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Abstract

Let ®,(z) denote the nth cyclotomic polynomial. In 1968 Sister Mar-
ion Beiter conjectured that a,(k), the coefficient of z* in ®,(z), satisfies
lan (k)] < (p+1)/2 in case n = pgr with p < ¢ < r primes. Since then
several results towards establishing her conjecture have been proved (for
example |an (k)| < 3p/4). Here we show that, nevertheless, Beiter’s con-
jecture is false for every p > 11. We also prove that given any ¢ > 0 there
exist infinitely many triples (pj;,q;,r;) with p1 < p2 < ... consecutive
primes such that |ay;q.- (n;)] > (2/3 — €)p; for j > 1.

1 Introduction

The nth cyclotomic polynomial ®,,(x) is defined by

o(n)
ou@) = [] =)= anlh)a®,
1<j<n k=0

(3m)=1

where ¢ is FEuler’s totient function and (,, a primitive nth root of unity. For the
k not in the range [0, p(n)] we put a,(k) = 0. The coefficients a, (k) are known
to be integral. The study of the a,(k) began with the startling observation that
for small n we have |a, (k)] < 1 (it thus seems, as D. Lehmer [10] worded it,
that the primitive roots of unity conspire to achieve this smallness). The first
counter-example to |a, (k)| < 1 occurs for n = 105: ay05(7) = —2. Note that
105 is the smallest odd integer having three prime factors. If wi(n) denotes the
number of odd prime factors of n, then it is well-known that if wi(n) < 2, then
®,,(x) is flat, that is all its coefficients satisfy |a, (k)| < 1. Thus n = 105 is the
first candidate integer for ®,(z) to be non-flat. We see that with respect to the
smallness of the coefficients the first non-trivial case arises when w;(n) = 3. In
this case some authors say that ®,(x) is ternary. Then we write n = pgr with
2<p<qg<r.

We define the height of ®,,(x) to be max{|a, (k)| : 0 <k < ¢(n)} and denote
it by A(n). In 1968 Sister Marion Beiter [3] put forward the following conjecture
(which she repeated in 1971 [4]).
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Conjecture 1 (Sister Marion Beiter, 1968). If2 < p < q < r are primes, then
A(pgr) < B2,

Note that A(2¢gr) = 1. In case either ¢ or r = +1(mod p) Beiter proved her
conjecture. This result was extended by Bachman [1].

Theorem 1 (Gennady Bachman, 2003). If either q or r is congruent to £1 or
+2 modulo p, then A(pgr) < (p+1)/2. If ¢ orr is congruent to (p+1)/2 modulo
p, then A(pgr) < (p +3)/2.

In a further paper Beiter [4] points out that her conjecture is true for p <5 and
shows that A(pgr) < p— |p/4], thus improving on a result from Bang [2] proved
in 1895, to the effect that A(pgr) < p— 1. The best known general upper bound
to date is due to Bachman [1], who proved that A(pgr) < p—[p/4]. In the same
paper Bachman showed:

Theorem 2 (Gennady Bachman, 2003). Let ¢* and r*, 0 < ¢*,7* < p be the
inverses of ¢ and r modulo p respectively. Set a = min(q*,r*,p—q*,p—71*). Then
A(pgr) < min(25* + a,p — a).

H. Moller [12] indicated for every prime p > 3 a cyclotomic polynomial ®,,,(x)
having a coefficient equal to (p+1)/2. This shows that Beiter’s conjecture is best
possible, if true. In particular Moller proved:

Theorem 3 (Herbert Moller, 1971). Let 3 < p < q < r be prime numbers
satisfying ¢ = 2(mod p) and r = (mpq — 1)/2 for some integer m. Then

_p+1

(5 (0~ Dlar + 1)) =

2
Earlier Emma Lehmer [11] had shown that for ¢ and r as in the latter Theorem
we have ayq, (5(p — 3)(gr +1)) = (p — 1)/2. On combining Moller’s result with
Theorem 1 we infer that for his choice of p, ¢ and r we have A(pgr) = (p+1)/2.
Let M (p) be the maximum of the heights of the ternary cyclotomic polynomi-
als, where p is the smallest prime factor of n. The case p = 3 was investigated in
detail by Beiter [5], who found that M(3) = 2. Beiter’s conjecture in combination
with M (3) = 2 and Méller’s result leads to the following conjecture.

p+1

Conjecture 2 For p > 2 we have M(p) = %-.

We will show that our main result, presented below, can be used to infer that
Beiter’s conjecture is ‘very false’.

Theorem 4 Let p be a prime. Given an 1 < [ < p we let 3* be the unique
integer 1 < * < p— 1 with f3* = 1(mod p).
Let B_(p) be the set of integers [3 satisfying

1<p< P2y, 5o g (1)

For every prime ¢ = [(mod p) with ¢ > q_(p) and 5 € B_(p), there exists a
prime r— > q and an integer n_ such that ap, (n—) = B— — p, where q_(p),r_
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and n_ can be explicitly given.
Let B, (p) be the set of integers B satisfying

1<p<P22 prpzp g <op, (2)

For every prime ¢ = f(mod p) with ¢ > q4(p) and § € By (p) there exists a prime

r+ > q and an integer ny such that apg, (ny) = p — B, where ¢4 (p),r4 and ny

can be explicitly given. In case € By (p) and B+ 3* = p, then A(pgry) =p— 0.
Put B(p) = B_(p) UB4(p). If B(p) is non-empty, then

M(p) 2 p - min{B(p)} > L1,

and so Beiter’s conjecture is false for the prime p.

