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In this article we want to analyze the structure of
a 4 dimensional projective variety X which has a smooth
ample divisor A that is a ]P1 bundle 7 : A —> S5 oOver

a smooth surface S.

In [(Pa+ So)2] ; as a consequence of a more general re-
sult, the first and third authors determined the structure of
X in the case the base S of the Eﬂ bundle A has a
cover S with h2,0(§) # 0. Here we look at the remaining
cases except for those surfaces which are the projectivization

of a stable rank two vector bundle over a curve (the result

is obviously true for S rational).

The key point is to extend the morphism 7 : A —> §
to a morphism 7w : X —> S. If the surface S has a morphism
¥ :+ S —> C onto a smooth curve C, then the morphism
¥om : A—> S extends to a morphism ¢ : X —> C (see
[So1]l, Prop. V). Moreover the general fibre X, of ¢ turns
out to be a Pz bundlé over a curve contained in S. We
now construct T : X —> S geometrically. The idea is to take
a general fibre P of the general Pz bundle XC and look

at all the deformations of P in X. Using the "universal"

family of such deformations we will get our desired map.
The main result is the following

Theorem: Let X be a 4-dimensional projective variety which

is a local complete intersection. Let A be an ample divisor

on X which is a I’1 bundle, 7 : A —> S over a smooth
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surface S. Assume that there is a surijective holomorphic

map ¥ : S —> C  with connected fibres, where C 1is a

smooth curve. Then T can be extended to a holomorphic

map 7w : X —> S unless S = I% (V) with V a stable

rank two vector bundle on C. Moreover 7 : X —> 5§ is

a Pz bundle.

The papexr is organized as follows.

In §0 we recall some background material.

In §1 we study the structure of X in the case the
surface 8, base 0f the Eﬂ bundle A has a surjective

morphism Y : § —> C onto a curve.

In §2 we completely determine the structure of X in
the case 8 = IPz. Also, for completeness, we determine the
structure of those X with an ample divisor 2 which is a

EJ bundle over IPn , with n 23,
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§ 0 Background material

(0.1) Throughout this article the varieties considered
will be projective and defined over €. Given a variety

X we denote its structure sheaf by OX. We do not distin-
guish between a holomorphic vector bundle E on a variety
X and its sheaf of germs of holomorphic sections. We denote
the tautological line bundle of E by Ly oOr OIP(E) (1),
where P(E) = E' - {zero section} / €* and E' is the
dual bundle of E. If Y is a subvariety of X we denote

by EIY the restriction of E to Y. For more details

on vector bundles see [Ok+Sc+Spl.

(0.2) Let p : ¥ —> Y be a map of projective varieties,
We will use interchangeably the word morphism and holomorphic

map, as well as rational map and meromorphic map.

(0.3) Let X be a projective variety. Let D be an
effective Cartier divisor on X. We denote by [D] or

OX(D) the line bundle defined by D. If L is a line bundle
on X, let IL] denote the linear system of all Cartier

divisors asscciated to L.

(0.4) By F. with rz20 we denote the rth Hirzebruch

surface. Fr is the unique ZP1 bundie LR Fr — P1

over ' with a section E satisfying E-E =-r. By Fr
with r 21 we denote the surface obtained from Fr by

blowing down E.



The next result will be used often. We will state it
for the convenience of the reader and refer to [So2], (0.6.1)

for a proof.

(0.5) Lemma Let X be a normal irreducible compact sur-
face. Let 1L be an ample line bundle on X, with a smooth
C € |IL} being a rational curve and CSXiag® Then L is very

g
ample and either

a) X is Fr and L = [E] o {f]k with k:zr+ 1, or

b) X is ?r and p*L = [E] & [£]¥ where p : F.—> ﬁr

is the map that blows down E. (Here £f denotes a fibre of

. . 1
T Fr > P ) .



