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(0.1) Let 9 be a finite-dimensional Lie algebra over an algebraieally closed
field k of eharaeteristik O. Cqnsider a finite-dimensional representation p :
9 ~ gl(V). By V· we denote the dual g-module. Two bilinear mappings
and two (generalized) commuting varieties are naturally assigned to p. The
first variety is the zero-fiber of the moment mapping <p: V X V* ~ g* and
the second oue is the zero-fiber of the map tP : 9 X V ~ V, 'ljJ (g ,v) = p(g)v.
(Details see in 1.1).

Examples. 1. Consider the adjoint representation of g. Then ,p-l(O) is
the obvious eommuting variety, i.e. the set of pairs of eommuting elements
in g.
2. For the eoadjoint representation (i.e. V = g*) we have <p = ,p. Therefore
these varieties eoineide.
3. Let Sn be the set of symmetrie n x n-matriees and let SOn be the Lie
algebra of skew-symmetrie matrices. Then the moment mapping for the
natural representation of SOn in Sn is nothing else hut the obvious matrix
commutator [, ]: Sn X Sn ~ .GOn' Thus the variety of pairs of commuting
symmetrie matrices is the zero-fiber of a moment mapping.

(0.2) It has been shown in [BPV) that for the adjoint representation of
a Lie algebra 9 there exists a module (the Jacobian module) over the ring of
the regular funetions k[g], such that ,p-l(O)red is isomorphie to the speetrum
of the symmetrie algebra of it. The main idea of [BPV] is to apply known
results on symmetrie algebras to investigation of geometry of the (obvious)
eommuting variety and vice versa.
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In this paper we shall show that for any linear representation p : g--+
gl(V) one ean define two modules E and E' over R = k[V) in such a way,
that the subsehernes ~-l(O) and ,p-l(O) are isomorphie to the speetra of the
eorresponding symmetrie algebras. Thus, our E' may be regarded as a gen
eralization of the Ja.cobian module from [BPV). Therefore both E and E' will
be referred a.s the Jacobian modules of a representation. The constructions
of E and E' are dual to eaeh other and for the eoadjoint representation they
are glued together. We obtain in §l simple estimations of the rank and the
projective dimension of E and E', as weIl a.s the deseription of their dual
modules. However, having'a representation of a Lie algebra, it is rather nat
ural to think that this one is a differential of a representation of a eonneeted
group G, such that 9 = LieG. This assumption provides a more geometrie
framework for our eonsiderations. For instanee, we get an ability to introduee
the Jacobian sheaf on a smooth G-variety.

In many papers (see e.g. [HSV),[SV]) aseries of eonditions (.rp ) on a
presentation of an R-module E has been treated. They are closely related
with properties of the symmetrie algebra SR(E). In §2 we sha11 give an
interpretation of this conditions for the Jaeobian modules of a representation
of an algebraic group G in terms of sheets of the eorresponding G-aetion.

Most of the results of §1,2 grew out of the attempts to understand and
present the construction from [BPV] in a eoordinate-free form. Dur ap
proach to the Jaeobian modules allow us to prove a number of assertions
from [loe.cit] in a more general form. For instanee, our theorem 1.9 gives
Bufficient conditions for pdRE' = 2. Sinee these eonditions hold for the ad
joint representations of semisimple Lie algebras, we obtaine a unified proof
of theorem 5.1 in [BPV], as weH as the description of the "generic Cartan
subalgebra" .

(0.3) In §3,4 we consider commuting varieties for representations of Te·
ductive algebraie groups. We find sufficient conditions for (.ra) and (.rl). As
an application we deseribe a dass of representations of reduetive groups such
that a11 fibers of the moment mapping ~ are irredueible reduced eomplete
interseetions (3.2). This dass eontains, for instanee, stable loea11y free 8
groups of E.Vinberg [ViI). In §4 we prove normality of fibers of the moment
mapping for isotropy representations of symmetrie spaees of the maximal
rank. In particular this is the ease in the situation of the example 3.

(0.4) Dur basic references for invariant theory are [VP] and [K). We fo11ow
mainly the terminology and notations of [VP].
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The author thanks Max-Planck-Institut für Mathematik for hospitality
and excellent working condition during prepararion of this paper.

§1 The Jacobian modules of a representation

(1.1) Let 9 be a finite~dimensiooal Lie algebra over an algebraically
closed field k of characteristik o. Consider a finite-dimensional represen
tation p : 9 ~ gl(V). We can assign two natural bilinear maps to p. First,
the representation mapping

t/J : 9 X V -+ V, t/J(g, v) = p(g)v

and second, the moment mapping

'P : V x V'" -+ g"',

where < 'P(v,e),g >:=< p(g)v,~ >, 9 E g, v E V, e E V'" aod <, > is the
pairing of dual modules. Further we shall write 9 * v instead of p(g)v. As
usual, gv = {g*v I 9 E g} and gv = {g E 9 I g*v = O}. By AnnM we
denote the annihilator subspace in V'" of a subset MeV. By definition put
~ = 'P-l(O)r~d, ~' = t/J-l(O)red. Then

~ = {(v,e) E V x V'" leE Ann(gv)}
~' = {(g, v) E 9 x V I 9 E gv}

Followiog examples 0.1 we shall say that ~ and ~' are the commuting vari.
eties.

