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©�i=T 1¢`m[�]_]_x![�gag=Wo[�ga]�e�pqe�`bWYTNgahbTNu
2
t£n=zo[�gaTN]�WYg

R
n [�`bT�uaW�p�p�TNe6x�e�`bn=i=WYs×hbe}´|^y[6uZ`bWYsN]Wog

CPn−1 �
,ãgyuqTNT4u~{�hm[�¿ZT�[

2
t£n=zo[�gaT![�g=uCsNiae6e6]_T�[jnae6]_W�hbWYXZTNz�cHe�`bWoTdgahbT4u?e�`_hbi=e�g=e�`bx![�z

�y[�]_WY]
u = (u1, . . . , un), v = (v1, . . . , vn)

{�Wr� T6� |u| = |v|, (u, v) = 0
{±pve�`�hbi=T

n=zo[�gaT6�#,wh}WY]�uaTdp�WogaT4uj�qcj[µXqTdsdhbe�`
y = u+ iv ∈ C

n ]_^=sNijhbi=[�h

y2
1 + · · · + y2

n = [(u, u) − (v, v)] + 2i(u, v) = 0.

©�i=T$n=zo[�g=T$uqTdhbTd`bx�WYg=TN]-]_^asNi�[��y[�]_Wo]8^=n�hbe�`be�hm[�hbWYe6ga]8e�pyhbi=T+n=zo[�gaT$�ac&[�g�[�g=V�zYT
ϕ, 0 ≤ ϕ ≤ 2π

{a�}iaWosdi�`bTN]_^=z�h�WYgjh_`m[�ga]lpve�`bx![QhbWYe6g=]
y → reiϕy

��©�i=Td`bT�pve�`bT�hbi=T

H



1¢`m[�]_]_x![�gag=Wo[�g eGn,2
e�p�e�`bWYTNgqhbT4u

2
t£nazÍ[�g=TN]�WYg

R
n WY]'uaW�p�p�TNe6x�e�`bn=i=WYsBhbeFhbi=T´Z^=[6uZ`bWos

y2
1 + · · · + y2

n = 0, (y1 : . . . : yn) ∈ CPn−1,�}i=Td`bT
(y1 : · · · : yn)

[Q`bT�i=e6x�e�V6TNgaTNe6^a]¢sde6e�`muqWYgy[�hbTd]�WYg
CPn−1 �$©�iaT�1¢`m[�]_]ltx![�g=gaWo[�g

Gn,2
e�p�^ag=e�`bWYTNgqhbT4u

2
t£n=zo[�gaTN]#WYg

R
n WY]�hbi=T�´|^=e�hbWYTNgqh#e�p eGn,2 �}WYhbi`bTN]_n=TNs�h�hbe�[µpvW�ÖqT4uqt£nae6WYgah$pÍ`bTNT&[�gahbWYiae6zYe6x�e�`bn=i=WYs�WYgaXqe�zY^ahbWYe6g

y → ȳ
�

1�WoXZTNg�[�g�WYx�x�Td`b]_T4u!]_^a`_pv[�sNT

f : Σ → R
n

�}WYhbi�[ 6rzYe6s4[�z�8$sNe�gapve�`bx![�z±ny[Q`m[�x�TdhbTd`
z
{ZhbiaT�1�[�^=]_]}x![�nje�p�hbi=WY]}]_^a`_pr[�sNT�WY]

Σ → eGn,2 : P → (x1
z(P ) : . . . : xnz (P ))

�}i=Td`bT
x1, . . . , xn

[�`bT�hbiaT#Õ×^=sNzYWouaT4[�g�sNe�e�`muaWYg=[�hbTN]�WYg
R
n [�gyu P ∈ Σ

�
©�i=Td`bT�[�`bT!e�g=z�cHh_�}eBs4[�]_TN]µ�}iaTNgHhbiaT�1¢`m[�]_]_x![�gag=Wo[�g"[�uax�W�hb]&[j`m[�hbWYe6g=[�z

ny[�`m[�x�TdhbTd`bWY«4[QhbWoe�g��
eG3,2 = CP 1, eG4,2 = CP 1 × CP 1

[�gyuCe6g=z�cCWYgHhbi=TN]_T�sN[�]_TN]��}T!iy[�XZT�hbiaT�SUTNWYTd`b]lh_`m[�]_]µ`bTNnq`bTN]_TNgahm[QhbWYe6g=]&e�p}]_^q`_t
pr[�sdTN]N�

�1WY`b]lh��}T#sNe�g=]_WouaTd`�]_^q`_pr[�sdTN]¢WYg
R

3 �©�i=T�1¢`m[�]_]_x![�g=gaWÍ[�g eG3,2
WY]$hbi=T#´|^y[�uq`bWYs

y2
1 + y2

2 + y2
3 = 0

[6uax�W�h_hbWYg=V&hbi=T�p�e6zYzYe��}WYg=V�`m[�hbWYe�gy[�z�ny[Q`m[�x�TdhbTd`bWY«4[QhbWYe6g��

y1 =
i

2
(b2 + a2), y2 =

1

2
(b2 − a2), y3 = ab, (a : b) ∈ CP 1.

SUT#n=^qh
ψ1 = a, ψ2 = b̄[�gyu�]_^a�=]lhbW�hb^ahbT$hbi=Td]_T¢TdÖqnq`bTN]_]_WYe6g=]+Wogqhbe#hbi=T}pve�`bx�^azo[�]�p�e�`

xkz = yk, k = 1, 2, 3
�

¯qWYg=sNT
xk ∈ R

pve�`¢[�zoz
k
{q�}T#iy[�XZT

Imxkzz̄ = 0, k = 1, 2, 3.

,ãg'hbT�`bx�]$e�p
ψ
hbiaWY]�sde6gyuqW�hbWoe�gjhm[�¿ZTN]�hbiaT�pve�`bxÂe�p-hbi=T���W�`m[�s#T4´|^y[QhbWYe6g

Dψ =

»„
0 ∂
−∂̄ 0

«
+

„
U 0
0 U

«–„
ψ1

ψ2

«
= 0, U = Ū .

6l¨ 8
2je�`bTNe�XqT�`�W�p�pve�`j[FsNe�x�n=zYTdÖZt£Xa[�zY^=T4u"pv^=gasdhbWYe6g

f
�}TCi=[�XZT

Im fz̄ = 0
hbi=TNg

zoe�s4[�zYz�cj�}T#i=[�XZT
f = gz

�}i=Td`bT
g
WY]�[µ`bT4[�z�twXq[�zo^aT4u�p�^=gasdhbWYe6g�e�p-hbi=T�p�e�`bx

g =

Z
[Re fdx− Im fdy] .

SUT#iy[�XqT¢hbi=T�p�e6zYzYe��}WYg=V!hbi=TNe�`bTNx��
� ñ å�à�á-Ü8Ûbý�ý ürß�ë½ÝNÜ8ëµà�ë�åãÚ6Û�ë6â½ó#ç½ÛbÞ1åãÚ6ÛmÝ4Þ è�êNá-åwÚ½Û��.ê��4ÞwêNë��4Û}ÞwÛbä½Þ£ÛbáãÛbë6åãêdåãà�Ý4ë!ÝNí�êNý�ýaà�ë�åãÛ	�4ÛbÞ+áwÝ4ý�â6üåwà�Ý4ë½á8åwÝ�åwÚ½Û$Û	
�â½êdåãà�Ý4ë x2 + y2 = z2 ð

�



� ¤ � �=O � » ���������	��
�������
ψ ����������������� �"!$#&%'�)($*�#+���-,/. ���� ���0��.1����� � ,/!2�3*546#/�

xk = xk(0) +

Z “
xkzdz + x̄kzdz̄

”
, k = 1, 2, 3,

6 § 8

7 �����
x1
z =

i

2
(ψ̄2

2 + ψ2
1), x2

z =
1

2
(ψ̄2

2 − ψ2
1), x3

z = ψ1ψ̄2
6 ¬48

8 �"9/��*:��#1�	*5! � #&%;�<�". R
3 => �?���@�&��
��BA 9/��!2C �	�1,&,+���D�2*:! � #&%;�B�". R

3 ����46,�%�#�4E4 C<FG� � �".H�)F<I$CJ����� � ,/!2�3*546#/�� > � #/.KF �ML)� =
©�i=T�nq`be6e�p�e�p�hbi=T¢]_TNsNe6g=u�]lhm[QhbTNx�TNgqh�WY]�V6WYXZTNg'[��ae6XZT�[�gyu�hbi=T�na`be6e�p1e�p�hbi=T

pvW�`b]lh�]lhm[�hbTNx�TNgqh}WY]}[�]$pve�zozYe��}]����ac�hbiaT���W�`m[�s#TN´Z^=[�hbWYe6g±{Zhbi=T�WYgahbTdV�`m[�g=ua]$WYg'6 § 8
[�`bT�sNzYe�]_T4u?p�e�`bx�]#[�gyu±{±�qc�hbi=T�¯Zhbe6¿ZTN]�hbi=TNe�`bTNx�{~hbi=T&Xq[�zY^=TN]#e�p+WYgqhbTNV�`m[�zo]&[Q`bT
Wog=uaTNnaTNgyuqTNgah�e�p-hbi=T�sNi=e�WosdT#e�p8[�n=[�hbijWYgB[µ]_Wox�naz�c!sNe6gag=TNsdhbTNu�uae�x![�WYgjWYg

C
�

©�i=WY]8`bTdna`bTN]_TNgqhm[�hbWYe6g�e�p±[�]_^a`_pv[�sNT}WY]8s4[�zYzYT4u #ONP���M��!2�	��!)#/�	�Q!)��RS!����$��.0�M#/���-,/. �,ãg'hbiaT�s4[�]_T
U = 0

W�h$`bT4uq^=sNTd]�hbe�hbi=T�sdzÍ[�]_]_WYs4[�z�SkTNWYTd`b]lh_`m[�]_]�6re�`$SUTdWoT�`b]lh_`m[�]_]ãÀ
Õ8gag=TNnaTd` 8�`bTNna`bTd]_TNgahm[QhbWoe�g�e�p×x�WYgaWox![�z.]_^a`_pv[�sNTN]N�BT
©�i=T$pve�zozYe��}WogaV�nq`be6n=e�]_W�hbWoe�g�WY]�uaT�`bWoXZT4uµ�acµ]lh_`m[�WYV6iqh_pve�`_��[Q`mu�sde6x�n=^qhm[�hbWYe6ga]N�

U O��   �.L4��M4�Í� �Ô�WV �"9/��.X#��	*:! � #&%;� Σ FG� � �".K�)FYI$C1����� � ,/!2�3*546#/� � > � #/.KF �ML)��Z���
z �"�<#[%�,/. � ,/!2�1#�4�RK#/!)#+��������!3,/.X���0�?�2*:! � #&%;�3#+.KF\���0�?�".KF/*0%;�)F�������!2�-%

�M#;]&���<����� � ,+!��
ds2 = e2αdzdz̄, eα = |ψ1|2 + |ψ2|2,

> � �����'RK,/����.����-#/4 U , � ���0�<�<�"!$#&%D,�R^��!$#/�M,/!_�)($*0#�4 � �M,

U =
Heα

2
,

7 �0��!�� H �"�<���0�?���)#/.`%$*5!29+#/��*:!)� Z�a � = � = H = κ1+κ2

2
7 �"��� κ1,κ2 �����bRS!2�".Sc

%$� RH#�4d%$*5!29+#/��*:!)���3, � ���0���	*:! � #�%;� ZL)� �����<e<,�R � F/� �"� ��!)��.����-#�4d�)($*0#�4 � Adz2 = (fzz, N)dz2 #/.KF

|A|2 =
(κ1 − κ2)

2e4α

16
,

A = ψ̄2∂ψ1 − ψ1∂ψ̄2,f � ����� V #/*:�2�2gdNP���". 8 #/!�����.h�)($*0#/���-,/.0�<�M#;]&�D����� � ,/!2�
»
∂

∂z
−
„

αz Ae−α

−U 0

«–
ψ =

»
∂

∂z̄
−
„

0 U
−Āe−α αz̄

«–
ψ = 0,

T Ù8Ú6Û�áwä½à�ë½Ý4Þ�Þ£Ûbä½Þ£ÛmáwÛbë6ålêdåwà�Ý4ë�ÝNí=ó#à�ë½à�ó�êNý6áwâ½Þ ívêNïbÛbá1Ý4Þ£à �4à�ë|êdåãÛbá-à�ë#ý�Ûbï_åãâ6ÞwÛbá-ÝNíHi�â½ý�ý�à ú½êNë�à�ë�åãÚ½Û8ýYêdåwÛj ø�k4÷Ná�ð ñ å1Ü�êNá1áwâ½ïbïbÛmáwáãà ú�Ûbý è�êNä½ä½ý�à�Ûbæ�åwÝ¢áwÝ4ó#Û8ä6ÞwÝ4ç½ý�Ûbó#á1Ý4ë#ó#à�ë6à�ó�êNý6áãâ6Þ£í�êNïbÛmá-ç�è<l�â½áwë½ÛbÞmô&i�ïbÚ½ó#à å£å�ôî1Ý4ç½Ûbë½ß�Ý#Û_å�êNývðnm�áwÛbÛ�o k�p$qyêNë½æ�Þ£Û_í�ÛbÞ£Ûmë6ïmÛbá+åwÚ½ÛbÞ£Ûmà�ëGr�êNë½æ�åwÚ½à�á�êNä½ä½Þ£ÝQêNïbÚ�æ½ÛbáãÛbÞ£ú�Ûbá�ê�ïbÝ4ó#ä½ý�à�ó#Ûbë6åãêNÞ èáãâ6Þ£ú�Û_èaða$s Û$Þ£Ûbï�êNý�ýaåãÚ|êdå8åwÚ½Û}ë½Ý4Þwó�êNýqú6Ûbï_åwÝ4Þ N ó#ÛbÛbåwá-åãÚ6Û�ïbÝ4ë½æ6à åãà�Ý4ë
∆f = 2HN,

Ü8Ú½ÛbÞwÛ ∆ = 4e−2α∂∂̄ à�á-åwÚ½Û �.êNä½ýYêNïbÛut�î1Ûbý åãÞwêNó#à.Ý4ä½ÛbÞwêdåãÝ4Þ�ïmÝ4Þ£Þ£Ûmáwä½Ý4ë½æ½à�ë �&Ý4ë&åãÚ6Û�áwâ½Þ ívêNïbÛ4ð

v



� � ����� %�,/�JRH#/���-I$��4 ����Ch%�,/.SF/�"���-,/.0� � ,+![����� V #/*:�	�2gdN ����. 8 #/!2����. �)($*0#/����,/.��
#/!�������� V #+*5�	�2g��n,&F�#����)�Q�)($*�#+���-,/.�� 7 �:��%2� #+!��

Az̄ = (Uz − αzU)eα, αzz̄ + U2 −AĀe−2α = 0

#/.KF1����� V #+*5�	�	�-#/.X%$*:!29+#/��*:!��1�)($*0#�4 � K = −4e−2ααzz̄
=

,whµWo]µT4[�]lcHhbe?gae�hbWYsNT!hbiy[Qh�W�p
ϕ
x�TNT�hb]�hbiaT!��W�`m[�s�T4´|^y[�hbWYe�g 6l¨ 8#hbiaTNgFhbi=T

XqTdsdhbe�`}pv^ag=sdhbWYe�g
ϕ∗ uaTdp�WogaT4uj�qc�hbiaT�pve�`bx�^=zo[

ϕ =

„
ϕ1

ϕ2

«
→ ϕ∗ =

„
−ϕ̄2

ϕ̄1

« 6r³ 8
[�zY]_e�x�TNTdhb]�hbiaT#��W�`m[�s#T4´|^y[QhbWYe6g��
°�Tdh�^=]8WouaTNgqhbWYpÍc

R
3 �}W�hbi�hbi=T}zYWYg=T4[Q`�]_ny[�sNT}e�p 2×2

x![Qh_`bWYsNTN]8]_ny[�gag=T4uµe6XZTd`
R
�ac

e1 =

„
0 −i
i 0

«
, e2 =

„
0 −1
1 0

«
, e3 =

„
−1 0
0 1

«
.

SUT$iy[�XqT�hbiaT�e�`_hbiae6V�e6gy[�z=`bTNnq`bTN]_TNgahm[QhbWYe6g�e�p
SU(2)

e6g
R

3 �}iaWosdi�WY]�[�]8p�e6zYzYe��}]

ek → ρ(S)(ek) = S
>
eiS = S∗ekS, k = 1, 2, 3,

S =

„
λ µ
−µ̄ λ̄

«
∈ SU(2),

Wr� T6� |λ|2 + |µ|2 = 1,

�}i=WYsNiFuqTN]_sNTNg=ua]�hbiq`be6^aV6i
SO(3) = SU(2)/{±1} �!©�iaT�pve�zYzoe��}WYg=VBzYTNx�x![�WY]na`be6XZT4u��ac�]lh_`m[�WYV�iah_pve�`_��[�`muBsNe�x�n=^ahm[QhbWYe6g=]��

� � »F»CP � ��� #?�	*:! � #&%;� Σ ���bF&� � �".H�)F3I$C ψ 9���#?�����[N ���-��!��	��!$#/�	�b!)��RS!����$��.0�M#�c
���-,/. Z ������.���

λψ + µψ∗ FG� � �".H���<�������2*:! � #&%;�_,&I$�M#+�".H�)F � !),/� Σ *:.KF&��!?��������!)#/.0� � ,/!�c
�1#/���-,+. ρ(S) , � �����D#/�1I$�M��.0���-RH#&%;� R

3 => �
λψ 7 �"��� λ ∈ R FG� � �".K����#/. �"�_# 8 �D, � Σ *:.KFG��!������DF/��46#/���-,+. x→ λx =

�	��
��������©�i=T¢pve�`bx�^azo[�] 6l¨ 8+[�g=u�6 ¬48×�}Td`bT�WYgqh_`be½ua^asNT4u!WYg.- Ï ®�/~pve�`�Wog=ua^asdt
WogaV!]_^a`_pr[�sNTN]��}iaWYsNi\[6uqx�WYh¢]_e6zYW�hbe6g?uqTdpve�`bx![�hbWYe6ga]�uaTd]_sd`bWY�=T4u��qcjhbi=T#x�e6uaW�pvWYT4u
¾�e6XZWY¿Ze6X½À|Á¢TN]_TNzYe6X?T4´|^y[QhbWYe6g���©�iaTdc?e�`bWYV6WYg=[�hbT!WYgF]_e6x�T�sde6x�n=zYTdÖZt£Xq[�zY^=TNu\p�e�`_t
x�^=zo[�]}uqTd`bWYXqTNu!p�e�`�e�hbiaTd`$`bT4[�]_e�g=]}�ac�Õ×WY]_TNg=i=[�`_h9- ¬�³�/£�+¯ZWox�WYzo[�`$`bTdna`bTN]_TNgqhm[�hbWYe6g
pve�`�� 2��f]_^a`_pr[�sNTN]$WYg�hbTd`bx�]+e�p�hbiaT¢��WY`m[�s�e�n=Td`m[Qhbe�`���[�]$na`be6nae6]_T4u�WYgB¨���² �µ�qc
Ð¢�a`bTd]_sNi56vhm[�zY¿�WYg!°�^ax�WYgac�8�� ,£h���[�]�XZTd`_c�]_e�e6g!^=g=uaTd`b]lhbe�e½u�hbiy[Qh+hbiaTN]_T$pve�`bx�^qt
zÍ[�]¢V�WYXqT�[&zYe6s4[�z�`bTNnq`bTN]_TNgahm[QhbWYe6g�e�p8[µV6Tdg=Td`m[�z�]_^a`_pv[�sNT%6r]_TNT�-o¨�¨4®4/��aWog�hbi=T#nq`be6e�p
V6WYXZTNgk[��=e6XZTj�}T'pve6zYzYe�� -Y¨ §6§ /£{�zÍ[QhbTd`�[�gae�hbiaTd`!na`be�e�p���[�]�V�WYXqTdg�WYg - ³ Ï /�[�gyu
p�`be6xËhbiaT�naiacq]_WYs4[�z~n=e�WYgah}e�p�XZWoT��Uhbi=T�`bTNnq`bTN]_TNgqhm[�hbWYe6g���[�]�uaTN]_s�`bWo�aT4u!Wog�- �½·�/�8��
2je�`bTNe�XqT�`�hbiaWY]+`bTNna`bTd]_TNgahm[QhbWoe�g�[�n=n=TN[�`bT4u!hbe��=T¢T4´|^=WYXq[�zYTNgqh�hbeµhbiaT�Ä#TNgax�e�hb]_^
`bTNna`bTN]_Tdgahm[�hbWYe�g'- Ï ·�/~�}i=WYsNiBuqe6TN]}gae�h�WYg=XZe6zYXZT�TdÖqn=zYWYsNW�hbz�c'hbiaT���W�`m[�s#e�n=Td`m[Qhbe�`4�
��� � ���! 2"C)�<��!'*) 13 �+� �&54768&('*494 &( ��!&5 �4  �$�68' 6(+.<C$
,ãg -o¨�¨4®4/×hbi=TµV6zYe6�=[�z8SUTNWYTd`b]lh_`m[�]_]#`bTNnq`bTN]_TNgqhm[�hbWYe6g?��[�]�WYgah_`be½uq^=sNTNu±� �1e�`�hbiy[Qh
Wo]&g=TdsNTN]_]b[�`_c?hbe�^a]_T�]_n=TNsNWo[�z

ψ1
t£�=^agyuazYTN]#e�XZTd`&]_^a`_pr[�sNTN]µ[�g=uChbe�sNe�g=]_WouaTd`&hbi=T

��W�`m[�s#e6naTd`m[�hbe�`�uqTdpvWYgaT4uje6g']_TNsdhbWYe6ga]¢e�p-�=^agyuqzoTd]N� ,ãg'hbiaWY]�TdXqTdgah

�



• hbi=T$SUWYzYzYx�e�`bT}pv^ag=sdhbWYe6g=[�z.[�n=naT4[�`b]$[�]�hbiaT�WYgqhbTNV�`m[�z.]b´Z^=[�`bT4u�gae�`bx e�p±hbi=Tn=e�hbTNgahbWo[�z
U
[�gyuHhbiaT�sde6gap�e�`bx![�z�V6TNe�x�Tdh_`_cCe�p¢[B]_^a`_pr[�sNT�Wo]&`bTNzo[�hbT4uHhbe

hbi=T�]_n=TNsdh_`m[�z�nq`be6n=T�`_hbWoTd]�e�p1hbi=T�sNe�`_`bTN]_nae6g=uaWYg=V���W�`m[�s#e6n=T�`m[�hbe�`��
• ]_WYg=sNTµW�h���[�]�na`be6XZT4u�WYg�-Y¨6¨N®4/1hbiy[Qh�hbe�`bW×[Q`bT�uqTdpve�`bx�T4uBWYgahbe�hbe�`bW-�qcjhbi=Tx�e½uqW�pvWYT4uµ¾¢e6XZWY¿Ze6X½À|Á¢TN]_TNzYe6X#pvzYe���[�gyu�hbi=WY]1pvzYe��fnq`bTN]_Td`bXZTN]1hbi=T�SUWYzozYx�e�`bT
pv^ag=sdhbWYe�gy[�zr{yhbiaT#x�e½uq^=zYW~]_ny[�sdT&e�p8Wox�x�T�`b]_T4u�hbe�`bW�WY]¢Tdx��=T4uauaT4u!WYgahbe�hbi=T
n=i=[�]_T�]_n=[�sNT�e�p}[�gCWYgahbTNV�`m[��=zYT�]lcq]lhbTNx��}iaWosdiHiy[�]#hbi=TµSkWozYzYx�e�`bT�p�^=gasdt
hbWYe6g=[�z�[�]¢[�gjWYgqhbTNV�`m[�z�e�p×x�e�hbWYe6g��

��c�hbi=T#^ag=W�pve�`bx�WY«4[�hbWYe6gBhbiaTNe�`bTNx�{y[�gqc�sNzYe6]_TNu\e�`bWYTNgahbT4uB]_^q`_pr[�sdT
Σ
Wo]¢sNe6gqt

pve�`bx![�zYzYcjT4´|^=WYXq[�zYTNgqh¢hbe![�sNe�g=]lhm[�gah¢sN^a`bXq[�hb^q`bT#]_^a`_pv[�sNT
Σ0
[�gyuB[�sdi=e6WYsNT�e�p+[

sNe6gqpve�`bx![�z�n=[�`m[�x�T�hbTd`
z
e6g

Σ
p�W�ÖaTd]�]_^asNiB[�gjT4´|^=WYXq[�zYTNgasNT

Σ0 → Σ
�

¯qWYg=sNT�hbiaT#´|^y[�gahbW�hbWYTN]

ψ̄2
2dz, ψ2

1dz, ψ1ψ̄2dz, e2αdzdz̄, H = 2Ue−α

[�`bT+V�zYe6�y[�zYzYcµuqTdpvWYg=TNu&e�gµ[}]_^a`_pv[�sNT
Σ0
{�hbiaWY]1zYT4[6uq]�hbe�hbiaT8p�e6zYzYe��}WYg=V�uqTN]_sd`bWYnahbWYe�g��

� ¤ � �=O � » �����v�y�qÉ��+�y���
	��hA 9/��!�C_,/!��-��.����)F1%)46,/�$�)F3�	*:! � #�%;� Σ
Z ���3����!2�$�)F?�".

R
3 Z #&F/�?�"���J#XNP���M��!��	��!$#/�	�b!)��RS!)���)��.0�M#/���-,/.X, � ����� � ,/!2� � > � g �ML)� 7 �0��!�� ψ ���'#
�)�)%$����,/.O, � ��,/���<I$*:.KF/4 � E ,/9/��!J�����<�	*:! � #&%;� Σ0

7 �G�-%2�\�"�b%�,/. � ,+!��_#�4E4 C��)($*:�"9;c
#�4 ��.����M, Σ #/.KF3�0#/�D%�,/.0�	�M#/.��B�$�)%$���-,+.K#�4 %$*:!29+#/��*:!��_#+.KF Dψ = 0 =� ,+!��),/9/��!
# � � � Σ = C∪{∞} �"�B#��-R0����!)�'������. ψ #/.SF U FG� � �".K�)F?,+. C #+!�� ����RK#/.KFG�)F

,/.��M,�������.K��� 8 �0I�,/!@�0,&,&FY, � �������". � �".0�"��C1I$C1����� � ,/!2�3*546#/���
(ψ1, ψ̄2) → (zψ1, zψ̄2), U → |z|2U #+� z → −z−1,

6£·�8

#/.KF1������!)�D�"� ����� � ,�4E46, 7 �". 8 #/�	C/�JRS�M,/���-%_, � U �

U =
const

|z|2 +O

„
1

|z|3
«

#/� z → ∞.

I � � � Σ �"� %�,/. � ,/!��_#�4E4 CY�)($*:�"9+#�4 ��.0��#1�M,/!�*:� Σ0 = R
2/Λ

Z ������.
U(z + γ, z̄ + γ) = U(z, z̄), ψ(z + γ, z̄ + γ) = µ(γ)ψ(z, z̄)

� ,/!D#�4E4 γ ∈ Λ

7 �0��!�� µ �"�_�����\%2�0#/!$#&%$����!P, � Λ → {±1} 7 �:�-%2� �M#;]&���19+#�4 *����1�". {±1} #/.KF
FG������!��?�".H���<���0�3I$*:.KF�4 �

E
C
2

−→ Σ0

�2*0%2�P���0#/� (ψ1, ψ2)
⊥ �"��#_�$�)%$���-,/. , � E =

% � � � Σ ���3#[�	*:! � #&%;��, � 8 ��.�*:� g ≥ 2
Z ������. Σ0 = H/Λ Z 7 ����!�� H �"�������� ,&I�#&%2�0��9��@]+C[*+R�R^��!$c"�0#�4 � RS46#/.H�3#+.KF Λ �"�?#[F/���$%$!)�����3�	*�I 8 !$,/*;R , � PSL(2,R)7 �G�-%2� #�%$���D,/. H = {Im z > 0} ⊂ C #/�

z → γ(z) =
az + b

cz + d
,

„
a b
c d

«
∈ SL(2,R).

� ��� ψ cI$*:.KF/4 �
E

C
2

−→ Σ0

�"��FG� � ��.H�)F�I$C1�������_,/.K,�F/!),+�3C�!�*54 ���
γ : (ψ1, ψ̄2) → (cz + d)(ψ1, ψ̄2).

6 ®48

�



#/.KF
U(γ(z), γ(z)) = |cz + d|2U(z, z̄).

� ���'I$*:.SF�4 � E �-RK4 �"������.��M, �����Q�	*:� , � � 7 ,D%�,/.��$* 8 #/���'I$*:.KF�4 ��� E = E0⊕Ē07 �G�-%2�P�$�)%$���-,+.��D#/!)� ψ1 #/.KF ψ2 !����-R^�)%$���"9/�$4 C =¯qWYg=sNT
PSL(2,R) = SL(2,R)/{±1} {�[�gkTNzYTNx�TNgqh γ ∈ PSL(2,R)

uaTdt
pvWYg=TN]�[�x�e6gae½uZ`be6x�c�^=njhbe�[�]_WoV�g��}©�iaT#]b[�x�T�]_W�hb^y[QhbWoe�gBi=e�zÍuq]$pve�`¢hbi=T�hbe�`b^=]N�
©�i=Td`bTdp�e�`bT#hbi=T#�a^=g=uazYTN]

E
[�`bT#s4[�zYzoTNu�]_n=WYgj�a^=gyuqzYTN]N�

1�WoXZTNg�[?sde6gap�e�`bx![�z�n=[�`m[�x�TdhbTd`�e�g
Σ
{�hbi=Tjnae�hbTNgqhbWo[�z

U
WY]�pvW�ÖqT4uf[�g=ufWY]

s4[�zYzYT4ujhbi=T�n=e�hbTdgahbWo[�z±e�p-hbiaT�`bTNna`bTd]_TNgahm[QhbWoe�g�� 2je�`bTde6XZTd`��}T#iy[�XZT

W(Σ) = 4

Z

Σ

U2dx ∧ dy.

Ð¢gac�]_TNsdhbWYe6g
ψ ∈ Γ(E)

]_^=sNiUhbi=[�h Dψ = 0
uqTdpvWYgaTN]B["]_^a`_pr[�sNTC�}iaWYsNi WY]

V6TNgaTd`bWYs4[�zYz�c"g=e�h�sNzYe6]_TNuf�a^ahµe6g=z�cHiy[�XZT'[Bn=Td`bWYe½uqWYs 1�[�^=]_]�x![�n��C©�i=Td`bT��}WYhbi
hbi=T¢SkTNWYTd`b]lh_`m[�]_]�p�e�`bx�^=zo[�]$uaTdp�WYg=T�[�g'WYx�x�Td`b]_WYe�g�e�p�hbiaT¢^ag=WYXZTd`b]b[�z.sde6XZTd`bWYg=V eΣe�p

Σ
�$©�iaT#pve6zYzYe��}WYgaV'nq`be6n=e�]_W�hbWoe�gB]_i=e��}]¢�}i=Tdg�]_^=sNi�[�g�WYx�x�Td`b]_WYe6g'sNe6gaXZTd`_hb]

Wogqhbe�[�gjWox�x�T�`b]_Woe�gj[�[�sNe6x�n=[�sdh�]_^q`_pr[�sdT6�
U O��   �.L4��M4�Í� � � � �0� NP���M��!2�2��!$#/�	�b!)��RS!)���$��.��M#/���-,+.`FG� � �".H���b#/.P�"�?����!2�	�-,/. , �
#Y%�,/�JRH#&%$�B�	*:! � #&%;� Σ � � #/.KF\,/.�4 C_� �

Z

Σ0

ψ̄2
1 dz̄ ∧ ω =

Z

Σ0

ψ2
2 dz̄ ∧ ω =

Z

Σ0

ψ̄1ψ2 dz̄ ∧ ω = 0
6 Ï 8

� ,/!D#/.0C3�0,�46,/�_,/!�R5�:�-%3F+� �"� ��!)��.����-#/4 ω ,/. Σ0
=

SUT!]_TNT�hbi=[�h&hbe\[�gqcFWYx�x�Td`b]_T4u\hbe�`b^=]
Σ ⊂ R

3 �}W�hbi"[�pvW�ÖqT4uFsNe6gqpve�`bx![�zny[�`m[�x�TdhbTd`
z
W�h�sNe�`_`bTd]_n=e6g=ua]8hbi=T}��W�`m[�s�e6naTd`m[�hbe�` D �}W�hbi�hbiaT¢uqe6^a�=zYTdt£n=Td`bWYe6uaWYsn=e�hbTdgahbWo[�z

U = V =
Heα

2�}i=Td`bT
H
WY]}hbi=T�x�T4[�gjsN^q`bXq[�hb^a`bT�[�gyu

e2αdzdz̄
WY]}hbi=T�WYg=ua^=sdT4u'x�Tdh_`bWYs6�

����� ��?%&5:B'*EF �4G+�$ 6(�%&( � FD 0 +�>  �$!49+�<C$%'*)���+. "#&(<�? � 4
�1e�`�]_^q`_pr[�sNTN]�WYg�hbia`bTdTdtwuaWYx�TNg=]_WYe�gy[�z�°�WYT�V�`be�^=n=]�hbi=T#SUTNWYTd`b]lh_`m[�]_]¢`bTNnq`bTN]_TNgqhm[�t
hbWoe�g�WY]}V6TNgaTd`m[�zYWY«NT4uB[�]�p�e6zYzYe��}]N�
°�Tdh

G
�aT![�hbia`bTNTdtwuqWox�Tdg=]_WYe6g=[�z�°�WYT!V�`be6^anF�}W�hbi"[�zoT�p�h_t£WYg=Xq[�`bWo[�gqh�x�T�h_`bWos

[�gyu'zoT�h
f : Σ → G�=T&[�g\WYx�x�Td`b]_WYe6g�e�p�[!]_^q`_pr[�sNT

Σ
WYgahbe

G
�$SUTµuaTNgae�hbT��ac G hbi=T&°�WYTµ[�zYV6TN�q`m[e�p

G
�8°�T�h

z = x+ iy
�=T#[µsNe6gqpve�`bx![�z�n=[�`m[�x�T�hbTd`}e6gjhbiaT�]_^a`_pv[�sNT��

SUT8hm[�¿ZT×hbiaT-n=^azozY�=[�sN¿¢e�p
TG

hbe}[ G t£�a^=gyuqzYT-e6XZTd` Σ � G → E = f−1(TG)
π→

Σ
{.[�g=u'sNe�g=]_WouaT�`�hbiaT#uaW�pÍpvTd`bTNgqhbWo[�z

dA : Ω1(Σ;E) → Ω2(Σ;E),

�}i=WYsNiB[�sdhb]}e6g
E
t£Xq[�zY^=T4u

1
t p�e�`bx�]��

dAω = d′Aω + d′′Aω

�



�}i=Td`bT
ω = udz + u∗dz̄

[�gyu
d′Aω = −∇∂̄fudz ∧ dz̄, d′′Aω = ∇∂fu

∗dz ∧ dz̄.
��c�]lh_`m[�WYV6iqh_pve�`_��[�`mu�sNe�x�n=^qhm[�hbWYe6ga]��}T+e��ahm[�WYg�hbi=T8pvW�`b]lh8uaTd`bWYXq[�hbWYe�gy[�z|TN´Z^=[�hbWYe6g

dA(df) = 0.
6 ² 8

©�i=T�hbTNga]_Woe�g�XZTNsdhbe�`
τ (f)

WY]�uaTdp�WogaT4ujXZWo[&hbiaT#T4´|^y[�hbWYe�g

dA(∗df) = f · (e2ατ (f))dx ∧ dy =
i

2
f · (e2ατ (f))dz ∧ dz̄

�}i=Td`bT
f · τ (f) = 2HN

{
N
WY]�hbi=T�gae�`bx![�z±XZTNs�hbe�`}[�gyu

H
Wo]�hbiaT�x�T4[�g'sd^a`bXq[�t

hb^a`bT6�8©�iaWo]�V6WYXZTN]$hbi=T�]_TNsNe6g=u�uaT�`bWoXq[QhbWoe�gy[�z�T4´|^y[QhbWYe6g��
dA(∗df) = ie2αHNdz ∧ dz̄. 6 � 8

¯qWYg=sNT}hbi=T}x�Tdh_`bWYs}WY]+zYTdpÍh�WYg=Xq[�`bWo[�gah+�}T}`bTd�$`bW�hbT¢hbiaT�uaTd`bWYXq[�hbWYe6g=[�zyTN´Z^=[�hbWYe6ga]
Wog'hbTd`bx�]$e�p

Ψ = f−1∂f, Ψ∗ = f−1∂̄f[�]}pve6zYzYe��}]��
∂Ψ∗ − ∂̄Ψ + ∇ΨΨ∗ −∇Ψ∗Ψ = 0,

6l¨ Ã 8
∂Ψ∗ + ∂̄Ψ + ∇ΨΨ∗ + ∇Ψ∗Ψ = e2αHf−1(N).

6l¨�¨ 8
©�i=T�TN´Z^=[�hbWYe6g.6l¨ Ã 88WY]�TN´Z^aWYXa[�zYTNgah�hbe�6 ²48�[�gyu�hbi=T�T4´|^y[QhbWoe�g.6l¨6¨ 8×WY]�T4´|^=WYXq[�zYTNgqh
hbe 6 � 8��
SUT'hm[�¿qTj[�gfe�`_hbiae6g=e�`bx![�z$�=[�]_WY]

e1, e2, e3
WYg"hbi=T'°�WYT�[�zYV6TN�q`m[ G e�p�hbi=TV�`be6^an

G
[�g=ujuaTdsNe6x�nae6]_T

Ψ
[�gyu

Ψ∗ WYgjhbi=WY]}�y[�]_WY]��

Ψ =

3X

k=1

Zkek, Ψ∗ =

3X

k=1

Z̄kek.

©�i=TNgjhbiaT�T4´|^y[QhbWYe6g=]�6l¨ Ã 8$[�g=u)6l¨6¨ 8+hm[�¿ZT�hbi=T�p�e�`bx
X

j

(∂Z̄j − ∂̄Zj)ej +
X

j,k

(Zj Z̄k − Z̄jZk)∇ej
ek = 0,

6l¨ § 8

X

j

(∂Z̄j + ∂̄Zj)ej +
X

j,k

(ZjZ̄k + Z̄jZk)∇ej
ek =

2iH
ˆ
(Z̄2Z3 − Z2Z̄3)e1 + (Z̄3Z1 − Z3Z̄1)e2 + (Z̄1Z2 − Z1Z̄2)e3

˜
.

6l¨4¬48

��Td`bT-�}T�[�]_]_^=x�TNu�hbiy[�h±hbi=T×�=[�]_WY] {e1, e2, e3} Wo]�n=e�]_WYhbWYXZTNz�c#e�`bWoTdgahbT4u#[�gyu�hbi=T�`bTdtpve�`bT
f−1(N) =

2ie−2α
ˆ
(Z̄2Z3 − Z2Z̄3)e1 + (Z̄3Z1 − Z3Z̄1)e2 + (Z̄1Z2 − Z1Z̄2)e3

˜
6vpve�`

G = SU(2)
�}W�hbiÑhbiaTFÄ#WYzYzoWYgaV�x�Tdh_`bWYsChbiaWY]�pve�`bx�^azo[fhm[�¿ZTN]'hbi=THp�e�`bx

f−1(N) = 2ie−2α[Ψ∗,Ψ]
8���¯qWYg=sdT�hbi=T�n=[�`m[�x�T�hbTd`

z
WY]�sde6gap�e�`bx![�z±�}T�iy[�XZT

〈Ψ,Ψ〉 = 〈Ψ∗,Ψ∗〉 = 0, 〈Ψ,Ψ∗〉 =
1

2
e2α

�}i=WYsNi�WY]$`bTd�$`bW�h_hbTNgB[�]

Z2
1 + Z2

2 + Z2
3 = 0, |Z1|2 + |Z2|2 + |Z3|2 =

1

2
e2α.

�



©�i=Td`bTdp�e�`bT6{.[�]}WYgjhbi=T�sN[�]_T�e�p-]_^q`_pr[�sNTN]�Wog
R

3 {qhbi=T�XZTNsdhbe�` Z WY]¢n=[�`m[�x�TdhbTd`bWY«NT4uWog'hbTd`bx�]$e�p
ψ
[�]$pve�zozYe��}]��

Z1 =
i

2
(ψ̄2

2 + ψ2
1), Z2 =

1

2
(ψ̄2

2 − ψ2
1), Z3 = ψ1ψ̄2.

6l¨N³ 8
°�Tdh¢^=]}]_i=e��¶iae��Òhbe�`bTNsNe�g=]lh_`b^=s�h�[�]_^q`_pr[�sdT�pÍ`be6x

ψ
x�TNTdhbWYgaV�hbi=T�uqTd`bWYXa[Qt

hbWoe�gy[�zaT4´|^=[�hbWYe6ga] 6l¨ Ã 81[�gyu 6l¨�¨ 8�� ,wg&hbiaT�s4[�]_T$e�p.gae6gat£sNe�x�x�^ahm[QhbWoXZT�°�WYT�V�`be6^=na]
hbiy[�h�s4[�gjgae�h��=T#uqe6gaT#�ac�hbi=T#WYgqhbTNV�`m[�z±SUTdWoT�`b]lh_`m[�]_]¢p�e�`bx�^azÍ[�]N�
°�Tdh

ψ
�=T�uqTdpvWYgaT4uCe�gF[']_^q`_pr[�sNT

Σ
�}W�hbiF['sde6x�n=zYTdÖ\n=[�`m[�x�TdhbTd`

z
[�gyu

ΨsNe6ga]lh_`b^=sdhbT4u\p�`be�x
ψ
x�TNT�h 6l¨ Ã 8�[�gyu 6l¨6¨ 8��!°�Tdh�^a]�n=WYsN¿\^anH[�n=e6WYgqh

P ∈ Σ
�

SUT�]_^=�a]lhbW�hb^ahbT
ψ
Wogqhbe'hbiaT�pve�`bx�^=zo[)6l¨d³ 8¢pve�`�hbi=T�sNe�x�n=e�g=TNgqhb]

Z1, Z2, Z3
e�p

Ψ =
P3
k=1 Zkek = f−1∂f

[�g=u�]_e6zYXZT&hbiaT&zYWYg=TN[�`�TN´Z^=[�hbWYe6g\WYg�hbi=T&°±WoT�V�`be6^=n
G
�

fz = fΨ,�}WYhbi\hbi=T&WYg=W�hbWo[�z8u=[Qhm[
f(P ) = g ∈ G

�&©�ia^=]¢�}Tµe6�qhm[�WYg?hbiaT�uqTN]_W�`bT4uB]_^a`_pv[�sNT
[�]}hbi=T�x![�n=n=WYgaV

f : Σ → G.
�1e�`�hbiaT�V�`be6^an

R
3 [$]_e6zY^qhbWoe�g#hbe�]_^asNi�[�g�T4´|^=[�hbWYe6g�WY]�V�WoXZTNg��qc¢hbiaT8SUTdWoT�`b]lh_`m[�]_]pve�`bx�^azo[�]�6 § 8$[�g=u)6 ¬48��

��`be6xÔhbi=T$uqTd`bWYXq[�hbWYe6g�e�p 6l¨ Ã 8×[�gyu�6l¨6¨ 8-W�h8Wo]×sNzYT4[Q`�hbi=[�h8[�gacµ]_^a`_pr[�sNT
Σ
Wog
GWo]+sNe6ga]lh_`b^=sdhbT4u��qc�hbi=WY]+nq`be6sNTNua^a`bT}�}i=WYsNi�WY] �l^a]lh+hbiaT¢V�TNg=Td`m[�zYWo«dT4u�SUTdWoT�`b]lh_`m[�]_]

`bTNna`bTN]_Tdgahm[�hbWYe�g�pve�`!]_^a`_pv[�sNTN]!WYg�°�WYT�V�`be�^=na]N� ,wgfhbiaWY]�TNXZTNgah��}Tj]b[�c"hbi=[�h
ψV6TNgaTd`m[�hbTN]}hbi=T�]_^a`_pr[�sNT

Σ
�

°�Tdh�^a]��$`bWYhbT�uae��}g?hbi=T�uaTd`bWYXq[�hbWYe6g=[�z8T4´|^y[QhbWoe�g=] 6l¨ Ã 8�[�g=u 6l¨�¨ 8�WYgChbT�`bx�]
e�p
ψ
�8©�iaTdc'[�`bT��$`bW�h_hbTNgB[�]�hbiaT���W�`m[�s#TN´Z^=[�hbWYe6g

Dψ =

»„
0 ∂
−∂̄ 0

«
+

„
U 0
0 V

«–
ψ = 0,

6l¨4·48
hbi=T#WYgyuq^=sNT4u!x�Tdh_`bWYs�WY]�V6WYXZTNgj�qc�hbiaT�]b[�x�T�p�e�`bx�^azÍ[

ds2 = e2αdzdz̄, eα = |ψ1|2 + |ψ2|2,
[�gyu�hbi=T��¢e6nap1´|^y[6uZ`m[�hbWYs�uaW�pÍpvTd`bTNgqhbWo[�z

Adz2 T4´|^y[�zY]}hbe

A = (ψ̄2∂ψ1 − ψ1∂ψ̄2) +

0
@X

j,k

ZjZk∇ej
ek, N

1
A .

�1e�`µ[jsNe�x�ny[�s�h&°�WYT�V�`be�^=nH�}W�hbi?hbi=T�Ä#WYzYzYWogaVBx�Tdh_`bWYs6{�WogCny[Q`_hbWosd^=zo[�`�pve�`
G =

SU(2)
{½�}T$i=[�XZT ∇ej

ek = −∇ek
ej
[�gyu�hbi=T��¢e6nqp~uaW�p�p�Td`bTNgqhbWÍ[�zahm[�¿qTd]×hbiaT�]b[�x�T

pve�`bx�[�]}p�e�`�]_^a`_pv[�sNTd]¢WYg
R

3 � A = ψ̄2∂ψ1 − ψ1∂ψ̄2
�

SUT�sNe�g=]_WouaTd`×hbiq`bTNTdtwuaWYx�TNga]_Woe�gy[�zZ°�WYT$V�`be�^=n=]1�}W�hbi�©�i=^a`b]lhbe�g�� ]-V6Tde6x�Tdh_`bWYTN]N�
°�Tdh�^=]�`bTds4[�zYz�hbi=[�h}�qcj©�ia^a`b]lhbe�g�� ]$hbi=TNe�`bTNx -Y¨6¨ § {�¨ § ®�/�[�zYz�hbiq`bTNTdtwuaWYx�TNga]_WYe6gy[�z
x![�ÖqWYx![�z�]_WYx�n=z�cÒsNe6gag=TNs�hbT4u V�TNe6x�Tdh_`bWYTN]

(X, IsomX)
[�uax�W�h_hbWYg=V�sde6x�ny[�sdh

´Z^ae�hbWYTNgqhb]¢[Q`bT#V6WYXZTNgj�qc!hbi=T�p�e6zYzYe��}WYg=V�zYWo]lh �
¨ 8+hbi=T�V�TNe6x�T�h_`bWoTd]��}WYhbijsNe6ga]lhm[�gah}]_TdsdhbWYe6gy[�z�sN^q`bXq[�hb^a`bT �

X = R
3, S3 {y[�gyu

H3 � § 8+h_�}e�na`be6ua^=s�h}V6TNe�x�Tdh_`bWYTN]��
X = S2 × R

[�gyu
H2 × R

�
¬ 8&hbiq`bTNTjV�TNe6x�Tdh_`bWYTN]�x�e6uaTNzYzYT4u
e6g�°�WYT'V�`be6^an=]

Nil , Sol
{+[�gyu fSL2

�}WYhbi
sNTd`_hm[�WYg�zYTdpÍh�WYgaXa[Q`bWo[�gah�x�Tdh_`bWYsN]N�

���



©�i=T+V�`be6^an
R

3 �}W�hbi&hbiaT�Õ×^=sNzYWouaT4[�gµx�T�h_`bWos×��[�]×[�z�`bT4[6uZc�sNe6ga]_WÍuqTd`bT4u&[��ae6XZT6�
��TNgasNT��}T�[�`bT#zYTdpÍh��}W�hbijp�e6^q`¢V�`be6^an=]��

SU(2) = S3, Nil , Sol , fSL2

�}i=Td`bT
Nil

WY]&['gaWYzonae�hbTNgqh&V�`be6^an�{
Sol

WY]µ[']_e6zYXq[��=zYT�V�`be6^=n±{-[�gyu fSL2
WY]#hbi=T

^=g=WYXZTd`b]b[�z�sNe�XZTd`�e�p1hbiaT#V�`be6^an
SL2(R)

�

Nil =

8
<
:

0
@

1 x z
0 1 y
0 0 1

1
A
9
=
; , Sol =

8
<
:

0
@

e−z 0 x
0 ez y
0 0 1

1
A
9
=
; ,

�}WYhbi
x, y, z ∈ R

�
©�i=T�s4[�]_T

G = SU(2)
��[�]�]lhb^=uaWYT4uHWYg -Y¨ §�§ /$[�gyuF]_^a`_pv[�sNTd]�WYgFhbi=T�e�hbi=Td`

V�`be6^an=]$�}Td`bT�sNe�g=]_WouaTd`bTNujWYg)-Y¨N³4/ �
• G = SU(2)

�

U = V̄ =
1

2
(H − i)(|ψ1|2 + |ψ2|2),

hbi=T91�[�^=]_]ãÀ6SUTNWYg=V6[�`_hbTNg\T4´|^=[�hbWYe6ga]}[�`bT
»
∂

∂z
−
„

αz Ae−α

−U 0

«–
ψ =

»
∂

∂z̄
−
„

0 Ū
−Āe−α αz̄

«–
ψ = 0,

hbi=TdWY`jsNe6x�n=[�hbWY�=WYzYW�h_cUsNe�gyuaW�hbWYe6ga]���hbi=T'1�[�^a]_]ãÀ��+e6u=[�«d«NWµTN´Z^=[�hbWYe6ga]��
hm[�¿ZT�hbiaT�pve�`bx

αzz̄ + |U |2 − |A|2e−2α = 0, Az̄ = (Ūz − αzŪ)eα

�}W�hbi
Adz2 hbi=T��¢e6nap1uaW�p�p�Td`bTNgqhbWÍ[�z �

A = ψ̄2∂ψ1 − ψ1∂ψ̄2,

• G = Nil
�

U = V =
H

2
(|ψ1|2 + |ψ2|2) +

i

4
(|ψ2|2 − |ψ1|2),

hbi=T91�[�^=]_]ãÀ6SUTNWYg=V6[�`_hbTNg\T4´|^=[�hbWYe6ga]}[�`bT
»
∂

∂z
−
„
αz − i

2
ψ1ψ̄2 Ae−α

−U 0

«–
ψ = 0,

»
∂

∂z̄
−
„

0 U
−Āe−α αz̄ − i

2
ψ̄1ψ2

«–
ψ = 0,

[�g=u�hbiaT�1�[�^a]_]ãÀ��+e½ua[�«N«dW-T4´|^y[�hbWYe�g=]}iy[�XqT¢hbi=T�p�e6zYzYe��}WYg=V!]_iy[�n=T

αzz̄ − |A|2e−2α +
H2

4
e2α =

1

16
(3|ψ1|4 + 3|ψ2|4 − 10|ψ1|2|ψ2|2),

Az̄ −
Hz

2
e2α +

1

2
(|ψ2|4 − |ψ1|4)ψ1ψ̄2 = 0

�}i=T�`bT�hbi=T��¢e6nap-uaW�p�p�Td`bTNgahbWo[�z�T4´|^y[�zY]}hbe

A = (ψ̄2∂ψ1 − ψ1∂ψ̄2) + iψ2
1 ψ̄

2
2 ,

� �



• G = fSL2
�

U =
H

2
(|ψ1|2 + |ψ2|2) + i

„
1

2
|ψ1|2 − 3

4
|ψ2|2

«
,

V =
H

2
(|ψ1|2 + |ψ2|2) + i

„
3

4
|ψ1|2 − 1

2
|ψ2|2

«
,

hbi=T91�[�^=]_]ãÀ6SUTNWYg=V6[�`_hbTNg\T4´|^=[�hbWYe6ga]}[�`bT#�$`bW�h_hbTNg�[�]
»
∂

∂z
−
„
αz + 5i

4
ψ1ψ̄2 Ae−α

−U 0

«–
ψ = 0,

»
∂

∂z̄
−
„

0 V
−Āe−α αz̄ + 5i

4
ψ̄1ψ2

«–
ψ = 0,

[�g=u�hbiaT�1�[�^a]_]ãÀ��+e½ua[�«N«dW-T4´|^y[�hbWYe�g=]$hm[�¿ZT�hbiaT�pve�`bx

αzz̄ − e−2α|A|2 +
1

4
e2αH2 = e2α − 5|Z3|2,

∂̄

„
A+

5Z2
3

2(H − i)

«
=

1

2
Hze

2α + ∂̄

„
5

2(H − i)

«
Z3

2,

�}i=T�`bT
A = (ψ̄2∂ψ1 − ψ1∂ψ̄2) −

5i

2
ψ2

1 ψ̄
2
2 ,

• G = Sol
�-�}T#sNe6ga]_WouaTd`¢e6gazYc'uqe6x![�WYga]��}i=Td`bT

Z3 = ψ1ψ̄2
WYgj�}i=WYsNi

U =
H

2
(|ψ1|2 + |ψ2|2) +

1

2
ψ̄2

2
ψ̄1

ψ1
,

V =
H

2
(|ψ1|2 + |ψ2|2) +

1

2
ψ̄2

1
ψ̄2

ψ2
,

hbi=T�1�[�^=]_]ãÀ½SkTNWYg=V½[Q`_hbTNg?T4´|^y[�hbWYe�g=]�sde6g=]_WY]lh�Wog�hbiaTµ��WY`m[�s�T4´|^y[�hbWYe�gC[�gyu
hbi=T¢pve6zYzYe��}WYgaV�]lcq]lhbTNx

∂ψ1 = αzψ1 +Ae−αψ2 − 1

2
ψ̄3

2 , ∂̄ψ2 = −Āe−αψ1 + αz̄ψ2 − 1

2
ψ̄3

1 ,

hbi=T91�[�^=]_]ãÀ �+e½ua[�«N«NW�T4´|^y[�hbWYe�g=]�[�`bT

αzz̄ − e−2α|A|2 +
1

4
e2αH2 =

1

4
(6|ψ1|2|ψ2|2 − (|ψ1|4 + |ψ2|4)),

Az̄ − 1

2
Hze

2α = (|ψ2|4 − |ψ1|4)ψ1ψ̄2

�}W�hbi
A = (ψ̄2∂ψ1 − ψ1∂ψ̄2) +

1

2
(ψ̄4

2 − ψ4
1).

,wh�g=TNTNua]�hbe�x![�¿qT�]_TNXZTd`m[�z±TdÖqn=zo[�WYgaWogaV�`bTNx![Q`b¿q]��
¨ 8+pve�`$hbi=T�zo[�]lh}hbiq`bTNT�V�`be�^=na]�hbi=T�hbTd`bx

Z3
[�n=naT4[�`b]}WYg'hbiaT¢pve�`bx�^=zo[�]N��©�iaT

uaW�`bTNsdhbWYe6gje�p-hbi=T�XqTdsdhbe�`
e3
iy[�]¢uqW�p�pvT�`bTNgah�]_TNga]_T�pve�`}hbiaTN]_T#V�`be�^=n=]��

¨4[ 8�hbiaT¢V�`be6^an=]
Nil

[�g=u fSL2
[�uax�W�h

S1 t£]lcqx�x�Tdh_`_c��}i=WYsNi�Wo]�hbi=T¢`be�hm[�hbWYe6g[�`be6^agyujhbiaT&V�TNe½uqTN]_WYs�uZ`m[��}gBWYg�hbi=T&uaW�`bTNs�hbWoe�g\e�p
e3
��©�i=WY]¢`be�hm[�hbWYe6gBhbe�V6TdhbiaTd`

�}WYhbijzoT�p�h¢]_i=W�p�hb]}V6Tdg=Td`m[QhbT
IsomG

�

�4:



¨N� 8�p�e�`
Sol

hbiaT�XZTNsdhbe�`b]
e1
[�gyu

e2
sde6x�x�^ahbT���©�i=Td`bTdp�e�`bT!hbi=T�TN´Z^=[�hbWYe6g

Z3 = ψ1ψ̄2 = 0
s4[�gµ�aT�Xq[�zoWou�WYg�[�gµe�n=TNg�]_^=�a]_Tdh

B
e�py[}]_^a`_pv[�sNT$[�gyu�hbi=T�`bTd�}W�hbi

hbi=T���W�`m[�s#T4´|^y[�hbWYe�g�WY]�gae�h}TdÖZhbTNg=uaT4u!�ac�sNe�gahbWYg=^aW�h_c'e�gahbe�hbiaT��}i=e�zYT#]_^a`_pr[�sNT6�
¯qWYg=sNT

H = 0
WYg
B
�}T#n=^qh

U = V = 0
p�e�`

ψ1ψ̄2 = 0
[�gyu

G = Sol .

��e��}TdXqT�`�e6g�hbiaT��ae6^agyu=[Q`_c
∂B

e�p~hbi=T�]_Tdh {Z3 6= 0} hbi=T}nae�hbTNgqhbWÍ[�zY] USol
[�gyu

VSol
[�`bT�gae�h�[�z���[�cq]�sde�`_`bTNsdhbz�c�uaTdp�WogaT4uBua^aT�hbe�hbi=T#WYgyuqTdhbTd`bx�WYgy[�sdc�e�p ψ̄1

ψ1

pve�`
ψ1 = 0

[�gyu�hbi=T���W�`m[�s#T4´|^y[�hbWYe�gj�}W�hbijV6WYXZTNg�nae�hbTNgqhbWo[�zY]¢WY]}Xq[�zYWouje6^qhb]_WouaT
∂B

�
§ 8�p�e�`

G = R
3 e�` SU(2)

hbi=T 1�[�^a]_]ãÀ��+e½ua[�«N«dW�T4´|^=[�hbWYe6ga]#[�`bT�uaTd`bWYXZT4u?[�]
pve6zYzYe��}]N��SUT#iy[�XZT

Rψ = (∂ −A)(∂̄ −B)ψ − (∂̄ − B)(∂ −A)ψ = (Az̄ − Bz + [A,B])ψ = 0,

�}i=Td`bT
(∂ − A)ψ = (∂̄ − B)ψ = 0

[�`bT'hbiaT 1�[�^=]_]ãÀ6SUTNWYg=V6[�`_hbTNg�T4´|^y[QhbWoe�g=]
[�gyu\hbi=T�XZTNs�hbe�`�pv^ag=sdhbWYe6g

ψ∗ 6r]_TNT56r³ 8 8�x�TNTdhb]�hbi=T�]b[�x�T�T4´|^=[�hbWYe6g Rψ∗ = 0�}i=WYsNijhbe�V6TdhbiaTd`¢�}W�hbi
Rψ = 0

WYx�n=zYWYTN]$hbiy[�h
R = Az̄ − Bz + [A,B] = 0

� �1e�`
e�hbi=T�`�V�`be�^=na]�hbi=T!T4´|^y[QhbWYe6g=] Dψ∗ = 0

[�gyu
Rψ∗ = 0

uae�TN]�gae�h�iae6zou
[�g=u±{
Wogfny[Q`_hbWYsN^=zo[�`4{�hbi=T'¿qT�`bg=TNz$e�p�hbi=T���W�`m[�sje6n=T�`m[�hbe�`!sN[�gfg=e�h��=T!h_`bT4[�hbT4uf[�]![
XqTdsdhbe�`�]_ny[�sdTje6XZTd`�´|^y[�hbT�`bg=WYe6ga]N�
©�i=T�`bTdpve�`bTjhbi=T 1�[�^a]_]ãÀ��+e6u=[�«d«NW¢TN´Z^=[�hbWYe6ga]
[�`bT�uaT�`bWoXZT4u'Wog�-Y¨N³4/��ac�e�hbiaTd`�x�Tdhbi=e6ua] �
¬ 8$Wog'pr[�s�h�hbi=T#��WY`m[�s�T4´|^y[�hbWYe�g=]}WYg�hbi=T#s4[�]_T&e�p×g=e�gat£sNe6x�x�^qhm[�hbWYXZT�V�`be6^=na]

[�`bT�gae6gazoWYgaT4[�`#WYg
ψ
ua^aT�hbe!hbi=T�sNe�g=]lh_`m[�Wogqhb]�e6gBhbiaTµnae�hbTNgqhbWÍ[�zY]N��©�i=Td`bT�pve�`bT�WYp

ψ
uaTdp�WYg=TN]&[j]_^q`_pr[�sdT!hbiaTNg

λψ
uae�TN]�g=e�hµuqTdpvWYg=T![�g=e�hbi=Td`&]_^a`_pv[�sNT�p�e�` |λ| 6= 1]_WogasNT!hbi=TN]_T!V�`be�^=na]�uaeBgae�h�[6uqx�WYhµuqWozo[QhbWoe�g=]N� �1e�`

SU(2)
hbi=T!x![�nan=WYg=V'6r³ 8

x![�n=]�[']_e6zY^ahbWYe6g
e�p�hbi=T���WY`m[�s�T4´|^y[QhbWoe�gHhbeB[�g=e�hbiaTd`�]_e6zY^qhbWoe�g
e�p}W�h&[�g=uChbi=T
[�gy[�zYe6VHe�p�ny[�`_h'¨�e�p¢°�TNx�x![?¨jiae6zoua]��

λψ + µψ∗, |λ|2 + |µ|2 = 1
{�uaTdp�WogaTN]

[�gBWYx![�V�T#e�p×hbi=T#WYg=W�hbWo[�z�]_^a`_pv[�sNT&^=g=uaTd`}]_e�x�T#Wogag=Td`�[�^qhbe6x�e�`bn=i=WY]_xÂe�p
SU(2)sNe�`_`bTN]_nae6g=uaWYg=V�hbe�[µ`be�hm[QhbWoe�gBe�p1hbiaT�°�WYT�[�zYV�TN�a`m[Z�

°�Tdh�^a]#TdÖqn=e6]_T�]_e6x�T�sNe�`be6zYzo[�`bWYTN]N�j¯qWYgasNT�hbi=Tµs4[�]_T
G = SU(2)

��[�]#�}TNzYzYt
]lhb^yuaWYT4u~{ � �}T#sde6g=]_WouqTd`�e6g=z�c'e�hbiaTd`�V�`be6^an=]N�
� ¤ � �=O � » ¦ ���hV ��9/��. ψ 8 ��.H��!$#/���". 8 #X�?�".����1#�4n�2*:! � #&%;�[�". # � �M� 8 !),+*+R Z
����� � ,�4E46, 7 ��. 8 �)($*0#/���-,/.0�b�0,�46F �

∂̄ψ1 =
i

4
(|ψ2|2 − |ψ1|2)ψ2, ∂ψ2 = − i

4
(|ψ2|2 − |ψ1|2)ψ1

� ,/! G = Nil ,

∂̄ψ1 = i

„
3

4
|ψ1|2 − 1

2
|ψ2|2

«
ψ2, ∂ψ2 = −i

„
1

2
|ψ1|2 − 3

4
|ψ2|2

«
ψ1

� ,/! G = fSL2,

∂̄ψ1 =
1

2
ψ̄2

1ψ̄2, ∂ψ2 = −1

2
ψ̄1ψ̄

2
2

� ,/! G = Sol .