Explicit choices of ¢_(p),r_ and n_ are given in Theorem 10 and explicit choices
of ¢4 (p),r+ and n, in Theorem 11, see also Tables 7 and 8.

Note that the sets B_(p) and By (p) are disjoint. For p < 11 the set B(p)
turns out to be empty. For 11 < p < 73 it is given in Table 1. The underlined
element is (p — 3)/2 and for this range always turns out to be in B(p). The final
column gives a lower bound for M(p). The table shows that Beiter’s conjecture
is false for 11 < p < 73.

Proposition 1 Forp > 11, B(p) is non-empty and max{B(p)} = (p — 3)/2.

Proof. Consider 8 = (p — 3)/2. If p = 1(mod 3), then 5* = 2(p — 1)/3 and one
checks that 3 € B, (p). If p = 2(mod 3), then §* = (p—2)/3 and one checks that
B € B_(p). O

Table 1: The sets B_(p), B, (p) and B(p)

p| B(p B (p) B_(p)UB.(p) =B(p) |p—minB(p)
11 4] 0 oy 7
13 ] {5} {5} 8
7 {7 0 ! 10
19 0 78] 8] ]
23 {10} {9} {9,10} 14
29 {13} {12} {12, 13} 17
31 {13} {14} {13,14} 18
37 ] (17} {17} 20
11| {18,19} {17} {17,18,19} 24
43 {18} {19,20} {18,19, 20} 25
A7 {22} {18,20} {18,20, 22} 29
53 {25} {22,23,24} {22,23,24, 25} 31
59 | {23,26, 28]} {27 {23,26,27,28} 36
61| {25,238} {27,29} {25,27,28,29} 36
67 ] {26, 30, 32} {26, 30, 32} 40
71 | {32,33,34) | {27,29,30,31} | {27,29,30, 31, 32, 33, 34} A4
73 {33} {27,30, 34,35} {27,30, 33,34, 35} 46




From Theorem 4, Proposition 1 and Dirichlet’s theorem on arithmetic pro-
gressions the following result is inferred.

Theorem 5 Suppose p > 11 is a prime. Then the set of q for which A(pqr) >
(p+1)/2 for some prime r has a positive lower density 0 satisfying

5> Be@I+1B-()| 1

>0
[ b1

_p—l Y

and hence Beiter’s conjecture s false for this prime.

The elementary method of proof of Proposition 1 allows one to prove, e.g., that if
p = 23(mod 24) and p > 23, then M(p) > (5p—3)/8 and more generally it allows
one to indicate for every € > 0 an arithmetic progression such that for all primes
larger than some explicit number in this progression we have M(p) > (2 — €)p
(Proposition 4). On invoking a result from the theory of inverses modulo p it
can be even shown that the latter lower bound holds for all primes p sufficiently

large.

Theorem 6 Let e > 0. Then (1 —e)p < M(p) < 3p for every sufficiently large
prime p.

In Table 2 we give for some small primes p intervals [a, b] such that a < M (p) < b.
The number b = p— [p/4] and a = |ay,-(n)|, showing that M(p) > a. The values
of a are the largest known to us and were found by extensive computer calculation.

Table 2: Interval for M(p)

p | (p+1)/2] ¢q r n M(p) interval | [2p/3] | 6(p)
3 ) 5 | 7 7 2, 2] 2 | 0

5 3 7 11 119 3, 3] 3 0

7 4 11| 37 963 4, 5] i[>0
1| 6 19 | 601 | 34884 7, 8] 7 [ >1
13 7 31 | 1097 137160 8, 9] 8 >1
7] 9 29 | 41 4801 10, 12] 11 | >1
19 10 |53 | 859 | 318742 12, 14] 2 | >2
23 12 41 | 4903 1583731 (14, 17] 15 > 2
29 15 127 | 7793 8915220 [18, 21] 19 >3
31 16 89 | 4519 | 4424131 (19, 23] 20 >3
371 19 | 47 | 1217 | 743670 22, 27] 24 | >3
| 21 1] o7 96529 26, 30] 27 | >5
43 22 53 | 2963 2358548 26, 32] 28 >4
47 24 347 | 12113 | 64756445 [29, 35] 31 >5
53 27 61 | 17377 | 18037438 (33, 39] 35 > 6
29 30 67 | 21247 | 27047555 [37, 44] 39 > 7
61 31 191 | 30203 | 126913006 (38, 45] 40 >
67 34 191 | 91127 | 417817361 [42, 50] 44 > 38
71 36 311 | 13327 | 91183645 [44, 53] 47 > 8
73 37 83 | 4241 9156474 46, 54] 48 >9
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The last column gives information about the difference d(p) := M(p) — (p+1)/2.
In case 6(p) > 0 the associated p, g and r give rise to a counter-example to Beiter’s
conjecture.

If 3 € B.(p), then p < 38 and p— 0 < 2p/3. If § € By(p), then p <
B+ p* <30 and so f > p/3 and hence p — 3 < 2p/3. Thus Theorem 4 only
allows one to find counter-examples < 2p/3 to Beiter’s conjecture. Extensive
numerical computations gave many counter-examples not covered by Theorem
4, but all of them are < 2p/3. Thus the strongest corrected version of Beiter’s
conjecture which we can presently neither disprove nor prove is as follows.