(1.2) If Y is auy affine variety aod L is a linear space, then the set
Mor(Y, L) of all morphisms from Y ioto L is a free k[Y]-module of rank
dim,l:L. Actually,

Mor(Y, L) ~ Hom(L'" , k[Y]) ~ L ~ k[Y]. (2)

More explicitely, if 1~ f E L ~ k[y), theo the correspooding map , E
Mor(Y, L) is defined by ,(y) = f(y)l.
Henceforth we use the following notation: R:= k[V] = S,l:(V"') is the algebra
of the regular functions on V, n = dim,l:V, m = dimkg. Thus, Mor(V, g)
and Mor(V, V) are free R~modules of ranks m and n respectively. Consider
a homomorphism of R-modules

';': Mor(V, g) -+ Mor(V, V), , ~ 1,
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where .y(v) = ,(v) * (v), v E V. By definition put E = cokerep. This is
the (first) Ja.cobian module of a representation. By SR(E) we denote the
symmetrie algebra of R-module E.

{1.3} Theorem. k[cp-l(O)] ~ SR(E). In particular, going down to the
reduced varieties, we have Spee(SR(E))red :: ~.

Proo/. It follows from (2), that we get the exaet sequence of R-modules

9 0 R ~ V ~ R ~ E -t O.

Functorial properties of symmetrie algebras yield the surjective homomor
phism of R-algebras

Moreover, the kernel of S(v) is the ideal, generated by the image of ep [Bo,
Ch.3]. Clearly, SR(V 0 R) "J k[V· x V] aod KerS(v) is generated by ep(g 01).
A simple consequence of the definition of ep is the fact, that ep(g~1) = cp*(g) C
V 0 V*, where cp. : k[g*] -. k[V· x V] is the co-morphism, associated with
the moment mapping cp, 9 = k[g·h, and V 0 V· C k[V· x Vb. Since the
subspace k[g·h generates the ideal of the point 0 E g., we obtain the assertion
of the theorem. 0

Let p.: 9 -+ gl(V·) be the dual representation. We can also carry the
construction of the Ja.cobian module for p•. We shall get a module E over
R = k[V·] = Sk(V), Obviously, the definition of the moment mapping is
symmetrie with respect ,of (V,p) and (V·, p.). Therefore we get

Corollary. SR(E) ~ Sn(E) as k-algebras. 0

{1.4} Let us remark that V· x V is the cotangent bundle of V and
Mor(V, V) is nothing else but the set of algebraic vector fields on V. This
observation leads to a global version of theorem 1.3.

Let G be an algebraic group, 9 = LieG, and let Y be a smooth irreducible
G-variety. It is well-known, that the cotangent bundle T·Y is a symplectic
variety with the Harniltonian G-action. Therefore, the moment mapping
cp: T·Y -+ o· is well-defined. Let Oy be the structure sheaf of Y and Ty be
the tangent sheaf of Y. The action of Gon Y induces the homomorphism T :

9 -+ HO (Y, Ty ). Define a homomorphism of sheaves ep : Gy "J 9 00y -+ Ty

as follows. If U C Y is an open subset, 9 E 9, f E HO(U, Ty), then the
seetion er = ep(g 0 f) is determined by the formula er(v) = f(V)[7(g)(v)J for
v E U C Y. Here 9 is regarded as a constaut sheaf on Y. Put E = cokerep.
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This sheaf of Oy-algebras is said to be the Jaeobian sheaf of the action of G
on Y.

Theorem. The subseheme ",-1(0) C T*Y is isomorphie to the speetrum
of the sheaf of Oy-algebras SOy(E).

Proof. Taking a suitable affine open covering Y = UiYi we may assume Y
is affine and the tangent bundle is trivial. (This covering is not required to be
G-invariant, it is enough to have the homomorphism T: 9 ---+ HO(Yi, TyJ.)
Then we can argue as in (1.3). 0

(1.5) For any R-module by (-)* = HomR(-, R) we denote the dual R
module. Clearly, Mor(V, L)* = Mor(V, L*). Now, dualizing the construction
of fj> (3) we get the homomorphism

~ = cp* : Mor(V, V*) ---+ Mor(V, g*), 8 ~ 6,

where < S(v),g >:=< a(v),g*v >, v E V, 9 E g. By definition put E' =
coker~. This is the (second) Jacobian module of the representation p.

Theorem. k[tP-1(O)] ~ SR(E'). In particular, Spec(SR(E'))red ~ f'.
Proof. It goes in the same way as in 1.3. 0

Let us give the global version of this theorem. Keep the notations of 1.4.
Suppose TY is the tangent bundle of Y and ny is the sheaf of differentials.
Define a homomorphism of sheaves of Oy-modules ~ : ny ---+ g* ~ Oy ,-v

Hom(g,Oy) a.s follows. HO' E HO(U,Oy), O'(y):= ~t7, then [~(O')(g)](y) =
~O'(T(g)(y)). Put E' = coker~. Consider a morphism q;: 9 X Y -+ TY, such
that ep(g, y) = i(g)(y).