> � ��� I$!�����%2� � f ���P��� #X�	*:! � #�%;�Y�5#/�P%�,+.��	�M#/.��D���)#+. %$*:!�9+#/��*:!)� ���0��. ������ ,�4E46, 7 �". 8 ($*0#&F/!$#/���-%3F/� �"� ��!)��.�����#�4 eAdz2 �"�'�5,�46,/�1,+!�R0�G�-% �
eAdz2 =

„
A+

Z3
2

2H + i

«
dz2 � ,/! G = Nil ,

� ì±Ý4Þ SU(2) åwÚ½Û1ó#à�ë½à�ó�êNýNáwâ½Þ ívêNïbÛ1Û	
�â|êdåãà�Ý4ë6á�êNÞ£Û ∂̄ψ1 = − i
2
(|ψ1|2+|ψ2|2)ψ2

ô ∂ψ2 = i
2
(|ψ1|2+

|ψ2|2)ψ1
ôZêNë½æ��-ò��Cáwâ½Þ ívêNïbÛbá+êNÞ£Û}æ½à�áwåwà�ë��4â½à�áwÚ½Ûbæ�ç6è�åwÚ½Û$ïbÝ4ë½æ½à åwà�Ý4ë Az̄ = 0 ð

��H



eAdz2 =

„
A+

5

2(H − i)
Z2

3

«
dz2 � ,/! G = fSL2.

L)�[���J� ,+![# �	*5! � #&%;�Y��. G = Nil �����[F/� ��� ��!���.0���-#�4 eAdz2 �"�3�5,�46,/�1,+!�R0�G�-%
������.X���0���	*:! � #�%;�<�0#/��%�,+.��	�M#/.����1�)#/.O%$*:!�9+#+��*5!)� =
,wh��}e�^=zou"�=T�WogqhbTd`bTN]lhbWYg=VBhbe?^=g=uaTd`b]lhm[�gyuH`bTNzo[�hbWYe�g=]�e�p¢p�e�`bx�^=zo[�]�pve�`�sNe6gqt

]lhm[�gah�x�T4[�gjsN^q`bXq[�hb^a`bT¢]_^a`_pv[�sNTN]�WYgjhbi=Td]_T�V�`be�^=n=]$hbe�]_e�zYWYhbe�gBT4´|^y[QhbWoe�g=]N��¯Z^=sNi
`bTNzo[�hbWYe6ga]�[Q`bT��}TNzYzYt£¿Zg=e��}g�pve�`¢]_^asNij]_^q`_pr[�sNTN]�Wog

R
3 [�g=u SU(2)

�
©�i=TB[�gy[�zYe�V6]�e�p¢hbi=T']lhm[�hbTNx�TNgqh § 8�[�`bT�¿Zgae��}gf[�zY]_eHp�e�`!]_^a`_pv[�sNTd]�Wog"hbi=T

na`be½uq^=sdh�V�TNe6x�Tdh_`bWYTN]
S2 × R

[�gyu
H2 × R

- ·�/ � �¢e��}TNXZTd`�e6gaz�c'p�e�`¢]_^a`_pr[�sNTN]�WYg
Nil

hbi=T�sde6g=XZTd`b]_T ��hbi=T�]lhm[QhbTNx�TNgqh�¬ 8 �ËWY]�[�zY]_e�nq`be6XZT4u±���
SUTj`bTNx![Q`b¿Hhbiy[Qh�pve�`!x�WYgaWox![�z�]_^a`_pv[�sNTd]�WYg

Nil
[�gyu

Sol
hbi=Tj[�gy[�zYe6VFe�p

hbi=T$SUTNWYTd`b]lh_`m[�]_]�`bTNnq`bTN]_TNgahm[QhbWYe6g���[�]�e6�ahm[�WYg=T4u��qc�e�hbi=Td`�x�Tdhbi=e6ua]×WYg - ® Ï {½®6²�/ �
�¢hbi=Td`�[�n=na`be6[�sNiaTN]}hbe�]lhb^yuZc�]_^a`_pr[�sNTN]�WYgB°�WYT#V�`be�^=na]}�}T�`bT#^=]_T4u�Wog)- ¬ § {a³|·�/ �
����� ���! ���?%' 68 �&5$!+�<C$ )�'*$%"C?!' "C �'*$!0�� ?!' 69 �&5$!+�<C$!+,E :�? $!E D
6(+�<C$ 68�! �<#&��

8T4uqW�h�[�gyu 
×WYg=¿q[�zYz~�$`be�hbT#hbi=T¢SUTNWYTd`b]lh_`m[�]_]�`bTNna`bTd]_TNgahm[QhbWoe�gj`bTNnq`bTN]_TNgahm[QhbWYe6gBe�p
]_^a`_pr[�sNTN]�Wog

R
3 WYg�hbi=T$´|^=[�hbTd`bgaWoe�g�zo[�gaV6^y[�V6T�[�g=uµhbi=Tdg�TdÖZhbTNg=uaT4u&WYh×hbe�]_^q`_pr[�sNTN]Wog

R
4 -Y¨ Ã6Ã /#6r]_TNT#]_e�x�T#na`bTNzYWYx�WYgy[Q`_c�`bTd]_^=z�hb]}Wog)- ®��a{ Ï�Ã {±¨ Ã6Ï /�8��
,ãgyuqTNT4u~{½hbi=T�WouaT4[#e�p�^=]_WYgaVµ´|^=[�hbTd`bgaWoe�g=]�sNe6x�TN]8p�`be�x hbiaT¢]lcqx�x�Tdh_`_c&e�p±hbi=T

¿qT�`bg=TNz8e�p$hbiaT���W�`m[�s!e6naTd`m[�hbe�`�^agyuaT�`#hbi=T�h_`m[�ga]lpve�`bx![�hbWYe6g 6r³ 8%6v`bTdx![�`b¿Bhbiy[Qh
hbiy[�h}iae6zoua]�p�e�`�]_^a`_pv[�sNTd]¢WYg

R
3 [�g=u SU(2)

�}iaTNg
U = V̄

[�gyu'WY]$gae�h}Xq[�zYWou'pve�`
]_^a`_pr[�sNTN]�WYg�e�hbiaTd`}hbia`bTNTdtwuqWox�Tdg=]_WYe6g=[�z±°�WYT#V�`be�^=na] 8��
SUT#WouaTNgqhbWYpÍc

C
2 �}WYhbi'hbi=T�]_n=[�sNT#e�p8´Z^=[�hbTd`bgaWYe6g=]

H
[�]$pve�zozYe��}]

(z1, z2) → z1 + jz2 =

„
z1 −z̄2
z2 z̄1

«

[�gyu'sNe6ga]_WÍuqTd`}h_�}e�x![�h_`bW�Ö�e6naTd`m[�hbe�`b]

∂̄ =

„
∂̄ 0
0 ∂

«
, jU = j

„
U 0
0 Ū

«
=

„
0 −Ū
U 0

«
.

��Td`bT
j
WY]¢e�g=T�hbiaT#]lhm[�gyua[�`mu�V6TNgaTd`m[�hbe�`b]¢e�p×´|^y[�hbT�`bg=WYe6ga]¢[�gyu!�}T#iy[�XZT

j
2 = −1, zj = jz̄, ∂̄j = j∂.

©�i=TNgjhbiaT���W�`m[�s#TN´Z^=[�hbWYe6g'hm[�¿ZTN]�hbi=T�p�e�`bx
(∂̄ + jU)(ψ1 + jψ2) = (∂̄ψ1 − Ūψ2) + j(∂ψ2 + Uψ1) = 0.

¯qWYg=sNT�{-�ac 6 ® 8�{
ψ1
[�gyu

ψ̄2
[�`bT!]_TNs�hbWoe�g=]&e�p$hbiaT�]b[�x�T��=^agyuqzoT

E
W�h&Wo]��}e�`_hbi

�}e�`b¿ZWYg=V�WYg'hbTd`bx�]$e�p8´|^y[�hbT�`bg=WYe6ga]�hbe�`bTd�$`bW�hbT�hbi=T#��W�`m[�s#T4´|^y[�hbWYe�g�[�]
(∂̄ + jU)(ψ1 + ψ̄2j) = 0.

��g=T\x![�c�h_`bT4[�h
L = E0 ⊕ E0

[�]j["´Z^=[�hbTd`bgaWYe6g=WYs\zYWYg=T?�=^=g=uazYTB�}i=e�]_T
]_TNsdhbWYe6ga]�hm[�¿ZT�hbiaT�pve�`bx

ψ1 + ψ̄2j
[�g=uµ�}i=WYsNi�WY]8TNgyuqe��}T4u��qc�]_e�x�T}´|^y[�hbT�`bg=WYe6g

�
	 íoåãÛbÞ=åwÚ½à�á~ä|êNä½ÛbÞyÜ�êNá.áãâ½ç6ó#à åwåwÛbæ}íÍÝ4Þ.ê8ä½â½ç½ý�à�ïmêdåwà�Ý4ë¢à åyÜ�êNá.áwÚ½ÝNÜ8ë}åwÚ|êdå~íÍÝ4Þyáãâ½Þ í�êNïmÛbá~à�ë G = fSL2êNë½æ$à�ë H2×R åãÚ6Û�êNë|êNý�Ý �4Ý4â6á.áwåãêdåãÛbó#Ûbë6å.æ½Ý4Ûbá.ë½ÝNå=Ú½Ý4ý�æ=þaåãÚ½ÛbÞ£Û1êNÞ£Û�áwâ½Þ£í�êNïbÛbáyí�Ý4ÞqÜ�Ú6à�ïmÚ�åwÚ½Û�
�â|êNæ6Þãêdåwà�ïæ½à íoí�ÛbÞ£Ûbë6åãàYêNý eAdz2 à�á×Ú½Ý4ý�Ý4ó#Ý4Þ£ä½Ú½à�ï}êNë½æ&Ü8Ú½à�ïbÚ�êNÞ£Û�ë6ÝNå �-ò��Cáwâ½Þ ívêNïbÛbáJo ��$qrð

� �



zoWYgaT4[�`�TNgyuqe6x�e�`bnai=WY]_x
J
]_^=sNi'hbiy[�h

J2 = −1
� ,ãg�e�^a`¢s4[�]_T

J
]_WYx�n=z�c'[�sdhb]�[�]

hbi=T�`bWYV6iqh_tw]_WouqT�x�^=z�hbWYn=zYWYs4[�hbWYe�g��ac
j
�

J : (ψ1, ψ̄2) → (−ψ̄2, ψ̄1)
e�`

ψ1 + ψ̄2j → (ψ1 + ψ̄2j)j = −ψ̄2 + ψ1j.

©�i=WY]+x![�n=n=WYgaV
J
uqTdpvWYg=Td]�pve�`$[�gac�´|^=[�hbTd`bgaWoe�g�pvWY�=T�`$[�s4[�g=e6gaWYs4[�z.]_nazoW�h_hbWYg=V�WYgahbe

C ⊕ C
6rWYg�e�^a`�s4[�]_T#hbiaWo]}WY]�[�]_n=zYW�h_hbWYg=V�WYgahbe

ψ1
[�gyu

ψ̄2
8��#,wg)-Y¨ Ã�Ã { § ²�/�]_^=sNiB[

�=^=g=uazYT�WY]}s4[�zYzYT4uB[��wsNe�x�n=zYTdÖ�´|^y[QhbTd`bg=WYe�g=WYs#zYWogaT#�=^agyuazYT��b�
©�i=T#��W�`m[�s#e�n=Td`m[Qhbe�`¢WYg'hbi=Td]_T�hbTd`bx�]$WY] �ã^=]lh

Dψ = (∂̄ + jU)(ψ1 + ψ̄2j) = (∂̄ψ1 − Ūψ2) + (∂̄ψ̄2 + Ū ψ̄1)j

[�gyu
�}T�]_TNT'hbiy[�h�WYhb]�¿ZTd`bgaTNz$WY]�WYg=Xq[�`bWo[�gqh!^=g=uaTd`µhbi=T'`bWYV�iah_t£]_WouaT�x�^azYhbWYnazoWYs4[Qt
hbWoe�g=]��ac�sNe�g=]lhm[�gqh¢´Z^=[�hbTd`bgaWYe6g=]�6r]_TNT�°±TNx�x![�¨ 8$[�g=u'hbi=^a]�hbi=T#¿ZTd`bg=Tdz�s4[�g��=T
sNe6ga]_WÍuqTd`bT4u�[�]�[µzoWYgaT4[�`�]_ny[�sNT#e6XZTd`

H
� ��c'6 ®48�{a�}T#i=[�XZT#[�g�e6naTd`m[�hbe�`

D : Γ(L) → Γ(K̄L)

�}i=Td`bT6{1V6WYXZTNg
[j�a^=gyuqzYT
V
{��}T!uaTNgae�hbT��qc

Γ(V )
hbi=T�]_ny[�sNT�e�p}]_TdsdhbWYe6g=]�e�p�[

�=^=g=uazYT
V
[�gyu

K̄
WY]�hbiaT#�=^agyuazYT�e�p

1
t p�e�`bx�]�e�p-h_cqn=T

(0, 1)
{=Wr� T��o{ye�p-h_cqn=T

fdz̄
{

e6XZTd`¢[�]_^a`_pv[�sNT
Σ0
�

©�i=WY]#e6naTd`m[�hbe�`4{�e�p�sNe�^a`b]_T6{±WY]�gae�h�zYWYg=TN[�`#�}W�hbi?`bTd]_n=TNsdh¢hbe�`bWYV�iah_t£]_WouaT�x�^az�t
hbWonazYWosN[�hbWYe6ga]�e�gj´|^=[�hbTd`bgaWoe�gat£Xq[�zY^=TNu�p�^=gasdhbWYe6g=]�[�gyu�hbiaT¢pve�zYzoe��}WYg=V�TNXZWouaTNgqh+p�e�`_t
x�^=zo[µiae6zoua]��

D(ψλ) = (Dψ)λ+ ψ1(µ̄+ j∂η) + ψ̄2(−∂̄η + j∂µ),
�}i=Td`bT

λ = µ+jη = µ+ η̄j
� ,ãg -Y¨ Ã�Ã /qhbi=WY]-pve�`bx�^azo[�WY]8�$`bW�h_hbTNg�WYg�[¢sNe6e�`muaWYgy[QhbTdt

p�`bTNT#pve�`bxÎ[�]
D(ψλ) = (Dψ)λ+

1

2
(ψdλ+ Jψ ∗ dλ),

hbi=T8n=e�hbTdgahbWo[�z
U
x�^az�hbWonazYWoTNu��ac

j
pÍ`be6xÑhbi=T8zoT�p�h-WY]1s4[�zYzoTNu�hbiaT�¢e6napZp�WoTdzÍu

Q = jUe�p-hbi=T�sNe6gag=TNsdhbWYe�g D e�g
L
[�g=u'hbi=T#´|^=[�gahbW�h_c

W =

Z

Σ0

|U |2dx ∧ dy

Wo]}s4[�zYzoTNujhbi=T�SUWYzYzYx�e�`bT#TNgaTd`bV�c'e�p�hbi=T#sNe�g=g=TdsdhbWYe6g D �Ð¢z�hbi=e�^=V6iC[�h�hbi=T&�=TNV�Wogag=WYg=V!hbi=WY]�´Z^=[�hbTd`bgaWYe6g?zÍ[�g=V�^y[�V�T�iy[�uBzoe�e6¿ZT4u\XZTd`_c
[�`_hbW�pvWYsNWo[�zr{�[�h&zYT4[�]lh&hbej^=]N{1W�h�zYT4uChbej[�gFT�ÖqhbTdg=]_WYe6gCe�p$hbi=TµSUTNWYTd`b]lh_`m[�]_]�`bTNnq`bTdt
]_TNgahm[QhbWoe�gHpve�`&]_^a`_pr[�sNTN]�WYg

R
4 -Y¨ Ã6Ã / �!°�[�hbTd`&W�h#��[�]&uaTdXqTdzoe�n=T4u?WYgahbe�[�hbe6e6z8e�pWogaXZTN]lhbWYV½[�hbWYe�gC�=[�]_T4uBe6gB�}e�`b¿qWYgaV'e�^ah#[�gy[�zoe�V6WYTN]#�aTdh_�}TNTNg\sNe�x�n=zYTdÖB[�zYV6TN�q`m[�WYs

V6TNe�x�Tdh_`_c�[�gyuµhbiaT}hbiaTNe�`_cµe�p±sNe�x�n=zYTdÖ�´|^y[�hbT�`bg=WYe6gaWos}zYWYg=T}�=^agyuqzoTd]N� ,wh+[�nan=T4[Q`b]
hbiy[�h}hbi=[�h}WY]}Tdp�p�TNsdhbWYXZTNz�cB[�nan=zYWYT4u'hbe�[�]lhb^yuZc'e�p-]_n=TdsNWo[�z�h_cqnaTN]$e�p×]_^q`_pr[�sdTN]�[�gyu
�3�[�sN¿ZzY^=g=u!h_`m[�g=]lp�e�`bx�]$�=T�h_�}TNTNg'hbiaTNx WYg!hbi=T¢sNe6gqpve�`bx![�z~]_Tdh_hbWYg=Va{qWr� T6�8g=e�h�uaWY]lt
hbWogaV6^aWo]_iaWYg=V\�=Tdh_�}TdTNg

R
4 [�gyu S4 - § ²a{�� Ã / � �1WYg=[�zYz�cFhbi=WY]µ[�n=nq`be½[�sNi"iy[6uFzYT4uhbe'[�pv[��=^azYe6^=]¢TdÖZhbTNg=]_WYe�g?e�p×hbi=T�
8z�^asN¿ZTd`�h_cqn=T#`bTNzo[QhbWoe�g=]�pÍ`be6x�sNe6x�nazYTdÖB[�zoV�Tdt

�a`m[�WYs�V�TNe6x�T�h_`_cBe6gqhbejV6Tde6x�Tdh_`_cBe�p�sNe�x�n=zYTdÖ?´|^y[QhbTd`bg=WYe�g=WYs�zYWYg=Tµ�=^=g=uazYTN]#[�gyu
[�n=nazYWosN[�hbWYe6gBe�p-hbiy[�h}hbe�e��ahm[�WogaWYg=V�zYe��}Td`¢�=e�^=g=u'pve�`�hbiaT�SUWYzYzox�e�`bT#pv^=gasdhbWYe6g=[�z
- ³6¬�/ 6r]_TNT�WYg��d·Z� ³ 8���©�iaTd`bTd�}W�hbi?hbiaWY]�hbi=TNe�`_c\uaT4[�zY]#Wog\hbi=Tµ]b[�x�T&x![�gag=Td`¢�}WYhbi
V6TNgaTd`m[�z8�=^agyuazYTN]

L
gae�h&[�z���[Qca]�sNe�x�WYg=V!p�`be6x�hbiaT�]_^q`_pr[�sdT�hbi=TNe�`_c�- ³6¬�/ ��©�iaT

�=^=g=uazYTN]�`bTdzÍ[QhbT4uBhbe']_^q`_pr[�sdTN]&[�`bT�uqWY]lhbWogaV6^aWo]_iaT4u\�acBhbi=TdWY`#uaTNV�`bTNTN]���W�h�p�e6zYzYe��}]
p�`be6x 6£·�8�[�gyu)6 ® 8�hbiy[Qh

degE0 = genus (Σ0) − 1 = g − 1.

��v



����� ��?%&5:B'*EF �4G+�$
R4

©�i=T�1¢`m[�]_]_x![�g=gaWÍ[�gFe�p}e�`bWYTNgahbT4u?h_�}e�t£n=zo[�gaTN]&Wog
R

4 WY]µuqW�p�pvTde6x�e�`bnai=WYs�hbejhbi=T´Z^=[6uZ`bWos
y2
1 + y2

2 + y2
3 + y2

4 = 0, y ∈ CP 3.SUT�hm[�¿ZT#[�g=e�hbiaTd`�sNe6e�`muaWYgy[QhbTN]�Wog
y′1, y

′
2, y

′
3, y

′
4

WYg
C

4 �

y1 =
i

2
(y′1 + y′2), y2 =

1

2
(y′1 − y′2), y3 =

1

2
(y′3 + y′4), y4 =

i

2
(y′3 − y′4).

,ãg'hbT�`bx�]$e�p-hbi=Td]_T�sNe6e�`muaWYgy[QhbTN] eG4,2
Wo]�uqTdpvWYg=TNuj�ac�hbiaT#T4´|^y[�hbWYe�g

y′1y
′
2 = y′3y

′
4.

,wh}WY]¢sdzoTN[�`}hbiy[Qh�hbiaTd`bT�WY]�[�uaW�pÍpvTNe�x�e�`bn=iaWY]_x

CP 1 × CP 1 → eG4,2

V6WYXZTNg��ac!hbiaT�¯qTNV�`bT#x![�nan=WYg=V

y′1 = a2b2, y′2 = a1b1, y′3 = a2b1, y′4 = a1b2

�}i=Td`bT
(a1 : a2)

[�gyu
(b1 : b2)

[Q`bT�hbiaT�iae6x�e�V6TNgaTNe6^a]�sNe�e�`muqWog=[�hbTN]�e6g�uaW�pÍpvTd`bTNgqh
sNe6naWoTd]¢e�p

CP 1 �°�Tdh�^a]#ny[�`m[�x�TdhbTd`bWY«NT
xkz , k = 1, 2, 3, 4

{�Wog\hbTd`bx�]�e�p�hbi=Td]_T�i=e�x�e6V�TNg=TNe�^=]
sNe6e�`muaWYgy[QhbTN]�[�gyu�n=^ah

a1 = ϕ1, a2 = ϕ̄2, b1 = ψ1, b2 = ψ̄2.

,ãg�uaW�p�p�Td`bTNgasNT��}W�hbi�hbiaT
3
twuaWYx�TNg=]_WYe�gy[�z.]_W�hb^=[�hbWYe6g!hbi=WY]�n=[�`m[�x�T�hbTd`bWY«4[�hbWYe6g�WY]

g=e�h�^ag=Wo´|^=T�TNXZTNg'^=n�hbe�hbi=T�x�^az�hbWonazYWosN[�hbWYe6g��qc ±1
[�g=u'hbi=T�XqTdsdhbe�`}pv^ag=sdhbWYe�g=]

ψ
[�g=u

ϕ
[�`bT�uqTdpvWYg=TNu'^=n�hbe�hbi=T�V½[�^aV6T#h_`m[�ga]lpve�`bx![�hbWYe6ga]
„
ψ1

ψ2

«
→
„
efψ1

ef̄ψ2

«
,

„
ϕ1

ϕ2

«
→
„
e−fϕ1

e−f̄ϕ2

«
,

6l¨4®48

�}i=Td`bT
f
WY]�[�g�[Q`b�=W�h_`m[�`_c�pv^ag=sdhbWYe6g±����e��}TdXqT�`$hbi=T#x![�nan=WYg=V�]

Gψ = (ψ1 : ψ̄2), Gϕ = (ϕ1 : ϕ̄2)

Wogqhbe
CP 1 [Q`bT#sNe�`_`bTNs�hbzYcjuaT�pvWYg=T4uj[�gyu�]_n=zYW�h}hbi=T�1�[�^=]_]�x![�n

G = (Gψ, Gϕ) : Σ → eG4,2 = CP 1 × CP 1.

SUT#iy[�XqT¢hbi=T�pve�zYzoe��}WYg=V�pve�`bx�^=zo[�]$pve�`�[�gjWYx�x�Td`b]_WYe6g'e�p1hbiaT#]_^a`_pv[�sNT �

xk = xk(0) +

Z “
xkzdz + x̄kzdz̄

”
, k = 1, 2, 3, 4,

6l¨ Ï 8
�}WYhbi

x1
z =

i

2
(ϕ̄2ψ̄2 + ϕ1ψ1), x2

z =
1

2
(ϕ̄2ψ̄2 − ϕ1ψ1),

x3
z =

1

2
(ϕ̄2ψ1 + ϕ1ψ̄2), x4

z =
i

2
(ϕ̄2ψ1 − ϕ1ψ̄2).

6l¨4²48

� �



�¢pysNe�^a`b]_T6{6[�]-WYg�hbi=T�hbiq`bTNTdtwuaWYx�TNga]_WYe6gy[�z|s4[�]_T�{6hbi=Td]_T�pve�`bx�^=zo[�]×uqTdpvWYgaT$[�]_^q`_pr[�sNT
WYp8[�gyu�e6g=z�c�W�p-hbi=T�WYgqhbTNV�`m[�gyua]�[Q`bT#sNzYe6]_T4ujp�e�`bx�]$e�`4{=T4´|^=WYXq[�zYTNgqhbzYc~{

Imxkzz̄ = 0, k = 1, 2, 3, 4.

©�i=WY]¢WY]$`bTd�$`bW�h_hbTNgB[�]
(ϕ̄2ψ1)z̄ = (ϕ̄1ψ2)z ,

`
ϕ̄2ψ̄2

´
z̄

= −
`
ϕ̄1ψ̄1

´
z
.

6l¨��48
�1e�`µV6TNgaTd`bWYs

ϕ
[�gyu

ψ
hbi=TN]_T�sNe�gyuqWYhbWYe�g=]µ[�`bT!g=e�h#�$`bWYh_hbTdg
WogChbTd`bx�]#e�p}��W�`m[�s

T4´|^y[�hbWYe�g=]N�
��e��}TdXqT�`�hbiaTd`bT#WY]$hbi=T�p�e6zYzYe��}WYg=V

� ¤ � �=O � » Å ���v�q�aÅ 	�� � ��� r : W → R
4 I;� #/. �"�?����!2�$�)Fh�	*:! � #&%;� 7 ����� #

%�,/. � ,+!��_#�40RH#+!)#/�1������! z #/.SF\4 ��� Gψ = (eiθ cos η : sin η) I;�D,/.H�D, � �����3%�,/�3c
RH,/.H��.0���D, � �"��� V #+*5�	�<�_#�R =� ����!��?���/�"�	����#/.S,/������!<!)��RS!����$��.0�M#/���"9/� ψ , � ���:���b�1#2R&RS�". 8 Gψ = (ψ1 : ψ̄2)
�2*0%2�P���0#/���������������b�����<�<��!)#&%?�)($*0#/���-,/.

Dψ = 0, D =

„
0 ∂
−∂̄ 0

«
+

„
U 0
0 Ū

« 6 §�Ã 8

7 �����P��,/�1�QRH,/����.0���-#�4 U =
� 9/�)%$�M,/! � *:.K%$���-,/. ψ = (eg+iθ cos η, eḡ sin η) �"�?FG� � �".K�)F � !$,/� �������)($*�#/c

���-,/.
gz̄ = −iθz̄ cos2 η,

6 § ¨ 8
7 �5,/�$�J�$,/4 *5����,/.Y���QFG� � �".K�)FD*;R[�M,?#&F&F/�����-,/.[, � #+.[#+!)I$�"��!$#/!2CD�0,/46,/�1,/!MR0�:��% � *:.K%)c
���-,/. h #+.KF1�����?%�,/!2!)���MRK,/.KF/��. 8 RH,/����.0���-#�4 U �"� FG� � �".K�)FYI$C1���0� � ,/!2�3*546#

U = −eḡ−g−iθ(iθz sin η cos η + ηz)

*+RO�M,1�3*54 ��� RK4 �-%�#+���-,/.OI$C eh̄−h =V �"9/��.`����� � *5.S%$���-,/. ψ Z # � *5.S%$���-,/. ϕ 7 �G�-%2� !)��RS!)���)��.0����#/.S,/������!1%�,+�bRH,�c
.H��.�� Gϕ , � ����� V #/*:�	�<�1#�RO���������b�����_�)($*0#/���-,/.

D∨ϕ = 0, D∨ =

„
0 ∂
−∂̄ 0

«
+

„
Ū 0
0 U

«
.

6 §6§ 8

�<� �"� ��!���.0� 4 � � �����".0�M, C
2 ×C

2 , � ����� V #/*:�	�J�_#�R&RS��. 8 G : Σ → CP 1 ×CP 1

#/!���!��$46#/���)F\I$C 8 #/* 8 �D��!$#/.�� � ,+!��_#/���-,/.0�
„
ψ1

ψ2

«
→
„
ehψ1

eh̄ψ2

«
,

„
ϕ1

ϕ2

«
→
„
e−hϕ1

e−h̄ϕ2

«
, U → exp (h̄− h)U,

6 § ¬48
7 �0��!�� h �"�<#/.X#/!)I$����!)#/!2C_�0,�46,/�_,/!MR0�:�-% � *:.K%$���-,/.X,/. W =
�&�yOQ�.ºvº�PaO�� � � .0C\,/!2�M��.����)F1�	*5! � #&%;�<�". R

4 �"� FG� � �".K�)F\I$C3����� � ,+!��?*046#+� ��G�2�
#/.KF �u���)� 7 ����!)�\�����\9/�)%$�M,/! � *:.S%$���-,/.�� ψ #+.KF ϕ �������J�����P�)($*0#/���-,/.0�\, � �����
�<�"!$#&%D��C2R^� � >�� � #/.KF � >&> � �

Dψ = D∨ϕ = 0.

� �����".SF/*0%;�)F��1����!���%_�)($*0#�4 �
e2αdzdz̄ = (|ψ1|2 + |ψ2|2)(|ϕ1|2 + |ϕ2|2)dzdz̄

� �



#/.KF1�����D.S,/!�� , � �����<���)#/.X%$*:!29+#/��*:!��?9/�)%$�M,/! H = 2xzz̄

e2α ���������<�����?�)($*�#/4 �"��C

|U | =
|H|eα

2
.

°�Tdh�^=]}sNe�g=]_WouaT�`�hbiaT#uaWo[�V6e6g=[�z�TNx��=T4uauaWYg=V
eG3,2 = CP 1 → eG4,2 = CP 1 × CP 1.

,wp
ϕ
[�gyu

ψ
V�TNg=Td`m[QhbT}[¢]_^q`_pr[�sdT}[�gyu�zYWYT$Wog&hbi=T+uaWo[�V�e6gy[�z �

ϕ = ±ψ {Qhbi=TNg x4 = 0[�gyu��}T#e6�ahm[�WYgB[µSUTNWYTd`b]lh_`m[�]_]�`bTdna`bTN]_TNgqhm[�hbWYe6gje�p-hbi=T�]_^a`_pr[�sNT#WYg
R

3 �©�i=TBpve�`bx�^=zo[�])6l¨ Ï 8![�g=u 6l¨4²48'[�n=n=TN[�`bT4u�p�e�`'Wog=ua^asNWYg=V
]_^a`_pv[�sNTd]jWYg - Ï6Ï / �
©�i=WY]�sNe�`be6zYzo[�`_c�uaTNx�e�g=]lh_`m[QhbTN]�hbiy[Qh�hbiaTdc
[Q`bTjV6Tdg=Td`m[�z¢[�z�hbi=e6^aV6i"hbi=WY]�i=[�]�hbe
pve6zYzYe���[�zo]_e�p�`be�x -Y¨ Ã6Ã /-�}i=Td`bT�]_^asNi?[!`bTdna`bTN]_TNgqhm[�hbWYe6g\��[�]�p�W�`b]lh�Wog=uaWYs4[QhbT4uBWog
hbi=T�´|^y[QhbTd`bg=WYe6g'zo[�g=V�^y[�V6T6�
SUT�WYgyuqWosN[�hbTµh_�}e']_n=TNsdWYp�WYs�pvT4[Qhb^a`bTN]#e�p+hbi=T&`bTNna`bTd]_TNgahm[QhbWoe�gHe�p�]_^a`_pv[�sNTd]#Wog

R
4 �}i=WYsNij�}T�`bT&gae�h�uqWo]_sd^=]_]_T4ujWYgjhbiaT�na`bTdXqWYe�^=]}ny[�n=Td`b]��
• V6WYXZTNgC[�]_^q`_pr[�sNT6{-[�`bTNnq`bTN]_TNgahm[QhbWYe6gHWY]�gae�h#^ag=Wo´|^=Tµ[�g=uCuqWYpÍpvTd`bTdgah#`bTNnq`bTdt]_TNgqhm[�hbWYe6ga]¢[Q`bT#`bTNzo[�hbT4uj�qc!g=e�gah_`bWYXZWÍ[�z�V6[�^=V�T�h_`m[�ga]lpve�`bx![QhbWYe6g=] �
• [�SkTNWYTd`b]lh_`m[�]_]×`bTNna`bTd]_TNgahm[QhbWoe�g�e�py]_e6x�T$uqe6x![�WYg&WY]8gae�h8[�zY��[Qcq]�TdÖqn=[�gyuqT4ue6gqhbe�hbi=T¢�}i=e6zYT#]_^q`_pr[�sdT�[�gyu�WYgBuaW�p�p�Td`bTNgasNT��}W�hbijhbi=T�hbiq`bTNTdtwuaWYx�TNga]_WYe6gy[�z
s4[�]_T�W�h$g=TNTNua]+hbe&]_e6zYXZT

∂̄
t£na`be��=zYTNx 6 § ¨ 8+e�g�hbi=T¢�}iae6zYT�]_^q`_pr[�sdT�hbeµe��ahm[�Wog

[µ`bTNnq`bTN]_TNgqhm[�hbWYe6g�e�p-hbi=T�]_^q`_pr[�sNT6�
,ãgyuqTNT4u~{±hm[�¿ZT

ψ
[�gyu

ϕ
V6TNgaTd`m[�hbWYgaV�]_^a`_pv[�sNT

Σ
{1[juqe6x![�WYg

W ⊂ Σ
[�gyu?[

i=e6zYe�x�e�`bn=iaWYs�p�^=gasdhbWYe6g
f
e6g

W
�}i=WYsNi�WY]�g=e�h¢[�gy[�z�cZhbWYs4[�zYz�cBTdÖZhbTNg=uaT4u�e6^qhb]_WÍuqT

W
�×©�i=Tdg��qc56l¨4®488�}T�sde6g=]lh_`b^asdh+pÍ`be6x

ψ, varphi
{q[�gyu

f
[�[�gae�hbiaTd`�`bTNnq`bTN]_TNgat

hm[�hbWYe6g�e�p
W
�}i=WYsNi'WY]¢gae�h}TdÖqny[�gyuqT4u�e�^ahb]_WouaT

W
�

��� � 
���� � �����	��� ��
��	� ��
��� ��� ���������

R

4 �SUT'T�Öanae6]_T!hbi=T!SUTNWYTd`b]lh_`m[�]_]�`bTNna`bTd]_TNgahm[QhbWoe�g"e�p�°�[�V�`m[�gaV6Wo[�gf]_^a`_pv[�sNTN]�Wog
R

4 e6�qhm[�WYg=TNu'�ac��¢TNzYTNWYg�[�gyu��¢e�x�e6g.- ®Z¨ / �8ÐÑ`bT4uq^=sdhbWYe�g'e�p�hbi=T¢pve�`bx�^azo[�]96l¨4²48hbe�hbi=T�p�e�`bx�^azÍ[�]$p�`be6x - ®q¨ /���[�]�uqTNx�e6ga]lh_`m[�hbT4u!�ac���TdzoTdWog)- · ��/�8��
°�Tdh�^=]$hm[�¿qT¢hbi=T�p�e6zYzYe��}WYg=V�]lcqx�n=zYTNsdhbWYs�p�e�`bxÂe6g

R
4 �

ω = dx1 ∧ dx2 + dx3 ∧ dx4.

SUT¢`bTNsN[�zYz.hbiy[�h�[�g
n
twuaWYx�TNg=]_WYe�gy[�z.]_^a�=x![�g=W�pve�zÍu

Σ
e�p1[

2n
twuqWox�Tdg=]_WYe6g=[�z.]lcqx�t

n=zYTNsdhbWYs�x![�g=W�p�e6zou
M2n �}W�hbi![#]lcqx�n=zYTNsdhbWYs�pve�`bx ω

WY]+s4[�zozYT4u!°�[�V�`m[�g=V�WÍ[�g'W�p~hbi=T
`bTN]lh_`bWYsdhbWYe6gBe�p

ω
e�gahbe

Σ
Xq[�gaWY]_i=TN]��

ω|Σ = 0.

©�i=WY]}x�T4[�ga]+hbiy[Qh}[�h�[�gac!n=e�WYgah
x ∈ Σ

hbi=T¢`bTN]lh_`bWYsdhbWYe6gje�p
ω
e�gahbeµhbiaT¢hm[�g=V6Tdgah

]_ny[�sdT
TxΣ

Xa[�g=WY]_i=Td]N{=Wr� T6�Y{
TxΣ

WY]�[�°�[�V�`m[�g=V6Wo[�g
n
t£n=zo[�g=T�WYg

R
2n �©�i=T#sNe�gyuaW�hbWYe6g'hbiy[�h¢[

2
t£n=zo[�gaT�WY]�°�[�V�`m[�g=V�WÍ[�gBWYg

R
4 WY]}�$`bWYh_hbTdgB[�]

Im (y1ȳ2 + y3ȳ4) = 0

e�`
|y′1|2 − |y′2|2 − |y′3|2 + |y′4|2 = 0.

,ãg'hbT�`bx�]$e�p
a1, a2, b1

{y[�gyu
b2
W�h}hm[�¿ZTN]$hbi=T�p�e�`bx
|b1|2 = |b2|2.

� �



��TNgasNTµhbiaT 1¢`m[�]_]_x![�g=gaWo[�g?e�p$°�[�V�`m[�g=V�Wo[�g
2
t£n=zo[�gaTN]�WYg

R
4 WY]�hbi=Tµna`be6ua^=s�h�e�px![�g=W�p�e6zoua]

GLag
4,2 = CP 1 × S1

�}i=Td`bT
CP 1 WY]}ny[Q`m[�x�TdhbT�`bWo«dT4uj�ac (a1 : a2)

[�gyu
S1 WY]}ny[Q`m[�x�TdhbTd`bWY«NTNuj�ac

β =
1

i
log

b1
b2

mod 2π.

©�i=WY]-´|^y[�gahbW�h_c
β
WY]�sN[�zYzYT4u�hbiaT8°�[�V�`m[�gaV6Wo[�g�[�g=V�zYT6�1SUT8sNe6gasNzY^yuqT×hbi=[�h1[}]_^q`_pr[�sNT

Wo]�°�[�V�`m[�g=V�WÍ[�g\WYp-[�gyu�e6gazYc'W�p
|ψ1| = |ψ2|

WogjWYhb]$SUTdWoT�`b]lh_`m[�]_]}`bTNna`bTN]_Tdgahm[�hbWYe�g���°�Tdh�^a]$n=^ah

s =

„
eiβ√

2
,

1√
2

«
, (s1 : s2) = (ψ1 : ψ̄2) ∈ CP 1

[�gyuj[�n=naz�cj©�iaTNe�`bTdxÂ³a�×SUT#e6�qhm[�WYg'hbiaT�pve�zozYe��}WogaV�pve�`bx�^azo[�]��

g = − iβ
2
, U = −1

2
βz, ψ1 = ψ2 =

1√
2
eiβ/2.

�1e�`![�gac
]_e�zo^qhbWYe6g
ϕ
hbeBhbi=T�T4´|^y[�hbWYe�g D∨ϕ = 0

{��}T'e6�qhm[�WYgf[C°�[�V�`m[�g=V�WÍ[�g
]_^a`_pr[�sNT#uqTdpvWYg=TNu��qc

ψ
[�gyu

ϕ
XZWo[�6l¨N²q� 2je�`bTNe�XZTd`�[�zYz±°�[�V�`m[�gaV6Wo[�gj]_^a`_pr[�sNTN]}[Q`bT

`bTNna`bTN]_TdgahbT4ujWYg�hbi=WY]$pve�`bx��
°�Tdh

f : Σ → R
4

�=T�[�gjWox�x�T�`b]_Woe�gje�p×[�g�e�`bWYTNgahbT4u'sNzYe6]_T4u�]_^q`_pr[�sdT#Wog
R

4 � ��c'©�i=TNe�`bTNxÎ³a{qhbi=WY]]_^a`_pr[�sNT�Wo]�zYe6s4[�zoz�c�uqTdpvWYg=TNu��ac&hbi=T$pve�`bx�^=zo[�] 6l¨ Ï 8�[�g=u 6l¨4²48��8Ð�V6zYe6�=[�zYWY«4[�hbWYe�gjWY]
]_Wox�WYzo[�`�hbe�hbi=T#sN[�]_T�e�p×]_^q`_pr[�sdTN]�WYg

R
3 [�gyuje�g�hbi=T�´|^y[QhbTd`bg=WYe6gjzÍ[�g=V�^y[�V�T#��[�]uaTN]_sd`bWY�aT4u?WYg�-Y¨ Ã�Ã { § ²�/1i=e��}TdXqT�`�hbe'e��ahm[�Wog\W�h#e�g=T&iy[�]¢hbe�]_e�zYXqT�[

∂̄
t£nq`be6�=zYTNx

e�p-hbi=T�]_^a`_pr[�sNT -Y¨ § ³�/ �
U O��   �.L4��M4�Í� � ¦ V �"9/��. # N ���-��!��	��!$#/�	�_!���R�!����$��.��M#+���-,/. , � #/.`�"�?����!2�	�-,/. , �
#/.`,+!��M��.0���)F[%)46,/�$�)F��2*:! � #&%;� Σ �".��M, R

4 Z �����3%�,/!2!)���MRK,/.KF/��. 8 � *:.K%$����,/.�� ψ #/.SF
ϕ #/!)���$�)%$���-,/.0�D, � ����� C

2 cI$*:.KF/4 ��� E #/.SF E∨ ,+9/��! Σ 7 �:�-%2� #/!)�?#/� � ,�4E46, 7 ������
E #/.SF E∨ �-RK4 �"����.��M,1�2*:�?��, � RH#/�"!�c 7 ���)�D%�,/.���* 8 #+���?4 �".H��I$*:.KF�4 ���

E = E0 ⊕ Ē0, E∨ = E∨
0 ⊕ Ē∨

0

�2*0%2�����5#/� ψ1 #/.SF ψ̄2 #+!��J�$�)%$���-,/.0�J, � E0 #/.SF ϕ1 #/.KF ϕ̄2 #/!)�J�)�)%$����,/.��J, � E∨
0 �> � �����'RK#/�"!2�". 8 , � �)�)%$����,/.��D, � E0 #/.KF E∨

0 �"� # (1, 0)
� ,/!2� ,/. Σ �'� �

α ∈ Γ(E0), β ∈ Γ(E∨
0 ),

������.
αβdz

�"��#�%�,/!2!��)%$�-4 C[FG� � �".K�)F 1 c � ,/!2� ,+. Σ �L)� �����<� �"!$#&%3�)($*0#/����,/. Dψ = 0 �"�JRK4 �M���'���0#/� U �"� #1�$�)%$���-,+.`, � �����<��#/���
4 �".H��I$*:.KF�4 � EU #+�

∂γ

α
∈ Γ(EU )

� ,/! α ∈ Γ(E0), γ ∈ Γ(Ē0)

� �



#/.KF UŪdz∧dz̄ �"�'#_%�,+!�!)�)%$�-4 C1FG� � �".H�)F (1, 1) c � ,+!�� ,/. Σ 7 �0,+�)�J��.���� 8 !$#�4H,/9/��!
�����D�	*:! � #�%;�3�)($*0#�4 � Z

Σ

UŪdz ∧ dz̄ = − i

2
W(Σ)

7 �0��!�� W(Σ) =
R
Σ
|H|2dµ �"�J�����ON\��4E4 �1,+!�� � *:.K%$����,/.K#�4 =

©�i=T�V6[�^aV6T¢h_`m[�g=]lp�e�`bx![�hbWYe�g)6 § ¬ 88]_iae��khbi=[�h+Wog�uqWYpÍpvTd`bTdg=sNT��}W�hbi�hbi=T}hbia`bTdTdt
uaWYx�TNg=]_WYe�gy[�z±s4[�]_T

ψ
[�`bT#gae�h�g=TNsdTN]_]b[�`bWYz�cj]_TdsdhbWYe6g=]�e�p×]_naWYgj�=^agyuqzoTd]N�

�1e�`�hbe�`bW~�}T�uaTd`bWYXZT�p�`be�x�©�i=TNe�`bTNxÂ³�hbi=T¢pve6zYzYe��}WYgaV�`bTN]_^az�h4�
� ¤ � �=O � » �����v�q�aÅ 	�� � ��� Σ I;�D#��M,+!�*:���". R

4 7 �:�-%2�[�"��%�,/. � ,/!2�1#�4E4 CY�)($*:�"9;c
#�4 ��.����M, C/Λ #/.KF z �"�<#\%�,/. � ,/!��_#�4:RH#/!$#/��������!3,/. �"� =� ����. ������!��D#/!)��9/�)%$�M,/! � *:.S%$���-,/.�� ψ #/.KF ϕ #/.KF�# � *:.K%$���-,+. U ,/. C �	*0%2�
���0#/� ���

ψ #/.KF ϕ 8 �"9/�?#hN ���-��!��	��!$#/�	�<!���RS!)���$��.��M#/����,/. , � Σ �> � �����'RK,/����.����-#/4 U , � ���G�"� !)��RS!����$��.0�M#/���-,/.`��� Λ c R^��!2�-,&F+�-% �L)�b� *5.S%$���-,/.0� ψ Z ϕ Z #/.KF U �1�������". 8 ��� #/.SF > � #/!��1FG� � �".H�)F[*;R`�M, 8 #/* 8 �
��!)#/.0� � ,/!2�1#/���-,+.��
„
ψ1

ψ2

«
→
„
ehψ1

eh̄ψ2

«
,

„
ϕ1

ϕ2

«
→
„
e−hϕ1

e−h̄ϕ2

«
, U → eh̄−hU

6 § ³ 8

7 �0��!��
h(z) = a+ bz, Im (bγ) ∈ πZ

� ,/!<#�4E4 γ ∈ Λ.
Ð¢]}WYgjhbi=T#s4[�]_T#e�p×]_^q`_pr[�sdTN]¢WYg

R
3 WYg'V6TNgaTd`m[�z±hbi=T#XZTNsdhbe�`�p�^=gasdhbWYe6g=] ψ [�gyu

ϕ
uqTdpvWYg=T&[�gBWox�x�T�`b]_Woe�g�e�p-hbiaT�^=g=WYXZTd`b]b[�z�sNe�XqT�`bWogaV�]_^a`_pv[�sNT eΣ e�p8[�]_^a`_pv[�sNT ΣWogqhbe

R
4 �

U O��   �.L4��M4�Í� �ÒÅ � .`�"�?����!2�	�-,/. , � eΣ %�,+.�9/��!2���_�".��M, #+.`�"�3�1��!��	�-,+.h, � Σ � �
#/.KF\,/.S4 C1� �
Z

Σ

ψ̄1ϕ̄1dz̄ ∧ ω =

Z

Σ

ψ̄1ϕ2dz̄ ∧ ω =

Z

Σ

ψ2ϕ̄1dz̄ ∧ ω =

Z

Σ

ψ2ϕ2dz̄ ∧ ω = 0
6 § ·�8

� ,/!D#/.0C3�0,�46,/�_,/!�R5�:�-%3F+� �"� ��!)��.����-#/4 ω ,/. Σ =
�1e�`

ψ1 = ±ϕ1, ψ2 = ±ϕ2
hbiaT�pve�`bx�^azo[ 6 § ·�8$`bTNua^=sdTN]�hbe 6 Ï 8��

� ! �\�����%" �����Q� $H���|� "�� ���+*Q�!�H�Ø���¶�#&)" ����(¢�#�
����� ���! > <C0 +.:�+. �0
	2<��%+��<������  �4  �)�<��  ��?%' 6(+.<C$
©�i=T�i=WYTd`m[Q`bsNiac'e�p8x�e½uqW�pvWYT4uj¾¢e6XZWY¿qe�X½À|Á�Td]_TNzYe6X'6rx�¾¢Á98�TN´Z^=[�hbWYe6ga]���[�]�WYgah_`be�t
ua^=sdT4uB�ac ��e6V½ua[�gae6X'- §�Ã { § ¨ /×[�gyuBT4[�sNi\T4´|^y[�hbWYe�g\pÍ`be6x�hbi=T�i=WYTd`m[Q`bsNiac�hm[�¿ZTN]
hbi=T�pve�`bxÂe�p#2�[�gy[�¿qe�X � ] �ã°8{ Ð&{ � � t h_`bWYn=zYT

∂L

∂tn
= [L,An] −BnL,

�}i=Td`bT
L = D WY]$hbi=T���W�`m[�s&e�n=Td`m[Qhbe�`

L =

„
0 ∂
−∂̄ 0

«
+

„
U 0
0 U

«

: �



[�gyu
An

[�gyu
Bn

[�`bTjx![Qh_`bW�Ö
uaW�pÍpvTd`bTNgqhbWo[�z}e6naTd`m[�hbe�`b]�]_^=sNi
hbi=[�h&hbi=T�i=WYV6iaTN]lh
hbTd`bxÂe�p

An
hm[�¿qTd]}hbiaT�pve�`bx

An =

„
∂2n+1 + ∂̄2n+1 0

0 ∂2n+1 + ∂̄2n+1

«
+ . . . .

,ãgCuaW�p�p�Td`bTNg=sdT��}WYhbi �ã°8{ Ð � t£ny[�WY`b]N{ �ã°8{ Ð�{ � �£t h_`bWYn=zYT�nq`bTN]_Td`bXZTN]#e�g=z�cBhbi=T�«dTd`bejTNgqt
Td`bV�cCzYTNXZTNz+e�p

L
uaT�pve�`bx�WYgaVjhbi=T�sNe�`_`bTN]_n=e�gyuqWogaVBTNWYV6TNgqpv^ag=sdhbWYe6ga]N� ,wgyuaTdT4u±{��}T

iy[�XZT
∂Lψ

∂t
= Ltψ + Lψt = L[(A+ ∂t)ψ] − (A+B)[Lψ].

©�i=Td`bTdp�e�`bT�W�p
ψ
x�TNT�hb]�hbi=T�T4´|^=[�hbWYe6g

∂ψ

∂t
+Aψ = 0

6 § ® 8
[�gyu

Lψ0 = 0
pve�`�hbi=T$WYg=W�hbWo[�zyu=[�hm[

ψ0 = ψ|t=t0
e�p~hbi=WY]�TdXqe�zY^ahbWYe6g=[�`_c�TN´Z^=[�hbWYe6g

hbi=TNg
Lψ = 0pve�`�[�zYz

t ≥ t0
�

�1e�`
n = 1

�}T#i=[�XZT�hbi=T�e�`bWYV6WYgy[�z�x�¾¢Á T4´|^=[�hbWYe6g

Ut =

„
Uzzz + 3UzV +

3

2
UVz

«
+

„
Uz̄z̄z̄ + 3Uz̄V̄ +

3

2
UV̄z̄

« 6 §6Ï 8
�}i=Td`bT

Vz̄ = (U2)z.
6 § ²48

SUT}]_TNT�hbiy[Qh�W�p.hbiaT$WogaW�hbWÍ[�z ��[�^asNiac�u=[Qhm[
U |t=0

WY]�[¢`bT4[�zYt£Xq[�zY^aT4u�pv^ag=sdhbWYe6gµhbi=TNg
hbi=T�]_e6zY^ahbWYe�g?WY]�[�zY]_e�`bTN[�z�t£Xa[�zY^=T4u~�0,ãg�hbi=T�s4[�]_T&�}iaTNg

U |t=0
uqTNn=TNg=ua]}e6gaz�c�e6g

x
�}T�i=[�XZT

U = U(x, t)
[�g=uChbi=T�x�¾¢Á�T4´|^=[�hbWYe6gF`bT4uq^=sNTd]�hbe'hbi=T�x�e½uqW�pvWYT4u

Ä#e�`_hbTd�}TNVQÀZuqT&Á�`bWYTN]}T4´|^y[�hbWYe�g

Ut =
1

4
Uxxx + 6UxU

2 6 § �48
6ri=Td`bT

V = U2 8��©�i=WY]�`bT4uq^=sdhbWYe6g\TdÖqnazÍ[�WYg=]¢hbiaT�gy[�x�T�]_WYg=sdT�¾�e�XZWo¿Ze�X�[�g=u�Á�TN]_Tdzoe�X�iy[�uBWogqt
h_`be½ua^asNT4ufWog�-Y¨ § �={�¨N¬ Ã /¢[HiaWYTd`m[�`bsNiqc"e�p

(2 + 1)
twuaWYx�TNga]_WYe6gy[�z}]_e6zYW�hbe6gkT4´|^=[�t

hbWoe�g=]��}iaWosdiÑhm[�¿qT\hbi=T?pve�`bx e�p �ã°8{ Ð&{ � � t h_`bWYn=zYTN]jp�e�`\]_s4[�zÍ[Q`\e6naTd`m[�hbe�`b]��}WYhbi
L = ∂∂̄ + U

{�hbi=T�h_�}e�tãuqWYx�TNg=]_WYe6g=[�z+¯qsNiq` �e½uqWogaV6Td`�e�n=Td`m[Qhbe�`4{8[�gyu?`bTNua^=sdTN]#WYg
(1 + 1)

t£zYWox�W�h¢hbe!hbiaTµÄ#e�`_hbTd�}TNVQÀZuaT�Á¢`bWYTN]�TN´Z^=[�hbWYe6g±�#©�iaT�e�`bWYV�Wog=[�z×¾�e�XZWo¿Ze�X|À
Á�TN]_TNzYe�X'T4´|^=[�hbWYe6gjhm[�¿ZTN]$hbi=T�p�e�`bx

Ut = Uzzz + Uz̄z̄z̄ + (V U)z + (V̄ U)z̄, Vz̄ = 3Uz

[�gyu�W�hb]}uaTd`bWYXq[�hbWYe6g���[�]}zo[�hbTd`�x�e6uaW�pvWYT4u��ac �+e�V½u=[�g=e�X!p�e�`¢uaT�`bWoXZWYg=V&hbi=T¢x�¾�Á
T4´|^y[�hbWYe�g��
,wh×p�`be�x hbiaT+pve�`bx�^=zo[�] 6 § 8-[�gyu 6 ¬481e�p.hbi=T�SkTNWYTd`b]lh_`m[�]_]×`bTNna`bTd]_TNgahm[QhbWoe�g�hbiy[Qh

�l^=]lh¢hbi=T#«NT�`be�Tdg=Td`bV�c�zYTNXZTNz1e�p-hbi=T���W�`m[�s&e6naTd`m[�hbe�`�`bTNzo[�hbTd]¢hbe�]_^a`_pv[�sNTd]�WYg
R

3 �©�i=WY]¢zYT4[�ua]$hbe�hbiaT�pve�zozYe��}WogaV

: �



� ¤ � �=O � » É���� �=É
	�� � ��� U(z, z̄, t) I;�P# !��)#/4EcM9+#�4 *��)FX��,�4 *:���-,+. �M,X�����Y�����
�)($*�#+���-,/. � > �2� = � ��� Σ I;�D#��	*:! � #&%;�3%�,/.0�	��!�*0%$���)FY9��-#1�����ONP���M��!2�	��!)#/�	��!)��RS!��$c
�)��.0�M#/���-,/. � > � #/.SF �ML)� � !),+� ψ0 �	*0%2�1���0#+� ψ0 �����������<��!)#&%J�)($*0#/���-,/. Dψ0 = 07 �����P�����QRH,/����.�����#�4 U = U(z, z̄, 0) = � ��� ψ(z, z̄, t) I;�3#1�$,/4 *5����,/.X�M,1�����_�)($*0#�c
���-,/. � > 
�� 7 �"��� ψ|t=0 = ψ0

=
� ����.P����� �	*5! � #&%;��� Σ(t) %�,+.��	��!�*0%$���)F � !),+� ψ(z, z̄, t) 9��-#3�����[NP���M��!2�2��!$#/�	�

!���RS!)���$��.��M#/����,/. 8 �"9/�D#1��,�4 ���M,/.XFG� � ,/!2�1#/����,/.X, � �����D�	*:! � #�%;� Σ =
©�i=T�uaTdp�e�`bx![QhbWoe�g�V6WYXZTNg��qcµhbiaWo]-hbiaTNe�`bTNx WY]8s4[�zYzYT4u �����'�����XFG� � ,/!��_#/���-,/.

, � #��	*:! � #&%;� ��¢p1sNe�^a`b]_T6{qhbi=WY]�hbi=Tde�`bTNxËiae6zoua]$p�e�`�[�zYz±T4´|^y[QhbWoe�g=]$e�p1hbi=T¢x�¾�ÁÒi=WYTd`m[Q`bsNiac~�
©�i=Tµ`bTdsN^a`b]_WYe6g?pve�`bx�^=zo[!p�e�`�hbiaTNx WY]�]lhbWYzYz×^=ga¿qgae��}g\[�gyuBhbi=T&g=TdÖZh�TN´Z^=[�hbWYe6ga]
[�`bT�gae�h��$`bWYh_hbTdg'TdÖqnazoWYsNW�hbz�c!uqe��}g�^=gahbWYz=`bTdsNTNgahbz�c�T�ÖasdTNnah�hbi=T�s4[�]_T

n = 2
-Y¨6¨4®4/ �

�1WogaW�hbT�V½[�nH]_e6zY^qhbWoe�g=]�hbe!hbi=Tµx�¾�Á T4´|^y[QhbWoe�g=]#[Q`bT�sNe�g=]lh_`b^=s�hbT4u?WYg -Y¨ §�Ã /76r]_TdT
[�zY]_e -Y¨ § ¨ /�8��
,wh���[�]$TN]lhm[��azoWY]_iaT4u'WYg5-Y¨6¨4®4/.hbi=[�h�hbiaWY]$uaTdp�e�`bx![QhbWoe�g'i=[�]$[&V6zYe6�=[�z~x�T4[�g=WYg=V

pve�`�hbe�`bW�[�g=u'nq`bTN]_Td`bXZTN]$hbi=T�SkWozYzYx�e�`bT�p�^=gasdhbWYe6gy[�zr�
� ¤ � �=O � » � ���v�y�qÉ
	�� � �0�X������F&� � ,/!2�1#/���-,+. ��9+,�4 9/��� �M,/!2�_�".0�M, �M,/!2��#/.SF
RS!����$��!29/��� �������"! %�,+. � ,/!2�1#/4b%)46#/�	�$��� #+.KF`�����P9+#�4 *���� , � ����� NY�"4E4 �1,/!)� � *:.K%)c
���-,/.K#/4 =
©�i=T�na`be�e�p}e�p$hbi=WY]#hbi=TNe�`bTNxØWY]µ[�]#pve6zYzYe��}]N�B©�eBsNe�`_`bTNs�hbzYcHuaT�pvWYg=T�hbiaWo]&uqTdt

pve�`bx![QhbWYe6gj�}T�g=TdT4u�hbe�`bTd]_e6zYXZT�hbi=T#sNe�g=]lh_`m[�WYgqh�6 § ² 8$[�g=u'pve�`}hbe�`bW~hbiy[�h�s4[�g��=T
uae6gaT�V6zYe6�=[�zYz�c?[�]�W�h���[�]¢]_i=e��}g\WYg -Y¨6¨N®�/ ��SkT&i=[�XZT#hbe�hm[�¿ZTµ[�]_e6zY^ahbWYe6g

V
hbe

6 § ² 8�gae�`bx![�zYWY«NT4u'�ac!hbi=T�sde6gyuqW�hbWoe�gjhbiy[Qh
Z

Σ

V dz ∧ dz̄ = 0.

©�i=T�pve�`bx
(U2)tdz ∧ dz̄

WY]¢[�gjTdÖa[�sdh}pve�`bxÂe�gB[µhbe�`b^=]
Σ
�

UUt =

„
UUzz −

U2
z

2
+

3

2
U2V

«

z

+

„
UUz̄z̄ −

U2
z̄

2
+

3

2
U2V̄

«

z̄[�gyu�hbi=Td`bTdp�e�`bT�hbiaT�SUWYzYzox�e�`bT�pv^ag=sdhbWYe6g=[�z�Wo]}nq`bTN]_Td`bXZT4u �
d

dt

Z

Σ

U2dz ∧ dz̄ =

Z

Σ

(U2)tdz ∧ dz̄ = 0.

