IRREDUCIBILITY AND p-ADIC MONODROMIES ON THE
SIEGEL MODULI SPACES

CHIA-FU YU

ABSTRACT. We generalize the surjectivity result of the p-adic monodromy for
the ordinary locus of a Siegel moduli space by Faltings and Chai (independently
by Ekedahl) to that for any p-rank stratum. We discuss irreducibility and
connectedness of some p-rank strata of the moduli spaces with parahoric level
structure. Finer results are obtained on the Siegel 3-fold with Iwahoric level
structure.

1. INTRODUCTION

The present paper is a continuation of the author’s work [20]. In loc. cit. we
have determined the number of irreducible components of a mod p Siegel module
space with Iwahoric level structure. The main ingredients are a result of Ngo6
and Genestier [14] that the ordinary locus is dense in the moduli space, and the
surjectivity of a p-adic monodromy due to Faltings and Chai [7], also due to Ekedahl
[5]. The goal of this paper is to investigate the same problem for the the non-
ordinary locus and smaller strata.

Let p be arational prime number. Let N > 3 be a prime-to-p positive integer. We
choose a primitive N-th root of unity (y in Q C C and an embedding Q — @p. Let
Ag1,n denote the moduli space over Z,)[(n] of g-dimensional principally polarized
abelian varieties with a full symplectic level-N structure with respect to (. The
moduli scheme A, ; y has irreducible geometric fibers. Let A be the reduction
Ay 1,n ® F, modulo p. For each integer 0 < f < g, let A7 C A be the locally
closed reduced subscheme that classifies the objects (A, A\,n) whose p-rank is f.
The p-rank of an abelian variety A is the dimension of A[p](k) over F,. It is known
due to Koblitz [11] that each stratum A/ is equi-dimensional of co-dimension f and
the closure of the stratum A/ contains A/ ~! for all f. This result is generalized to
the moduli spaces of arbitrary polarized abelian varieties by Norman and Oort [15]

Let (X, \,n) — A/ be the universal family. The maximal etale quotient X [p>]°*
of the p-divisible group X[p*°] gives rise to a p-adic monodromy

o (A ) — GLy(Z,),
where Z is a geometric point of A.
In this paper, we prove
Theorem 1.1. The homomorphism p’ is surjective.
The case where f = g is a well-known result proved by Faltings and Chai [7] and

independently by Ekedahl [5]. Theorem 1.1 answers a question raised in Tilouine
[19, Remark below Theorem 2, p.792].
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A direct consequence of Theorem 1.1 is that the associated Igusa tower over
each stratum A/ is irreducible except when f = 0 and g < 2 (this is the case where
the stratum is supersingular); see Section 3. We apply Theorem 1.1 to the almost
ordinary locus of the moduli spaces with parahoric level structure and determine
the number of irreducible components; see Section 4. In the special case of Iwahoric
level structure, we have the following result:

Let Ag r,(p),n denote the moduli space over Z,[(n] which parametrizes equiv-
alence classes of objects (A, A\, 7, H,)s, where S is a Z,)[(n]-scheme, (A, \, ) is in
Ag.1,n(S), and H, is a flag of finite flat subgroup schemes of A[p]

H,: 0CHCHyC---CHyCA[]p

such that each H; is of rank p’ and H, is isotropic for the Weil pairing e, induced
by A. Let Aryp) = Agrop),n @, be the reduction modulo p and let A%;(lp) =
Arg(p) XA A9~1, the almost ordinary locus of Ar,(p)- We prove (Corollary 4.3)

Theorem 1.2. For g > 2, the almost ordinary locus Afl;(lp) has ¢29~1 irreducible

components.

One might expect that the almost ordinary locus .A%;(lp) is dense in the non-

ordinary locus A?‘;r(‘g)ord. If this is true, then it would imply the same for the

moduli spaces with any parahoric level structure as well (see an argument in [20]
for the ordinary case), and then we could determine the number of irreducible
components of these non-ordinary loci. However, it is false in general. We examine
an example in Section 6.

In Section 5 we show how to use Theorem 1.1 to determine the numbers of
connected components of the p-rank strata.

In Sections 7 and 8, we give a geometric characterization of Kottwitz-Rapoport
strata for the case ¢ = 2. The characterization requires the knowledge on the su-
persingular locus. Therefore, the description of the supersingular locus is included.
On the other hand, the characterization also gives extra information on the su-
persingular locus by the induced Kottwitz-Rapoport stratification. This enables
us to determine the number of irreducible components of each Kottwitz-Rapoport
stratum.

2. PROOF OF THEOREM 1.1

We may assume that 1 < f < g because the case f = g is done in [7] and there is
nothing to show for f = 0. Choose a point g = 4, in Ay_¢1 v ® F, whose p-rank
is zero. Consider the morphism

a:A‘}rd—>Af, A— Ay x A,

where A‘}rd is the ordinary locus of the reduction A1y ® F, mod p. Choose

a geometric point Z; of A‘}rd. We have the commutative diagram for the p-adic

monodromies

T (AP, 21) —> m (AF, 5o x 71)

!
ord lp
Py

GL¢ (Zp).
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Since pj}rd is surjective [7], p/ is also surjective. This completes the proof of Theo-

rem 1.1 .

3. IRREDUCIBILITY OF THE IGUSA TOWERS

3.1. Let f be an integer with 0 < f < g. For each integer m > 0, let ZJ, be the
cover of A/ over F,, which parametrizes equivalence classes of objects (A4, \,7,&)s
where S is an F-scheme, (A4, \,n)s is in A7 (S) and £ is an isomorphism form p,m g
to the multiplicative part A[p™]™u! of A[p™] over S. Let
I7 = {Z] }mzo

be the Igusa tower over the stratum Af.
Proposition 3.1. The Isuga tower I7 is irreducible except when f =0 and g < 2.
PROOF. The cover T/, is etale over A/ and it represents the etale sheaf

Lsom(pgit, X[p™ ™),

where (X, \,n) — Af is the universal family. Therefore, the cover gives rise to
the p-adic monodromy pf, : 71 (A7, 2) — GL;(Z/p™Z). By Theorem 1.1, the
homomorphism pJ, is surjective for all m > 0. Therefore, each Z/, is irreducible
if the base Af is irreducible. From the possible symmetric Newton polygons, we
know that

(a) the stratum A/ is supersingular (means that every maximal point of Af is
supersingular) if and only if f =0 and g < 2, and

(b) the stratum A/ contains a unique maximal Newton polygon stratum as an
open dense subset.

Then the proposition follows from the following theorem. [

Theorem 3.2 (Oort). Fvery non-supersingular Newton polygon stratum of A is
irreductble.

PROOF. See the proof in Oort [17]. N

When f = 0, each member ZJ of Z/ is A°; this is the trivial case. For the
non-trivial cases f > 1, the Igusa towers are all irreducible.

3.2.  We consider a variant of the Igusa towers. Let f be an integer with 1 < f < g.
For each integer m > 0, let HJ, := (Z/p™Z x pipm)®7 and let o, : Hf, x H — pym
be the alternating pairing defined by

f
Soqfn((mia Ci)a (nia 771)) = H n;nlgi_nla vmia n; € Z/me7 <i7 i S Hpm .
i=1
Let J7 be the cover of A/ over F, which parametrizes equivalence classes of
objects (A, \,n,€)s where S is an F,-scheme, (A, \,n)s is in A/ (S) and
&: (H)s — Ap™]
is a monomorphism (both homomorphism and closed immersion) over S such that

(pfn(mvy) = 6A(£($)7§(y))’ Vz,y € H7fna
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where ey is the Weil pairing induced by A. Let
J Ii= {\77{1}7’“20
be a tower over the stratum A7.
Theorem 3.3. The tower J¥ is irreducible, that is, each member J,fl s irreducible.

Proor. Let (X,\,t) — A/ be the universal family. Consider the canonical
filtration

0 C X[pm™ c x[p™° c x[p™],
where A[p™] is the neutral connected component of A[p™]. So we have two canon-
ical short exact sequences

0— X[pm]mul _ X[pm]O _ X[pm]loc,loc _ 0’
0— X[pm]o N X[pm] _ X[pm]et = 0.
Since these short exact sequences split over a perfect affine base in characteristic

p, we can find a finite radical surjective morphism 7 : A’ — A/ such that the base
change X[p™] x 45 A’ admits the canonical decomposition

(3.1) X" = (X1 © XIE) © XIS
where X[p™| %4} is the base change X[p™]™"! x 4; A’, the middle part X[p™]t, is

the maximal etale subgroup scheme of X[p™]4 and X[p™]'°¢'°° is the maximal
local-local subgroup scheme of X[p™]4/. Furthermore, we may choose A’ to be
irreducible. To see this, let Ao be a scheme over F, such that A ~ Ay @g, F,.
Let {U} be a finite open covering of affine subschemes of Ag. Choose a positive
integer n large enough such that X' [p™] admits the canonical decomposition as (3.1)
over U@ ") for each U, where F™ : U(¢ ") — U is the iterated relative Frobenius

morphism over IF,. The subgroup schemes
1 loc, 1
{(X[pm]y(q—") ﬁlb}mq*n) ;. (resp. {(X[pm]y(q—"))sﬁ) OC}U(q_n> )

glue to a subgroup scheme X [p™]™! (resp. X[p™]1°%1°%) over .Aéq_n). Clearly A((Jq_n)

sub

is irreducible. We may take A’ := Aéq_n) ®F, F, and let m = F", then X[p™]a
admits the canonical decomposition.
Let J., be the etale cover of A’ that represents the etale sheaf