Theorem. The speetrum 01 the sheaf 01 Oy-algebras SOy(E') is isomor
phie to the the subscheme q;-l (Y), where Y is being eonsidered as the zero
section 01 TY.

Proof. By taking a suitable open covering of Y it is reduced to the
previous theorem (cf. 1.4). 0

(1.6) Thus we have constructed two exact sequences of R-modules:

o-+ Kerep ---+ Mor(V, g) ~ Mor(V, V) -+ E ---+ 0
,,~ (4)

o-+ Ker1f' -+ Mor(V, V*) ---+ Mor(V, g*) ---+ E' -+ 0

Let us begin to get an information about E and E'. It follows from the
definitions that

Ken"; = {, E Mor(V, g) I ,(v) E gv for any v E V}

Ker~ = {a E Mor(V, V*) I a(v) E Ann(gv) for any v E V}

5
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Since R is a domain, one can define the rank of R-modules by rankM =
dirnq(R)(M 0R Q(R)), where Q(R) is the fraction field of R.

(1.7) P roposition.
(i) rkrp = rktit = maxvEvdimgv ;
(ii) rankE = n - maxvEvdimgv, rankE' = m - maxvEvdimgv ;
(iii) Kerep - (E')"', Kert,b ~ E"'.

Proo/. (i) Consider a homomorphism epv: 9 -+ V, 9 1-+ g*v. This is a
specialization of rp. Therefore rkep = maxvEvrkr.Pv' Since ~ = <j:;"', we have
rkep = rktit.
(ii) This follows from (i).
(iii) Let us apply functor (-)'" to the exact sequences (4). 0

(1.8) Now take ioto consideration a connected algebraic group G, such
that 9 = LieG, Le. henceforth we assurne g is an algebraic Lie algebra.
Suppose G -+ GL(V) and let p be the differential of this representation of
G. First, we present a simple result on connections hetween geometry of the
natural action of e on V and homological properties of E and E'. Recall
that an action (or representation) (G : V) is said to be (i) locally free, if
maxvEvdimGv = dimG and (ii) locally transitive, if maxvEvdimGv = dirnV.

Theorem. (i) 11 action (e : V) is locally Iree, then Kerep = 0, pdRE = 1,
and E' is a torsion module;

(ii) 1I action (G : V) is locally transitive, then Kertit = 0, pdRE' = 1,
and E is a torsion module.

Proof. This follows from (5) and 1.7. 0

The statements of this theorem are dual to each over. But such a sym
metry fails in the sequel. Apparently, this means that E,!E, and Kert,b are
more important, than E', !E', and Kerrp. For example, if G is sernisimple,
then almost all representations of e are locally free, hut locally transitive
ones appears finitely many times (may he 0). Therefore it is rather seldom
that Kert,b = 0 and it may be useful to find conditions when Kert,b is a free
R-module.

Let J = RG be the subalgebra of G-invariant functions. Put v//e =
SpecJ and let 1r: V -+ V/IG be the morphism, induced by the inclusion
J t......+ R. (Here we assurne J is finitely generated. This is always the case, if
G is reductive.) Define

U = {v E V I 11'(v) is a smooth point and d7rv is surjective}

(1.9) Theorem. Let e c GL(V) be a connected algebraic group, such
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that
(i) J is a polynomial algebra;
(ii) codimv(V \ U) ;:: 2;
(iii) maxvEvdimGv = dimV - dimV//G.

Then KertP is a free R-module of rank dimV//G, generated by the differentials
of free generators of J. In particular, pdRE' :5 2.

Proof. If pER, then the differential dp lies in Mor(V, V*). Moreover, if
p E J, then dp E Ker~. Indeed, in this ca.se p is constant on G~orbits in V
and gv is the tangent space to Gv at v. Therefore < dp(v), gv >= O.

Let Pt, ... ,P' be free generators of J, where I = dirnV// G. We shall show
that R~module Ke~ is freely generated by dPi' i = 1, ... ,I. It follows from
(iii) and (1.7), that rankKertP = I. Condition (i) of the theorem means U
coincides with a set of v E V such that dpi(V), i = 1, ... , I are linearly
independent. Since U is on open non-empty subset of V, we have dPi, i =
1, ... , I are linearly independant over R. Therefore they generate a free R
submodule, say F, of KertP of rank land KertP/F is a torsion module. That
is, for every u E KertP there exist 11, . .. , I" f E R without common factors,,
such that fu = E fidpi' Assurne 1 f/. k* and by D denote the support of the

i=1
I

divisor (I). Then 2: fi( v )dpi(v) = 0 for all v E D. Hy (ii) we have D n U is
i=1

dense in D, whence li(v) = 0 for every v E D, i = 1, ... , I. Thus 11, ... , I" 1
must have a common factor. A contradiction! Therefore 1 E k'" u E F, and
KertP = F. 0

The following assertion shows that the previous theorem has a sufficiently
large field of applications.

(1.10) Corollary. If G is a connected algebraic group wiihout rational
charaeters and J is polynomial algebra, then KertP is a free R-module.