©�i=T+p�zÍ[Qh-]lh_`b^=s�hb^a`bT+e�g�[$hbe�`b^a]-[6uqx�W�hb]�^=]�hbe¢WouaTdgahbW�p�c&uqWYpÍpvTd`bTdgahbWo[�zY]-�}W�hbiµnaTdt
`bWoe6uaWYs¢p�^=gasdhbWYe6g=]N���1e�`$WYg=]lhm[�g=sNT6{|p�e�`bx![�zoz�c

U2dzdz̄
WY]$[

(1, 1)
twuaW�pÍpvTd`bTNgqhbWo[�z±[�g=u

V dz2 WY]�[�´|^=[6uq`m[QhbWYsµuqW�p�pvT�`bTNgahbWo[�zr��©�i=WY]�Wo]¢WYx�n=e6]_]_WY�azoT#p�e�`�]_^q`_pr[�sNTN]�e�p8i=WYV6iaTd`V6TNga^=]8[�g=u&hbi=T�`bTdpve�`bT�hbiy[�h×naTd`b]_WY]lhb]-hbe�uaT�pvWYg=T$V�zoe��y[�zoz�cµhbi=T�x�¾¢Á�uqTdpve�`bx![�hbWYe6ga]
e�p×]_^=sdij]_^a`_pv[�sNTd]N�
¯qe6x�T�[�h_hbTNx�nqh�hbe¢`bTNuaTdp�WogaT$]_e6zYW�hbe6g�uqTdpve�`bx![�hbWYe6ga]-WYg�sNe�x�n=zYTdhbTNz�c&V6TNe�x�Tdh_`bW�t

s4[�zqhbTd`bx�]-��[�]�uae6gaT$WYg - § ��/ ���1WYgy[�zoz�cµW�h�uqWÍu&g=e�h�x![�gy[�V6T$hbe#[�XZe�WÍuµWogqh_`be½uq^=sNWYg=V
[�n=[�`m[�x�TdhbTd`�e6g�[#]_^a`_pr[�sNT�i=e��}TdXqT�`�]_e6x�T}WYgahbT�`bTN]lhbWYg=V�V6TNe�x�Tdh_`bWYs4[�z.nq`be6naTd`_hbWYTN]
e�p-hbi=T�uaTdp�e�`bx![�hbWYe�g=]$�}Td`bT#`bTNXZT4[�zYT4u~�
Ð�p�hbT�`�ny[�n=Td`b] - Ï ®a{y¨�¨4®4/.WYg�hbiaT�pÍ`m[�x�Td�}e�`b¿�e�p�[�pÍpvWYg=T�[�gyu�°±WYT¢]_nai=Td`bT�V6TNe�x�t

Tdh_`_c�]_e6x�T�e�hbi=Td`}]_e�zYWYhbe�gBuaT�pve�`bx![QhbWYe6g=]$e�p-]_^a`_pv[�sNTd]}�}W�hbi'V6TNe�x�Tdh_`bWYs4[�z±sNe6ga]_Td`_t
Xa[QhbWYe6g�zo[��}]}�}Td`bT#WYgah_`be6ua^asNT4u�[�gyu']lhb^=uaWYT4u�Wog)- Ï ²a{a³a¨6{ §6§ /£�

: :



��� � ���! > <C0 +.:�+. �0��2<#&868 ��  �"���0% � &5+. 4  ��?%' 6(+.<C$
,ãg!hbi=T�s4[�]_T��}iaTNg

U
uaTNnaTNgyuq]+e�g=z�c!e6g

x = Re z
hbi=T���W�`m[�s�TN´Z^=[�hbWYe6g Dψ = 0pve�`�pv^ag=sdhbWYe�g=]}e�p1hbiaT�pve�`bx

ψ(z, z̄) = ϕ(x) exp

„
iy

2

« 6 ¬ Ã 8
`bT4ua^asNTN]$hbe�hbi=T��±[�¿qi=[�`be�X|ÀZ¯qi=[��y[Qh}na`be��=zYTNx

Lϕ = 0, L =

»„
0 1
−1 0

«
d

dx
+

„
q −ik

−ik q

«–
, q = 2U,

pve�`
k = i

2

�
¾�e�hbWYsNT8hbiy[Qh�p�e�`-]_^q`_pr[�sdTN]1e�pq`bTNXZe6zY^qhbWoe�g#hbi=T×pv^=gasdhbWYe6g

ψ
hm[�¿ZTN]±hbi=T-pve�`bx 6 ¬ Ã 8

Wogµ]_e6x�T�sde6gap�e�`bx![�zasNe�e�`muqWog=[�hbT
z = x+iy

�}i=Td`bT
y
Wo]-hbiaT$[�gaV6zYT$e�py`bTdXqe�zY^ahbWYe6g±�

��e��}TdXqT�`8hbiaTd`bT}[�`bT}x![�gac�e�hbiaTd`8]_^a`_pv[�sNTN]×�}W�hbi�WYg=gaTd`
S1 t£]lcqx�x�Tdh_`_c¢pve�`8�}i=WYsNihbi=T#n=e�hbTNgahbWo[�z

U
uaTNnaTNgyuq]$e6g=z�cje6g

x
��©�iaT�p�^=gasdhbWYe6g

ϕ
WY]�naTd`bWYe½uqWos#p�e�`�hbe�`bW�e�p

`bTNXZe6zY^ahbWYe6g�[�gyu�WY]�pv[�]lh¢uaTNsN[�cqWYg=V�p�e�`¢]_n=i=T�`bTN]$e�p-`bTNXZe�zo^qhbWYe6g 6 -Y¨6¨=��/�8��
©�i=T\e6naTd`m[�hbe�`

L
Wo]'[�]_]_e�sNWo[�hbT4uk�}W�hbikhbi=Tjx�e½uaW�p�WoTNukÄ#e�`_hbTd�}TNVQÀZuqT?Á�`bWYTN]

i=WYTd`m[�`bsdiac'e�p-]_e�zoW�hbe�gBT4´|^y[�hbWYe�g=]$�}i=WYsNiB[�uax�W�h�hbiaT �l°×{ Ð � t£ny[�W�`�`bTdna`bTN]_TNgqhm[�hbWYe6g
dL

dt
= [L,An].

©�i=T#]_WYx�n=zYTN]lh�e�p�hbi=TNxËWY]

qt = qxxx +
3

2
q2qx, n = 1,

qt = qxxxxx +
5

2
q2qxxx + 10qqxqxx +

5

2
q3x +

15

8
q4qx, n = 2.

©�i=T�pvW�`b]lh¢e�p1hbiaTNxËsNe�WYg=sNWouaTd]��}W�hbijhbiaT�`bT4ua^asdhbWYe6g)6 § � 8�e�p-hbi=T�x�¾¢ÁÑTN´Z^=[�hbWYe6g
[�p�hbT�`}]_^=�=]lhbW�hb^qhbWogaV

q → 4U
[�g=u�`bTd]_s4[�zYWYg=V�hbiaT�hbTdx�n=e�`m[Q`_c�ny[Q`m[�x�TdhbT�`

t→ 4t
�

,ãgCpv[�sdh4{�hbi=Tµx�Ä�uaÁ i=WYTd`m[Q`bsNiac?WY]�hbi=T�`bTNua^=s�hbWoe�gHe�p+hbi=T�x�¾�Á i=WYTd`m[Q`bsNiac\pve�`
U = U(x)

�
SUT$]_TNT�hbiy[Qh×WYg�hbi=T�x�Ä�uqÁ"s4[�]_T$�}T$iy[�XZT�g=e¢sNe6ga]lh_`m[�WYgahb]8e�pyh_cqnaT 6 § ²48×[�gyu

x![�c&T4[�]_WYz�c�uqTdpvWYgaT�x�Ä�uqÁ�uqTdpve�`bx![�hbWYe6ga]×e�p~]_^a`_pv[�sNTd]�e�p.`bTNXZe6zY^ahbWYe6g±�#2je�`bTde6XZTd`
Wog'hbi=WY]}s4[�]_T�hbiaTd`bT#WY]¢[&`bTNsN^a`b]_WYe�gjpve�`bx�^=zo[µpve�`�i=WYV6iaTd`�T4´|^y[�hbWYe�g=]��

∂q

∂tn
= Dnqx, D = ∂2

x + q2 + qx∂
−1
x q.

°�Tdh¢^=]}WYgah_`be6ua^=sdT�hbi=T#Ä�`b^=]_¿q[�z�À 2jWY^a`m[�WYgahbTNV�`m[�zY]N�}©�iaTNW�`�uqTNg=]_W�hbWYTN]
Rk
[Q`bT

uaTdp�WogaT4uj�qc�hbiaT�pve�zYzoe��}WYg=V�`bTNsN^q`b]_Woe�g�na`be�sNT4uq^a`bT �

R1 =
iqx
2

− q2

4
, Rn+1 = −Rnx −

n−1X

k=1

RkRn−k.

,wh}WY]¢]_iae��}gjhbi=[�h
R2n

[�`bT�p�^=zYz�uqTd`bWYXq[�hbWYXZTN]�[�gyu�e6gazYc�hbi=T�WogqhbTNV�`m[�zY]

Hk =

Z
R2k−1dx

uae�h�gae�h}Xq[�gaWo]_ijWÍuqTNgahbWYs4[�zYzYc~�

: H



� ¤ � �=O � » �����v�y����	���� ,+!O��9/��!�C n ≥ 1 ���0� n c-��� ���?F � �)($*0#/����,/. ��!)#/.0�2c� ,/!2�3� � #/�������?!��)F+*�%$����,/. , � �����?����� FG� � ,/!2�1#/����,/. � �M,/!2�Q, � !���9+,�4 *:���-,+. �".0�M,
�M,/!��K, � !)��9+,�4 *:���-,/.bR�!����$��!29��". 8 �������"!�%�,/. � ,/!��_#�4&��C2R^���B#+.KFJ������9+#�4 *�����, � Hk, k ≥
1 =
Ð nq`be6e�p�e�p�hbi=Tµ[�g=[�zYe6V�e6^=]#hbiaTNe�`bTNx�pve�`�]_n=i=T�`bTN]�e�p+`bTNXZe6zY^qhbWoe�g 6vhbiaTdc\[Q`bT

]lhb^yuaWYT4u�WYg'-Y¨6¨��4/�8+WY]��y[�]_WYs4[�zYzYc�hbi=T#]b[�x�T#[�]$p�e�`�hbe�`bWr�
SUT�g=e�hbTjhbiy[Qh�hbi=T�nq`bTN]_Td`bXq[�hbWYe�g�e�p�hbe�`bW�Wo]�gae�h�[\h_`bWoXZWo[�z}pr[�sdh4�Ñ©�i=WY]

Le6n=T�`m[�hbe�`$[�zY]_e�sNe�x�TN]+WYgqhbe&hbiaT �ã°8{ Ð �£t£n=[�W�`�`bTdna`bTN]_TNgqhm[�hbWYe6g�e�p±hbi=T�]_WYg=Tdt 1�e�`muae6g
T4´|^y[�hbWYe�gH[�gyu±{±hbi=^a]N{~hbi=WY]�T4´|^y[QhbWYe6gC[�zY]_e�WYgyuq^=sNTN]�['uqTdpve�`bx![�hbWYe6gCe�p�]_^q`_pr[�sNTN]
e�p-`bTNXZe6zY^qhbWoe�g����¢e��}TNXZTd`}hbi=WY]�uaT�pve�`bx![QhbWYe6g�sNzYe�]_TN]¢^an'hbe�`bW�WYgahbe�sdcqzoWYg=uaTd`b]N�
SUT#]_TNT�hbiy[Qh

H1 = −1

4

Z
q2dx = −4

Z
U2dx = − 2

π

Z
U2dx ∧ dy

[�gyu�hbiaTd`bTdp�e�`bT$hbi=T$pvW�`b]lh+Ä�`b^=]_¿q[�z À 2jWY^q`m[�WogqhbTNV�`m[�zyWY]+nq`be6n=e�`_hbWYe6gy[�z=hbe�hbi=T�SkWozYz�t
x�e�`bT�p�^=g=s�hbWoe�gy[�z �+©�i=T#gaTdÖZh$WYgahbTNV�`m[�zY]¢[�`bT

H2 =
1

16

Z
(q2 − 4q2x)dx, H3 =

1

32

Z
(q6 − 20q2q2x + 8qxx

2)dx.

,wh}WY]¢WYgqhbTd`bTN]lhbWYg=V
�����
	������	���������������	��������� �����! �"!��$#%�&�	����'&)(*!+�	����!+��,# Hk

�!�-.�����/	0�����
�213	����4�5��,#��&%	����4#���&)(6!��	�����!���,#��!7����983�*�	�#:(6��&;�*���4#<��&0����=���>(�	����!'?©�i=T�x�Ä�uqÁÒuaTdp�e�`bx![QhbWoe�g=]�e�p�]_^q`_pr[�sNTN]$e�p±`bTNXZe6zY^qhbWoe�gjuqTdhbTd`bx�WYg=T¢uaT�pve�`bx![Qt
hbWoe�g=]&e�p�hbiaT�`bTNXZe6zYXZWYg=V�sN^q`bXZTN]�Wog?hbi=T�^an=n=T�`�iy[�z�p$nazo[�g=T��jV�TNe6x�Tdh_`_c?e�p}]_^=sNi
uaTdp�e�`bx![�hbWYe�g=]�[�g=u�hbi=T�`bTd�}W�hbiB[�g'WogqhbTd`bn=zo[Qcj�aTdh_�}TNTNg�`bTNsN^a`b]_WYe�gj`bTNzo[�hbWYe6ga]�[�gyu
sN^a`bXZT�V�TNe6x�Tdh_`_c!�}Td`bT�]lhb^=uaWYT4u'WYg'- ²�²a{.· Ã / �
����� ���! A@ ' �� ��� � 69 � '�&86(47<�$  ��?%' 6(+.<C$
©�i=Tjx�¾¢ÁËT4´|^y[QhbWYe6g=]�[�`bT�hbi=TNx�]_TNzYXZTN]&`bT4ua^asdhbWYe6g=]&pve�`

U = −p = q̄
e�p�hbi=T

�#[�XZTdc|Àq¯|hbTd��[�`_hb]_e�g�T4´|^y[QhbWYe6g=]$`bTNnq`bTN]_TNgqhbT4u'�qc �ã°×{ Ð�{ � � t£h_`bWYnazoTd]}�}W�hbi

L =

„
0 ∂
−∂̄ 0

«
+

„
−p 0
0 q

«
.

Ð¢sdhb^=[�zYz�cÑhbiaWY]�`bT4ua^asdhbWYe6gÌe�p�hbiaTF�#[�XZTdc|ÀZ¯ZhbTd��[Q`_hb]_e6g 6r�#¯�8'T4´|^=[�hbWYe6ga]BV6WYXZT
x�e�`bT�T4´|^=[�hbWYe6ga]}�}iaWYsNiB[�`bT#e�p-hbi=T�p�e�`bx

Ut = i
`
∂2nU + ∂̄2nU

´
+ . . .

[�gyu
Ut = ∂2n+1U + ∂̄2n+1U + . . .pve�`

n ≥ 1
��©�i=T#p�WY`b]lh¢]_Td`bWYTN]�uae6Td]¢gae�h¢na`bTN]_Td`bXZT#hbi=T�`bTN[�zYW�h_cBsNe6g=uaW�hbWYe6g

U = Ū[�gyu�hbi=T�]_TNsde6gyu']_Td`bWYTN]�p�e�`
U = Ū

`bT4uq^=sNTd]�hbe�hbi=T�x�¾¢Á iaWYTd`m[�`bsNiqc~�
©�i=T�pvW�`b]lh�h_�}e�e�p-hbiaTN]_T�T4´|^=[�hbWYe6ga]¢[Q`bT�hbi=T#��¯

2
T4´|^y[QhbWYe6g

Ut = i(Uzz + Uz̄z̄ + 2(V + V̄ )U)
6 ¬Z¨ 8

�}i=Td`bT
Vz̄ = ∂(|U |2) 6 ¬ § 8

: �



[�gyu�hbiaT&�#¯
3
T4´|^y[�hbWYe�g 6v�}iaWYsNiBWY]�]_e6x�TdhbWYx�TN]�s4[�zozYT4uBhbi=T��#[�XZTdc|Àq¯ZhbT���[�`_hb]_e6g

,�T4´|^y[QhbWoe�g 8
Ut = Uzzz + Uz̄z̄z̄ + 3(V Uz + V̄ Uz̄) + 3(W +W ′)U

6 ¬�¬ 8
�}i=Td`bT

Vz̄ = (|U |2)z, Wz̄ = (ŪUz)z, W ′
z = (ŪUz̄)z̄.

6 ¬�³ 8
©�i=T&�#[�XZTdc|Àq¯|hbTd��[�`_hb]_e�g\T4´|^y[�hbWYe�g=]�V6e6XZTd`bgB]_e�zYWYhbe�gHuqTdpve�`bx![�hbWYe6ga]�e�p�]_^q`_t

pr[�sdTN]�WYg
R

4 �HÐ¢]�pve�`�hbi=T!s4[�]_T�pve�`�]_^a`_pv[�sNTd]�WYg
R

3 ]_^asNi"uaTdp�e�`bx![QhbWoe�g=]��}T�`bTWogqh_`be½uq^=sNT4u'�ac�Ä#e6gae6n=Tdzosdi=TNga¿qe&�}i=e�nq`be6XZT4ujWYg�- Ï�Ï /±hbi=T#sNe�`_`bTN]_n=e�gyuaWYgaV�[�g=[�t
zoe�V�e�p×©�iaTNe�`bTdx ®Z�

��e��}TdXqT�`¢WYgjhbiaWY]�sN[�]_T�hbi=T�`bT�[�`bT�h_�}e�]_naTNsNW�pvWYs�na`be��=zYTNx�]��
¨ 8!Ð¢]��}T\[�z�`bT4[�uqckx�TdgahbWYe6gaT4ufWYg � § � ·Hhbi=TjSUTdWoT�`b]lh_`m[�]_]'`bTdna`bTN]_TNgqhm[�hbWYe6g

e�p�[�]_^a`_pv[�sNT�WYg
R

4 WY]µgae�h&^=gaWo´Z^aT6�'��e6TN]#hbiaT���¯HuaT�pve�`bx![QhbWYe6g=]&e�p}]_^q`_pr[�sNTN]V6TNe�x�Tdh_`bWYs4[�zYz�cBuqWYpÍpvTd`bTdgah}pve�`�uqWYpÍpvTd`bTdgah}`bTNna`bTd]_TNgahm[QhbWoe�g=]��
§ 81©�i=T+sNe6ga]lh_`m[�WYgahb]-pve�`×hbi=T+�#¯�T4´|^=[�hbWYe6ga]×[�`bT�x�e�`bT�sNe6x�nazYWosN[�hbT4u&[�g=uµi=e��

hbe!`bTd]_e6zYXZTµhbi=T�sNe�g=]lh_`m[�Wogqhb] 6 ¬ § 8¢[�gyu�6 ¬�³ 8}hbe!e6�qhm[�WYgBV6zYe��y[�z×uqTdpve�`bx![�hbWYe6ga]�e�p
sNzYe6]_T4u�]_^q`_pr[�sdTN]��
©�i=TN]_T�na`be��=zYTNx�]��}T#sNe�g=]_WouaT�`bT4ujWYg'-Y¨ § ³4/ �
©�i=T'[�g=]l�}T�`�hbe�hbi=T�p�W�`b]lh�´|^=TN]lhbWYe�g"uaTNx�e�g=]lh_`m[�hbTd]�[��aWoV\uqW�p�pvT�`bTNg=sNT�p�`be�x

hbi=T#x�¾�ÁÑuqTdpve�`bx![�hbWYe6g �
• 	��3����� - �4&;�����5�
	����! # ���� �����������	�� � - ��� !3��- �! � � &;��� #:(*��& �*�:�4# ����	��
� 1+��- 8 �
	)�4!�	�����,# U ��&<	��3�4�,�	� �2� �2��#�	��4�#�# ����8����4#��2!3	 �/	����! #9�!�- &;��� -/�,&�

&��2���4!�	 ������� ���4# ��& 	��3� 8 �
	)�4!�	�����,# #:(/��� - �4& ����5�/	�� ��! # ��������������	����������"� �
-
�� �4���2!3	��

,wh��}e6^=zouU�=T\WYgahbT�`bTN]lhbWYg=V
hbe"^=gyuqTd`b]lhm[�g=u�hbi=T\V�TNe6x�Tdh_`bWYs4[�z�x�T4[�g=WYg=V�]je�p
hbi=TN]_T�uqWYpÍpvTd`bTdgah¢uaTdp�e�`bx![QhbWoe�g=]}e�p-hbiaT�]b[�x�T#]_^q`_pr[�sNT6�
©�i=T&]_TNsNe6g=uB´|^=TN]lhbWYe6gBWY]�[�g=]l�}T�`bT4uB�ac�hbi=T#pve�zozYe��}WogaV�[�gy[�zYe�V'e�p+©�iaTNe�`bTdx

Ï �
� ¤ � �=O � » � ���YV �"9/��. V *:.��-($*��$4 C\FG� � �".H�)F�I$C �ML > � #/.SF����0��.K,+!��_#�4 � ��#/���-,/.
%�,/.KF/�����-,/. R V dz ∧ dz̄ = 0

Z ���0����� 2 �)($*0#/���-,/. �".KF/*0%;���3FG� � ,/!2�1#+���-,/.h, � �M,/!2�
�".��M,<�M,/!2�0RS!)���$��!�9���. 8 ��������!'%�,/. � ,+!��_#�4S%)46#/�	�$���'#/.SF�������9+#�4 *����Q, � �����\N\��4E4 �_,/!��� *:.K%$���-,/.S#�4 => ��� ,/!
Vz̄ = (|U |2)z,

Z
V dz ∧ dz̄ = 0, W = ∂∂̄−1(ūuz), W ′ = ∂̄∂−1(ūuz̄)

6 ¬½·�8
�����<��� 3 �)($*0#/���-,+. 8 ,/9/��!2.��D#YFG� � ,/!2�1#+���-,/.X, � �M,/!��n�".0�M,��M,/!2� 7 �:��%2�_RS!)���$��!�9/���
�������"!?%�,/. � ,/!��_#�4 %)46#/�	�)���D#+.KF1����� N\��4E4 �1,+!�� � *:.K%$���-,+.K#�4 =©�i=T�]_^q`_pr[�sdT�WY]!uaTdp�e�`bx�T4u
XZWo[HuaT�pve�`bx![QhbWYe6g=]�e�p

ψ
[�g=u

ϕ
[�gyu"]_^=sdi�uqTdt

pve�`bx![QhbWYe6g=]¢WYg=XZe6zYXZT#hbi=T�e6naTd`m[�hbe�`b]
A
p�`be�xÂhbi=T �ã°8{ Ð&{ � � t h_`bWYn=zYT6��©�i=T�`bT&x�^asNi

x�e�`bT�[6uauaW�hbWYe6g=[�z±n=e�hbTdgahbWo[�zY]�sNe6x�WYg=V�Wog
A
[�g=u�hbiaT���¯�TN´Z^=[�hbWYe6ga]�[�]�WYh�WY]}TdÖZt

n=zo[�WYg=TNujWYg'- Ï6Ï / �-SUT�uqe�g=e�h}TdÖqn=zo[�WYg�iaTd`bT�hbi=T¢`bT4ua^asdhbWYe6g=]}WYgjhbiaT�pve�`bx�^=zo[µpve�`
A
�}i=WYsNi�[�`bT#g=TdsNTN]_]b[�`_c'hbe�]b[�XZT�sdzoe�]_T4uagaTN]_]�e�p×]_^a`_pv[�sNTd]¢^agyuaT�`�uaTdp�e�`bx![�hbWYe�g=]N�

SUT�e6gaz�c!x�TNgahbWYe6g�hbi=[�h�hbiaT¢pve�`bx�^=zo[%6 ¬�³ 8�uqTdpvWYgaTN]�hbi=T�n=Td`bWYe6uaWYs�n=e�hbTNgahbWo[�zo]
W[�gyu

W ′ ^an!hbe&sNe�g=]lhm[�gqhb]$[�g=u!hbiaT�p�e�`bx�^azÍ[%6 ¬½·�8�g=e�`bx![�zYWY«NTN]�hbiaTN]_T�sNe�g=]lhm[�gahb]N�©�i=WY]�g=e�`bx![�zYWY«4[�hbWYe�g�WY]�gaTNsNTN]_]b[Q`_c
pve�`�na`bTN]_T�`bXqWYgaV\hbiaT�SkWozYzYx�e�`bT!pv^ag=sdhbWYe�gy[�zr�
©�i=T�`bTN]_e6zY^ahbWYe�gCe�p8hbiaT�sNe6ga]lh_`m[�WYgahb]�WY]¢TdÖqn=e6]_TNu�Wog�-Y¨ § ³4/×[�gyuj�}T�`bTdpvTd`�hbe�hbi=WY]
ny[�naTd`}pve�`�[�zYz1uaT�hm[�WYzY]N�

:5v



� � 
H�9(��#"�� � (7&)"����#�
�!��� � <C>  :B'*E 6(4 :=&(<C> :=? $!E 6(+.<�$%'*) '�$!'*) �%49+�4
1�WoXZTNgF[Buae6x![�WYg

Ω ⊂ R
n {×uaTNgae�hbT��qc Lp(Ω)

[�gyu
W k
p

hbi=T�¯qe6�ae6zYTNXC]_ny[�sdTN]
�}i=WYsNiC[�`bT�hbi=T&sNzYe6]_^a`bTd]�e�p8hbi=T&]_ny[�sNT�e�p�p�WogaW�hbTµ]_x�e�e�hbiBpv^ag=sdhbWYe6ga]�e�g

Ω
�}WYhbi

`bTN]_n=TNs�h�hbeµhbi=T�gae�`bx�]

‖f‖p =

Z

Ω

|f(x)|pdx1 . . . dxn

[�gyu

‖f‖k,p =
X

0≤l1+···+ln=l≤k

Z

Ω

˛̨
˛̨ ∂lf

∂l1x1 . . . ∂lnxn

˛̨
˛̨
p

dx1 . . . dxn.

�1e�`}[�hbe�`b^a]
Tn = R

n/Λ
�}T�uqTNg=e�hbT¢�qc

Lp(T
n)
[�gyu

W k
p (Tn)

hbiaT�[�gy[�zoe�V6e�^=]
¯qe6�ae6zYTNX\]_ny[�sNTN]#pve�`bx�T4uC�qc

Λ
t£n=T�`bWoe6uaWYs�p�^=g=s�hbWoe�g=]N�!©�iaTd`bTd�}W�hbiChbiaT�WYgahbTNV�`m[�zY]

Wog'hbi=T�uqTdpvWYgaWYhbWYe�g=]�e�p-gae�`bx�]}[�`bT¢hm[�¿ZTNgje�XZTd`�sNe6x�n=[�sdh�p�^=g=u=[�x�Tdgahm[�z±uqe6x![�WYga]
e�p-hbi=T¢h_`m[�g=]_zo[QhbWoe�gBV�`be�^=n

Λ
�

U O��   �.L4��M4�Í� � � V �"9/��.h#Y%�,/�bRH#�%$�b%)46,+�)�)F[F&,/�1#+�". Ω �". R
n ,/!?#Y�M,+!�*:� Z 7 �

�0#/9/�
• ��� �$4E4 �-%2� � ������!)�?�"�D#1.K#/��*:!$#�4 %�,/.0���".�*0,/*:�3���1I;�)F&F+�". 8 W k

p (Ω) → Lp(Ω)7 �:�-%2�[�"�<%�,+�bRH#&%$� � ,/! k > 0 �
• � e��,/46FG��! � #��3*54 ��� RK4 �-%�#+���-,/.XI$C u ∈ Lp �"��#YI�,/*:.KFG�)FP,2R^��!)#+�M,/! � !$,/� Lq
�M, Lr 7 �"��� ‖uv‖r ≤ ‖u‖p‖v‖q , 1

p
+ 1

q
= 1

r
;

• � �K,&I�,/4 ��9 � ������!)�\�"�3#O%�,+.����".0*�,+*5�����1I;�)F&F/��. 8 W 1
p (Ω) → Lq(Ω), q ≤

np
n−p

7 �0,/�$��.S,/!�� �"� %�#�4E4 �)F1����� �S,&I�,�4 ��91%�,+.��	�M#/.�� �
• � �?,/.SF/!)#+�@�5,/9 �'� ,/! q < np

n−p �������K,&I�,�4 ��91���1I;�)F&F+�". 8 ���<%�,/�JRH#&%$� =SUT�]_iy[�zYz�uqTNg=e�hbTjhbi=T�]_n=[�sNTje�p�h_�}e�twsde6x�n=e�g=TNgqh�XZTNsdhbe�`�pv^=gasdhbWYe6ga]�e6gk[
hbe�`b^=]

M = R
2/Λ

�ac

Lp = Lp(M) × Lp(M), W k
p = W k

p (M) ×W k
p (M)

Wog�uaW�p�p�Td`bTNg=sdT��}W�hbi�hbi=T#]_ny[�sNTN]}e�p×]_sN[�zo[�`�pv^ag=sdhbWYe6ga]
L2(M)

[�g=u
W 1
p (M)

�
°�Tdh

H
�=Tµ[���WYzY�=Td`_h�]_ny[�sdT6�#Ð�gBe6n=T�`m[�hbe�`

A : H → H
WY]�sNe6x�n=[�sdh�W�p�p�e�`

hbi=T�^=g=W�h��y[�zYz
B = {|x| < 1 : x ∈ H} hbi=T�sNzYe6]_^q`bTje�p¢W�hb]�WYx![�V�T A(B)

WY]
sNe6x�n=[�sdh4�+©�i=T�]_n=Tdsdh_`b^=x

SpecA
e�p8[µsNe6x�n=[�sdh�e6naTd`m[�hbe�`

A
Wo]��=e�^=g=uaT4u'[�gyu

s4[�g�i=[�XZT#[�zYWYx�W�h�n=e6WYgqh}e6g=z�cj[�h�«NTd`beq�
1�WoXZTNg�[%��WYzY�=Td`_h+]_ny[�sNT

H
[�g=u�[�g!e6naTd`m[�hbe�`

A
6rg=e�h+g=TNsdTN]_]b[�`bWYz�c!�=e�^=gyuqT4u�8

uaTNgae�hbT#�ac
R(λ)

hbi=T�`bTN]_e�zYXqTdgah}e�p
A
� ,wh}WY]�[�e6naTd`m[�hbe�`�naTNg=sdWoz �

R(λ) = (A− λ)−1

�}WYhbij]_WogaV6^azÍ[Q`bW�hbWoTd]�[�h
SpecA

[�gyujiae6zYe6x�e�`bn=i=WYs�WYg
λ
e�^ahb]_WouaT

SpecA
�

©�i=T���WYzY�=T�`_h¢WouqTNgahbW�h_c!`bT4[6uq]

R(µ)R(λ) =
1

µ− λ
(R(λ) −R(µ)),

6 ¬�® 8

: �



e�`�WYgB[�gae�hbi=T�`¢gae�hm[QhbWoe�g�W�h}WY]
1

A− µ

1

A− λ
=

1

µ− λ

„
1

A− λ
− 1

A− µ

«
.

1�WoXZTNgj[�`bTd]_e6zYXZTNgah�uqTdpvWYg=TNu�WYgj]_e�x�T�uqe6x![�WYg�WYg
C
{Z�}T�x![Qc�TdÖZhbTNg=u!W�h}e�gahbe

C�ac�^=]_WYg=Vµhbi=T�p�e6zYzYe��}WYg=V�sNe6ga]_T4´|^=TNgasNT�e�p1hbi=T��¢WozY�aTd`_h}WouaTNgqhbWYh_c �

R(µ) = R(λ)((µ− λ)R(λ) + 1)−1

6rg=e�hbWYsNT�hbi=[�h
R(λ)R(µ) = R(µ)R(λ)

8��
U O��   �.L4��M4�Í� � É ���

R(λ) �"��%�,/�bRH#�%$� � ,/! λ = λ0 #/.SF �5,�46,/�1,+!�R0�G�-%J�". λ .H�)#/!
λ0 ������.���

R(µ) �"�J%�,/�bRH#�%$� � ,+! #/.0C µ ∈ C \SpecA #/.SF3�����b!�����,�4 9/��.0� �0#+��RH,/4 ���
�".1RH,/�".0��� � !$,/� SpecA �> �

R(λ) �"�Q�0,�46,/�_,/!�R5�:�-%D��. C \ SpecA =

�!� � ���! 4 �  �E 68&('*)%E/?%& �� <C: 6(�! @ +.&('*E�<��! �&(' 69<C& �G+ 6(�
� <C?!$ 0% �0 �!<*68 �$%68+�'*)�4
,ãgµhbiaWY]-]_TNsdhbWYe6g��}T$T�Öanazo[�WYgµhbiaT�]_sNi=Tdx�T�e�p.nq`be6XZWYg=V�hbi=T�TdÖqWY]lhbTNgasNT�e�p.[�]_n=TNs�h_`m[�z
sN^a`bXZT�e�p�hbiaT�uqWYpÍpvTd`bTdgahbWo[�z~e6naTd`m[�hbe�`$�}W�hbi'naTd`bWYe½uaWYs¢sNe6TdpÍpvWYsNWYTNgqhb]}�}iaWYsNi��}T�^=]_T4u
-o¨�¨4²4/-p�e�`�hbiaTµs4[�]_T�e�p���W�`m[�sµe6naTd`m[�hbe�`b]��}W�hbiC�ae6^=g=uaT4u�nae�hbTNgqhbWo[�zY]N�&©�i=WY]�s4[�]_T
sNe6XZTd`b]�[�zYz���W�`m[�s#e6naTd`m[�hbe�`b]¢sde�`_`bTN]_nae6gyuqWYg=V�hbe�WYx�x�Td`b]_TNu!hbe�`bW�WYg

R
3 �°�Tdh

D =

„
0 ∂
−∂̄ 0

«
+

„
U 0
0 V

«
= D0 +

„
U 0
0 V

«
.

��Td`bT��}T�uqTNg=e�hbT��ac D0
hbi=T¢p�`bTNT#��W�`m[�s#e6n=T�`m[�hbe�` �

D0 =

„
0 ∂
−∂̄ 0

«
.

6 ¬ Ï 8
Ð �1zYe6´Z^aTdh�TdWoV�TNgap�^=gasdhbWYe6g

ψ
e�p8hbi=T&e6n=T�`m[�hbe�` D �}W�hbi\hbiaTµTdWoV�TNg=Xq[�zo^aT 6re�`

hbi=T#TNgaTd`bV�c�8
E
WY]¢[&pve�`bx![�z�]_e�zo^qhbWYe6gjhbe�hbiaT�T4´|^y[QhbWYe6g

Dψ = Eψ

�}i=WYsNi�]b[QhbWo]lp�WYTN]¢hbiaT�pve�zozYe��}WogaV'naTd`bWYe½uqWosdWYh_c'sNe�gyuaW�hbWYe6ga]��

ψ(z + γj , z̄ + γj) = e2πi(k,γj )ψ(z, z̄) = µ(γj)ψ(z, z̄), j = 1, 2,

�}i=Td`bT

(k, γj) = k1γ
1
j + k2γ

2
j , γj = γ1

j + iγ2
j ∈ C = R

2, k = (k1, k2).

©�i=T�´|^=[�gahbW�hbWYTN]
k1, k2

[Q`bT'sN[�zYzYT4u"hbiaTj´|^=[�]_WYx�e6x�TNgqhm[je�p
ψ
[�g=u

(µ1, µ2) =
(µ(γ1)

{
µ(γ2))

[�`bT�hbiaT�x�^=z�hbWYn=zYWYTd`b]}e�p
ψ
�

°�Tdh�^=]$`bTNnq`bTN]_TNgqh�[ �1zYe½´|^=Tdh�TNWYV�TNgap�^=g=s�hbWoe�g
ψ
[�]�[µna`be½uq^=sdh

ψ(z, z̄) = e2πi(k1x+k2y)ϕ(z, z̄), z = x+ iy, x, y ∈ R,

: �



�}WYhbi�[
Λ
t£naTd`bWYe½uaWYs�p�^=g=s�hbWoe�g

ϕ(z, z̄)
�×©�iaT�T4´|^y[QhbWYe6g Dψ = Eψ

hm[�¿ZTN]-hbi=T+p�e�`bx
»„

0 ∂
−∂̄ 0

«
+

„
U πi(k1 − ik2)

−πi(k1 + ik2) V

«–„
ϕ1

ϕ2

«
= E

„
ϕ1

ϕ2

«
.

SUT#iy[�XqT�[�g�e�n=Td`m[Qhbe�`�n=TNgasNWYz
D(k) = D + Tk

6 ¬6²48
�}i=Td`bT

Tk =

„
0 πi(k1 − ik2)

−πi(k1 + ik2) 0

«
.

6 ¬ �48
©�i=WY]¢naTNg=sdWoz±uqTNn=TNg=ua]}[�gy[�z�cZhbWYs4[�zYz�c�e�g�ny[Q`m[�x�TdhbT�`b]

k1, k2
�

SUT¢]_TdT�hbi=[�h+hbe#p�Wog=u�[%�1zoe6´|^=Tdh+TNWYV6TNgqpv^=gasdhbWYe6g
ψ
�}W�hbi!hbiaT�´Z^=[�]_WYx�e6x�Tdgahm[

k1, k2
[�gyu�hbi=T�TNgaTd`bV�c

E
Wo]�hbi=T�]b[�x�T¢[�]�hbe�pvWYg=u�[#naTd`bWYe½uaWYs¢]_e6zY^ahbWYe6g

ϕ
hbe&hbiaT

T4´|^y[�hbWYe�g
D(k)ϕ = Eϕ.SUT#sNe6ga]_WouaTd`�]_e6zY^qhbWoe�g=]}hbe�hbi=WY]$T4´|^=[�hbWYe6gjpÍ`be6x

L2
�

SUT�hm[�¿ZT�[#Xq[�zY^=T�e�p
E0
]_^asNi�hbiy[Qh�hbiaT�e�n=Td`m[Qhbe�`

(D0 −E0)
WY]�WogaXZTd`_hbT4u�e6g

L2
{aWr� T��8hbiaTd`bT#TdÖqWY]lhb]$hbi=T�WYg=XZTd`b]_T#e�n=Td`m[Qhbe�`

(D0 −E0)
−1 : L2 →W 1

2 .

SUT�`bTNna`bTd]_TNgah
ϕ
WYgjhbi=T¢pve�`bx

ϕ = (D0 −E0)
−1f

[�gyu']_^=�=]lhbW�hb^qhbT�hbi=WY]$TdÖqna`bTd]_]_Woe�gBWYgahbeµhbiaT#T4´|^y[QhbWoe�g
(D(k) −E)ϕ = 0

[�`_`bWYXZWogaV![�h$hbiaT�pve6zYzYe��}WYgaV�TN´Z^=[�hbWYe6g �
(1 +A(k,E))f = 0, f ∈ L2,

�}WYhbi

A(k,E) =

„
U + (E0 −E) πi(k1 − ik2)
−πi(k1 + ik2) V + (E0 −E)

«
(D0 −E0)

−1 =

= B(k,E)(D0 −E0)
−1.

�1Wog=[�zYz�cBhbi=T�na`be��=zYTNx�e�p8TdÖqWY]lhbTNg=sdTµe�p��1zYe½´|^aTdh¢p�^=gasdhbWYe6g=]��}W�hbi\hbiaT�´|^=[�]_W�t
x�e6x�TNgqhm[

k
[�gyu!hbi=T#TNgaTd`bV�c

E
`bT4uq^=sNTd]}hbeµhbi=T�]_e�zoXq[��=WYzYWYh_cje�p1hbiaT�T4´|^y[QhbWYe6g

(1 +A(k,E))f = 0

Wog
L2
��°�Tdhj^=]jgae�hbWYsNT\hbiy[Qh'hbiaT?e�n=Td`m[Qhbe�`

A(k,E)
WY]�uqTNsNe�x�n=e6]_TNukWogUhbiaT

pve6zYzYe��}WYgaV'sNi=[�WYgje�p×e6naTd`m[�hbe�`b]��

L2
(D0−E)−1

−→ W 1
2

embedding−→ L2
multiplication−→ L2.

6r³ Ã 8
©�i=T'p�W�`b]lh�x![�nan=WYg=V\WY]�sNe�gahbWYg=^ae6^=]N{×hbiaT']_TNsde6gyu"x![�nan=WYg=VBWY]�sde6x�ny[�sdh4{�[�g=u±{
[�]_]_^=x�WYgaV�hbiy[�h�hbiaT�n=e�hbTdgahbWo[�zY]

U
[�gyu

V
[�`bT!�=e�^=g=uaT4u~{�hbi=T�hbiaW�`muCx![�nan=WYg=V

�}i=WYsNijWY]$hbi=T�x�^=z�hbWYn=zYWYs4[�hbWYe6g'�ac
B(k,E)

Wo]$sde6gahbWYga^=e6^a]N�8©�i=Td`bT�pve�`bT�{=�}T#iy[�XZT

: �



U O��   �.L4��M4�Í� � � V �"9/��.PI�,+*5.SFG�)FJRH,+����.����-#�4 � U #/.KF V Z �����b#+.K#�4 C+���-%�R^��.S%$��4S, �
,�R^��!$#/�M,/!2� A(k,E) : L2 → L2 %�,/.��	�"�	���D, � %�,/�JRH#&%$�Q,�RH��!)#/�M,+!�� =¾�e�� �}TµsN[�gB^=]_T#hbiaT#Ä#TNzouqcq]_i�hbi=TNe�`bTNx - Ï ¬a{ Ï ³4/1�}iaWYsNiBWY]�hbiaT ��`bTNuai=e�zYx
[�z�hbTd`bgy[QhbWYXqT$p�e�`$[�gy[�zYcZhbWYs}e6naTd`m[�hbe�`+naTNg=sNWYzY]8e�p~hbi=T�p�e�`bx

[1+A(µ)]
�}iaTd`bT

A(µ)Wo]�[�sde6x�ny[�sdh�e6naTd`m[�hbe�`�p�e�`¢TNXZTd`_c
µ
� ,wh$`bT4[�ua]$hbiy[Qh

• hbi=T�`bTd]_e6zYXZTNgah�e�p&[Cn=TNgasNWYz [1 + A(µ)] : H → H
�}iaTd`bT

A(µ)
WY]�[�g

[�g=[�z�cZhbWYs�naTNg=sdWoz8e�p}sde6x�ny[�sdh&e6naTd`m[�hbe�`b]�WY]�['x�Td`be6x�e�`bn=i=WYs�p�^=gasdhbWYe6g
e�p
µ
� ,whb]�]_WYgaV6^=zo[Q`bWYhbWYTN]��}iaWosdi�sNe�`_`bTN]_n=e�gyu
hbeC]_e�zY^ahbWYe6ga]�e�p�hbiaT'TN´Z^=[�hbWYe6g

(1+A(µ))f = 0
pve�`bx [�g�[�gy[�zYcZhbWYs�]_^a�=]_Tdh

Q
WYg�hbi=T�]_ny[�sdT+e�pyny[�`m[�x�TdhbTd`b]

µ
�

,ãg'hbiaT#]_T4´|^=TNz.�}T�sNe�g=]_WouaTd`�e�g=z�c �1zoe6´|^=Tdh}pv^ag=sdhbWYe�g=]$�}W�hbi
E = 0

�
�1e�`+hbiaT}e6n=T�`m[�hbe�` D �}W�hbi!n=e�hbTNgahbWo[�zY] U,V �}T�iy[�XZT µ = (k, E) ∈ C

3 [�gyu�}T#n=^ah
Q0(U,V ) = Q ∩ {E = 0}. 6r³a¨ 8

©�i=WY]�]_Tdh�WY]#WogaXq[�`bWo[�gqh#^=g=uaTd`�h_`m[�g=]_zo[�hbWYe�g=]��ac\XZTNsdhbe�`b]�p�`be�x�hbi=T�uq^y[�z-zÍ[Qh_hbWYsNT
Λ∗ ⊂ R

2 = C
�

k1 → k1 + η1, k2 → k2 + η2.SUT#`bTNs4[�zYz�hbi=[�h�hbi=T�uq^y[�z�zo[�h_hbWYsNT�sNe6ga]_WY]lhb]�e�p8XZTNsdhbe�`b]
η = η1 + iη2

]_^asNi�hbiy[Qh
(η, γ) = η1γ

1 + η2γ
2 pve�`�[�gac γ = γ1 + iγ2 ∈ Λ

�
©�i=T#]_n=Tdsdh_`m[�z�sN^a`bXZT�WY]�uaTdp�WYg=T4u�[�]

Γ = Q0(U, V )/Λ∗.
�	��
������� ,wh}WY]}T4[�]lc�hbe�gae�hbWYsNT�hbiy[Qh}hbi=T�sNe�x�n=e�]_WYhbWYe�g�e�p1hbiaT#e6naTd`m[�hbe�`

(D(k) −E)−1 = (D0 −E0)
−1(1 +A(k,E))−1 : L2 → W 1

2[�gyuHhbiaT�s4[�gae6gaWosN[�z�TNx��aT4u=uqWYg=V
W 1

2 → L2
WY]µhbiaT�`bTN]_e6zYXZTNgqh

R(k,E)
e�p}hbiaT

e6n=T�`m[�hbe�`

D(k) = D +

„
0 πi(k1 − ik2)

−πi(k1 + ik2) 0

«
.

©�i=T�WYgqhbTd`b]_TNsdhbWYe6g�e�p±hbi=T�]_Tdh+e�p�n=e6zYTN]+e�p
R(k,E)

�}W�hbi�hbi=T�n=zo[�gaT
E = 0

WY]+hbiaT
]_Tdh

Q0(U, V )
�

SUT�[�`_`bWYXZT�[�h}hbi=T¢pve6zYzYe��}WYgaVjuqTdpvWYg=W�hbWYe6ga]��
• hbi=T �-R^�)%$��!$#�4<%$*:!29/� Γ

e�p#hbi=TBe6naTd`m[�hbe�` D �}W�hbiUn=e�hbTNgahbWo[�zY]
U
[�gyu

VWY]�hbi=T'sNe6x�nazoT�Ö
sN^a`bXZT
Q(U,V )/Λ∗ sNe6ga]_WÍuqTd`bT4u"^=n"hbeH�aWoiae6zYe6x�e�`bn=iaWosT4´|^=WYXq[�zYTNgasNT �

• e6g Γ
hbi=Td`bT!WY]&uaTdp�WYg=T4uHhbiaT �3*54 ��� RK4 �M��!3�1#�R&R��". 8 {1�}iaWYsNiFWY]�[�zYe�s4[�z�Tdx�t�=TNu=uaWYgaV�g=TN[�`¢[�V6Tdg=Td`bWYs#n=e�WYgah �
M : Γ → C

2 : M(k) = (µ1, µ2) = (e2πi(k,γ1), e2π(k,γ2)),
�}i=T�`bT

γ1, γ2
[�`bT"V6TNgaTd`m[�hbe�`b]Ce�p

Λ ⊂ C
[�gyu

(k, γj) = k1Re γj +
k2Im γj , j = 1, 2

��� �
� Ù8Ú6à�á$êµó�êNä½ä6à�ë���æ½Ûbä½Ûbë½æ½á�Ý4ë'ê�ïbÚ½Ý4à�ïbÛ#ÝNí �4Ûbë½ÛbÞãêdåwÝ4Þ£á γ1, γ2 ð�à í1åwÚ½Û�ç½êNáãà�á γ1, γ2 à�á�Þ£Ûbä½ýYêNïbÛmæç6è�êNë6ÝNåãÚ½ÛbÞ×ç|êNáwà�á eγ1 = aγ1 + bγ2, eγ2 = cγ1 + dγ2

ô�åwÚ½Ûbë M = (µ1, µ2) à�á�åãÞwêNë½á£í�Ý4Þ£ó#Ûbæ�êNá1íÍÝ4ý�ý�ÝNÜ8á
M → fM = (µa1 µ

b
2, µ

c
1 µ

d
2). m ��;r

: �



• hbe�TNXZTd`_c�nae6WYgah�e�p Γ
hbi=Td`bT#WY]�[�h_hm[�sNi=T4u�hbi=T#]_ny[�sNT#e�p��1zYe6´Z^aTdh}pv^ag=sdhbWYe6ga]

�}W�hbi"V6WYXZTNg"x�^=z�hbWYn=zYWYTd`b]N�
©�iaT�uaWYx�TNga]_WYe6g
e�p¢]_^=sdif]_n=[�sNTd]N{+WYg"V6TNgaTd`m[�zr{
�l^ax�n=]}[Qh}]_WogaV6^azÍ[Q`�nae6WYgahb]}e�p

Γ
�

U O��   �.L4��M4�Í� � � � ��� k = (k1, k2) I;�D�����?($*0#/�	�"�_,/����.0�M#[, � # � 46,&($*���� � *:.K%)c
���-,/.X, � D =���D���

U = V̄
Z
Γ #&F/�3������#/.X#/.���� �0,�46,/�_,/!�R5�:�-%D��.�9+,�4 *:���-,/. τ : k → −k̄ => � ���

U = Ū #/.SF V = V̄
Z

Γ #&F/�?�"��� #/. #/.������5,�46,/�1,+!�R0�G�-% ��.�9+,�4 *:���-,/.
k → k̄ =L)�?���

U = Ū = V
Z ������.O�����3%�,/�JRH,/�	�"���-,/.X, � �".09+,�4 *:���-,/.�� � !),+� ��� #/.KF > �8 �"9/����#3�0,�46,/�_,/!�R5�:�-%D��.�9+,�4 *:���-,/. σ : k → −k =

¯q^=sdi�sNe�gyuqWYhbWYe�g=]�[Q`bT�^=]_^=[�z�pve�`!]_n=TNs�h_`m[�z}sN^a`bXZTN] 6r]_TNT6{+p�e�`!WYg=]lhm[�g=sNT�{+hbi=T
s4[�]_T�e�p�[!n=e�hbTNgahbWo[�z8¯qsNiq` �e½uaWYgaV6Td`�e6n=T�`m[�hbe�`�WYg�-Y¨ § �={-¨4¬ Ã / 8�[�g=uBp�e�`#hbiaTµ��W�`m[�s
e6n=T�`m[�hbe�`�[�`bT�TdÖqn=zo[�WYgaT4u�WYg -o¨�¨ Ã {a¨ §�Ã {y¨ § ¨ / �8©�i=T}]_WYx�n=zYTN]lh�e�p~hbi=TNx WY]�hbiaT�pvW�`b]lh
e6g=T��}iaWYsNi�WY]}na`be6XZT4u��ac!hbi=T¢pve6zYzYe��}WYgaV�TdXqWouqTNgah}zYTNx�x![Z�
� � »F»CP � ���

U = V̄
Z ������. ���0� ��!$#/.0� � ,/!��_#/���-,/. ϕ→ ϕ∗ 8 �"9/��. I$C � f � �_#�RS�� 46,&($*���� � *:.K%$���-,/.0���".��M, � 46,&($*���� � *:.K%$���-,/.0�Y%2�0#/. 8 ��. 8 �����P($*0#/�	�"�_,/����.0�M#`#/�� ,�4E46, 7 ��� k → −k̄ =

°�Tdh$^a]$uaTdg=e�hbT¢�ac
Γnm

hbiaT¢gae�`bx![�zoWY«4[QhbWYe6gje�p
Γ
�8©�i=T ��WYTNx![�gag�]_^a`_pv[�sNT

ΓWo]}gae�h}[�zoV�TN�a`m[�WYs&�a^ah}[&sNe6x�nazYTdÖ!]_ny[�sNT�pve�`��}iaWYsNi'hbiaT�TdÖqWY]lhbTNg=sdT�e�p×[&g=e�`bx![�z�t
Wo«N[�hbWYe6g!��[�]�nq`be6XZT4u�WYg5- ·Z¨ / ��¯qWYgasNT$�}T�[Q`bT�WYg![#e6g=T�tãuqWYx�TNg=]_WYe6g=[�zy]_W�hb^=[�hbWYe6g�[�zYz
]_WogaV6^azÍ[Q`�nae6WYgahb]�[Q`bT#Wo]_e�zo[�hbT4uB[�gyu�hbiaT�g=e�`bx![�zYWY«4[�hbWYe�gBWo]�[�]}p�e6zYzYe��}]��
¨ 8�W�p8[�n=e�Wogqh

P ∈ Γ
WY]}`bT4ua^asNWY�=zYT6{aWr� T��+]_TNXZTd`m[�z��q`m[�gasNi=TN]}e�p

Γ
WYgahbTd`b]_Tdsdh¢[�h

P
{ahbiaTNg'hbiaTN]_T#�a`m[�g=sNiaTN]}[�`bT#^ag=]lhm[�sd¿qTNu �
§ 8+pve�`�[�gjW�`_`bT4uq^=sNWY�=zYT#]_WYg=V�^=zo[�`¢n=e�WYgah

P
hbi=T�g=e�`bx![�zYWo«N[�hbWYe6g

Γnm → Γ
WY]¢[

zoe�s4[�z�i=e�x�TNe6x�e�`bn=i=WY]_x g=T4[Q`
P
V6WYXZTNgjWYg�hbTd`bx�]�e�p�zYe6s4[�z�ny[Q`m[�x�TdhbT�`b]$�ac!]_e6x�T

]_Td`bWYTN]
k1 = ta + . . . , k2 = tb + . . . , a > 1, b > 1.

��Td`bT
t
Wo]�[�zYe�s4[�z�sNe6e�`muaWYgy[QhbT&gaT4[�`

P
e�g

Γnm
�

,wp+hbiaTd`bT�[Q`bT�g=e!`bT4uq^=sNWY�=zYT�]_WYgaV6^=zo[Q`�n=e6WYgqhb]�hbi=TNgBhbi=Tµg=e�`bx![�zYWY«4[�hbWYe6gCx![�n
Γnm → Γ

WY]¢[µi=e6x�Tde6x�e�`bnai=WY]_x��
©�i=T&V6TNga^=]�e�p×hbi=T�sNe6x�nazYTdÖjsd^a`bXZT

Γnm
WY]�s4[�zYzoTNuBhbiaT�V6TNe�x�Tdh_`bWYsµV�TNg=^a]�e�p

Γ
[�gyu�WY]�uqTNg=e�hbT4u��ac

pg(Γ)
� ,wh�WY]+]b[�Wou�hbiy[Qh$[�g�e6n=T�`m[�hbe�`+WY] � �".0�"��� 8 #�R 6re6g�hbiaT«NTd`be�TNgaTd`bV�c�8+zYTNXZTNz±WYp

pg(Γ) <∞ �©�i=T�[�gy[�zoe�V'e�p�hbiaT�[Q`bW�hbi=x�TdhbWYs&V6TNga^=]¢p�e�`
Γ
�}iaWosdiCsNe�x�TN]�WYgqhbe!hbiaTNe�`bTdx�]

e�p-hbi=T �¢WYTNx![�g=gqÀ �¢e�sNi!h_canaT�WY]�[�z���[�cq]�WogqpvWYg=W�hbT �
pa(Γ) = ∞ �SUT#iy[�XqT

• g=e�g=]_WYg=V�^=zo[�`}nae6WYgahb]+e�p�hbiaT¢gae�`bx![�zoWY«NTNu�]_naTNsdh_`m[�z~sN^q`bXZT Γnm
n=[�`m[�x�T�hbTd`_t

WY«NT 6r^an�hbeµx�^azYhbWYnazoTd] 8×hbi=T��1zYe½´|^=T�h+pv^ag=sdhbWYe�g=]
ψ
{ Dψ = 0

� ,ãg�uaW�pÍpvTd`bTNgasNT
�}W�hbi

Γ
hbi=T�e�g=Tdt hbe�t£e�g=T�n=[�`m[�x�T�hbTd`bWY«4[�hbWYe6g�na`be6naTd`_h_c#pr[�WYzo]8e6gaz�cµWYg&pvWYg=W�hbTNz�c

x![�gqc!]_WYg=V6^azo[�`¢n=e6WYgqhb]N���
,ãg �m³q� Ï �}TC[�`bV�^=TBhbiy[QhjWYgkhbi=T\s4[�]_T?�}iaTNgkhbi=TBV�TNg=^a]je�p

Γnm
WY]'p�WogaW�hbT

WYhµWY]��aTdh_hbTd`�hbeB`bTNn=zo[�sdT
Γnm

�acH[�sN^a`bXZT
Γψ
�}i=e�]_TjuqTdpvWYg=W�hbWYe6g"WYg=XZe�zoXZTN]�hbi=T

��[�¿ZTd`lÀ|Ð¢¿Zi=WYTN«NT�`�p�^=gasdhbWYe6g�e�p D �
� Ù8Ú6à�á×íÍÝ4ý�ý�ÝNÜ8á1í�Þ£Ý4ó åwÚ½Û�êNáwè�ó#ä6åwÝNåãà�ïmêNýaç½ÛbÚ|êdú6à�Ý4Þ�ÝNí.åãÚ6Û$áãä½Ûbï_åãÞwêNý.ïbâ½Þ ú6Û�m�áwÛbÛ�� �½ð ö;rlð

H �



��� � 
���� � ����� � �������� � ������� ����� �	� �
U = V = 0 
 ��� � � ��� ���	� ������������� ���1e�`×]_WYx�n=zYWYsNW�h_c~{��}T$[�]_]_^=x�T8hbiy[�h

Λ = Z+iZ
�1©�i=T �1zoe6´|^=Tdh-p�^=g=s�hbWoe�g=]

[�`bT�[�]}pve�zYzoe��}]
ψ+ = (eλ+z, 0), ψ− = (0, eλ−z̄)[�gyu'[�`bT�n=[�`m[�x�TdhbTd`bWY«NT4u��ac�[µn=[�W�`}e�p1sNe6x�nazoT�Ö!zoWYgaT��}W�hbi�ny[Q`m[�x�TdhbTd`b]

λ+
[�gyu

λ−
��©�i=TN]_T&sNe6x�nazYTdÖ�zYWYg=TN]¢pve�`bx�hbi=T�g=e�`bx![�zYWY«NT4uB]_n=Tdsdh_`m[�z-sN^q`bXZT

Γnm
�#¯qWYg=sNT

WYh�WY]}e�p1p�WYg=W�hbT�V6TNga^=]��}T#sNe�x�ny[�s�hbWYpÍcjW�h}�qc�h_�}e�n=e6WYgqhb]¢[Qh�WogqpvWYg=W�hbWYTN]}]_^=sdijhbiy[Qh
ψ
i=[�]¢TdÖqn=e6gaTNgahbWo[�z1]_WYg=V6^azo[�`bW�hbWYTN]�[�h¢hbi=TN]_T�n=e�WYgahb]N�#©�iaT�´|^=[�]_WYx�e6x�TNgqhm[�e�p�e�p

hbi=TN]_T�p�^=g=s�hbWoe�g=]�[�`bT

k1 =
λ+

2πi
+ n1, k2 =

λ+

2π
+ n2,

p�e�`
ψ+,

k1 =
λ−
2πi

+m1, k2 = −λ−
2π

+m2,
pve�`

ψ−,

�}i=Td`bT
mj , nj ∈ Z

�µ©�i=Tµp�^=gasdhbWYe6g=]
ψ+ [�g=u ψ− iy[�XqT&hbi=Tµ]b[�x�T�x�^az�hbWonazYWoT�`b][�h}hbi=T�nae6WYgahb]

λm,n+ = π(n+ im), λm,n− = π(n− im), m, n ∈ Z,

�}i=WYsNi#pve�`bxÑhbiaT×`bTd]_e6gy[�g=sNT�ny[�WY`b]N�1©�i=T8sNe6x�nazYTdÖ�sd^a`bXZT
Γ
WY]�e6�ahm[�WYg=T4u�pÍ`be6x h_�}e

sNe6x�nazoT�ÖCzYWYg=Td]µ[Qp�hbTd`�hbiaT�ny[�WY`_t �}WY]_T!WouaTNgqhbWYp�WYs4[�hbWYe6g
e�p$n=e�WYgahb]�p�`be�xØ`bTN]_e6g=[�g=sdT
ny[�W�`b]N�

�	��
����������������� � ������� ��� � ��
������ ��� ����� 
�� ��	����� �����	� ������	��� �
���	� ��� ��� 
 �kSUTjTdÖqnae6]_T4uf[��ae6XZTjhbi=T']_sNi=Tdx�T'�}i=WYsNi"�}T�^a]_T4ufp�e�`�uaT�pvWYg=WYg=V
hbi=T!]_n=TNs�h_`m[�z�sN^q`bXZTN]�e�p¢uaW�p�p�Td`bTNgqhbWÍ[�z$e6naTd`m[�hbe�`b]µ�}W�hbi"n=Td`bWYe½uqWYs�sde6TdpÍpvWYsNWYTNgahb]�Wog
¨��6²6·%6vhbiaWY]�n=[�n=T�`���[�]+g=TdXqT�`�na^=�azoWY]_iaT4u�[�z�hbi=e�^=V�i�WYh�WY]�`bTdp�Td`_`bT4u�WYg - ²q¨ /�8��-Á¢Td`_c
]_Wox�WYzo[�`µ]_sNiaTNx�T�[�]��}T!iy[�uH¿Zg=e��}gCzo[�hbTd`&��[�]µ^=]_T4u?�acCÄ#^=sNiax�TNgah�- ² § /36r]_TdT
[�zY]_e5- ²�¬�/�8��*��e��}TNXZTd`¢]_e6x�T�e6�a]_Td`bXq[�hbWYe6g\[��=e6^qh¢hbiaT#Ä�[6uqe6x�hb]_TNX½À 
×TdhbXZWo[�]_iaXqWYzYW
T4´|^y[�hbWYe�g=]$uqe6g=T¢WYg�hbi=[�h+hbWYx�T¢Wo]��}e�`_hbi!hbeµ�aT�x�TNgqhbWoe�g=T4u~�×Ð¢s�hb^y[�zYz�c�hbiaTd`bT�[Q`bT
h_�}e�Ä�[6uae�x�hb]_TNX½À 
×TdhbXZWo[�]_i=XZWYzYW 6rÄ�
 8�T4´|^y[QhbWYe6g=]

∂x(ut + 6uux + uxxx) = −3ε2uyy
�}WYhbi

ε2 = ±1
���1e�`

ε = i
W�h�WY]�s4[�zYzoTNufhbi=T�Ä�
 ,&TN´Z^=[�hbWYe6gf[�gyu
pve�`

ε = 1WYh&WY]&s4[�zYzYT4uChbiaT�Ä�
#,,�T4´|^y[QhbWYe6g�� ��`be�x�hbi=T�n=e�WYgah�e�p}XZWYTd� e�p}naiacq]_WYsN]�hbi=Td]_T
T4´|^y[�hbWYe�g=]![�`bT�uq`m[�]lhbWYs4[�zYzYc�uqWYpÍpvTd`bTdgah4� �+e�hbifhbi=TN]_T'T4´|^y[�hbWYe�g=]�[�uax�W�h�]_WYx�WYzÍ[Q`
�l°×{ Ð � t£ny[�W�`$`bTNnq`bTN]_TNgqhm[�hbWYe6ga]

L̇ = [L,A]
�}W�hbijhbiaT

L
e�n=Td`m[Qhbe�`

L = ε∂y + ∂2
x + u.

��Td`bT#hbi=T�nae�hbTNgqhbWÍ[�z
u
WY]�uae�^=�azoT�twnaTd`bWYe½uqWos�e�`4{y�}i=WYsNiBWY]¢hbiaT�]b[�x�T6{yuaTdp�WogaT4u�e6g

]_e6x�Tµhbe�`b^=]
R

2/Λ
�&©�i=T�p�`bTNT�e�n=Td`m[Qhbe�`#TN´Z^=[�zY]

L0 = ε∂y − ∂2 [�gyu�hbe�na`be�XqThbi=T�TdÖqWY]lhbTNg=sNT#e�p×hbi=T#]_n=Tdsdh_`m[�z1sd^a`bXZT#�ac!hbi=T�]_sNiaTNx�T#^=]_TNu�[��ae6XZT#�}T&gaTNT4u'hbe
hm[�¿ZT�hbi=T�WYgaXqT�`b]_T#e6n=T�`m[�hbe�`

(L0 −E0)
−1 : L2 → W 2,1

2�}i=Td`bT
W 2,1

2

WY]-hbi=T$]_n=[�sNT$e�p.pv^ag=sdhbWYe6ga]×e6g�hbiaT�hbe�`b^=]×]_^asNiµhbi=[�h
u, ux, uxx

{|[�gyu
uy
zYWYT&WYg

L2
� �1e�`¢]_Wox�nazYWYpÍcqWogaV�sNe�x�n=^ahm[QhbWYe6g=]N{a�}T#sNe6ga]_WouaTd`�hbi=T#s4[�]_T#�}i=TNg

ΛWo]&V6Tdg=Td`m[QhbT4uH�ac
(2π, 0)

[�gyu
(0, 2πτ−1)

�j©�i=TNgHhbiaT �1e6^q`bWYTd`��=[�]_WY]&Wog
L2
WY]

pve�`bx�TNuj�ac�hbiaT�pv^=gasdhbWYe6ga]
ei(kx+lτy), k, l ∈ Z.

H �



,ãg'hbiaWY]��=[�]_WY]$hbi=T#e�n=Td`m[Qhbe�`
(L0 −E0)

WY]¢uaWo[�V�e6g=[�z1[�gyu!�}T#iy[�XZT
(L0 −E0)e

i(kx+lτy) = (iεlτ − k2 −E0)e
i(kx+lτy).