Pm = ISOm ((ng @{n)u‘\/v (X[ m]mul S X[ m]sub’ 6)))

Since any section & of P, is determined by its restriction & on (Z/p™)®f, the
restriction map & +— §|(z/pmyes gives an isomorphism

P =~ Isom((Z/p™ )®f Xp™ 5

Therefore, J;, corresponds to the p-adic monodromy p/, : m1(A’,z") — GLf(Z/p™Z)
and we have the commutative diagram

m (A, 7))

Wl(Af,iI)

) P
pm

GL4(Z/p™Z).
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Since T, is an isomorphism and p/, is surjective, p/, is surjective. Therefore, J/, is
irreducible as A’ is so. Let (X', X, n') be the base change of (X, \,n) over A" and
let & € P, (J,,) be the universal section. Then the family (X', N,n, &) — T,
gives rise to a morphism o : J/, — Jf. Clearly this map is surjective, hence J7 is
irreducible. B

Remark 3.4. The irreducibility of J7 is studied in [20] (that was denoted Alclr(‘;)

there). The lines 1-2 of p. 2593 in loc. cit. are incorrect. The moduli scheme Alclr(‘;)

is not etale over Azr? N because the extension

0— X[p]° — X[p] — X[p]" =0

does not split over any finite etale base change. However, this does not effect the
conclusion on irreducibility of Alclr(‘;); we just need a modified argument as in the

proof above.

4. THE ALMOST ORDINARY LOCUS OF THE MODULI SPACES WITH PARAHORIC
LEVEL STRUCTURE

4.1.  We keep the notation as before. Let k = (k1,..., k) be a tuple of positive in-
tegers k; > 1with Y., k; < g. Set h(i) := E;‘:l kjfor1 <i <randh(0) =0. Let
Ay k,~ denote the moduli space over Z,)[(x] that parametrizes equivalence classes
of objects (A, \,n, H,)s, where S is a Z,)[Cn]-scheme, (A, X, 7) is in Ay 1 n(S5),
and H, is a flag of finite subgroup schemes of A[p)

H, 0= Hh(o) C Hh(l) Cc---C Hh(r) C Alp]

such that Hj,(;) is locally free of rank ") and Hy,(yy is isotropic for the Weil
pairing ey induced by the polarization A\. When r = g, the moduli scheme Ay n
is Ay p,(p),n defined in Section 1.

Let A := Ay~ ® F, be the reduction modulo p. For 0 < f < g, let A£ =
Ag x4 A, the p-rank f stratum of the moduli space Aj. For an F,-scheme S,
the S-valued set Ai(S) consists of objects (A4, A, n, He)s in Ag(S) such that the
canonical morphism S — A given by the family (A4, \,n)g factors through the
subscheme Af. Note that from the definition one can not determine whether A£ is

reduced. We will compute the number of irreducible components of .A£ in the case
where f = g — 1, the almost ordinary locus. B

We first seek discrete invariants for geometric points on Ai_l. Let k be an
algebraically closed field of characteristic p. Fix a supersingular elliptic curve Fy
over F,. Let (A, \,n, H,) be a point of Ay (k). We have

Alp] = (Z/pZ x pp)?~" x Eo[p).
There are two cases:

(a) Hp(ry does not have local-local part. This occurs only when h(r) < g.
For each 1 <4 < r, the finite group scheme Hy(i)/H}(;—1) has the form
,u;(” x (Z/pZ)¥ =7 for a non-negative integer 0 < 7(i) < k;.

(b) Hp(y) has non-trivial local-local part. There is an integer 1 < j < r such
that Hj,(;) has non-trivial local-local part and Hj(;_1) has no local-local
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part. For each 1 <4 < r, the finite group scheme Hj,(;)/Hp(;—1) has the

form
u;(i) x (Z/pZ)* =7 for some integer 0 < 7(i) < k; if ¢ # j;
15D x (Z/pZY*=1=7() x a, for some integer 0 < 7(i) < k; — 1 if i = j.

4.2. For each m > 0, define I(m) := [0,m] N Z. Set

0._ {@ if h(r) = g;
B0 x Ty I(k) i A(r) < g.

For each 1 < j <, set
B={r=(j,7(1),....7(r); 7(i) € I(k;) for i # j and 7(j) € I(k; — 1) }.
For £ = (0,7(1),...,7(r)) € IEO, we say a geometric point A in AJ™" is of type T if
e Hy () has no local-local part, and
e the multiplicative part of Hy,(;)/Hp;i—1) is of rank p™® forall 1 <i<r.
For 7 = (4,7(1),...,7(r)) € Ié, where 1 < j < r, we say a geometric point A in
Azfl is of type T if
e Hj(;) has local-local part and Hy,(;_1) has no local-local part, and
e the multiplicative part of Hy;)/Hp(—1) is of rank p™® for all 1 <4 <.
Then we have an assignment A — 7(A), which gives a surjective map
T AT H 1.
- 0<j<r
It is easy to see that this map is locally constant for the Zariski topology (use the
argument in the proof of Theorem 3.3). For a fixed type 7, let Ai;l be the union

of the connected components of Ai_l whose objects are of type 7. We write Ai_l
into a disjoint union of open subschemes

A= 11 T AL

0<j<r reqd

Theorem 4.1. For each integer 0 < j < r and each type T € Ig, there is a

finite surjective morphism f : J8' — Ai;l. Consequently, each stratum Ai;l is

irreducible for g > 2.
PROOF. Let (X,\,7,€) — J¢~ ' be the universal family. The image £(HY ")
is the etale-multiplicative part X[p]®™ of X[p], and the orthogonal complement of
E(HY™") for the Weil pairing ey is the local-local part X/[p]'°®'°¢ of X[p]. Namely,
we have

Xlp] = X[pl™ x Xp], € (uy x Z/pB)™" 5 X[p"™
Let C be the kernel of the relative Frobenius morphism

FX/jlf”l :X[p]loc,loc N (X[p]loc,loc)(p).

(a) If 7 € Ig, let K; := ,u;(i) X (Z/pZ)ki*T(i) for1<i<7r. Forl<m<r,set
Hp () = (T2, K;). Then we define a family (X, \,n, H,) — J¢" and
this family induces a natural morphism f : J¢~ " — Ay.
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(b) IfTEIéfor some 1 < j <r,let

i o ) x @t i
1wy @ x (Z/pEyk 1m0t =,

For 1 <m <, set

H o E(ITE, Ky if m <j;
E(ILL, Ki) xC ifm > 3.

Then we define a family (X, )\, n, Hs) — Jlg*1 and this family induces a
natural morphism f: 797" — Ay.
It is clear that f factors through the almost ordinary locus Azfl. Moreover, the
image lands in the open subscheme Ai;l by the construction. So we get the
morphism f : J¢7' — Aif;. One checks easily that f is surjective. Since the

composition J7 -l Ai;l — A9~ is finite, f is finite. This completes the proof.

Note that in the proof we use the universal family to define the morphism f
instead of defining f(z) pointwisely. The reason is that J;’ L or Azfl (defined by
the fiber product) could be non-reduced.

Corollary 4.2. For g > 2, the almost ordinary stratum .Ai_l has

kl + + kr
ki1 +1 k.41

S =k +1) .. (ke +1) |e+
j=0

irreducible components, where e =1 if h(r) < g and e =0 if h(r) = g.

For the Iwahoric case, r = g and k; = 1 for all 4, so Corollary 4.2 gives

g—1

T'o(p) has g29~1 drreducible

Corollary 4.3. For g > 2, the almost ordinary locus A
components.

5. CONNECTED COMPONENTS OF P-RANK STRATA

In the previous section we study irreducible components of the almost ordinary
locus. In this section we consider lower p-rank strata. We know that when g > 2
and 0 < f < g — 2, the natural morphism A£ — A7 is not finite in general. This
limits the method of using p-adic monodromy to the irreducibility problem in the
present case. The obstacle results from the fibration “moving ay,-subgroups”. If
one contracts the fibration, then one obtains a finite morphism for which the p-adic
monodromy results can be applied. Proceeding this approach, we obtain informa-
tion on connected components instead.

Keep the notion in the previous sections. Assume that g > 2.
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5.1. Fix a tuple k = (ki,...,k,) of positive integers with > ;_ k; < g and an
integer f with 0 < f < g. Again, we first seek discrete invariants for geometric
points in .Ag. Let (A, \,n, He) be a point in Ag(k) We have a decomposition

e mu loc,loc
Hpy) = (Hht(i) o2 Hh(z‘)l) & Hy

into etale-multiplicative part and local-local part. Suppose that H,ft(l) ®H ,rln(‘;)l has
rank p®*) and H,ILO(BIOC has rank p*®. Put a(0) = 0 and m(i) := a(i) — a(i — 1) for
each 1 < <r. It is easy to see that
(5.1) 0<m(i) <k, and f—(g9—h(r)) <) m(i)<f,

i=1
where h(i) = 23:1 kj as before. Let G; := Hp(,) & H,‘l‘z‘l‘)l Then the successive
quotient G;/G;_1 has rank p™®. Let

7(i) := log, rank(G;/Gi_1)™, V1<i<r
We have 0 < 7(i) < m(i) for all 5. We call the pair of r-tuples

(m, ) = [(m(1), ..., m(r), (r(1),...7(r))]

the graded etale-multiplicative type associated to the object (A, A\, n, H,), abbrevi-
ated as gem type.