Conjecture 3 (Corrected Beiter conjecture). We have M(p) < 2p/3.

Note that it implies that Beiter’s original conjecture is correct for p = 7. This is at
present still an open problem. If A(7qr) > 4, then we must have ¢ = +3(mod 7)
by Theorem 1.

Our final result deals with some apparent variations of M(p). Let M, (p) and
M_(p) be the maximum, respectively minimum of the coefficients of the ternary
cyclotomic polynomials with p the smallest prime factor of n.

Theorem 7 We have M_(p) = M, (p) = M(p).

For a nice survey of properties of coefficients of cyclotomic polynomials see
Thangadurai [15].

1.1 Some results of Nathan Kaplan
Using the identity

Cpgr(w) = (L2 + 2+ ) (Lt o+ +al ™ —af = = 2Py (a7),
Kaplan [8] proved the following lemma.

Lemma 1 (Nathan Kaplan, 2007). Let n > 0 be an integer. Put

b — {apq(z') if ri <mn;

0 otherwise.

We have

p—1

p—1
por(n) =Y gy = D bfimea), (3)
m=0

m=0
where f(m) is the unique value 0 < f(m) < pq such that f(m)
m)(mod pg).

r~i(n —

Since the a,,(7) are easily computed, Kaplan’s lemma is actually useful. Indeed,
his lemma plays a crucial role in our counter-example constructions. A nice
feature of the lemma is that it works for every n > 0. Thus if it shows that
|apgr(n)| # 0, then we know that n < ¢(pgr). In our counter-example construc-
tions this saves us from checking that for the chosen n we have n < ¢(pgr).

The next lemma gives the values of a,,(7). For a proof see e.g. Lam and
Leung [9] or Thangadurai [15],



Lemma 2 Let p < q be odd primes. Let p and o be the (unique) non-negative
integers for which (p — 1)(¢q — 1) = pp + 0q Let 0 < m < pq. Then either
m = a1p+ f1q orm = a1p + f1q — pq with 0 < oy < ¢ — 1 the unique integer
such that anp = m(mod q) and 0 < (1 < p — 1 the unique integer such that
B1g = m(mod p). The cyclotomic coefficient a,y(m) equals

1 ifm=ap+big—pqwithp+1<a;<qg—1,c+1<3 <p-—1;

{1 ifm=a1p+ frq with0 < ay <p, 0< G <o;
0 otherwise.

The following result of Kaplan [8] together with Dirichlet’s theorem shows that
given one counter-example (p, ¢, r) infinitely many counter-examples to Beiter’s
conjecture exist with the same values of p and gq.

Theorem 8 (Nathan Kaplan, 2007). For any prime s > q such that s =
+r(mod pq) we have A(pgr) = A(pgs).

Example. Put p = 17 and ¢ = 29. By computation one finds that A(pq-1931) =
10. On applying Kaplan’s result one then finds from this that also A(pg-2917) =
A(pq - 2999) = 10.

Implicit in Kaplan’s proof of Theorem 8 is the following result using which we
immediately infer that Theorem 7 holds true.

Proposition 2 Suppose that ap,-(n) =m. Write n = [2]r +ng with 0 <ng < 7.
1) Let s > r be a prime satisfying s = r(mod pq). Then

ora([2]5 +70) =

2) Let t > pq be a prime satisfying t = —r(mod pq). Let 0 < ny < pq be the
unique integer such that ny = q+p — 1 — ng(mod pq). Then

(2] ) =

2 A counter-example construction for p =11

Using Lemma 1 and Lemma 2 (we leave this as an exercise to the reader) one
finds that for the p,q and r in the Moller construction we have by, = 1
for 0 < m < (p—1)/2 and by = 0 for the remaining m in (3), giving
apgr(n) = (p + 1)/2. Likewise, for the Lehmer example we find by, = 1 for
0<m < (p—3)/2and by, = 0 for the remaining m, giving ap-(n) = (p—1)/2.

For the counter-examples to Beiter’s conjecture we find in general rather more
complicated vectors (bs), ..., bsp-1)) and (bsq),---,bfg+p—1)). However, some
of them are regular enough as to build a general construction on. We give an
example which is intended as an appetizer that should help the reader digest
more easily the general construction given in Theorem 10. Notice that Theorem
10 implies Theorem 9. The first few counter-examples produced by Theorem 9
are given in Table 3.



Table 3: Some counter-examples produced by Theorem 9

Pl q |« r n Apgr (1)
11159 | 2 | 877 175410 -7
103 | 4 | 1229 | 381000 -7
191 | 6 | 4639 | 3173086 -7
7 116937 | 10280769 -7
257 | 8 | 3011 | 2788196 -7
9 | 1163 | 987397 -7

10 | 8731 | 6740342 -7
367 | 12 | 56999 | 72844732 -7
13| 811 974021 -7
14 | 39157 | 44012478 -7

Theorem 9 Let g < r be primes such that ¢ = 4(mod 11) and r = —3(mod 11).
Let 1 < o < g—1 be the unique integer such that 11ra = 1(mod q). Suppose that

q 3g—1
4 <
33 STy

Then ay14-(10 + (6 — T7a)r) = —T.