§1. Proof of the main theorem

(1.0) Theorem Let X be a four dimensional projective

variety which is a local complete intersection. Let A

be an ample divisor on X which is a Eﬂ bundle,

¢+ A—> 8§ over a smooth surface S. Assume that there

is a surjective holomorphic map ¥ : 8 —> C with connected

fibres, where C 1is a smooth curve. Then 7 can be extended

to a holomorphic map T : X —> S wunless § = P.(V) with

V a stable rank two vector bundle on C ({see Remark (1.0.1))

Moreover o : X —> 8 is a 192 bundle.

{1.0.1) Remark We do not need to assume that ¥ : § —> C

has connected fibres and that C is smooth. In fact if other-
wise we can Remmert-Stein factorize VY = s o r where

r : X —> C' is a holomorphic map onto a smooth curve C'

and s : C' —> C 1is a finite to one holomorphic map. Then
the theorem is true unless § = IPC,(V) where V 1is a stable

rank two vector bundle on C'.

Proof of the theorem. We notice that dim Sing (X) £ 0 since

the ample divisor A on X is smooth. The holomorphic map

¥ o1 extends to a holomorphic map ¢ : X —> C, see [So1l

Prop V or [Ful. Let X, and A_ denote the general fibre

of ¢ and V¥ omn respectively. Note that Ac is a geometri-~
cally ruled surface over ¥ ' (c) and moreover A, is an ample

divisor on Xc‘ We claim that either
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@) X, isa P bundle over 'W—1(c) and A, is the

tautological line bundle on XC, or

B (¥ om! (c) ~ Plxp’ and X, is a P?  bundle

1
over I where the canonical projection Xc —> ]P1

is not an extension of T : A —> ¥ |

1
- (c) ( ~").

Proof of the claim The general fibre of V¥ 1is a smooth

curve of genus g20. If g>0 or if g = 0 and

A, F. with r>0, where F. is as in (0.4), then using

[Ba2] we conclude that Xc is a IPZ bundle over ¥ (c¢)
and A, is the tautological line bundle on X.- If g=20

1 1

and A, ~ F,~ P xI then we will show that

0
* i ~ d ~
{(*) Plc(Xc) ~ PlC(Ac) ~Z @ Z.

Therefore the result will follow from [Ball once we know (*).

Proof of (*) From the following diagram

T |

Hy(A ,@) —> Hy(X,,Q

we see that dim Hz(xc,m) = 1 1is possible only if the two
rulings of A, (~ FO) get identified in X. But the two
rulings were in different homology classes in A therefore

they cannot go in the same homology class in X. Using Kronecker



duality and the first Lefschetz theorem we conclude that

Pic (X)) ~ Pic (A.). a

The proof of the theorem will be split up in two parts.

We will treat case o) first and then the case B8).

Case a) Fix a general 1E2 which is a fibre of
Xc — ?_1(c) and denote it by P. Using the fact that

P € X, £ X and the exact sequence of normal bundles

0 — NP/ —> N - N 4]

X P/X

-
c xc/X£P

it is straightforward to see that N = OP ® OP' where

P/X
NP/X is the normal bundle of P in X, and that
H1(P,NP/X) = 0., Under the above assumption, using a basic
result on Hilbert schemes, it follows that there exist

irreducible projective varieties & and I with the

following properties:

1) WeZ x X and the map p : W — Z  induced by the

product projection is a flat surjection,

2) there is a smooth point a€ Z with p of maximal

(@) and p '(a) is identified

rank in a neighborhood of p
with P ~ Pz via g, where g : W — X is the map induced

by the product projection.

(1.0.2) Lemma There exists a Zariski open neighborhood U of

a , where a is as in 2), such that for every z€U




i) p Yz = W, is isomorphic to ®°  and it is a

fibre of XC —> ?_1(c) for some cE€C,

ii) WZ naA-=£f(~ Eﬂ), where f is a fibre of 1w .

Proof From 2) above there exists a smooth neighborhood U
of a in 2 such that p°1(U) - U and
q-1(A)n 9_1(U) —> U are smooth morphisms. Note that

AN wa = ]E>1 . Moreover using the fact that small deformations

of P2 and 191 are ]P2 and IP1 respectively we con-

clude that the fibres of the maps P _1 and qi -1 -1
(u) a (Anp (V)

are JPZ and 'P1 respectively. On the other hand a morphism

¢ from IPZS X to C is constant. Hence any fibre of

P!P—1(U) is contained in a fibre of ¢. Therefore the rest

of (1.0.2) is obvious

(1.0.3) Lemma The intersection number A'A’wz = 1 for

every z € Z. And if w,=w, v {embedded part} then w,

is reduced and irreducible.