Conversely, fix a tuple of integers (m(1),...,m(r)) satisfying (5.1). Let (A4, A\, n)
be an object in A (k) and G, a flag of finite flat subgroup schemes

0=GoCG; C---CG, C Alp

such that (1) the group scheme G, is isotropic with respect to the Weil pairing ey,
and (2) each G; has no local-local part and the quotient G;/G;_; has rank p™®.
Then one can lift to an object (4, \,7, H,) € Al (k) such that Hply & H}‘l‘z‘l‘)l =G;
for all i. h

5.2. Define
Yok, f) :={m=(m(),...,m(r)) € Z"|

52 0 < mii) < ko Vi, and £ — (g~ h() < Yom() < £,

Sk, f) = { (m,7) = (L), ..., m(r)), (7(1),...,7(r)) € Z" x ' |

(5:3) m € So(k, f), and 0 < 7(i) < m(i), Vi}.

For any element m € Yo (k, f), we define a scheme T'(m) over F,, as follows. For
any locally Noetherian F,-scheme S, the S-valued set T'(m)(S) classifies equivalence
classes of objects (A, A\, 7, G4)s, where

o (A, )\ n)s is in Af(S), and
e (G, is a flag of finite flat subgroup schemes

Ge: 0=GoCcGiC---CG, C Alp
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satisfying the conditions (1) and (2) above.

For any element (m, 1) € X(k, f), let T(m, 1) be the (open) subscheme of T'(m)
consists of objects (A, \, 7, Ge)s such that the multiplicative part of the quotient
G:/G;_1 has rank p™ for all 1 < i <r. Put T,f = [nesow, ) T'(m). Clearly, we
have
rf= JI 7o

. moes(kf)
Let (X, A\, n, f].) — Ag be the universal family over Ai. Then there is a finite

dominant homeomorphic morphism = : A" — A£ such that the base change X[p].a/
admits the canonical decomposition

(5.4) X[pla = (X[p|™ @ X[p]°t) & X[p]'°c1oc

into etale-multiplicative part and local-local part; see the proof of Theorem 3.3.
Accordingly, we have the same decomposition

(5.5) Hyya = (Hi() ® Hify) @ Hf]fzﬂloc
for all 1.

Since these subgroup schemes are locally free, their ranks are constant on each
connected component of A’. Let A’(m,7) C A’ be the union of the connected

components whose objects are of gem type (m,7). Let A(m,7) C Aé be the open
subscheme 7(A’(m,7)). Again, we have

(5.6) Al= 1] Am.p), A= ][] Aw0),
(m,7)

(m,T)

where (m, 7) runs through all elements in X(k, f).
Consider the universal family (X, X, 7, He)4/(m,r) restricted on the open sub-
scheme A’(m, 7). Put
G i & Fiy,

for all i. We get a family (X', A7, Gs) 4/ (m,r)- This gives rise to a natural morphism
(5.7) c(m, 1) : A'(m, 1) — T(m, ),

which is proper and surjective (Subsection 5.1).
If f =0, then the set X(k, f) consists of only one element (0,0). In this case, we
have

(5.8) A =AY, TQ=A% and ¢(0,0): A} — A°.

Proposition 5.1.

(1) The stratum A is connected and it is irreducible if g > 3.

(2) Suppose that f > 1. Then there is a finite surjective morphism jlf — T(m,T1).
Consequently, each scheme T(m, 1) is wrreducible.

PROOF. (1) When g = 2, this is a special case of Theorem 7.3 in Oort [16]. When
g > 3, this is obtained in the proof of Proposition 3.1 using Theorem 3.2, a result
of Oort.

(2) The construction is similar as that as in Theorem 4.1. Therefore, we do not
repeat it. N
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5.3. Letn = (n(1),...n(r")) be a tuple of positive integers with Z:lzl n(i) <g—f.
We may identify the moduli space A,, with the moduli space that parametrizes
equivalence classes of chains of isogenies

A, :

’

a1 Q.
AO Al e AT/71 — AT"

where

e cach A; = (A;, \i,n;) is a polarized abelian scheme with a symplectic level-
N structure,

e A, is an object in A, and

e each q; is an isogeny of degree p™(?) that preserves the level structures and
the polarizations except when 7 = 1, and in this case one has ajA1 = pAo.

Define W,, C A,, to be the reduced subscheme consisting of objects A, such that
the kernel ker «; is of local-local type for all i. ‘

Let (m, ) be an element in X(k, f). Let a(i) := Z;‘:1 m(j) and b(i) := h(i) —
a(i). Put a(0) = b(0) = 0. Write the set {b(:);0 < i <r} as

{'(0),0'(1),...0'(r")} with 0="5"(0) < b'(1) <--- <V ().

We have ' <7, v <V (r')and h(r)—f <V (') < g—f. Set n(i) :==b'(i)—b'(i—1)
for 1 < i <1/. So we define a tuple n of integers from the pair (m, ), and have a
scheme W,,.

Let 2 = (Ay, Ag, 72, Go) be a point in T'(m, 7) (k). The fiber ¢(m, 7)™ *(z) consists
of flags of finite flat subgroup schemes
0 = Kpy0) C Kp) C -+ C Kipr) C A[p]
such that K, is isotropic for the Weil pairing ey, and each Kj ;) is local-local of
rank p®(). This is the same as flags of finite flat subgroup schemes
0= Kb’(()) C Kb’(l) c---C Kb’(r’) C A$[p]
with the same properties. This proves c¢(m, 7)™ (z) = W, (z), where
Wg(m) = {A. S Wﬂ; AO = (Aza)\ranr) }

It is easy to see that the reduced scheme Wy, (z) is connected. Indeed, for 1 <
d<g—f, let 14 :=(1,...,1) with length d. We see that the fiber of the natural
morphism Wii(z) — Wii-i(x) is a projective space, as it is the family of ay-
subgroups in ker A;_;. This shows that the scheme Wi, (z) is connected. Since
the forgetful morphism Wiy, (x) — Wpy(x) is surjective, the scheme W, (z) is
connected. In conclusion, we have proved

Proposition 5.2. Any fiber of the morphism c(m, 1) is connected.

Theorem 5.3. Every open subscheme A(m,T) C .A£ is connected. Consequently,
the p-rank f stratum .A£ has |S(k, f)| connected components.

ProoF. It follows from Propositions 5.1 and 5.2 that A’(m, ) is connected, and
thus that A(m, ) is connected. N

Remark 5.4. The scheme TEf is closely related to the Stein factorization of the
natural morphism .Aé — A'. Indeed, let T' (resp. T") be the Stein factorization of
.Aé — Af (vesp. of A’ — Af). Then there are natural finite morphisms 7, : 7/ — T
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and mp : T" — T,f . It is not hard to see that these morphisms are homeomorphic.

In some sense, T,f provides a “modular interpretation” of the scheme T'.

6. THE SIEGEL 3-FOLD WITH IWAHORIC LEVEL STRUCTURE

In this section we describe the Kottwitz-Rapoport stratification on the Siegel 3-
fold As 1, (py with Iwahoric level structure. Our references are de Jong [3], Kottwitz
and Rapoport [12], T. Haines [8], and Ngé and Genestier [14]. The geometric part
of Tilouine [19] is also helpful to us. Then we conclude the following results as
consequences:

(a) The almost ordinary locus A%)FO(

non—ord
Az row) -
(b) The supersingular locus Ss ) of Az, is not equi-dimensional. It

consists of both one-dimensional components and two-dimensional compo-
nents.

) is not dense in the non-ordinary locus

6.1. Local models. Let O be a complete discrete valuation ring, K its fraction
field, = an uniformizer of O, and k := O/7wO the residue field. We require that
chark = p > 0. Set V := K?" and let ey, ..., ez, be the standard basis. Denote by
1 :V x V — K the non-degenerate alternating form whose non-zero pairings are

Ylei, eani1—i) =1, 1<i<mn,

Ylei eany1—i) =—1, i>n+1,
The representing matrix for v is

(_O,f Q, I = anti-diag(1,...,1).

Let GSp,,, be the reductive algebraic group of symplectic similitudes with respect
to . Let
wlo=L_o, C L,2n+1 Cc---CL_1CLyg= O2n

be a chain of O-lattices in V' where the lattice L_; is generated by e1,...,ea,—,
Tean—itl,--->Tean. The O-submodule in V' generated by x1, ...,z € V is denoted
by < x1,...,xx >. Thus L;_o, =< e€1,...,€;,T€i41,...,T€2, >.

For 0 < i < 2n, let Aj_o, = O?" and define Bi_ap : Ai_op — ANi_opyq fori < 2n
by
ﬁi72n(ei+l) = T€i+t1, and ﬂifgn(ej) =€j fOI'j 75 1+ 1.
We have

Aoy, N A_onyq1 Ay P, Ao,

and there is a unique isomorphism a_; : A_; — L_; with ag = id such that the
diagram

B—i
Ay —— A—1‘+1

J,a_i la—i+1

incl
Ly —— L_ ;1

commutes. Let B_i : A_; — Ao denote the composition of the morphisms
B-1

A,Z‘ —> A,ijpl e A,1 Ao.
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Let 99 = 1 be on the form on Ag = Lg. There is a perfect non-degenerate alter-
nating form ¥ _,, on A_,, such that

Yo (B-n (), B-n(y)) = mn(z,y), Va,y € A_p.