Proof. Put p = 11 and n = 10 + (6¢ — 77«)r. Note that n > 10. We will
compute a,q-(n) using Lemma 1. Since this will have -7 as outcome, it follows
that n < ¢(pgr). Observe that

n — 10
0<— = (¢ —Ta)p+6q —pg < 6¢ < pg

and so f(10) = (¢ — Ta)p+ 6¢q — pq. This expresses f(10) as a linear combination
in p and q. Let 0 < r; < pg be the unique integer with r; = —%(mod pq). Tt is
easy to see that r; = ¢—ap. On noting that f(m) = f(10)+(m—10)r; = f(10)+
(m—10)(q—ap), we infer that f(m) is congruent modulo pq to the corresponding
entry in Table 4 (and likewise for f(m + ¢) on noting that —¢/r = 4g(mod pq)
and f(m+q) = f(m) —q/r = f(m) + 4q(mod pq)). In the f(m + ¢) column we
trivially have

0< f(q)<---<flg+p—1)=10g — Tap < 10q < pq.

Using this we infer that f(m + ¢) is actually equal to the corresponding entry in
Table 4. In the f(m) column we have 0 < f(0) < --- < f(4) < pq and on using
that o < ¢/(2p) we find 0 < f(5) < --- < f(10) < 6¢ < pqg. Again we see that
f(m) is actually equal to the corresponding entry in Table 4.

Now we are ready to invoke Lemma 2. One computes that ¢ = 2 and p =
(8¢ — 10)/11. The conditions on « ensure that ¢ — 7ae > p+ 1 and 3a < p. On
applying Lemma 2 we then infer that ¢, 1= a,,(f(m)) and ¢piq := ape(f(Mm~+4q))
are as given in Table 4. Since [n/r] = f(10) it follows, by Lemma 1 that b,, = ¢,
if f(m) < f(10) and b,,, = 0 otherwise. Thus to compute say the b,, column we
have b,, = 0 if ¢,, = 0. If ¢,, # 0 we have

b, — {cm if f(m) < f(10);

0 otherwise.
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Note that clearly f(7) < .... < f(10). It then follows that the b,, column equals
the ¢, column. Next let us determine the ¢,,1, column. We claim that f(q) <
flg+1) < f(g+2) < f(10). To establish this we have to check that ap + 2¢ <
(¢ —Ta)p—5q. Note that f(¢g+4) <--- < f(g+10). The conditions on « ensure
that f(¢+4) > f(10) and we see that f(10) < f(g+4) < --- < f(q¢+ 10) and
thus bgia = ... = bgt10 = 0. Finally, on applying Lemma 1 we infer that

This completes the proof.

p—1 p—1
Apgr(n) = Z bim) — Z bimiq = —4—3=—T.
m=0 m=0

O

Remark. Note that the conditions imposed on « are such that a < q/(2p), 3a < p,
q—Ta>p+1, f(g+4) > f(10) and f(g+2) < f(10).

Table 4: A counter-example construction for p =11

m f(m) Cm | bm | Mm+q f(m+q) Cmtq | Dmq
0 3ap+q(p —4) 010 q 3ap 1 1
1 2ap+q(p — 3) 010 q¢g+1 2ap + ¢ 1 1
2 ap+q(p —2) 00| qg+2 ap + 2q 1 1
3 dp—1) 00| q+3 3q 0 0
4 (g —a)p 010 ] qg+4 | (q—a)p+4g—pg | -1 0
5| (@q—20)p+q—pqg | 0 | 0 | ¢g+5 | (¢—2a)p+5q¢—pq | -1 0
6 | (q=3)p+2¢9—pg| 0 | 0| g+6 | (¢g—=3a)p+6g—pg | -1 0
7 |(g—4a)p+3q—pg|-1|-1 ]| q+7 | (¢g—4a)p+T7q¢—pq | -1 0
8 | (g=5a)p+dqg—pg|-1]-1] q¢+8 | (¢=5a)p+8q—pg | -1 0
9 | (¢—6a)p+5qg—pg|-1|-1] q+9 | (¢—6a)p+9g—pq | -1 0
10| (¢q—Ta)p+6g—pqg|-1|-1|q+10]| (¢—Ta)p+10g —pq | -1 0
3 General counter-example construction

3.1 The negative coefficient case

We now establish a more general counter-example construction. The approach
will be similar to that of the previous section. For reasons of space the analogue

of Table 4, Table 5, is split into two tables, for f(m), respectively f(m + q).




Table 5A: General negative coefficient construction, f(m) case

m f(m) Cm | b
(0 +Dap+ (p—P)g 010

1 cap+(p—B+1)g 00
010
oc+1 O-p+(c+1+p—0F)q 010
o+2 (g—a)p+(c+2+p—PB)g—pg 110
110
f—1 (q—(B—0—=2)a)p+(p—1)g—pg |-1]|0
B (q—(B—0—-1)a)p+0-q 010
p+1 (q—(B—0)a)p+1-q—dipg 010
0 0
f+o (g —(B—=1)a)p+0oq—d,pq 00
Bto+1 (g —Ba)p+ (0 +1)g—pq -1 -1
11 -1
0+k (q—(B—0c—14+k)a)p+kq—pq -1 -1
111
p—1 |(q=(p—0c—=2)a)p+(p—-F—-1)g—pq|-1]|-1

In Table 5A §; is the unique integer such that the corresponding entry is in the
interval [0, pq).