¯qWYg=sNT
ε = 1

p�e�`�Ä�
#,,�{q�}T#iy[�XqT¢pve�`
E0 > 0

[��=e�^=gyuqT4u!e6n=T�`m[�hbe�`

(L0 −E0)
−1ei(kx+lτy) =

1

ilτ − k2 −E0
ei(kx+lτy).

,wh'Wo]'T4[�]lc�hbe"sNi=TNsd¿fhbi=[�h'WYp
ε = i

hbiaTNgkpve�`B[�gac
E0

TNW�hbi=Td`'hbi=T\e6naTd`m[�hbe�`
(L0 − E0)

WY]�gae�h�WYgaXqT�`_hbT4u
e�`!W�hb]�WYg=XZTd`b]_T'Wo]�^=g=�ae6^agyuaTNu±�
©�i=[�h�hm[�¿ZTN]�hbi=T
s4[�]_T�p�e�`�[�gac�zo[�h_hbWYsNT

Λ
�+��g=T¢s4[�g'uaTNua^=sdT�pÍ`be6x hbiaTN]_T¢`bT4[�]_e6gaWogaV6]�hbi=[�h�p�e�`$hbi=T

e6n=T�`m[�hbe�`
L = i∂y + ∂2

x + u
hbiaT�]_naTNsdh_`m[�z~sN^q`bXZT�uae�TN]$g=e�h$TdÖqWY]lh4���1e�`$hbiaT�i=TN[�h

e6n=T�`m[�hbe�`
L = ∂y + ∂2

x +u
W�h$TdÖqWY]lhb]}[�gyu�WY]$na`bTd]_Td`bXZT4u��ac�hbiaT�Ä�
 , ,×T4´|^y[QhbWoe�g��

©�i=T#]_n=Tdsdh_`m[�z±sN^a`bXZT�e�p8[&h_�}e�tãuqWYx�TNg=]_WYe6g=[�z±n=Td`bWYe6uaWYs�uaW�p�p�Td`bTNgqhbWÍ[�z1e6naTd`m[�hbe�`
L
e�g�hbi=T�«NTd`be&TNg=Td`bV�c!zYTNXZTNz=��[�]�p�W�`b]lh$WYgah_`be½uq^=sNTNu!WYg�hbi=T�ny[�n=Td`��ac���^=�a`be�XZWog±{

Ä�`bWosdi=TNXZTd`4{a[�g=u�¾�e6XZWY¿Ze6X - ¬�¬�/±Wog�hbiaT�s4[�]_T�e�p-¯qsNiq` �e½uaWYgaV6Td`+e6n=T�`m[�hbe�`4{q�}i=T�`bT�W�h
Wo]}]_iae��}T4ujhbi=[�h
¨ 8+hbi=T¢n=Td`bWYe½uqWYs#e6n=T�`m[�hbe�`}�}iaWosdijWY]$pvWYg=W�hbT#V½[�nje�g'hbi=T�«NTd`be�Tdg=Td`bV�c'zYTNXZTNz±WY]

`bTNsNe6ga]lh_`b^=sdhbTNu'p�`be�xÂ]_e6x�T�[�zYV�TN�a`m[�Wos&ua[�hm[�WYg=sdzo^=uaWYg=Vµhbi=WY]$sN^a`bXZT ���
§ 8�hbi=WY]�sd^a`bXZT¢WY]+hbiaT¢p�WY`b]lh}WYgqhbTNV�`m[�z±e�p�hbiaT�uqTdpve�`bx![�hbWYe6ga]$e�p

L
V�e6XZTd`bgaT4u��qc

hbi=T �ã°8{ Ð&{ � � t h_`bWYn=zYTN]N�
U O��   �.L4��M4�Í� � ����� ¦y¦ 	�� � ��� L I;� #O� 7 ,�c�F/�"�1��.��	�-,/.S#�4 R^��!2�-,&F/�-% F+� �"� ��!)��.����-#/4
,�R^��!$#/�M,/! Z Γ I;���"���b�MRH�)%$��!)#�4 %$*5!29/� Z #/.KF M I;�����0�D�3*54 ��� RK4 �-��!b�1#2R&RS�". 8 =� ��� 7 �J�0#/9/�D�����?��9+,�4 *:���-,/. �)($*0#/���-,/.

∂L

∂t
= [L,A] −BL

�2*0%2� ���0#/������� ,�R^��!$#/�M,/! A �"�Y#�4 ��,[R^��!2�-,&F/��% = � ����. ���G�"�PF&� � ,/!2�1#/���-,+. , � L
RS!����$��!29/��� Γ #+.KF M =
©�i=WY]�`bTN]_^=z�h�V�TNg=Td`m[�zYWo«dTN]#hbi=T�sde6g=]_T�`bXa[QhbWYe6gHzo[Q�Ôpve�`#hbiaT�]_naTNsdh_`m[�z×sN^q`bXZT�e�p

[�e�g=TdtwuaWYx�TNga]_WYe6gy[�z�e�n=Td`m[Qhbe�`
L
uqTdpve�`bx�T4uBXqWo[�hbi=T �ã°8{ Ð �£t£n=[�W�`¢h_cqnaT&TN´Z^=[�hbWYe6g

∂L
∂t

= [L,A]
6vhbiaWo]���[�]�p�W�`b]lh#TN]lhm[��azYWo]_iaT4uBpve�`¢hbi=T&n=Td`bWYe6uaWYs�Ä�uqÁ¶T4´|^y[QhbWoe�g\�ac

¾�e6XZWY¿Ze6X!WYg'- �6²�/�8��
©�i=WY]�na`be�n=e�]_WYhbWYe�g\p�e6zYzYe��}]#p�`be�x�hbiaT&uaTdp�e�`bx![�hbWYe�g?TN´Z^=[�hbWYe6g

ψt + Aψ = 0pve�`�hbiaT �1zYe6´Z^aTdh�p�^=g=s�hbWoe�g=]��}iaWYsNi"na`bTN]_Td`bXZTN]µhbi=T�x�^=z�hbWYn=zYWYTd`b] 6r]_TNT ��¬q�Y¨B[�gyu
hbi=T#T4´|^y[QhbWYe6g'6 § ® 8 8���©�i=T#sde6g=]_T�`bXa[QhbWYe6g�e�p-hbi=T�«NT�`be�zYTNXZTNz�]_naTNsdh_`b^axË��[�]$pvW�`b]lh
Wog=uaWYs4[QhbT4uj�ac 2�[�gy[�¿Ze�X'WYg)- ��¬�/��}iaTd`bT�hbi=T �l°×{ Ð&{ � � t h_`bWonazYTN]$�}Td`bT#WYgah_`be½uq^=sNTNu±�
�&�yOQ�.ºvº�PaO�� � � �����-R^�)%$��!$#�4 %$*:!29/� Γ #/.KF1�����<�3*54 ��� RK4 �M��!b�1#�R&R��". 8 M , � �����
R^��!���,&F/�-%Q� �"!$#&% ,�R^��!$#/�M,/! D #/!)�nRS!)���)��!29/�)F1I$C������J�1,�F/� � �M�)F �<,/9���]�,/9;g � ���$�$46,/9
#/.KF3�D#/9/��C/g �0��� 7 #+!�����,/. �)($*0#/����,/.�� =
�1e�`1hbiaT8x�Ä�uqÁ
uaT�pve�`bx![QhbWYe6g=]±�}T�i=[�XZT×h_�}e�]_naTNsdh_`m[�z|sN^a`bXZTN]��

Γ
uaTdp�WYg=T4u�pve�`

hbi=T�h_�}e�tãuqWYx�TNg=]_WYe6g=[�z±��W�`m[�s#e�n=Td`m[Qhbe�`¢[�g=u
Γ′ uaTdp�WYg=T4u'p�e�`¢[�e�g=TdtwuaWYx�TNga]_WYe6gy[�ze6n=T�`m[�hbe�`

LmKdV
�}iaWYsNi sde6x�TN]�WYgqhbe"hbiaT �~[�¿Ziy[Q`be6X½Àq¯Ziy[��y[�hjna`be��=zYTNx 6r]_TdT

��¬q� § 8µ[�gyuHhbiaT �l°×{ Ð � t£ny[�W�`�`bTNnq`bTN]_TNgahm[QhbWYe6g
pve�`�hbi=T!x�Ä�uaÁ�T4´|^y[QhbWoe�g��C©�i=Td]_T
sNe6x�nazoT�ÖjsN^q`bXZTN]�[Q`bT&`bTdzÍ[QhbT4u��ac'hbi=T#s4[�g=e�g=WYs4[�z-�q`m[�gasNi=T4u�h_�}e�t£sNe6XZTd`bWYgaV

Γ →
Γ0
-Y¨ §�Ã /.[�g=uµ�ae�hbi�e�p.hbi=TNxÔ[Q`bT}�ac�hbi=T$x�Ä�uqÁ�T4´|^=[�hbWYe6g±�×©�i=T$sNe�x�n=zYTdÖ&sN^q`bXqT

Γ0
Wo]&^=gaWo´Z^aTNz�cC`bTdsNe6ga]lh_`b^=sdhbT4u?p�`be6x hbi=T�Ä�`b^a]_¿q[�z À 2jWY^a`m[BWYgahbTdV�`m[�zY]

Hk, k =
1, . . .

{a�}iaWosdiB[�`bT�[�zo]_e�p�W�`b]lh�WYgahbTdV�`m[�zY]�e�p1hbiaT�x�Ä�uaÁÑT4´|^y[QhbWYe6g��
� ì±Ý4Þ}åwÚ½Û��+à�ÞãêNï#Ý4ä6ÛmÞwêdåwÝ4Þ D áãÛbÛ#åãÚ½Û�Þ£ÛbïmÝ4ë6áwåwÞwâ½ï_åwà�Ý4ëBí�Ý4Þ£ó#â½ýYê_p j êNë6æ�à åãá�æ½ÛbÞ£à ú½êdåwà�Ý4ëBà�ëXo j �4ö$qêNë½æ � �½ð ��ð

H�:



�!��� � 4 �%> �%68<*6(+,E �! ��!' �%+�<#&G<C:A6(�% 4��! �E 68&('*)�E/?%& �� 
©�i=TB]_n=Tdsdh_`m[�z�sN^a`bXZT�e�p D Wo]�[?n=Td`_hb^q`b�y[�hbWYe�g�e�p#hbiaT�]_n=Tdsdh_`m[�z�sN^a`bXZT�e�p�hbi=T
p�`bTNT�e6naTd`m[�hbe�` D0

��Ð�zYhbiae6^aV6ijhbiaWo]}naTd`_hb^a`b�=[�hbWYe6g�sde6^=zouj�aT�`m[�hbiaTd`�]lh_`be6g=V�WYgB[
�=e6^agyuqT4uCuqe6x![�Wog |k| ≤ C

{�e6^ahb]_WouqT�hbi=WY]�uae�x![�WYg?WYh#`bTd]_^=z�hb] �l^a]lh�WogH[�h_`m[�g=]lt
pve�`bx![QhbWYe6g�e�p�uae6^a�=zYT}n=e�Wogqhb]+sNe�`_`bTN]_n=e�gyuqWogaV&hbe#`bTN]_e�gy[�g=sNT¢ny[�W�`b]�WYgqhbe&i=[�g=uazYTN]N�
2je�`bTNe�XqT�`�hbi=T�]_WY«NT&e�p+[!i=[�g=uazYT�Wo]�uaTNs�`bT4[�]_WYg=V'[�] |k| → ∞ [�g=uBWo]¢TN]lhbWYx![�hbT4u
Wog'hbTd`bx�]$e�p1hbiaT�n=T�`_hb^a`b�y[QhbWYe6g��
©�i=^=]$�}T#i=[�XZT
¨ 8}[�sNe6x�n=[�sdh�n=[�`_h

Γ0 = Q0 ∩ {|k| ≤ C} �}iae6]_T��=e�^=g=u=[�`_c�sNe�g=]_WY]lhb]�Wog�[ny[�W�`�e�p×sdWY`bsdzoTd] �
§ 8�[!sNe6x�nazoT�Ö\sN^a`bXZT

Γ∞
e6�qhm[�WYg=TNu\pÍ`be6x hbiaT�n=zo[�g=TN]

k1 = ik2
[�gyu

k1 =
−ik2

�qc�`bTNx�e6XZWYg=V&hbi=T�uae�x![�WYg=]��}W�hbi {|k| ≤ C} [�gyu!h_`m[�ga]lpve�`bx�WYgaV�]_e6x�T#e�puae6^a�=zYT#n=e�WYgahb]$sNe�`_`bTN]_n=e�gyuaWYgaV�hbe�`bTN]_e6g=[�gasNT#ny[�WY`b]}WYgahbe�iy[�g=uazYTN] �
¬ 8

Γ0
[�gyu

Γ∞
[�`bT�V6zY^=TNuj[�zYe�g=V�hbi=TdWY`��ae6^=g=u=[Q`bWoTd] �

³ 8
Γ
iy[�]&h_�}eBTNg=ua]&[�h&�}i=WYsNi M(Γ)

�=TNi=[�XZTN]&[�]lcqx�nahbe�hbWYs4[�zYz�cF[�]µWYgFhbiaT
s4[�]_T�e�p�hbi=T�p�`bTdT#e6n=T�`m[�hbe�`4�
©�i=WY]�sde6x�n=zYTdÖ�sd^a`bXZT�WY]-hbi=T�sN^q`bXZT�e6�qhm[�WYg=T4u�p�`be�x

Γ
�ac�^ag=]lhb^=sd¿qWYgaV�uae�^=�azoT

n=e6WYgqhb]��}i=WYsNi\sNe�`_`bTN]_n=e�gyu�hbe�`bTd]_e6gy[�gah�ny[�W�`b]#[�gyuB]_^a`bXZWYXZT&hbiaT�n=Td`_hb^q`b�y[�hbWYe�g��
SUT�uaTNgae�hbT�W�h¢[�V6[�WYgB�ac

Γ
�

©�i=T�e6naTd`m[�hbe�`�WY]�p�WYg=W�hbT�V½[�n�6re�gjhbi=T#«dTd`be!TNg=Td`bV�cjzYTNXZTNz 8$W�p×^=gyuqTd`}hbi=T#naTd`_t
hb^a`b�y[QhbWYe6g D0 → D e�g=z�c!pvWYg=W�hbTNz�cjx![�gac�uqe6^a�=zYT�n=e�WYgahb]�[�`bT�h_`m[�g=]lpve�`bx�T4u'WYgqhbeiy[�g=uazYTN]N�
©�i=WY]�n=WYsdhb^q`bT'WY]&h_canaWYs4[�z�WYg"]_e6zYW�hbe6g"hbi=Tde�`_cH�}iaTd`bT!hbi=T�]_n=TNsdh_`m[�z�sN^q`bXqT�e�p

]_e6x�T�e6naTd`m[�hbe�`��}WYhbiHn=e�hbTdgahbWo[�zY]&Wo]&[jnaTd`_hb^a`b�=[�hbWYe6gCe�p$hbiaT�]_n=TNs�h_`m[�z8sN^a`bXZT�e�p
hbi=T�sNe�`_`bTN]_n=e�gyuqWogaVjp�`bTdT�e6n=T�`m[�hbe�`�[�g=u?hbiaTd`bTd�}W�hbiChbiaT�n=Td`_hb^q`b�y[QhbWoe�gHWY]�]_x![�zYz
pve�`�zo[�`bV6T�Xq[�zY^=Td]�e�p�´|^=[�]_WYx�e6x�TNgqhm[q� ,wh&��[�]µ`bWYV�e�`be6^a]_z�c
TN]lhm[��azYWo]_iaT4uFpve�`�hbi=T
h_�}e�twuaWYx�TNga]_Woe�gy[�z.¯qsdi��`be½uqWYg=V6T�`+e�n=Td`m[Qhbe�`��qc&Ä�`bWosdi=TNXZTd` - ²q¨ /a�}i=e#^=]_TNu�n=Td`_hb^q`_t
�y[�hbWYe�g�hbiaTNe�`_c~� ,ãg5-Y¨ §�§ /.�}T�nq`be6nae6]_T4u�hbeµsdzÍ[Q`bW�p�c!hbi=WY]+V�TNe6x�T�h_`bWosN[�z~n=WYsdhb^q`bT¢pve�`
hbi=T&��W�`m[�s�e�n=Td`m[Qhbe�`#�qcB^=]_WYgaV�]b[�x�T�x�Tdhbiae½uq]�[�gyu�pve�`bx�^=zo[�hbT4u�hbiaTµTdÖqnaTNsdhbT4u
]lhm[�hbTNx�TNgqh�[�] 
-`bTdhbi=TNe�`bTNx��
©�i=T�hbiaTNe�`_c�e�p�]_n=TNs�h_`m[�z±sN^a`bXZTN]�WYgaWYhbWo[QhbT4ujuqTNXZTNzYe6n=WYgaV�e�p�hbi=T�[�gy[�zYcZhbWYs�hbiaTdt

e�`_c
e�p ��WoTdx![�g=gaWo[�g
]_^a`_pv[�sNTd]56rg=e�h�e6gazYcFiacqn=Td`bTdzozYWYnahbWYs 8�e�p¢WYgapvWYgaWYhbT'V6TNga^=]µWog
- ¬��a{a³ Ã / �
,ãg -Y¨6¨ Ã /�¯qsNiax�WÍuZh�na`be�n=e6]_TNuF[�gae�hbi=T�`�[�n=nq`be½[�sdiHhbe�sNe�gapvW�`bxØhbi=WY]&[�]lcqx�nqt

hbe�hbWYsH�aTNiy[�XqWYe�`�e�p&hbi=T\]_naTNsdh_`m[�z#sd^a`bXZT6� ,wh�WY]'�y[�]_TNuÒe�gÒi=WY]j`bTN]_^azYhje6gUhbi=T
TdÖqWo]lhbTdg=sNT�e�p±hbi=T}]_n=Tdsdh_`m[�zysd^a`bXZTN]�p�e�`�hbi=T}��W�`m[�s�e6naTd`m[�hbe�`b]+�}W�hbi

L2
nae�hbTNgqhbWo[�zY]

[�gyu\hbi=T�sde6gahbWYga^=WYe6]_W�h_cCe�p�hbiaTN]_T�sN^a`bXZTN]�p�e�`��}T4[�¿qz�cCsNe6gaXZTd`bV6WYg=Vj]_T4´|^=TNgasNT�e�p
n=e�hbTdgahbWo[�zY]N�
� ¤ � �=O � » �|¼ ���v�y�Z¼�	�� V �"9/��. U,V ∈ L2(T

2)
Z �����3�)($*0#/����,/.

D(k)ϕ = (D + Tk)ϕ = Eϕ

7 ����� k ∈ C
2, E ∈ C

Z �0#/�D#\��,�4 *:���-,+.X�". L2 � � #/.KFY,/.S4 C�� � (k,E) ∈ Q 7 �0��!��
Q �"��#/.X#/.S#�4 C+���-%?�	*0I$�)������. C

3 = � �:�"� �	*0I$�$��� Q �"� �"� � ,/!2���)F\I$CDRK,�4 ���D, � �����
,�R^��!$#/�M,/!'R^��.K%$��4

(1 +AU,V (k,E))−1 : L2 → L2

7 �0��!�� AU,V (k, E) �"��RH,/4 C/.S,/�3�-#/4^�". k,E =� ,/!��),+9/��!D� �

Un, Vn
weakly−→ U∞, V∞

H H



�". {‖U‖2;ε ≤ C, ‖V ‖2;ε ≤ C} �1������.
‖AUn,Vn(k,E) −AU∞,V∞(k,E)‖2 → 0

*5.0� � ,/!2�_4 C3.H�)#/!?��9/��!2C k ∈ C
2 =

SUT�TdÖqn=e6]_T�hbiaT#na`be�e�p×e�p×hbiaWo]$hbiaTNe�`bTNxÂWYg\Ð�n=n=TdgyuaW�ÖB¨��$°�T�h¢^a]�`bT�hb^a`bg'hbe
hbi=T�[�]lcqx�nqhbe�hbWYs��=Tdiy[�XZWYe�`}e�p-hbi=T�]_naTNsdh_`m[�z�sN^q`bXZT6�

�1WY`b]lh�g=e�hbT&hbiaT�pve6zYzYe��}WYgaVjWouaTNgqhbW�h_cj�}i=WYsNiBWY]¢sNi=TNsd¿qTNu��ac']lh_`m[�WYV6iqh_pve�`_��[Q`mu
sNe6x�na^ahm[�hbWYe�g=]��

„
e−a 0

0 e−b

«„
D0 +

„
U 0
0 V

«
+ Tk

«„
eb 0
0 ea

«
=

6r³½¬48

= D0 +

„
eb−aU 0

0 ea−bV

«
+ Tk +

„
0 az

−bz̄ 0

«

pve�`�[�zYz±]_x�e6e�hbijpv^ag=sdhbWYe6ga]
a, b : C → C

�
�1e�`�[�gac

κ = (κ1, κ2) ∈ Λ∗ ⊂ C
uaTdp�WYg=T

Λ
t£naTd`bWYe½uaWYs�p�^=g=s�hbWoe�g=]

ψ±κ(z, z̄) = e±2πi(κ1x+κ2y)

[�gyu�hm[�¿ZT�hbi=T¢pv^=gasdhbWYe6ga]
a(z, z̄)

[�gyu
b(z, z̄)

Wog�hbi=T�p�e�`bx

a(z, z̄) = 2πi(α1x+ α2y), b(z, z̄) = 2πi((α1 − κ1)x+ (α2 − κ2)y),

�}i=Td`bT
α(κ) = (α1, α2) =

„
κ1 + iκ2

2
,
−iκ1 + κ2

2

«
.

©�i=T'p�e6zYzYe��}WYg=VHT4´|^y[�zYW�hbWYTN]![�`bT'sNzYT4[�` �
eb−a = ψ−κ, az = bz̄ = 0

�"©�i=[�h
hbe6V6T�hbi=Td`}�}W�hbi 6r³½¬48�Wox�nazYWoTd]
U O��   �.L4��M4�Í� �Ô�|¼ ���v�y�Z¼�	�� ���

ϕ ∈ L2 ��#/���"� � �M��� ���0�_�)($*0#/���-,/.
»
D0 +

„
ψ−κU 0

0 ψκV

«
+ Tk

–
ϕ = 0

������. ϕ′ =

„
ψ−κ 0
0 1

«
ϕ ∈ L2 ���������b�����_�)($*0#/���-,/.

(D + Tk+α)ϕ′ = 0.

� ����!�� � ,/!��
Q0(ψ−κU, ψκV ) = Q0(U, V ) + α(κ)

� ,/!D#/4E4 κ ∈ Λ∗

� �0��!��D���0�D!�� 8 �:�-c��5#/.KF��2��FG�?FG��.S,/����� Q0(U, V ) ��!$#/.��246#/���)F[I$C α � =

� é8ÛbïmêNý�ýqåwÚ|êdå8ê}áãÛ	
�â½Ûbë½ïbÛ {un} à�ëµê���à�ý�ç6ÛmÞ å×áãä½êNïmÛ H Ü8ÛmêNß�ý è�ïbÝ4ë6ú�ÛbÞ �4Ûbá×åãÝ u∞ þ un weakly
−→ u∞à íyíÍÝ4Þ8êNë6è v ∈ H Ü8Û$Ú|êdú6Û limn→∞〈un, v〉 = 〈u∞, v〉 Ü8Ú½ÛbÞ£Û 〈u, v〉 à�á-åwÚ½Û���à�ý�ç½ÛbÞ å8ä½ÞwÝ4æ6â½ï_å�à�ë H ð

H �



©�i=T�pv^=gasdhbWYe6ga]
ψκ, κ ∈ Λ∗ {.p�e�`bx [��1e�^a`bWYTd`#�=[�]_WY]¢p�e�` L2

�¢©�i=T&x![�nan=WYg=V
U → bU = ψκU,U =

P
ν∈λ∗ Uνψν

{+]_iaW�p�hb]�hbiaT �1e�^a`bWYTd`�sNe�Tdp�p�WYsNWYTNgahb]!e�p
U
�

bUν = Uν−κ
��©�i=Td`bT�pve�`bT�{=�}T#iy[�XZT

ψκU
weakly−→ 0

[�] |κ| → ∞.

©�i=TNe�`bTNx�¨ Ã 6r]_TdT�Ð¢nan=TNg=uaW�ÖF¨ 8�[�gyu)
×`be�n=e6]_W�hbWYe6g�¨ Ã WYx�n=z�c�hbi=[�h�WYgF[�]_x![�zYz
�=e6^agyuqT4uÌg=TdWoV�i=�ae�`bi=e�e½u

O(k)
e�p

k ∈ C
2 p�e�`Fzo[Q`bV6T |κ| hbi=T
WYgqhbTd`b]_TNsdhbWYe6g

Q0(U, V )
�}W�hbi

O(k) + α(κ)
WY]#XZTd`_cBsNzYe�]_T4uChbe!hbi=T�WYgqhbTd`b]_TNsdhbWYe6gCe�p

Q0(0, 0)�}WYhbi
O(k)

�

Q0(U, V ) ∩ [O(k) + α(κ)] ≈ Q0(0, 0) ∩ O(k)
[�] |κ| → ∞.

SUTBsNe6gasNzY^yuqT�hbiy[�h'[�]lcax�nqhbe�hbWYs4[�zoz�c�[�] |k| → ∞ hbi=Tj]_n=TNsdh_`m[�z�sN^q`bXZT�e�p D�=TNi=[�XZTN]�[�]$hbi=T�]_n=TNsdh_`m[�z�sN^q`bXZT�e�p1hbiaT�p�`bTdT&e�n=Td`m[Qhbe�` D0
e6g

L2
�

�1e�`
U = V = 0

hbiaT#]_n=TNsdh_`m[�z�sN^q`bXZT
Γ
Wo]��=WYiae6zYe6x�e�`bn=i=WYs#T4´|^aWoXq[�zoTdgah}hbe![

ny[�W�`�e�p-h_�}e�n=zo[�gaTN]�6rsNe6x�nazoT�Ö'zYWYg=Td] 8}uqTdpvWYgaT4u'WYg
C

2 �qc!hbi=T�T4´|^=[�hbWYe6ga]

k2 = ik1, k2 = −ik1,

[�gyu�V�zY^=T4u�[Qh+WYgqpvWYg=W�hbTNz�c�x![�gac&ny[�W�`b]+e�p~nae6WYgahb]8sNe�`_`bTN]_n=e�gyuaWYgaV�hbe�hbi=T$]_e�t£s4[�zYzoTNu
`bTN]_e6g=[�g=sdT&n=[�W�`b]
„
k1 =

γ̄1n − γ̄2m

γ̄1γ2 − γ1γ̄2
, k2 = ik1

«
↔
„
k1 =

γ1n− γ2m

γ̄1γ2 − γ1γ̄2
, k2 = −ik1

«

�}i=Td`bT
m,n ∈ Z

��2je�`bTNe6XZTd`!hbi=Td]_T�n=zo[�gaTN]![�`bTBg=[�hb^q`m[�zYz�c�sde6x�n=zYTdhbTNuf�qcf[
ny[�W�`je�pµn=e6WYgqhb] ∞±

�}i=WYsNiUzYWYTF[Qh�[Qh�WYgap�WogaW�h_cÒ[�g=uU[�`bT?e6�ahm[�WYg=T4u�hbiaTCzYWYx�W�h
(k1,±ik1) → ∞±

[�]
k1 → ∞ �Ì¾�T4[Q`�V6TNgaTd`bWYs?nae6WYgahb]!hbi=T�`bTBWo]'[
uae�^=�azoTsNe6XZTd`bWYg=V

Γ → C : (k1, k2) → k1
� �8c 
-`be6nae6]_W�hbWYe6gF¨ Ã {=�}T#i=[�XZT

�&�yOQ�.ºvº�PaO��Ò¦ V �"9/��. #\� �"!)#�%\,2R^��!)#+�M,/! 7 �"��� L2 c6RH,/����.0���-#�4 � Z M(Γ)
� ,/!?�2* � c� �-%$�M��.0�-4 C146#/! 8 � |k| #+�2C+�bR��M,/���-%�#�4E4 C\I;�	�0#+9/���3#+�

k2 ≈ ±ik1.

� ����!�� � ,/!��J��� �0#/�J#/� �_,/�	� � 7 ,?�"!2!��)F+*�%$��I)4 �b%�,/�bRK,/.H��.0���J�	*0%2�����0#/����9/��!2C3%�,/�_c
RH,/.H��.0�Q%�,/.0�M#/�".��D#+�B4 �)#/�	��,+.H�?, � ���0���)�?#/�	C/�JRS�M,/���-%1��.SF/� =
©�i=Tj�ae6^agyuHpve�`�hbiaT'ga^=x��=T�`µe�p�W�`_`bT4uq^=sNWY�azoT�sNe�x�n=e6gaTNgahb]&WY]�sNzYT4[Q`4{+]_WYg=sdT

e�hbi=T�`¢sde6x�n=e�g=TNgqhb]$iy[�XqT¢hbe��=T#zYe6sN[�zYWY«NT4u�WYgB[��ae6^=g=uaT4u�uae�x![�WYgje�p
C

2 �}i=WYsNiWo]}WYx�n=e�]_]_WY�=zYT�pve�`�e�g=TdtwuaWYx�TNga]_WYe6gy[�z±[�gy[�z�cqhbWYs�]_Tdhb]N�
©�i=^=]×�}T¢[�`_`bWYXZT¢[Qh�hbiaT}uaTdp�WYg=W�hbWYe6g!sNe6x�n=[�hbWY�=zYT$�}W�hbi�e6gaT�^a]_T4u�WYg�hbi=T$p�WogaW�hbT

V½[�njWogqhbTNV�`m[QhbWYe6g - ¬6¬a{=² Ã / �
• W�p�hbiaT�]_n=Tdsdh_`m[�z±sN^a`bXZT Γ

e�p1hbi=T¢e6n=T�`m[�hbe�` D WY]}e�p�pvWYg=W�hbT�V�TNg=^a]N{Zhbi=TNg!hbi=WY]e6naTd`m[�hbe�`�WY]�pvWYg=W�hbT�V½[�nF[�gyuB�}T�s4[�zYz×hbi=TµsNe6x�nazoT�hbWoe�gCe�p
Γ
�ac?['n=[�W�`�e�p

WYgap�WogaW�hbWoTd] ∞±
hbiaT#]_n=TNs�h_`m[�z±sN^a`bXZT 6re�p×[µpvWYgaWYhbT�V6[�n�e�n=Td`m[Qhbe�` 8��

SUT�pvWYg=WY]_ij�}W�hbijhbiaT#na`be�sNT4ua^q`bT��}i=WYsNi'`bTNsNe6ga]lh_`b^=sdh}hbiaT�Xq[�zY^=T�e�p
Z

C/Λ

UV dx ∧ dy

H0v



p�`be6x
(Γ,M)

�}i=TNg
Γ
Wo]�e�p$pvWYg=W�hbT!V6TNga^=]N��¾�TN[�`�hbi=T![�]lcax�nqhbe�hbWYs�TNg=u?�}iaTd`bT

k2 ≈ ik1
�}T'WYgqh_`be½ua^asNT�[Bzoe�s4[�z}n=[�`m[�x�T�hbTd`

λ−1
+

]_^asNiFhbiy[QhµhbiaT'x�^az�hbWonazYWoT�`b]
�=TNi=[�XZT#[�]

µ(γ) = λ+γ +
C0γ̄

λ+
+O(λ−2

+ ).

©�i=TNg
Z

C/Λ

UV dx ∧ dy = −C0 · (Area(C/Λ)
6r³�³ 8

6r]_TNT - ·�¬a{±¨ §�§ /±p�e�`�hbi=T�sN[�]_T
U = V

8��
©�i=T�[�g=[�zYe6V�e6^a]�p�e�`bx�^=zo[�pve�`}hbiaT#[�`bT4[µe�p-x�WYg=WYx![�zyhbe�`bW±Wog

S3 ��[�]�uaTd`bWYXZT4u�ac���W�hbsNiaWog'WYg'- ®½·�/ �
©�i=WY]�pve�`bx�^=zo[�V6WYXZTN]µ^=]µ[B`bTN[�]_e6g"hbe�h_`bT4[Qh�hbi=T!n=[�W�`

(Γ,M)
[�]�[�V6Tdg=Td`_t

[�zYWY«4[�hbWYe6gCe�p8hbi=T�SUWYzYzox�e�`bT&p�^=gasdhbWYe6gy[�zr���1W�`b]lh�hbiy[Qh���[�]#uaWY]_sN^a]_]_T4u�pve�`�hbe�`bW-e�p
`bTNXZe6zY^ahbWYe6g?WYg�-o¨�¨ Ï / �9,wg\hbiaWY]�s4[�]_Tµhbi=T&]_n=Tdsdh_`m[�z-sN^q`bXZTµWY]�`bTNsde6g=]lh_`b^asdhbT4uBp�`be�x
WogqpvWYg=W�hbTNz�c�x![�gqc�WYgahbTNV�`m[�z±´|^y[�gahbW�hbWYTN]�¿Zg=e��}g'[�]�hbi=T¢Ä�`b^=]_¿q[�z À 2jWY^q`m[µWYgahbTNV�`m[�zY]
-o¨�¨ Ï / �
�!��� � �! E 69&5'�) E/?%& �� 4 <#:;68<#& +
1�WoXZTNg�[�hbe�`b^=]

Σ
WYx�x�Td`b]_T4u'WYgqhbe�hbi=T�hbiq`bTNTdtwuaWYx�TNga]_Woe�gy[�z�°±WoT�V�`be6^=n

G = R
3 {

SU(2) = S3 { Nil
e�` fSL2

[�gyu�W�hb]}hbi=T#SUTNWYTd`b]lh_`m[�]_]�`bTNnq`bTN]_TNgahm[QhbWYe6g�{=�}T&hm[�¿qT
hbi=T#]_n=Tdsdh_`m[�z±sN^a`bXZT

Γ
e�p1hbiaT�e6naTd`m[�hbe�` D sNe6x�WYgaV�WYgjhbi=WY]$`bTNnq`bTN]_TNgqhm[�hbWYe6g±�SUT#s4[�zYz�WYh �����<�-R^�)%$��!)#/4 %$*:!�9/�3, � ���0���M,/!2*:� Σ

�
,wh&WY]µuqTdpvWYgaT4u?p�e�`�[�zYz�]_x�e�e�hbiHhbe�`bW+[�gyu?g=e�h�e�g=z�c?pve�`&WYgahbTdV�`m[��azYT!hbe�`bW76r]_TdT

�m³a� ® 8���©�iaWo]�uaTdp�WogaW�hbWoe�g'��[�]�e�`bWYV6WYg=[�zYz�cjWYgah_`be6ua^asNT4u�pve�`�hbe�`bW.WYg
R

3 WYg5-Y¨6¨4²4/±[�gyupve�`�hbe�`bW�WYg
S3 WYg -o¨�¨���/�Wog"W�hb]µ`bTdzÍ[QhbWYe6g"hbe\hbiaT'naiacq]_WYs4[�z+TdÖqn=zo[�g=[�hbWYe6g"e�p�hbi=TSUWYzozYx�e�`bTjsNe�g��lTdsdhb^a`bT6�f©�iaT'p�e�`bx�^=zo[�6r³6³ 8µ]_i=e��}]�hbiy[Qh�hbi=T!SUWYzYzYx�e�`bT'p�^=gasdt

hbWoe�gy[�z�WY]+`bTNsde6g=]lh_`b^asdhbT4u!p�`be6x
Γ
[�gyu�hbi=T�x�^az�hbWonazYWoT�`$x![�nan=WYg=V M 6 [�h$zYT4[�]lh}Wog

hbi=T#s4[�]_T��}i=TNg
Γ
WY]�e�p-pvWYg=W�hbT#V�TNg=^a] 8��

©�i=WY]�uaTdp�WogaW�hbWoe�gBuae�TN]$g=e�h�uaTNnaTNgyu!e6gj[µsNiae6WYsNT#e�p×[µsNe�gap�e�`bx![�z±ny[Q`m[�x�TdhbT�`
e6gjhbiaT�hbe�`b^=]

Σ = R
2/Λ

��©�iaT#x�^=z�hbWYn=zYWYTd`�x![�n=naWYg=V M uqTNn=TNg=ua]}e6gj[�sNi=e�WYsNT
e�p#[?�y[�]_Wo]�WYg

Λ
[�gyu
hbi=T'sNiy[�g=V6T'e�p�[C�y[�]_WY]�`bTN]_^=z�hb]�WYg�[C]_WYx�n=zYT�[�zYV6TN�q`m[�WYs

h_`m[�g=]lp�e�`bxÎe�p M 6r]_TNT 6r³ § 8 8��
°�Tdh�^=]�uqTdpvWYg=T�hbiaT�]_n=Tdsdh_`m[�z±sN^a`bXZT�p�e�`�hbe�`bW±WYg

R
4 �

,ãg -Y¨ § ³4/y�}T�TdÖqn=zo[�WYg=TNu�hbiy[�h×hbiaT}SkTNWYTd`b]lh_`m[�]_]+`bTdna`bTN]_TNgqhm[�hbWYe6g�p�e�`$[�]_^q`_pr[�sNT
Wog

R
4 WY]$g=e�h}^=gaWÍ´|^aT6�×©�i=T¢n=e�hbTNgahbWo[�zY]}e�p1uaW�p�p�Td`bTNgqh$`bTNna`bTN]_Tdgahm[�hbWYe�g=]}e�p1[&hbe�`b^a][�`bT�`bTNzo[�hbTNu��ac�hbi=T�p�e�`bx�^azÍ[

U → U exp (ā+ bz − a− bz)
6r³½·48

�}i=Td`bT
Im bγ ∈ πZ

pve�`�[�zYz
γ ∈ Λ

��©�iaTµx�^az�hbWonazYWoT�`�x![�n=n=WYgaV M uaTNnaTNgyuq]�e�g
hbi=T�sNiae6WYsNT$e�p

U
[�gyu&^=g=uaTd`-hbiaT+h_`m[�ga]lpve�`bx![QhbWYe6g 6r³½·481W�h×Wo]×sNi=[�gaV6T4uµ[�]-pve�zozYe��}]��

µ(γ) → ebγµ(γ), γ ∈ Λ.

Ð¢]×WYg�hbi=T$s4[�]_T}e�p.hbe�`bWqWYg
R

3 hbiy[Qh×hbi=T�WYgahbTdV�`m[�z=]b´Z^=[�`bT4u&g=e�`bxÔe�p.hbi=T$nae�hbTNgqhbWo[�z
U
WY]$`bTNsNe�g=]lh_`b^asdhbT4u'pÍ`be6x

(Γ,M)
�qc�hbi=T#]b[�x�T¢pve�`bx�^azo[ 6r³6³ 8��

©�i=T?sNe6gqpve�`bx![�z�WYg=Xq[Q`bWÍ[�g=sNT?e�p#hbiaTBSUWYzozYx�e�`bT\p�^=gasdhbWYe6gy[�z�zYT4uk^=]!hbeFhbi=T
sNe6g��lTNsdhb^q`bT#�}i=WYsNi��}T �l^a]lhbWYp�WYT4uB�ac'g=^=x�T�`bWosN[�z±TdÖqn=Td`bWYx�TNgqhb]$Wog -Y¨�¨ Ï /1[�gyu���[�]
XqT�`_c']_e�e6gB[Qp�hbTd`¢W�hb]$pve�`bx�^azo[�hbWYe6gj��[�]¢sde6gap�W�`bx�T4u'WYg'- ·�¬�/ �

H��



� ¤ � �=O � » �=� V �"9/��. #P�M,/!�*:�_��. R
3 Z �"���3�-R^�)%$��!$#�4�%$*5!29/� Γ #/.KF M #/!)�_�".Sc

9+#/!���#/.��B*:.SFG��!D%�,/. � ,/!��_#�4 ��!$#/.0� � ,/!��_#/���-,/.0�D, � R
3 =

©�i=T�nq`be6e�p�p�`be�x - ·�¬�/×�}e�`b¿Z]�`bWYV6e�`be6^a]_zYc\p�e�`�hbi=T&]_n=TNs�h_`m[�z8sN^a`bXZTN]�e�p+p�WogaW�hbT
V6TNga^=]#[�gyuBWY]#[�]�p�e6zYzYe��}]N��°�Tdh�^=]�sde6g=]_WouqTd`�hbi=T&V6Tdg=Td`m[Qhbe�`b]#e�p�hbi=T&sNe6gqpve�`bx![�z
V�`be6^an��}i=WYsNiBWY]

SO(4, 1)
[�g=u'�$`bW�hbT�uqe��}g�hbi=T�uqTdpve�`bx![�hbWYe6gBTN´Z^=[�hbWYe6ga]�p�e�`�[

�1zoe6´|^=Tdh}pv^ag=sdhbWYe�g
ϕ
�}i=WYsNiB[Q`bT#e�p-hbiaT�pve�`bx

Dδϕ+ δU · ϕ. 6r³6® 8
,wh�WY]�Tdg=e6^aV6ijhbe�sNi=TNsd¿�hbiaT#WogaXq[�`bWo[�gasNT#e6gazYc�pve�`�WYgaXqT�`b]_Woe�g=]�[�g=ujTNXZTNg��l^=]lh�pve�`
e6g=T¢e�p�hbi=TNx�]_WogasNT�[�zYz~hbiaTdc!ny[�W�`_�}Wo]_T�sNe6g��l^=V6[�hbT4u��ac�e�`_hbi=e�V6e6g=[�z.h_`m[�ga]lpve�`bx![�t
hbWoe�g=]N�×SUT�hm[�¿qT¢hbi=T�pve�zYzoe��}WYg=V!V6TNgaTd`m[�hbe�`¢p�e�`¢[�gjWogaXZTd`b]_WYe6g��

δx1 = −2x1x3, δx2 = −2x2x3, δx3 = (x1)2 + (x2)2 − (x3)2

[�gyu'sNe6x�na^ahbT¢hbiaT�sNe�`_`bTN]_n=e�gyuaWYgaV�Xa[Q`bWo[�hbWYe6g�e�p1hbi=T#nae�hbTNgqhbWo[�z �
δU = |ψ2|2 − |ψ1|2

�}i=Td`bT
ψ
V�TNg=Td`m[QhbTN]$hbi=T}hbe�`b^a]N� ,ãg.- ·�¬�/.pve�`$hbi=WY]�Xq[�`bWo[QhbWoe�g�[�g'TdÖqnazoWYsNW�h�p�e�`bx�^azÍ[

pve�`&[!]_e6zY^qhbWoe�gChbe�6r³½®48¢WY]�V6WYXZTNg?Wog\hbTd`bx�]¢e�p8pv^=gasdhbWYe6ga]#x�Td`be6x�e�`bn=i=WYs�e6g\hbi=T
]_n=TNsdh_`m[�z×sN^a`bXZT6��,wh�p�e6zYzYe��}]�p�`be�x hbi=WY]�TdÖqnazoWYsNW�h#p�e�`bx�^=zo[�hbiy[Qh#hbi=T�x�^az�hbWonazYWoT�`b]
[�`bT�nq`bTN]_Td`bXZT4u±�!�1e�`#hbi=T&]_n=TNs�h_`m[�z×sN^a`bXZTµe�p+p�WYg=W�hbT�V�TNg=^a]�hbi=TN]_Tµx�Td`be6x�e�`bn=i=WYs
pv^=gasdhbWYe6ga]j[Q`bT?TN[�]_WYz�cUuaT�pvWYg=T4u~� �1e�`'hbiaTBs4[�]_T\e�p�]_n=TNsdh_`m[�z�sN^q`bXZTBe�p�WYgap�WogaW�hbT
V6TNga^=]�e�g=T�gaTNT4uq]�hbe&sNzo[�`bW�p�c!]_e�x�T�[�g=[�z�cZhbWYs4[�z~uqTdhm[�WYzY]�hbiy[Qh$[�]��}T¢hbi=WYga¿�s4[�g��=T
uae6gaT![�g=uC`bTNzo[�hbTN]&e6gF[j`bWoV�e�`be�^=]µ[�gyuCs4[�`bTdp�^=z8h_`bT4[�hbx�TNgqh�e�p$hbiaT![�]lcqx�nahbe�hbWos
�=TNi=[�XZWYe�`�e�p1hbiaT#]_n=TNs�h_`m[�z±sN^a`bXZT6�
Ð¢g=e�hbi=Td`¢na`be�e�p×e�p8hbiaTNe�`bTdx ¨�¨�pve�`�WY]_e�hbi=T�`bx�Wos#hbe�`bW���[�]�uae�g=T�WYg -o¨ §6§ / �0,£h

Wo]}V�TNe6x�Tdh_`bWYs4[�z1[�gyu��}e�`b¿Z]�p�e�`�]_n=TNs�h_`m[�z�sd^a`bXZTN]$e�p-[�gac'V6Tdg=^=]N�
�!��� ����'*> � )� �4 <#:A6(�! 4��! E 69&5'�)�E/?!& �� �4
� � � �	� ���  �	� ��� ����� �� � 


R
4 �SUT#sNe6ga]_WouaTd`}hbi=T�hbe�`bW

Σr,R
uaT�pvWYg=T4u'�ac!hbi=T�TN´Z^=[�hbWYe6ga]

(x1)2 + (x2)2 = r2, (x3)2 + (x4)2 = R2.

©�i=Tdc"[Q`bT'n=[�`m[�x�TdhbTd`bWY«NT4uF�qcHhbi=T�[�g=V6zYT�Xq[�`bWo[��azoTd]
x, y

uaTdp�WYg=T4uFx�e6ua^=zYe
2π
�

x1 = r cos x, x2 = r sinx, x3 = R cos y, x4 = R sin y
��©�iaT�sNe6gqpve�`bx![�z+n=[�t

`m[�x�TdhbTd`4{qhbi=T�n=Td`bWYe½u'zÍ[Qh_hbWYsNT�[�g=u'hbi=T�WYg=ua^=sdT4u'x�Tdh_`bWYs#[Q`bT�[�]$pve�zYzoe��}]��

z = x+ i
R

r
y, Λ = {2πm+ i2π

r

R
n : m,n ∈ Z}, ds2 = r2dzdz̄.

��c�]_Wox�nazYT�sNe6x�na^ahm[QhbWoe�g=]��}T#e��ahm[�WYgjhbiaT�pve�`bx�^=zo[&p�e�`}hbi=T91�[�^=]_]}x![�n�� a1
a2

=

−ei(y−x), b1
b2

= e−i(y+x)
�8°�Tdh�^=]}[�n=nazYcj©�i=Tde�`bTNxÂ³�hbeµhbi=T�x![�n=n=WYgaV

Σr,R → (b1 : b2) =

„
e−i(x+y)√

2
:

1√
2

«
∈ CP 1.

SUT#iy[�XqT
g = i(x+y)

2

{
U =

1

4

“ r
R

+ i
”

H �



[�gyu�hbiaT�hbe�`b^a]
Σr,R

WY]�uaTdp�WYg=T4u�XZWo[�hbi=T$SUTNWYTd`b]lh_`m[�]_]�`bTNnq`bTN]_TNgqhm[�hbWYe6g��qc�XZTNsdhbe�`
pv^=gasdhbWYe6ga]

ψ1 = ψ2 =
1√
2

exp

„
− i(x+ y)

2

«
, ϕ1 = −ϕ2 = − r√

2
exp

„
i(y − x)

2

«
.

©�i=T�Xq[�zY^=Td]#e�p�hbiaT�SUWYzYzox�e�`bT�pv^ag=sdhbWYe6g=[�z8e6gC]_^=sNi?hbe�`bW�[�`bT�V�WoXZTNgC�ac\hbi=T
pve�`bx�^azo[

W(Σr,R) = 4

Z

Σr,R

|U |2dx ∧ dy = π2

„
r

R
+
R

r

«

[�gyu�[Qh_hm[�WYg&hbiaTNW�`1x�WYg=WYx�^axÒ[�h1hbiaT �+zYW�p�p�e�`mu&hbe�`b^=]
Σr,r

Wog
R

4 � W(Σr,r) = 2π2.©�i=T#]_n=Tdsdh_`m[�z�sN^a`bXZT
Γ(u)

e�p-hbiaT���W�`m[�s#e�n=Td`m[Qhbe�`

D =

„
0 ∂
−∂̄ 0

«
+

„
u 0
0 ū

«
, u = const,

�}WYhbi?hbi=T�sde6g=]lhm[�gah�nae�hbTNgqhbWÍ[�z
U = u

Wo]#hbiaT�sNe�x�n=zYTdÖ\]_n=iaTd`bT��}W�hbiF[�ny[�WY`&e�p
x![�`b¿ZT4u'nae6WYgahb]96 �wWYgap�WYg=W�hbWYTN] � 8��}iaWYsNiB[�`bT

λ = 0
[�gyu

λ = ∞ �

Γ(u) = CP 1.

©�i=T}g=e�`bx![�zYWY«NT4u ��[�¿ZTd`lÀZÐ�¿qiaWYTN«NTd`8pv^ag=sdhbWYe6g 6re�`8hbi=T#�1zYe½´|^=T�h8p�^=gasdhbWYe6g 81T4´|^=[�zY]

ψ(z, z̄, λ) =

„
ψ1

ψ2

«
=

λ

λ− u
exp

„
λz − |u|2

λ
z̄

«„
1

−u
λ

«
.

©�i=T#g=e�`bx![�zYWY«4[�hbWYe�gBx�T4[�ga]�hbiy[�h$hbiaT�pve�zYzoe��}WYg=V'[�]lcqx�nahbe�hbWosd]$i=e6zou �

ψ ≈
„
eλ+z

0

« [�]
λ+ → ∞, ψ ≈

„
0

eλ−z̄

« [�]
λ− → 0

�}WYhbifhbi=T'zoe�s4[�z¢ny[Q`m[�x�TdhbTd`b]
λ+ = λ

gaT4[�`
λ = ∞ [�gyu

λ− = − |u|2
λ

g=T4[Q`
λ = ∞ ��1e�`�[µhbe�`b^a]

Σr,R
�}T#iy[�XZT

• hbi=T-p�^=g=s�hbWoe�g ψ V�TNg=T�`m[�hbWYg=V�W�h1XZWo[�6l¨N² 8�TN´Z^=[�zY]�hbe ψ(z, z̄,−u) { u = 1
4
( r
R

+
i)
{.[�gyujW�hb]�x�e6gae½uq`be�x�c!WY]�[�]�p�e6zYzYe��}]

ψ(z + 2π, z̄ − 2πi,−u) = ψ(z +
i2πR

r
, z̄ − i2πR

r
,−u) = −ψ(z, z̄,−u) �

• hbi=T�`bT$[�`bT�T�Ö=[�sdhbz�c�pve6^q`×n=e�Wogqhb]-e6g&hbi=T+]_naTNsdh_`m[�zasN^q`bXZT Γ(u)
pve�`8�}iaWYsNiµhbiaT

pv^ag=sdhbWYe�g
ψ(z, z̄, λ)

i=[�]�hbiaT�]b[�x�T�x�e�g=e6uq`be6x�c�[�]
ψ(z, z̄,−λ)

�~hbi=Td]_T�[�`bT
λ = ±u,±ū � 2je�`bTNe�XqT�`4{

„
ψ1(z, z̄,−u)
ψ2(z, z̄,−u)

«
=

„
−ψ̄2(z, z̄, u)
ψ̄1(z, z̄, u)

«
;

• hbi=T�]_n=TNsdh_`m[�z�sN^q`bXZT Γ(u)
Wo]}]_x�e�e�hbi��

��Td`bT
k1
[�gyu

k2
[Q`bT�hbi=T#´|^y[�]_WYx�e6x�TNgqhm[&e�p��1zoe6´|^=Tdh$p�^=g=s�hbWoe�g=]

ψ(z, z̄, λ)
�

Ð n=T�`bWoe6uaWYs�nae�hbTNgqhbWÍ[�z
U
WY]�uaT�pvWYg=T4u�^=n!hbeµhbiaT�V½[�^=V6T¢h_`m[�g=]lp�e�`bx![QhbWoe�g 6 § ³ 8

�}i=WYsNikpve�`
b = 0

[�gyu
eā−a = − 1+i√

2

h_`m[�g=]lp�e�`bx�]!hbi=TBn=e�hbTNgahbWo[�z
U
e�p#hbi=T

�+zoW�pÍpve�`mu�hbe�`b^=]$hbe�hbi=T�n=e�hbTdgahbWo[�z
1

4
(1 + i) → eā−a

4
(1 + i) = − i

2
√

2

H �



�}i=WYsNi!sNe6WYgasNWouaTN]8�}WYhbi�hbiaT}n=e�hbTdgahbWo[�zae�p~hbi=T}]b[�x�T�hbe�`b^=]�sNe6ga]_WÍuqTd`bT4u�[�]�[�hbe�`b^a]
Wog'hbi=T�^ag=W�h}]_n=iaTd`bT

S3 ⊂ R
4 -Y¨ §6§ / �8©�i=WY]�zoTN[6ua]$hbe�hbiaT�pve�zYzoe��}WYg=V�´|^=TN]lhbWYe6ga]��¨ 8 -���	��3� #)8����	��4�����6(6��=6�4#��&'� 	 ��:(6#��,! S3 ⊂ R

4 - ��� !���- �#�&;��� ��	 ��:(6#
�"! S3 ��!3-5�5	 ��:(6# �,!

R
4 ��;�����+#<����,!���� - �
?§ 8 �$�;=6�4!�� 	 ��:(6#��"! S3 ⊂ R

4 � - �
�4# 	���� 8 �
	)�4!�	����� U �& �;	�#	� �2� �2��#�	��4�#�#
����8����4#��2!3	 �/	����! �,!

R
4 �,# �����0����#.�
�
(6�
� ���+(6�;=:��� �2!3	.	 � 	����.8 �
	)�4!�	�����<�& �;	�#

� �4� �4��#�	��4��#�#�����8+���4#��4!�	 �
	�����! �,! S3 �

U =
(H − i)eα

2

���3�4��� H �,#�	��3� ������!7�6(6��=:�/	2(*��� �& 	�� �,#<	 ���:(*# �,! S3 ?Ð n=e�]_W�hbWoXZT�[�g=]l�}Td`�hbeµhbiaT�]_TNsNe�gyu�´|^=Td]lhbWoe�gjWYx�n=zYWYTN]}[�nae6]_W�hbWYXZT�[�g=]l�}T�`�hbe
hbi=T�]_TNsde6gyu&e6gaT6�1SUT8hbi=WYg=¿�hbi=[�h-hbi=T��=e�hbi�´|^=TN]lhbWYe�g=]×[�`bT�[�g=]l�}T�`bT4u�n=e�]_W�hbWoXZTNz�c~�
� � ����� ��� �	��� � �������  ��


R
3 �©�i=T �+zYW�p�pve�`mu�hbe�`b^=]$WYg

R
3 Wo]$hbiaT�WYx![�V6T#e�p1hbi=T �+zoW�pÍpve�`mu�hbe�`b^=]$WYg S3 ⊂ R

4^=gyuqTd`�[�]lhbTd`bTde6V�`m[�n=iaWos�nq`be �lTdsdhbWYe6g

(x1, x2, x3, x4) →
„

x1

1 − x4
,

x2

1 − x4
,

x3

1 − x4

«
,
X

k

(xk)2 = 1.

,wh�WY]¢sNe�g=]_WouaT�`bT4u�^=n'^=njhbe�sde6gap�e�`bx![�z�h_`m[�ga]lpve�`bx![�hbWYe6ga]¢e�p
R̄

3 [�gyu'i=TNgasNT#s4[�g�=T�e��ahm[�WogaT4u\[�]�hbiaT&p�e6zYzYe��}WYg=Vjhbe�`b^=]�e�p+`bTNXZe�zo^qhbWYe6g���V�WoXZTNgC[!sNW�`bsNzYT�e�p8`m[6uqWo^a]
r = 1

WYgfhbiaT
x1x3 n=zo[�g=Tj]_^asNi
hbiy[Qh�hbi=T'uaWY]lhm[�gasNTj�aTdh_�}TNTNg"hbi=T�hbi=T�sNW�`bsNzYTsNTNgahbT�`&[�gyuBhbi=T
x1 [QÖaWY]#T4´|^=[�zY]�hbe R =

√
2
{~hbi=T �+zYW�p�p�e�`muChbe�`b^=]#WY]#e6�qhm[�WYg=TNu

�ac'[µ`be�hm[QhbWYe6gBe�p�hbi=WY]}sNW�`bsNzYT�[�`be6^agyu'hbiaT
x1 [QÖaWY]N�

� ¤ � �=O � » �Z� ���v�q� ¦ 	�� � �0���J#;]&��!�g � ]��:�M� �;��! � *:.S%$���-,/. , � ���0���<�"!$#&%_,�RH��!)#�c
�M,/! D 7 �"���Y�����'RH,/����.0���-#�4

U =
sin y

2
√

2(sin y −
√

2)

6r³ Ï 8

�"��#_9/�)%$�M,/! � *:.K%$���-,/. ψ(z, z̄, P )
Z 7 ����!�� z ∈ C #/.SF P ∈ Γ �	*�%2�P���0#/�

• ������%�,/�bRS4 ���O%$*:!29/� Γ �"�3#P�MR5����!�� CP 1 = C̄
7 �"���X� 7 ,P�_#/!	]&�)F1RH,/��.����

∞+ = (λ = ∞),∞− = (λ = 0) 7 ����!�� λ �"�3#/.`# �"� �".K�JRH#/!$#/��������!1,/.
C ⊂ CP 1 #/.KF 7 �"���O� 7 , F&,+*�I)4 �bRH,+�".����3,&I$�M#/�".K�)F I$C[�	�M#&%2]+�". 8 �M, 8 �����0��!
������RH,/�".0��� � !),+�W����� � ,/4E46, 7 �". 8 RH#/�"!2���

„
1 + i

4
,
−1 + i

4

«
#/.SF

„
−1 + i

4
,
1 − i

4

«
;

• ����� � *:.K%$���-,/. ψ ���b����!$,/�_,/!�R5�:�-%3,+. Γ \ {∞±} #/.SF?�0#/��#/�n�����<�1#/!@]&�)F
RH,/��.���� �	� ��. � �".0�"���M����
 � ����� � ,�4E46, 7 �". 8 #/�	C+�bRS�M,+���-%$���

ψ ≈
„
ek+z

0

«
#/� k+ = λ→ ∞; ψ ≈

„
0

ek−z̄

«
#+� k− = − |u|2

λ
→ ∞

7 ����!)� u = 1+i
4 #/.SF k−1

± #/!)�D46,&%�#/45RH#+!)#/�1������!���.K�)#/! ∞± �

H �



• ψ �0#/�Q���:!)����RH,�4 ���J,/. Γ\{∞±} 7 �:��%2�Y#/!)�J�".KFG��RH��.KFG��.0�n,/. z #/.KF �0#/9/�
����� � ,/!2�

p1 =
−1 + i+

√
−2i− 4

4
√

2
, p2 =

−1 + i−
√
−2i − 4

4
√

2
, p3 =

1√
8
.

� ����!�� 7 �"���X����� 8 �),/�1����!���% 8 ��.0*:� pg(Γ) #/.KF[���0��#+!��"���G�������-% 8 ��.�*:� pa(Γ)
, � Γ #+!��D#/� � ,�4E46, 7 ���

pg(Γ) = 0, pa(Γ) = 2.
� ��� �J#�]&��!$g � ]��:�M� �;��! � *:.K%$����,/.��$#+���"� � �M���B�������<�"!$#&%J�)($*0#/���-,/. Dψ = 0 7 �"���

RH,/����.�����#�4 U 8 ��9/��.OI$C � f �2� #/��#+.�C<RH,/��.�� � !),/� Γ \ {∞+,∞−, p1, p2, p3} =� ��� � 4 � �"� ,/!)F �M,/!2*:�\���\%�,/.��	��!2*�%$���)F 9���#O����� NP���M��!2�2��!$#/�	��!���R�!����$��.��M#+���-,/.� > � #/.KF �ML)��� !$,/�W����� � *5.S%$���-,/.

ψ = ψ

„
z, z̄,

1 − i

4

«
.

,wh�WY]�]_iae��}T4u�hbiy[�h
ψ
iy[�]$hbiaT�pve�`bx

ψ1(z, z̄, λ) = eλz−
|u|2

λ
z̄

„
q1

λ

λ− p1
+ q2

λ

λ− p2
+ (1 − q1 − q2)

λ

λ− p3

«
,

ψ2(z, z̄, λ) = eλz−
|u|2

λ
z̄

„
t1

p1

p1 − λ
+ t2

p2

p2 − λ
+ (1 − t1 − t2)

p3

p3 − λ

«

�}i=Td`bT
u = 1+i

4

[�g=u?hbi=Tµpv^=gasdhbWYe6ga]
q1, q2, t1, t2

uaTNnaTNgyu?e6g=z�c?e6g
y
[�gyu

2π
t

n=Td`bWYe½uqWYs��}W�hbi�`bTN]_n=TNs�h�hbe
y
�8©�iaTdc'[�`bT#pve�^=g=u�p�`be�xËhbi=T�p�e6zYzYe��}WYg=V!sNe�gyuaW�hbWYe6ga]

ψ

„
z, z̄,

1 + i

4

«
= ψ

„
z, z̄,

−1 + i

4

«
, ψ

„
z, z̄,−1 + i

4

«
= ψ

„
z, z̄,

1 − i

4

«
.