Let M™°© denote the projective O-scheme that represents the functor which sends
an O-scheme S to the set of the collections of locally free Og-submodules F_; C
A_; ® Og of rank n for 0 < 7 < n such that

(i) Fo and F_,, are isotropic with respect to ¥y and 1_,,, respectively.
(ii) F_; locally is a direct summand of A_; ® Og for all 4,

(111) ﬂ,l(ffr,l) C 3'“71‘+1 for all 4.

By an automorphism on A, ® Og, where S is an O-scheme, we mean a collection
of automorphisms g_; on A_; ® Og such that g_; commutes with the morphisms
B_; for all i and g9 and g_,, preserve the forms vy and v_,, respectively, up to
invertible scalars. We denote by Aut(As®QOg, 10,1 —y) the group of automorphisms
on Ae ® 05.

Let G be the group scheme over O that represents the functor

S = Aut(Ae ® Og, 10, ¢—_p).

We know that G is an affine smooth group scheme over O whose generic fibre G
is equal to GSp,,,. Furthermore, there is a left action of G on M!°c.

6.2. The Kottwitz-Rapoport stratification on M!°°. Let FI be the space of
chains of O-lattices in V'

wlo=L_9, C---CL_1CLy
such that
(i) L;/L;—1 ~ k for each i,
(ii) there is a non-degenerate alternating pairing ¢’ on £y with values in O
such that 7™’ = 1) for some m € Z, and
(iii) set £_; := L_;/L_s,, we require that the orthogonal complement Zii with
respect to ¢’ is equal to L;_o, for all i.

Note that a lattice chain (L,) in FI is determined by it members £_; for 0 <
1 <n.

We regard V' as a space of column vectors. For g € GSp,,,(K), the map

g — (Li) = (9Ls)
gives a bijection GSp,,, (K)/I =~ FI, where I is the stabilizer of the standard lattice
chain.

Now we restrict to the equi-characteristic case O = k[[t]] and 7= = ¢. The space
Fl has a natural ind-scheme structure over x and is called the affine flag variety
associated to GSp,,, over k. For any field extension ' of x, we have a natural
bijection

GSpy,, (K'((1))) /1(K) = FI(K'),
where I(x’) is the stabilizer of the standard lattice chain (Le ® £'[[t]]) base change

over £'[[t]]-
Let Y be the closed subscheme of Fl consisting of the lattice chains L4 such that

tL_; C L_; C L_;, 0<i<n,
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such that Lo/Ly ~ k™.
The group I acts on the ind-scheme Fl by the left translation; it leaves the
subscheme Y invariant. Using the Bruhat-Iwahori decomposition

GSpa, (s((1)) = [ I,

zGW

the I-orbits are indexed by the extended affine Weyl group W of GSpy,,:

Fl= ][] Fl..
zeW

The extended affine Weyl group W is the semi-direct product X «(T) x W of the
Weyl group W of GSp,,, and the cocharacter groups X.(T"), where T is the group
of diagonal matrices in GSp,,,. The cocharacter group X, (T') is

{(ula---7u2n) S Z2"|u1 + Uy = - :un+un+17}-

The Weyl group W is a subgroup of the symmetric group Sa,, = W(GLa,) consisting
of elements that commute with the permutation

0=(1,2n)(2,2n —1)...(n,n+1).

We identity Ss,, with the group of permutation matrices in GL3,, as follows:
(6.1)
Yo € Sop, the permutation o corresponding to w, € GLa,,, where w,(e;) = (i), Vi

We may regard the group W as a subgroup of the group A (R?") of affine trans-
formations on the space R?" of column vectors. For v € X, (T), we write t,, for the
image of ¢ under v in GSp,,, (k((t))), also for the translation by v in A(R?*"). The
element x = t,w then is identified with the function z(v) = w - v + v for v € R?".
If = (z;) € R*™, we write 2] = >, ;.

There is a partial order on the extended affine Weyl group W called the Bruhat
order. According to the definition (see [12, 1.8], for example), one defines the

Bruhat order on the extended affine Weyl group Waer of Sp,,, first, then the partial
order on W is inherited from Wder as follows:

z<yin W — [z] = [y] in Wder\w and 1 < yz~!in Wder.
The choice of the Bruhat order on Wder depends on the choice of the Borel subgroup
of Sp,,,. We choose the Borel subgroup B to be the subgroup of upper triangular
matrices in Spy,,. This also agrees with the choice (following Haines [8]) of the
lattice chain L_o, C -+ C Lyg.

Let v_gp, ..., vy € Z*™ be the alcove corresponding the lattices L_o,, ..., Lo (see
[12, Subsection 3.2, 4.2]). We have v_; = (0*"~%,1%). Let p = (1,0") € X, (T),
a dominant coweight. Following Kottwitz and Rapoport [12], we define the sets of
w-permissible and p-admissible elements:

Perm(p) := {z € W (0,...,0) < z(v_;) —v_; < (1,...,1) for all i and |z(0)| = n}
Adm(p) = {z € W | there is an element w € W such that & <.}

Proposition 6.1. Notation as above.

(1) The stratum Fl, is contained in Y if and only if x € Perm(u).
(2) Adm(u) = Perm(u).
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ProoF. (1) Let x € W C GLo,(k((t))). The lattice xL_; corresponds to the
element x(v_;) in Z?". Then the condition tL_; C xL_; C L_; is easily seen to
be (0,...,0) < z(v_;) —v_; < (1,...,1). We also have dim, Lo/xLy = |z(0)].
Therefore, the statement follows.

(2) This is Theorem 4.5 (3) of Kottwitz and Rapoport [12]. N

Remark 6.2. The embedding o — w, from Si, to GLg, in (6.1) does not send
the Weyl group W into GSp,,,. In fact for each o € W, there is a unique element
ee = diag(l,...,1,€5n41,- -, €02n) With €,; € {£1} such that w!) = wye, € Sp,,,.
However, since w/t,(w))™! = wyt,w;! and t,w,L_; = t,w,L_;, it won’t effect
any results if we choose the presentation of W in GLa, either by (v,0) — tLw,
or by (v,0) — t,w,. We make the first choice as it is easier not to deal with the
signs. Another reason for this choice is that the lattice point in Z2" corresponding
to tywl L_; =t,weL_; i wy - v_; + v not wl, - v_; + v.

To avoid confusing the standard lattice chain that defines the local model M'"¢
and the lattice chain for the affine flag variety F1, we use different notation to distin-
guish them. Let A’ ; = &[[t]]*" for 0 <i < 2n,and L} ,, =< e1,...,e;,teit1,...tea, >.
Define 8’ ;, a’_;, ¥{, ¢’ ,,, G’ as in Subsection 6.1. In particular, G’ is a smooth affine

group scheme over k[[t]] and one has
G'(S) = Aut(A, ® Os, v, ¥',)

for any k[[t]]-scheme S. One also sees that the generic fibre of G’ is GSps,,, G’ ([[t]])
is equal to I, and that the special fibre G/ is canonically isomorphic to G,.
Using the isomorphism a’ , : A’ , ~ L’ ., we regard the lattice £_;, where (£_;)

is a member in Y, as a [[t]]-submodule of A’ ; containing tA’ ;. Then we have an
isomorphism b : Y ~ M!°¢_ which maps any x’-point of Y to M!°¢(x’) by

(Efi) — (i}‘,i), F_; = E,i/tAl_i CA_;® K
where x’ is any field extension of k.

The action of I on the scheme Y factors through the quotient G’(x). We also
know that the isomorphism b is G, = G/.-equivariant. Therefore, the stratification

y= J] 7l
z€Adm(u)
induces a stratification, called the Kottwitz-Rapoport stratification, on M!°¢
M}SC — H leoc
z€Adm(pu)
so that the G.-orbit M!°¢ corresponds to the I-orbit Fl..
!/

6.3. Local model diagrams. Let Aj . . \ denote the moduli space over Z,)[Cn]
that parametrizes equivalence classes of objects

A

AO . Al s Ag—l L} Aga

where
e cach A, = (A;, A\;,m;) is a polarized abelian scheme with a symplectic level-
N structure,
e Ay and A, are objects in Ay 1 n, and
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e each q; is an isogeny of degree p that preserves the level structures and the
polarizations except when ¢ = 1, and in this case one has ajA; = p)y.

There is a natural isomorphism from Ay r, ), n to A'g7po(p)7N [3, Propoistion 1.7].
We will identify Ay r,(p),n With Alg,Fo(p),N via this natural isomorphism.

Put n = g and O = Z,, in Subsection 6.1. We get a projective Z,-scheme Mloe,
Let S be a Zy[(n]-scheme and A, is an object in Ay ), n(S). A trivialization v
from the de Rham cohomologies H{) (A44/S) to Ae ® Og is a collection of isomor-
phisms ~; : Hll)R(Ai/S) — A_; ® Og of Og-modules such that

e the diagram

HAR(Ai/S) —— Hhp(Ai—1/S)

| [t

A_;®Og LN A1 ®0Og

commutes for 1 <i < g,

e if ey,, ey, are the non-degenerate symplectic pairings induced by the prin-
cipal polarizations Ag, Ag, 7;%; is a scalar multiple of ey, by some element
in OF fori=0,g.

With the terminology as above, let ;lg,po(p)) ~ denote the moduli space over
Zy[¢n] that parametrizes equivalence classes of objects (4,,y)s, where
e A, is an object in Ay p ), n(5), and
e v is a trivialization from HJ(A4s/S) to Ae ® Os.