= (1). Hence
Proof By a) we have that OX(A)iﬂﬁz 0192
. 2 = . - . . .
(Aa-A.-P°) % = {OX(A) UPZ OX(A) }IPZ)]PZ 1, which implies
that A-A~wz = 1 since the intersection number is preserved
by flat maps. Clearly W; is reduced and irreducible {since

A'A-wz = 1}).



Note that the general fibre of the morphism
¥ : S—> € is either isomorphic to Eﬂ or to a curve

of positive genus.

(1.0.4) Lemma For every z€ z,wz ¢ A.

Proof Let z€ Z and let {zn} be a sequence of points

in 7 such that lim z_ = 2z and W, ~ P2 for every

n. The above is possible by (1.0.2). Now use the fact that

w(wz } is one point for every n, to conclude that @(wz)
n

is also one point. Assume that w, < A.

Since T : A-—> 8 is a Eﬂ bundle and since
(¥ o m) (wz) = ¢, with ‘¢ a point in €, we get that

1 bundle. Note that

¢:=“lwz: wz —> w(wz) is a P
TW,) ¥"1(c). To continue the proof of the lemma we
distinguish two cases:

Case 1 The general fibre of Y is isomorphic to 2?1 .

If ¥ 1(c) with C as above is isomorphic to ?'  then w,

is a Iﬂ bundle over Eﬂ . Moreover there exists an ample

line bundle ({A}!w ) on Wz whose selfintersection is 1.
z

This last fact is impossible.

- - 1
1f ¥ l(c) is singular then V¥ 1(c) = Enici with C, ~ P .
Also ﬁ(wz) = Ci for some 1 otherwise we would get a

contradiction with the fact that wz is irreducible. Hence
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wz is a Eﬂ bundle over Kﬂ which is impossible as

noticed earlier.

Case 2 The general fibre of ¥ is isomorphic to a curve
of positive genus.

Take a general fibre of W —> 7 and consider all
the lines on such fibre. Let T denote the irreducible
component of the Hilbert scheme of ¥ parametrizing such
lines. Denote by M the universal family. Thus M < Tx X.
Note that every fibre of M 1is irreducible and reduced

1

(since L‘Mt = L*1P = 1 , where Mt is a fibre of M over

T) .
Claim Every fibre of M — T has Eﬂ as normalization.

Proof of the claim Consider a curve B in T through a

point t'. Also choose B of positive genus. Let MB denote
the inverse image of B under the natural projection

M —> T, Note that most fibres of MB —> B are linear

ZP1's since B is chosen of positive genus. If we take a

~

minimal model of a desingularization of MB

the normalization of MB , we get a ruled surface over the

; wWhere ﬁB denotes

normalization of B. This last conclusion follows from the fact

that MB has infinitely many IP1's and from the fact that

the genus of B is positive. Thus since going from
MB —> normalization —> desingularization —> minimal model
does not destroy a positive genus curve and the normalization

1

of Mt' goes in a fibre of a 1P bundle we conclude that every
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fibre of M—>TT has 2P1 as a normalization.

=

Now choose 2 points (a,b) < wz with ¢&(a) # ¢(b).

Let (x_,y_ ) c W be a sequence of pairs of points
n’ n’ = Tz,
such that 1lim x_ = a and limy_ = b.
n-+roo n-ro n

Let M, be a sequence of lines containing (xn,yn).
n

The limit of M, 1s (maybe after passing to a sub-
n

sequence) a line M containing the point (a,b). As

t
shown in our previous claim, Mt is birational to Eﬂ
S0 @(Mt) = ]E>1 . Therefore wz e3> Rg is a ﬂﬂ bundle
over P1 . Thus our lemma is proved.
o

{(1.0.5) Lemna WZ NA=1f, where £ is a fibre of 1w .

