

(Gast) 53639 Königswinter

Rozenberg. Alexander, Prof. Emst-Moritz-Arndt-Str. 18 MPI 402·221 / Zi.21

(Gastf.) 53225 Bann

Rudakov. Alexei, Prof. Eulenweg 15

(Gastf.) 53129 Bonn

Salomonsen, Gonn, Dipl.-Math. Hunsrilckstr. 4 MP( 402-245 J Zi.16 0228 J 65 1923

(Gastf.) 53119 Bann

'"
Sarlette. Manuela ,Steinergassc 65 MPI 402·270 J Zi.6

(SchreibbUro MPI) 53347 Alfter Rheinaustr. 134

Schächi, Hans Kölnstr. 90 MPI 402-245 / Zi.15 0228 J 65 1613

(EDV) 5311) Bonn

Schneider, Ruth Hödenbuschweg 2 MPI 402-252 (Bibliothek)

(WH) 53547 Kasbach

9

Name Adresse Tel. u. ZI.~Nr. dienstlich Tel. privat

Rabi. Reuben
(Gastf.)

Ramero. Lorenzo, Dr. Niebuhrstr. 55 MPI 402·268 / Zi,45
(Gastf.) 53113 Bonn

Rapoport, Michael. Prof. Triebelsheide 52 Math. Inst.U. W' tat 0202 J 721700
(Univ. Wuppertal) 4211 1 Wuppertal 0202 / 439·2663
(Wiss.Ausschuß MP[)

Reznikov. Andre. Dr. Konstantinstr. 86 MPI 402·247 / Zi.12
(Gastf.) 53179 Bonn

Romann. Klaus Königswinterer Str. 391 MPI 402-25.5 J Zi.4
(Verwaltung MP[) 53227 Bonn Rheinaustr. 134

RoselIen, Markus Auf der Bergwiese 13 02244/80593
(Gast) 53639 Königswinter

Rozenberg, Alexander, Prof. Emst-Moritz-Amdt-Str. 18 MPI 402-221 / Zi.21
(Gastf.) 53225 Bonn

Rudakov. Alexei, Prof. Eulenweg 15
(Gastf.) 53129 Bonn

Salomonsen. Gorm. Dipl.-Malh. HunsrUckstr. 4 MPI 402-245 J Zi.16 0228 J 651923
(Gastf.) 53119 Bonn

'"
Sarlette. Manuela Steinergasse 65 MPI 402-270 / Zi.6
(Schreibbüro MPI) 53347 Alfter Rheinaustr. 134

Schlich!. Hans Kölnstr. 90 MPI 402·245 / Zi.15 0228 J 651613
(EDV) 53111 Bonn

Schneider. Ruth Hödenbuschweg 2 MPI 402·252 (Bibliothek)
(WH) 53547 Kashach

9



Name Adresse Tel. u. ZI.-Nr. dienstlich Tel. privat

Scholz, Elke Wilhelmstr. 2 I MPI 402-0 / Zenlrale 02251 / 58857

(WH) 53879 Euskirchen

Shang, Zaijiu. Dr. Niebuhrstr. 55 MPI 402·279 / Zi.20-1

(Oastf.) 53113 Bann

Shi. Jian-Vi, Prof. Im Tannenwinkel 6 MPI 402-261 / Zi.40 02244/4840

(Gastf.) 53639 Königswinler

Smyth. Brian. Prof. Holzgasse 52b MPI 402-238 / Zi.23

(Oastf.) 53227 Siegburg

Speh. Birgit, Prof. Herclerslr. 59 MPI 402·242 / Zi.56

(Oustf.) .53173 Bonn

Stamnas. Erasmia Friedrich-Hegeler-Slr. 5 MPI 402-2.52 (Bibliothek)

(WH) 53757 SI. Augustin

Stein, Yosef, Dr. Burhankslr. 63 MPI 402·267 / Zi.46

(Oaslf.) 53229 Bonn

Siolz, Stefan, Prof.

(Oastf.)

Suter. Silke (Wiss.Ang.) Thomas-Mann-Str. 49 MPI 402-232 / Zi.32 0228/651811
(Wiss.Ausschuß MPI) 531 I I Bann

Swialkowski, Jacel, Dr. AzaJeenplatz 6 MPI 402·274 / Zi.20-2

(Oaslf.) 53840 Troisdorf

Tabachnikov, Serge, Prof. Frankenweg 32 MPI 402-249/ Zi.18 0228 / 469892•
(Oaslf.) .53225 Bonn

Tian , Qingchun, Prof.

(Gastf.)

10

Name Adresse Tel. u. ZI.-Nr. dienstlich Tel. privat

Scholz. Elke Wilhelmstr. 21 MPI 402-0 / Zentrale 022.51 / 58857
(WH) 53879 Euskirchen

Shang, Zaijiu, Dr. Niebuhrsir. 55 MPI 402-279 / Zi.20-1

(Gastf.) .53113 Bonn

Shi, linn-Vi. Prof. 1m Tannenwinkel 6 MPI 402-261 / Zi.40 02244/4840
(Gastf.) 53639 Königswinler

Smyth. Brian, Prof. Holzgasse 52b MPI 402-238 / Zi.23
(Gaslf.) 53227 Siegburg

Speh, Birgit. Prof. Herclerstr. 59 MPI 402·242/ Zi.56
(Gaslf.) 53173 Bonn

Sramnas, Erasmia Fried.rich·Hegeler·Str. 5 MPI 402-252 (Bibliothek)
(WH) 53757 SI. Auguslin

Stein, Yosef, Dr. Burbankslr. 63 MPI 402·267 / Zi.46
(Gaslf.) 53229 Bonn

Stolz, Stefan, Prof.