�!��� � �! E 69&5'�) E/?%& �� 4 <#: +,$�68 �"#&5' � ). 268<#&5+
,wh8WY]�]b[�WÍu�hbi=[�h�[�]_^a`_pv[�sNT�WY]�WYgqhbTNV�`m[��=zYT}WYp.hbiaT 1�[�^a]_]ãÀ��+e½ua[�«N«dW.T4´|^y[�hbWYe�g=]8Wo]×hbi=T
sNe6x�n=[�hbWY�=WYzYW�h_cjsNe�gyuqWYhbWYe�g

[∂x −A(λ), ∂y −B(λ)] = 0
6r³6² 8

pve�`�hbi=T�zoWYgaT4[�`�na`be��=zYTNx�]

∂xϕ = A(λ)ϕ, ∂yϕ = B(λ)ϕ

]_^=sNiBhbiy[Qh
A
[�gyu

B
[�`bT�°�[�^a`bTNgqh�]_Td`bWYTN]�Wog?[!]_n=TNs�h_`m[�z1n=[�`m[�x�T�hbTd`4�3,£h�WY]�[�zY]_e

[�]_]_^=x�TNu'hbiy[Qh
λ
sNe�x�TN]}g=e�gah_`bWYXZWÍ[�zYzYcjWYgahbe�hbiaWo]}`bTNnq`bTN]_TNgahm[QhbWYe6g����1e�`¢uaT�`bWoXZWYg=V

TdÖqn=zYWYsNW�h!]_e6zY^ahbWYe6ga]!e�p�hbiaT �;��!$, %$*:!29+#/��*:!��X�)($*0#/���-,/. 6r³6² 8�T4´|^=[�hbWYe6g�e6g=T's4[�g^=]_T�hbi=T�x![�sNi=WYg=T�`_cHe�p}]_e6zYW�hbe6g
hbi=TNe�`_cF[�gyu~{×WogHny[�`_hbWYsN^azo[�`4{8e�p$hbiaT�hbi=TNe�`_cFe�p
WogqhbTNV�`m[��=zYT�i=[�`bx�e�g=WYs�x![�n=]}�}i=WYsNi\]lhm[Q`_hbT4uj�}W�hbi?n=[�naTd`b]�-Y¨ Ã ®={1¨4¬ Ï {1¨ § ²�/×[�gyu
��[�]8WogqhbTNg=]_WYXZTNz�cµuaTNXZTNzYe�n=T4u&Wogµzo[�]lh×hbi=W�`_h_c�cqT4[�`b]06vhbi=T8`bTNsNTNgqh8]lhm[�hbTNx�TNgqh-e�p=hbi=WY]
hbi=TNe�`_c�WY]�nq`bTN]_TNgahbTNu�Wog - ·Q³={±·6·Z{.® Ã / 8��¢©�iaTµx�e�]lh¢sde6x�n=zYTdhbT�zYWY]lh�e�p+WYgahbTdV�`m[��azYT
]_^a`_pr[�sNTN]�WYg

R
3 WY]}V6WYXZTNg�WYg)-Y¨���/ 6r]_TNT�[�zY]_e - ³6®4/�8��©�i=WY]-hbi=TNe�`_c#�}e�`b¿Z]-�}TNzYzqp�e�`×]_n=iaTd`bTN]1�}iaTNg�W�h×WY]-TNg=e�^=V�i&hbe�[�n=naz�c�[�zYV6TN�q`m[�WYs

V6TNe�x�Tdh_`_c�e�p=sNe�x�n=zYTdÖ¢`m[�hbWYe6g=[�z|sN^q`bXqTd]�[�gyu�pve�`�hbe�`bW½�}iaTNg#TdÖqn=zYWYsNW�h�p�e�`bx�^azÍ[�]�pve�`
]_^a`_pr[�sNTN]+[�`bT}uaT�`bWoXZT4uµWog&hbTd`bx�]×e�pyhbiaTdhm[¢p�^=g=s�hbWoe�g=]8e�p.]_e�x�T �¢WYTNx![�g=gµ]_^a`_pr[�sNTN]N�

� �



�1e�`µ]_^a`_pr[�sNTN]µe�p}i=WYV�i=Td`µV6TNga^=]#hbi=Tde�`_cCe�p�WYgahbTNV�`m[��=zYT!]lcq]lhbTNx�]&uae�TN]µgae�h&zYT4[6u
hbe�[�]_^a�=]lhm[�gqhbWo[�z~na`be�V�`bTN]_]N��©�i=WY]}na`be��y[��=z�c!iy[�]$]_Td`bWYe6^=]$`bT4[�]_e6ga]�sde6g=]_WY]lhbWYg=V�Wog
hbiy[�h}hbe�`bW�[Q`bT�hbi=T�e�g=z�cjsdzoe�]_T4uj]_^q`_pr[�sdTN]�[�uax�W�h_hbWYg=V&pvzo[�h¢x�Tdh_`bWYsN]N�
©�i=T�]_naTNsdh_`m[�z}sN^q`bXZTN]�e�p�WYgahbTNV�`m[��azoT'hbe�`bW�[�nan=T4[Q`![�]�hbiaTj]_n=Tdsdh_`m[�z}sN^q`bXqTd]

e�p¢e6n=T�`m[�hbe�`b]�sde6x�WYg=V\WYg
hbi=TN]_T'[�^qÖaWYzYWo[�`_c"zYWYg=T4[Q`�na`be��=zYTNx�]N�H©�i=TN]_T'sNe6x�nazYTdÖ
sN^a`bXZTN] 6 �¢WYTNx![�g=gµ]_^a`_pr[�sNTN] 8-]_Td`bXZT$pve�`+sNe6ga]lh_`b^=sdhbWYgaV�TdÖqn=zYWYsNW�h�p�e�`bx�^azÍ[�]8p�e�`�hbe�`bW
Wog'hbTd`bx�]$e�p1hbiaTdhm[µp�^=g=s�hbWoe�g=]}e�p�hbi=TN]_T���WYTNx![�gag']_^q`_pr[�sdTN]N�
,wh�[�n=naT4[�`b]�hbiy[Qh�hbiy[�hµWY]µgae�hµ[�sdsNWouaTNgqhm[�zYz�c"[�g=uChbi=TN]_T!]_naTNsdh_`m[�z�sN^a`bXZTN]&e�p

WogqhbTNV�`m[��=zYT#hbe�`bW�[�`bT �l^a]lh¢]_naTNsNWo[�z�s4[�]_TN]�e�p-hbiaT#V6TNgaTd`m[�z�]_n=TNs�h_`m[�z�sd^a`bXZT#uaT�pvWYg=T4u
Wog �m³a� ³�pve�`¢[�zYz�hbe�`bW+6rgae�h}e6gaz�cjWYgahbTdV�`m[��azYT 8��
,ãg�-Y¨ §6§ /-�}Tµnq`be6XZT4u�]_^=sdiC[�sNe�WYg=sNWouaTdg=sNT 6rx�e½ua^azYe![6u=uqW�hbWoe�gy[�z-WY`_`bTNua^=sdWo�azYT

sNe6x�nae6g=Tdgahb] 8�pve�`�sNe6ga]lhm[�gah¢x�T4[�gBsN^a`bXq[�hb^q`bT&[�gyuBWY]_e�hbiaTd`bx�WYs&hbe�`bW1WYg
R

3 [�gyupve�`¢x�WYg=WYx![�zyhbe�`bW�WYg
S3 � �+e�`be6zYzo[�`_c\¬µ`b^azYTN]}e6^ah�[�u=uqWYhbWYe�gy[�z�sNe6x�nae6gaTNgahb]N�

� � ���	
  ���	
 � 
�����
 ��� ��� ��� � ��� 
 ��� ����������� ��

R

3 � ��c�hbi=T �¢^aiqÀÁ�WYzYx�]1hbi=TNe�`bTNx�{Qhbi=T01�[�^=]_]×x![�n&e�p~[�]_^a`_pv[�sNT$WYg
R

3 Wo]×i=[�`bx�e6gaWYs+W�p~[�g=uµe�g=z�c&WYphbi=WY]}]_^a`_pr[�sNT�iy[�]�[�sde6g=]lhm[�gah�x�T4[�gjsN^q`bXa[Qhb^a`bT -Y¨ Ã ��/ � �8c'hbiaT�1�[�^=]_]ãÀ �+e½ua[�«N«NW
T4´|^y[�hbWYe�g=]�hbi=WY]�WY]!T4´|^=WYXq[�zYTNgah�hbeHhbi=T'sNe6g=uaW�hbWYe6g�hbi=[�h�hbi=T ��e�nap�uqWYpÍpvTd`bTdgahbWo[�z
Adz2 WY]}i=e�zoe�x�e�`bnai=WYs �

Az̄ = 0.
��g\[!]_nai=Td`bT&[�i=e�zYe6x�e�`bnai=WYs&´|^y[6uZ`m[�hbWYs&uaW�p�p�Td`bTNgqhbWÍ[�z-Xq[�g=WY]_iaTN]�[�gyujhbi=T�`bTdt

pve�`bT�{=�qc�hbi=T �¢e6nqp�hbi=Tde�`bTNx�{ � 2��k]_n=iaTd`bTN]$WYg
R

3 [�`bT�T�Ö=[�sdhbz�c�`be6^agyu!]_n=i=T�`bTN]
- ®�®�/
,wh���[�]$[�zY]_e�sde6g��ãTNsdhb^q`bT4u��qc ��e�nap~hbiy[Qh$[�zoz~WYx�x�Td`b]_T4u�sde6x�ny[�sdh�� 2���]_^q`_t

pr[�sdTN]1WYg
R

3 [Q`bT �ã^=]lh�`be�^=g=u�]_n=i=T�`bTN]N�-Ð�zYhbiae6^aV6i�hbi=WY]�sNe6g��lTNsdhb^q`bT���[�]1sNe6gqpvW�`bx�T4upve�`&TNx��aT4u=uqT4u�]_^a`_pv[�sNTd]&�qc?Ð¢zYTdÖa[�g=uq`be�X - ®�/�W�h���[�]&uaWY]_na`be�XqTNu\p�e�`&WYx�x�Td`b]_T4u
]_^a`_pr[�sNTN]#e�p+iaWoV�i=Td`�V6TNgaTd`m[q�#©�i=T�T�ÖaWY]lhbTNgasNT&e�p � 2��Ñhbe�`bW1��[�]#TN]lhm[��azoWY]_iaT4uBWog
hbi=T�TN[�`bz�c"¨��6² Ã � ]&�acBSUTNgqhbT��qc\x�T4[�ga]�e�p�hbi=T �+[�gy[�sNiH]_n=[�sNT�WYx�nazoWYsNW�h�p�^=gasdt
hbWoe�gFhbi=TNe�`bTNx��'©�i=T�p�WY`b]lhµTdÖqn=zYWYsNW�h&TdÖa[�x�nazoTd]��}T�`bT!p�e6^agyuH�qcHÐ��a`bTN]_sdiHWYg - § /
[�gyuHhbiaT�[�gy[�z�ca]_WY]µe�p}hbi=TN]_T�TdÖa[�x�nazYTN]�n=Td`_p�e�`bx�T4uFWYg - ¬�/$V6[�XZT�[\iaWYgahµe6gFhbi=T
`bTNzo[�hbWYe6gCe�p8hbi=WY]�na`be��=zYTNx�hbe'WYgahbTdV�`m[��azYT�]lcq]lhbTNx�]N�9,£h���[�]#nq`be6XZT4uBzo[�hbTd`#p�e�`�[
� 2��Ñhbe�`b^a]�hbiaT&sde6x�n=zYTdÖ'sN^q`bXqT

Γ
WY]�e�p×pvWYg=W�hbT&V6TNga^=]�-o¨ Ã ·�/×[�gyu'hbiaWY]�[�zYzYe��}TNu

hbeC[�n=nazYc?hbi=T ��[�¿ZTd`lÀZÐ�¿qiaWYTN«NTd`&pv^ag=sdhbWYe6ga]&hbe?uqTd`bWYXqWYgaVBTdÖqn=zYWYsNW�hµp�e�`bx�^=zo[�]µpve�`
]_^=sNi\hbe�`bW-WYg\hbTd`bx�]�e�p8hbi=T�hm[!p�^=g=s�hbWoe�g=]#e�p

Γ
6vhbi=WY]�nq`be6V�`m[�x ��[�]�`bTN[�zYWY«NT4uC�qc

�+e6�aTNg=¿Ze�WYg -Y¨ Ï {a¨N²�/�8��×©�iaT$TdÖqWo]lhbTdg=sNT�e�p � 2��
]_^a`_pr[�sNTN]×e�p~XZTd`_c�V�TNg=^a]-V�`bT4[QhbTd`
hbiy[�gje6g=T#��[�]�TN]lhm[��=zYWY]_i=T4u��qcjÄ�[�n=e6^azYT4[�]�[�zY]_e��ac'WYx�n=zYWYsNW�h�x�Tdhbiae½uq] - Ï ¨½{ Ï�§ /
[�gyuBhbi=Tµna`be��=zYTNx e�p�TdÖqnazoWYsNW�h�uqTN]_sd`bWYnahbWYe�gHe�p�]_^=sdiC]_^q`_pr[�sdTN]#]lhm[�cq]#e6naTNg��#SkT
`bTNx![�`b¿?hbiy[�h�]_e6x�T�e�hbiaTd`�WYgahbT�`bna`bTdhm[QhbWoe�g"e�p � 2���]_^a`_pv[�sNTN]�Wog
hbTd`bx�]µe�p¢[�g
WogqpvWYg=W�hbTdtwuqWox�Tdg=]_WYe6g=[�z-WYgahbTNV�`m[��azoT�]lca]lhbTdx ��[�]�na`be6nae6]_T4u\WYg - Ï ��/8[�g=u\WY]��=[�]_T4u
e6gjhbiaT�SUTNWYTd`b]lh_`m[�]_]�`bTNnq`bTN]_TNgqhm[�hbWYe6g±�
��gC[�hbe�`b^a]�[!i=e�zoe�x�e�`bnai=WYs�´|^=[6uq`m[QhbWYs�uqWYpÍpvTd`bTdgahbWo[�z×WY]�sNe�g=]lhm[�gqh 6v�}W�hbi\`bTdt

]_n=TNsdh&hbeB[�sNe�gap�e�`bx![�z�ny[Q`m[�x�TdhbTd`
z
8�� 1�WYXZTNg
[ � 2�� hbe�`b^=]N{-�qcCuaWYzo[�hbWYe6g"e�p

hbi=T�]_^q`_pr[�sdTµ[�gyu'[�zYWogaT4[�`�h_`m[�ga]lpve�`bx
z → az

e�p�hbi=T�sNe�gap�e�`bx![�z�ny[Q`m[�x�TdhbTd`4{qW�h
Wo]�[�sNi=WYTNXZT4u'hbi=[�h

Adz2 =
1

2
dz2, H = 1.

,ãg'hbiaWY]�TdXqTdgah$hbi=T91�[�^=]_]ãÀ �+e½ua[�«N«NW�T4´|^y[�hbWYe�g=]$`bT4[6u

uzz̄ + sinhu = 0

�}i=Td`bT
u = 2α

[�g=u
e2αdzdz̄

WY]�hbi=T�x�T�h_`bWosµe6g?hbi=Tµhbe�`b^=]N��©�i=WY]#T4´|^y[QhbWoe�gHWY]

� �



hbi=T#sNe�x�ny[�hbWY�aWozYW�h_c�sNe6g=uaW�hbWYe6gjp�e�`}hbi=T�p�e6zYzYe��}WYg=V!]lcq]lhbTNx
»
∂

∂z
− 1

2

„
−uz −λ
−λ uz

«–
ψ = 0,

»
∂

∂z̄
− 1

2λ

„
0 e−u

eu 0

«–
ψ = 0.

6r³ �48
°�Tdh

Λ
�=T\hbi=T?n=T�`bWoe6uUzÍ[Qh_hbWYsNTHpve�`�hbi=T\hbe�`b^a]N�ËSUTCsNe6ga]_WÍuqTd`�hbiaTCzYWYg=T4[Q`

na`be6�azYTNx

Lψ = ∂zϕ− 1

2

„
−uz 0
0 uz

«
ψ =

1

2

„
0 −λ
−λ 0

«
ψ.

¯qWYg=sNT
L
WY]}[µpvW�`b]lh�e�`muqTd`

2 × 2
twx![Qh_`bW�Ö!e6n=T�`m[�hbe�`4{apve�`¢TdXqT�`_c

λ ∈ C
hbiaT�]lcq]lhbTNx

6r³ � 8�i=[�]![Ch_�}e�tãuqWYx�TNg=]_WYe6g=[�z�]_ny[�sNT
Vλ
e�p#]_e�zY^ahbWYe6ga]j[�gyufhbiaTN]_T�]_n=[�sNTN]�[Q`bT

WogaXq[�`bWo[�gqh¢^agyuqTd`$hbi=T�h_`m[�g=]_zo[�hbWYe�gBe6n=T�`m[�hbe�`b]
bTjϕ(z) = ϕ(z + γj), j = 1, 2,

�}i=Td`bT
γ1
[�gyu

γ2
[Q`bT�V6Tdg=Td`m[Qhbe�`b]�e�p

Λ
��©�i=T�e�n=Td`m[Qhbe�`b] bT1, bT2

{�[�g=u
L
sNe�x�t

x�^ahbTB[�gyu�hbiaTd`bTdpve�`bTCi=[�XZTBsNe�x�x�e6g�TdWoV�TNg=XZTNs�hbe�`b]!�}i=WYsNiÒ[�`bT\V�zo^aT4u�WYgahbe"[
x�Td`be6x�e�`bn=i=WYs�p�^=gasdhbWYe6g

ψ(z, z̄, P )
e6g�[µh_�}e�t£]_i=TdTdhbT4ujsNe�XZTd`bWYg=V

bΓ → C : P ∈ bΓ → λ ∈ C,

`m[�x�W�pvWYT4uF[Qh&n=e6WYgqhb]��}i=Td`bT bTj [�gyu L [Q`bT�g=e�h&uqWo[�V6e�gy[�zoWY«NTNuF]_Wox�^az�hm[�g=Tde6^=]_z�c~�©�i=WY]�hbi=Tµ]lhm[�gyua[�`mu\na`be�sNT4ua^q`bT�pve�`�sNe6ga]lh_`b^=sdhbWYgaV']_naTNsdh_`m[�z8sN^q`bXqTd]�e�p+n=Td`bWYe½uqWYs
e6n=T�`m[�hbe�`b]�- �6²�/ �
©�e�T4[�sNiµnae6WYgah

P ∈ bΓ hbi=Td`bT�sNe�`_`bTN]_nae6g=ua]×[}^=g=Wo´|^=T 6r^=n#hbe¢[�sde6g=]lhm[�gah-x�^az�thbWonazYT 8��1zYe½´|^aTdh¢p�^=gasdhbWYe6g
ψ(z, z̄, P )

�}W�hbi\x�^=z�hbWYn=zYWYTd`b]
µ(γ1, P )

[�gyu
µ(γ2, P )

�
©�i=Tjsde6x�n=zYTdÖHsN^a`bXZT bΓ Wo]µsNe6x�n=[�sdhbW�p�WoTNuf�qcHpve�^a` �wWYgap�WYg=W�hbWYTN] � ∞1

±,∞2
±
]_^=sNi

hbiy[�h ∞1
±
[Q`bT#na`be �lTNsdhbTNujWYgahbe

λ = ∞ [�gyu ∞2
±
[�`bT#nq`be �lTdsdhbT4ujWYgahbe

λ = 0
[�gyu

�}T�x![�c�hm[�¿ZT
ψ
x�Td`be6x�e�`bn=i=WYs8e6g bΓ �}W�hbi�hbi=T�p�e6zYzYe��}WYg=V#Td]_]_TNgahbWo[�zZ]_WYg=V�^=zo[�`bW�hbWYTN][�h}hbi=T �wWYgap�WYg=W�hbWYTN] �	�

ψ(z, z̄, P ) ≈ exp

„
∓λz

2

«„
1
±1

« [�]
P → ∞1

±,

ψ(z, z̄, P ) ≈ exp
“
∓ z̄

2λ

”„ 1
±1

« [�]
P → ∞2

±.

©�i=T#x�^=z�hbWYn=zYWYTd`b]$hbTNg=u�hbe ∞ [�]
λ→ 0,∞ �©�i=T�sNe6x�nazYTdÖ!sN^a`bXZT

Γ
[�uax�W�hb]�hbi=T�WogaXZe6zY^ahbWYe6g'�}i=WYsNi�nq`bTN]_Td`bXZTN]}x�^=z�hbWYn=zYW�t

Td`b]��

σ(λ) = −λ,
„
ϕ1

ϕ2

«
→
„

ϕ1

−ϕ2

«
, σ(∞1

±) = ∞1
∓, σ(∞2

±) = ∞2
∓.

©�i=T!sNe6x�nazYTdÖC´Z^ae�hbWYTNgqhµsd^a`bXZT bΓ/σ WY]&s4[�zYzYT4uHhbiaT�]_n=TNsdh_`m[�z+sN^q`bXZT�e�p�[�� 2��hbe�`b^=]N�
SUT#iy[�XqT

U O��   �.L4��M4�Í� �Ô�=� ���v�q�y� 	��
ϕ �1������� � f�� � � � #/.KF ,/.�4 C[� � ψ = (λϕ2, e

αϕ1)
>

�$#+���"� � �M��� ����� �<�"!$#&%?�)($*�#+���-,/. Dψ = 0 7 �"��� U = Heα

2
= eα

2
=

� :



©�i=^=]¢�}T�iy[�XZT�[�g?[�gy[�z�cZhbWYs�x![�n=n=WYgaV�e�p
Γ
e6gqhbe�hbiaTµ]_naTNsdh_`m[�z8sd^a`bXZTµe�p�[

V6TNgaTd`m[�z+hbe�`b^=]µuaTdp�WYg=T4uFWYg �m³q� ³?]_^asNiHhbi=[�h&hbi=T�x![�nan=WYg=Vjna`bTN]_Td`bXZTN]�hbi=T�x�^az�t
hbWonazYWoT�`b]N�Î©�i=WY]�WYx�n=zYWYTN]jhbiaTN]_T?sNe6x�nazoT�ÖksN^q`bXqTd]jsNe�WogasNWouaTC^=nUhbe"WY`_`bTNua^=sdWo�azYT
sNe6x�nae6g=Tdgahb]N�8©�e6V�Tdhbi=T�`¢�}W�hbi��+e�`be6zYzo[�`_c\¬&hbi=WY]}Wox�nazYWoTd]
U O��   �.L4��M4�Í� �Ô�Z� � �0�Q�-R^�)%$��!$#�4K%$*:!�9/�J, � # �  �O�M,/!2*5����. R

3 %�,/��.K%$�-FG��� 7 �����
����� � 8 ��.H��!$#�4 � �-R^�)%$��!$#�4 %$*:!�9/� Z , � �����D�M,+!�*:� Z F&� � �".H�)F1�".�� f = f =
��� � ��
 � 
��� ��������� 


S3 �8SUT�sde6g=]_WouqTd`�hbiaT�^=gaW�h×]_n=i=T�`bT$Wog
R

4 [�]×hbi=T$°±WYTV�`be6^an
SU(2)

� �1e�`#x�WYg=WYx![�z1]_^a`_pv[�sNTN]#WYg
SU(2)

hbiaT�uqTd`bWYXq[�hbWYe6g=[�z×T4´|^y[QhbWoe�g=]
6l¨ Ã 8$[�gyu'6l¨�¨ 8$[�`bT#]_WYx�n=zYW�pvWYT4uj[�gyu!�}T#e6�qhm[�WYgjhbi=T��¢W�hbsNi=WYgj]lcq]lhbTNx - ®6·�/

∂̄Ψ − ∂Ψ∗ + [Ψ∗,Ψ] = 0, ∂̄Ψ + ∂Ψ∗ = 0.
6£· Ã 8

©�i=T�pvW�`b]lh�T4´|^=[�hbWYe6g�WYx�nazoWYTN]�hbiy[Qh�hbiaT
SL2

sNe6gag=TNsdhbWYe�g A = (∂ + Ψ, ∂̄ + Ψ∗)e6g
f−1(TG)

Wo]#p�zÍ[Qh4� ,wgChbiaWo]�TNXZTNgqh�hbi=T�]_TdsNe6g=uHT4´|^y[QhbWoe�gHWYx�n=zYWYTN]#hbiy[Qh#hbi=WY]
sNe6gag=TNsdhbWYe�g�WY]�T�ÖqhbTdgyuaTNu�hbe�[�g�[�g=[�z�cZhbWYs�pr[�x�WYz�c'e�p1p�zÍ[Qh�sde6g=gaTNsdhbWYe6ga]

Aλ =

„
∂ +

1 + λ−1

2
Ψ, ∂̄ +

1 + λ

2
Ψ∗
«

�}i=Td`bT A = A1
[�gyu

λ ∈ C \ {0} �Ì©�i=^=]��}TBe��ahm[�Wogk[�g �ã°8{ Ð �£t£n=[�W�`��}W�hbi[�]_naTNsdh_`m[�z×n=[�`m[�x�T�hbTd`#[�gyu�hbi=Td`bT�pve�`bT�uaTd`bWYXZTµhbi=[�h¢hbi=WY]�]lcq]lhbTNx Wo]�WogqhbTNV�`m[��=zYT6�
©�i=WY]�h_`bWYsN¿!WY]}V6TNgaTd`m[�z±pve�`¢WYgqhbTNV�`m[��=zYT�iy[�`bx�e�g=WYs�x![�n=]N�
°�Tdh�^=]�uqTdpvWYg=T�hbiaT�]_n=Tdsdh_`m[�z±sN^a`bXZT6�
°�Tdh

Σ
�=TB[Cx�WogaWYx![�z�hbe�`b^a]�WYg

SU(2)
[�g=u�zYTdh {γ1, γ2}

�=T\[?�y[�]_Wo]!pve�`
Λ
� SUT}uaT�pvWYg=T$x![Qh_`bWosdTN]

H(λ)
[�g=u eH(λ) ∈ SL(2,C)

�}i=WYsNi�uaTN]_s�`bWo�aT�hbi=T�x�e�gat
e½uq`be�x�WYTN]�e�p Aλ

[�zYe6gaV�sNzYe�]_T4u'zYe6e�n=]+`bTN[�zYWY«NWYg=V
γ1
[�gyu

γ2
`bTN]_n=TNs�hbWoXZTNz�c~�8©�i=Td]_T

x![�h_`bWYsNTN]�sde6x�x�^ahbT�[�gyu!i=TNgasNT¢i=[�XZT �le6WYgqh}TNWYV6TNgaXqTdsdhbe�`b]
ϕ(λ, µ)

�}i=Td`bT
µ
Wo]�[

`be6e�h¢e�p�hbi=T�sNi=[�`m[�sdhbTd`bWY]lhbWYs&TN´Z^=[�hbWYe6g'pve�`
H(λ)

�

µ2 − TrH(λ) + 1 = 0.

©�i=T#TNWYV6Tdg=Xq[�zY^=Td]

µ1,2 =
1

2

„
TrH(λ) ±

q
Tr 2H(λ) − 4

«

[�`bT'uaTdp�WogaT4uHe�g"[ �¢WYTNx![�g=gF]_^q`_pr[�sdT
Γ
�}iaWYsNi
WY]�[jh_�}e�tw]_iaTNTdhbT4uFsde6XZTd`bWYg=V\e�p

CP 1 `m[�x�W�pvWYT4u
[�h&hbi=T!e6u=uF«NTd`be�]�e�p�hbiaT�pv^=gasdhbWYe6g (Tr 2H(λ) − 4)
[�g=u
[�h

0[�gyu ∞ 6rx�^=z�hbWYn=zYT#«NTd`be�]�[Q`bT&`bTdx�e6XZT4u'�qc'hbiaT#g=e�`bx![�zYWY«4[�hbWYe6g�8���©�i=WY]
Γ
Wo]}hbi=T

]_n=TNsdh_`m[�z�sN^q`bXZT�e�p×[µx�WogaWYx![�z.hbe�`b^a]�WYg
SU(2)

[�g=ujiy[�]}p�WYg=W�hbT#V6TNga^=]N�
Ð¢�=e�XZT+�}T$TdÖqn=e�]_T*��W�hbsNi=WYg � ]1`bTd]_^=z�hb]-�}i=WYsNi�[Q`bT$Xa[�zYWÍu�pve�`+[�zYz=iy[Q`bx�e6gaWos�hbe�`bW

Wog
S3 6vhbi=WY]$WYg=sdzo^=uaTN]+�=e�hbi�s4[�]_TN]$e�p�x�WogaWYx![�z=hbe�`bW±WYg S3 [�g=u�i=[�`bx�e6gaWYs91�[�^a]_]x![�n=]$WYgqhbe

S2 ⊂ S3 87- ®½·�/ �8¾�e��Ò�}T#iy[�XZT�hbe�sde6gap�WYg=T�hbe�x�WYg=WYx![�zyhbe�`bW�WYg S3 �°�Tdh D �=T�hbi=T���WY`m[�s�e6naTd`m[�hbe�`�[�]_]_e�sNWo[�hbT4u'�}W�hbi�hbi=WY]�hbe�`b^a]}[�gyu�hbi=T¢]_n=WYg=e�`
ψ′ V�TNg=T�`m[�hbTN]}hbi=T�hbe�`b^=]}XZWo[µhbi=T�SkTNWYTd`b]lh_`m[�]_]}`bTNna`bTd]_TNgahm[QhbWoe�g���°�T�h¢^a]

L =
1√
2

„
ā −b̄
b a

«
, a = −iψ̄′

1 + ψ′
2, b = −iψ′

1 + ψ̄′
2.

SUT#iy[�XqT
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U O��   �.L4��M4�Í� �Ô� ¦ ���v�q�y� 	�� � �0��e �"�M%2�G�".h��� 8 ��. � *:.K%$����,/.�� ϕ #/!)�_��!$#/.0� � ,/!��1�)F
I$C1�����D�1#2R&RS�". 8

ϕ→ ψ = eα
„

0 iλ
1 0

«
· L−1ϕ

�".��M,3��,�4 *:���-,/.0� , � �����'�<�"!$#&%D�)($*0#/���-,/. Dψ = 0 %�,/!2!����-RH,/.SF/�". 8 �M,3�����b�M,/!2*:� Σ
�". S3 =
Ð¢]8Wog�hbiaT$s4[�]_T�e�p � 2��
hbe�`bW=WYg

R
3 6r]_TNT�[��ae6XZT 81hbi=WY]+
×`be�n=e6]_W�hbWYe6g�hbe�V6TdhbiaTd`�}WYhbi��+e�`be6zYzo[�`_cB¬�WYx�n=zYWYTN]

U O��   �.L4��M4�Í� �Ô�½Å � �0�?�MRH�)%$��!)#�4�%$*:!�9/��, � #[�?�".����1#�4d�M,+!�*:�3��. S3 %�,/�".S%$�-FG���7 ����� ����� � 8 ��.H��!$#�4 � �-R^�)%$��!)#/4�%$*:!29/�_, � ���0�?�M,/!�*:� � #/�����:�"�?%$*:!�9/�?���DFG� � �".K�)F\�".
� f = f � =

�!��� ��+�$!"C?!)�'�&G4��! �E 68&('*)�E/?%& �� 4
©�i=TBn=T�`_hb^a`b�y[QhbWYe6g�e�p#hbi=TjpÍ`bTNTBe6naTd`m[�hbe�`jsde6^=zouf�=TB]_eF]lh_`be�g=VHhbi=[�h�[�gae�hbiaTd`
]_WogaV6^azÍ[Q`bW�hbWoTd]�6rg=e�h'sNe�x�WogaVFp�`be�x(`bTN]_e�gy[�g=sNT?ny[�WY`b] 8!sNe6^azouU[�n=naT4[�`jWYg

Γ
� ,wp

Γnm
WY]&[�zYV�TN�a`m[�Wos�hbiaTNg?�}T��$`bW�hbT!uqe��}gChbiaT�sNe�`_`bTN]_n=e�gyuaWYgaV ��[�¿ZTd`lÀ|Ð¢¿Zi=WYTN«dTd`

pv^=gasdhbWYe6g
ψ(z, z̄, P )

]_^=sdi'hbiy[Qh
¨ 8 Dψ = 0

�
§ 8
ψ
WY]µx�Td`be�x�e�`bnai=WYs�e6g

Γ
[�gyuCiy[�]#hbiaT�pve6zYzYe��}WYgaVH[�]lcax�nqhbe�hbWYsN]&[�h&hbi=T

WogqpvWYg=W�hbWYTN]��

ψ ≈
„
eλ+z

0

« [�]
P → ∞+, ψ ≈

„
0

eλ−z̄

« [�]
P → ∞−

�}i=Td`bT
λ−1
±
[Q`bT�zYe6s4[�z+sNe�e�`muaWYg=[�hbTN]&g=T4[Q` ∞±

{
λ−1
± (∞±) = 0

��SkT�x![�c\n=^qh
λ± = 2πik1

�
©�i=T\pv^=gasdhbWYe6g

ψ
WY]'p�e�`bx�T4uk�qc �1zYe6´Z^aTdh�pv^=gasdhbWYe6ga]

ψ(z, z̄, P )
hm[�¿ZTNgÒ[�h

uaW�p�p�Td`bTNgah}nae6WYgahb]�e�p�hbi=T�]_n=TNsdh_`m[�z.sN^a`bXZT�]_^=sNi�hbi=[�h
ψ
WY]�x�Td`be�x�e�`bn=iaWYs¢[�gyu�iy[�]

hbi=T�[�]lcqx�nahbe�hbWYsN]�[�]�[��ae6XZT6�×©�iaT�p�^=gasdhbWYe6g �ãuq`m[��}] �+hbi=T�sNe6x�nazoT�Ö�sN^q`bXZT
Γψ
e6g

�}i=WYsNi�W�h�WY]�uqTdpvWYg=TNuj]_^=sNi�hbiy[Qh¢gae�e�g=T%�1zYe½´|^=T�h�p�^=gasdhbWYe6g�WY]}sNe6^agahbT4u�h_�}WosdT#Wog
uaW�p�p�Td`bTNgah¢n=e�WYgahb]$e�p

Γψ
�8©�iaTd`bT#WY]�[�sNiy[�WYg�e�p-x![�n=naWogaV6]

Γnm → Γψ → Γ

]_^=sNi�hbiy[�h$hbiaT�sNe�x�n=e�]_WYhbWYe�gje�p�hbi=TNxËWY]�hbiaT�g=e�`bx![�zYWY«4[�hbWYe6gje�p
Γ
[�g=u�hbi=T�pvW�`b]lh

e�p-hbi=TdxËWY]}hbiaT�g=e�`bx![�zYWY«4[�hbWYe�gBe�p
Γψ
�-SUT#i=[�XZT�TNXZWouaTdgah}WYg=T4´|^=[�zYW�hbWoTd]��

pg(Γ) = pg(Γψ) ≤ pa(Γψ) <∞
�}i=Td`bT

pa(Γψ)
Wo]#hbiaT![�`bW�hbi=x�TdhbWYs�V�TNg=^a]&e�p

Γψ
�}i=WYsNi
uqWYpÍpvTd`b]�p�`be�xØhbi=T�V6Tde�t

x�Tdh_`bWYs�V6TNga^=]}e�p
Γψ
�qc!hbi=T�sNe�gah_`bWY�=^qhbWYe6gje�p×]_WYg=V6^azo[�`�n=e�Wogqhb]N�

©�i=T#pv^ag=sdhbWYe6g
ψ
s4[�gB�aT&na^=zYzYT4uj�=[�sN¿�e6gqhbe![�g=e6ga]_WYg=V6^azo[�`¢sN^a`bXZT

Γ
�}i=T�`bT

WYh��}WYzYz�iy[�XqTBT�Ö=[�sdhbz�c
pa(Γψ) + 1

n=e6zYTN]�6vhbi=WY]!pve�zozYe��}]jp�`be�x hbiaTBpvWYg=W�hbT\V½[�n
WogqhbTNV�`m[QhbWYe6gChbiaTNe�`_c�8�� �1e�`�hbi=T���WY`m[�s�e6naTd`m[�hbe�`4{

pa(Γψ)
TN´Z^=[�zY] �£hbi=T&g=^ax��=Td`

e�p×n=e�zYTN]}e�p×W�hb]}g=e�`bx![�zYWo«dT4u ��[�¿ZTd`lÀZÐ�¿qiaWYTN«NTd`}pv^ag=sdhbWYe�g ��x�WYga^=]�e�g=T6�
SUT�[�`_`bWYXZT�hbe�hbi=T¢pve6zYzYe��}WYgaV'sNe�g=sNzY^a]_Woe�g��
• hbi=T ��[�¿ZTd`lÀ|Ð¢¿Zi=WYTN«NT�`&p�^=gasdhbWYe6g ψ uaTdp�WogaTN]#hbi=T ��WYTNx![�gagH]_^q`_pr[�sdT Γψ

Wog
hbi=T'sNzo[�]_]_WYs4[�z¢]_naWY`bW�h�e�p�hbiaT ��WoTdx![�g=g
n=[�naTd`![�]�hbiaT']_^q`_pr[�sNT�e6g"�}i=WYsNi
hbi=TµV6WYXZTNgCp�^=gasdhbWYe6g

ψ
WY]#gy[Qhb^a`m[�zYz�c?uaT�pvWYg=T4u~��©�iaWY]&]_^q`_pr[�sNT�WY]#e6�qhm[�WYg=T4u

� �



p�`be�x
Γ
�ac�n=T�`_pve�`bx�WYgaV�g=e�`bx![�zYWY«4[�hbWYe6ga]�e�p×]_WogaV6^azÍ[Q`bW�hbWoTd]�e6gaz�c'�}iaTNgjhbi=T

uaWYx�TNga]_WYe6g�e�p.hbi=T$]_ny[�sNT}e�p5�1zYe½´|^aTdh×pv^=gasdhbWYe6ga]+[Qh�hbiaT$n=e6WYgqh�WY]�uaTNs�`bT4[�]_T4u
[�pÍhbTd`�hbiaT�g=e�`bx![�zYWY«4[�hbWYe6g�6vp�e�`�WYga]lhm[�g=sdT6{-hbi=WY]&Wo]�hbi=T!s4[�]_T'e�p}`bTN]_e6g=[�g=sdT
ny[�W�`b] 8��

• WYgUuaW�pÍpvTd`bTNgasNT\�}WYhbi Γnm
{$hbiaTBsNe6x�nazYTdÖfsN^a`bXZT

Γψ
V6WYXZTN]'[Fe6g=T�t£hbe�t£e6g=T

ny[Q`m[�x�TdhbT�`bWo«N[�hbWYe6g�e�p8[�zYz �1zoe6´|^=Tdh}pv^ag=sdhbWYe�g=]�6r^=n�hbe�x�^=z�hbWYn=zYTN] 8��
�1e�`¢x�WogaWYx![�zyhbe�`bW±WYg

S3 hbi=WY]}]_W�hb^y[�hbWYe�g�WY]¢TdÖqnazÍ[�WYg=T4u�Wog�uaTdhm[�Woz±WYg)- ®½· /£�
,wp��}T?�}e�^=zouUzYWo¿ZT\hbe"sNe6ga]lh_`b^=sdh�[Hhbe�`b^=]��}W�hbiÒp�WYg=W�hbTC]_naTNsdh_`m[�z#V6TNga^=]�Wog

hbTd`bx�]}e�p-hbi=T�hm[�pv^=gasdhbWYe6ga]��}T�iy[�XZT�hbe��}e�`b¿'�}W�hbi�hbiaT#sN^a`bXZT
Γψ
[�V6[�WYg?[�]}�}T

uaTNx�e�g=]lh_`m[�hbTNu�hbiy[Qh}WYg �m³a� ·µp�e�`}hbi=T �+zYW�p�p�e�`mu�hbe�`b^a]N�
©�i=T�pve�zYzoe��}WYg=V?uaTdp�WYg=W�hbWYe6gFe�p

Γψ
sNe6x�TN]�pÍ`be6x�hbiaT�pvWYg=W�hbT!V½[�nHWYgahbTdV�`m[�hbWYe�g

hbi=TNe�`_c �
• °�T�h D �aT#[µ��WY`m[�s#e6naTd`m[�hbe�`��}W�hbiBuqe6^a�=zYTdt£n=Td`bWYe6uaWYs�n=e�hbTNgahbWo[�zo] U [�g=u V[�g=u�zYTdh

Γψ
�aT�[ �¢WYTNx![�g=g!]_^a`_pv[�sNT 6rnq`be6�y[��=z�c!]_WYg=V�^=zo[�` 8�e�p�pvWYg=W�hbT�[Q`bWYhbiqt

x�TdhbWYs�V6Tdg=^=]
pa(Γψ) = g

�}W�hbiFh_�}e\x![�`b¿ZT4uHgae6g=]_WYgaV6^=zo[Q`�nae6WYgahb] ∞±[�g=u�zYe6s4[�z±n=[�`m[�x�TdhbTd`b]
k−1
±
g=TN[�`+hbiaTN]_T�n=e6WYgqhb]+]_^=sdi�hbiy[�h

k−1
± (∞±) = 0

�
°�T�h

ψ(z, z̄, P )
�=T�[ ��[�¿ZTd`lÀ|Ð¢¿Zi=WYTN«dTd`�pv^ag=sdhbWYe�g

ψ
�}i=WYsNi?Wo]�uqTdpvWYgaT4u?e�g

C × Γψ \ {∞±}
]_^=sNi'hbiy[�h

¨ 8
ψ
WY]#x�Td`be6x�e�`bn=i=WYsµWog

P
e6^qhb]_WouaT ∞± ∈ Γ

[�g=u?i=[�]#nae6zYTN]&[�h
g + 1g=e�g=]_WYg=V�^=zo[�`�nae6WYgahb]

P1 + · · · + Pg+1
�

§ 8
ψ
iy[�]$hbiaT�pve�zozYe��}WogaVj[�]lcqx�nahbe�hbWYsN]}[Qh ∞±

�

ψ ≈ ek+z
»„

1
0

«
+

„
ξ+1
ξ+2

«
k−1
+ +O(k−2

+ )

– [�]
P → ∞+,

ψ ≈ ek−z̄
»„

0
1

«
+

„
ξ−1
ξ−2

«
k−1
− +O(k−2

− )

– [�]
P → ∞−

[�g=u
ψ
]b[QhbWY]lpvWYTN]�hbi=T���W�`m[�s¢T4´|^y[QhbWoe�g Dψ = 0

TNXZTd`_cZ�}iaTd`bT¢e�g
Γψ
TdÖqsNTNnqh

hbi=T �ãWYgqpvWYg=W�hbWYTN] � ∞±
[�gyu'hbiaT�n=e�zYTN]}e�p

ψ
�

SUT#]b[Qc�hbi=[�h
Γψ
WY]$hbi=T �-R^�)%$��!$#�4 %$*:!�9/�D, � # � �".��"��� 8 #�R ,�R^��!$#/�M,/! D �

�1e�`}[#V6Tdg=Td`bWYs¢uaWYXZWo]_e�`
P1 + · · ·+Pg+1

]_^=sNi�[�pv^ag=sdhbWYe�g�WY]�^=g=Wo´|^=T}[�gyu�hbi=T
n=e�hbTdgahbWo[�zY]¢[�`bT�`bTNsNe�g=]lh_`b^asdhbT4u�pÍ`be6xÎW�h��ac�hbi=T�p�e�`bx�^azÍ[�]��

U = −ξ+2 , V = ξ−1 .
6£·Z¨ 8

©�i=T�[�h_hbTNx�nqh±hbe}uqTdpvWYgaT8]_^asNi�[ �¢WYTNx![�g=g¢]_^a`_pr[�sNT8Wog�hbiaT×s4[�]_T×�}i=TNg
pg(Γ) =

∞ x�TNTdhb]}[µzoe�h�e�p×[�gy[�z�cZhbWYs4[�z�uaW�p�p�WYsN^=z�hbWYTN]N�
SUT+`bTdp�Td`-hbe�-Y¨ § ¬4/|pve�`×x�e�`bT+uaTdhm[�WozYT4u&TdÖqn=e�]_WYhbWYe�g�e�p=]_e6x�T+´Z^aTN]lhbWYe6ga]�`bTNzo[�hbT4u

hbe�]_WYg=V6^azo[�`¢]_n=TNsdh_`m[�z�sd^a`bXZTN]N�
SUT�]_TNT�WYg �b³a� ·�hbiy[Qh�pve�`�hbi=T �+zYW�p�p�e�`muChbe�`b^=]

Σ1,1 ⊂ R
4 hbi=Tµn=e�hbTNgahbWo[�z8WY]sNe6ga]lhm[�gah¢[�gyu�hbiaT#]_n=TNs�h_`m[�z±sN^a`bXZT�WY]�[�]_n=iaTd`bT6� 2je�`bTde6XZTd`

pg(Γ) = pa(Γψ) = 0.

��e��}TdXqT�`-hbi=T�nae�hbTNgqhbWÍ[�zZe�p.W�hb]-]lhbTd`bTNe�V�`m[�n=i=WYs$nq`be �lTdsdhbWYe6g�{6�}i=WYsNi�WY]1hbiaT�+zYW�p�pve�`mu
hbe�`b^=]}WYg

R
3 {=T4´|^=[�zY]

U =
sinx

2
√

2(sinx−
√

2)

� v



�}i=Td`bT
x
WY]�e�g=T�e�p±hbi=T�[�gaV6zYT�Xq[Q`bWÍ[��=zYTN]$[�gyu~{|�ac!©�iaTNe�`bTdx�¨ § {Zpve�`}[�g!e6naTd`m[�hbe�`

�}WYhbi'hbi=WY]}n=e�hbTdgahbWo[�z~�}T#iy[�XqT
pg(Γ) = 0, pa(Γψ) = 2.

©�i=Td`bTdp�e�`bT&hbi=T�]lhbTd`bTNe�V�`m[�nai=WYs&na`be �ãTNsdhbWYe6g\e�p8hbiaT	�+zoW�pÍpve�`muBhbe�`b^a]�pÍ`be6x
S3 WYgahbe

R
3 `bTN]_^=z�hb]�WYg'hbi=T�[�n=naT4[�`m[�g=sNT�e�p-]_WYg=V6^azo[�`bW�hbWYTN]�WYg Γψ

�
©�i=WY]¢zYT4[�ua]$hbe�[�g�WYgahbTd`bTN]lhbWYgaV�na`be��=zYTNx �
• �����/	 �"#7	����5���4���
	����!�����	)�����4! 	����5#)8����	��4���<�(*��=6� ��&�� 	 ���:(*# �,! 	��3�

(*! �;	9#)8+�3�4��� S3 ⊂ R
4 �!�- 	��3� #)8����	��4�����6(*��=� ��& �;	�#�#�	)�4�������*�4�:8+� ���

8��4�������	����!'?
SUT¢hbiaWoga¿µhbi=[�h+hbiaT�[�g=]l�}Td`+hbe�hbiaWY]�´|^=TN]lhbWYe�g�WY]$[�]+pve�zYzoe��}]���hbiaT¢nae�hbTNgqhbWo[�zY]

[�`bT�`bTNzo[QhbT4uC�qc\]_e6x�T �7�[�sN¿ZzY^=g=u\h_`m[�g=]lpve�`bx![�hbWYe6g?�}i=WYsNi?zYT4[6uq]�hbe�[�h_`m[�g=]lp�e�`_t
x![�hbWYe6g�e�p�hbiaT�]_n=TNs�h_`m[�z�sN^a`bXZT6��
-`be6�=[��azYcfhbi=T�`bT�WY]'[�gk[�gy[�zYe�V�cf�}WYhbi�]_^=sNi
['h_`m[�ga]lpve�`bx![QhbWYe6gFpve�`µhbiaT!¯qsdia` �e½uqWYg=V6T�`µe�n=Td`m[Qhbe�`&TdÖqn=e�]_T4uHWYg - ¬½· /£�!SUT![�zY]_e
TdÖqn=TNsdh$hbi=[�h}hbi=T�[�g=]l�}T�`�hbeµhbi=T�pve�zYzoe��}WYg=V�´|^=TN]lhbWYe6g'WY]¢nae6]_W�hbWYXqT �

• - � 	����9�"�5�:���4# M(Γ) �& 	��3�9��(*�;	�� 8��,� �4� �5��8 8+�"!��$# &;��� � 	 ��:(6#9�,! S3

�!�-.& �� ��	�# #�	)�4�������$�4��8�� � ��8+�4�������	����! �����,!���� - �/?
©�i=Td`bT#WY]¢[�g=e�hbi=Td`}WYgqhbTd`bTN]lhbWYg=V�nq`be6�=zYTNx �
• ������4�6�	)�4������ 	��3� #)8����	��4����6(*��=�4# �&%	 ����� �,!

R
3 �!3-

R
4 �

�1e�`�hbe�`bW1WYg
R

3 [�gyuBWYg
R

4 hbi=Tµ[�g=]l�}T�`b]�iy[�XZT&hbe��aT�uqWYpÍpvTd`bTdgah4�7,ãgyuqTNT4u~{yW�h��[�]�[�z�`bT4[6uZc�x�TNgqhbWoe�g=T4uµWog -o¨ Ï /=hbi=[�h8hbi=T$]_naTNsdh_`m[�zasN^a`bXZTN]×pve�`� 2��
hbe�`bWaWog
R

3iy[�XZT&hbe'�aT�]_WYg=V�^=zo[�`%6vp�e�`�hbiaTNx hbi=[�h�`bTd]_^=z�hb]#WYg?hbiaT�[�n=n=TN[�`m[�gasNT�e�p�x�^azYhbWYnazoT
�a`m[�gasNiHnae6WYgahb]#�}iaWosdiF[�`bT�h_`m[�g=]lp�e�`bx�T4u?�ac\hbi=T�gae�`bx![�zoWY«4[QhbWYe6gFWYgahbejny[�W�`b]�e�p
n=e6WYgqhb]¢WYgahbT�`bsNiy[�g=V6TNu��ac�hbi=T#iacqnaTd`bTNzYzYWonqhbWYs&WYgaXqe�zY^ahbWYe6g�8�� ��� �¢e��}TNXZTd`�pve�`�hbi=T
�+zoW�pÍpve�`mu�hbe�`b^=]}WYg

R
4 hbi=T�]_n=TNsdh_`m[�z�sd^a`bXZT�WY]}g=e6ga]_WYg=V6^azo[�`4�

	 
 �H��� * � � � �%"+� � &H�)(��+*Q�!� � �
����� 1 +�),)�> <#&( 49?!&(:='�EF 42'*$ 0 6(�% @1 +,)�),> <C&( EF<C$�  �E D
6(?!&( 
©�i=T�SUWYzYzYx�e�`bT�pv^ag=sdhbWYe�gy[�z±pve�`¢sdzoe�]_T4u�]_^a`_pv[�sNTd]¢WYg

R
3 Wo]�uqTdpvWYg=TNu�[�]

W(Σ) =

Z

Σ

H2dµ
6£· § 8

�}i=Td`bT
dµ
Wo]¢hbi=T&Wog=ua^asNT4u\[�`bT4[!pve�`bx e6g\hbi=T&]_^a`_pv[�sNT���,wh���[�]�WYgah_`be½uq^=sNTNu\�qc

SUWYzozYx�e�`bT�WYgHhbiaT�sNe6gqhbTdÖZh&e�p}Xq[�`bWo[�hbWYe�gy[�z�na`be��=zYTNx�] -Y¨4¬6¬4/ �j©�i=Td`bT��}WYhbiFSkWozYz�t
x�e�`bT!��[�]�p�WY`b]lhµ�}i=e?]lhm[�hbT4u"[BV6zYe��y[�z$nq`be6�azoTdx e�p¢hbiaT�sde6gap�e�`bx![�z$V6TNe�x�Tdh_`_c
e�p�]_^a`_pv[�sNTd]N{¢Wr� T6�Ñhbi=T�SUWYzYzYx�e�`bTBsNe�g��ãTNsdhb^a`bTB�}iaWosdi��}T?uaWY]_sN^=]_]!zo[�hbT�`4�¶©�iaT
Õ8^azoT�`lÀZ°�[�V�`m[�g=V6T&T4´|^y[QhbWYe6gjp�e�`}hbi=WY]$pv^ag=sdhbWYe6g=[�z~hm[�¿ZTN]$hbi=T¢pve�`bx

∆H + 2H(H2 −K) = 0

��� ñ ëXo j�j ÷)q1à å�à�á}áãÚ½ÝNÜ8ÛbæjåwÚ|êdå�í�Ý4Þ$åwÝ4Þwà-à�ë R3 M(Γ) ïbÝ4ë6åãêNà�ë½á�êµä½Ý4à�ë6å¢ÝNí×ó#â½ý åãà�ä6ý�à�ïmà å£è�êdå�ý�ÛmêNáwåíÍÝ4â½Þ¢Ý4Þ¢ê�ä|êNà�Þ�ÝNí8æ½Ý4â½ç½ý�Û�ä½Ý4à�ë6åwá�êdå�Ü8Ú½à�ïbÚjåwÚ½Ûµæ6à íÍíÍÛbÞwÛbë6åwàYêNý�á dk1 êNë½æ dk2 ú6êNë½à�áãÚ mÍÚ½ÛbÞ£Û k1 êNë½æ
k2
êNÞ£Û 
�â½êNáãà�ó#Ý4ó#Ûbë6åãê;r_ð s Û#ë½ÝNåwà�ïbÛ�åãÚ|êdå�æ½Ý4Ûbá}ë½ÝNå�ó#ÛmêNë�åwÚ|êdå Γψ

ó#ÛbÛ_åãá�åwÚ½Û#áãêNó#Û�ïbÝ4ë½æ½à åwà�Ý4ë½á�þíÍÝ4Þ8à�ë6áwåãêNë½ïbÛQô6í�Ý4Þ-åwÚ½Û �-ý�à íoíÍÝ4Þwæ�åãÝ4Þ£â½á�à�ë R3 åãÚ6Û�áwä½Ûbï_åãÞwêNý.ïbâ½Þ£ú�Û Γψ
Ú|êNá�ê�ä|êNà�Þ×ÝNí±æ½Ý4â½ç½ý�Û$ä½Ý4à�ë�åãá�êdåÜ8Ú½à�ïbÚ dk1 êNë½æ dk2 æ6Ý�ë½ÝNå×ú½êNë6à�áãÚ�êNë6æ�Ú|êNá×ë½Ý�ó#Ý4Þ£Û$áãà�ë��4â6ýYêNÞ8ä6Ý4à�ë6åãámð

� �



�}i=Td`bT
∆
Wo]�hbiaT�°�[�n=zo[�sNT�À ��TNz�h_`m[�x�W±e6n=T�`m[�hbe�`�e�g�hbiaT�]_^a`_pv[�sNT���¯Z^a`_pv[�sNTN]}x�TNT�h_t

WogaV�hbi=WY]}T4´|^y[QhbWYe6g�[Q`bT�s4[�zYzYT4u'SUWYzYzYx�e�`bT#]_^q`_pr[�sdTN]N�
SUT&`bTdx![�`b¿!hbiy[�h

H = κ1+κ2

2

[�g=u±{.�qc'hbiaT�1�[�^=]_]ãÀ �+e6gag=Tdh�hbi=TNe�`bTNx�{ypve�`
[�sNe6x�n=[�sdh}e�`bWYTNgahbT4u']_^a`_pr[�sNT

Σ
�}WYhbiae6^qh¢�ae6^agyu=[Q`_c��}T#iy[�XqT

Z

Σ

Kdµ =

Z

Σ

κ1κ2dµ = 2πχ(Σ)

�}i=Td`bT
χ(Σ)

WY]+hbi=T�Õ×^=zYTd`�sdiy[�`m[�sdhbTd`bWY]lhbWYs�e�p
Σ
� ��c�[6u=uqWYg=V&[�hbe6n=e�zYe6V6WYs4[�z.hbTd`bx

hbe W �}TBe��ahm[�Wogfhbi=Tjp�^=gasdhbWYe6gy[�z��}W�hbifhbi=T�]b[�x�T�TdÖZh_`bTNx![�zY]![�x�e6g=VCsNzYe6]_T4u
]_^a`_pr[�sNTN]&[�g=uBx![�cB]_WYx�n=zYW�p�cBhbiaT�Xq[�`bWo[QhbWoe�gy[�z8nq`be6�azoTdx��!�1e�`�]_n=iaTd`bTN]�W�h�hm[�¿ZTN]
hbi=T#s4[�]_T��}i=TNg�sde6g=]_WouqTd`bWYg=V�hbiaT�pv^ag=sdhbWYe6g=[�z

cW(Σ) =

Z
(H2 −K)dµ = W(Σ) − 2πχ(Σ)

�}T#sNe6gasNzY^yuaT�hbi=[�h � �
cW =

1

4

Z

Σ

(κ1 − κ2)
2dµ.

SUT�`bTNs4[�zoz±hbiy[Qh�[µn=e6WYgqh}e6gB[�]_^q`_pr[�sNTN]�Wo]�s4[�zozYT4uj[�g *:�1I$�"4 �-% n=e�Wogqh�WYp κ1 = κ2[�h�W�h4��Ð¶]_^a`_pr[�sNT�WY]�sN[�zYzYT4u �M,+�M#�4E4 CY*:�_I$��4 �-% WYp+[�zYz-W�hb]�nae6WYgahb]�[�`bTµ^=x��=WYzYWYsN]N� ��chbi=T���e�nap�hbi=TNe�`bTNx�{a[µhbe�hm[�zoz�cj^=x��=WYzYWYs�]_^a`_pv[�sNT#WYg
R

3 Wo]�[�uqe6x![�Wog'WYgB[µ`be6^agyu]_n=i=T�`bTµe�`#WYg\[�nazÍ[�g=T6� �1e�`�]_n=i=T�`bTN]¢hbiaWo]¢V6WYXZTN]�p�e�`#]_nai=Td`bTN]�[�zoe��}Td`#TN]lhbWYx![QhbT
pve�`�hbi=T¢SUWYzozYx�e�`bT�pv^=gasdhbWYe6g=[�z�[�gyuj[�uaTN]_s�`bWonqhbWYe6g�e�p×[�zYz�W�hb]}x�WYg=WYx![ �

• pve�`�]_n=i=T�`bTN]
W(Σ) ≥ 4π[�g=u W(Σ) = 4π

W�p×[�gyu�e6g=z�c'W�p
Σ
Wo]�[µ`be�^=g=u']_n=iaTd`bT6�

�1e�`¢]_^a`_pr[�sNTN]�e�p-iaWYV6i=T�`¢V�TNg=^a]$hbi=WY]�h_`bWYsN¿juqe6TN]}gae�h$�}e�`b¿.�
©�i=T#pv^ag=sdhbWYe6g=[�z cW ��[�]¢Wogqh_`be½uq^=sNT4u'�ac�hbe!©�i=e6x�]_Tdg'-Y¨ § · /-[�g=u �+zo[�]_sNia¿ZT

-o¨4·�/±�}i=e�s4[�zYzoTNu�WYh}hbiaT�sNe6gqpve�`bx![�z�[�`bT4[�p�e�`}hbi=T�p�e6zYzYe��}WYg=V�`bT4[�]_e6g=]��
¨ 8µhbi=Tj´|^y[�gqhbW�h_c

(H2 − K)dµ
WY]�WYg=Xq[Q`bWÍ[�gah��}W�hbif`bTN]_n=TNs�h�hbeHsNe�gap�e�`bx![�z

h_`m[�g=]lp�e�`bx![QhbWoe�g=]}e�p�hbi=T�[�x��=WYTNgqh$]_ny[�sNT#[�gyu�hbi=Td`bTdp�e�`bT6{aV6WYXZTNgj[µsNe�x�ny[�s�h$e�`bW�t
TNgahbT4u�]_^q`_pr[�sNT

Σ ⊂ R
3 [�gyu�[#sNe�gap�e�`bx![�zah_`m[�g=]lp�e�`bx![QhbWoe�g G : R

3 → R
3 �}i=WYsNi

x![�n=]
Σ
WYgahbe�[�sNe6x�n=[�sdh}]_^q`_pr[�sNT6{=�}T#i=[�XZT

cW(Σ) = cW(G(Σ));

§ 88W�p
Σ
WY]�[#x�WogaWYx![�zq]_^a`_pr[�sNT�WYg

S3 [�gyu π : S3 → R
3 WY]�hbiaT}]lhbTd`bTNe6V�`m[�nai=WYs

na`be �ãTNsdhbWYe6g��}iaWYsNi�x![�na]
Σ
Wogqhbe

R
3 {qhbi=Tdg π(Σ)

WY]¢[&SUWYzozYx�e�`bT#]_^a`_pr[�sNT6�
2je�`bTNe�XqT�`�[�]�W�h�WY]}na`be6XZT4u�WYg'- § ·�/
¬ 8+e6^qhb]_WouaT�^ax��=WYzYWYs�n=e�WYgahb]+hbiaTd`bT�WY]}uaT�pvWYg=T4u�[�´|^=[�`_hbWYs�uqWYpÍpvTd`bTdgahbWo[�z bA(dz)4�}i=WYsNi�WY]}i=e�zoe�x�e�`bnai=WYs#W�p1hbi=T�]_^q`_pr[�sNT�Wo]�[µSkWozYzYx�e�`bT#]_^q`_pr[�sNT �
SUT#TdÖqn=e�]_T�hbi=TN]_T�`bTN]_^az�hb]�WYgjÐ¢n=naTNgyuqW�Ö § �
��c § 8-hbiaTd`bT�[�`bT}TdÖa[�x�nazoTd]8e�p±sNe6x�n=[�sdh8sNzYe6]_TNu�SkWozYzYx�e�`bT}]_^q`_pr[�sdTN]N�×SUT$`bTdt

x![�`b¿�hbiy[Qh-g=e�h8[�zYzqsNe6x�n=[�sdh1SkWozYzYx�e�`bT+]_^a`_pr[�sNTN]8[�`bT+]lhbTd`bTNe6V�`m[�nai=WYs$na`be �lTNsdhbWYe�g=]
e�p×x�WYg=WYx![�z.]_^q`_pr[�sNTN]�Wog

S3 6vhbiaWY]}��[�]$pvW�`b]lh�]_iae��}T4u�pve�`�hbe�`bW±WYg)-Y¨ Ã ¬4/�8��
,wh�p�e6zYzYe��}]-p�`be�x¶¬48±hbiy[Qh1e6^qhb]_WouaT8^=x��=WYzYWYsN]�SkWozYzYx�e�`bT�]_^a`_pv[�sNTN]×[�uax�W�h�[�V�e6e½u

uaTN]_sd`bWYnqhbWoe�g?�}iaWYsNi\Wo]¢]_WYx�Wozo[Q`�hbe�hbi=T&uaTN]_s�`bWonqhbWYe6g\e�p � 2�� ]_^a`_pv[�sNTd]�WYg\hbT�`bx�]
� � Ù8Ú6à�á8à�á×áwà�ó#à�ýYêNÞ�åwÝ�åãÚ½Û$à�ë6áwåãêNë6åãÝ4ëµåãÞ£à�ïbß&Ü8Ú½à�ïbÚ�ý�Ûbæ�åãÝ�ê�æ½à�áãïbÝNú�ÛbÞ£èµÝNí±áãÛbý í�æ6â|êNý=ïbÝ4ë½ë½Ûbï_åwà�Ý4ë½á�ð

� �



e�p�hbiaT¢iae6zYe6x�e�`bn=iaWosdWYh_c!e�p1[&´|^y[�uq`m[�hbWYs���e6nqp1uqW�p�pvT�`bTNgahbWo[�zr����e��}TNXZTd`�hbiaTd`bT�[Q`bT
TdÖa[�x�n=zYTN]�e�p8sNe�x�ny[�sdh¢SkWozYzYx�e�`bT�]_^q`_pr[�sdTN]��}i=WYsNi\TNXZTNgjiy[�XZT�zYWYg=TN]¢sNe6ga]_Wo]lhbWYgaV
e�p×^=x��aWYzoWYsN] -Y¨ Ã / �

��c ¨ 8�hbi=T�x�WYg=WYx�^ax e�p#hbi=TjSUWYzYzYx�e�`bT�p�^=g=s�hbWoe�gy[�z¢WYgkT4[�sNi�hbe�n=e6zYe�V6WYs4[�z
sNzo[�]_]�e�p×]_^a`_pv[�sNTN]�WY]¢sde6gap�e�`bx![�zoz�cjWogaXq[�`bWo[�gqh�[�gyujiaTNg=sdT�uaTNV�TNg=Td`m[QhbT6�8SUT#g=e�hbT
hbiy[�h8hbi=T}TdÖqWY]lhbTNgasNT¢e�p�[�x�WYgaWox�^axÌ�}i=WYsNi�`bTN[�z�tw[�gy[�z�cqhbWYs4[�z.]_^a`_pv[�sNT���[�]+nq`be6XZT4u
pve�`�hbe�`bW}�acf¯ZWox�e�g -o¨�¨Q·�/�[�gyu
pve�`!]_^q`_pr[�sNTN]!e�p�V6TNga^=]

g ≥ 2
�ac �+[�^=T�`�[�gyu

Ä#^a�}Td`_h -Y¨ § /£� �¢TdsNTNgahbz�cµ¯ZsNi=x�Wouqh�na`bTN]_TdgahbT4u#hbi=T�na`be6e�pye�pyhbi=T8pve6zYzYe��}WYgaV�`bTN]_^=z�h �
V6WYXZTNgB[�V6Tdg=^=]�[�gyuj[�sde6gap�e�`bx![�z�sNzo[�]_]�e�p8[�g�e�`bWYTNgqhbT4uj]_^q`_pr[�sdT6{=hbiaT�SUWYzozYx�e�`bT
pv^=gasdhbWYe6g=[�z.[�sNi=WYTNXZTN]8W�hb]�x�WYg=WYx�^ax¶e6g�]_e�x�T�]_^q`_pr[�sNT$�}i=WYsNi![#na`bWYe�`bWax![�cµiy[�XqT
�a`m[�gasNi�nae6WYgahb]×e�`��aT$[��q`m[�g=sdi=T4u&sNe6XZTd`bWYg=V�e�p~[�g�WYx�x�Td`b]_T4u�]_^a`_pr[�sNT9-Y¨6¨6¨ /£�F��WY]
hbTNsNi=gaWo´Z^aT�^a]_TN]$hbi=T¢SkTNWYTd`b]lh_`m[�]_]}`bTNna`bTd]_TNgahm[QhbWoe�g�[�gyu']_e�x�T�WouaT4[�]�p�`be�x -o¨�¨ Ã / �
� T

��`_ca[�gah}]lhm[Q`_hbT4u'hbiaT�na`be�V�`m[�xÂe�p×uqTN]_sd`bWY�=WYg=V�[�zYz±SkWozYzYx�e�`bT�]_n=i=T�`bTN]}�ac�[�nqt
n=z�cqWogaV
hbi=TBpr[�sdh�hbiy[Qh�[QhB["i=e�zoe�x�e�`bnai=WYs?´Z^=[�`_hbWYsCuaW�p�p�Td`bTNgahbWo[�z&e�gÒ[f]_nai=Td`bT
Xa[�g=WY]_i=Td]µ[�gyu~{�hbiaTd`bTdpve�`bT6{1SUWYzYzYx�e�`bT�]_nai=Td`bTd]µ[�uax�W�h�uqTN]_sd`bWYnahbWYe6gHWog?hbTd`bx�]#e�p
[�zYV6TN�q`be�t£V6Tde6x�Tdh_`bWYs&u=[Qhm[ - § ·�/ �×SUT#iy[�XZT

• hbi=T�WYx![�V�Tje�p�[\x�WogaWYx![�z+]_^q`_pr[�sNT�WYg R
3 ^agyuaT�`�[)2je6TN�aWY^=]�h_`m[�g=]lpve�`bx

(x−x0) → (x−x0)/|x−x0|2
Wo]+[�SUWYzozYx�e�`bT¢]_^q`_pr[�sdT�[�gyu�[�gqc�x�WYgaWox![�z

]_^a`_pv[�sNT
Σ
�}WYhbi�nazo[�gy[Q`+Tdgyua]8WY]�x![�n=naT4uµ�qc�[�2je�TN�=WY^=]8h_`m[�ga]lpve�`bx����}WYhbi

hbi=T�sNTdgahbTd`
x0
e6^qhb]_WÍuqT#hbi=T�]_^a`_pv[�sNT6{~WYgqhbe![!]_x�e�e�hbi�sde6x�ny[�sdh�SUWYzozYx�e�`bT

]_^a`_pv[�sNT
Σ′ ]_^=sNi�hbiy[�h

W(Σ′) = 4πn,�}i=T�`bT
n
WY]$hbi=T�ga^=x��aTd`$e�p×nazo[�gy[Q`�TNgyuq]$e�p

Σ
�

��`_ca[�gah+na`be�XqTNu�hbiy[�h�[�zYzySUWYzYzYx�e�`bT�]_n=i=T�`bTN]�[Q`bT92je6Td�=WY^=]�WogaXZTd`b]_TN]�e�p�x�WYgaWox![�z
]_^a`_pr[�sNTN]��}W�hbi\n=zo[�g=[�`�TNgyuq]N{.hbiy[�h�hbi=T&s4[�]_T

n = 1
sNe�`_`bTN]_nae6g=ua]¢hbe�hbiaT&`be�^=gyu

]_n=i=T�`bTN]N{-hbi=Td`bT![Q`bT!g=e�]_^asNiF]_n=iaTd`bTN]��}W�hbi
n = 2

[�gyu
3
{8[�g=uFuaTN]_s�`bWo�aT4uF[�zoz

SUWYzozYx�e�`bT#]_n=i=T�`bTN]+�}W�hbi
n = 4

��°�[QhbTd`}W�h$��[�]}na`be�XqTNu�WYg)-Y¨ Ã ¨ /~hbiy[Qh$SUWYzYzox�e�`bT
]_n=i=T�`bTN]�TdÖqWY]lh�p�e�`�[�zoz-TdXqTdg

n ≥ 6
[�g=uB[�zYz×e½u=u

n ≥ 9
��©�i=TµzoT�p�h�sN[�]_TN]

n = 5[�gyu
7
�}Td`bT�pvWYg=[�zYz�c�TdÖqsNzY^yuqT4u!Wog)- §�Ï / �

©�i=T�SUWYzYzYx�e�`bT#sNe�g��lTdsdhb^a`bT�]lhm[�hbTd]}hbi=[�h
• &;��� 	 ����

W ≥ 2π2

�!�- 	���� � �,�,�"�5������&)(6!��	����!+��<�
	�	 ��,! #5�;	�#.� �,! �,� (6� ��! 	��3�����"�� ����-
	 ��:(6#��!3- �;	�# �,�5�:���4#�(*!�- �4� ���! & ����5����	��4��! #�&;�����5�
	����! #<��&

R
3 �

©�i=T �+zYW�p�pve�`mu�hbe�`b^=]$��[�]�[�zY`bTN[6uqc'WYgah_`be6ua^=sdT4u'WYg �b³a� ·Z�
¯qWYg=sNT�hbi=T�SkWozYzYx�e�`bT�pv^ag=sdhbWYe�gy[�z�Wo]¢sNe6gqpve�`bx![�zYz�c�WYg=Xq[�`bWo[�gah#[�gyujhbiaT#]lhbTd`bTdt

e6V�`m[�n=iaWosµna`be �lTNsdhbWYe�g
π : S3 → R

3 WY]�sNe�gap�e�`bx![�zr{.�}Tµuae!g=e�h#uqWo]lhbWYgaV6^=WY]_iBhbi=T
e�`bWYV6WYgy[�z1SUWYzYzox�e�`bTµsde6g��ãTNsdhb^q`bTµ[�gyu�W�hb]�sNe6^agahbTd`bn=[�`_h�pve�`¢hbe�`bW1WYg

S3 pve�`��}i=WYsNihbi=T�SUWYzYzYx�e�`bT�pv^ag=sdhbWYe�gy[�z±WY]$`bTNn=zo[�sdT4uj�ac

WS3 =

Z
(H2 + 1)dµ, WS3(Σ) = W(π(Σ)).