(The equality here is only setwise).

Proof By (1.0.2) we can take a sequence of points {zn}

in 72 with 1lim 2z_ = 2z, such that lim W = ,
2 n-ro n-+w© Zn Z
wz ~ P for all n and wz nNnA = fibre of 7. Hence
n n

wzr}A = f + ¢,where f 1is a fibre of @7 and C is a
possibly empty effective 1-cycle. From (1.0.3) and the fact

that A is ample it follows that C = g.

(1.0.6) Lemma For every fibre f of w,{z€Z|W,>f} is

finite.

Proof Assume otherwise. Then there is a curve Y © Z such

that for every ye€Y, wy o> f. Note that
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( W )ynAa = £f by (1.0.5). On the other hand U oW
yey ¥ yey ¥

is a divisor on X. Thus dim(( U W_) N A) 2 2. This contra-
. YEY
diction proves our lemma.

Notice that (1.0.5) and (1.0.6) yield the following important

lemma.

(1.0.7) Lemma Assume the same hypotheses as in (1.0). Then

there exist Zariski open sets W,cW® and X, € X such that

1 1

is an isomorphism. Moreover I

Ac X1 and qiw1:w1 — X1

is isomorphic to S.

Proof: The proof of the first conclusion is obvious from
Zariski's Main Theorem. To get the second conclusion we use the

universality of the Hilbert schemes.

From (1.0.7) it follows that there exists a meromorphic map
T:X —> S, where T = p e q”1, such that ?iA is holomorphic.
We claim that 7  is holomorphic. In fact the set on which
T is not holomorphic in finite since EIA is holomorphic

and A 1is an ample divisor on X. Therefore by Riemann

extension theorem 7 is holomorphic.

Before passing to the case f$) we will show that the
above T gives to X the structure of a P  pundle

over 5.

By construction the general fibre of 7 is . Also



OX(A) = 0]Pz (1) . As for the possible singular fibre F of

| 2?
?; we notice that F 1is reduced and irreducible since

L:-L*F = 1. Since P1 is an hyperplane section of F

it is well known, see (0.5) that F is either Fr with

rz0 or F& with r 21, where F_ and Fr are as in

(0.4). There are no Fr with an ample line bundle of degree 1.
Among the F& the only one with an ample line bundle of degree
1 is §1Z P 2. Now we use a theorem of Hironaka ( [Hil,Th. 1.8)

to conclude that 7:X —> 8 is a:IP2 bundle.

Let us now consider the case B).

Case ) Let c€C be a general point. We take a general
rational curve & in A = (¥ o " e ~ P'x P such

that £&-4 =0 and % is not a fibre of 7. From now on
we denote by & the ruling of IP1><IP1 which is not a

fibre of w#. It is straightforward to see that

- 1 -
NUA_ Oﬂe%. and H (%,N =0 .

a/n)

Denote by S' the irreducible component of the Hilbert

scheme of A parametrizing flat deformations of £ in

A and by VY the universal family. Thus Y < S'x A. Denote

by p:¥ —> 8' and g:¥ —> A the maps induced by the product
projections. Note that such deformations fill up the whole

space A, i.e., g(¥) = A.

Claim 1| ¥:8 ~—> C is a geometrically ruled surface.
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Proof of claim 1. Assume that there exists a point

00€ C such that W—T(co) is a singular fibre. Then

the number of irreducible components of W-T(co) is at
least 2. Let {cn} be a sequence of points in C
approaching the point Co+ Let {zn} be the corresponding

sequence of lines in VY . Thus 1lim 1w (% )} = ¥—1(c
n-o n

0) r
where the equality is only setwise {Here we have identified

L with q(zn)). But the above equality is impossible

since A-kn = 1 for all n, while the number of irreducible

1

components of ¥~ '(c) is at least 2 and A is an ample

divisor.

We note that for every ce€C, (V¥eo n)_1(c) ~ P1XZP1.