Proof. The reason is that for connected groups without rational characters
conditions (ii), (iii) of theorem 1.9 are automatically fulfilled. For (iii) this
follows from Rosenlicht theorem (see e.g. [K, Ch.2)) and the equality Q(J) =
(Q(R))G. For (ii) this is proved in [Ku, Satz 2]. (In fact, the only semisimple
groups are considered in [Ku], but those arguments are also valid in our case.)
o
Another case when KertP is free is described in 3.4.
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§2 Determinantal conditions and sheets

{2.1} Let an R-module E has a presentation

Rm ~ Ir -+ E -+ 0

Then ß may be regarded as a n X rn-matrix with entries in R. Let It(ß) be
the ideal generated by the t-sized minors of ß. Following [HSV] consider the
condition on the It(ß)'s (d ~ 0):

(Fd ) htlt(ß) 2:: rkß - t +1+d, 1 ~ t ~ rkß.

Clearly, (Fd) implies (Fd-l)' Aseries of sufficient conditions for SR(E) may
be formulated in terms of (Fd). For instance, if SR(E) is a domain, then E
satisfies (Fd, while (Fo) allow us to give a simple expression for dimSR(E),
etc.

Dur aim here is to present a geometrie interpretation of these conditions
for the Jacobian modules of representations of algebraic groups. We shall
show the conditions (Fd) are rather naturally transferred into the ones on the
sheets of the group action. Afterwards, a standard invariant theory technique
produces a number of representations of reductive groups with (Ft), as weIl
as sufficient conditions of flatness and of irreducibility of fibers of the moment
mapplng.

(2.2) Let us come back in our situation: G C GL(V) is a connected
algebraic group, E and E' are the Jacobian modules with the presentations
(4). Since r.j; = ~., the conditions (Fd) for E and E' are equivalent. Therefore
without 10ss of generality we shall consider only E in the sequel. By k(V)G
we denote the field of G-invariant rational funcions on V.

Recall the terminology on sheets. By definition put V(8) = {v E Y I
dimGv = 8}. This is a locally closed G-invariant subvariety of Y. The ir
reducible components of V(-) is said to be sheets. The number of sheets is
finite and since Y is irreducible, it follows that there is a unique open sheet.
The dimension of the stabilizers of points is upper semi-continious on Y,
therefore the closure Y(8) is contained in U,<_ y(l). The integer mod(G, Y) =
max,,(dimY(-)-s) ia said to be the modalityofthe action (G: Y) (see [Vi2]).
If mo = maxvEvdimGv, then y(mo) is the open sheet and by Rosenlicht theo
rem dimy(mo) - mo = trdegk(V)G. In particular, mod(G, Y) ~ trdegk(V)G.

(2.3) Theorem. (i) dim(E = dimY +mod(G, V) j

(ii) dim~' = dimg +mod(G, V).
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Proof. (i) Consider the projection pr l : f -t V. It follows from (1),
that prll(v) = {v} X Ann(gv) for each v E V. That is, the fibres of the
projeetion are affine spaces. Whence, pril (Gv) is a variety of dimension
dimV. Therefore if V;(6) is a sheet, such that dimV;(6) - s = mod(G, V), then

prll(V;(-)) has an irreducible component of dimension dimV +mod(G, V).
Conversely, if f j is an irreducible eomponent of f, then prl(~j) is irreducible
and there exist a sheet Vi (l), such that Vi( I) n pr1 ( ~j) is dense in pr1 ( fE i ).

Whenee, dim~i ~ dimV +dimlti(l) -1 ~ dimV +mod(G, V).
(ii) This goes as weH as in (i). 0

Sinee the construetion of f is symmetrie with respect of V and V"', we
get

Corollary. mod(G, V) = mod(G, V"'). 0

(2.4) Theorem. Let E be the (first) Jacobian module 0/ a representation
G -t GL(V) and d E {O, 1, 2, ...}. The /ollowing conditions are equivalent:
(i) E satisfies (:Fd );

(ii) Let Y be a an arbitrary closed G-invariant subset 0/ V, such that Y C
V \ v(mo). Then mod(G, Y) ~ morl(G, V) - d.

Proof. It follaws from (1.7), that the zero set of the ideal It(cj;) looks a.s

follows.

V(It(cj;)) = {v E V I rkcj;v < t} = {v E V I dimGv < t} = U'<tV(l).

Since rk<p = mo, the eandition (Fd) inverts into

dimV - mo 2: dim(U'<tV(l)) - (t - 1) +d, 1 ~ t ~ mo.

If this unequality really holds for every t E [1, mo], then this is equivalent to
mod(G, V) = trdegk(V)G and trdegk(V)G 2: dimV(t-l) - (t - 1) +d, t E
[1, mo]. Hut the latter is equivalent to the statement (ii) of the theorem for
the subvarieties Y = V(6), s < mo. Henee thia ia the case for an arbitrary
Y C V \ v(mo), beeause y(-) C V(.s) for auy s. 0

(2.5) Corollary. The /ollowing conditions are equivalent:
(i) E satisfies (:Fo);
(ii) mod(G, V) = trdegk(V)G. 0

(2.6) Corollary. Suppose G C GL(V) is reductive, B is a Borel subgroup
0/ G and EB is the Jacobian module 0/ the representation B c GL(V). Then
EB satisfies (:Fo).
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Proo/. The result of E.Vinberg [Vi2] asserts that inder these conditions
mod(B, V) = trdegk(V)B. 0

(2.7) Remarks. 1. As far as I know, the explicit construction of ~

first appears in [P]. In this paper Pyasetskii has shown that if G act on V
with finitely many orbits, then fE is a variety of pure dimension dimV and
the number of the irreducible components of ~ is equal to the number of
G-orbits in V. Since the eonstruetion of ~ is symmetrie with respeet of V
and V·, he has derived that the number of G-orbits in V is equal to the
number of G-orbits in V·.
2. An opposite result has been aehieved in [Ri]. Richardson proved that
for the adjoint representation of a semisimple group the commuting variety
~(~ tE') is irredueible. This result shows tbe eondition tbat an action is
loeally free is not necessary for irreducibility.

