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§ 1. Introduction,

The aim of this. paper is the following resul t.

1.1 Theorem. Let A be a smaLl additive category and F be the category ofallfunctors from
A to the category 0/ modules over the ring R . Let

N : An~ R - mod, n > 2 ,

be a functor with. the property that

(1.2) N(XI,' .. ,Xn ) = 0 if there is i E {I"" ,n} with Xi = 0 .

Let
Nd: A~ R-mod

be the composition o{ N with the diagonal embedding A --+ A Then
- =n.

Extl:(M, Nd) = 0 = Extl:(Nd,M) , q > 0,
- -

whenever F has degree (in sense 0/Eilenberg anti MacLane [EM] at most n - 1 .

This theorem was proved in [P] in. case n = 2 . Using 3.9· [JP] we deduce fram theorem

1.1 the

1'.3. Corollary. Suppose that the values of M are projective R-modules. Theo

where H omR (M, Nd) is the bifunctor 00 A giveo by

(X, Y) ~ HomR(M(X), N(Y,"', Y)) .

§ 2~ Praof of the theoreml

We recall tbat for any funetor T: A~ R'- mod and any K. ?:: 0 tbe K. - th cross-cffeet

of T is a funetor

T" : A" --to R - mod,

such tbat for Xl,' .. ,Xm E Ob A there exists a· natural decomposition (see [EM]

(2.1)

where the sum is taken over all 1 ~ i1 < ... < iJ; :5 m. The funetor. T has degree at most

m if Tm+1 = 0 . We denote by T7T,,,(X) the projection on tbe summand T,,(X,"', X) of

the map T(X) --+ T(! X) which is induced by diagonal map X --+! X . Then we

obtain the natural transformation'
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Here T: denotes, the composition of T" : A" --+ R - mod with the diagonal :embed,:,
ding A --+ A" . Let €T,,,(X) be the restriction- on the· summand.Tf.(X}- o(the map

-T(!X) ~ T(X) which is induced by the codiagonal map ! X ---+ X -,-- 'J1ien we

have the natural transformation

€T,K. : T: ---t T .

2.2'Lemma. Let N: An --t R-mod be tbc functor satisfying condition 1.2 and T = Nd .
Then TJT,n is a split monomorpbism and eT,n is a· split epimorphism.

Proot. Let Xl,"', X n . E Ob A and let

a(XI ,'" ,Xn ) :~T(Xl EB··· EB Xi EB··· EB Xn ) --+ T(~Xi)
be induced by the inclusion

n

X 1 EB ••• E9 Xi EB ... EB X n --+ EB Xi .
i=1

Then 2.1 implies that the column· in the following diagramm is exact.

~

EB T( xe···mxm..-ex)
i_l

La'
T( diag) (~) ( n n)

T(X) - N(X,···,X) +=t .T ~x =N $X,···,$·X
N(pl,···,Pn) ,.1 _=1 1=1

'lT.~ Ln-
T:(X)

L
o .

Here pr is the projection in the. decomposition 2.1 and

n

Pi : EB'X --+ X
i=1

is the projection on the i-tb summand. Hen~· we get

TfT,n = pr 0 T( diag) ,

N Pi,' .. , Pn) 0 T(diag) = IT(X) ,

N (PI, ... , Pn) 0 a = 0 .

This shows that there is a retraetion of TJT,n . A similar argument shows that €T,n has a
seetion.

Lemma- 2.3 Let F(g) be the category of all functors from An to R - mod. Then there
is a functor

with the following properties·
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i) 'l/J is an exact functor

ii) t,b(W) satisfies property 1.2

iii) if W satisfies property 1.2 tben t,b(W) = W
iv) if N satisfies property 1.2 and W is an arbitrary object in F(g) then

Hom~(~(~N) = Hom~(~('l/J(W),N)

and

Hom~(g)(N,W) = Hom~W(N,t/J(W))

v) 1/J sends· injective and projeetive objects to injective and projective objects

resepectively.

Proof. We define 1f; by

(,pW)(Xl,"', X,,) = Ker ( W(Xl,"', X,,) .2;~W(Xl,'" ,0,'" ,Xn)) .

Here '"Y is, induced by Xi ~ 0. Then ii) and iii) follows from the definition. Since- , has

a, seetion tPW is a direct summand· cf W and we have

(tPW)(Xl, ... , X n) = cOker(ffi W(X1,"',0,"', X,,) -+ W(X1,'" ,Xn)) .
1=1

From tbis, follows i). We' remark that v) formally follows fromd) and iii). Let f : W --+ N·
be a natural. transformation. Tben the commutative dia~

W(Xl,'" ,Xn )

r
n

E9 W(X1,'" ,0"" ,Xn )
i=1

N(X1,··· ,Xn )

T
n

EB N(Xl,'" ,0,·,' ,Xn ) = °
i=1

shows that j(X},· .. ,X n ) uniquely facters through 1f;(W) and we obtain the first isomor

phism in ili). Tbe second is proved' by the dual argument.

2.4 Lemma. Let W bc an injective (resp. projeetive) object in F(~ . Then W d is an
injective (resp. a: projective) object in F .

Proof. We recall that for an arbitrary small category C the following family ef functers is

a family of injective (resp. projective) generators in (R - mod)Q :

X..-+ Maps(C(X,g), I) (resp.X~,R[ß(c,X)]) .

Here c E Ob C, I is an injective generator in the category of R-modules and R[S] is the

free' R-module with base- S . Therefore it is sufficient to consider the ease

resp. thc' case
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where Cl,"', Cn E Ob A . Hence

resp.
Wd(X) = R[4(CI EB··· EB Cn, X)] .

Therefore W d is injective (resp. projective) in F .

2.5 Proofof'the theoreDL First consider the case when q = O. Let.

(resp.
(j : lVd = T -.. F )

be a natural transformation with deg M < n and assume N satisfies condition.1.2. Since

T/T,ß and eT,ß are natural with respect T l we obtain the following commutative diagrams.. -

o =

= 0

Hy 22 1]T,ß is a monomorphism and eT,ß is an epimorphism, therefore r = (]' = 0 . Let
o -+ N -+ I* be an injective resolution in· F(ill . Theo 0 -+ N -.. 7/;(J.) is also an

injective- resolution by 2'3-. Tberefore 0 -+ Nd -+ (1,&(J.))d is an injective resolution tao (by

2.4). Hut 'fj;(I*) satisfies the property 2.1 by 2.3. Therefore

Hy the dual argument we obtain the second equality

Extl.(Nd,M) =0.
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