6£·�¬ 8
SUWYzozYx�e�`bTjWYgah_`be6ua^=sdT4uFi=WY]�sde6g��ãTNsdhb^q`bT'WYg -Y¨4¬6¬4/+�}i=Td`bT�i=T!sNiaTNsN¿ZT4u
W�h�pve�`

`be6^=g=u�hbe�`bW�e�p-`bTNXZe6zY^ahbWYe6g±�
� T i�ÛbÛ 	 ä½ä½Ûbë½æ6à � j ð

� �



,wh�WY]�nq`be6XZT4u�Wog'x![�gqc']_naTNsNWo[�z±s4[�]_TN]��
¨ 8�p�e�`#hb^=�aT&hbe�`bWr{�Wr� T�p�e�`�hbe�`bW×p�e�`bx�T4uB�qcBs4[�`_`_cqWYg=V'[!sNW�`bsNzYT�sNTNgqhbTd`bT4u\[�h�[

sNzYe6]_T4u�sN^q`bXZT}[�zYe6gaV�hbi=WY]×sN^a`bXZT�]_^asNi�hbiy[Qh×hbi=T$sNW�`bsNzYT�[�z���[�cq]8zYWoTd]�WYg�hbiaT$g=e�`bx![�z
n=zo[�gaT6{q�ac�¯Zi=WYe6i=[�x![&[�gyu!©$[�¿a[�V6W -Y¨6¨N³�/�[�gyu��ac�SkWozYzYx�e�`bT�-Y¨4¬�³ / 6rW�p��}T�[6uqx�W�h
pve�`�hbiaTµ`m[6uqWY^=]�e�p+hbi=TµsNW�`bsNzYT�hbe'Xq[Q`_cB�}T�e6�qhm[�WYgHsNi=[�gag=TNz1hbe�`bW×p�e�`#�}iaWosdiChbi=T
sNe6g��lTNsdhb^q`bT���[�]�TN]lhm[��azYWo]_iaT4u�WYg)- ®6¬�/ 8 �
§ 8+pve�`¢hbe�`bW�e�p1`bTNXZe6zY^ahbWYe�g��ac'°�[�g=V�Td`¢[�gyu�¯qWYg=V�Td`9- ² Ï /��
¬ 8~p�e�`�hbe�`bW6sde6gap�e�`bx![�zoz�c#TN´Z^aWYXa[�zYTNgah±hbe

R
2/Γ(a, b)

�}W�hbi
0 ≤ a ≤ 1/2,

√
1 − a2 ≤

b ≤ 1
�}i=Td`bT�hbiaT�zo[�h_hbWYsNT

Γ(a, b)
WY]�V6TNgaTd`m[�hbT4uC�ac

(1, 0)
[�g=u

(a, b)
6 °�W À���[�^

- �Z¨ /�8 �
³ 8�hbi=T$nq`bTNXZWoe�^=]-`bTN]_^azYh8e�p~°�Wa[�g=u��#[�^µ��[�]8WYx�na`be�XqTNu&�qc 2je�gahbWYTNz=[�gyu �¢e�]

�}i=e�TdÖZhbTNg=uaT4u�W�h�hbe&hbi=T#s4[�]_T `
a− 1

2

´2
+ (b− 1)2 ≤ 1

4

- � Ï /��
·48�p�e�`µhbe�`bW+WYg

S3 �}i=WYsNif[�`bT!]lcqx�x�Tdh_`bWYs�^=g=uaTd`�hbi=T�[�gahbWYn=e6u=[�z�x![�nan=WYg=V
6 �¢e�]�-Y¨ Ã ²�/�8��
® 8$]_WogasNT#W�h}��[�]¢[�zY]_e!na`be6XZT4u��ac'°�W�[�g=u��#[�^'hbi=[�h�W�p8[�]_^a`_pv[�sNT�iy[�]�[�]_TNz�p�t

WogqhbTd`b]_TNsdhbWYe�g?nae6WYgah}�}W�hbiBx�^=z�hbWYn=zYWYsNW�h_c
n
hbi=Tdg W ≥ 4πn

- �q¨ / {yhbiaT#sNe6g��lTNs�hb^a`bT
Wo]}nq`be6XZT4u�p�e�`�hbe�`bW~�}W�hbi�]_TNz�pvWYgahbT�`b]_TNsdhbWYe6ga]N�
¯qe6x�T�e�hbi=T�`¢n=[�`_hbWo[�z~`bTN]_^azYhb]}�}Td`bT#e��ahm[�WYgaT4ujWYg)- Ï {±¨ §�Ï / �
SUT�[�zY]_e�x�TdgahbWYe6gBhbi=Tµny[�n=Td` -Y¨N¬q¨ /×�}i=Td`bT&hbi=Tµ]_TNsNe6g=uCXq[�`bWo[QhbWoe�gCp�e�`bxØe�p

W pve�`�hbiaT��+zYW�p�pve�`mu�hbe�`b^=]1��[�]�sde6x�n=^qhbT4u&[�gyuµWYh-��[�]�nq`be6XZT4u�hbiy[�h×hbiaWo]1p�e�`bx WY]
g=e6gqt£g=TNV6[�hbWYXZT6�×©�i=T}]_TNsde6gyuµXa[Q`bWo[�hbWYe6g�p�e�`bx�^=zo[�p�e�`�V6TNgaTd`m[�zqSUWYzozYx�e�`bT�]_^q`_pr[�sNTN]
��[�]�e6�ahm[�WYg=T4ujWYg�- ����/ �
,ãgjV�TNg=T�`m[�z�sN[�]_T#hbi=T�sde6g��ãTNsdhb^q`bT#]lhm[�cq]}e6n=Tdg��
SUTj]_i=[�zYz�uaWY]_sN^=]_]�]_e�x�T'`bTNsdTNgah![�n=nq`be½[�sdi�[�n=n=zYWYT4u"WYg -Y¨6¨ Ã /�WYgfhbiaT'gaTdÖZh

ny[�`m[�V�`m[�n=i��
��c 6£·�¬ 8�{�hbi=T�pve6zYzYe��}WYgaV
sNe6g��lTNsdhb^q`bT�WY]![C]_naTNsNWo[�z}s4[�]_T6{$e�p¢hbi=T�SUWYzozYx�e�`bT

sNe6g��lTNsdhb^q`bT6{=�}iaWYsNiB[�zY]_e�]lhm[Qca]}e�n=TNg �
• &;���'� �,! �"�5����	 ���� �,! S3 	��3� =����(*�����,# �
��(6!3- ��-�& �4��� ���4���$� ��� 2π2 ��!3-
�
	�	 ���,! # �;	�# � �,! �"��(*� �! 	���� ���,� � ����- 	 ��:(6# �"! S3 �

��c'hbiaT�°�W À���[�^jhbiaTNe�`bTdx�e�g�]_^a`_pv[�sNTd]��}W�hbi�]_TNz�p�WogqhbTd`b]_TNsdhbWYe�g=]�hbiaWo]}sNe�g��ãTNsdt
hb^a`bT�pve�zYzoe��}]¢pÍ`be6xËhbi=T¢pve6zYzYe��}WYgaV'sNe�g��ãTNsdhb^a`bT#�qc���]_Wo[�gaV�[�g=uj°�[Q�}]_e6g �

• 	��3� ���"�� ����- 	 ��:(*# �,# 	��3� ��! � � � �,! �,�5��0	 ��:(6# �4� ����- - ��- �,! S3 �
¯qWYg=sNT&[�iae6zYe6x�e�`bn=iaWos&´|^y[Q`_hbWYs�uaW�p�p�Td`bTNgahbWo[�z1e6gB[�hbe�`b^=]�iy[�]�sde6g=]lhm[�gah¢sNe6T�p�t

pvWYsNWYTNgahb]N{�hbi=Td`bT�[�`bT�h_�}e'e6n=nae�`_hb^ag=W�hbWYTN]���W�h�Xq[�gaWo]_iaTN]#e�`�W�h#TN´Z^=[�zY]
c(dz)4, c =

const 6= 0
�

,ãg�hbi=T�p�W�`b]lh�s4[�]_T�[�hbe�`b^a]¢WY]�e6�qhm[�WYg=T4uB[�]�[%2je�TN�=WY^=]¢WYx![�V6T�e�p+[�x�WYgaWox![�z
hbe�`b^=]��}W�hbiUn=zo[�gy[�`�TNg=ua]N� �1e�`�TNXZWouaTNgqh�`bT4[�]_e�g=]'WYh�WY]!sNzYT4[�`�hbiy[Qh!hbi=Td`bT\[Q`bT
g=e"]_^=sNikhbe�`bW¢�}W�hbi

n = 1
[�gyu

2
TNg=ua]N� ©�i=T\s4[�]_T

n = 3
��[�]'TdÖqsNzY^yuaTNu

�ac\Ä#^=]_gaTd`#[�gyuC¯qsNiax�W�h_h¢�}iae�[�zY]_e'sNe6ga]lh_`b^=sdhbT4u\TdÖa[�x�nazYTN]��}W�hbi
n = 4

- ²½·�/ �
�1WY`b]lh�TdÖa[�x�n=zYTN]�e�p�x�WYg=WYx![�z�`bTdsdhm[�gaV6^=zo[Q`�hbe�`bW$�}WYhbifpve�^a`!n=zo[�gy[�`!Tdgyua]��}T�`bT
sNe6ga]lh_`b^=sdhbT4uC�ac �+e6]lhm['- ¬q¨ / � �¢TNsdTNgahbz�cH¯qi=[�x![�TdX?sde6g=]lh_`b^asdhbT4uH]_^asNiHhbe�`bW�pve�`
[�zYz|TNXZTNg

n ≥ 6
-Y¨�¨4¬4/ �F�¢e��}TNXZTd`�WYh�zYe6e�¿q]�p�`be6xÒhbi=T×sNe�g=]lh_`b^asdhbWYe6g#hbiy[Qh�WYg�V6TNgaTd`bWYs

s4[�]_T�hbi=TN]_T$hbe�`bW~uqe#g=e�h�iy[�XZT��q`m[�gasNi�n=e�Wogqhb]�hbi=[�h8��[�]+`bWYV6e�`be6^a]_zYc!nq`be6XZT4u�e�g=z�c
pve�`

n = 6, 8
{=[�g=u
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�

,ãg!hbi=T�]_TdsNe6g=u�s4[�]_T�hbi=T �+e½ua[�«N«NW~h_cqn=T�T4´|^y[QhbWoe�g=]+p�e�`$SUWYzYzYx�e�`bT�hbe�`bW.�}WYhbiqt
e6^ah�^=x��=WYzYWYsN]�sde6WYg=sNWouqTµ�}W�hbi?hbiaT&p�e6^q`_twn=[�`_hbWYsNzYT�©�e6u=[!zÍ[Qh_hbWYsNT - ³6³y{8��/ � � a ©�iaT
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hbi=Tdhm[�pve�`bx�^=zo[�]}pve�`#]_^=sdi�SUWYzozYx�e�`bT�hbe�`bW-[�`bTµuaT�`bWoXZT4u�WYg - ��/��ac�^a]_WYg=V ��[�¿ZTd`lÀ
Ð¢¿Zi=WYTN«NT�`$pv^=gasdhbWYe6ga]}`bTdzÍ[QhbT4ujhbeµhbiaWY]¢©�e6u=[�zo[�h_hbWYsNT��
Ð¢g=e�hbi=Td`�sNe6ga]lh_`b^=sdhbWYe6gCe�p�SkWozYzYx�e�`bTµhbe�`bW×�ac\x�Tdhbiae½uq]�e�p+WogqhbTNV�`m[��=zYT�]lcq]lt

hbTNx�]���[�]�na`be�n=e6]_TNujWYg)- ·�²�/ �
�1e�`B]_^q`_pr[�sdTN]je�p�iaWoV�i=Td`jV6TNga^=]!hbi=T?s4[�g=uaWou=[QhbTN]'p�e�`'hbi=T\x�WYg=WYx![He�p&hbi=T

SUWYzozYx�e�`bT�pv^=gasdhbWYe6g=[�z��}T�`bT#na`be6nae6]_T4u'�ac�Ä#^=]_gaTd`9- ²�³4/ �
©�i=Td`bT�WY]�hbi=T'sNe6g��lTNs�hb^a`bTjhbi=[�h�p�e�`!hbe�`bW}WYg

R
4 hbi=TjSkWozYzYx�e�`bT'pv^=gasdhbWYe6g=[�z

R
|H|2dµ [�h_hm[�WYga]�W�hb]�x�WYg=WYx�^=x e6gBhbi=T �+zYWYpÍpve�`mu?hbe�`b^a]�WYg R

4 {~Wr� T6��hbiaT�na`be½uZt^=sdh�e�p�h_�}ejsNW�`bsNzYTN]&e�p+hbi=T�]b[�x�T�`m[6uqWYW76r]_TNT -o¨N¬½·a{×¨4¬�®�/�8µ��¯qWYgasNT�hbi=WY]�hbe�`b^=]#WY]
°�[�V�`m[�gaV6Wo[�g�hbi=T�zÍ[�]lh}sNe6g��lTNs�hb^a`bT�WY]+�}TN[�¿ZTNg=TNu!�qc![�]_]_^ax�WYg=V#hbiy[Qh+hbi=T �+zYW�p�pve�`mu
hbe�`b^=]�WY]+hbi=T�x�WYg=WYx�^=x¶p�e�` W WYg�[#]_x![�zYzYTd`$sNzo[�]_]+e�p�°�[�V�`m[�gaV6Wo[�g!hbe�`bWr�8©�iy[Qh$WY]
uaWY]_sN^=]_]_TNujWYg'- �6®�/±�}i=Td`bT#W�h�WY]}na`be6XZT4u!hbiy[Qh W [�sNiaWYTNXZTN]}WYhb]}x�WYg=WYx�^axË[�x�e�g=V
°�[�V�`m[�gaV6Wo[�g�hbe�`bW�e6g']_e6x�T�`bT4[�zYzYcZtw[�g=[�z�cZhbWYs4[�z±hbe�`b^=]N�
SUTjuqeBg=e�h�uqWo]_sd^=]_]�hbi=T!V6TNgaTd`m[�zYWY«4[QhbWoe�g�e�p}hbi=T�SUWYzYzox�e�`bT�p�^=gasdhbWYe6gy[�z+pve�`

]_^a`_pr[�sNTN]�WYgB[�`b�aWYh_`m[Q`_c ��WYTNx![�gag=Wo[�g�x![�gaW�pve6zouq]}�}iaWYsNi�WY]
Z

(|H|2 + bK)dµ

�}i=Td`bT bK WY]8hbiaT�]_TNsdhbWYe�gy[�zasN^a`bXq[Qhb^a`bT�e�p.hbi=T$[�x��=WYTNgah×]_n=[�sNT}[�zYe6g=V�hbiaT+hm[�gaV6TNgqh
n=zo[�gaT�hbe'hbiaT�]_^a`_pv[�sNT6��©�i=T�´|^y[�gahbW�h_c

(|H|2 −K + bK)dµ
WY]#WYg=Xq[�`bWo[�gqh#�}W�hbi

`bTN]_n=TNs�h�hbe�sNe6gqpve�`bx![�z±h_`m[�g=]lp�e�`bx![�hbWYe�g=]�e�p1hbiaT�[�x��=WYTNgqh$]_ny[�sNT - ¬ Ã / �
,ãg�-Y¨N³4/8[�g=e�hbiaTd`�V�TNg=T�`m[�zYWY«4[�hbWYe6gHe�p8hbi=T�SUWYzozYx�e�`bTµpv^ag=sdhbWYe�gy[�z1p�e�`#]_^q`_pr[�sNTN]

Wog?hbia`bTNT�tãuqWYx�TNg=]_WYe6g=[�z8°�WYT�V�`be6^an=]�WY]#na`be6nae6]_T4u~� ,wh�WY]��y[�]_T4uCe�gChbiaT�]_n=TNs�h_`m[�z
hbi=TNe�`_c�e�p#��W�`m[�sBe�n=Td`m[Qhbe�`b]!sNe�x�WogaVHWYgahbe?SUTNWYTd`b]lh_`m[�]_]�`bTNnq`bTN]_TNgqhm[�hbWYe6ga]�6r]_TdT
[�zY]_e �d·Z� ·�8��
SUTj[�zY]_eCi=[�XZT�hbe?x�TdgahbWYe6gFhbiaT!SkWozYzYx�e�`bT!pvzYe��Â�}i=WYsNi
WY]�]_WYx�WYzÍ[Q`�hbeBhbi=T

x�T4[�g�sd^a`bXq[�hb^q`bT�pvzYe��Ò[�gyu�uqTNsd`bT4[�]_TN]�hbiaT}Xa[�zY^=T}e�p W 6r]_TdT}hbiaT}ny[�naTd` - ²�®�/.[�gyu
`bTdpvTd`bTdg=sNTN]}hbi=T�`bTNWYg 8��
SUT?p�WYg=WY]_iÑhbiaWY]'n=[�`_h��qcU[F`bTNx![Q`b¿�e6gÒsNe�g=]lh_`m[�WogaT4ukSUWYzYzox�e�`bTC]_^q`_pr[�sNTN]

�}i=WYsNiÒ[�`bT�{¢�qc�uaTdp�WogaW�hbWoe�g�{�sd`bW�hbWYs4[�z�n=e6WYgqhb]'e�p#hbi=T�SUWYzYzYx�e�`bTBpv^ag=sdhbWYe6g=[�z�`bTdt
]lh_`bWos�hbT4u�e6gqhbe�hbi=T�]_ny[�sNT�e�p8]_^a`_pv[�sNTN]��}W�hbi�hbi=T�]b[�x�T#sNe�gap�e�`bx![�z�h_canaT6� ,£h}��[�]
pvW�`b]lh�e��=]_Td`bXZT4u'�ac'°�[�g=V6T�`�hbi=[�h�sNe�x�ny[�s�h¢sde6g=]lhm[�gah�x�T4[�gjsN^q`bXa[Qhb^a`bT�]_^q`_pr[�sNTN]
Wog

R
3 [Q`bT}sNe6ga]lh_`m[�WYg=T4u�SkWozYzYx�e�`bT}]_WYg=sdT}p�e�`8hbi=TNxÔhbiaT 1�[�^=]_]8x![�n�Wo]8iy[Q`bx�e6gaWos

-o¨ Ã ³ / �×SUT�`bTdp�Td`�pve�`}hbiaT��y[�]_Wosd]¢e�p1hbi=T�hbiaTNe�`_c�e�p1]_^=sNi�]_^q`_pr[�sNTN]}hbe - § ³ / �
��� � � �! E 69&5'�) E/?%& �� 4 '*$!0 6(�% 1 +�),)�> <#&( EF<C$�7 E 68?!&( 
Ð¢]jW�h'WY]�]_i=e��}T4uUWog -Y¨�¨4®4/#WYgkhbTd`bx�]�e�p�hbi=T\nae�hbTNgqhbWÍ[�z

U
e�p�[FSUTdWoT�`b]lh_`m[�]_]

`bTNna`bTN]_Tdgahm[�hbWYe�g�e�p8[µhbe�`b^=]}WYg
R

3 hbiaT�SUWYzYzox�e�`bT�pv^ag=sdhbWYe6g=[�z±WY]

W = 4

Z

M

U2dxdy.

¯qe�W�h�x�T4[�]_^q`bTN]�hbi=T�n=Td`_hb^q`b�y[�hbWYe�g�e�p1hbiaT�p�`bTdT&e�n=Td`m[Qhbe�`4�
SUT�`bTNs4[�zoz±hbiy[Qh�hbiaT�SUWYzYzYx�e�`bT#sNe�g��lTdsdhb^a`bT#]lhm[QhbTN]�hbi=[�h$hbiaWo]$p�^=g=s�hbWoe�gy[�z�pve�`

hbe�`bW¢[�h_hm[�WYga]'W�hb]!x�WYg=WYx�^=x [�h!hbi=T��+zoW�pÍpve�`mukhbe�`b^=]�pve�`��}iaWYsNi�hbi=T'SUWYzozYx�e�`bT
pv^=gasdhbWYe6g=[�z�TN´Z^=[�zY]

2π2 �¯Zhm[�`_hbWYgaV�pÍ`be6x hbi=T}e6�a]_Td`bXq[�hbWYe6g�hbiy[Qh+hbiaT}SkWozYzYx�e�`bT}pv^ag=sdhbWYe�gy[�z.WY]8hbi=T$pvW�`b]lh
WogqhbTNV�`m[�z~e�p�hbiaT¢x�¾¢ÁkpvzYe��U�}iaWYsNijuqTdpve�`bx�]+hbe�`bW.WYgqhbe&hbe�`bW.na`bTN]_Td`bXZWYg=V�hbi=T¢sNe6gqt
pve�`bx![�zysNzo[�]_]36r]_TNT ��¬q�Y¨ 8-�}T¢WYgqh_`be½ua^asNT4u�WYg�¨����½·�hbi=T�p�e6zYzYe��}WYg=VµsNe6g��lTNsdhb^q`bT�6r]_TdT
-o¨�¨4®4/�8 �
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,wh���[�]$�y[�]_TNu�e�g�hbiaT�[�]_]_^=x�nahbWYe�g�hbi=[�h$[&x�WYg=WYx�^=xÔe�p1]_^=sdij[�Xq[�`bWo[�hbWYe6g=[�z
na`be6�azYTNxÔWY]8gae6g=uaTNV�TNg=Td`m[QhbT}[�g=u&hbi=^a]-iy[�]1hbe��=T�]lhm[��=zYT��}W�hbi�`bTN]_naTNsdh×hbe�]_e�zoW�hbe�g
uaTdp�e�`bx![�hbWYe�g=]��}i=WYsNiC[�`bTµV6e�XqT�`bg=T4u\�acBTN´Z^=[�hbWYe6ga]�p�`be�x hbiaT�x�¾�ÁÔiaWYTd`m[�`bsNiqc
[�gyu��}iaWYsNi#na`bTN]_T�`bXqT×hbi=T-Xq[�zo^aT�e�pZhbi=T1SUWYzYzYx�e�`bT×pv^=gasdhbWYe6g=[�zr� ��c�]_e6zYW�hbe6g�hbi=TNe�`_c
hbi=TN]_T\T4´|^y[QhbWYe6g=]'[�`bT\zYWYg=T4[Q`bWY«NT4uke6gkhbiaT�
½[�sde6�=W�Xa[Q`bWYTdh_c�e�p#hbi=TBgae�`bx![�zYWY«NT4u
]_n=TNsdh_`m[�z1sN^q`bXqT&[�gyu�V6Tdg=Td`bWYs4[�zoz�c�hbiaTN]_T&zoWYgaT4[�`¢pvzYe��}]�]_n=[�g�hbiaWo]�
½[�sNe6�aW-Xa[Q`bWYTdh_c
�}i=WYsNi
WY]�[�g"Ð¢�aTNzYWÍ[�g
Xq[�`bWYTdh_cCe�p�sNe6x�nazYTdÖFuqWYx�TNg=]_WYe6g

pg(Γ)
e�`µ]_e6x�T�
-`_cqx

]_^=�=Xq[Q`bWoT�h_c'e�p-hbi=T
6[�sNe��=W�Xq[Q`bWoT�h_c±�
,whb]$V6Tde6x�Tdh_`bWYs4[�z1[�g=[�zYe6Vµ��[�]$pve�`bx�^=zo[�hbT4u�WYg)-Y¨6¨N²4/±�}iaTd`bT��}T�WYgah_`be6ua^asNT4uj[

g=e�hbWYe�g�e�p-hbiaT�]_n=TNs�h_`m[�z±V6TNga^=]}e�p×[&hbe�`b^=]�[�]
pg(Γ)
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3 � 	��3� � �,! �"�5���&<	������ �,�"�,�5�����
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,ãg -Y¨6¨N²4/a�}T}nq`be6n=e�]_T4uµhbiaT�pve6zYzYe��}WYgaVµTdÖqnazÍ[�gy[QhbWoe�g�hbe�hbi=T$zYe��}Td`��ae6^=g=ua]-pve�`
W �#p�e�`�]_x![�zYz8n=Td`_hb^q`b�y[QhbWoe�g=]�e�p�hbi=T�«NTd`bejnae�hbTNgqhbWo[�z

U = 0
hbi=T�SkTNWYTd`b]lh_`m[�]_]

`bTNna`bTN]_Tdgahm[�hbWYe�gHV6WYXZTN]�^=]�n=zo[�gaTN]��}i=WYsNiHuaejgae�h#sde6g=XZTd`_h�Wogqhbe'hbe�`bW�[�gyu~{�]_WYg=sdT
pve�`�]_^q`_pr[�sNTN]#WYg

R
3 hbiaT&SUWYzYzYx�e�`bT&pv^=gasdhbWYe6g=[�z×WY]�hbi=T&]b´|^y[�`bTNu L2

t£g=e�`bx e�p
U
{

hbi=T�zoe��}Td`}�=e�^=g=u!]_iae��}]�iae��Uzo[Q`bV6T#[�n=Td`_hb^q`b�y[QhbWoe�g!e�p�hbiaT¢«dTd`beµnae�hbTNgqhbWo[�z.iy[�]
hbe��=T�hbe&pve�`bsdT�hbiaT�n=zo[�g=TN]$hbe�sNe�g=XZTd`_h�WYgahbe&hbe�`bWr�
©�i=T�]lh_`m[QhbTNV�cjhbe�nq`be6XZT�hbi=T�SUWYzozYx�e�`bTµsNe�g��ãTNsdhb^a`bT�[�pÍhbTd`#na`be�XZWogaV�hbi=T&zÍ[�]lh

sNe6g��lTNsdhb^q`bT�WY]�hbe�s4[�zYsN^=zo[�hbT¢hbi=T�Xq[�zo^aTN]$e�p�hbi=T�SUWYzozYx�e�`bT¢pv^ag=sdhbWYe�gy[�z~pve�`$hbe�`bW~e�p
hbi=T}x�WYg=WYx![�zq]_n=TNs�h_`m[�zyV�TNg=^a]76r�qc�^a]_WogaV#hbi=T�pve�`bx�^=zo[ 6r³6³ 8×e�`��acµe�hbiaTd`�x�T4[�ga] 8
[�gyu�hbe�sNiaTNsN¿!hbi=T�SUWYzYzYx�e�`bT#sNe�g��ãTNsdhb^a`bT��
SUT�[�z�`bT4[6uZc\x�TNgahbWYe6gaT4ujWYgBhbi=WY]¢hbT�Öqh�hbi=T&ny[�n=Td`�-Y¨6¨ Ã /-�acB¯qsNiax�WÍuZh4�¢©�i=WY]

ny[�naTd`�sNe6gqhm[�WYg=]'[F]_Td`bWYTN]'e�p�WYx�n=e�`_hm[�gah�`bTd]_^=z�hb]N� � � �1e�`'e6^q`'WYgqhbTd`bTN]lhb]!�}T
TdÖqn=e6]_T�e6g=z�c�hbiaT¢`bTN]_^azYhb]�`bTdzÍ[QhbT4u�hbe&hbi=T�[�]lcqx�nahbe�hbWos¢�=TNi=[�XZWYe�`$e�p1hbi=T¢]_n=TNs�h_`m[�z
sN^a`bXZT6�¢Ð¢z�hbiae6^=V�iB^=gqhbWoz±`bTNsNTNgqhbz�cj�}TµuaWou�g=e�h�V�e�hbiq`be6^=V�i\[�zYz-uqTdhm[�WYzY]�e�p7-Y¨6¨ Ã /
�}T#iy[�XZT�hbe�]b[Qc!hbiy[�h
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hbiy[�h
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R
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=����(
� ��& pa(Γψ) �

©�i=WY]�sNe6g��lTNsdhb^q`bT![�zY]_ejp�WYhb]�WYgHhbiaT�]_e6zYW�hbe6g"[�n=nq`be½[�sdiH]_WYg=sNT�hbiaT�[�u=uaW�hbWYe6g=[�z
uaTd`bV�TNTN]je�pµpÍ`bTNT4uqe6x(sNe6x�WYg=VFpÍ`be6x

pa(Γ) − pg(Γ)
6re�`j]_e�x�TCn=[�`_h'e�p&W�h4{�WY]

hbi=T�p�zoe��}]�[Q`bT�zYWYg=T4[Q`bWo«dT4uHe6g?hbi=T 
-`_cqx�Xq[�`bWYTdh_c�8�[�zo]_eBsde�`_`bTN]_nae6gyu\hbej]_e�zoW�hbe�g
uaTdp�e�`bx![�hbWYe�g=]N�

� � ñ ë¢åwÚ½à�á~ä|êNä½ÛbÞ�à å~à�á±êNý�áwÝ+ä½Þ£ÛbáãÛbë6åwÛmæ�ê�ä½ÞwÝ4ÝNíqÝNí|åwÚ½Û1í�êNïbå~åwÚ|êdå±åãÚ½Û-áwä½Ûbï_åãÞwêNý �4Ûbë½â½á±ÝNíqê+ïbÝ4ë½áwåwÞãêNà�ë6Ûmæs à�ý�ý�ó#Ý4ÞwÛ�åwÝ4Þ£â½á1à�ë R3 à�á~í�à�ë½à åwÛ4ð 	 ë½ÝNåwÚ½ÛbÞ�ä6ÞwÝ4ÝNíqÜ�êNá�ä½Þ£ÛbáãÛbë6åwÛmæ�ç6èbl�Þ£à�ïmÚ6Ûbú�ÛbÞ�mÍâ½ë½ä½â6ç½ý�à�áãÚ½Ûbæ:rlð±Ù×Ú½à�áí�êNïbå�à�á8ë½Ý4ë6åwÞwà ú�àYêNý~Ûbú�Ûbë�í�Ý4Þ s à�ý�ý�ó#Ý4ÞwÛ�åwÝ4Þwà.ç6ÛmïmêNâ½áwÛ�åwÚ½Û}åãÞ£à�ïbßµÜ8Ú½à�ïbÚ�â½áwÛbá+áãÝ4ý�à åwÝ4ë�åwÚ½ÛbÝ4Þ£è�êNë½æ�Ü�êNáêNä½ä½ý�à�Ûbæ�à�ëYo õ�p6ô j ÷�p)q.åãÝ#Ú|êNÞ£ó#Ý4ë½à�ï}åãÝ4Þ£à.à�ë S3 êNë½æ�ïbÝ4ë½á£ålêNë6å�ó#Û�êNëµïbâ½Þ£ú6êdåwâ½ÞwÛ¢åãÝ4Þ£à~à�ë R3 mÍáãÛbÛ¢êNý�áãÝ
o j k$q�r1æ½Ý4Ûbá�Ü8Ý4Þ£ß�ë½ÝNå8í�Ý4Þ�êNý�ý=åwÝ4Þwàvð ñ å�à�á8êNä½ä½ý�à�Ûbæ�Ý4ë½ý è&åwÝ�åãÝ4Þ£à.æ½ÛbáãïbÞ£à�ç½Ûbæ�ç6èµåwÚ½Û}í�Ý4â6Þ£ürä½êNÞ£åwà�ïbý�Û�Ù×Ý4æ|êýYêdå£åãà�ïbÛ�Ü8à åãÚ6Ý4â6å+â6ó#ç½à�ý�à�ï+ä½Ý4à�ë�åãá�êdå×Ü�Ú6à�ïmÚ eβ = 0 mÍáãÛbÛ 	 ä½ä½Ûbë½æ½à � �;r_ð
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��c�e�^a`¢e6n=WYgaWoe�gBhbi=TN]_T�sNe�g��lTdsdhb^a`bTN]�[�`bT�WYgahbTd`bTd]lhbWogaV!�ac�hbi=TNW�`¢e��}g\x�T4[�ga]N�
SUT8`bTdx![�`b¿¢hbi=[�h�na`be�e�pv]�e�pZhbi=T8zo[�]lh�h_�}e}e�pahbiaTNxUhbe6V6T�hbi=Td`��}WYhbi�s4[�zYsN^=zo[�hbWYe�g=]-e�p
hbi=T�Xq[�zY^aTN]-e�pyhbiaT+SUWYzYzYx�e�`bT+p�^=g=s�hbWoe�gy[�zqp�e�`×hbe�`bWZ�}W�hbi�x�WYg=WYx![�z|nae6]_]_WY�=zYT$Xq[�zY^aTN]
e�p
pg(Γ)

[�gyu
pa(Γψ)

�}e�^=zou�zYT4[6u�hbe�sNiaTNsN¿ZWYg=V�hbiaT�SUWYzYzox�e�`bT#sNe6g��lTNs�hb^a`bT6�
SUT��}e6^azÍu'zoWY¿ZT�[�zY]_e�hbe�x�TdgahbWYe6gj[�g=e�hbi=Td`}WYgqhbTd`bTN]lhbWYg=V�nq`be6�azoTdx �
• ���*� 	 � ���2!3�4�4���"����5	�� �,#<#)8����	��4�����6(*��=6�9	��3���� � &;��� ����983�*�	%�,� ���4��#���-
#:(*��& �*�:�2#<��&�� � �$���4� ���4!��4�4�3?

����� � $ )�< �  �& �!<�?!$!0 4 :=<#& 6(�% 1 +,)�),> <C&( :�?!$!E 6(+�<C$%'*)
,ãg -Y¨6¨=�4/��}TCTd]lhm[��=zYWY]_i=TNuÒWYgÒ]_e6x�T\]_naTNsNWo[�z#s4[�]_TH[
zYe��}T�`BTN]lhbWYx![�hbT6{�pve�`�hbi=T
SUWYzozYx�e�`bT�pv^=gasdhbWYe6g=[�zr{a�}iaWYsNi�WY]}´|^y[6uZ`m[�hbWYs�WYgjhbiaT�uaWYx�TNga]_WYe6gje�p1hbi=T�¿qT�`bg=TNz~e�p
hbi=T#��W�`m[�s#e�n=Td`m[Qhbe�`4�
°�Tdh�`bTNnq`bTN]_TNgqh�hbi=T�]_nai=Td`bTj[�]![?WogqpvWYg=W�hbT�s�cazYWYgyuqTd`

Z
sNe6x�n=[�sdhbW�p�WoTNu��acf[

sNe6^an=zYT�e�p+n=e�Wogqhb]#]_^=sNi\hbiy[Qh
z = x + iy

WY]�[�sde6gap�e�`bx![�z�n=[�`m[�x�T�hbTd`�e�g
Z
{
yWo]µuaT�pvWYg=T4uFx�e6ua^azoe

2π
{
x ∈ R

{×[�gyuChbiaTN]_T�h_�}e �wWYgapvWYgaWYhbWYTN] ��[Q`bT![�sNiaWYTNXZT4u
[�]
x→ ±∞ �
� � »F»CPH¦ ���v�=���
	�� V �"9/��. #P�-R0����!)���". R

3 Z �����\#+�2C+�bR��M,/���-%$�\, � ψ #+.KFP�����
RH,/����.�����#�4 U #+!��D#/� � ,�4E46, 7 �
|ψ1|2+|ψ2|2 = C±e

−|x|+O(e−2|x|), U = U±e
−|x|+O(e−2|x|) #/� x→ ±∞,

7 �0��!�� C± #/.KF U± #+!��P%�,/.0�	�M#/.���� = ��� C+ = 0 ,/! C− = 0 ������. ���0��!��P�"�
# I$!)#/.S%2�YRH,/�".0� #/�Q������%�,/!2!����-RH,+.KF/�". 8 �_#/!	]&�)F3RK,/�".�� x = +∞ ,+! x = −∞
!����-R^�)%$���"9/�$4 C =� ���<]&��!2.H�$4 , � D ,/.O�����D�-R0����!)�_%�,/.0�2���2���?, � ��,�4 *:���-,/.0� ψ �M,������_�)($*0#/���-,+.
Dψ = 0 ,/. ���0�3%$C�4 ��.KFG��!<�	*0%2�P���5#/� |ψ1|2 + |ψ2|2 = O(e−|x|) #/� x→ ±∞ =
°�Tdh}^a]$[�]_]_^ax�T¢hbiy[Qh�hbi=T�n=e�hbTNgahbWo[�z

U(
e�p�hbi=T���WY`m[�s�e6naTd`m[�hbe�`�uaTNnaTNgyuq]+e�g

x
e�g=z�c~�%�1e�`#WYga]lhm[�g=sdT6{±]_^=sNi?[!]_WYhb^=[�hbWYe6g\`bT4[�zoWY«NTd]�pve�`&[�]_nai=Td`bTµe�p8`bTNXZe6zY^ahbWYe6g

pve�`��}i=WYsNi
y
WY]#[�g?[�g=V6zYTµe�p8`be�hm[�hbWYe�g����¢e��}TNXZTd`�hbiaWY]�WY]�g=e�h�e�g=z�c�hbi=T&s4[�]_T�e�p

]_n=i=T�`bTN]#e�p�`bTNXZe6zY^ahbWYe6gH[�g=u\hbiaTd`bT�[Q`bT�x�e�`bTµ]_^=sNi?]_^a`_pv[�sNTN]#�}W�hbiC[�gHWYgqh_`bWoga]_WYs
S1 t£]lcqx�x�Tdh_`_c#`bTdp�zYTNsdhbT4u��ac&hbi=T}nae�hbTNgqhbWÍ[�z=e�p±hbiaT$SUTNWYTd`b]lh_`m[�]_]�`bTNna`bTN]_Tdgahm[�hbWYe�g��
� ¤ � �=O � » � ¦ ���v�y��� 	�� � ��� D I;� # �<��!)#&% ,�R^��!$#/�M,/! ,/. M = S2 7 �"��� #
!��)#�4Ec-9+#�4 *��)FDRK,/����.����-#/4 U = V 7 �G�-%2�PFG��R^��.KF+�D,/.S4 C\,/. �����<9+#/!2�-#&I)4 � x = � ����.

Z

M

U2dx ∧ dy ≥ πN2 6£·�³ 8

7 �0��!�� N = dimH KerD = 1
2

dimC KerD = � �����$�_�3�".0�"�3*:�1#Y#/!)��#�%2�:�M��9/�)F
,/. �����QRH,+����.����-#�4 �

UN (x) =
N

2 coshx
.

©�i=T+nq`be6e�p=e�pahbiaWo]±hbi=TNe�`bTNxÌWY]1�=[�]_T4u#e�g�hbiaT�x�T�hbi=e½u�e�pahbiaT�WYgaXqT�`b]_T�]_s4[Qh_hbTd`_t
WogaV�nq`be6�=zYTNxÎ[�n=nazoWYT4u�hbe�[&e6g=T�tãuqWYx�TNg=]_WYe6g=[�z~��W�`m[�s�e6n=T�`m[�hbe�`4��©�iaWo]}´|^=[6uq`m[QhbWYs
TN]lhbWYx![�hbT�[�n=naT4[�`bT4u#p�`be�xÌhbi=T8h_`m[�sNT8pve�`bx�^=zo[�]-�qc%�-[6uauaTNTNX�[�gyu�©$[�¿Ziqhm[6ua«diaca[�g
- ¬�²�/ �

�+Tdpve�`bTCV�WYXqWYgaVHhbi=T�nq`be6e�p#e�p&©�iaTNe�`bTNx ¨N¬C�}TBTdÖqn=e�]_TBe6gaTBe�p#W�hb]!sNe6ga]_Tdt
´Z^aTNg=sdTN]N{=Wr� T6��©�i=Tde�`bTNx�¨d³a�
©�e6V6T�hbi=Td`&�}W�hbiFhbi=T�nq`be6e�p}e�p�©�i=TNe�`bTNx�¨4¬'�}T!WYgah_`be6ua^asNT4u?hbiaT�pve�zozYe��}WogaV

sNe6g��lTNsdhb^q`bT6�

v :



�&� ���d� R6MQ��O �
� ���v�y� ��	�� � ��� ���	���"�1#+��� � �)f � ����9+#�4 �-F � ,/! #/4E4:�<��!)#&%<,2R^��!)#+�M,/!��
,/.X#�� 7 ,�c-�-R0����!)� =
Á�Td`_c']_e6e�g\[�p�hbT�`¢hbiaT�TNzYTNsdh_`be�g=WYsµna^=�azoWYs4[QhbWYe6g�e�p -o¨�¨���/1[�nan=T4[Q`bT4u���`bWYT4uq`bWYsNi

uaTNx�e�g=]lh_`m[�hbTNu�hbi=T¢pve6zYzYe��}WYgaV�sde�`be6zYzo[�`_c�e�p1hbiaWo]}sNe�g��ãTNsdhb^a`bT � � �
� ¤ � �=O � » �½Å ����Å���	�� � ��� *:��#/�	�	*:���\���0#+� �n,/.����)%$��*5!)� � �0,�46F/� = V �"9/��. #/.
��� 8 ��.�9+#�4 *�� λ , � �������<��!)#&% ,2R^��!)#+�M,/! ,/. #X� 7 ,�c�F/�"����.0�	�-,/.K#/4B�MR��".Sc-�1#/.0� � ,�46F
�0,/���),+�1,/!MR0�:�-%D�M,������<� 7 ,�cM�-R0�0��!�� S2 Z ��������.H�)($*0#�4 �"��C3�0,/46F/�

λ2Area(M) ≥ πm2(λ)
6£·�·48

7 �0��!�� m(λ) �"� �����<�3*54 ��� RK4 ��%$�"��C�, � λ =
SUT�`bTNx![Q`b¿�hbiy[�h$ua^=T�hbeµhbiaT�]lcqx�x�Tdh_`_c 6r³ 8�e�p

KerD
hbiaT�x�^azYhbWYnazoWYsNW�h_c!e�p

[�g\TNWYV6TNgaXq[�zY^=T&WY]�[�z���[Qca]�TNXZTNg��C�1e�`�hbi=T&s4[�]_T
m(λ) = 2

hbi=T�WYg=TN´Z^=[�zYW�h_c 6£·�·48
��[�]�na`be6XZT4u��ac �3�[Q`�-Y¨�¨ / �

� � � � � � � ��� � � ����
������ �1W�`b]lh#�}T�`bTNs4[�zYz8hbiaT�uaT�pvWYg=W�hbWYe6gCe�p+hbiaT���W�`m[�s
e6n=T�`m[�hbe�`¢e6gj[�]_n=WYgqtwx![�g=W�pve�zou'6r]_TNT - ³ �a{=² ��/±p�e�`�uaTdhm[�WYzoTNujTdÖqn=e�]_WYhbWYe�g=] 8��
ÐÎ]_naWYg

n
t£x![�g=W�pve�zÍu

M
WY]�[ ��WYTNx![�gag=Wo[�gFx![�g=W�pve�zou
�}W�hbif[B]_n=WYg
�=^agyuqzoT

E
e�XqT�`

M
]_^=sNi�hbiy[�h'[QhjT4[�sNiknae6WYgah

p ∈ M
hbi=Td`bTBWY]'uaTdp�WogaT4uU[ �+zYW�p�p�e�`mu

x�^=z�hbWYn=zYWYs4[�hbWYe6g
TpM ×Ep → Ep]_^=sNijhbi=[�h

v · w · ϕ +w · v · ϕ = −2(v, w)ϕ, v, w ∈ TpM, ψ ∈ Ep.

SUT�[�zY]_e&[�]_]_^=x�T�hbi=[�h8hbi=Td`bT$WY]�[ �¢WYTNx![�g=gaWÍ[�g�sNe�g=g=TdsdhbWYe6g ∇ �}i=WYsNi�WYgyuq^=sNTd]�[sNe6gag=TNsdhbWYe�gBe6g
E
�+©�i=TNg�hbi=T#��W�`m[�s#e6n=T�`m[�hbe�`¢WY]�uqTdpvWYgaT4u�[�h�TNXZTd`_c�nae6WYgah

p M[�]
Dϕ =

nX

k=1

ek · ∇ek
ϕ

�}i=Td`bT
e1, . . . , en

WY]$[�g�e�`_hbiae6gae�`bx![�z.�=[�]_WY]+p�e�`
TpM

[�g=u
ϕ
Wo]}[�]_TNsdhbWYe�g'e�p

E
�

SUTµsde6g=]_WouqTd`�[�]�[�g\TdÖa[�x�nazYT�[!h_�}e�tãuqWYx�TNg=]_WYe6g=[�z1]_naWYgBx![�g=W�p�e6zou
M
�}WYhbi

[µpvzo[�h¢x�Tdh_`bWYs6�8©�iaT �+zYWYpÍpve�`mu?[�zYV6TN�q`m[ Cl2
WY]�WY]_e�x�e�`bn=iaWYs�hbe

H
��©�ia^=]$�}T#iy[�XqT

[
C

2 t£]_naWog\�a^=gyuqzYTµe�XqT�` M 6ri=Td`bT&�}T�WouaTNgqhbW�p�c
H
�}WYhbi

C ⊕ C
8��!�1e�`�hbi=T�pvzo[�h

x�Tdh_`bWYs�e6g
M
hbi=T �+zYW�p�p�e�`muBx�^=z�hbWYn=zYWYs4[QhbWoe�g�WY]$`bTNna`bTN]_TdgahbT4u��ac!hbi=T�x![Qh_`bWYsNTN]

e1 = ex =

„
0 1
−1 0

«
, e2 = ey =

„
0 −i
−i 0

«
.

,wh}WY]¢TN[�]lc�hbe�sNiaTNsN¿!hbiy[�h

exey + eyex = 0, e2x = e2y = −1.

©�i=T#��W�`m[�s#e�n=Td`m[Qhbe�`
D0
WY]}V6WYXZTNg��qc�hbiaT�pve�`bx�^=zo[

D0 = ex · ∂x + ey · ∂y = 2

„
0 ∂
−∂̄ o

«
= 2D0

� � Ù8Ú6Û$ïmÝ4ë��wÛbï_åãâ6ÞwÛ�Ü+êNá×íÍà�ë|êNý�ý è�ä½Þ£ÝNú6Ûbæ�ç6èµì~ÛmÞ£â½ámô �yÛbáãïbÚ½ß�Û4ô	�±Ûbæ½à å�ô|êNë½æ
��à�ë6ß6êNý�ýaà�ëYo �Qö$qyåwÝ �4Û_åãÚ½ÛbÞÜ8à åãÚ!åwÚ½Û �4Ûmë6ÛmÞwêNý�à��mêdåãà�Ý4ëBÝNí�m�p �+rlô±åwÚ½Û#áwÝNürïmêNý�ý�Ûmæ��ý��â½ïbß�ÛbÞ}íÍÝ4Þ£ó#â½ýYê6ôyíÍÝ4Þ�áwâ½Þ ívêNïbÛbá¢ÝNí×Ú6à �4Ú½ÛbÞ �4Ûbë½ÛbÞwê
moÜ�Û$Û ��ä½Ý4áãÛ$åwÚ|êdå�à�ë �up6ð �+rlð

v H



[�gyu'WYhb]}]b´|^y[Q`bT�T4´|^y[�zY]}hbeµhbi=T#°�[�n=zo[�sNT�e6n=T�`m[�hbe�`�6r^an'hbe�[�]_WYV�g 8 �
D2

0 = −∂2
x − ∂2

y .

�1e�`&['sde6gap�e�`bx![�zoz�c?Õ×^=sNzYWouaTN[�gHx�T�h_`bWos
eσdzdz̄

hbiaT���W�`m[�sµe6naTd`m[�hbe�`#hm[�¿ZTN]
hbi=T�pve�`bx

D = e−3σ/4D0e
σ/4

6r]_TNT -Y¨4¬�/�8���©�i=Td`bT�pve�`bT#hbiaT�TNWYV6TNgaXq[�zY^=T�na`be��=zYTNx
Dϕ = λϕ

pve�`�hbi=T���W�`m[�s#e6naTd`m[�hbe�`�[�]_]_e6sNWo[QhbT4uj�}W�hbi�]_^=sNij[�x�Tdh_`bWYs�hm[�¿qTd]}hbiaT�pve�`bx
D0[e

σ/4ϕ] − λeσ/2[eσ/4ϕ] = 0

�}i=WYsNij�}T�`bTd�$`bW�hbT&[�]

(D0 + U)ψ = 0, U = −λe
σ/2

2
, ψ = eσ/4ϕ.

,wp��+e�g��lTdsdhb^a`bT�¨#iae6zoua]$�}T#iy[�XZT�hbi=T�WYgaT4´|^y[�zYW�h_c
Z

M

U2dx ∧ dy =
λ2

4
Area(M) ≥ π

„
dimC Ker (D0 + U)

2

«2

= π
m2(λ)

4
.

©�i=WY]¢nq`be6XZTN]}©�iaTNe�`bTNxØ¨d³a�
� � � � � � � ��� ������� 
 � � � ,£p+hbiaT�n=e�hbTNgahbWo[�z

U
uaTNnaTNgyuq]#e6gazYc?e�g

x
hbiaT

zoWYgaT4[�`B]_n=[�sNT?e�p&]_e�zo^qhbWYe6g=]�hbe Dψ = 0
e�gkhbi=T?]_n=iaTd`bT

S2 = Z ∪ ±∞ =
Rx × S1

y ∪∞ WY]�]_ny[�g=g=TNu��acjhbiaT&p�^=gasdhbWYe6ga]�e�p8hbi=T�pve�`bx
ψ(x, y) = ϕ(x)eκy]_^=sNijhbi=[�h

Lϕ :=

»„
0 ∂x

−∂x 0

«
+

„
2U 0
0 2U

«–
ϕ =

„
0 iκ
iκ 0

«
ϕ

�}i=Td`bT
e2πκ = −1

6vhbi=WY]$sNe�gyuaW�hbWYe6gjuaTdp�WYg=TN]$hbi=T�]_n=WYgj�a^=gyuqzYT�e6XZTd`$hbiaT�]_n=iaTd`bT6{
]_TNT�-Y¨�¨ Ï /�8}[�gyu

ϕ
WY]�TdÖqn=e6gaTNgahbWo[�zoz�c�uaTNs4[QcqWogaV![�]

x → ±∞ ��©�i=WY]�x�T4[�g=]$hbiy[Qh
ϕ
WY]8hbiaT}�=e6^agyuqT4u�]lhm[�hbT�e�p

L
{|Wr� T6�

κ
�=TNzYe6gaV6]8hbe�hbi=T�uaWY]_sd`bTdhbT}]_naTNsdh_`b^=xÔ�}iaWosdi

Wo]#WYgaXa[Q`bWo[�gah#�}W�hbi?`bTN]_n=TNs�h#hbe'hbi=TµsNe6x�nazYTdÖBsNe�g��l^aV½[QhbWoe�g
κ → κ̄

��©�iaTd`bTdp�e�`bT
dimC D = 2N

Wo]�h_�}WosdT+hbi=T8g=^ax��=Td`±e�p=�=e�^=gyuqT4u�]lhm[�hbTd]1x�TNTdhbWYg=V$hbiaT�sNe�gyuqWYhbWYe�g
Im κ > 0

�
©�i=T�h_`m[�sdT�pve�`bx�^azo[ 6 Ï ®48 6r]_TNT#Ð¢nan=TNg=uaW�Ö�¬ 8�p�e�`}pve�`

p = q = 2U
hm[�¿qTd]}hbiaT

pve�`bx
Z ∞

−∞
U2(x)dx = − 1

4π

Z ∞

−∞
log(1 − |b(k)|2)dk +

NX

j=1

Im κj .