§3 Jacobian modules for reductive group actions

Hereafter we assurne G is reduetive. In this case the quotient map 7r :

V -+ V/IG (see 1.8) possesses a number of niee properties (see [VP] or [K]).
The action (G : V) is said to be (a) stable whenever almost all fibers of

'fr are G-orbits and (b) visible, if 'fr-I (11'(0)) eontains finitely many G-orbits;
then this is the ease for all the fibers of 1r. A subgroup H C G is said to
be the stabiliser 0/ general position (s.g.p.), if there exists an open subset
n c V such that G;r: is eonjugated to H for any x E n. The s.g.p. is always
exists for linear aetions of reductive groups. Moreover, if the action is stable,
then H is reductive.

(3.1) Theorem. (i) Suppose the action (G : V) is visible. Then the
Jacobian module E satisfies (Fo).

(ii) Suppose the action (G : V) is stable and visible. Then the Jacobian
module E satisfies (F1).

Proo/. (i) Let Y be an irredueible closed G-invariant subvariety of V.
Then 7r(Y) ~ Y /1G is closed in VI/ G. Since the indueed action (G : Y) is vis
ible, we have dimYI/G = trdegk(y)G. Whence trdegk(y)G :::; trdegk(V)G.
Considering that this is the ease for any Y we get the condition (ii) of theo·
rem 2.4 for d = O.
(ii) If in addition to (i) (G : V) is stahle and Y is a proper suhset of V,
then it follows from the stahility that Y/IG i= VI/Go Whence trdegk(y)G :::;
trdegk(V)G - 1, i.e. we get the condition (ii) of theorem 2.4 for d = 1. 0

10



Remark. There exist the tables of visible irreducible representations
of connected reductive groups ([Kac] ) and stability criteria for actions of
semisimple groups (see e.g. [VP]). This provides numerous examples of rep
resentations with property (.1'"1) (see also 3.4 ). Clearly, first example of this
kind is the adjoint representation of a semisimple group.

(3.2) Theorem. Suppose G C GL{V) and the action (G : V) is visible,
stable, and locally /ree. Then
(i) the moment mapping <p : V X V· -.. s· is surjective and equidimensionalj
(ii) all the fibers 0/ <p are irreducible reduced complete intersections in V xV·.
In particularJ this is the case for ~.

Fraof. Take a point v E V, such that dimgv = dims. Then dim<p( {v} X

V·) = dimV - dimAnn(gv) = dimg, Le. <p is surjective. Therefore all
irreducible components of all fibers of <p has the dimension greater or equal
2dimV - dimg = dimV + dimV//G.

By 3.1 the Jacobian module E satisfies (.1'"1)' Therefore by 2.3, 2.5 dim~ =
dirnY +trdegk{V)G. Since the action (G : V) is stable, we have trdegk{V)G =
dimV//G, whence «.E is a variety of pure dimension dimV+dimV//G. Suppose
~i is an irreducible component of ~ and let V}$) be the sheet, such that

prl(~i)nVj("') is dense in pr1{~d (see 2.3). Then dimV +dimV//G = dim~i ::;

dimV +dimVj(') - s. Since {.Fd holds, tbe latter is possible iff V}$} = v(mo)

and pr1 ( ~i) is dense in V. But there exists at most one irreducible component
of ~ with this property, because all the fibers prl1(v), v E V are irreducible.
Thus ~ = ~i.

In order to prove that <p-1(0) is reduced, it suffices to find a point p E (!,

such that d<pp is surjective, since 4E is irreducible and has the right dimen
sion. Obviously, we can take p = (v, 0), where v E y(mo) (see the first
paragraph of the proof). Thus everything is proved for <p-1(0). So far as <p is
equidimensional and is determined by homogeneouB polynomials (of degree
2), the method of associated cones [K, Ch.2, 4.2] allow us to transfer the
desired properties on all fibers of <po In particular all the fibers are complete
intersections. 0

(3.3) Suppose Y is an affine G-variety and L is aG-module. Then G act
on Mor{Y, L) by the formula:

(g .,)(y) = g(,(g-ly)), , E Mor(Y,L), 9 E G, y E Y.

By MorG(Y, L) we denote the set of G-equivariant morphisms , : Y -.. L.

11



This is the subspace of G-invariant elements in Mor(Y, L), Le.

MorG(Y, L) = {')' E Mor(Y, L) I g' ')' = ')'}

It is well-known that MorG(Y, L) is a finitely generated k[y]G-module, called
the module 01 covariants (ol type L).
The following assertion may be treated as an application of 1.9. Recall that
J = k[V]G.