(Gaslf.)

Suter, Silke (Wiss.Ang.) Thomas-Mann·Str. 49 MPI 402-232 / Zi.32 0228 /651811
(Wiss.Ausschuß MPI) 53111 Bann

Swialkowski. lacek. Dr. AzaJeenplatz 6 MPI 402·274 / Zi.20-2
(Gaslf.) 53840 Troisdorf

• Tabachnikov. Serge, Prof. Frnnkenweg 32 MPI 402·249 / Zi. I8 0228/469892
(Gastf.) 53225 Bonn

Tian, Qingchun, Prof.
(Gaslf.)

In



Name Adresse Tel. u. ZI.-Nr. dienstlkh Tel. privat

Tokunaga, Hiro-o, Dr. Schumannstr. 36 MPI 402-263 I Zi.43 0228 I 21583•
(Gastf.) 53115 Bann

Tschinkel, Yuri, Dr. Mozartstr. 52 MPI 402-262 I Zi.41 0228 / 659071

(Gastf.) 53115 Bann

Ueda. Masaru, Prof. Ferdinandstr. 66 MPI 402·279 I Zi.2D-I

(Gastf.) 53127 Bann

Umehara, Masaaki, Prof. Niebuhrstr. 55 MPI 402-234 I Zi.34 0228 / 215444•
(Gastf.) 53113 Bann

Venkataramana, Tyakal, Prof. Breite Str. 70 MPI 402-240 / Zi.36

(Gastf.) 53111 Bann

Voevodsky, Vladimir

(Gastf.)

Vogel, Wolfgang, Prof. MPI 402~256 I Zi.42

(Gastf.)

Weber, Christian, Dipl.-Math. Venusbergweg 3 MPI 402-265 / Zi.38 0228 I 265313
(WH) 53115 Bann

Winter, Peler von-Sandt-Str. 32 MPI 402-219/ Zi.11 0228 I 470230

(Hausmeister MPO 53225 Bann MPI402-280

Wisniewsky, Jaroslav, Prof. Austr. 75 MPI 402-262 / 2.41

(Gastf.) 53343 Wachtberg

Yu, Guoliang, Prof. Mozartstr. 52

(Gastf.) 53115 Bann
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Name Adresse Tel. lL ZI.-Nr. dienstlich Tel. privat

• Tokunaga. Hiro-o, Dr. Schumannstr. 36 MPI 402~263 / Zi.43 0228 I 21583
(Gastf.) 53115 Bann

Tschinkel, Yuri, Dr. Moznrtstr. 52 MPI 402~262 I Zi.41 0228 I 659071
(Gastf.) 53115 Bann

Ueda, Masaru, Prof. Ferdinandstr. 66 MPI 402-279/ Zi.2D-I
(Gastf.) 53127 Bann

., Umehara. Masaald, Prof. Niebuhrstr. 55 MPI 402~234 I Zi.34 0228 / 215444
(Oastf.) 53113 Bann

Venkataramana, Tyakal, Prof. Breite Str. 70 MPI 402-240 I Zi.36
(Gastf.) 53111 Bann

Voevodsky, Vladirnir

(Gastf.)

Vogel, Wolfgang, Prof. MPI 402-256 / Zi.42
(Gastf.)

Weber, Christian, Dipl.-Math. Venusbergweg 3 MPI 402-265 / Zi.38 0228 / 2653 J3
(WH) 53115 Bann

Winter, Peter von-Sandt-Slr. 32 MPI 402-219 / Zi.l1 0228 I 470230
(Hausmeister MPl) 53225 Bann MPI402-280

Wisniewsky, Jaroslav, Prof. Austr. 75 MPI 402-262 / 2.41
(Oastf.) 53343 Wachtberg

Yu, Guoliang, Prof. Mozartstr. 52

(Gastf.) 53115 Bonn

11



Name Adresse Tel. u. Zi.·Nr. dienstlicb Tel privat

Zagier, Don. Prof. Thomas-Mann-Str. 49 MPI 402-233 I ZU3 0228 I 653045

Geschäftsf. Direktor am MPI; 53111 Bonn

Wiss.AusschuB MPI

Zaidenberg. Mikhail, Prof.
(Gastf.)

11

Name Adresse Tel. u. ZJ.·Nr. dienstUch Tel. privat

Zagier, Don, Prof. Thomas-Mann-Str. 49 MPI 402-233 I Zi.33 0228 I 653045
Geschlifrsf. Direktor am MPI; 531 I I Bonn

Wiss.Ausschuß MPI

Zaidenberg, Mikhail, Prof.

(Gastf.)

\2