1�WoXZTNg
dimKerD = N

{½hbi=T�p�^=gasdhbWYe6gy[�z R
M
U2(x)dx∧dy = 2π

R∞
−∞ U2(x)dx[�sNiaWoTdXqTd]�W�hb]�x�WYg=WYx�^=x e6gjhbiaT�n=e�hbTNgahbWo[�z±�}W�hbijhbiaT�pve�zozYe��}WogaV']_naTNsdh_`m[�z�ua[�hm[ �

b(k) ≡ 0, κk =
i(2k − 1)

2
, k = 1, . . . , N,

[�gyu��}T#iy[�XZT
Z

S2

U2(x)dx ∧ dy ≥ 2π

„
1

2
+

3

2
+ · · · + N

2

«
= πN2.

v �



Ð¢sdhb^=[�zYz�c�hbi=Td`bT8WY]
N
twuaWYx�TNga]_WYe6gy[�z½pr[�x�Woz�c#e�p=nae�hbTNgqhbWo[�zY]��}W�hbiµ]_^asNi#hbi=T8]_n=TNs�h_`m[�z

u=[�hm[B[�gyuHW�hµWY]µn=[�`m[�x�T�hbTd`bWY«NT4uH�qc
λ1, . . . , λN

[�gyuHx�e�`bTNe6XZTd`�hbiaWo]#pv[�x�WYz�cFWY]
WogaXq[�`bWo[�gqh��}W�hbi�`bTN]_naTNsdh8hbe�hbi=T$x�Ä�uaÁ�T4´|^y[QhbWoe�g=]N� ,£h8Wo]8T4[�]lc�hbe#]_i=e���hbi=[�h8TNX|t
Td`_c�]_^asNi�[�pr[�x�WYzYc�sNe6gqhm[�WYg=]×hbi=T$nae�hbTNgqhbWo[�z

UN = N
2 cosh x

�
pN (x) = 2UN (x) =

N/ coshx
Wo]$hbiaT�pr[�x�e6^=]

N
t£]_e�zoW�hbe�gBn=e�hbTdgahbWo[�z±e�p-hbiaT���W�`m[�s#e�n=Td`m[Qhbe�`4�

©�i=TNe�`bTNxØ¨4¬�WY]}na`be�XqTNu±�
SUT�]_TNT�hbi=[�h�hbiaT�T4´|^=[�zYW�h_c\Wog 6£·�³ 8�WY]�[�sNiaWoTdXqTNu?e�gH]_e6x�Tµ]_n=TNsdWÍ[�z×]_n=i=T�`bTN]

�}i=WYsNi"[�`bT�n=[�`_hbWYsN^azÍ[Q`�sN[�]_TN]&e�p$hbiaT�]_e�t£s4[�zYzYT4u ��,�4 �"�M,+. �-R0�0��!���� WYgqh_`be½ua^asNT4u?Wog-o¨�¨��4/ � ��c
uqTdpvWYgaWYhbWYe�g�{8hbi=TN]_T�[�`bT�]_n=iaTd`bTN]&pve�`µ�}i=WYsNi"n=e�hbTNgahbWo[�z�e�p}hbi=T!��W�`m[�s
e6n=T�`m[�hbe�` D WY]¢[�]_e6zYW�hbe6g�6v`bT�pvzYTNsdhbWYe6gazYTN]_] 8¢n=e�hbTNgahbWo[�z

U(x)
� ,£h�Wo]�[�zo]_e��}e�`_hbijhbe

]_TNzYTNsdh#[�]_naTNsNWo[�z�]_^=�asNzo[�]_]�e�p×]_e6zYW�hbe6g\]_n=iaTd`bTN]¢uaWY]lhbWYg=V�^=WY]_i=T4u'�ac�hbi=T#sNe�gyuaW�hbWYe6g
hbiy[�h$[�zYz~n=e6zYTN]

κ1, . . . ,κN , Im κk > 0
{qe�p�hbi=T}h_`m[�g=]_W�hbWYe6g'sNe6T�p�pvWYsNWYTNgqh

T (k)
[Q`bT

e�p-hbi=T¢pve�`bx (2m+1)i
2

{
m ∈ N

�
¯qe6zYW�hbe6gH]_n=i=T�`bTN]�[�`bT�TN[�]_WYz�cHsNe�g=]lh_`b^asdhbT4u?pÍ`be6x hbiaT�]_n=Tdsdh_`m[�z�u=[Qhm['XZWo[�hbi=T

WogaXZTd`b]_T#]_s4[�h_hbT�`bWogaV�x�Tdhbi=e6u�6r]_TdT 6 Ï6Ï 8�WYgBÐ�n=n=TdgyuaW�Ö!¬48��
SUT#]_i=e��}T4ujWYg'-Y¨6¨=��/�hbi=[�h
• hbi=T�zoe��}Td`¢TN]lhbWYx![�hbT 6£·�³ 8$[�sNiaWoTdXqTd]}hbiaT#T4´|^y[�zoW�h_c�e6g'hbi=T�]_e�zoW�hbe�gB]_n=i=T�`bTN]sNe�`_`bTN]_n=e�gyuaWYgaV�hbe�hbi=T�n=e�hbTdgahbWo[�zY]

UN = N
2 cosh x

8 �
• V6Tdg=Td`bWYs4[�zoz�c�[�]_e6zYW�hbe6gB]_nai=Td`bT�WY]}g=e�h¢[�]_^a`_pv[�sNT�e�p�`bTNXZe6zY^ahbWYe6g±��� �
• hbi=TCsNzo[�]_]\e�p�]_e6zYW�hbe6g¶]_nai=Td`bTN]BWY]Bnq`bTN]_Td`bXZT4uÒ�acUhbi=TCx�Ä�uaÁ uaT�pve�`bx![Qt
hbWYe6ga] 6rg=e�hbT#hbiy[�h�hbi=T�c�[Q`bT�uqTdpvWYg=TNu\�qc

1 + 1
t£T4´|^y[QhbWoe�g=] 8�pve�`��}i=WYsNiBhbiaT

Ä�`b^=]_¿q[�z�À 2jWY^a`m[�WYgahbTNV�`m[�zY]¢[�`bT#WYgahbTNV�`m[�zY]�e�p1hbiaT�x�e�hbWYe6g �
• ]_e6zYW�hbe6gÒ]_nai=Td`bTN]�sNe�`_`bTN]_n=e�gyuaWYgaVFhbeFhbi=TBn=e�hbTNgahbWo[�zo] UN = N

2 cosh x

[Q`bT
uaTd]_sd`bWY�=T4uHWYg?hbTd`bx�]#e�p$`m[QhbWoe�gy[�z�pv^ag=sdhbWYe�g=]N{ � ��Wr� T���hbiaTdc?s4[�gH�=T�s4[�zYzoTNu
`m[�hbWYe�gy[�z�]_n=iaTd`bTN] �

• ]_e6zYW�hbe6g"]_nai=Td`bTN]�]_^asNiFhbiy[QhµTN[�sNi
nae6zYT κj
Wo]&e�p}hbiaT�pve�`bx (2mj+1)i

2

[Q`bT
sd`bW�hbWYs4[�z.nae6WYgahb]�e�p±hbi=T}SUWYzYzox�e�`bT�p�^=gasdhbWYe6gy[�zy`bTN]lh_`bWYsdhbT4u�e6gqhbe&hbiaT}sNzo[�]_]$e�p
]_n=iaTd`bTN]$�}W�hbi�e6gaTdtwuaWYx�TNga]_Woe�gy[�z±nae�hbTNgqhbWo[�zY]N�

����� ���! �� )��?!E � �&G:=<#&5>@?!)�'
��^a`µ[�h_hbTNx�nqhb]�hbeBna`be�XqT �+e�g��ãTNsdhb^a`bTB¨!i=[6uCpv[�WYzYT4u
ua^aT�hbe�hbi=T�zo[�sN¿?e�p}�}TNzYz�t
uaTNXZTNzYe6naT4u�WYg=XZTd`b]_T+]_s4[�h_hbTd`bWYgaV#x�Tdhbi=e6u�p�e�`8h_�}e�twuaWYx�TNga]_Woe�gy[�zqe�n=Td`m[Qhbe�`b]N���¢e��$t
TNXZTd`}WYgj[�pr[��a^=zYe6^a]$ny[�n=Td` - ³6¬�/~hbi=WY]�sNe�g��lTdsdhb^a`bT���[�]}na`be6XZT4u�hbe�V6TdhbiaTd`$�}W�hbijW�hb]
V6TNgaTd`m[�zYWY«4[�hbWYe�gHpve�`�]_^a`_pr[�sNTN]#e�p$[�`b�aW�h_`m[�`_c\V6Tdg=Td`m[!�acB^a]_WYg=V�x�Tdhbi=e6ua]�e�p$[�zoV�Tdt
�a`m[�WYs#V�TNe6x�Tdh_`_c~�
Ð¢]#W�h���[�]#x�TdgahbWYe6gaT4uBWog -Y¨ Ã�Ã /-hbi=Tµp�e6zYzYe��}WYg=VB]lhm[QhbTNx�TNgqh#s4[�g?�=T�uaTd`bWYXZT4u

p�`be6xÂhbiaT�`bTN]_^=z�hb]}e�p - ² / 6r]_TNT�[�zY]_e - ·�®�/�8 �
U O��   �.L4��M4�Í� �Ô� � � ��� E I;�D# C2 c�I$*:.KF�4 �D,/9/��!D#_�2*:! � #&%;� M ψ #/.KF14 ��� ψ I;�
#O.K,+.���!2�"9��-#�4��$�)%$���-,+. , � E �	*0%2� ���0#/� Dψ = 0 = � ����. ����� �;��!$,G���Y, � ψ #+!��

� � ñ ë½æ½ÛbÛbæ=ô�ý�Û_å�â½á¢æ½Ûbë½ÝNåãÛ&ç6è f1 = ϕ1(x)eκ1y , . . . , fn = ϕNe
κNy åãÚ½Û�æ½à�á£åãà�ë6ïbå �4Ûbë½ÛbÞãêdåwÝ4Þ£á#ÝNí

KerD ð.Ù×Ú½Ûbë�êNë�è}ý�à�ë½ÛmêNÞ.ïmÝ4ó#ç6à�ë|êdåãà�Ý4ë f = α1f1+· · ·+αNfN
ú6àYê×åãÚ6Û s Ûbà�ÛbÞ£áwåwÞãêNáwá�Þ£Ûmä6ÞwÛbáãÛbë6åãêdåwà�Ý4ë

�4à ú�Ûmá�Þwà�áwÛ×åwÝ¢ê}áwä½Ú½ÛbÞ£Û+à�ë R3 ð ñ íaåwÚ½ÛbÞwÛ+à�á1ê�ä|êNà�Þ1ÝNíaë½Ý4ë6ú6êNë½à�áwÚ½à�ë���ïmÝ4Û_íoí�à�ïbà�Ûbë6åwá αj êNë6æ αk áãâ½ïbÚ#åwÚ|êdå
Im κj 6= Im κk

åwÚ½Ûbë�åwÚ½à�á×áãä½Ú½ÛbÞ£Û}à�á8ë6ÝNå�ê�áãâ½Þ ívêNïbÛ}ÝNí~Þ£Ûbú�Ý4ý�â6åwà�Ý4ë=ð
� � ì±Þ£Ý4ó åwÚ½Û�Þ£ÛbïmÝ4ë6áwåwÞwâ½ï_åwà�Ý4ë
í�Ý4Þ£ó#â½ýYêNá_m � ��r�à å�à�á�ïbý�ÛmêNÞ�åwÚ|êdå&åãÚ½êdåµÚ6Ý4ý�æ½á&íÍÝ4Þ�êNý�ý+Þ£Û_í�ý�Ûbï_åwà�Ý4ë½ý�Ûbáãáä½ÝNåwÛbë6åãàYêNý�ámð

v5v



�"��,�46#/���)F #/.KF � ,/!1#/.0C 46,&%�#�4n%�,/�JRK4 ��� %�,&,/!$F/�".S#/��� z ,/. M %;��.0����!��)FO#/�'�$,+���
�+��!$, p , � ����� � *:.K%$���-,+. ψ � z(p) = 0

Z 7 �J�0#/9/�
ψ = zkϕ +O(|z|k+1)

7 �0��!�� ϕ ���D#Y46,&%�#�4 �)�)%$����,/.h, � E 7 �:�-%2� F&,G����.K,/��9+#/.����@� �".X#\.H��� 8 �0I�,/!@�0,&,&F
, � p = � ���<�".���� 8 ��! k ��� 7 �$4E4EcF&� � �".H�)F1�".SFG��R^��.KF&��.��Q, � %2�0,+�-%;� z =
©�i=WY]¢WYgqhbTNV6Td`�ga^=x��=T�`

k
WY]�s4[�zYzYT4u'hbiaT�e�`muqTd`�e�p-hbiaT�«NTd`be

p
�

ord pψ = k.

¾�e��Ò`bTNsN[�zYz�hbiaT�1�[�^=]_]}T4´|^=[�hbWYe6g 6r]_TdT�
×`be�n=e6]_W�hbWYe6gF¨�Wog � § �Y¨ 8 �

αzz̄ + U2 − |A|2e−2α = 0, eα = |ψ1|2 + |ψ2|2.
6£·�®48

�1e�`�]_WYx�n=zYWYsNW�h_c±{Z�}T�[�]_]_^=x�T�hbi=[�h
M
Wo]�[�]_nai=Td`bT�[�gyu

E
WY]}[�]_n=WYgj�a^=g=uazYT6�

,wp
ψ
Xq[�g=WY]_i=TN]}gae��}i=T�`bT�hbiaTNgjW�h¢uaT�pvWYg=TN]¢[�]_^q`_pr[�sdT&WYg

R
3 [�gyu'WogqhbTNV�`m[QhbWYg=V�hbi=TzoT�p�h_t£iy[�gyuj]_WouaT#e�p 6£·�®48�e6XZTd`

M
�}T#e��ahm[�WYg

Z

M

αzz̄dx ∧ dy +

Z

M

U2dx ∧ dy −
Z

M

|A|2e−2αdx ∧ dy = 0.
6£· Ï 8

��c'hbiaT�1�[�^a]_]$hbi=TNe�`bTNx�{ahbiaT�pvW�`b]lh}hbTd`bxÂT4´|^=[�zY]

−1

4

Z

M

`
−4αzz̄e

−2α
´
e2αdx ∧ dy = −1

4

Z

M

Kdµ = −π,

�}i=Td`bT
K
Wo]}hbi=T�1�[�^=]_]_Wo[�gBsd^a`bXq[�hb^q`bT�[�gyu

dµ
WY]}hbi=T#x�T4[�]_^a`bT#sNe�`_`bTN]_n=e�gyuaWYgaV

hbe�hbi=T�WYg=ua^=sdT4u'x�Tdh_`bWYs6�8©�ia^=]$�}T#iy[�XZT � �
Z

M

U2dx ∧ dy = π +

Z

M

|A|2e−2αdx ∧ dy ≥ −
Z

M

αzz̄dx ∧ dy = π.

,ãg�V�TNg=Td`m[�z=pve�`�[�gacµ]_^a`_pv[�sNT¢[�g=uµpve�`�[�gacµ]_TNsdhbWYe6g
ψ
]b[QhbWo]lpÍcqWogaV Dψ = 0

6rW � T6�
�}T�uae�gae�h¢[�]_]_^ax�T�i=Td`bT�hbi=[�h

ψ
uae6Td]�gae�h�Xq[�gaWo]_ij[�gqcq�}iaTd`bT 8+�}T#iy[�XZT

Z

M

U2dx ∧ dy = π(−degE0 +
X

p

ord pψ) +

Z

M

|A|2e−2αdx ∧ dy ≥

≥ π(−degE0 +
X

p

ord pψ)

6r]_TNT'-Y¨ Ã�Ã /�8���©�iaT�WYgahbTNV�`m[�g=u |A|2e−2α iy[�]�]_WogaV6^azÍ[Q`bW�hbWoTd]�WYg"hbi=T'«NTd`be6]�e�p ψi=e��}TdXqT�`�hbiaT�WYgahbTNV�`m[�z�sNe6gaXqT�`bV6TN]�[�g=ujWY]}g=e6gqt£g=TNV6[�hbWYXZT6�
�¢Tdhb^q`bg=WYg=Vµhbe�hbi=T#s4[�]_T#e�p×]_naWogj�=^=g=uazYTN]}e6XZTd`�]_nai=Td`bTN]�6

degE0 = g − 1 =
−1
8}[�g=uB[�]_]_^=x�WYgaV�hbiy[�h

dimH KerD = N
�}T�hm[�¿ZT&[�n=e6WYgqh

p
[�g=u�sNi=e�e6]_Tµ[

pv^=gasdhbWYe6g
ψ ∈ KerD ]_^=sdi!hbi=[�h ord pψ = dimKer HD− 1 = N − 1

�×¾¢e��U�}T
]_^=�=]lhbW�hb^qhbT

ψ
WYg'6£·�® 8$[�g=uje6�qhm[�WYg

Z

M

U2dx ∧ dy = π(1 +N − 1) +

Z

M

|A|2e−2αdx ∧ dy ≥ πN.

� � ì±Ý4Þ �4Ûbë½ÛbÞwêNý1ïbÝ4ó#ä½ý�Û � 
�â|êdåãÛbÞ£ë½à�Ý4ë½à�ï#ý�à�ë½Û¢ç½â½ë½æ6ý�Ûmá L = E0 ⊕ E0
Ü8Û�Ú|êdú�Û R

M
αzz̄dx ∧ dy =

π degE0 = πd ð

v �



��e��}TdXqT�`-hbi=WY]-TN]lhbWYx![�hbT�WY]1hbe�e¢`be6^aV6iµ]_WogasNT+�}T�]_TdT�p�`be6x hbi=T�nq`be6e�p=e�p~©�iaTNe�`bTdx
¨4¬#hbiy[�h�g=e�h�e�g=z�c�hbiaT}p�^=gasdhbWYe6g�p�`be�x

KerD �}W�hbi�hbi=T�x![�ÖqWYx![�zqe�`muqTd`�e�p�«dTd`be6]sNe6gqh_`bWo�a^ahbTN]¢hbe'zYe��}T�`��=e6^agyuq]¢pve�`#hbi=T�SUWYzYzox�e�`bT�pv^ag=sdhbWYe�gy[�z×[�gyu\W�h#g=TNTNua]¢hbe
sNe6ga]_WÍuqTd`}hbi=T�p�zÍ[�V�e�p1p�^=gasdhbWYe6g=]N�
,ãg - ³½¬�/ahbiaT}uaTNTNn�[�gy[�zYe6V�c�e�pyhbiaWY]�nq`be6�=zYTNx¶hbe¢hbi=T0
×z �^=sN¿ZTd`8pve�`bx�^=zo[�]-�}i=WYsNi

`bTNzo[�hbT�hbiaT�uaTdV�`bTNTN]}[�gyu�hbi=T�`m[�x�W�pvWYs4[QhbWYe6gjWYg=uaWYsNTN]$e�p�hbi=T¢sN^a`bXZTN]+[�]_]_e�sNWo[�hbT4u'hbe
]_e6x�T�[�zYV6TN�q`m[�WYs#sN^a`bXZT¢Wog

CPn
��[�]}uqWo]_sde6XZTd`bT4u~�+©�iaWY]$TNgy[��=zYTN]�hbe��$`bWYhbT�uae��}g

hbi=WY]�pvzo[�VF[�gyu"sNe�^=gah�hbi=Tjsde6gah_`bWY�a^ahbWYe6gfe�p¢hbi=T'�}iae6zYT�¿ZTd`bgaTNz$e�p D WYgqhbeChbi=T
SUWYzozYx�e�`bT�p�^=gasdhbWYe6gy[�zr�C�1Wog=[�zYz�cjhbiaWo]�zYT4u'hbe�hbiaT&Td]lhm[��=zYWY]_i=WYgaV�e�p×hbi=T#TN]lhbWYx![QhbTN]
pve�`�hbi=T¢SUWYzozYx�e�`bT�pv^=gasdhbWYe6g=[�z~�}i=WYsNiB[Q`bT�´Z^=[6uZ`m[�hbWYs#WYg

dimH KerD �©�eCpve�`bx�^=zo[�hbT!hbi=T�x![�WYg
`bTN]_^azYh�e�p�- ³6¬�/$�}TjWYgqh_`be½ua^asNT�]_e6x�T'uaTdp�WogaW�hbWoe�g=]N�
°�Tdh

H
�=T�[�]_^=�a]_ny[�sdT#e�p

KerD ��1e�`¢[�gqc'nae6WYgah p �}T#n=^ah

n0(p) = min ord pψ
pve�`

ψ ∈ H.

©�i=TNg�]_^asNsNTN]_]_WYXZTNz�c��}T�uaTdp�WogaT

nk(p) = min ord pψ
pve�`

ψ ∈ H
]_^asNi'hbi=[�h

ord pψ > nk−1(p).

SUT#iy[�XqT¢hbi=T�SUTdWoT�`b]lh_`m[�]_]�V6[�n�]_TN´Z^aTNg=sdT

n0(p) < n1(p) < · · · < nN−1(p), N = dimH H,

[�gyuj[�sNiy[�WYgje�p×Tdx��=T4uauaWYg=V�]

H = H0 ⊃ H1 ⊃ · · · ⊃ HN−1

�}WYhbi
Hk

sNe�g=]_WY]lhbWYg=VBe�p
ψ
]_^=sNiChbiy[�h

ord pψ ≥ nk(p)
��©�iaTNgH�}T�uaT�pvWYg=T�hbiaT

e�`muaT�`¢e�p8[�zYWYg=T4[Q`¢]lcq]lhbTNx
H
[Qh}hbi=T�nae6WYgah

p
[�]

ord pH =
N−1X

k=0

(nk(p) − k) =
N−1X

k=0

nk(p) −
1

2
N(N − 1).

SUT#]b[�c�hbiy[Qh
p
WY]¢[&SUTNWYTd`b]lh_`m[�]_]¢n=e�Wogqh}W�p

ord pH 6= 0
�

¾�e��Ò�}T�s4[�g'pve�`bx�^=zo[�hbT�hbiaT�x![�WYg�`bTN]_^=z�h�e�p-hbiaWo]�hbiaTNe�`_c �
� ¤ � �=O � » � � ����Å ¦ 	�� � ��� H ⊂ KerD #/.SF dimH H = N = � ����.

Z

M

U2dx ∧ dy = π(N2(1 − g) + ordH) + A(M),
6£·�²48

7 �0��!�������������!2� A(M) �"� .K,/.�cM.K� 8 #/���"9/�Q#/.KF'!��)F/*0%;�����M,J����������!�� R
M

|A|e−2αdx∧
dy �". �����D%�#/�$�3, �_� � �2� =
,ãg�pr[�sdh1hbiaT8x![�WYg�`bTN]_^=z�h1e�p�- ³6¬�/½�}e�`b¿q]±pve�`-��W�`m[�s8e6naTd`m[�hbe�`b] D �}W�hbi�sNe6x�nazYTdÖsNe6g��l^=V6[�hbT\n=e�hbTNgahbWo[�zo]

U = V̄
�
�
e6gk[Q`b�=W�h_`m[�`_c�sNe�x�n=zYTdÖ�´|^y[�hbT�`bg=WYe6gaWosjzoWYgaT

�=^=g=uazYTN]�e�p1[Q`b�=W�h_`m[�`_c�uqTNV�`bTdT
d
6vhbiaWo]+Wo]$]lh_`m[�WYV6iah_p�e�`_��[Q`mu'p�`be�x hbi=T�na`be�e�p 8�[�gyu

TdÖqn=zo[�WYg=]$hbiaT�hbTd`bx A(M)
WYgjhbiaT�hbTd`bx�]$e�p×ua^=[�z±sN^a`bXZTN]��

Z

M

|U |2dx ∧ dy = π(N((N − 1)(1 − g) − d) + ordH) + A(M),

�
� ñ ëµåwÚ½à�á×ï�êNáwÛ W =

R
UV dx ∧ dy =

R
|U |2dx ∧ dy Ü�Ú6ÛmÞ£Û W à�á-åãÚ6Û s à�ý�ý�ó#Ý4Þ£Û+íÍâ½ë½ï_åãà�Ý4ë½êNývð

v �



�}i=Td`bT
g
Wo]�hbiaT�V�TNg=^a]#e�p

M
[�g=u

d = degL = degE0
��,ãgC©�i=TNe�`bTNx�¨Q·��}T

[�]_]_^=x�T&hbiy[Qh
d = g − 1

{1Wr� T6�&hbi=T�sN[�]_T��}iaWosdiHWY]#WYgahbTd`bTN]lhbWYgaV'pve�`#hbi=Tµ]_^a`_pr[�sNT
hbi=TNe�`_c±�

�1e�`
U = 0

�}Tµiy[�XqTµ[�zY]_e A(M) = 0
[�gyu�hbi=T�
×z �^=sN¿ZTd`#p�e�`bx�^=zo[�`bT4uq^=sNTN]

hbe�hbiaT$e�`bWYV6WYg=[�z�
×z �sd¿qT�`+`bTNzo[�hbWYe�g!p�e�`�[�zYV6TN�q`m[�WYs�sd^a`bXZTN] 6r]_TNT6{½p�e�`�WYga]lhm[�g=sdT6{ - · § /�8 �

ordH = N((N − 1)(g − 1) + d).

�1e�`
g = 0

�}T#iy[�XqT
�&�yOQ�.ºvº�PaO�� Å ����Å ¦ 	�� �n,/.��;�)%$��*:!)� � �"�b9+#�4 ��F � R U2dx ∧ dy ≥ πN2 =
�1e�`

g ≥ 1
�}T�i=[�XZT![�gHTdp�p�TNsdhbWYXZT'zYe��}T�`��ae6^=g=uHe6gaz�cHWYgHhbTd`bx�]�e�p

ordH�=TNs4[�^=]_T�hbiaT�hbTd`bxØ´|^y[�uq`m[QhbWos�Wog
N
Xq[�g=WY]_iaTN]�pve�`

g = 1
[�gyu?Wo]�gaTNV½[QhbWoXZT�p�e�`

g > 1
�

�1e�`-e��ahm[�WYgaWogaV¢T�p�pvTdsdhbWYXqT�zYe��}Td`-�ae6^agyua]~pve�`1hbi=T×SUWYzYzYx�e�`bT×pv^=gasdhbWYe6g=[�z|WYg - ³6¬�/
WYh���[�]�na`be�n=e�]_T4u'hbe�^a]_T&]_e�x�T�]_n=TdsNWo[�z1zYWYg=T4[Q`�]lcq]lhbTNx�]

H
�+°�T�h

dimH KerD =
N
�#SUT�hm[�¿ZT�WYg

KerD [
k
twuaWYx�TNga]_Woe�gy[�z-zoWYgaT4[�`#]lcq]lhbTNx

H
uqWY]lhbWogaV6^aWo]_iaT4uB�ac

hbi=T�sNe6g=uaW�hbWYe6gBhbiy[Qh¢p�e�`�[�zYz
ψ ∈ H

�}T&iy[�XqT
ord pψ ≥ N − k

pve�`�]_e�x�T�p�W�ÖaTNu
n=e6WYgqh

p
�8©�i=T�SkTNWYTd`b]lh_`m[�]_]�V½[�nj]_T4´|^=Tdg=sNT#[Qh$hbi=WY]$n=e�WYgah}x�TNTdhb]�hbi=T�WYg=TN´Z^=[�zYW�h_c

nl(p) ≥ N − k + l, l = 0, . . . , k − 1,

[�gyu�hbi=Td`bTdp�e�`bT
ord pH ≥ k(N − k)

���`be6x 6£·�²48+�}T#iy[�XZT
Z
U2dx ∧ dy ≥ π(k2(1 − g) + k(N − k)) = kN − k2g.

6£·��48
,wp
g = 0

hbiaTNgjhbiaT�`bWYV�iah_t£iy[�gyu�]_WouaT&[�h_hm[�WYg=]�W�hb]�x![�ÖqWYx�^=xÂ[Qh
k = N

[�g=u
�}T#iy[�XZT�hbiaT�TN]lhbWYx![�hbT 6£·Q³ 8��
,wp
g ≥ 1

hbi=Tdg\hbiaT&p�^=gasdhbWYe6g
f(x) = xN − x2g

[�h_hm[�WYg=]#W�hb]�x![�ÖqWYx�^=xÎ[Qh
xmax = N

2g

�B©�i=T�`bTdpve�`bT�hbiaT�`bWoV�iah_t£iy[�gyuH]_WouqT�WYg 6£· � 8�[�h_hm[�Woga]�W�hb]&x![�ÖqWYx�^=x
TNW�hbi=Td`µ[�h

k =
h
N
2g

i e�`µ[�h h N
2g

i
+ 1
{1hbiaT�WYgahbTNV�Td`&n=e6WYgqh&�}iaWYsNiFWY]µsdzoe�]_TN]lh&hbe

xmax
����`be6xÎhbiy[Qh�W�h�WY]¢T4[�]lc�hbe�uqTd`bWYXqT�hbi=T�`be6^aV6i\zYe��}Td`��=e6^agyu�Xq[�zYWou�pve�`#[�zYz

g
�#�¢p~sNe6^q`b]_T�p�e�`+]_n=TNsNWo[�zys4[�]_Td]+hbi=WY]8�=e6^agyu�sN[�g��=T}WYx�na`be�XZT4u�[�]N{|p�e�`+Woga]lhm[�gasNT6{
Wog'hbi=T�s4[�]_T

g = 1
�

�&�yOQ�.ºvº�PaO�� � ����Å ¦ 	�� N �J�0#/9/�
Z
U2dx ∧ dy ≥ π

4g

`
N2 − g2

´ 6 ® Ã 8
� ,/! g > 1 #/.KF

Z
U2dx ∧ dy ≥

(
πN2

4

� ,/! N ��9/��.
π(N2−1)

4

� ,/! N ,&F&F
6 ®q¨ 8

� ,/! g = 1 =
©�i=T�nq`be6e�p1e�p1©�i=TNe�`bTNx ¨d³µ�}e�`b¿q]+]lh_`m[�WYV6iqh_pve�`_��[Q`muaz�c�pve�`$uaTd`bWYXZWYg=V�hbi=T¢p�e6z�t

zoe��}WYg=V�sNe�`be6zYzo[�`_c~�

v �



�&�yOQ�.ºvº�PaO�� É ����Å ¦ 	�� V �"9/��. #+. ��� 8 ��.�9+#/4 *S� λ , � �����\�<��!)#&% ,2R^��!)#+�M,/! ,/. #
� 7 ,/cF/������.��	�-,+.K#�4H�-RS�".Sc-�1#+.�� � ,/46F1, � 8 ��.�*:� g Z ����� � ,�4E46, 7 �". 8 ��.H�)($*0#�4 �"���M���Q�0,�46F �

λ2Area(M) ≥
(
πm2(λ)

� ,/! g = 0
π
g
(m2(λ) − g2)

� ,/! g ≥ 1,

7 �0��!�� m(λ) �"� �����<�3*54 ��� RK4 ��%$�"��C�, � λ =
Ð¢g=e�hbi=Td`¢WYx�n=e�`_hm[�gah�[�nan=zYWYs4[�hbWYe�gCe�p76 ®Z¨ 8}sNe6gasNTd`bg=]�hbi=T&zYe��}Td`#�ae6^agyua]}pve�`

hbi=T¢[�`bT4[&e�p � 2���hbe�`bW.WYg
R

3 [�g=u�x�WogaWYx![�zahbe�`bW~Wog S3 �+��g=T�s4[�g�]_TdT¢p�`be�x hbi=TTdÖqn=zYWYsNW�hµsde6g=]lh_`b^asdhbWYe6gCe�p�hbiaT�]_n=TNs�h_`m[�z8sN^a`bXZTN] 6r]_TNT �b³a� ® 8�hbiy[Qh�WYgH�=e�hbiHs4[�]_TN]
hbi=T#g=e�`bx![�zYWY«NT4u�]_n=TNsdh_`m[�z�sN^q`bXZTN]}[�`bT#iqcanaTd`bTNzYzYWYnahbWYs#sN^a`bXZTN]

µ2 = P (λ)

]_^=sNi�hbi=[�h8[�n=[�W�`8e�p~�q`m[�g=sdi�n=e�WYgahb]×sNe�`_`bTd]_n=e6g=uµhbe¢hbiaT �wWogqpvWYg=W�hbWYTN] � ∞±
�×©�i=T�`bT

[�`bT�[�zY]_e
2g
e�hbi=T�`��a`m[�g=sNi\nae6WYgahb] 6riaTd`bT

g
WY]�hbi=TµV6TNga^=]¢e�p+hbiaWY]�iacqnaTd`bTNzYzYWonqhbWYs

sN^a`bXZT 8�[�h��}i=WYsNikhbiaTBx�^=z�hbWYn=zYWYTd`b]�e�p!�1zYe½´|^=T�h'p�^=g=s�hbWoe�g=]�T4´|^y[�z ±1
6vhbiaWY]'WY]

�acfhbi=T�sNe�g=]lh_`b^asdhbWYe6gUe�p#hbiaTB]_n=TNs�h_`m[�z�sN^a`bXZT 8�� 2je�`bTNe�XZTd`'hbiaTd`bT\[�`bT?[�zo]_e"[
ny[�W�`&e�p�n=e6WYgqhb]#WogqhbTd`bsNi=[�g=V�T4uH�qcBhbi=T�iqcanaTd`bTNzYzYWYnahbWYs�WYg=XZe6zY^qhbWoe�g
[�h#�}iaWYsNiHhbi=T
x�^=z�hbWYn=zYWYTd`b]#[�`bT�[�zY]_e ±1

6vhbi=T�hbe�`bW×[Q`bT�sNe�g=]lh_`b^=s�hbT4uBXqWo[�hbi=TN]_T �1zYe½´|^=Tdh�pv^=gasdt
hbWoe�g=]�[�]�W�h�WY]�]_iae��}g"WYg - ®6·�/}[�gyu -Y¨ Ï /�8��
©�ia^=]��}Tji=[�XZT�hbiaT!]_ny[�sdT

F
�}WYhbi

dimC F = 2g + 2
sde6g=]_WY]lhbWYg=V'e�p+]_e6zY^ahbWYe6ga]�hbe Dψ = 0

�}W�hbi?x�^=z�hbWYn=zYWYTd`b] ±1
�

°�Tdh�^=]$hm[�¿qT
4
t£]_i=TNTdhbTNujsNe6XZTd`bWYgaV cM e�p8[&hbe�`b^=]

M
�}iaWYsNiBuae�^=�azoTd]��ae�hbi�naTd`bW�t

e½ua]N�8©�iaT}n=^=zYzY�y[�sN¿Z]+e�p±hbiaT$pv^=gasdhbWYe6ga]8pÍ`be6x
F
e�gahbe#hbi=WY]8sNe6XZTd`bWYg=V&[Q`bT�uqe6^=�azYTdt

n=Td`bWYe½uqWYs�pv^ag=sdhbWYe6ga]N{=Wr� T6�×hbi=T�c�[�`bT�]_TNs�hbWoe�g=]$e�p1hbi=T¢]b[�x�T�]_naWYgj�=^agyuqzoT�e6XZTd` cM �©�i=T�sNe�x�n=zYTdÖ?uqWox�Tdg=]_WYe6g?e�p�hbi=T�¿ZTd`bgaTNz-e�p D [�sdhbWYg=Vje�gChbiaWo]#]_naWYgC�a^=gyuqzYT�WY]
[�h&zYT4[�]lh

2g + 2
[�gyu\hbi=^a]

dimH KerD ≥ g + 1
�'Ð¢nan=z�cqWogaV'6 ®Z¨ 8��}T�e6�qhm[�WYg

hbi=T�zYe��}T�`µ�ae6^agyua]�pve�` R |U |2dx ∧ dy � �1e�` � 2��Ìhbe�`bW-�}T�i=[�XZT H = 1
[�g=u

U = eα

2

��©�i=^=]
Z

cM
U2dx ∧ dy =

1

4
Area(cM) = Area(M).

�1e�`µx�WogaWYx![�z×hbe�`bW+WYg
S3 �}T!iy[�XZT U = − ieα

2

[�gyu?hbi=^=] R
cM |U |2dx ∧ dy =

Area(M)
�×SUT�uqTd`bWYXZT

�&�yOQ�.ºvº�PaO�� � � ,/! �3��.��"�_#�4B�M,/!2�D��. S3 #/.SF �  � �M,+!����". R
3 , � �-R^�)%$��!$#�48 ��.�*:� g 7 �J�0#/9/�D���0� � ,�4E46, 7 ��. 8 46, 7 ��!DI�,/*:.KF/� � ,/! �����3#+!��)# �

Area ≥
(
π(g+1)2

4

� ,/! g ,&F&F
π((g+1)2−1)

4

� ,/! g ��9/��. .
,ãg.- ³6¬�/±W�h}Wo]�`bTdx![�`b¿ZT4u�hbiy[Qh$W�h$pve6zYzYe��}]}p�`be�x - ®½·�/.hbi=[�h$pve�`}x�WYg=WYx![�z=hbe�`bW~Wog

S3 hbi=T��=e�^=gyu�sN[�g!�=T�WYx�na`be6XZT4u��qc�`bTNnazo[�sNWYg=V g+1
�qc

g+2
�+2je�`bTde6XZTd`$W�h�WY]

Xa[�zYWÍu�pve�`}hbiaT�TNg=T�`bV�c�e�p×[�zYz�iy[Q`bx�e6gaWos�hbe�`bW±WYg
S3 i=e��}TdXqT�`$�}T�uae�gae�h�uaWY]_sN^a]_]hbi=T#]_n=Tdsdh_`m[�z±sN^a`bXZTN]$e�p×iy[Q`bx�e6g=WYs�hbe�`bW�WYgjhbiaWY]$ny[�naTd`4�

�¢TNsdTNgahbz�cHhbiaT!V6TNga^=]&e�p�hbi=T!]_n=TNs�h_`m[�z�sN^q`bXZT���[�]�[�n=n=zYWYT4uF�qc���[�]_¿ZWoga]&hbe
sNe6x�nazoT�hbTNz�cj[�g=e�hbi=Td`�na`be��=zYTNx �1hbe�]lhb^yuqc!]_naTNsNWo[�z�°�[�V�`m[�gaV6Wo[�g

T 2 t£sNe�g=TN]}WYg
C

3

- · Ï / �C��T�e6�qhm[�WYg=T4uBzYWYg=T4[Q` 6rWYg�hbi=T�V�TNg=^a] 8}zYe��}T�`#�=e�^=gyuq]$pve�`�]_e6x�T&´|^y[�gahbW�hbWYTN]
sNiy[Q`m[�sdhbTd`bWY«NWYgaVFhbi=T�V�TNe6x�Tdh_`bWYs�sde6x�n=zYTdÖqW�h_c"e�p�]_^=sNi�sNe6gaTN]![�g=u�sNe�g��lTdsdhb^a`bT4u

v �



hbiy[�h#hbiaTN]_T��ae6^=g=ua]�sN[�gH�aT�WYx�na`be�XqTNu\hbej´Z^=[6uZ`m[�hbWYs��=e�^=g=ua]N��SkT�g=e�hbT�hbiy[Qh
hbi=T#x�Tdhbiae½ua]+e�p - · Ï /�[�`bT#sde6x�n=zYTdhbTdzYc'uqWYpÍpvTd`bTdgah}p�`be�x�x�T�hbi=e½uq]�^=]_TNu'WYg'- ³½¬�/ �
©�i=T�sNe6gqh_`bWY�=^ahbWYe�gBe�p×hbi=T�hbTd`bx

ordH
WY]¢T4[�]_WYz�cBuqTNx�e6ga]lh_`m[�hbT4uj�qcj]_e�zYWYhbe�g

]_n=i=T�`bTN]µ]_^asNiFhbiy[QhµhbiaT!n=e6zYTN]&e�p}hbiaT!h_`m[�g=]_W�hbWYe6g"sNe�Tdp�p�WosdWoTdgah![Q`bT�e�p}hbi=T�pve�`bx
(2l + 1)i/2

� ,ãg�hbi=WY]}s4[�]_T
ord KerD sNe6^agahb]$hbi=T�V6[�na]¢WYgjp�WozYzYWYg=V�hbi=Td]_T&Tdg=Td`bV�c

zoTdXqTdzo]N�
�¢TNsdTNgahbz�c�hbi=T�uaTdp�WogaW�hbWoe�gje�p-]_e6zYW�hbe6g']_n=i=T�`bTN]���[�]}V6Tdg=Td`m[�zoWY«NTNujWYg'hbi=T¢]_n=W�`bW�h

e�p�hbi=T\zYe��}Td`�TN]lhbWYx![�hbTN]!pve�`jhbi=TBSUWYzYzYx�e�`bT\pv^ag=sdhbWYe6g=[�z �"[
]_n=iaTd`bT\WY]'s4[�zYzoTNu
]_e6zYW�hbe6gBW�p1pve�`�W�h}hbi=T � 
×z �^=sd¿qT�`¢WYgaT4´|^y[�zYW�h_c �

Z

M

|U |2dx ∧ dy ≥ π(N2(1 − g) + ordH)

�=TNsNe�x�TN]�[�g'T4´|^y[�zYW�h_c~{=Wr� T6� A(M) = 0
-Y¨ Ã½§ / �

Ð¢]#W�h#��[�]�]_i=e��}T4uC�qc �+e6iazYT![�gyu)
8T�hbTd`b] - § ¬�/×hbi=WY]#sNzo[�]_]&sde6gahm[�WYg=]�x![�gqc
e�hbi=T�`¢WYgqhbTd`bTN]lhbWYg=V�]_^q`_pr[�sNTN]N�

�+Tdpve�`bT#pve�`bx�^azo[�hbWYg=V�hbi=TNW�`$`bTN]_^az�h$�}T�`bTNs4[�zoz~hbiy[Qh ��`_ca[�gqh$]_^a`_pv[�sNTd]¢[Q`bT �l^a]lh
]_^a`_pr[�sNTN]�e�p#sde6g=]lhm[�gah!x�T4[�g�sN^q`bXq[�hb^a`bT'e6gaTBWogfhbi=T�iqcqn=Td`b�ae6zYWYsjhbia`bTNTj]_ny[�sdT
- § ®�/ � ��c�- § ¬�/ { ��`_ca[�gah�]_^a`_pv[�sNT

M
WYg�hbi=T�
×e6WYgas4[�`bT&�y[�zoz�x�e½uqTNz

B3 ⊂ R
3 WY]�[]_x�e6e�hbi ��`_ca[�gqh-TNg=u&W�p=hbiaTd`bT+WY]×[}n=e�Wogqh

p∞
e�g&hbiaT�[�]lcax�nqhbe�hbWYs+�ae6^agyu=[Q`_c

∂B3]_^=sNijhbi=[�h
M ∪ p∞

WY]¢[�sNe6gqpve�`bx![�zYzYcjWYx�x�Td`b]_T4u'e�n=TNg�uaWY]_s�Wog
R

3 �01�TNgaTd`m[�zYz�c[ ��`_ca[�gah�]_^q`_pr[�sNT�WY]�s4[�zozYT4uf[\sNe6x�n=[�sdh ��`_ca[�gah�]_^a`_pv[�sNT��}WYhbif]_x�e6e�hbi"TNgyuq]
WYp�W�h�WY]�sNe6gqpve�`bx![�zYzYc"TN´Z^aWYXa[�zYTNgahµhbeF[\sNe6x�n=[�sdh�]_^a`_pr[�sNTj�}W�hbi"pvWYg=W�hbTNz�cfx![�gqc
n=^=gasdhb^a`bTNu�n=e�Wogqhb]+[Qh��}iaWYsNi�hbi=T$]_^a`_pv[�sNT¢iy[�XqT$e�n=TNg�gaTNWYV6ia�=e�`biae6e6ua]+WY]_e�x�Tdh_`bWYs
hbe�]_x�e6e�hbi ��`_ca[�gqh�TNgyuq]N�
,wh�WY]�sdzoTN[�`bz�c�[µV6TNgaTd`m[�zYWY«4[�hbWYe�g?e�p-x�WYg=WYx![�z~]_^q`_pr[�sdTN]��}W�hbi�nazo[�gy[Q`�TNgyuq]N�
SUT#iy[�XqT
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Z ,/! 7 =Ð¢]#W�h#��[�]�x�TNgqhbWoe�g=T4u\�ac ��e6i=zYT![�gyu'
×TdhbTd`b]�hbiaTdcB�}Td`bT�zYT4u\hbe'hbi=WY]�hbiaTdt

e�`bTNx �acjhbiaTµe��=]_Td`bXq[QhbWoe�g?hbi=[�h�hbi=T&]_WYx�n=zYTN]lh�]_e�zYWYhbe�gC]_nai=Td`bTd]�sNe�`_`bTd]_n=e6g=uaWYg=V
hbeHhbi=T'n=e�hbTdgahbWo[�zY]

UN = N
2 cosh x

s4[�g��=Tjh_`bT4[QhbT4u�[�] ��`_ca[�gah!]_nai=Td`bTd]��}WYhbi
]_x�e6e�hbijTNgyuq]N�$©�i=T�c�[�zo]_e�[�g=g=e�^=gasNT4u'hbi=[�h¢[�zYz�SUWYzYzYx�e�`bT�]_n=iaTd`bTN]�[�`bT�]_e�zoW�hbe�g
]_n=i=T�`bTN]96v�}T�`bTNx![Q`b¿�hbiy[�h��ac�hbi=T�`bTN]_^=z�hb]$e�p ��`_ca[�gqh�[�g=u 
×TNg=V&hbi=T�SUWYzozYx�e�`bT
pv^=gasdhbWYe6g=[�zqiy[�]1hbiaT�]b[�x�T+n=e6]_]_WY�azoT$Xq[�zo^aTN]1pve�`×SUWYzozYx�e�`bT�]_n=iaTd`bTN]×[�]-p�e�` ��`_ca[�gqh
]_n=i=T�`bTN]$�}WYhbij]_x�e6e�hbi'TNgyuq] - § ·a{ §6Ï {±¨ Ã ¨ /�8��
����� ���! 1 +,)�)�> <#&5 6 � �! G:=? $!E 6(+.<�$%'*)�4 :=<#& 49?%&5:B'*EF �4 +�$
6(�!&( � FD�0!+�>  �$ 49+.<C$!'�)���+� 2"C&(<C? � 4
©�i=T�pve�`bx�^=zo[ 6r³�³ 8�]_i=e��}]�hbi=[�h}W�h�Wo]$`bT4[�]_e6g=[��=zYT#hbe�sNe�g=]_WouaT�`�hbiaT�pv^ag=sdhbWYe�gy[�z

E(Σ) =

Z

Σ

UV dx ∧ dy
pve�`�]_^a`_pr[�sNTN]N�!�1e�`�hbe�`bW1W�h#x�TN[�]_^a`bTd]¢hbi=Tµ[�]lcqx�nqhbe�hbWYs#pvzo[�hbgaTN]_]#e�p8hbi=T&]_n=TNs�h_`m[�z
sN^a`bXZTC[�gyu�p�e�`B]_^q`_pr[�sNTN]�WYg

R
3 W�hjT4´|^y[�zY] E = 1

4
W 6 -o¨�¨4®�/�8�� ,ãg -Y¨N³4/�hbi=WY]

pv^=gasdhbWYe6g=[�z���[�]}sNe6ga]_WÍuqTd`bT4u'p�e�`�]_^a`_pv[�sNTd]¢WYg�e�hbi=Td`�°±WoT#V�`be6^an=]�[�g=u���[�]}s4[�zYzoTNu
hbi=TjTdg=Td`bV�c
e�p�[?]_^q`_pr[�sdT6��Ð¢z�hbi=e�^=V6i
hbiaT'nq`be½ua^asdh

UV
WY]�gae�h![�z���[�cq]�`bT4[�z�t

Xa[�zY^=T4u'p�e�`�sNzYe6]_TNu�]_^a`_pr[�sNTN]}hbi=T�p�^=gasdhbWYe6gy[�z�WY]$`bT4[�zYt£Xq[�zY^aT4u�[�g=u'T4´|^=[�zY]
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• pve�` SU(2)
-o¨ §6§ / �

E =
1

4

Z
(H2 + 1)dµ,

Wr� T6�8WYh�WY]�[�x�^=z�hbWYn=zYT�e�p1hbi=T�SkWozYzYx�e�`bT�p�^=gasdhbWYe6gy[�z �
• pve�` Nil

-Y¨N³4/ �
E =

1

4

Z  
H2 +

bK
4

− 1

16

!
dµ;

• pve�` fSL2
-Y¨N³4/ �

E(M) =
1

4

Z

M

„
H2 +

5

16
bK − 1

4

«
dµ;

• pve�`�]_^a`_pr[�sNTN]}WYg Sol
{q]_WYg=sdT�hbi=T�nae�hbTNgqhbWo[�zY]}iy[�XZT¢Wog=uaTdhbT�`bx�Wog=[�sNWYTN]$e�g'hbiaT

«NTd`be�x�T4[�]_^q`bT�]_Tdh4{Zhbi=T�Tdg=Td`bV�c
E
WY]}sNe�`_`bTdsdhbz�c�uqTdpvWYg=TNu±����e��}TNXZTd`}�}T#uae

g=e�h}¿Zg=e��Ñ^agahbWYz.`bTNsNTNgqhbzYc'W�hb]}V6TNe�x�Tdh_`bWYs#x�T4[�gaWogaVa�
SUT�`bTds4[�zYz.hbiy[Qh+�qc bK �}T¢uaTNgae�hbT}hbi=T}]_TNsdhbWYe�gy[�z~sN^q`bXq[�hb^a`bT}e�p�hbiaT¢[�x��=WYTNgqh

]_ny[�sdT�[�zYe6gaV�hbi=T�hm[�g=V6Tdgah�n=zo[�gaT�hbe�[�]_^q`_pr[�sdT6�
©�i=TN]_T#pv^ag=sdhbWYe�gy[�zY]$�}Td`bT�g=e�h}]lhb^yuqWoTNuj[�g=ujx![�gqc!na`be��=zYTNx�]}[�`bT#e�n=TNg �
¨ 8�[Q`bT�hbiaTdcµ�=e6^agyuqT4uµp�`be�x��aTNzYe�� 6r]_e6x�T}g=^ax�Td`bWYs4[�zaTdÖqn=Td`bWYx�TNgqhb]-sNe6gqpvW�`bx

hbiy[�h 8 �
§ 8+�}iy[Qh�[Q`bT�hbi=TNW�`�TdÖZh_`bTNx![�zo]��
¬ 8+�}iy[Qh�[Q`bT�hbi=T�[�gy[�zYe�V6]�e�p-hbi=T¢SUWYzozYx�e�`bT#sNe6g��lTNsdhb^q`bT�pve�`�hbiaTNx �
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,ãgµhbiaWY]�[�n=naTNgyuqWYÖ#�}T}TdÖqnae6]_T+hbiaT�na`be�e�p~e�p.©�i=TNe�`bTNxÂ¨ Ã p�e6zYzYe��}WYg=V -Y¨6¨ Ã /a�}iaTd`bT6{
[�]}�}T�hbi=WYg=¿.{Zhbi=T�T�Öanae6]_W�hbWYe6g�WY]$hbe6e�]_iae�`_h4�
2je�`bTNe�XqT�`�hbiaT¢WouqT4[�]$e�p�hbi=T¢na`be�e�p1e�p�hbiaWo]�hbiaTNe�`bTdxË[�`bT�TN]_]_TNgahbWo[�z~p�e�`}nq`be6X|t

WogaV�hbi=T�x![�WYg�`bTN]_^azYh�e�p -Y¨6¨6¨ / �$hbiaT�x�WogaWYx�^=xËe�p�hbiaT�SkWozYzYx�e�`bT�pv^ag=sdhbWYe�gy[�z�Wog
[HV6WYXZTNgfsNe6gqpve�`bx![�z¢sdzÍ[�]_]!e�p#]_^q`_pr[�sdTN]!Wo]!sNe�g=]lh_`b^asdhbT4uf[�]�pve�zozYe��}]N�ÑSkT�sNe6gqt
]_WÍuqTd`!hbi=T'WogqpvWYx�^=x e�p�hbiaTjSUWYzYzYx�e�`bTjp�^=g=s�hbWoe�gy[�z¢WYg�hbiaWY]�sNzo[�]_]�[�g=ufhm[�¿ZT'Wog
hbi=WY]�sNzo[�]_]}[�]_T4´|^=Tdg=sNT¢e�p�]_^a`_pr[�sNTN]�6re�`4{Zx�e�`bT�nq`bTNsNWY]_TNz�c�hbi=TNW�`�SkTNWYTd`b]lh_`m[�]_]�`bTNnqt
`bTN]_TNgahm[QhbWYe6g=] 8��}W�hbi�hbiaTjXq[�zY^aTN]�e�p�hbiaT'SUWYzYzYx�e�`bTjp�^=gasdhbWYe6gy[�z¢sde6g=XZTd`bV�WYg=VChbe
hbi=T�WYgap�Wox�^ax��'©�i=TNgHhbiaTd`bT�WY]�[��}T4[�¿Zz�cFsNe�g=XZTd`bV�WogaVB]_T4´|^=TNgasNT�e�p}nae�hbTNgqhbWo[�zY]
e�p8hbi=T�sNe�`_`bTd]_n=e6g=uaWYg=V!��W�`m[�sµe�n=Td`m[Qhbe�`b]N�#©�iaTµ��WY`m[�sµe�n=Td`m[Qhbe�`¢�}WYhbiBhbiaTµzYWYx�W�h
n=e�hbTdgahbWo[�z�[�zY]_e�i=[�]�[µgae6gah_`bWYXZWo[�z±¿ZTd`bg=TNz 6vhbiaWo]�p�e6zYzYe��}]}p�`be�xËhbi=T�sNe�g=XZTd`bV�WogaV�e�p
hbi=T�`bTN]_e6zYXZTNgahb] 8�[�g=ujhbi=T&uaTN]_W�`bT4uBx�WYg=WYx�WY«NWYg=V�]_^q`_pr[�sNT�WY]�sde6g=]lh_`b^asdhbT4u�p�`be�x [
pv^=gasdhbWYe6g
p�`be�x hbiaWo]�¿qT�`bg=TNz��acFhbiaT!SkTNWYTd`b]lh_`m[�]_]�`bTNnq`bTN]_TNgqhm[�hbWYe6g±� �¢p�sNe6^q`b]_T
WYh&WY]&g=TNsNTd]_]b[�`_c?hbe�sNe6gqh_`be6z×hbi=T�]_x�e�e�hbi=gaTN]_]��}i=WYsNiHWo]&n=e�]_]_WY�=zYT6����e��}TNXZTd`&Wog
-o¨�¨6¨ /-W�h�Wo]¢x�TNgahbWYe�g=T4ujhbi=[�h¢e6g=T&s4[�g?gae�h�]b[�c�hbi=[�h�hbiaTd`bT&[�`bTµg=e�hbi=T&[��a]_TNg=sdT
e�p×�a`m[�g=sNi'n=e�Wogqhb]}e�p1hbiaT�zYWox�W�h�]_^a`_pv[�sNT��
©�i=T�[�g=[�zYe6V�e�p-hbi=T#uqTNsNe�x�n=e6]_W�hbWYe6g'6r³ Ã 8�WY]$hbi=T�p�e6zYzYe��}WYg=V�]_T4´|^=Tdg=sNT

Lp
(D0−E0)−1

−→ W 1
p

Sobolev′s embedding−→ L 2p
2−p

multiplication−→ Lp, p < 2.
6 ® § 8

Ð¢zYz.e6naTd`m[�hbe�`b]$sNe6x�WYg=V&WYg�hbiaT�]_T4´|^aTNg=sNT¢[�`bT�e6g=z�c!sNe�gahbWYg=^ae6^a]�[�g=u!�}T¢s4[�g'g=e�h
[�`bV6^aT�[�]�WYg �m³q� § �
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°�Tdh
M = C/Λ

�=T&[�hbe�`b^a]�[�gyu
z
�aT�[�zYWogaT4[�`�sNe6x�nazYTdÖjsde6e�`muqWYgy[�hbT�e�g

MuaTdp�WogaT4u'x�e6ua^azoe
Λ
�×��TNg=e�hbT��ac

ρ(z1, z2)
[�uqWo]lhm[�g=sNT��=Tdh_�}TNTdgjn=e�WYgahb]

z1, z2 ∈
M
WYg!hbi=T�x�Tdh_`bWYs�WYgyuq^=sNT4u��qc�hbi=T�Õ8^asNzYWÍuqT4[�g'x�Tdh_`bWYs¢e�g

C
XZWo[&hbi=T�na`be �lTNs�hbWoe�g

C → C/Λ
�

©�i=T×pve6zYzYe��}WYgaV�na`be�n=e6]_W�hbWYe6g&WY]1uqTd`bWYXqTNu�p�`be6xÑhbi=T8uaT�pvWYg=W�hbWYe6g&e�pqhbi=T-`bTN]_e�zoXZTNgqh
(D0 −E)R0(E) = δ(z − z′)

�ac�]lh_`m[�WYV6iqh_pve�`_��[�`muBsNe6x�na^ahm[QhbWoe�g=]N�
U O��   �.L4��M4�Í� �Ô�ZÉ � �0�<!)����,�4 9/��.��

R0(E) = (D0 −E)−1 : L2 →W 1
2 → L2

, � ����� � !)���?,�RH��!)#/�M,+! D0 : L2 → L2 �"�<#/. �".0��� 8 !)#/4 �1#+��!�� �\,�R^��!$#/�M,/!

f(z, z̄) → [R0(E)f ](z, z̄) =

Z

M

K0(z, z
′, E)f(z′, z′)dx′dy′, z′ = x′ + iy′,

7 �����������n]&��!�.K�$4 K0(z, z̄, z
′, z′, E) =

„
r11 r12
r21 r22

«
, rik = rik(z, z̄, z

′, z′, E),

7 �0��!��
r12 =

1

E
∂r22, r21 = − 1

E
∂̄r11,

1

E
(∂∂̄+E2)r11 =

1

E
(∂∂̄+E2)r22 = −δ(z−z′).

�&�yOQ�.ºvº�PaO�� � � ������.���� 8 !$#�4H]&��!2.H�$4 , � R0(E) �)($*�#/4 �

K0(z, z
′, E) =

„
−EG −∂G
∂̄G −EG

«
,

7 �0��!�� G ��������� � �1,&F+� � �M�)F �_V !�����.P,/.Y���0� � #�RK46#�%;� ,�R^��!$#/�M,/! ,/.Y���0�'�M,/!2*5� M �

(∂∂̄ +E2)G(z, z′, E) = δ(z − z′).

��� � 
���� � �01�WYXZTNgB[µhbe�`b^=]
M = C/{2πZ + 2πiZ} {q�}T#iy[�XZT

δ(z − z′) =
X

k,l∈Z

ei(k(x−x
′)+l(y−y′)), z = x+ iy, z′ = x′ + iy′,

G(z, z′, E) = −4
X

k,l∈Z

1

k2 + l2 − 4E2
ei(k(x−x

′)+l(y−y′)).
6 ®6¬48

�1e�`�e�hbi=T�`+naTd`bWYe½u�zo[�h_hbWYsNTN]
Λ
hbi=T}[�gy[�zoe�Vµe�p~]_Td`bWYTN]36 ®�¬ 81pve�`

G
zYe6e�¿q]�[�zYx�e�]lh�hbiaT

]b[�x�Tµ[�gyuBi=[�]�XZTd`_cj]_WYx�Wozo[Q`#[�g=[�z�cZhbWYs�na`be�n=Td`_hbWYTN]N�¢SUTµuae!g=e�h��$`bW�hbTµW�h�uae��}g
[�gyuj[�z���[�cq]}�}WozYz±`bTdpvTd`}hbe 6 ®�¬ 8+�}i=Tdg'�}T�sNe6ga]_WouaTd`�W�hb]�[�gy[�z�cqhbWYs4[�z�nq`be6n=T�`_hbWoTd]N�
©�i=T�pve�zYzoe��}WYg=V�na`be6nae6]_W�hbWYe6g�WY]}sNzYT4[Q`4�

U O��   �.L4��M4�Í� �Ô� � � �0�_�$��!2�M��� �
/L)� %�,/.�9/��! 8 ��� � ,/! E = iλ 7 �"��� λ ∈ R #+.KF
λ� 0

� � = � = λ �	* ��� �-%$�M��.0�-4 C146#/! 8 � � =
�1e�`¢s4[�zYsN^azÍ[QhbWYg=V�hbi=T�e6n=T�`m[�hbe�`

R0(k,E) = (D0 + Tk −E)−1 : L2 →W 1
2

embedding→ L2

zoT�h¢^a]}^=]_T�hbiaT�pve6zYzYe��}WYgaV�WouqTNgahbW�h_c
(D0 + Tk −E) = (1 + Tk(D0 −E)−1)(D0 −E) = (1 + TkR0(E))(D0 −E)

��:



�}i=WYsNi�WYx�n=zYWYTN]$hbi=T¢pve�`bx�^azo[µpve�`�hbiaT�`bTN]_e6zYXZTNgqh

R0(k,E) = R0(E)(1 + TkR0(E))−1 = R0(E)

∞X

l=0

[−TkR0(E)]l
6 ®�³ 8

na`be6XZWouaTNu�hbiy[Qh}hbi=T�]_Td`bWYTN]�WYg'hbiaT�`bWoV�iah_t£iy[�gyu!]_WouaT#sNe�g=XZTd`bV6Td]N�
�	��
�������01�WYXqTdg

p
{
1 < p < 2

{qhbi=T�]lcqx��ae6z
R0(E) = (D0 −E)−1 e�`

R0(k,E) = (D0 + Tk −E)−1

uaTNgae�hbTN]
[ 8$[�g�e�n=Td`m[Qhbe�`

A : Lp →W 1
p

�
� 8+[�sNe6x�nae6]_W�hbWYe6g

B : Lp → Lq
{
q = 2p

2−p
{qe�p

A
[�gyu�hbi=T�¯qe��=e6zYTNX�Tdx��=T4uZt

uaWYg=V
W 1
p → Lq

�
s 8+[�sNe6x�nae6]_W�hbWYe6g

C : Lp → Lp
e�p
A
[�gyu�hbi=T¢gy[�hb^q`m[�z.TNx��aT4u=uqWYg=V

W 1
p →

Lp
�

©�i=T#[�sdhbWYe6g=]}e�p�hbi=Td]_T�e6naTd`m[�hbe�`b]¢[Q`bT�hbi=T¢]b[�x�T¢e6g'hbiaT�]_n=[�sNT�e�p-]_x�e6e�hbi�p�^=gasdt
hbWoe�g=]1�}iaWosdiµs4[�gµ�aT�sde6g=]_WouqTd`bT4u�[�]1TNx��aT4u=uqT4u�WYgahbe

W 1
p

e�`
Lq
6 [�zYz|hbi=TN]_T�]_ny[�sdTN]

[�`bT�hbiaT¢sNzYe�]_^a`bTN]$e�p�hbi=T�]_ny[�sNT�e�p1]_x�e�e�hbi�pv^ag=sdhbWYe6ga]��}W�hbi�`bTN]_naTNsdh�hbeµuaW�pÍpvTd`bTNgqh
g=e�`bx�] 8��-©�i=Td`bTdp�e�`bT�W�h�WY]+TNgae6^aV6i�hbe�uaTdx�e6g=]lh_`m[QhbT}e�`�na`be6XZT�[�zYzygaTNsNTN]_]b[Q`_c�TN]lhbW�t
x![�hbTN]�e�g=z�c�pve�`$]_x�e6e�hbi�p�^=gasdhbWYe6g=]�[�gyu�hbiy[Qh�sNe�^=zou!�=T�uqe6gaT��ac�^=]_WYg=V&TdÖqn=zYWYsNW�h
pve�`bx�^azo[�]$pve�`¢hbiaT�`bTN]_e6zYXZTNgqhb]N�
°�Tdh8^=]8uqTNsNe6x�nae6]_T�`bTN]_e�zYXqTdgahb]8Wogqhbe�]_^=x�]-e�p~WYgahbTNV�`m[�zye�n=Td`m[Qhbe�`b]�[�]-pve�zozYe��}]N�
SUT&uaTNgae�hbT#�ac

χε
hbiaT�pv^ag=sdhbWYe6g

χε(r) =

(
0
p�e�`

r > ε

1
p�e�`

r ≤ ε

uaTdp�WYg=T4ujp�e�`
r ≥

0, r ∈ R
�%1�WoXZTNg

δ > 0
{-uqTNsNe6x�nae6]_T�hbiaTµ`bTN]_e�zYXqTdgah

R0(k, E)
WYgahbe�[']_^=x�e�p

h_�}e�WogqhbTNV�`m[�z�e�n=Td`m[Qhbe�`b]��
R0(k,E) = R≤ε

0 (k,E) +R>ε0 (k, E) : Lp → Lq

�}i=Td`bT�hbiaT �ãgaT4[�` �¢ny[Q`_h
R≤ε

0 (k, E)
WY]�uaT�pvWYg=T4u'�ac!W�hb]¢¿ZTd`bgaTNz

K≤ε
0 (z, z̄, z′, z′, E) = K0(z, z̄, z

′, z′, E)χε(ρ(z, z
′))

[�gyu�hbi=T �ãuaWY]lhm[�gah �¢ny[�`_h
R>ε0 (k,E)

iy[�]$hbi=T�p�e6zYzYe��}WYg=V!¿ZTd`bg=Tdz
K>ε

0 (z, z̄, z′, z′, E) = K0(z, z̄, z
′, z′, E)(1 − χε(ρ(z, z

′))).

U O��   �.L4��M4�Í� �Ô� � V �"9/��. p Z 1 < p < 2
Z
k̂ = (k̂1, k̂2) ∈ C

2 #+.KF δ, 0 < δ < 1
Z

������!��3���/�"�	���D#�!)�)#�4 %�,+.��	�M#/.�� λ0 >> 0 �	*0%2�P���5#/�
‖TkR0(iλ)‖Lp→Lp < δ

� ,/!D#�4E4 λ > λ0 #/.SF � ,+! k �	* ��� �-%$�M��.0�-4 C�%)46,/�$���M, k̂ =� ����!�� � ,/!�� � ,/!<�	*0%2� λ #/.KF k��� �����_�$��!��-���3�". �u
 f � %�,/.09/��! 8 ���\#+.KF FG� � ��.H���3# I�,/*:.KFG�)FO,�R^��!$#/�M,/! � !$,/�
Lp �M, W 1

p
Z
Lq ,/! Lp � ���:���_FG��RH��.KF/�_,/.`�����_���)#/.0�". 8 , � �����3�2C+�1I�,/4 R0(E)

�3*54 ��� RK4 �M�)F � !$,/�W�����D4 � � � 7 �"���Y�������)��!2�M��� � �> � �����D.S,/!2� , � ���0�?,�R^��!$#/�M,/!
R0(k, iλ) : Lp →W 1

p

�"��I�,/*:.KF&�)FYI$C1��,/�1�?%�,/.0�2�M#+.�� rp �

� H



L)� 8 �"9/��. ε > 0
Z 7 �J�0#/9/�

lim
λ→∞

‖R>ε0 (k, iλ)‖Lp→Lq = 0, q =
2p

2 − p
.

©�i=WY]�na`be�n=e�]_WYhbWYe�g\p�e6zYzYe��}]�pÍ`be6x hbiaT�TdÖqn=zYWYsNW�h�pve�`bx�^=zo[56 ®6¬48}pve�`�hbiaTµ¿ZTd`bgaTNz
e�p-`bTN]_e�zoXZTNgqh4�
SUT!uaTNgae�hbT��qc

rinj
hbi=T�WYg��ãTNsdhbWYXZW�h_cC`m[�uaWY^=]�e�p+hbi=T�x�Tdh_`bWYs�e�g

M
[�gyu?Wogqt

h_`be½ua^asNT�hbi=Tjg=e�`bx�] ‖ · ‖2;ε
uaTdp�WogaT4u�p�e�`

0 < ε < rinj
[�]�p�e6zYzYe��}]N� 1�WYXZTNg

U ∈ L2(M)
{$�}T?uaTNgae�hbTB�qc

U |B(z,ε)

hbiaT�`bTN]lh_`bWYsdhbWYe6gUe�p
U
e�gahbeFhbi=TB�=[�zYz

B(z, ε) = {w ∈M : ρ(z,w) < ε} [�gyu'uaTdp�WogaT ‖U‖2;ε
[�]

‖U‖2;ε = max
z∈M

‚‚U |B(z,ε)

‚‚
2
.