(3.4) Theorem. Suppose (G : V) is a stable action and let H be the
s.g.p. IldimVH = dimV//G, then MorG(V, V-) is a/ree J-module, generated
by the differentials 0/ generators 0/ J.

Proof. (a) First we show that condi tions of theorem 1.9 are satisfied
here. Put W = Na(H)/ H. This group effectively acts on V H and by [LR]
VH //W ~ VI/Go Therefore W is finite and by [Pa] J is a polynomial algebra
and quotient morphism 1C' is equidimensional.
Assume V \ U contains a divisor D. Clearly D is G·invariant and therefore
1r(D) is closed in VI/Go Since (G : V) is stable, we have 1r(D) f. V and then
it follows from equidimensionality of 1r that 1r(D) is a divisor in VI/Go Since
V//G is factorial, there exists f E J with D = V(f). Thus D is determined
by the G-invariant polynomial. Now the arguments of [Kn, Satz 2] give us a
point v E D such that d1rv is surjective. This contradicts to the definition of
D. Hence codimv(V \ U) ~ 2.

(b) The homomorphisms ep and~, defined in §1, are evidently G-equivariant.
Since G is reductive, the functor (_)G is exact. Therefore applying (_)G to
(4) we get the exact sequence of J-modules:

According to theorem 1.9 R~module Ker~ is generated by G-invariant ele
ments. Therefore (Ker~)G is a free J-module of rank dimV//G, generated
by the differentials of the free generators of J.

(c) We have already proved that J is a polynomial algebra and 1r is
equidimensional. This implies that a11 modules of covariants, in particular
Mora(V, V-) and MOfG(V, g-), are free. For stable actions there is a simple
formula for the rank of modules of covariants:

rankMora(V, L) = dimLH.
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Hence it follows from our assumptions that rank(Ker~)a= rankMora(V, V*),
because H is reductive and dimVH = dim(V*)H. Now, since
Mora(V, V*)/(Ker~)G is a torsion' module and Mora(V, 0*) is free, it follows

from (6) that tf, IMoro(v,v.)= O. 0

Corollary (of the proof). I/ (G : V) is stable, J is a polynomial algebra,
and rr is equidimensional, then Ker~ is a /ree R-module. 0

(3.5) Examples. 1. Suppose 9 ia a reductive Lie algebra and () is
an automorphism of order 2. Let 9 = 90 EBt o. be the corresponding Z2
gradation. If Go is tbe connected subgroup of G with LieGo = 00, then tbe
restriction on Go of tbe adjoint representation of Ginduces tbe representation
Go ~ GL(O]). Tbis is the isotropy representation 0/ the symmetrie spaee
GIGo. It is known tbat tbis one is visible and stable [KR]. Therefore tbe
condition (.1".) a.lways holds here. The moment mapping coincides with the
commutator:

'P = [, ] : g] x gl ~ 90 ~ O~. (7)

This representation is locally free iff () has the maximal rank, i.e. there exists
a Cartan subalgebra, lying in 91. A well-known fact is that for every simple
Lie algebra tbere is a unique (up to conjugation) involution 0 of the maximal
rank. In particular, if 0 = sIn, tben gl = Sn and we come to the example 3
in 0.1. Tberefore theorem 3.2 may be regarded as a generalization of 3.1 and
3.3 in [BPV].

2. Let us present the example of involution 0, such that the commuting
variety <E C 0] X 0] appears to be reducible. This means the condition
that the action is locally free (or sorne substitution of it) is essential in 3.2.
Suppose 9 = s/n (n > 2) and () is determined by conjugation on the matrix
diag( -1, ... , -1,1). Then 90 = g/n-t and dimgl = 2n - 2. It is not difficult
to calculate that <E has 3 irreducible components and their dimensions are
2n -1, 2n - 2, 2n - 2.

3. The first example admits a generalization, which has been investigated
in [Vi1]. Let () be an automorphism of order m and let 9 = go ffi ... EB gm-l be
the corresponding Zm-gradation (tbe indices is being considered modulo m).
Tbe image of the natural representation Go ~ GL(gd is called the O-group.
Here the moment mapping also coincides with commutator

'P = [, ] : 0 I X 9-1 ~ 00.

The action (Go: 01) is visible, but is not always stable, if m > 2. Neverthe-
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less, there exists a large number of examples of O-groups that satisfy all the
condition of theorem 3.2.
The important property of O-groups is that k[OI]Go is always a polynomial
algebra [Vil]. Therefore pdRE' ~ 2 for semisimple or stable O-groups. It is
worth to mention that the adjoint group is also a O-group, appearing when
0= id.

(3.6) For stable locally free O-groups we are ahle to produce (1) the
description of f e 91 x 0-1, similar to the one of the obvious commuting
variety in 9 x 0 [Ri] and (2) the Chevalley-type theorem for the quotient
variety fllGo.
First recall basic results on O·groups [Vi1]. Bearing in the mind our purposes,
we always assume (Go : od is stahle. Suppose Cl e 01 is the maximal
subspace that consists of commuting semisimple elements. Then Cl is called
a Cartan suhspace of the O-group. Put

N(Cdo={sEGo I SClecI},

Z(CI)O = {s E Go I sx = x for auy x E Cl}'

Then WI = N( CI)oIZ( cdo is a finite group, called the Weyl group 0/ the
graded Lie algebra O. The main assertions on O-groups are:

(*) Let x E 01 be an arbitrary element. Then Gox ia closed Hf Goxn Cl =10
iff x is semisirnple.