In fact since S is geometrically ruled it follows that for

every c€C, (¥ on)—1(c) ~ Fr with r 2 0. Assume that there

exists a ¢y €C such that (¥e n)-1(co)

Then A+f = 1, where f is a fibre of 7w . Note that

~ i >0.
~ Fr with >0

XCO = ®~1(c0) is a local complete intersection containing Fr'

with r >0 as an ample divisor. Therefore XCG is a P2

bundle over W—1

(co) (see [(Fa+So)1] for a short proof and
cf. [Ba2] for the case XcO smooth). Thus we would be in

the case a).

Let 8' and Y be as before. We denote by zs the
fibre of Y over s €8'. Clearly the smooth fibres of the flat
family Y are isomorphic to P! . Recall that A-is = 1. Hence

the Hilbert polvnomial X(0£ (Atﬁ )Qn) of £s is equal to n+1.
S s
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Let s€S' Dbe such that £S is singular. Denote by
Es the one dimensional closed subscheme of ls defined

by removing the embedded points of zs.

Claim 2 ) :'is and S' is smooth.

Proof of Claim 2 Note that since QS is contained in a

fibre of VY o which is isomorphic to Iﬂ X Iﬂ and since

A-T_ = 1 it follows that %_ is a fibre of B x P,

SO is = Eﬂ . In order to see that Qs = Is we consider

the following exact sequence

(1.0.8) 0 ~—>T —-—->0£ —_— 02- —_—> 0

S S

where the sheaf T is the torsion part of 02 . Tensoring
S
(1.0.8) with (A‘g )0 and using the fact that the Euler
s

characteristic is additive on a short exact sequence it

follows that

»n n

= x(T 002 (a
s ' s

n
) ) + X(OE (A‘I )

‘QS s s

Note that the Hilbert polynomial of &_ and of Is are

equal. Thus T 1is the 0O-sheaf. To see that S' 1is smooth

note that N 0£ @ 02 . Therefore it follows that §'

2. /A =
is smooth at s.
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(1.0.9) Remark i) ¥ 4is isomorphic to A

ii) A is a ' bundle G0:A —> §F

over S'.

To see i) note that VY is birational to A. Moreover Y
is in one to one correspondence with A , since for every
a €A there exists a unique ¢S Ac containing a, where

c = (Yo m)(a). Hence Y is isomorphic to A. From i) it

follows that there is a morphism ¢ = poq-1

S' whose fibres are isomorphic to Eﬂ . Moreover

from A onto
OA(A)iE” = 01 (1). Thus ii) is clear.

Claim_3 S' 1is geometrically ruled over C.

Proof of Claim 3 Let c€C and let fc be the ruling
1

of Ac(: P x Eﬂ} corresponding to the map T . By the

universality of the Hilbert schemes, the above fc induces
a closed subscheme fé in 8', with fé a rational curve.
To show that there exists a morphism from S' onto C we

will distinguish the case g(C)> 0 and g(C) = 0 where

g(c) denotes the genus of C .

In the case g(C)> 0 it follows that H1(s',05,) # 0.

We get the following diagram

A > C > J (C) ~ Alb(A)

T

S' TQ(S')’ > Alb{(S"'")




-17~

where o is the Albanese map. In the above diagram we have
used the fact that Alb(A) ~ Alb(S) ~ J(C). Note that

dim a{(S'} = 1. We claim that 3:C —> a{S'}) is an isomorphism.
Using the Riemann-Hurwitz formula the above claim is clear for
g(C) >1. For g{(C) = 1 we get that the morphism 3j is a
covering map. But this is impossible by the commutativity of
the first square diagram in *). Therefore we get a morphism
T:8' —> C, with 1 = j~1a a. Also fé {the closed subscheme
induced in S' by fc) are fibres of T ., Therefore 8' is
generically ruled over C. To see that S' is geometrically
ruled we assume otherwise. Then there exists a fibre F = §niCi~
Let ¢ = 1(F). Note that 0"1(F)=Zni}?i , where each F, 1is a

Eﬂ bundle over Ci. By the commutativity of the first square

“Tp = o Vo) = ® xm’