The moduli scheme ./Zg)l"o(pL ~ has two natural projections ¢™°? and ¢'°°. The
morphism

P Agro(p)N = Agro(p)v @ Lp[CN]
forgets the trivialization. The morphism

01 L Agro v — M@ Z,[Cn]

sends an object (4,,7) to (7(we)), where we = (w;) is a system of Og-submodules
in the Hodge filtration

0 — w; — Hpr(Ai/S) — R' f.(Oa,) — 0,

and f: A; — S is the structure morphism. Thus, we have the diagram:

Ag,Fo(p),N

Agro(p),N @ ZplCN] M'*¢ © Zy[(n].

The moduli scheme .Zg,po(p), ~ also has a left action by the group scheme G. By
the works of Rapoport-Zink [18], de Jong [3], and Genestier (cf. Remark below
Theorem 1.3 of [14]), we know

(a) ¢4 is a left G-torsor, and hence it is affine and smooth.

(b) ¢'°¢ is smooth, surjective, G-equivariant, and of relative dimension same as
(pmod
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Let
Arq(p) = Ag o). n ©Fp,  Arp) = Agron ©Fp, MR :=M*F,

be the reduction modulo p, respectively. Let Zpg(p),z be the pre-image of a KR-
stratum M. By (b), Ar, (), is stable under the Gg, -action. Since pmod s a
Ug,-torsor, the stratification

Aoy = JI Arow
r€Adm(u)
descends to a stratification, called the Kottwitz-Rapoport stratification, on Ap, )
Aro =TI Arew
x€Adm(p)
Each stratum Ap, () .- is smooth of dimension same as dim M;‘)C, which is the length

{(x) of x.

6.4. g=2. We describe the set Adm(u) of p-admissible elements and the Bruhat
order on this set, in the special case where g = 2. The closure a of the base alcove
a is the set of points v € R* such that u; 4+ us = us + uz and

1+wu > ug > uz > us.

This is obtained from [12, 12.2] by applying the involution 6 since our choice of the
standard alcove {v_;} differ from {w;} in [12, 4.2] by the involution #. The simple
reflections corresponding to the faces
uz =u4, uz=uz, 1+u;=uy,
are s1 = (12)(34), so = (23) and
S0 = ((_1703 07 1)? (14)) : (u17u27u’3) U4) — (u4 - 17 U2, U3, U1 + 1)
One checks that 7 := ((0,0,1,1),(13)(24)) € W is the element in Adm(p) that

fixes a. It is not hard to compute the set Perm(u) from the definition. From this
and the fact Adm(u) = Perm(u), we have

T, 81T, ST, 82T, S0S1T, S0S2T, S1S27T, S281T, S150T7,
Adm(p) == { }

8081807, S1S0827, S25182T, S0S281T

We compute and express these elements z as (v, 0):

7=1[(0,0,1,1),(13)(24)], s17=1[(0,0,1,1), (14)(23)],
soT =1[(0,0,1,1),(1342)], so7 =1(0,1,0,1), (1243)],
sos1T =1[(0,0,1,1),(23)], sos2m =[(0,1,0,1), (12)(34)],
(6.2) s1827 =[(1,0,1,0),(23)], s2s17 =[(0,1,0,1), (14)],
s1som =1[(0,0,1,1),(14)], sos1soT =[(0,0,1,1),(1)],
s180827 = [(1,0,1,0),(1)], s2s1827 =[(1,1,0,0), (1)],

sos2s17 = [(0,1,0,1), (1)].

For a later use, we also express these elements as t,w, in GLy4(k((t))):
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1
T = 1 $1T =
= |, , 81T =
t
1
ST = t , SoT =
t
1 1
1
S0S1T = " y S082T =
t
(6.3)
1
t 1
§981T = 1 , 81807 = n
t t
t t
1 t
5150827 = " , 8281827 =
1

1
1
t )
t
1
1 3
t
t
1
1] 81827 = ¢ )
1
1 1
y 051807 = ! )
t
t
1
t
1 , S0S8281T = 1
1 t

By a result of Ngo-Genestier [14, Theorem 4.1], the points on each KR-stratum

Aro(p).a
(v,0), then p-rank(x) is given by the formula

(6.4) p-rank(z) = %#Fix(o),

have constant p-rank, which we denote by p-rank(z).

Moreover, if © =

where Fix(o):={i; o(i) =1}.

Put Adm‘(p) := {x € Adm(u); p-rank(z) = i }. One easily computes the p-ranks

of elements in Adm(u) using (6.4) and gets

Adm?® (1) = {s08150T, 5150827, 281827, 8082517},
(6.5) Adml(u) = {80817, , 81827, $281T, 51507 },
Admo (‘U) = {T7 S1T, 80T, 52T, SOSQT}-

The Bruhat order on Adm(u) can be described by the following diagram

ST 4> S0S1T
/ S180T

T " 57 S082T
51827

S$981T

Here ¢ — y means {(y) =

™ 5081507

S08281T

S18082T

C D s9s18T

£(z) + 1 and y = sz for some reflection s associated

an affine root, and x < y if and only if there exists a chain

r=T1 — Tgo-" "

—)ij:y’
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(cf. [12, 1.1,1.2]). This diagram is obtained from reading the picture in Haines [8,
Figure 2 in Section 4] of admissible alcoves for GSp,

From (6.5) we see that the stratum Ap(p)sos,- 15 supersingular and has di-
mension two. From the above diagram we see that the stratum Ar ) s~ is not
contained in the closure of Ap(p),sos,7- Therefore, we conclude

Proposition 6.3.
(1) The almost ordinary locus Al To(p) i not dense in the non-ordinary locus

non—ord
Azrom) -
(2) The supersingular locus Sz py(p) of Aary(p) consists of both one-dimensional

irreducible components and two-dimensional irreducible components.

Remark 6.4. (1) It follows from Proposition 6.3 (2) that for g > 2and 0 < f > g—2,
the natural morphism AIJ:O ) A7 is not finite.

(2) Tilouine [19, p.790] examines the intersections of four components of the
special fiber of the local model. He also concludes the same results above.

7. GEOMETRIC CHARACTERIZATION (g = 2)

Let a = (4 = A; = A,) be a point in Ay, (k), where k is an alge-
braically closed field of characteristic p. Then a lies in a Kottwitz-Rapoport stratum
Aro(p),KR(a) for a unique element K R(a) in Adm(u). We would like to describe
K R(a) from the geometric properties of the point a.

Put M; := HLz(A;/k) and w; := wa,. We have

(e

MQ M1 @ Mo.

Set Gp :=ker(a : Ag — A1) and G7 := ker(a : Ay — As); they are finite flat group
scheme of rank p, which is isomorphic to Z/p, yp, or «,.. From the Dieudonné
theory we know that

we; = wi/a(wiy1), and Lie(GE) = M;/(w; + a(M;41)),
where G! is the Cartier dual of G;. Following de Jong [3], we define
UZ‘(CL) = dimwi/a(wiJrl), Ti(a) = dim Mi/(wi + O[(Mprl)).

Clearly we have the following characterization of G;:

Table 1.
(Ul(a)77-l(a’)) (Oal) (170) (Ll)
Gi Z/pL | pp @p

When the p-rank of a is > 1, the chain of the p-divisible groups of a is determined
by the invariants (o;(a), 7;(a)) up to isomorphism. In particular, the element K R(a)
is determined by the invariants (o;(a),7;(a)). To describe the correspondence, it
suffices to compute these invariants for the distinguished point z in the stratum
Mloc.

Recall how to associate a member in M!'¢ to an element = = t,w, in Adm(u) .
We first apply « to the standard lattice chain and get a lattice chain (xL’_;)o<i<2.
It follows from the permissibility that tL’ , C «L’ , C L’ ,. . Then there is a lattice

L_; in A’_; so that its image under the isomorphism A’ ; ~ L’ , is zL’ ;. This way
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we associate an element (£_;/tA’ ;) in M¢ (via the isomorphism b : Y o~ M),
We use this element to compute the invariants (o, 7;). ’

Below we write [Lj] = (e1,e2,e3,eq)',[L" 1] = (e1,e2,e3,teq)!, and [L' 5] =
(e1,ea,tes, tes)t and write £_; = L_;/tA’ , and KLZ. = A ,/L_;. Recall that 3's
are the maps between the lattices A’_; which correspond to the maps « on M; under
a trivialization map ~.

1
1
(1) When z = sps1507 = . , we compute
t
€1 €1 €1
es ’ €2 ’ €2
L/ = L = L =

z[Lg) tes | o[L4] tes |’ o[LL,] 2e3

t€4 t2€4 t2€4

It follows that Lo = L_1 = Ly =< e1,e9,tes, teg >, Z_Q = Z_l =
Lo =< er,e3 > and A, = N | = Ky =< es,eq >. It follows that
B(L_2) = B(L_1) =< e1,e5 >, B(A_,) =< es >, and B(A ) =< e5 >.
This gives (o9, 70) = (0,1) and (o1, 71) = (0,1).
Note that if x is diagonal, then £L_o = £L_; = L. Therefore, it is enough
to compute z[L{], which is done this way in (2)—(4).
1 €1
t 1 teQ
1 , we compute z[Lg] = e and
t tey

(2) When = = sgses17 =

obtain
— —
Lo =< ey, tes, ez, teq >, Lg=<el, e3>, AO =< eg,64 > .