(**) Linear group WI C GL( Cl) is generated by (pseudo)reflections.
(***) The inclusion Cl t.....+ 01 induces the isomorphism CIIWI f'V 01 IIGo.

In particular, dirncI = dirnOIIIGo.
We shall say x E Cl is generic, if x does not lie in the union of the reflecting
hyperplanes of WI • Take a generic x E Cl and put C-I := Ann(oox) e 0-1 f'V

oi. Then dimcI = dimc_1, C-I is a Cartan subspace in 9-1, and C-I does not
depend on the choice of generic x. Therefore Cl X C-I e f. By definition put
j\ := Go(Cl XC_I)' This is aGa-invariant irreducible subvariety of 91 x 9-1'

(3.7) Proposition. If O.group is stable, then j\ is an irreducible compo·
nent o/~.

Pro0/. Since O-groups are visible, we have (1) k(odGo = Q( k[OI]Go) and
(2) dim(! = dirnOI + trdegk(gt}Go. Whence dim(! = dimOI + dimcI' On the
other hand, for a generic x E Cl and ~ = (x,y) E Cl X C-I we have dimGo~ =
dirnGox and Go~ n (Cl X C-I) is finite. Thus dirnJ\ = 2dirnci +dimGox and
the stability assumption irnply that dimGox = dirngl - dirngii/Go. 0
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Corollary. I/ Go C GL(gl) is a stable locally /ree 6-group, then (! =
Go( Cl XC_I)' 0

It follows from definitions that W1 respects also C-l' Consider the diagonal
action (W1 : Cl X C-1)'

(3.8) Theorem. The injection Cl X C-l t.....+ J\ induces the surjective
birational morphism

i : Cl X c-11W1 -+ ft..JIGo

Proo/. (a.) In order to establish surjectivity, it suffices to prove that all
closed G-orbits in Jt meets with Cl X C-1' Take an arbitrary ~ = (x, y) E J\.
Let x = X6 + Xn and y = Y6 + Yn be the Jordan decompositions. Then
x., Xn E Cl and Y6' Yn E C-1' Since [x, y] = 0, we have also [x6, Y6] = 0, etc.
Therefore the standard arguments of theory of 6-groups imply that (x6, Y6)
lies in the closure of Go~. Therefore, if Go~ is closed, then both x and y are
semisimple. By 3.6(*) we may assume x E Cl. Then applying again 3.6(*) to
the Zm-graded reductive subalgebra gr we get (G:r:)oY n C-1 =I- 0.

(b) Birationality is an easy consequence of 3.6(***), because for generic
x E Cl we have Goe n (Cl Xc-tl = W1~' 0
Since (Cl X c-dlW1 is normal, Richardson lemma [LR] give us:

Corollary. i is an isomorphism iff J\IIGo is nonnal. 0

Clearly it suffices to have normality of Jt
(3.9) Methods of invariant theory allow us to produce also negative re

sults. Cancerning the nation of Luna stratification of the quotient variety
VIIG see e.g. [VP].

Proposition. Suppose the action (G : V) is visible and VIIG has a Luna
stratum 0/ codimension d > O. Then E does not satisfy (Fd+1)'

Proof. By 2.4 and 3.1(i) it ia sufficient to find a closed G-invariant sub
variety Y C V \ v(mo), such that dimYIIG = dimVIIG - d. Suppose Z is a
stratum of codimension d in VIIG. Then take Y = 7("-l(Z) \ v(mo). It follows
from the properties of if that YIIG = Z. 0

If Go -+ GL(gt) is a 6-group, then the theory developed in [ViI] yields
that glllGo always has strata of codimension 1 (they correspond to the re
flecting hyperplanes of the Weyl graup of a graded Lie algebra). Therefore
we get
Corollary. If E is the Jacobian module 0/ a 6-group, then (F2) is never
satisfied. 0
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§4 On normality of commuting varieties for O-groups

(4.1) Provided that ~ ia irredudble, it ia rather natural to investigate
singularities of it. In this seetion we shall show that ~ (and also other fibers
of r.p) is normal for the isotropy representation of asymmetrie spaee of the
maximal rank (see 3.5 example 1).