Table 5B: General negative coefficient construction, f(m +q) case

m+q f(m+q) Cmtq | bmq
q (c+1)ap 1 1
qg+1 oap+q 1 1
1 1
q+o ap + oq 1 1
qg+o+1 0-p+(c+1)q 0 0
qg+o+2 (¢g—a)p+ (0 +2)qg— pq -1 0
1 0
g+p—1](¢g—(p—0c—2)a)p+(p—1)g—pg| -1 0

Lemma 3 Let p be a prime. Let 1 < § < (p—3)/2. Let ¢ > p be a prime
satisfying ¢ = f(mod p) and r > q be a prime satisfying qr = —1(mod p). Let
1 <a<q—1 be the unique integer such that pra = 1(mod ¢q). Put

w_=(p—-F—-1)g—(p—0—2)ap,

where p and o are uniquely determined by (p — 1)(¢ — 1) = pp + oq, p,0 > 0.
Suppose that

p>p+o+2 >0+2

and
a < %, (4)



cdp=1-0)-(p-1)

“= p(o +1) ’ )
glc+1)—1
BrEr) Y
qlp—0—1-p)
“= plp—o—1) ")
and ( 5 5)
qp—3—0—
T pp-o-3) ®)

then apg-(p — 1+ rw) = G —p.

Remark. The conditions (4), (5), (6), (7) and (8) are used to ensure that respec-
tively, f(+0+1) 20, (0+1)a < p, g=(p—0o—=2)a > p+1, flg+o) < f(p—1)
and f(g+o+2)> f(p—1).

Proof of Lemma 3. Reasoning as in the proof of Theorem 9 we find that f(m) and
f(m+q) are congruent modulo pq to the numbers given in Table 5A, respectively
5B.

In Table 5A we distinguish 3 ranges: 0 < m < 3, 84+1 < m < B+ o0
and 3+ o0+ 1 <m < p—1. In the first range the entries 0 up to g are non-
negative and in ascending order. Since the entry for  is < pq it follows that
for 0 < m < 3, f(m) is actually equal to the corresponding entry given in Table
5A. Since (0 + 1)a < p and p— 8 > o + 1 it follows by Lemma 1 that ¢,, = 0
(and hence b,, =0) form =0,...,0+ 1. For 0 +2 <m < 3 — 1 one finds that
¢m = —1. Since

flo+2)=flg+o+2)+(p—-0B)qg> flg+o+2)> f(p—1),

we infer that b,, = 0 for 0 +2 < m < 8 — 1. Clearly bg = cg = 0.
In the second range we have, for 1 <k < o,

(¢—(B—0+k—1)a)p+kq—dkpq
as entry in row (3 + k, where a priori J; is an integer. Since
g—1>q¢—B—-oc+k—1la>qg—(p—0c—2)a>p+1>0,

we find that 0 < (¢ — f— o + k — 1)a)p + kq < 2pq and hence ¢, € {0,1}. By
Lemma 1 again we now find that ¢,, =b,, =0for 6+1<m < G+ 0.

In the range + o+ 1 < m < p — 1 the entries in Table 5A are in ascending
order and the final entry is less than pq. Since a < (o + 1)q/(Bp), it follows that
the § + o + 1 entry in the table is > 0. It follows that f(m) is actually equal to
the corresponding entry in Table 5A. By Lemma 1 it now follows that ¢, = —1
for f+04+1<m<p-—1.Since f(m) < f(p—1)for f+o+1<m<p—1we
infer that also b,, = —1 in this range.

Establishing the correctness of the f(m + ¢) and ¢;,4, column is straightfor-
ward and left to the reader. Note that once we have f(q+ o) < f(p — 1) and

10



flg+0+2)> f(p—1), the b4, column is as given in the table. That these in-
equalities hold is ensured by conditions (7), respectively (8). Finally on applying
Lemma 1 we infer that

p—1 qto

pgr(p — 1 +1w_) = — Z 1—21:—(p—l—ﬁ—a)—(a—i—l):ﬁ—p.
j=B+o+1 J=q

This concludes the proof. O

In the next lemma the set of real numbers « satisfying (4), (5), (6), (7) and (8)
is determined.

Lemma 4 Let T be the set of real numbers satisfying (4), (5), (6), (7) and (8)
and suppose the conditions of Lemma 3 are satisfied. Then the set I is non-empty
iff p < B+2B8*+ 1. In that case

()t e
B B B*—1 o .
<% <1 N p—ﬁ*—2>’ p(g—ﬁ*—l)] ifp=0+26"+1.

If T is non-empty then it consists of positive reals only.

Proof. From (p+ 1)p+ (0 + 1)q¢ = pg + 1 we infer that (0 + 1)¢ = 1(mod p) and
hence 0 = 1/g — 1(mod p). Since ¢ = f(mod p), we infer that o = * — 1. Note
that if (6) is satisfied then, since p — o — 2 > 3, automatically (4) is satisfied.
Note that if « satisfies (6), then

q(oc +1)

a< 12T
p(p—o—3)

Now if « is also to satisfy (8), then we must have 0 +1 > p —3 — 0 — 3 and so
p<20+3+ 3. Thusif p > 3+ 20"+ 1, then Z is empty and hence we may
assume that p < 4 28" + 1. By (7) and since p > 20 + 3 = 23* 4+ 1 we infer

that
q9_4lp=2-0) gqp—1-0)—(p-1)
p~ plo+1) plo+1)

and hence the condition (5) is also superfluous. Note that the inequality

qp—o—-1-0) qlo+1)—1
pp—o—1) p(p—0o—2)

a <

<

Y

IA

can be rewritten as

1
p<fid420—to P
q p—o—1
We observe that
1 1 1 1
o<ty 1, 5 11
q p—o—1"q p[+17 ¢ P
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It follows that if p = §+3 + 20 = 3+ 20" 4+ 1, then (7) is redundant and if
p < B+2B*+ 1, then (6) is redundant. In the latter case we obtain that