]

diagram in *) we see that Egﬁi o

which is impossible,

If g{C) = 0 then H‘(S',OS.) = 0, Thus there exists a line
bundle L on S' such that the linear system IL | contains
infinitely many fé where fé is the closed subscheme induced

in S' by fc. It follows immediately form
0 —> Os' —_—> L —> Lifé —> 0

that dimiLl= 1. Also it can be easily seen that the linear
system |IL | is base point free. Hence it defines a morphism

onto EJ . The general fibre of such morphism is isomorphic to

Kﬂ . Therefore by Noether's lemma S' is rational. The same
argument as in the case g{(C) >0, shows that S' is geometrically

ruled.



From the above proof it also follows that the elements

of 1Ll are exactly {f c}>c€ c -

Thus we have the following commutative diagramn

S'y\s
™S LT

C

We will now show that the case )} cannot occur unless
s = IPC(V) where V is a stable rank two vector bundle on C.

{Obviously does not occur if S is rational ruled).

By the universality of the fibre product of S and
S' over C we get a morphism A —> Sx CS‘ which is an
isomorphism by Zariski's Main Theorem. The surfaces S and
S' are geometrically ruled over C therefore there exist rank
two vector bundles V and V' over C such that S = P(V)
and 8' = IP(V') . For the triple X,A and S' the hypotheses
of (1.0) are satisfied. Moreover we are in the case o). Hence
we conclude that the morphism o¢:A — S' extends to a
morphism O :X —> S' and that 0:X —> S' is a ®2  bundle.
Therefore we have the following exact sequence of vector bundles
on S8'

(1.0.9) 0 — 0 - E - F — ¢

Sl
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with X =T{(E} and A = IP(F) is embedded in X via

the map y . Since for every c€C (t1°g0 )_1(0) ~ :ﬁ?1 x:IP1

we have that F) = 0pila) ® ¢ (a)
c -

v (c) hil
check to see that a, is independent of ¢ in C. Thus

.. It is an easy

we can omit the subscript c¢. Consider the vector bundle
Fo £ 2 where £ is the tauntological line bundle of V°'.
~

By'the base change theorem 1+(F 2 €~a) = V 1is a vector

bundle on ¢ of rank two. Thus (1.0.9) beccomes

(1.0.10) 0 — 0y, — E —> *V o2 — 0

(1.0.11) Lemma S = (V)

Proof. Note that A = B(F) = TP (t*V » £°) = P {1*V). Also
A =5 xCS‘ = 1P (V) ch‘ = IP (r'*{i‘f‘) . Therefore there exists a
line bundle L on §' such that V¥ = 1%V wl . Taking
the 0-th direct image via 1T on both sides of the equality we
get that ¥V =V s 1,L . Also 1, is a line bundle since

is trivial. Hence IP(?;) = IP{V ® T*L) = IP(V) = S.

~

LTy

(1.0.12) Lemma If ¥ is not a stable vector bundle on C

then A is not an ample divisor on X.

Proof It is enough to show that the sequence (1.0.10) splits.
Since V is a vector bundle of rank 2 on the curve C which

is not stable, there exists an exact sequence
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0~ M— V— N— 0

such that deg M 2deg N. If we pull back the above exact

sequence via T and we tensor it with &2 we get
a o a a
{1.0.13) 0 — Mo £ —> 1*V 8f —> 1*N ®f —> 0.

Note that t*N @&a is ample. Hence ™M o &a‘ is ample since

deg M 2deg N. Therefore using the cohomology sequence associated
to the dual sequence of (1.0.13), the ampleness of T*N o g2

and of 7T"M = é? and the fact that a >1 , we conclude that

B (s, (1*T ¢ &)Yy = o.

(Note that a = 1 would imply that (1.0.10) splits).

Thus we have shown that the case B) does not occur unless

S = ]PC(V) with V a stable rank 2 vector bundle on C.
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§2. P1 bundles over P" with n z 2 as ample divisors

(2.0) Theorem Let X be a projective local complete inter-
1

section. Let A be an ample divisor on X which is a P

bundle p : A ——~>:P2 over :Pz . Then X 1is a ZPZ bundle

over ]P2 unless A mIP1 x ]}?2 .