Throughout this seetion 9 = 90 El1 91 is the Z2·gradation of maximal rank
of a reductive Lie algebra, 0 is the corresponding involutive automorphism
of 9, cp is the map (7), and lE = {(x, y) E 91 X 91 I [x, y] = O} ia the
commuting variety. Hy 3g(x) we denote the centralizer of x E 9. If x E 91 is
semisimple, then 3g(x) is a reduetive O-invariant subalgebra of 9 and 3g(x) =
3g(x)0 ffi jg(xh is Z2-gradation of the maximal rank. In our old notations
(see 1.1) we have 3g(x) = g:l: and 3g(x)0 = (go):I:' The following formula is
a direct eonsequence of existence of the Kirillov form on (co)adjoint orbits.
For auy x E g1 we have

(8)

The assumption of the rnaximality of rank means that dirnDl - dimgo = rkg.
Therefore 3.2(i) implies

dirnf = dimgl + rkg (9)

(4.2) Hy ~~ing we denote tbe singular locus of ~. After 3.2 we know ~ is
an irreducible cornplete interseetion. Therefore normality of ~ is equivalent
to smoothnesa in codimension 1. First we give a simple description of 4Enng •

Proposition. Suppose ~ = (x,y) E~. Then

Proof. We know r.p is equidimensional and surjeetive, hence

(x, y) E f nng <=> dcpe is not surjective

Since r.p is bilinear, Imdr.pe = [g], x] + [g], y] C 90- Hy (_).l denote the
orthogonal eomplement relative to a aealar produet on go, which is a o-part
of an invariant scalar product on g. Then [g],x].l = 3g(x)0 and we get
(Imdcpe).l = 3g (x)o n 3g (y )0- 0
As a matter of fact, this is a particular case of a more general assertion for
arbitrary moment mappings.

16



{4.3} Recall that 1r : g1 -+ g1//GO is the quotient morphism and the
action (Go : gd is visible, i.e. 'Jt:= 1r-

l (1r(O)) contains finitely many G
orbits.

Theorem. f is smooth in codimension 1.
Pro0/. We imitate partially the arguments of [Ri], that have been used

to establish irreducibility of the commuting variety in 9 x g. The proof is
by induction on semisimple rank of g, srkg := rk[g, g]. Clearly, adding oI
the central torus does not change codimension of the set of singularities.
Therefore we may Msume at the beginning that 9 is semisimple.
(a) Suppose rkg = 1. Then, clearly, 9 = sl'2 and codim~f.nng= 3.
(b) Suppose rkg > 1 and ~ = (x, y) E f. Let x = X, + X n be the Jordan
decomposition of x. It is known, that also X 6 , X n E g1 [KR].
1. Assume x, 'I O. Put .c = 3g(x6 ). This is a Zrgra.ded Lie algebra and
srk.c < rkg. Let f(.c) c .cl x .cl be the commuting variety for .c. Properties
of tbe Jordan decomposition imply (x,y) E f(.c) and 3g(x)o n 3g(Y)o =
3,e(x)o n 3,e(y)o. Whence,

(x, y) E f,ing <=> (x, y) E ~(.c)'ing

Considering that 9 contains finitely many conjugacy classes of Levi subalge
bras, we see that singular points with X 6 :j: 0 are contained in a finite union of
subsets of the form Go' ~('c).nng. Hy the induction hypothesis dim~(.c),ing ~

~ (.c) - 2. Therefore dimGof (.c) ,ing ~ dimGo + dirnf (.c)nng - dim.co ~

dirnGo+dimf(.c) - dim.co - 2 = dim<E - 2. The latter equality follows frorn
(9), because rkO = rk.c aod the induced gradation on .c also has maximal
rank.
2. Assurne X 6 = O. Then x = Xn E 'Jt [KR]. Clearly, points (x, y) E f with
x = Xn are contained in f n ('Jl x od. If 'Jt = UiOi is a finite union of
Go-orbits aod Xi E Vi, then 4E n ('.Yt x 01) = UiGO( {xil x 3g(Xih). Hence it
follows from (8) tbat

Therefore (9) and tbe assumption rko > 1 imply this intersection is of codi
mension ~ 2 in lE. 0

(4.4) Corollary. All fibers 0/ the moment mapping 'P: 01 x 01 -+ 90 are
normal.
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Proo/. It follows from 3.2(ii) and 4.3 that ~ is normal. Again, the method
of associated cones and the conditions on 'P allow us to transfer this property
on the other fibers of 'P. (Cf. 3.2) 0

A Cartan subspace and the Weyl group of Zrgraded Lie algebra of the
maximal rank are nothing else but a Cartan Bubalgebra and obvious Weyl
group of 9 respectively. Therefore comparing 3.2(i),3.7,3.8, and 4.4 we get a
Chevalley-type statement.

(4.5) Theorem. Let t be a Cartan Buhalgebra of reduetive Lie algebra
9 and W he the Weyl group relative to 1. Suppose 9 = 90 ffi 9. is the Z2
gradation of the maximal rank and ~ C 9. X 9. is the eommuting variety.
Then

t x tlW ~ ~IIGo

o
Corollary. I/ Go is semisimple, then ~ is not /actorial.
Proo/. If \! is faetorial, then ~IIGo also have to be faetorial. On the other

hand, sinee W as a subgroup of GL( t x t) does not eontain refleetions, we
get the divisor dass group CI( t x tlW) is isomorphie to the character group
of W, Le. this is not zero. 0

(4.6) In condusion we state some problems on com,muting varieties of
8-groups and their singularities.
1. Find necessary and sufficient conditions of irreducibility of the eommuting
variety of a 9-group.
2. Prove normality of the (obvious) commuting variety in 9 x g.
3. Find the equivariant resolution and prove rationality of singularities of a
normal irreducible commuting variety.

Let us remark that there is now problem for 512, because in this case
~ C 512 X 512 appears to be a determinantal variety.
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