= ({(- ;=5 =) (-5 55)]

a clearly non-empty interval. In the former case we obtain

=G0 =) )

in which case an easy calculation shows that it is a non-empty interval. Since
O+ 3" <28—1< p—4it follows that p— (*—2 > [ and thus if Z is non-empty,
it contains positive reals only. O

Theorem 10 Suppose that B_(p) is non-empty and 3 € B_(p). Suppose also
that p < B+ 28"+ 1. Let ¢ > p be a prime satisfying ¢ = [(mod p) and
q > q-(p) with q_(p) = p(p — B*)(p — 8" — 2)/(28). Then the interval

1= (11 o)t )]

contains at least one integer a. Letr > q be a prime with r(¢g—pa) = —1(mod pq),
then

(p+1)
2

apr(p =1+ [(p—=B—-1)g—(p— 8" = Naplr) =5 —p < —

1 a counter-example to Beiter’s conjecture.
In case p = [+ 20*+1 the same conclusion holds, but with q_(p) replaced by
(B+8"=1)p(B+p6")+1)/8 and T by

g g -
t= <z%<1_p—ﬁ*—2>’p(pq—ﬁ*i1) '

Proof. Note that as a function of ¢ the length of 7 is increasing. If the length
of 7 is at least one, then it contains at least one positive integer. Now ¢, (p)
is obtained on solving the equation |Z| = 1 for ¢. The proof is completed on
invoking Lemma 3 and Lemma 4. O

Small counter-examples produced by this result are given in Table 8.

3.2 The positive coefficient construction

Since the method of proof in this section is similar to that in the previous section,
some of the details will be suppressed.

Lemma 5 Let p be a prime. Let 1 < 3 < (p—3)/2. Let ¢ > p be a prime
satisfying ¢ = f(mod p) and r > q be a prime satisfying qr = —1(mod p). Let
1 <a < q—1 be the unique integer such that pra = 1(mod ¢q). Put

wy =1+ (p—pF-1)qg— (p—Bap,

12



where p and o are uniquely determined by (p — 1)(¢ — 1) = pp + oq, p,0 > 0.
Suppose that

f+o>p—1
and (04 1) .
o q—
p(B—1) "~ ©)
qlp—o—1)
o« p(p—0) (10)
qlo+1-p)
BRTCES "
e (p—28-1)
q(p—28 -
ST "

then apg(p — 1 +1wy) =p— B.

Remark. The conditions (9), (10), (11) and (12) are used to ensure that respec-
tively, p+1+(F—Da<g=1,p+1—(p=Fa >0, fl¢g+p-0-2) < flp—1)
and f(¢+p) > f(p—1).

Proof of Lemma 5. The proof is a more general variant of the proof of Theorem
9. Again we make use of tables in the proof.

Table 6A: General positive coefficient construction: f(m) case

m f(m) Cm_| bm
0 (p+1+(B-Da)p+ (0 —B+1)g—Topq
-2 (p+1+a)p+ (o —1)g—Tp2pq
p—1 (p+1)p+oq—T73_1pg

3 (p+1—a)p+(oc+1)g—T7spg

p—o+B-2|(p+tl-p-0c—-1Da)p+(p—1)g— 7 o1p-2Pq

Il Bl Rl Bl B==) Een) Hen) Hen) Nenl Nan) Nan
Il Bl Rl Bl E==) Eev) Hen) Hen) Nenl Nan) Nan

p—o+p-1 (p+1—(p—0)a)p
p—o+p (p+1—-(p—o+1)a)p+gq
p—1 (p+1—(p—B)a)p+ (o — B)gq

In Table 5A 7; is the unique integer in {0, 1} such that the corresponding entry
for f(m) is in the interval [0, pq).

13



Table 6B: General positive coefficient construction: f(m +q) case

m+q f(m+q) Cmtq | bmiq

q (p+1+(B—-1Da)p+(0+1)g—pg 1] -

1 1
gtp—oc=2|(p+t1+B+o+1-pap+p—-—T)g—pg| -1 | -1
g+p—o—1 (p+14+(B+0o—pap 0 0
0 0
g+p5-1 (p+Dp+(B+0—p) 0 | 0
q+0 (p+1-a)p+(B+o+1-p)g 1 0

1 0
g+p—1 (p+1—(p—B)a)p+og 1 0

Since (p+ 1)p+ (0 4+ 1)g = gp + 1 we can rewrite w, as
wy=(p+1—(p—Ba)p+(0c— B

The condition (10) ensures that p+1 — (p — f)a > 0. From g < (p — 3)/2 and
0+ 0o0 > p—1weinfer that ¢ > § + 2. It follows that

0<w,=(p-1)g+1—(p—pB)ap— Bq < pq.

Thus f(p — 1) = w;. The condition (9) ensures that p+ 1+ (6 — 1)a < ¢ — 1.
Let 0 < r; < pqg be the unique integer with ry = —%(mod pq). It is easy to see
that 1 = ¢ — ap. We have f(m) = wy + (m — p + 1)r1(mod pq). Using these
observations one arrives at Table 6A. For m < p—o+ 3 —2 we do not care about
whether 7, = 0 or 7,,, = 1; in either case we find b,,, = 0 and hence ¢,, = 0.