U O��   �.L4��M4�Í� �Ô� � �2� � ����!)�?#/!)���������".H�)($*0#�4 �"���-���
s

πε2

vol (M)
≤ ‖U‖2;ε ≤ ‖U‖2

� ,/!D#�4E4 U ∈ L2(M) => �<� ,+! #�4E4 C > 0 #/.KF ε �����b�$����� {‖U‖2;ε ≤ C} #/!)� %)46,/�$�)F1#/.KF3���0��!�� � ,+!��
#/!��?%�,/�bRH#�%$���".XI�,/���X, � ����� 7 �)#;]Y#+.KF\���0� 7 �)#;]Y%�,/.09/��! 8 ��.S%;�_�M,2RH,�46, 8 �M���?,/.
L2(M) =� � � � � � ,wh}WY]�sNzYT4[�`}hbi=[�h ‖U‖2;ε ≤ ‖U‖2

� 2je�`bTNe6XZTd`}�}T#iy[�XZT

‖U‖2
2;εvol (M) ≥

Z

M

Z

B(z,ε)

|U(z + z′, z̄ + z′)|2dz′dz =

=

Z

M

Z

B(0,ε)

|U(z+z′, z̄+z′)|2dz′dz =

Z

B(0,ε)

»Z

M

|U(z, z̄)|2dz
–
dz′ = πε2‖U‖2

2

�}i=Td`bT
dz = dx∧ dy, dz′ = dx′ ∧ dy′ �8©�i=T¢]_TNsNe�gyu�]lhm[�hbTNx�Tdgah�WY]�¿Zgae��}g�p�`be�x[�sNe6^q`b]_T#e6gjp�^=gasdhbWYe6gy[�z1[�gy[�z�cq]_WY]N�

�+e6g=]_WouqTd`¢hbiaT�`bTN]_e�zoXZTNgqh
R(k,E) = (D + Tk −E)−1 : Lp → Lp.

SUT�[�V6[�WYgB^=]_T#[�g�WouaTNgqhbW�h_c

(D + Tk −E) =

»
1 +

„
U 0
0 V

«
(D0 + Tk −E)−1

–
(D0 + Tk −E)

�}i=WYsNi�WYx�n=zYWYTN]

R(k,E) = R0(k,E)
∞X

l=0

»
−
„
U 0
0 V

«
R0(k,E)

–l
.

U O��   �.L4��M4�Í� � �a¼ � ��� 1 < p < 2
Z
k̂ = (k̂1, k̂2) ∈ C

2 Z ε I;�b�	* �"� �-%$�M��.0�-4 C3�	�1#/4E4
#/.KF 0 < δ < 1 = � ����!����"� γ > 0 �	*0%2� ���0#/�

‚‚‚‚
„
U 0
0 V

«
R0(k, iλ)

‚‚‚‚
Lp→Lp

< δ

� ,/!�#/4E4 λ > λ0
Z
k �	* �"� �-%$�-��.��-4 Cb%)46,/�$���M, k̂ #+.KF U, V 7 �"��� ‖U‖2;ε < γ

Z ‖V ‖2;ε <
γ =

� �



� � � � � �+SUT#i=[�XZT#[�gje6�=XZWYe6^a]}WogaT4´|^y[�zoW�h_c

‖R≤ε
0 (k,E)‖ ≤ ‖R0(k,E)‖ pve�`¢[�zYz

ε
�

°�Tdh
Sp
�aT�hbi=T�¯Ze6�=e�zYTNX'sde6g=]lhm[�gah}pve�`¢hbiaT#TNx��=TNu=uaWYgaV

W 1
p → Lq

6r]_TNT�
-`be6nae�t
]_WYhbWYe�g?·48����1e�`

λ > λ0
�}T#iy[�XZT

‖R0(k, iλ)‖Lp→W1
p
≤ rp

6r]_TNT�
×`be�n=e�]_WYhbWYe�gF¨4² 8���¾�e��ÑsNe6ga]_WÍuqTd`}hbi=T�sde6x�n=e�]_W�hbWoe�g�e�p1x![�n=naWYg=V6]

Lp
R

≤ε
0

(k,E)−→ W 1
p

embedding→ Lq

×

0
@ U 0

0 V

1
A

−→ Lp,

�}i=Td`bT�hbi=T�gae�`bxØe�p$hbi=T�pvW�`b]lh�x![�n=naWYg=VjWY]&�=e�^=gyuqT4u?pÍ`be6x [��ae6XZT��ac
rp
{1hbi=T

g=e�`bxÑe�pqhbi=T8]_TNsNe�gyu#x![�nan=WYg=V$WY]1�ae6^agyuaTNu�p�`be6x [��ae6XZT+�qc
Sp
�-°�T�h1^=]�sNe6x�na^ahbT

hbi=T#g=e�`bxËe�p-hbiaT�hbi=W�`mu�x![�n=naWYg=Va�
¯qWYg=sNT$hbiaT$WogqhbTNV�`m[�zy¿ZTd`bg=Tdz=e�p

R≤ε
0 (k,E)

WY]�zYe6sN[�zYWY«NT4u�WYg�hbi=T$sNzYe6]_TNu�uqe6x![�Wog
{ρ(z, z′) ≤ ε} {qpve�`¢[�gac��y[�zoz B(x,α)

�}T#i=[�XZT
»„

U 0
0 V

«
R≤ε

0 (k,E)f

– ˛̨
˛
B(x,α)

=

»„
U 0
0 V

«
R≤ε

0 (k, E)

–`
f |B(x,α+ε)

´
.

Ð¢n=naz�caWYgaVµhbi=T����e6zouaT�`�WYg=TN´Z^=[�zYW�h_c!hbe�hbi=T�`bWYV6iqh_t£iy[�g=uj]_WouaT#e�p-hbi=WY]�p�e�`bx�^azÍ[&�}T
e6�ahm[�WYg

‚‚‚‚
»„

U 0
0 V

«
R≤ε

0 (k,E)f

– ˛̨
˛
B(x,α)

‚‚‚‚
p

≤

≤ m‖R≤ε
0 (k,E)‖Lp→Lq

‚‚(f |B(x,α+ε)

‚‚
p
≤≤ mrpSp

‚‚(f |B(x,α+ε)

‚‚
p�}i=Td`bT

m = max(‖U‖2;ε, ‖V ‖2;ε)
�×¾�e��Ò�}T�`bTNs4[�zYz±hbi=T�WouaTdgahbW�h_c

Z

M

‚‚gB(x,α)

‚‚p
p
dx = volB(x, α)‖g‖pp = πα2‖g‖pp

[�gyuj[�n=naz�caWYgaV�W�h}hbe�hbi=T�nq`bTNXZWYe6^=]}WYg=TN´Z^=[�zYW�h_c�e6�ahm[�WYg
‚‚‚‚
„
U 0
0 V

«
R≤ε

0 (k,E)

‚‚‚‚
p

≤ mrpSp
“
1 +

ε

α

”2/p

.

¯qWYg=sNT��}T�^a]_T�hbi=T!¯Ze6�ae6zYTNX?sNe6ga]lhm[�gah
Sp
pve�`&hbi=Tµhbe�`b^=]N{��}T!iy[�XZT�hbe�[�]_]_^=x�T

hbiy[�h
(α+ ε) < rinj

� ,£p

m = max (‖U‖2;ε, ‖V ‖2;ε) <
δ

rpSp
p
√

4

6 ®½·�8

[�gyu
α = ε < rinj/2

{=�}T#i=[�XZT
‚‚‚‚
„
U 0
0 V

«
R≤ε

0 (k,E)

‚‚‚‚
p

< δ.

©�i=WY]¢nq`be6XZTN]�hbiaT�na`be�n=e6]_W�hbWYe6g±�

�0v



U O��   �.L4��M4�Í� � �~� ���v�y�Z¼�	�� � ��� p #/.KF k̂ ∈ C
2 I;�������'��#/�1�J#/���".���!$,�RH,/�	�"���-,+.>�� Z 4 ��� γ < (rpSp

p
√

4)−1 #/.SFD4 ��� λ >> 0
Z � = � = λ I;�Q�	* �"� �-%$�-��.��-4 C�46#/! 8 � = V ��9/��.

�2* �"� �-%$�M��.��-4 C��	�1#/4E4 ε > 0
Z:� ,/! U, V �	*0%2�����0#/� ‖U‖2;ε ≤ C ≤ γ, ‖V ‖2;ε ≤ C ≤

γ �����<�$��!��M���

R(k, iλ) = R0(k, iλ)
∞X

l=0

»
−
„
U 0
0 V

«
R0(k, iλ)

–l 6 ®6®48

%�,/.�9/��! 8 ����*5.0� � ,/!2�_4 C3.H�)#/! k̂ #/.SFYF&� � �".H���b������!)����,�4 9/��.��Q, � ,2R^��!)#+�M,/!
D + Tk : Lp → Lp.

� ���D#�%$���-,/.O, � ���:���b!)���$,/4 9/��.��Q,/.[�2�_,&,/��� � *:.K%$���-,+.��b���<���/����.SFG�)F\�M,_����� !�����,�4Ec
9/��.��Q, � D + Tk ,/. �������MRK#&%;� L2 �

(D + Tk −E)−1 : L2 →W 1
2

embedding−→ L2.

� �:�"�[��� #PR^��.K%$�"4J, � %�,+�bRH#&%$�_,�R^��!$#/�M,/!2�[�0,�46,/�_,/!MR0�:�-% �". k �". .K�)#/! k̂ = ���
(Un, Vn)

weakly−→ (U∞, V∞) �". {‖U‖2;ε ≤ C
Z ‖V ‖2;ε < C} ������. �����[%�,/!2!)�$c

�MRK,/.KF/��. 8 !�����,�4 9/��.0���<%�,/.09/��! 8 ���b�M,?�����b!�����,�4 9/��.0�B, � �����<,�R^��!$#/�M,/! 7 �"���<RH,/����.Sc
���-#�4 � (U∞, V∞) �". �����D.S,/!��1�)F��M,2RH,�46, 8 C =

� � � � � ����c 
×`be�n=e�]_WYhbWYe�g §�Ã [�gyu'6 ®6·48�{qpve�`
λ > λ0

�}T#iy[�XZT
‚‚‚‚
„
U 0
0 V

«
R≤ε

0 (k, iλ)

‚‚‚‚
p

< σ = γrpSp
p
√

4 < 1

g=T4[Q`
k̂
� ��c 
-`be6nae6]_W�hbWYe6gF¨N²q{=p�e�`¢]_^apÍpvWYsNWYTNgahbz�cjzÍ[Q`bV6T�`bT4[�z

λ
{y]_WYgasNT�hbi=T#gae�`bxÂe�p

hbi=T#TNx��aT4u=uqWogaV
Lq → Lp

WY]}�=e�^=g=uaT4u~{q�}T#i=[�XZT
‚‚‚‚
„
U 0
0 V

«
R>ε0 (k, iλ)

‚‚‚‚
p

< 1 − σ.

©�i=WY]¢WYx�nazoWYTN]�hbi=[�h}pve�`
λ >> 0

�}T#iy[�XZT
‚‚‚‚
„
U 0
0 V

«
R0(k, iλ)

‚‚‚‚
p

≤
‚‚‚‚
„
U 0
0 V

«“
R≤ε

0 (k, iλ) +R>ε0 (k, iλ)
”‚‚‚‚

p

< 1

[�gyu�hbi=T�]_T�`bWoTd]�WYg 6 ®�® 81^=gaW�pve�`bx�z�c�sNe�g=XZTd`bV�TN]×g=T4[Q`
k̂
[�g=u�uqTdpvWYg=Td]×hbiaT+`bTN]_e�zoXZTNgqh

e�p D + Tk : Lp → Lp
�

©�i=T�[�sdhbWYe�g
e�p
R(k, iλ)

e6gF]_x�e�e�hbiFpv^ag=sdhbWYe�g=]�WY]�V6WYXZTNgF�qc 6 ®�® 8�[�g=uC�}T
TdÖZhbTNgyu�WYh}hbe�[�sNe6x�n=[�sdh�e�n=Td`m[Qhbe�`�e6g

L2
[�]$p�e6zYzYe��}]N� 
×^ah

B =

∞X

l=0

»
−
„
U 0
0 V

«
R0(k, iλ)

–l

[�gyu'sNe6ga]_WÍuqTd`}hbi=T�p�e6zYzYe��}WYg=V!sNe�x�n=e�]_WYhbWYe�g�e�p×e�n=Td`m[Qhbe�`b]

L2
embedding−→ Lp

B→ Lp
(D+Tk−E)−1

−→ W 1
p

embedding−→ L2

�}i=Td`bT¢[�zYzye�n=Td`m[Qhbe�`b]�[Q`bT¢�ae6^agyuaTNu�[�g=u�hbi=T$TNx��aT4u=uqWogaV
W 1
p → L2

WY]+sNe�x�ny[�s�h
�ac"hbi=T�Ä#e�gyuZ`m[�]_i=e�XfhbiaTNe�`bTdx 6r]_TNT�
×`be�n=e�]_WYhbWYe�gÑ·48��Ñ©�i=WY]�]_i=e��}]!hbi=[�h!hbi=T

���



[�sdhbWYe6g'e�p
R(k, iλ)

e6g�]_x�e6e�hbi!p�^=gasdhbWYe6g=]$WY]�T�ÖqhbTdgyuaTNu�hbe�[&sde6x�ny[�sdh$e�n=Td`m[Qhbe�`
e6g

L2
�¢¯qWYg=sNT�hbi=T#]_T�`bWoTd] 6 ®6®48}WY]�iae6zYe6x�e�`bn=iaWos�WYg

k
hbi=T�`bTd]_e6zYXZTNgah

R(k, iλ)
WY]

[�zY]_e�i=e�zoe�x�e�`bnai=WYs#WYg
k
�

¾�e����}Tj[Q`bT!zoT�p�h�hbeBnq`be6XZT�hbiy[QhµhbiaT�`bTN]_e6zYXZTNgah�WY]µsNe�gahbWYg=^ae6^a]µWYg
U
[�gyu

V
�ÎÕ×XZTd`_cUTNgqh_`m[�gasNTCe�p�hbiaTCx![Qh_`bWYÖ „ U 0

0 V

« WYg [�gackhbT�`bx e�p 6 ®6®48'WY]
uq`bTN]_]_T4u
p�`be�x �ae�hbi
]_WouaTN]��acHhbiaT�`bTd]_e6zYXZTNgahb]

R0(k, iλ)
�}i=WYsNif[Q`bTj�=e�^=g=uaT4u

WogqhbTNV�`m[�z-e6naTd`m[�hbe�`b]N��°�Tdh
l = 1

[�g=u\zYTdh
K(z, z′, k, iλ)

�=T�hbi=T&¿ZTd`bg=Tdz1e�p�]_^=sNi
[�g�e�n=Td`m[Qhbe�`4��©�i=TNg'hbi=T�sNe�x�n=e�]_WYhbWYe�g

R0(k, iλ)

„
U 0
0 V

«
R0(k, iλ)

[�sdhb]�e6g']_x�e6e�hbi�pv^ag=sdhbWYe6ga]�[�]}hbi=T�WYgahbTdV�`m[�z�e6naTd`m[�hbe�`��}W�hbijhbiaT�¿ZTd`bg=Tdz

F (z, z′′) = K(z, z′, k, iλ)

„
U(z′) 0

0 V (z′)

«
K(z′, z′′, k, iλ).

���=XZWYe6^=]_z�c#]_^asNi&[�g�WYgahbTNV�`m[�z|e�n=Td`m[Qhbe�`×WY]�sNe�gahbWYg=^ae6^a]��}W�hbi�`bTd]_n=TNsdh�hbe}hbiaT8�}TN[�¿
sNe6gaXqT�`bV6TNgasNT}e�p~n=e�hbTNgahbWo[�zo]

U, V ∈ L2(M)
���1e�`�e�hbi=Td`�Xq[�zY^=Td]8e�p

l
hbi=T$na`be�e�p~WY]

[�gy[�zYe6V6e�^=]N� ��c 
×`be�n=e�]_WYhbWYe�gF¨��q{aTNXZTd`_c�hbTd`bx e�p1hbiaT�]_Td`bWYTN]�6 ®6®48+Wo]$sde6gahbWYga^=e6^a]
�}WYhbi�`bTN]_naTNsdh8hbe�hbi=T$�}T4[�¿�sNe6gaXZTd`bV6TNgasNT}e�p±n=e�hbTNgahbWo[�zo] {‖U‖2;ε ≤ C, ‖V ‖2;ε ≤
C} �Î¯ZWYg=sNT\hbi=T\]_Td`bWYTN]�6 ®�® 8�^ag=W�pve�`bx�z�cksNe�g=XZTd`bV6Td]N{�hbi=T?]b[�x�T\sNe�gahbWYg=^ae6]_W�h_cna`be6naTd`_h_c�i=e�zÍuq]$pve�`�hbi=T�]_^=xËe�p-hbi=T�]_Td`bWYTN]N�+©�i=WY]}na`be�XZTN]$hbi=T�nq`be6n=e�]_W�hbWoe�g��
©�i=WY]1na`be�n=e�]_WYhbWYe�gµTN]lhm[��=zYWY]_i=TN]�hbi=T×TdÖqWY]lhbTNg=sNT8e�pqhbi=T×`bTN]_e�zoXZTNgqh1e�g=z�c�p�e�`-zo[�`bV�T

Xa[�zY^=TN]#e�p
λ
�}iaTd`bT

E = iλ
�µ©�i=T�`bTd]_e6zYXZTNgah#WY]#TdÖZhbTNg=uaT4u�hbej['x�Td`be�x�e�`bn=iaWYs

pv^=gasdhbWYe6g\e6gqhbe�hbi=T
E
t£nazÍ[�g=T��acj^=]_WYg=V�hbiaT �¢WozY�aTd`_h�p�e�`bx�^=zo[56r]_TNT�
×`be�n=e�]_WYhbWYe�g

® 8��
� � � � � � � ��� � � ����
������ ��c)
-`be6n=e�]_W�hbWoe�g § ¨µhbi=Td`bT�[Q`bT

k0 ∈ C
2 [�gyu

E ∈ C
]_^=sdijhbiy[Qh$hbi=T�e�n=Td`m[Qhbe�`

(D + Tk0 −E0)
−1 : L2 →W 1

2
embedding−→ L2

Wo]-sde�`_`bTNsdhbz�c&uqTdpvWYg=TNu±�-°±Tdh-^a]1]_^=�a]lhbWYhb^qhbT8hbiaT�T�Öanq`bTN]_]_WYe6g
ϕ = (D+Tk0−E)−1fWogqhbe�hbi=T�T4´|^y[�hbWYe�g

(D + Tk −E)ϕ = 0[�gyu�`bTd�$`bW�hbT�hbi=WY]}T4´|^y[�hbWYe�gjWYgjhbi=T¢pve�`bx

(D+Tk0−Tk0+Tk−E0+E0−E)(D+Tk0−E0)
−1f = [1 +AU,V (k,E)] f = 0

�}i=Td`bT
AU,V (k, E) = (Tk − Tk0 +E0 −E)(D + Tk0 −E)−1.¯qWYg=sNT8hbi=T8pvW�`b]lh×x�^=z�hbWYn=zYWYTd`-WYg�hbi=WY]1pve�`bx�^=zo[�WY]×[}�=e�^=gyuqT4u#e6naTd`m[�hbe�`8p�e�`8[�gac

k, E[�gyu?hbi=T�]_TNsde6gyuCx�^=z�hbWYn=zYWYTd`&Wo]&[jsde6x�ny[�sdh�e6naTd`m[�hbe�`4{
AU,V (k,E)

WY]&[jnaTNg=sNWYz
e�p$sNe�x�ny[�sdh#e6naTd`m[�hbe�`b]#�}i=WYsNiHWY]�n=e�z�cagae6x�Wo[�z×WYg

k
[�g=u

E
� ��cC[�nan=z�cqWogaV'hbiaT

Ä#TNzouqcq]_i'hbiaTNe�`bTNxÎ[�]}Wog �m³a� § �}T�uaT�`bWoXZT�hbiaT�hbi=TNe�`bTNx��
¾�e��ÒhbiaT#]_n=TNsdh_`m[�z�sd^a`bXZT�WY]�uaTdp�WogaT4u�[�]�^a]_^y[�z��qc�hbiaT�pve�`bx�^=zo[

Γ = Q0(U, V )/Λ∗.

� �



�	��
��������©�i=T�`bTN]_e6zYXZTNgqhb]�e�p�e6naTd`m[�hbe�`b]�e6g!g=e�g=sNe�x�ny[�sdh�]_n=[�sNTN]�uae6Td]�g=e�h
�=TNi=[�XZT�sNe�gahbWYg=^ae6^=]_z�cC^=g=uaTd`#hbiaT��}T4[�¿?sNe�g=XZTd`bV6Tdg=sNT�e�p}n=e�hbTdgahbWo[�zY]N��,ãg=uaTNT4u~{
sNe6ga]_WÍuqTd`}hbi=T&¯ZsNia` �e6uaWYg=V�Td`}e6naTd`m[�hbe�`

L = − d2

dx2
+ U(x)

�}i=Td`bT
U(x)

WY]j[F]_e�zYWYhbe�gÒn=e�hbTdgahbWo[�z 6r]_eFhbiaTBe6naTd`m[�hbe�`Buae�TN]�iy[�XZT\�=e�^=g=uaT4u
]lhm[�hbTN] 8���©�i=T�WY]_e6]_naTNsdh_`m[�z±]_T4´|^=Tdg=sNT�e�p�n=e�hbTNgahbWo[�zY]

UN (x) = U(x+N)
�}TN[�¿Zz�c

sNe6gaXqT�`bV6TN]�hbe}hbi=T8«NTd`be�n=e�hbTNgahbWo[�z
U∞ = 0

p�e�`1�}iaWYsNi&hbiaT�¯ZsNia` �e6uaWYg=V�Td`-e�n=Td`m[Qhbe�`
iy[�]�gaej�=e�^=g=uaT4u\]lhm[�hbTN]N��©�iaT�]b[�x�T�WY]#h_`b^=Tµpve�`�hbiaT�e6gaTdtwuaWYx�TNg=]_WYe�gy[�z×��W�`m[�s
e6n=T�`m[�hbe�`4�
� �	�! �$ 0!+ � ��� � �% EF<C$!:=<#&5> '*)�� '*?!494@> ' � '*$ 0 6(�% 
EF<�$%:=<#&5> '*) ' &5 �'
,ãg"hbi=WY]�[�nan=TNg=uaW�ÖF�}T�T�Öanae6]_T�hbi=Tj¿Zgae��}g
`bTN]_^=z�hb]�e�gfhbiaT51�[�^a]_]�sNe6gqpve�`bx![�z
x![�n=naWYg=V�x�e�]lhbz�c�p�e6zYzYe��}WYg=V5- § ·Z{y¬�®a{=³�³4/ �
SUT$uaTdg=e�hbT+�ac

Sq,r
hbi=T8`be6^agyu�]_n=i=T�`bT�e�py`m[�uaWY^=]

r
WYg

R
3 [�g=u&�}W�hbiµhbiaT+sNTNgqthbTd`}[�h

q
[�gyu!uqTNg=e�hbT��ac

Πp,N
hbi=T�n=zo[�gaT6{qWYg

R
3 {Zny[�]_]_WYgaVµhbia`be�^=V�i p [�g=u��}WYhbihbi=T�gae�`bx![�zZXZTNsdhbe�`

N
�×Ð�zozq]_^=sdiµ]_nai=Td`bTN]8[�gyuµnazo[�g=Td]-Wog

R
3 [�`bT$n=[�`m[�x�TdhbTd`bWY«NT4u�ac'[�´|^y[�uq`bWYs

Q4 ⊂ R
4,1 � ,ãg=uaTNT4u~{qzoT�h
〈x, y〉 = x1y1 + · · · + x4y4 − x5y5

�=T�[�g'WYg=g=T�`¢nq`be½uq^=sdh}WYg
R

4,1 �+
8^qh
Q4 = {〈x, x〉 = 1} ⊂ R

4,1,

Sq,r → 1

r

„
q,

1

2
(|q|2 − r2 − 1),

1

2
(|q|2 − r2 + 1)

«
,

Πq,N → (N, 〈q,N〉, 〈q,N〉).
1�WoXZTNg�[�]_^a`_pv[�sNT

f : Σ → R
3 {=W�hb] %�,/. � ,/!��_#�4 V #/*:�2�<�_#�R
Gc : Σ → Q4

sNe�`_`bTN]_nae6g=ua]�hbeC[Cn=e�WYgah
p ∈ Σ

[\]_n=iaTd`bTje�p�`m[6uqWY^=] 1
H

�}iaWYsNi�hbe�^=sNiaTN]�hbi=T
]_^a`_pr[�sNT&[�h

p
p�e�`

H 6= 0
�

Gc(p) = Sp+N/H,1/H,

[�gyuBW�h�sde�`_`bTN]_nae6gyuq]¢hbe�[�n=e�Wogqh¢hbiaT&hm[�g=V�TNgah¢n=zo[�gaT�[Qh�hbiaWo]¢n=e�Wogqh¢p�e�`
H 6= 0

�
,ãg'hbT�`bx�]$e�p-hbi=T�sNe6e�`muaWYgy[QhbTN]¢e�g

Q4 W�h�Wo]$�$`bW�h_hbTNgB[�]
Gc(p) = H ·X + T

�}i=Td`bT

X =

„
f,

(f, f) − 1

2
,
(f, f) + 1

2

«
, T = (N, (N, f), (N, f)).

©�i=WY]�x![�n=n=WYgaVjWY]�[�]_naTNsNWo[�z�sN[�]_T!e�p�]_e�t£s4[�zYzoTNu"]_nai=Td`bT!sNe�g=V�`b^=TNgasNTN]��}i=WYsNi
WY]
e6g=T�e�p8hbiaT#x![�WYg�]_^a���lTdsdhb]¢e�p8sNe6gqpve�`bx![�z�V�TNe6x�Tdh_`_c)6vhbi=T�`bTdsNTNgah¢]lhm[�hbTdx�TNgah�e�p
hbi=WY]$hbi=TNe�`_c'WY]}na`bTd]_TNgahbT4u'Wog�- ®�³4/�8��

� �



SUT�iy[�XZT 〈X,X〉 = 0, 〈T, T 〉 = 1
{1[�g=u 〈X,T 〉 = 0

�}i=WYsNiCWox�nazYWoTd]�hbiy[�h
〈dX,X〉 = 〈dT, T 〉 = 0, 〈dT,X〉 = 〈−dX, T 〉 � ,£h}Wo]}T4[�]_WYzYcjsNi=TdsN¿ZT4u�hbi=[�h

〈dX, T 〉 = (df,N) = 0, 〈dX,DX〉 = (df, df) = I,

〈dX, dT 〉 = (df, dN) = −II, 〈dT, dT 〉 = (dN, dN) = III,�}i=Td`bT&hbi=TµhbiaW�`muBp�^=g=u=[�x�Tdgahm[�z�pve�`bx
III

e�p�[!]_^a`_pv[�sNT�x�TN[�]_^a`bTd]�hbi=T&zYTNg=V�hbi=]
e�p×WYx![�V�TN]}e�p-sN^q`bXZTN]}^=gyuqTd`�hbiaT�1�[�^=]_]}x![�n�[�g=u'x�TNT�hb]�hbi=T�WouaTdgahbW�h_c

K · I − 2H · II + III

�}i=WYsNi\`bTNzo[�hbTN]�W�h¢hbe
I
[�g=u

II
{.hbi=T�pvW�`b]lh�[�gyu�hbi=T�]_TNsNe�gyuBpv^agyu=[�x�TNgahm[�z�p�e�`bx�]

e�p8[�]_^q`_pr[�sdT6�#,wh}WYx�n=zYWYTN]$hbiy[Qh

〈Yz, Yz〉 = 〈Yz̄, Yz̄〉 = 0, 〈Yz, Yz̄〉 = eβ =
(H2 −K)e2α

2
= (H2−K)(fz, fz̄)

�}i=Td`bTBpve�`��a`bTNXZW�h_c"�}TCuqTNg=e�hbT
Gc

�qc
Y
{
z
WY]'[HsNe6gqpve�`bx![�z�n=[�`m[�x�TdhbTd`!e6g

hbi=T�]_^a`_pv[�sNT�{×[�g=u
I = e2αdzdz̄

WY]&hbiaT�WYgyuq^=sNT4u?x�Tdh_`bWYs�e6g?hbi=T�]_^q`_pr[�sdT6�!SUT
sNe6gasNzY^yuaT�hbi=[�h

• 	��3������! &;�����5���� �
(*#�# �5�:8 �,#<�����+(*����� �!3-7����! & ����5����
( 	�#�� - � (*� �6�,�,� �
8 ��,!�	�# �

,wh-WY]-sNzYT4[Q`-hbiy[�h
X
[�g=u

Y
[Q`bT�zYWogaT4[�`bz�c&WYgyuqTNn=TNg=uaTNgqh4� ��^qhb]_WouaT+^ax��=WYzYWYsN]�hbi=T

]_Tdh�e�p×XZTNsdhbe�`b]
Y, Yz, Yz̄

{.[�g=u
X
WY]¢^ag=Wo´|^=TNz�c�sNe�x�n=zYTdhbT4u��acj[�XZTNsdhbe�`

Z ∈ R
5hbe�[��y[�]_WY]

σ = (Y, Yz, Yz̄, X, Z)Tpve�`
C

5 {×hbi=T!sNe�x�n=zYTdÖqW�pvWYs4[�hbWYe�gfe�p
R

5 {8]_^=sNiFhbi=[�h&hbi=T!WYg=g=T�`�nq`be½ua^asdhµWog
R

4,1hm[�¿ZTN]$hbi=T�p�e�`bx
0
BBBB@

1 0 0 0 0

0 0 eβ 0 0

0 eβ 0 0 0
0 0 0 0 1
0 0 0 1 0

1
CCCCA
.

©�i=T�[�g=[�zYe6V�]�e�p1hbi=T�1�[�^=]_]ãÀ6SUTNWYg=V6[�`_hbTNg\T4´|^y[QhbWYe6g=]�[Q`bT

σz = Uσ, σz̄ = Vσ,

U =

0
BBBB@

0 1 0 0 0
0 βz 0 C2 C1

−eβ 0 0 C4 C3

0 −e−βC3 −e−βC1 C5 0

0 −e−βC4 −e−βC2 0 −C5

1
CCCCA
,

V =

0
BBBB@

0 0 1 0 0

−eβ 0 0 C4 C3

0 0 βz̄ C̄2 C̄1

0 −e−βC̄1 −e−βC̄3 C̄5 0
0 −e−βC̄2 −e−βC̄4 0 −C̄5

1
CCCCA

�}WYhbi
C1 = 〈Yzz, X〉4,1, C2 = 〈Yzz, Z〉4,1, C3 = 〈Yzz̄, X〉4,1,

� �



C4 = 〈Yzz̄, Z〉4,1, C5 = 〈Xz, Z〉4,1.
,wh�WY]�sdi=TNsN¿ZT4u��ac�]lh_`m[�WYV�iah_pve�`_��[�`mu�sNe�x�n=^qhm[�hbWYe6ga]�hbiy[�h

∆Y + 2(H2 −K)Y = (∆H + 2H(H2 −K))X

�}i=WYsNi�{aWYg�ny[Q`_hbWYsN^=zo[�`4{=WYx�n=zYWYTN]

C3 = 0, C4 =
e2α

4
(∆H + 2H(H2 −K)).

��Td`bT
∆ = 4e−2α∂∂̄

]lhm[�gyuq]$pve�`¢hbi=T�°�[�n=zo[�sNT�À ��TNz�h_`m[�x�W1e�n=Td`m[Qhbe�`¢e6g�hbi=T#]_^q`_t
pr[�sdT6�8©$[�¿ZWYg=V�hbiaWo]-WYgqhbe#[�sNsde6^=gqh�[�gyuµ¿qTdTNn=WYg=V¢WYg�x�WYgyu#hbiy[�h

C4
WY]-`bT4[�z�t£Xq[�zY^=TNu±{

�}T�uaTd`bWYXZT�hbi=T �+e6u=[�«N«NW�TN´Z^=[�hbWYe6ga]$pve�`�hbi=T�sNe6gqpve�`bx![�z 1�[�^=]_]�x![�n �

βzz̄ + eβ − (C̄1C2 + C1C̄2)e
−β = 0,

C1z̄ = C1C̄5,

C2z̄ +C2C̄5 = C4z − βzC4 + C4C5,

C5z̄ − C̄5z = e−β(C1C̄2 − C̄1C2).

6 ® Ï 8

��cj]lh_`m[�WYV6iah_p�e�`_��[Q`mu\sde6x�n=^qhm[�hbWYe6ga]N{Z�}T#e6�ahm[�WYg

C1 = A = 〈N, fzz〉, eβ = 2|A|2e−2α.

� ���?%�,/. � ,/!2�1#�4d#/!)�)# V c e�p Σ
WY]�hbiaT#[�`bTN[�e�p×W�hb]}WYx![�V6T#WYg

Q4 �

V c(Σ) =

Z

Σ

(H2 −K)dµ

�}i=Td`bT
dµ
WY]}hbi=T#XZe6zY^=x�T�p�e�`bx�e6g

Σ
��©�iaTµÕ×^=zYT�`_tã°�[�V�`m[�g=V�TµTN´Z^=[�hbWYe6g�p�e�`

V cWo]
∆H + 2H(H2 −K) = 0.Ð ]_^a`_pv[�sNT#WYg

R
3 WY]$s4[�zYzYT4u %�,/. � ,/!2�1#�4E4 C3�3�".0�"�1#�4 6re�` N\��4E4 �1,/!)�b�	*5! � #&%;� 8�{aW�p-W�h]b[�hbWY]lpvWYTN]�hbi=WY]}T4´|^y[�hbWYe�g��-SUT#sNe�g=sNzY^=uaT�hbiy[Qh

• ����! &;�����5��,� � � �,! �,�5��� #:(6��&;�*���4# ����� �21 �6�	�� � #:(6��&;�*���4# ���+�#�� Gc 
;�,�5���
�4#
������ �,! �"�5���3#:(*��&;�6�:�4# �,! Q4 �

1�WoXZTNg\[�gae6gat£^ax��=WYzYWos#nae6WYgah
p ∈ Σ

{yhbi=T#hm[�g=V6Tdgah¢]_ny[�sdT&hbe
Q4 [�h Y (p)

WY]
]_ny[�gag=T4uF�qc

Yz, Yz̄, X
{�[�gyu

Z
�\SUT!]_TNT!hbiy[Qh

Y
WY] %�,/. � ,/!2�1#�4E4 CP�0#/!2�1,+.��-% {W � T6�Y{

∆Y
WY]¢TdXqT�`_cq�}iaTd`bT�e�`_hbiae6V6e�gy[�z�hbe�hm[�gaV6TNgqh�n=zo[�gaTN]�hbe

Q4 {=W�p8[�gyu'e6g=z�cjWYphbi=T#]_^a`_pv[�sNT#WY]}sNe�gapve�`bx![�zYz�c�x�WYg=WYx![�z �
,wh-pve�zYzoe��}]�pÍ`be6x¶hbi=T 1�[�^=]_]ãÀ6SUTNWYg=V6[�`_hbTNg�TN´Z^=[�hbWYe6ga]-pve�`

Gc
[�gyu�hbi=T$Õ×^=zYTd`lÀ

°�[�V�`m[�gaV6T�T4´|^=[�hbWYe6g\pve�`
V c
hbi=[�h�WYp

Σ
WY]�sNe�gapve�`bx![�zYz�c\x�WYg=WYx![�zr{.Wr� T6�

C4 = 0
{

hbi=TNg�hbi=T#´|^y[Q`_hbWYs�uaW�p�p�Td`bTNgahbWo[�z

ω = 〈Yzz, Yzz〉 (dz)4 = C1C2 (dz)4

Wo]}iae6zYe6x�e�`bn=i=WYs6�
SUT�`bTNs4[�zoz8hbiy[Qh&[ji=e�zoe�x�e�`bnai=WYs�´|^y[Q`_hbWos�uaW�p�p�Td`bTNgahbWo[�z�e6gH[

2
t£]_n=iaTd`bT�Xq[�gqt

Wo]_iaTN]��
ω = 0

{�[�gyu"[�gac
]_^asNif[HuaW�pÍpvTd`bTNgqhbWo[�z}e6g�[\hbe�`b^=]�WY]�sde6g=]lhm[�gah �
ω =

const · (dz)4 �ÐÌx�WYg=WYx![�z.]_^q`_pr[�sdT&WYg
Q4 WY]}s4[�zozYT4u �	*;R^��!2�3�".0�"�1#/4 WYp ω = 0

�

� �



SUT#n=^qh
ϕ = log

C̄1

C1
.

SUT�gae�hbWYsNT�hbi=[�h
C1 ≡ 0

e�g=z�cBpve�`�[']_^q`_pr[�sNT�sNe�g=]_WY]lhbWYg=Vje�p�^ax��=WYzYWosd]�[�g=u±{
�acjhbiaT%��e6nqp-hbi=TNe�`bTNx�{=hbiaWY]�WY]�[�uqe6x![�WYgBWYg\[�`be6^agyu�]_n=iaTd`bT�WYg

R
3 e�`�WYg�hbi=Tn=zo[�gaT6�

,wp
ω ≡ 0

[�g=u
C1 6= 0

hbi=TNg
C2 ≡ 0

[�gyuBhbi=T 1�[�^=]_]ãÀ �+e½u=[�«N«NW�T4´|^y[�hbWYe�g=]
pve�`�hbi=T�sNe6gqpve�`bx![�z 1�[�^=]_]�x![�nan=WYg=V�`bT4ua^asNT�hbe

βzz̄ + eβ = 0, ϕzz̄ = 0.

©�i=T�pvW�`b]lh�e�p8hbiaTN]_T&T4´|^y[�hbWYe�g=]�Wo]�hbi=T&°�WYe�^=XZWYzozYT&T4´|^y[QhbWoe�g?[�gyujhbiaT�]_TNsNe6g=u�e6gaT
Wo]�hbi=T�°�[�n=zo[�sNTµTN´Z^=[�hbWYe6g±�$©�iaTN]_TµTN´Z^=[�hbWYe6ga]�uqTN]_sd`bWY�=T�]_^an=Td`bx�WYg=WYx![�z±]_^q`_pr[�sNTN]
�}i=WYsNiB[Q`bT#g=e�h�^ax��=WYzYWos�]_^a`_pr[�sNTN]N�
°�Tdh�^=]&sNe6ga]_WÍuqTd`�hbiaT'sN[�]_T!�}i=TNg"[BsNe�gapve�`bx![�zYz�c
x�WYg=WYx![�z�]_^a`_pv[�sNT�WY]�g=e�h

]_^=n=T�`bx�WogaWYx![�zr�k°±e6s4[�zYzYc��ac"sdiy[�gaV6WYg=VH[HsNe�gapve�`bx![�z}ny[Q`m[�x�TdhbT�`��}TB[�sNiaWYTNXZT
hbiy[�h

1

2
〈Yzz, Yzz〉4,1 = C1C2 =

1

2
.

©�i=TNgjhbiaT�1�[�^a]_]ãÀ��+e6u=[�«d«NW1T4´|^y[QhbWYe6g=]$hm[�¿qT�hbiaT�pve�`bx

βzz̄ + eβ − e−β coshϕ = 0, ϕzz̄ + e−β sinhϕ = 0,

�}i=WYsNi�WY]$hbi=T�p�e6^a`_t£n=[�`_hbWYsNzYT�©�e½ua[�zÍ[Qh_hbWYsNT6�
� �	�! �$ 0!+ � ��� � �% +�$ �� �&54  4��  �E 68&('*) � &(<�� ). �> :=<#&G6(�% 
@ +.&('*E < �! �&(' 68<#& <C$ 6(�% )�+,$% '*$ 0 68�! 69&5'�EF :=<#&5>@?!)�'*4
��Td`bT#�aTNWYg=V�x�e�]lhbzYc�e�`bWoTdgahbT4u'hbe�V6TNe�x�TdhbTd`b]$�}T�TdÖqn=e6]_T�]_e6x�T�pr[�sdhb]}�}i=WYsNiB[Q`bT
g=TNsNTd]_]b[�`_c�p�e�`�nq`be6XZWYg=V�©�iaTNe�`bTNxÎ¨4¬�[�gyu�WYgah_`be6ua^=sdWogaV#]_e6zYW�hbe6g!]_n=iaTd`bTN]�Wog ��·Z� ³a�
©�i=T�WYg=XZTd`b]_T�]_s4[�h_hbTd`bWYgaV�na`be��=zYTNx p�e�`}hbi=T¢��W�`m[�s�e�n=Td`m[Qhbe�`�e6g�hbi=T�zYWYg=T¢��[�]

]_e6zYXZT4u�WYg -o¨N¬6²4/=]_Wox�WYzo[�`bz�cµhbe�hbi=T$]b[�x�T}nq`be6�=zYTNxÔp�e�`8hbi=T¢¯qsNiq` �e½uqWogaV6Td`�e6naTd`m[�hbe�`
−∂2

x + u(x)
- ¬ Ï /#6r]_TNT&[�zY]_e - ��³4/�8��

SUT¢sde6g=]_WouqTd`+hbiaT}p�e6zYzYe��}WYg=Vµ]_n=TNs�h_`m[�z.na`be��=zYTNx�{6W � T6�×hbiaT �~[�¿Zi=[�`be6X½ÀZ¯qiy[��y[Qh
na`be6�azYTNx�{

Lψ =

„
0 ik
ik 0

«
ψ

6 ®6²48
�}i=Td`bT

L =

„
0 ∂x

−∂x 0

«
+

„
p 0
0 q

«
.

6 ® �48
SUT#[�]_]_^ax�T�hbiy[Qh$hbi=T¢n=e�hbTdgahbWo[�zY]

p
[�g=u

q
[�`bT�pv[�]lh¢uaTds4[�cqWYg=V�[�]

x→ ±∞ �,wh}WY]}sNzYT4[�`}p�`be�xËhbi=T�nq`be6e�pv]}hbiy[�h}W�h}WY]}TNg=e�^=V�ijhbe�[�]_]_^=x�T�hbi=[�h
p(x)

[�g=u
q(x)[�`bT#TdÖqn=e�g=TNgqhbWo[�zYz�c�uqTNs4[�cqWYg=Vq�

�1e�`
p = q = 0

pve�`�T4[�sNi
k ∈ R \ {0} �}T&iy[�XqT&[�h_�}e�twuqWox�Tdg=]_WYe6g=[�z1]_n=[�sNTe�p×]_e6zY^qhbWoe�g=]�6vp�`bTdT���[�XZTN] 8�]_ny[�gag=T4u��ac!hbi=T�sNe6zY^=x�ga]$e�p1hbiaT#x![�h_`bW�Ö

Φ0(x, k) =

„
0 e−ikx

eikx 0

«
.

�1e�`1gae6gqh_`bWoXZWo[�z
p
[�gyu

q
p�e�`1TN[�sNi

k ∈ R\{0} �}T8iy[�XZT�[�V6[�WYg&[$h_�}e�twuaWYx�TNg=]_WYe�gy[�z]_ny[�sdTje�p�]_e6zY^ahbWYe�g=]��}iaWosdi�[Q`bT�[�]lcqx�nqhbe�hbWYs�hbe?pÍ`bTNT'��[�XqTd]��}i=TNg
x → ±∞ �

� �



©�i=TN]_T�]_ny[�sNTN]�[Q`bT¢]_n=[�gag=T4u��qcµhbiaT�]_e�t£s4[�zYzYT4u 
6e6]lh�pv^=gasdhbWYe6ga]
ϕ±
l , l = 1, 2

���1e�`
uaTdp�WogaWYg=V'hbiaTN]_T�pv^=gasdhbWYe6ga]��}T�sNe�g=]_WouaT�`#hbi=T&x![�h_`bWYsNTN]

Φ+(x, k)
[�g=u

Φ−(x, k)]b[�hbWY]lp�cqWYg=V�hbiaT#WogqhbTNV�`m[�z�TN´Z^=[�hbWYe6ga]

Φ+(x, k) = Φ0(x, k) +

Z +∞

x

Φ0(x− x′, k)

„
p 0
0 q

«
Φ+(x′, k) dx′,

Φ−(x, k) = Φ0(x, k) +

Z x

−∞
Φ0(x− x′, k)

„
p 0
0 q

«
Φ−(x′, k) dx′.

©�i=TN]_T$T4´|^=[�hbWYe6ga]×[�`bT�e�pyhbi=T8pve�`bx
Φ± = Φ0+A±Φ± �}i=Td`bT A± [�`bT�e�n=Td`m[Qhbe�`b]e�p�hbiaT�Á�e�zYhbT�`_`m[�h_cqn=T�[�gyu\hbi=Td`bT�pve�`bT�TN[�sNiCe�p�hbiaTN]_T�T4´|^y[QhbWYe6g=]#i=[�]�[�^=g=Wo´|^=T

]_e6zY^ahbWYe6gfV6WYXZTNg"�acChbi=T�¾�TN^ax![�gagF]_Td`bWYTN]
Φ±(x, k) =

P∞
l=0

`
A±´lΦ0(x, k)

�
©�i=T\sNe6zY^ax�g=]�e�p

Φ± [�`bTBhbiaT 
�e6]lhjp�^=gasdhbWYe6g=]
ϕ±
l , l = 1, 2

�¶SUT\]_TNT\hbiy[Qh
�acjhbiaT�sNe6ga]lh_`b^=sdhbWYe6gBhbiaT 
�e6]lh�p�^=gasdhbWYe6g=]¢�=TNi=[�XZT&[�]lcqx�nahbe�hbWYs4[�zYz�cB[�]�hbi=T#p�`bTdT
��[�XZTN]��

ϕ±
1 ≈

„
0
eikx

«
, ϕ±

2 ≈
„
e−ikx

0

« [�]
x→ ±∞.

��cj]lh_`m[�WYV6iah_p�e�`_��[Q`mu\sde6x�n=^qhm[�hbWYe6ga]$W�h¢WY]}e6�qhm[�WYg=TNu'hbiy[Qh

• V6WYXZTNg?[�ny[�W�`�e�p�]_e6zY^qhbWoe�g=] θ =

„
θ1
θ2

« [�gyu
τ =

„
τ1
τ2

« hbe.6 ®�² 8�{.hbi=T
Sk`be�g=]_¿ZWo[�g

W = θ1τ2 − θ2τ1
Wo]}sNe�g=]lhm[�gah4� ,ãg'ny[Q`_hbWosd^=zo[�`4{a�}T#iy[�XZT

detΦ±(x, k) = −1.
6 Ï�Ã 8

,ãg'hbiaT�]_T4´|^=Tdz±�}T�[�]_]_^=x�T�hbi=[�h$hbi=T�n=e�hbTdgahbWo[�zY]
p
[�g=u

q
[�`bT#sNe�x�n=zYTdÖ�sNe6gqt

�l^=V6[�hbT �
p = q̄.

,wh¢Wo]�[�zY]_e!sNi=TdsN¿ZT4uj�acj]lh_`m[�WYV6iqh_pve�`_��[�`mu\sNe6x�na^ahm[�hbWYe�g=]$hbiy[Qh¢hbiaT�h_`m[�g=]lp�e�`_t
x![�hbWYe6g

ψ =

„
ψ1

ψ2

«
→ ψ∗ =

„
−ψ̄2

ψ̄1

« 6 Ï ¨ 8
x![�n=]�]_e6zY^ahbWYe6ga]#hbe 6 ®6²48¢hbej]_e6zY^qhbWoe�g=]�e�p+hbi=T�]b[�x�T�T4´|^y[QhbWYe6g�� ,ãg?ny[Q`_hbWosd^=zo[�`4{
WYh}p�e6zYzYe��}]¢pÍ`be6xÂhbi=T�[�]lcqx�nahbe�hbWosd]�e�p1hbi=T 
6e6]lh�pv^ag=sdhbWYe6ga]$hbiy[�h}hbiaTdc�[�`bT#h_`m[�ga]lt
pve�`bx�TNu�[�]$pve�zYzoe��}]

ϕ±
1

∗−→ −ϕ±
2 , ϕ±

2
∗−→ ϕ±

1 .
6 Ï6§ 8

¯qWYg=sNTµhbi=T 
�e6]lh�pv^ag=sdhbWYe6ga]
ϕ+
l , l = 1, 2

{�[�gyu
ϕ−
l , l = 1, 2

{�V�WoXZT��=[�]_TN]#p�e�`
hbi=T#]b[�x�T�]_ny[�sdT6{ahbiaTdc'[�`bT�`bTNzo[QhbT4u��ac�[�zYWYg=TN[�`�h_`m[�g=]lp�e�`bx

„
ϕ−

1

ϕ−
2

«
= S(k)

„
ϕ+

1

ϕ+
2

«
.

,wh$pve�zYzoe��}]�p�`be�x 6 Ï�Ã 8�hbi=[�h
detS(k) = 1

[�g=u'�}T�uaTd`bWYXZT�pÍ`be6x 6 Ï6§ 8�hbi=[�h
• �����<�$%�#+������!��". 8 �1#/��!2� � S(k)

WY]}^=gaW�hm[�`_c �
S(k) ∈ SU(2)

{aW � T6�

S(k) =

„
a(k) −b(k)
b(k) a(k)

«
, |a(k)|2 + |b(k)|2 = 1.

� :



©�i=T�pve�zYzoe��}WYg=V'´Z^=[�gqhbWYhbWYTN]

T (k) =
1

a(k)
, R(k) =

b(k)

a(k)
[�`bT+sN[�zYzYT4u ��������!$#/.��	�?�"�	�2��,/.\%�,G� �"� ��%$�M��.�� [�gyu �����B!�� � 4 �)%$���-,/.�%�,G� ��� �-%$�M��.0� `bTN]_naTNsdthbWoXZTNz�c~�j©�i=T!e6naTd`m[�hbe�`

L
Wo]&s4[�zozYT4uH`bT�pvzYTNsdhbWYe6gazYTN]_]�W�p}W�hb]&`bTdp�zYTNsdhbWYe6g
sNe�Tdp�p�WYsNWYTNgah

Xa[�g=WY]_i=Td]��
R(k) ≡ 0

�
©�i=T�XZTNsdhbe�`�pv^ag=sdhbWYe�g=]

ϕ−
1 e

−ikx [�g=u ϕ+
2 e

ikx [Q`bT�[�g=[�z�cZhbWosN[�zYz�cCsde6gahbWYga^=T4ue6gahbe�hbiaT#zoe��}Td`#i=[�z�p�t£n=zo[�g=T
Im k < 0

{~[�g=ujhbi=T#XZTNsdhbe�`¢p�^=g=s�hbWoe�g=]
ϕ−

2 e
ikx [�gyu

ϕ+
1 e

−ikx [Q`bT�[�g=[�z�cZhbWosN[�zYz�cjsNe�gahbWYg=^aT4u'e�gahbe�hbiaT#^=nan=Td`$i=[�z�p�t£nazÍ[�g=T Im k > 0
�

SUW�hbi=e6^qh8zoe�]_]×e�p.V�TNg=Td`m[�zYWYh_c�W�h×Wo]×TNgae6^aV6i�hbe¢na`be6XZT�hbi=[�h-pve�`
ϕ−

1 e
−ikx �-©�i=WY]pv^=gasdhbWYe6g�]b[QhbWY]lpvWYTN]¢hbiaT�T4´|^y[QhbWYe6g�e�p1hbi=T�Á¢e6z�hbTd`_`m[�h_cqn=T

f(x, k) =

„
0
1

«
−
Z x

−∞

„
0 −e−2ik(x−x′)

1 0

«„
p 0
0 q

«
f(x′, k)dx′

[�gyuB]_WYg=sdT&hbiaT&WYgqhbTNV�`m[�z-¿qT�`bg=TNz�uaTNs4[Qcq]�TdÖqn=e�g=TNgqhbWo[�zYz�c�pve�`
Im k < 0

hbi=T�¾�Td^at
x![�g=g']_Td`bWYTN]$pve�`�W�hb]}]_e6zY^ahbWYe�g�sNe6gaXZTd`bV6TN]�WYg'hbiaWo]}i=[�z�p�t£n=zo[�g=T6�
©�i=WY]¢WYx�nazoWYTN]�hbi=[�h
• T (k)

Wo]�[�gy[�z�cZhbWYs4[�zYz�c�sde6gahbWYga^=T4u�e6gahbeµhbi=T�^an=n=T�`_twi=[�z�p1nazo[�g=T
Im k ≥ 0

�
,wh�WY]�]_iae��}gjhbi=[�h
• a(k)

Xa[�g=WY]_i=Td]�gae��}iaTd`bT#e6g
R \ {0} �

• hbi=T�nae6zYTN]�e�p T (k)
sde�`_`bTN]_nae6gyu�hbe I�,/*:.KF&�)F[�2�M#+����� {�Wr� T6�Y{±hbe!]_e�zo^qhbWYe6g=]¢hbe6 ®6²48��}iaWosdi�uqTNs4[�cHTdÖqn=e�g=TNgqhbWÍ[�zYzYc
[�]

x → ±∞ �H©�i=Td]_Tj]_e6zY^qhbWoe�g=]�[Q`bT
ϕ+

1 (x,κ)
[�gyu

ϕ−
2 (x,κ)

�}i=Td`bT
a(κ) = 0

[�gyu~{ahbiaTd`bTdp�e�`bT6{
ϕ−

2 (x,κ) = µ(κ)ϕ+
1 (x,κ), µ(κ) ∈ C,

6 Ï ¬ 8
[�g=u�hbiaT�x�^=z�hbWYn=zYWYsNW�h_c�e�p×T4[�sNi�TNWYV6Tdg=Xq[�zY^=T

κ
TN´Z^=[�zY]$hbe�e6gaT �

• T (k)
iy[�]�e6gazYc�]_WYx�n=zYT¢n=e6zYTN]$WYg�,ãx

k > 0
[�gyu�pve�`�TdÖqn=e6gaTNgahbWo[�zoz�c�uqTNs4[�cZt

WYg=V�nae�hbTNgqhbWo[�zY]$hbi=Td`bT�[Q`bT�pvWYg=W�hbTNz�c'x![�gac!]_^asNi�nae6zYTN] �
• ]_WYg=sNT}hbi=T}]_Tdh+e�p�]_e6zY^ahbWYe�g=]�hbe%6 ®�² 88WY]�WogaXq[�`bWo[�gqh�^=g=uaTd`76 Ï ¨ 8�{|hbi=T�uaWY]_sd`bT�hbT]_n=Tdsdh_`b^=xÂe�p

L
WY]¢nq`bTN]_Td`bXZT4uj�qc'hbiaT#sNe6x�nazoT�ÖjsNe�g��ã^=V½[QhbWYe6g

κ → κ̄
[�gyu

WY]$pve�`bx�TNu'�ac!hbiaT�n=e�zoTd]¢e�p
T (k)

[�gyu'hbiaTNW�`}sNe6x�nazYTdÖ�sNe6g��l^=V6[�hbTN]N�
� �����-R^�)%$��!$#�4 F&#+�M# e�p L sde6g=]_WY]lh¢e�p¨ 8+hbi=T�`bTdp�zYTNsdhbWYe6gBsNe�Tdp�p�WYsNWYTNgah

R(k), k 6= 0
�

§ 8+hbi=T#nae6zYTN]}e�p
T (k)

WYgjhbi=T�^=n=naTd`_t£iy[�zYp�n=zo[�gaT
Im κ > 0

�
κ1, . . . ,κN

�
¬ 8�hbi=T�´|^y[�gqhbW�hbWoTd]

λj = iγjµj , j = 1, . . . , N
{-�}iaTd`bT

γj = γ(κj)
Wo]�hbi=T

`bTN]_Woua^=T#e�p
T (k)

[Qh
κj
[�gyu

µj = µ(κj)
6r]_TNT%6 Ï ¬ 8 8��

,wp1hbiaT�n=e�hbTNgahbWo[�z
p = q̄

WY]$`bT4[�zYt£Xq[�zY^aT4u'hbi=Tdg

ϕ±
j (x,−k) = ϕ±

j (x, k)
pve�`

k ∈ R \ {0}
[�gyu�hbi=WY]$WYx�n=zYWYTN]$hbiy[�h

a(k) = a(−k), R(k) = R(−k), T (k) = T (−k̄),
hbi=T#n=e�zYTN]}e�p

T (k)
[�`bT�]lcqx�x�Tdh_`bWYs��}W�hbij`bTd]_n=TNsdh}hbe�hbiaT�WYx![�V�Wog=[�`_cj[�ÖqWY]N{y[�gyu

λj = λ̄k
pve�`

κj = −κ̄k.

� H



¾�e�� �acF[�n=naz�caWYgaV�hbi=T��1e6^q`bWoT�`µh_`m[�g=]lpve�`bx 6v�}W�hbiF`bTN]_naTNsdh�hbe
k
8�hbe?�ae�hbi

]_WÍuqTN]�e�p1hbiaT�T4´|^y[�zoW�h_c

T (k)ϕ−
2 = R(k)ϕ+

1 + ϕ+
2

6 Ï ³ 8
[�p�hbT�`#]_e6x�T�]_^=�a]lhbW�hb^ahbWYe6ga]¢�}T��$`bWYhbT&hbi=T�T4´|^y[QhbWYe6g=]�6 Ï ³ 8}pve�`�hbi=T�sNe�x�n=e�g=TNgqhb]
e�p�hbiaTjXZTNsdhbe�`�pv^ag=sdhbWYe�g=]�WYgfhbiaT'p�e�`bx�e�p�hbi=T 1�TNz�pr[�gyuZÀ|°�TNXZW�hm[�gZÀ 2�[Q`bsNi=TNga¿Ze
T4´|^y[�hbWYe�g=]

B2(x, y) +

Z +∞

x

B1(x, x
′)Ω(x′ + y) dx′ = 0,

Ω(x+ y) −B1(x, y) +

Z +∞

x

B2(x, x
′)Ω(x′ + y) dx′ = 0

pve�`
B1
[�gyu

B2
�}W�hbi

Ω(z) =
1

2π

Z +∞

−∞
R(k)e−ikz dk −

NX

j=1

λje
iκjz

�}i=Td`bT
y > x

[�g=u'hbi=T�`bT#[�`bT�hbiaT�pve�zozYe��}WogaV'zYWYx�W�hb]

lim
y→∞

Bk(x, y) = 0, lim
y→x+

Bk(x, y) = Bk(x, x), k = 1, 2,

©�i=TN]_T�TN´Z^=[�hbWYe6ga]�[Q`bTjhbi=T�Á�e�zYhbT�`_`m[\h_cqn=T'[�g=u"[�`bTj`bTN]_e�zYXqTNuf^ag=Wo´|^=TNz�c~�
©�iaT
`bTNsNe6ga]lh_`b^=sdhbWYe�gjpve�`bx�^=zo[�]}pve�`�hbiaT�n=e�hbTNgahbWo[�zo]¢[�`bT�[�]$pve6zYzYe��}]��

p(x) = −2B1(x, x), p(x)q(x) = p(x)p(x) = 2
dB2(x, x)

dx
.

6 Ï ·�8
¯qTNT$hbi=T�uqTdhm[�WYzYT4u�uaT�`bWoXq[QhbWoe�g!e�p.hbi=WY]8pve�`bx�^azo[�]×p�`be6x -Y¨4¬�²�/ {|pve�`+WYg=]lhm[�gasNT6{|WYg -Y¨ / �
,ãg�hbi=T}]_T4´|^=Tdz {|p�e�`+]_Wox�nazYWosdWYh_c~{|�}T¢[�]_]_^ax�T�hbi=[�h8hbi=T�n=e�hbTdgahbWo[�z

p(x)
Wo]8`bT4[�z�t

Xa[�zY^=T4u~�
,ãg - ¬6²�/y[�]_Td`bWYTN]+e�p.pve�`bx�^=zo[�]�TdÖqna`bTN]_]_WYg=V�hbiaT$Ä�`b^=]_¿q[�zaWYgahbTNV�`m[�zY]+WYg�hbTd`bx�]×e�p

hbi=T+]_naTNsdh_`m[�zaua[�hm[Z{6Wr� T6�1hbiaT+]_e�t£s4[�zYzoTNuµh_`m[�sNT8pve�`bx�^=zo[�]N{6Wo]1uaTd`bWYXZT4u±��SUT+x�TdgahbWYe6g
e6g=z�c�hbi=T�p�e�`bx�^azÍ[&pve�`}hbiaT�pvW�`b]lh�g=e6gqh_`bWYXqWo[�z�WYgahbTdV�`m[�z �

Z ∞

−∞
p2(x)dx = − 1

π

Z ∞

−∞
log(1 − |b(k)|2)dk + 4

NX

j=1

Im κj .
6 Ï ®48

�1e�`!`bTdpvzYTNs�hbWoe�g=zYTN]_]'e6n=T�`m[�hbe�`b]!hbi=T'`bTNsNe6ga]lh_`b^=sdhbWYe�gkna`be�sNT4ua^q`bTj`bT4uq^=sNTN]�hbe
[�zYV6TN�q`m[�WYs�T4´|^=[�hbWYe6ga] 6r]_TNT+uaTdhm[�WozY]N{�pve�`-WYg=]lhm[�gasNT6{�WYg -o¨N¬6²={½¨6{½¨6¨=��/�8��-©�i=T�]_n=TNs�h_`m[�z
u=[�hm[CsNe6ga]_Wo]lh�e�p�hbi=T�nae6zYTN]

κk
[�gyufhbiaT�sNe�`_`bTN]_n=e�gyuaWYgaV
´|^y[�gqhbW�hbWoTd]

λj
{
j =

1, . . . , N
�+
×^ah

Ψ(x) = (−λ1e
iκ1x, . . . ,−λNeiκNx),

Mjk(x) =
λk

i(κj + κk)
ei(κj+κk)x, j, k = 1, . . . , N.

SUT#iy[�XqT

p(x) = 2
d

dx
arctan

Im det(1 + iM(x))

Re det(1 + iM(x))
,

ϕ+
1 (x, k) =

„
〈Ψ(x) · (1 +M2(x))−1|W (x, k)〉

eikx − 〈Ψ(x) · (1 +M2(x))−1M(x)|W (x, k)〉

« 6 Ï6Ï 8

���



�}i=Td`bT 〈u|v〉 = u1v1 + · · · + uNvN
[�gyu

W (x, k) =

„
i

κ1 + k
ei(κ1+k)x, . . . ,

i

κN + k
ei(κN+k)x

«
.
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