It follows that B(£_1) =< e1,e3 >, B(L_2) =< e1 >, ﬂ(Kl_l) =< eg >,
and 6(K:2) =< eg,eq >. This gives (09,79) = (0,1) and (o1, 71) = (1,0).
t teq

(3) When = = s150827 = L , we compute z[Lg] = :62 and
3

1 €4

obtain

— —
Lo =< tey,ea,tez, eq >, Lo =< €9,€4 >, AO =< e1,e3 > .

It follows that B(Z_1) =< ez >, B(L_2) =< ea,e4 >, B(A_,) =< e1,e3 >,
and ﬂ(Kl,2) =< ey >. This gives (00, 7) = (1,0) and (o1,71) = (0,1).
t teq

t t
(4) When © = s981827 = 1 , we compute z[L{] = :2 and
3
1 €4
obtain

— —
LO =< tel,t62,€3,64 >, ‘CO =< e€3,€64 >, AO =<ep,e2 > .
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It follows that B(£_1) =< es >, B(L_3) =< es >, B(A_,) =< e1,es >,
and B(K/_Q) =< ey, ey >. This gives (09, 70) = (1,0) and (o1,71) = (1,0).

1
(5) When z = sgs17 = ; 1 , we compute z([L(],[L_4],[L" 5]) =
t
€1 €1 €1
tes fes tes and obtain

€9 €2 tez
2 2
tey teey toey

Lo =< e, e, tes, tea >, Lo=<eq,es >, K:) =< e3,eq4 >,
L_1 =<ey,es tes tes > L1 =<ei, ey >, Kl_l =< e3,eq4 >,
L_o =< eq,leg,es,tes >, L_o=<eq, e3>, KLQ =< eg,e4 > .
It follows that B(£_1) =< e1,es >, B(L_2) =< e1 >, B(K_|) =< e3 >,
and ﬂ(Kl,2) =< e4 >. This gives (0¢,7) = (0,1) and (o1,71) = (1,1).

t
© When = = sisor = |, 1|, we compute a((Zgl, (12, [1,) =
1
tel tel tel
tes tes te and obtain

€9 €9 teg
€4 t64 t€4

— —
Ly =< tei, e, tes, eq >, Lo =< €9,€4 >, AO =< e1,€3 >,
— —
L 1 =< tei, e, tez, eq >, L_1=< €9,€4 >, A—l =< e1,€3 >,
_ —
L_o=< tey,tes, e3,e4 >, L_o=< €3,€4 >, A72 =< e1,€9 >.

It follows that B(L£_1) =< ez >, B(L_2) =< eq >, ﬂ(K/_l) =< ej,e3 >,
and B(Kig) =< e >. This gives (0¢,7) = (1,0) and (o1,71) = (1,1).

1
(7) When z = s9s17 = t 1 ., we compute z([L(], [L"4],[L"4]) =
t
tey tey tey
tex ey tey and obtain

€3 €3 t€3
€1 tel tel
E() =< e1,leq, e3,teq >, Z() =< e1,€3 >, K;J =< €g9,€4 >,
L—l =< tel,t62,€3,64 >, Z—l =< e3,€64 >, Kll =<e1,e2 >,
L_o =< tey, tes, e3,64 >, Z_Q =< e3,eq4 >, KI_Q =< eq,e2 > .
It follows that B(£_1) =< ez >, B(L_3) =< e4 >, 5(KL1) =< ey >, and
B(KI_Q) =< ey, ey >. This gives (0¢,7) = (1,1) and (o1,71) = (1,0).
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1
(8) When = = sys07 = 1 . , we compute z([Lp], [L_4],[L5]) =
t
t€4 t64 t€4
22 2 | and obtain

teg t@g t2 €3
€1 t@l tel

— —
Lo =< ey, e, teg, teg >, Lo=<e,eq >, AO =< e3,eq4 >,

—
L—l =< t€17627t€3ae4 >, ‘C—l =< eg,e4 >, A71 =<e1,€e3 >,

—/

L_5=< tey,ea,tez, eq >, Z,Q =< €e9,€4 >, A_2 =< e1,€3 >.

It follows that B(£_1) =< ez >, B(L_2) =< ea,e5 >, BN _|) =< e5 >,
and B(A_,) =< e, >. This gives (00, 70) = (1,1) and (a1, 71) = (0,1).

We conclude the characterization of K R(a) when p-rank of a is > 1 in the fol-
lowing table:

Table 2.

p-rank(a) 2 2 2 2 1 1 1 1

(00(a),70(a)) | (0,1) | (0,1) | (1,0) | (1,0) | (0,1) | (1,0) | (1, 1) ] (1,1)
(01(a),mi(a)) | (O,1) | (1,O) | (O,1) | (1L,0) | (1) | (L1 | (10)](01)

KR(CL S08180T | S0S2517T | S1808S27T | $25182T | S0S1T | S182T | $281T7 | $150T

When a is supersingular (i.e. any member A, is a supersingular abelian variety),
the element K R(a) is not determined by the invariants (o;(a), 7;(a)). In fact, they
are all (1,1), as the schemes G; are isomorphic to cy,. We treat this case separately.

8. GEOMETRIC CHARACTERIZATION (g = 2): THE SUPERSINGULAR CASE

8.1.  We continue with a geometric point a in A3 p,(,)(k), and suppose that a has
p-rank 0. We know that (o;(a), 7 (a)) = (1,1) for i = 0,1. We define an invariant

(002(a), T02(a)) by
Uog(a) = dimwo/ag(wg), TOQ(CL) = dimMo/(CUQ + 042(M2).
As in the previous section, we associated a distinguished point in M!¢ to

each element z = t,w, in Adm(p). We use this point to calculate the invariant
(002(a), T02(a)). Below [L4],[L'],[L" 5], Z—s, KX, are as in the previous section.
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1
t
(1) When = = spse7 = 1 | we compute z([Lg], [L4], [Ls)) =
4
teg teg teg
Lt S| and obtain

teqs teq t2ey
€3 t€3 teg

— —
Lo =< ey, teg,e3,teg >, Lg=<e,es >, AO =< eg,eq4 >,

—
L_1=< ey, tea, tes, eq >, L_1=< €1,€4 >, A—l =< €e9,€3 >,

— —
L_o5=< ey, tea, es, teg >, L_o5=< €1,€3 >, A_2 =< eg9,€4 > .

It follows that B%(L_3) =< e; > and B%(L_3) =< ey >. This gives
(002, 702) = (1,1).

1 t63 t€3

(2) When z = so7 = , we compute z([Lg], [L7 4], [L"5]) = oo
t tey tey

t €9 teg

and obtain

_ —
E() =< e1,e9,tes, teqg >, E() =< e1,€9 >, AO =< €e3,€4 >,
— —
L 1 =< ey, tes, tes, eq >, L_1=< €1,€4 >, Afl =< €e9,€3 >,

L_5=< ey, tea, es,teq >, Z,Q =< e1,€3 >, A/—2 =< eg9,€4 > .
It follows that 32(£_3) =< e; > and $%(L£_3) = 0. This gives (92, To2) =

(1,2).
1 teq tey
(3) When T=38T= t , We ComPUte m([La]v [LI_1]7 [LI_2]) = te€3 t:B
2 2
¢ €1 tey

and obtain
Lo =< ey, eg tes, teg >, Lo=<e, ez >, K:) =< e3,eq4 >,
L_1 =<tey,ea,tes,eqa >, L_1=<eq, eq>, Kll =< ey, e3 >,
L_o =< tey,tea, e3,e4 >, L_o=<es, e4>, K/_z =< e, e > .
It follows that 3?(£_2) = 0 and 3?(L_2) = 0. This gives (002, 702) = (2,2).
1

teg teg
(4) When x = so7 = 1 | we compute x([Lol, [L1], [L5]) = t:f t:f
t €3 teg

and obtain

— —
Lo =< ey, tes,e3,teg >, Lo=<e,es >, AO =< eg,e4 >,

_ —
L 1 =< ey, tea, tes, eq >, L_1=< €1,€4 >, A—l =< €e9,€3 >,

—/

L—Z =< t€1,t€2,€3,e4 >, 2—2 =< e€3,€64 >, A—Z =<ep,e2 > .

t63
€1

t2ey
teg

t€4
teg
tez
tel

teg
t€4
tel
teg
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It follows that 3%(£_2) = 0 and 3%(£_5) =< ey >. This gives (02, T02) =

(2,1).
1 t€3 t€3
(5) Whenz =7 = we compute (L], [L], [LLo)) = | €0
1 1
t €9 teg
and obtain

_ —
Ly =< ey, eq, tes, teg >, Lo =< €1,€9 >, AO =< e3,€4 >,

— —
L 1 =< ey, tes, tes, eq >, L_1=< €1,€4 >, Afl =< e9,€3 >,

AC,Q =< tey,teg, e3,e4 >, E,Q =< e3,€4 >, K/_z =< e1,€9 >.
It follows that 3?(£_2) = 0 and 3?(L_2) = 0. This gives (002, 702) = (2,2).

We conclude the result of our computation for characterizing K R(a) when p-rank
of a is 0 in the following table:

Table 3.
p-rank(a) 0 0 0 0
(o(@), (@) | (L) [(L1) [ (LD ] {11
(@1(@), (@) | (LD LD [ LD ] LD
(G02(a), Te(@)) | (L) | (L2) | 1) | (2.2)
KR(a) S0S2T | SoT S$oT | 817, T

To distinguish the types s;7 and 7, we need to know a global description of the
supersingular locus.