On noting that f(m+¢q) = f(m) + f¢(mod pq) (cf. the proof of Theorem 9),
we easily infer that the f(m + ¢) are as given in Table 6B, with the caveat that
the entries from g +p—0 —1to ¢+ 8 — 1 do not arise if 3+ o0 = p — 1. Using
that f(¢g+p—0—2) < f(p—1) and f(¢+3) > f(p — 1) (a consequence of «
satisfying (11), respectively (12))), we deduce that the b,,+, and ¢+, columns
are as given in Table 6B. Finally on applying Lemma 1 we infer that

p—1 qg+p—0o—2
Gor(p—1+rwy) = Y 14+ Y 1=(@—-p+1)+@p—0-1)=p—4.
Jj=p—o+B-1 J=q
This concludes the proof. O

Lemma 6 Let Z be the set of real numbers satisfying (9), (10), (11), (12) and
suppose the conditions of Lemma 5 are satisfied. Put

v = min {];__g, ﬂ*ﬂ: 6}.

The set I is non-empty iff 5* < 23. In that case

alp—1-129)
I-Go-1=p 5.

If T is non-empty then it consists of positive reals only.

14



Proof. Left to the reader. O

Remark. Note that

'3

*

B ifp< B+ 5 (5 - 0);
7 ﬂ:ﬁ otherwise.

s

On combining the latter two lemmas one obtains an explicit counter-example
construction in the positive case.

Theorem 11 Suppose that B, (p) is non-empty and 3 € By (p). Let g > p be a
prime satisfying ¢ = f(mod p) and ¢ > q+(p) with

p(p—1-7)

a+\p) = .
T ) P T
Then the interval
_1ap—1-20) qv
plp—1-0)"p
contains at least one integer a. Letr > q be a prime with r(¢—pa) = —1(mod pq),

then
(p+1)
2

pgr(p =1+ [(p=B—1)g— (p— Blaplr) =p— 5 >
s a counter-example to Beiter’s conjecture.

Proof. Note that as a function of ¢ the length of Z is increasing. If the length
of Z is at least one, then it contains at least one positive integer. Now ¢ (p)
is obtained on solving the equation |Z| = 1 for ¢. The proof is completed on
combining Lemma 5 and Lemma 6. O

Small counter-examples produced by this result are given in Table 7.

4 The proofs of Theorem 4 and Theorem 6

As is well-known the distribution of inverses modulo p can be studied by con-
necting this problem to Kloosterman sums and estimates for those. For us, the
following typical lemma, see e.g. Cobeli [6, Lemma 4, Chapter 3.2], will do.

Let Z = {a,a+r,...,a+ (M —1)r} C [1,p] and put

N(Zi,Io;p) = #{(v,y) : v € Ty, y € I, xy = 1(mod p)}.
Lemma 7 Let p be a prime number. Suppose |I;| < p and |Z3| < p. Then

I - |Z
_ T < /P (2+1logp)?.

N(Ilal-2ap)
p

The set of points (z,y) with zy = d(mod p) is called a modular hyperbola. For a
survey of this area of study see e.g. Shparlinski [14].

15



Proof of Theorem 6. Bachman’s upper bound p— [p/4] shows that M (p) < 3p/4.
Suppose that for p > 29 and some 0 < € < 1/6 we have

Parg<p<lire, Za-g<p<Parq (13)
Then one checks that § € Bi(p). It then follows by Theorem 4 that M(p) >
2p(1 — €)/3. It only remains to show that for every p sufficiently large there is a
3 satisfying (13). This follows on invoking Lemma 7 with Z; the integers in the
interval [2(1+¢), 2(1+ 2¢)] and Z, the integers in the range [2(1 —¢), 22(1+¢)].
This completes the proof. O

Proposition 3 Let € > 0. There are infinitely many primes p such that there
exist primes q and r so that

-1 2

Alpgr) = min(* = +a,p—a) = (5~ p,
with a as in Theorem 2.
Proof. Suppose that
p229,O<6<%,HEBJr(p),ﬁ<§(1+36),ﬁ+ﬁ*:pa (14)

then by Theorem 4 we obtain ayg, (n) = p— 6 > (2 — €)p. In this case also
Bachman’s upper bound given in Theorem 2 gives A(pgry) = 5 = p— . To see
this note that »* = p — 6 and ¢* = 3*. Since § < (* we infer that a = p — §*.
By Theorem 2 it then follows that A(pgry) = Irlirl("”—;1 +p— 0%, %) < *. Since
Apgr, (n4) = (%, it follows that A(pgry) = /* and thus Bachman’s upper bound
is assumed.

Duke et al. [7] proved that if f is a quadratic polynomial with complex roots,
0 <a<b<1, then #{(p,v) : p < z, f(v) = 0(mod p), a < v/p} < b} ~
(b — a)m(x), where 7(x) denotes the number of primes p < x. In particular it
follows that there are asymptotically er(z)/3 primes p for which there exist z
satisfying x +x* = p (that is 2> +1 = 0(mod p)), and p/3 < = < p(1+3¢)/3. On
putting x = 3 we then see that 5 € B, (p) and thus it follows that there exists
infinitely many primes p for which there is a [ satisfying (14). a

The final result in this section shows that by elementary methods one can easily

prove that M(p) > (2 — ¢)p for infinitely many primes p.