2

Proof. We claim that the map p : 2 —> P extends to a

map E : X —~—>:P2 unless A = Eﬂxipz . Think of p as the

map associated to the linear system ![p*p > (1)| . To show
Ir

that the map p extends it is enough to check that the sec-
tions of T (A,p*( 2(1) can be extended to X as sections
of L where L ;2 the unique extension of p* ¢ ,(1) to X.
Now to show that the sections extend it is sufficiéit to
prove that H1(X,L.® [-A]l) = 0 . This is implied by

1

BE' (A,{le {"Alt)IA ) =0 - for all t >0, see [So1] or

[(Fa+S0)2] . Let F € |p*p 2 (1)}, i.e., F = p~1(£) where g

jig
is a linear hyperplane of ZPz . Using the long cohomclogy se-

quence associated to the following exact seguence

0 —> K, ® [A]* @ [F]™! —> K

t V t
2 e [A]" —> (KA®[A] )»,F——-—-> 0,

A

the Kodaira vanishing theorem and the fact that T is a y 3

buridle over IP1 , we get that

HT(A,LA ® [~A]t‘ )y = 0 for all t > 0 unless F = F
A

FO as in (0.4) .

0’ with
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1 2

Note that since A is a P bundle over P we have that

A =T (V) , where V is a rank 2 vector bundle on 3P2 . In

the case F = Fq we have that for every line £ in 1P2 P

VU’_ = Oz(az) & 9 (az) . Also it is easy to see that a is

¥4 £
independent of £ . Therefore the vector bundle V is uniform

and so V = ¢ 2 (a) ® 0 ,(a) . Therefore A =P(V) = 1P1 x 1?2 .
P i3
Thus the map p extends to a holomorphic map E : X —> P4 un-

less A ~ IE"1 X 1P2 . Now the same argument as in

[ (Fa+8S0)2] ,(3.V) shows that X is a IPZ bundle over 192 .

(2.1) Theorem Let X be a projective local complete inter-
1

section. Let A be an ample divisor on X which is a P

bundle p : A —> P? over 7. If n : 3 then

!
A~ T x IPn and hence X is a ZIPnM bundle over IP‘l .

Proof. Note that A = IP{(V) for some rank 2 vector bundle
V on p" . We can assume, without loss of generality that

V is normalized.

We will prove the theorem for n = 3 . The same proof yields
the general case also. Let F = p“1(IP2) , where P2 is a
hyperplane of 3. Let L€ Pic(X) be such that LA = [F] .
If T(X,L) —> T (A, LA) —> 0 then the map p extends to X .

And we will have the contradiction that n £ 2 , see [So 1],

Prop. V. Thus we can assume that H1 (X,L © {A]q) # 0 . This
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implies that H1(A,LA ® [A]It)¢ 0 for some t > 0 . For
A

such t we consider the following exact sequence

0 —>k, @ [al*e ;7 — K, ® (A]° —> k_ ® [alg ® [F};1 —>0.

From the long exact cohomclogy sequence associated to the above
sequence, Kodaira vanishing theorem and the fact that
#>(a, K, ® [2]* ® [F17') + 0 by hypothesis, it follows that

"2 (F, K

t -1
F ® [A]F ® [F]F ) 0 .

Note that F is a n§ bundle pp ¢ F ——~>ZE2 over Eg

Let F = p;1(ﬁn) , where P! is a hyperplane of % . We

consider the sequence

0—> k.8 Alfe M7 — k. 8 A —> Ko [A]% ® [Fl5' —> 0.

And now, as above, we conclude that

B (F, Ke ® [A]T ® [F1_!) + 0 . This together with the fact
F F

¥ isa ' bundle over B implies that F = Fy , where

FO is as in (0.4). Therefore we conclude that V} is tri-

: £

vial for all lines £ g ZPB . which implies that v is tri-
vial. Thus 2~ P 1x 3 . But Al=~ 1« 1P3) is ample on X.

P3+1

Hence X is a bundle, see [So01].
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