8.2. Description of the supersingular locus. Let A;, vy denote the moduli
space of polarized abelian surfaces of degree p? with a level-N structure with respect
to (n. Let Ag1 v C A1 N ® Fp denote the subset of superspecial (geometric)
points. Let A C Az, x ® F,, be the subset of (geometric) points (A4, A7) such that
ker A ~ ay, X ap. Any member A of A is superspecial, as A contains ker A = ay, X op.
The sets Aa1 v and A are finite, and every member of them is defined over F,.

Recall that ./42’1"0(1,) denotes the reduction modulo p of the Siegel 3-fold with
Iwahoric level structure, which parametrizes equivalence classes of objects (A4, Rt
A, % A)) in characteristic p with conditions as before (Subsection 6.3). Let
S2.1o(p) C A2,ry(p) denote the supersingular locus, the reduced closed subscheme
consisting of supersingular points. Clearly, we have (6.5)

(8.1) S2,Fo(p) = H Aro(p),ac (9=2).

For each § = (A¢, A¢,ne) € A, let We C Sy pyp) be the reduced closed subscheme
consisting of points (4,—A;—A,) such that A4; ~ &. For each v = (A4,,\y,n,) €
Az1.n, let Uy C Sory(p) be the locally closed reduced subscheme consisting of
points (Ay—A;—A,) such that Ay ~ v and A; € A. Let S, be the Zariski closure
of Uy in Sy py(p). Clearly, §;, NS,, = 0 if y1 # 7o and W, "W, = 0 if §; # &o.

Theorem 8.1. Notation as above.

teg
tey
tel
teg
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(1) One has

Srom = | I We U T &

e YEA2,1,N

as the union of irreducible components. Consequently, the supersingular locus has
|A] + |Ag,1 n]| @rreducible components.

(2) For each & € A, the subscheme W is isomorphic to P! x P! over F,,. For
each v € Ao 1N, the subscheme S., is isomorphic to P! over F,. Furthermore, Wy
and S, intersects transversally at most one point. The singularity occurs at the
intersection of components S, with components Wr.

(3) One has |S3'1% )| = [A21.n|(p+1) and

A1 = [spu(z/ Nz LD gy,

Mol = [8py(z/N) D )y gy,

(8.2)

where ((s) is the Riemann zeta function.

The proof will be given in Subsection 8.6.

8.3. We use the classical contravariant Dieudonné theory. We refer the reader to
Demazure [4] for a basic account of this theory. For a perfect field k of characteristic
p, write W := W (k) for the ring of Witt vectors over k, and B(k) for the fraction
field of W (k). Let o be the Frobenius map on B(k). A quasi-polarization on
a Dieudonné module M over k here is a non-degenerate (meaning of non-zero
discriminant) alternating pairing

(,): M x M — B(k),

such that (Fz,y) = (x, Vy)° for z,y € M and (M?, M) C W. Here the dual M* of
M is regarded as a Dieudonné submodule in M ® B(k) using the pairing. A quasi-
polarization is called separable if M = M. Any polarized abelian variety (A, \)
over k naturally gives rise to a quasi-polarized Dieudonné module. The induced
quasi-polarization is separable if and only if (p,deg A) = 1.

Assume that k is an algebraically closed field field of characteristic p.

Lemma 8.2.
(1) Let M be a separably quasi-polarized superspecial Dieudonné module over k
of rank 4. Then there exists a basis f1, fa, f3, fa for M over W := W (k) such that

Ffi=fs,Ffs=pfi, Ffa=fs,Ffi=pf
and the non-zero pairings are

(f1, f3) = —(f3, f1) = B1,  (f2, fa) = —(f4, f2) = P,

where 31 € W(F,2)* with 37 = —f.
(2) Let & be a point in A, and let M¢ be the Dieudonné module of . Then there
is a W-basis e1, e, e3,eq for Mg such that

Fe; =e3, Fex=-e4, Fez=pe;, Feq4=pes,
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and the non-zero pairings are

1
(e1,e2) = —(e2,€1) = . (e3,e4) = —(eq,e3) = 1.

PrOOF. This is Lemma 4.2 of [21]. Statement (1) is a special case of Proposition
6.1 of [13], and statement (2) is deduced from that proposition. N

Lemma 8.3.

(1) Let (Mo, {,)0) be a separably quasi-polarized supersingular Dieudonné module
of rank 4 and suppose a(My) = 1. Let My := (F,V)My and N be the unique
Dieudonné module containing My with N/My = k. Let (,)1 := 1—1j< ,)o be the quasi-
polarization for My. Then one has a(N) = a(My) =2, VN = M, and My/M} ~
k @& k as Dieudonné modules.

(2) Let (M1,{,)1) be a quasi-polarized supersingular Dieudonné module of rank
4. Suppose that My/M? is of length 2, that is, the quasi-polarization has degree p?.

(1) If a(M1) = 1, then letting My := (F, V)M, one has that a(Mz) = 2 and
(,)1 1s a separable quasi-polarization on Ms.

(ii) Suppose (My, (,)1) decomposes as the product of two quasi-polarized Dieudonné
submodules of rank 2. Then there are a unique Dieudonné submodule My
of My with M1 /Ms = k and a unique Dieudonné module My containing M
with Mo/M; = k so that ()1 (resp. p{,)1) is a separable quasi-polarization
on Ms (resp. My).

(iii) Suppose My1/M! ~ k & k as Dieudonné modules. Let My C My be any
Dieudonné submodule with My /Ms =k, and My D M be any Dieudonné
overmodule with Mo /My = k. Then (,)1 (resp. p{,)1) is a separable quasi-
polarization on Ma (resp. Mp).

This is well-known; the proof is elementary and omitted.

8.4. Let (Ag, \o) be a superspecial principally polarized abelian surface and (Mo, (, )o)
be the associated Dieudonné module. Let ¢ : (Ag, Ao) — (A, A) be an isogeny of
degree p with o*A = pXg. Write (M, (,)) for the Dieudonné module of (A, \).
Choose a basis f1, fa, f3, fa for My as in Lemma 8.2. Put My := (F, V)M, = V M.
We have the inclusions
My C M C M.
Modulo Mj, a module M corresponds a one-dimensional subspace M /My in My /M.
As My/My =k < f1, fo >, the subspace M/M> has the form
k<afi+bfs>, [a:b € P (k).
Let M := My/pMy, and let
<,>0 IMQ Xﬁoﬁk.
be the induced perfect pairing.

Lemma 8.4. Notation as above, the following conditions are equivalent
(a) ker A >~ ap X .
(b) (M, FM)y =0, where M := M/pM.
(c) (M,VM)y=0.
(d) The corresponding point [a : b] satisfies aP™! + bPH1 =0
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PROOF. One has M =k < f], f3, f4 > with f] = af1 + bfs. It is easy to see that
(M,FM)o =0 < (fi,Ff])o=0 < aPT' 4P =0,

and
(M,VM)o =0 < (f{,Vf)o=0 < a?™ 4P =0.
This shows that the conditions (b), (¢) and (d) are equivalent.

Since @*A = pAg, we have (,) = %(,)0. The Dieudonné module M (ker \)
of the subgroup ker A is equal to M/M?'. Hence the condition (a) is equivalent
to that F' and V vanish on M (ker A\) = M/M?". On the other hand, the subspace
Mt := M*/pMy is equal to M with respect to (, )o. It follows that (a) is equivalent
to the conditions (b) and (c). W

It follows from Lemma 8.4 that there are p + 1 isogenies ¢ so that ker A ~
ap X ap. Conversely, fix a polarized superspecial abelian surface (A, A) such that
ker A ~ ay, x a,. Then there are p? + 1 degree-p isogenies ¢ : (Ag, o) — (4, )
such that Ag is superspecial and ¢*\ = pAg. Indeed, each isogeny ¢ always has
the property ¢*\ = p g for a principal polarization Ay (Lemma 8.3 (iii)), and there
are |P*(F,2)| isogenies with Ay superspecial.

8.5. Let Ap be the moduli space of isogenies v : A; — A; of degree p, where
Ay is an object in As 1 v and A; is an object in Ay, n such that a*A = pAg
and axng =11 Let Sp C Ap ® Fp be the supersingular locus, the reduced closed
subscheme consisting of supersingular points. For each { = (A¢, A¢,ne) € A, let
Ve C Sp be the closed subvariety consisting of the isogenies o : Ay — A; such that
A, =€ Foreach v = (A, Ay, 1y) € Ao1n, let S’; C Sp be the closed subvariety
consisting of the isogenies o : Ay — A; such that 4, = 7.

It is known that the varieties Ve and S/ are isomorphic to Pt over F,, (cf. [10]).
We also know ([21, Proposition 4.5]) that

Se=(JIve|lu{ II %

EeEA YEA2 1, N
as the union of irreducible components.
Let pr: Sary(p) — Sp be the natural projection.

8.6. Proof of Theorem 8.1. (1) It is easy to see that

S0 (p) = HW’E H H Uy

EEA yEA2 1, N

The statement follows from this.

(2) Clearly we have

We = Ve x V{ ~P' x P' (over ),

where Vg' _is the variety parameterizing isogenies a : £ — A, of degree p with A4, in
Az 1 v ®F, satisfying a* Ay = A¢ and ane = 12. This completes the first assertion.