Proposition 4 Let € > 0, e > 1 be an integer, N = 2%*T! and p a prime
. . 2
satisfying p = N — 9(mod 3N). Ifp > NT —9, then

(2N —-1)p—9 - <2 N )p.

3N 3 3(N?2—18)

M(p) >

]fp>N72—9 and N > & + 3, then M(p) > (2 — €)p.

Proof. Consider = ((N 4+ 1)p+9)/(3N). Then 8* = (2p + N)/3. One checks
that if p > N?/2 — 9, then 3*/2 < (3 and finally that 8 € By (p). Then invoke
Theorem 4. O
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Examples.

If p = 23(mod 24) and p > 23 then M(p) > (5p — 3)/8 > 0.608p.

If p = 23(mod 96) and p > 503 then M (p) > (21p — 3)/32 > 0.656p.

If p = 119(mod 384) and p > 8183 then M (p) > (85p — 3)/128 > 0.664p.

If p = 503(mod 1536) and p > 131063 then M (p) > (341p — 3)/512 > 0.666p.

Proof of Theorem 4. Follows on combining Theorem 10 and Theorem 11. Theo-
rem 11 together with Theorem 2 yields that A(pgr.) =p — §if 5 € By (p) and
B+ B* = p (cf. the proof of Proposition 3). a

5 Reciprocal cyclotomic polynomials

We point out that for the so called reciprocal cyclotomic polynomials the analogue
of Beiter’s conjecture is known. Let

1 S k
3. (0) = kz:: cn(k)x

0

be the Taylor series of 1/®,(z) around x = 0. The coefficients turn out to
be periodic with period dividing n. Moree [13] established the following result
concerning the height, H(n), of 1/®,(z) (thus maxy>¢ |c,(k| = H(n)).

Theorem 12 Let p < q <1 be odd primes. Then H(pqr) =p — 1 iff

(p—1)
(p—2)

g=r==+l(mod p) and r <

(q—1).

In the remaining cases H(pqr) < p — 1.

This result in combination with Dirichlet’s theorem on arithmetic progressions
shows that for every odd prime p there are infinitely many pairs (g, r) such that

H(pgqr)=p—1.

Acknowledgement. We thank C. Cobeli, M.Z. Garaev and 1. Shparlinski for
helpful information concerning the distribution of inverses modulo p.
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Table 7: The set B, (p), all § and (* included,
smallest ¢ for which « exists in
the interval 7 of Theorem 11 and smallest r.

p| BB q| « r n | Apgr(n)
131 5| 8 83| 2 2423 906214 8
19 8112 179 | 2 32611 44774921 11
231 9|18 331 | 5| 161741 435730276 14
2911217 331 | 3 5783 22079522 17
31114120 107| 1 5281 6263296 17
37117124 239| 1 61507 233849650 20
41117129 263] 2| 35149 143478258 24
43119134 | 191 1 4051 13619504 24
20| 28 | 7hl1 | 2| 144323 2099178077 23
47118 | 34| 347 | 3| 444539 2501865538 29
20 | 40 | 1289 | 7 | 1015207 | 25006578870 27
532241 181 1 5471 20724200 31
23130 977 | 4| 208207 4575140670 30
24 |1 42| 607 | 2 89899 1251663829 29
591 27135 263 | 1 89527 560976240 32
61|27 |52 271 | 1| 141773 973980570 34
29140 761 | 1 45161 977284100 32
6712649 | 1031 | 6| 188891 4676752335 41
30| 38 | 1303 | 4 | 4930693 | 182401126215 37
32144 | 367 | 1| 279413 2831571408 35
712750 ] 311] 2] 119159 849127104 44
29149 | 739 | 4| 376393 6915092266 42
30|45 | 811 | 3| 157433 3732421634 41
31|55 | 457 | 2| 146063 1773789142 40
731 27 | 46 | 3823 | 21 | 3233051 | 328212871490 46
30| 56 | 1709 | 7 | 3510587 | 174848296194 43
34|58 | 691 | 1| 711181 | 16650169644 39
35148 619 | 1 2069 41649042 38
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Table 8: The set B_(p), all § and (5* included,
smallest ¢ for which a exists in
the interval 7 of Theorem 10 and smallest r.

pl BB g |a r n | Apgr(n)
1114 | 3 59 2 877 175410 -7
1717 1 5 41 1 29 5294 -10
23110 | 7 79 1 5743 3463051 -13
29113 9 | 419 | 5 39779 140419898 -16
3113|121 199 | 2 72497 164350729 -18
41118 |16 | 797 | 5 79319 1000529906 -23
19 13| 593 | 4 359311 2883470815 -22
4311811211093 |10 | 924101 | 12320114574 | -25
47122115 163 | 1 136379 334810491 -25
53|25 | 17 | 1297 | 7 994369 | 21909926598 -28
59 123|118 | 967 | 7 697303 | 12080774533 -36
26 | 25 | 557 | 2 900551 | 12544675488 -33
2811911031 | 5 28183 547454833 -31
61| 25|22 1123 | 6 | 1021301 | 25937981557 -36
28 | 24 | 577 | 2 200971 2828063972 -33
71132]20 | 1381 | 7 | 4008001 | 110733051698 -39
33128 | 317 | 1 5581 48817077 -38
341231951 | 8 296473 | 12908434490 -37
73133311201 | 3 | 1668019 | 63151199412 -40
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