Let a = (4, = A; = A,) be a point in U, (k). Since A, is determined by A,
(cf. Lemma 8.3 (i) (ii)), the projection pr induces an isomorphism

pr: U, = pr(U,) C 9.,
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As U, is dense in S, and S is proper, pr(S,) C S.. Since pr is proper and S’
is a smooth curve, the section s : pr(U,) — U, extends uniquely to a section
s: 5! — S,. This shows pr: S, ~ S/, and hence S, ~ P! over F,,.

A component S, meets a component W¢ if and only if SQ and pr(W) meet.
Since S! and V¢ meet transversally at most one point [21, Proposition 4.5], the
components S, and W meet transversally at most one point. Since any irreducible
component of Sy () is smooth, the singularity occurs only at the intersection of
components S, and We.

(3) We know that S’ contains p + 1 points with A; € A (Subsection 8.4). Each
component S, meets p+ 1 components of the form W¢, and hence has p+1 singular
points. This proves the first part.

The result (8.2) is due to Katsura and Oort [10, Theorem 5.1, Theorem 5.3] in
a slightly different form. For another proof (using a mass formula due to Ekedahl
[6] and some others), see [21, Corollary 3.3, Corollary 4.6]. N

8.7. It follows from the description of the supersingular locus that

(i) The closure of the stratum Ap (p) sgsor 19 ngA We.
(i) The stratum Ap,(p),s,+ is H’YEAQ . v Uns as this is the complement of the

closure Ar (p),ss,~ i the supersingular locus Sy (p).-
(iii) The minimal stratum Ap, ;) - is

[Owe)n| II 5] =510

EA YEA2 1, N

We compute the locus Xpo(p),sm, the closure of the stratum Ar () s,~- This is
the disjoint union of the subvarieties in the component We, for £ € A, defined by
the closed condition 792 = 2 (Table 3.).

Let A, =& € A and (M, (,)1) be the Dieudonné module of 4,. Choose a basis
e1, ea, e3,e4 for My as in Lemma 8.2. Let My C My C My be a chain of Dieudonné
modules with My /My ~ My /My ~ k. As M, /VM; = k < e1,es >, the subspace
M5 /V M; has the form

k < aey +bex >, [a:b] € PH(k).
AsV=IM /My =k < 1—1763, %64 >, the subspace My/M; has the form

1 1
k<c-es+d—es>, [c:d]cPk).
p p

Use this as coordinates for W¢, we get and fix an isomorphism ® : W, ~ P! x PL.
Let A, B,C, D be lifts in W of a, b, ¢, d, respectively. We have

1 1
My =< Aey + Beg,pe1,pea, ez, eq >, and My =< e, eq, €3, ey, C’];eg + D}—je4 > .

The condition Tos = 2 says that in M := My/pM, the subspaces V. My and Mo
generates a two-dimensional subspace. As both have dimension two, the condition
means V My = M. One has

-1 1
VMy=<C? e+ D7 ey pei,pes, ez, eq>.
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As both submodules contain V M7, modulo V M7, we get
< c”_lel + d”_le4 >=< ae; + bey > .
This gives the equation aPd — bPc = 0. We have shown that
(A, (p),sor N We) ={([a:b],[a? : 0F]) e P! xP'; [a: b € P' } = PL.

This is the graph of the relative Frobenius morphism Fp1 /g, : P — P'. We carry
out the similar computation and get

(A, (p),sar N We) = { ([P : dP],[c:d]) eP' xP'; [c:d] e P'} P

This is the transpose of the graph of the relative Frobenius morphism.
We summarize the results as follows.

Proposition 8.5. We have

ZFQ(})),SQSQT = H W§7 Zl—‘o(p),sl‘r = H S’ya

EEA yEA2 1, N

Arop)sor = [IPY Argmoer = [T P Arg).oor = Syt
£EA e

Consequently, we have

(i) The stratum Ar,(p),sos,r has |A| irreducible components.
(ii) The stratum Argpy,s,~ has |Az 1 n| drreducible components.
(iii) The stratum Ar,(p) sor has |A| irreducible components.

(iv) The stratum Ar,(p),s,r has |A| irreducible components.

v) The stratum Ar,(p),» consists of [Az1 n|(p+ 1) points.

Proposition 8.5, Theorem 4.1, and Proposition 2.1 of [20] answer the question
on irreducible components of each Kottwitz-Rapoport stratum in the moduli space
Az To(p)-

We end this paper with the following criterion to distinguish the types s17 and 7.
This finishes our geometric characterization of Kottwitz-Rapoport strata for g = 2.

Lemma 8.6. Let a = (4, = A, =5 A,) be a point in A,y .s - (k), and let
My 5 My = My be the chain of the associated de Rham cohomologies. Let
wi = wa, C M; be the Hodge subspace. Then the point a lies in Ar, ()~ if and
only if the condition {(a(M1), a(w1))o = 0 holds.

Proor. 1t follows from Theorem 8.1 that a lies in Ar () , if and only if the object
A, lies in A (Subsection 8.2). The statement then follows from Lemma 8.4, as one
has w; = VM. 1

Acknowledgments. The author would like to express his appreciation to C.-L. Chai,
M.-T. Chuan and J. Tilouine for helpful discussions. Part of the manuscript is
prepared during the author’s stay at MPIM in Bonn. He wishes to thank the
Institute for kind hospitality and excellent working environment.



[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
18]
[19]
[20]

(21]

IRREDUCIBILITY AND p-ADIC MONODROMIES ON THE SIEGEL MODULI SPACES 29

REFERENCES

C.-L. Chai, Monodromy of Hecke-invariant subvarieties. Special issue in memory of A. Borel
Q. J. Pure Appl. Math. 1 (2004), 291-303.

A.J. de Jong, The moduli spaces of polarized abelian varieties. Math. Ann. 295 (1993),
485-503.

A.J. de Jong, The moduli spaces of principally polarized abelian varieties with I'g(p)-level
structure. J. Algebraic Geom. 2 (1993), 667-688.

M. Demazure, Lectures on p-divisible groups. Lecture Notes in Math., vol. 302, Springer-
Verlag, 1972.

T. Ekedahl, The action of monodromy on torsion points of Jacobians. Arithmetic algebraic
geometry (Tezel, 1989), 41-49, Progr. Math., 89, Birkhauser Boston, 1991

T. Ekedahl, On supersingular curves and supersingular abelian varieties. Math. Scand. 60
(1987), 151-178.

G. Faltings and C.-L. Chai, Degeneration of abelian varieties. Ergebnisse der Mathematik
und ihrer Grenzgebiete (3), 22. Springer-Verlag, Berlin, 1990. xii+316 pp.

T. Haines, Introduction to Shimura varieties with bad reduction of parahoric type. Harmonic
analysis, the trace formula, and Shimura varieties, 583—-642, Clay Math. Proc., 4, Amer.
Math. Soc., 2005.

K. Hashimoto and T. Ibukiyama, On class numbers of positive definite binary quaternion
hermitian forms, J. Fac. Sci. Univ. Tokyo 27 (1980), 549-601.

T. Katsura and F. Oort, Families of supersingular abelian surfaces, Compositio Math. 62
(1987), 107-167.

N. Koblitz, p-adic variant of the zeta-function of families of varieties defined over finite fields.
Compositio Math. 31 (1975), 119-218.

R. E. Kottwitz and M. Rapoport, Minuscule alcoves for GL;, and GSp,, . Manuscripta
Math. 102 (2000), 403-428.

K.-Z. Li and F. Oort, Moduli of Supersingular Abelian Varieties. Lecture Notes in Math.,
vol. 1680, Springer-Verlag, 1998.

B.C. Ng6 and A. Genestier, Alcoves et p-rang des variétés abéliennes. Ann. Inst. Fourier
(Grenoble) 52 (2002), 1665-1680.

P. Norman and F. Oort, Moduli of abelian varieties, Ann. Math. 112 (1980), 413-439.

F. Oort, A stratification of a moduli space of abelian varieties. Moduli of Abelian Varieties,
345-416. (ed. by C. Faber, G. van der Geer and F. Oort), Progress in Mathematics 195,
Birkhauser 2001.

F. Oort, Monodromy, Hecke orbits and Newton polygon strata. Note of a talk at Bonn 24 -
IT - 2003, 9 pp. See: http://www.math.uu.nl/people/oort.

M. Rapoport and Th. Zink, Period Spaces for p-divisible groups. Ann. Math. Studies 141,
Princeton Univ. Press, 1996.

J. Tilouine, Siegel Varieties and p-Adic Siegel Modular Forms. Doc. Math. Extra Volume:
John H. Coates’ Sixtieth Birthday (2006) 781-817

C.-F. Yu, Irreducibility of the Siegel moduli spaces with parahoric level structure. Int. Math.
Res. Not. 2004, No. 48, 2593-2597.

C.-F. Yu, The supersingular loci and mass formulas on Siegel modular varieties.
math.NT /0608458, 18 pp. To appear in Doc. Math.

INSTITUTE OF MATHEMATICS, ACADEMIA SINICA, 128 ACADEMIA RD. SEC. 2, NANKANG, TAIPEI,

TAIWAN, AND NCTS (TAIpEI OFFICE)

MAX-PLANCK-INSTITUT FUR MATHEMATIK, VIVATSGASSE 7, BONN, 53111, GERMANY
E-mail address: chiafu®math.sinica.edu.tw



